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Abstract

We consider a multiple-input multiple-output (MIMO) channel in the presence of a reconfigurable

intelligent surface (RIS). Specifically, our focus is on analyzing the spatial multiplexing gains in line-

of-sight and low-scattering MIMO channels in the near field. We prove that the channel capacity is

achieved by diagonalizing the end-to-end transmitter-RIS-receiver channel, and applying the water-

filling power allocation to the ordered product of the singular values of the transmitter-RIS and RIS-

receiver channels. The obtained capacity-achieving solution requires an RIS with a non-diagonal matrix

of reflection coefficients. Under the assumption of nearly-passive RIS, i.e., no power amplification is

needed at the RIS, the water-filling power allocation is necessary only at the transmitter. We refer to this

design of RIS as a linear, nearly-passive, reconfigurable electromagnetic object (EMO). In addition, we

introduce a closed-form and low-complexity design for RIS, whose matrix of reflection coefficients is

diagonal with unit-modulus entries. The reflection coefficients are given by the product of two focusing

functions: one steering the RIS-aided signal towards the mid-point of the MIMO transmitter and one

steering the RIS-aided signal towards the mid-point of the MIMO receiver. We prove that this solution is

exact in line-of-sight channels under the paraxial setup. With the aid of extensive numerical simulations

in line-of-sight (free-space) channels, we show that the proposed approach offers performance (rate and

degrees of freedom) close to that obtained by numerically solving non-convex optimization problems

at a high computational complexity. Also, we show that it provides performance close to that achieved

by the EMO (non-diagonal RIS) in most of the considered case studies.
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I. INTRODUCTION

The need for terabits wireless links and sub-milliseconds (tactile) time responses in next-

generation wireless systems, e.g., to support emerging augmented reality and virtual reality

applications based on three-dimensional holographic video representations [1], exceeds the cur-

rent capabilities of fifth-generation telecommunication standards. A possible solution to fulfill

these requirements is the migration towards high frequency bands, notably the sub-terahertz

and terahertz spectrum [2], [3]. The terahertz band offers, in fact, tens-hundreds gigahertz of

contiguous bandwidth and enables the coexistence with other regulated spectra. Due to the large

available bandwidth, the use of terahertz frequencies may extend the quality of experience of

fiber-optic systems to wireless links, both in terms of data rates and time responses.

The use of terahertz signals for wireless communications is, however, challenging for sev-

eral reasons, including the severe propagation losses that drastically limit the communication

coverage, and the lack of diffraction that makes wireless propagation occurs predominantly in

line-of-sight [4]. Notably, it is shown in [5] that ensuring a strong line-of-sight connection is

essential for fulfilling the desired communication performance. The severe path-loss may be

overcome and the availability of line-of-sight connections may be ensured with high probability

through (i) a denser deployment of base stations (network densification); (ii) the deployment of

relays to split long-range transmission links into multiple short-range transmission links, possibly

avoiding blocking objects; and (iii) the use of highly-directive antenna arrays at the transmitter

and receiver [6]. These solutions, however, usually result in an increase of backhaul infrastructure,

power consumption, and hardware complexity [7]. Recent national and supranational directives

have set, on the other hand, strict targets in reducing the energy consumption, such as the

European Union that aims to reduce the power consumption by 32.5% before 2030 [8]. Recent

activities within telecommunication standards organizations, e.g., the 3rd Generation Partnership

Project (3GPP), in addition, are focused on the analysis of new network nodes to offer blanket

coverage in cellular networks, in those scenarios where the deployment of full-stack cells may

not always be possible (e.g., no availability of backhaul) or may not be economically viable [9].

In this context, two emerging technologies have recently gained major attention from the

research community, and are suitable for enabling high rate, reduced hardware complexity, and
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high energy efficient communications, especially for transmission in the terahertz frequency

band. The first technology is known as reconfigurable intelligent surface (RIS) [10], [11] and

the second is known as holographic surface (HoloS) [12], [13]. Both technologies capitalize on

recent progresses in the field of dynamic (reconfigurable) metasurfaces, even though they serve a

different purpose and have different requirements [14]. An RIS is a relay-type surface whose main

features are the low implementation complexity and the low power consumption, compared with

conventional relay nodes, e.g., decode-and-forward, amplify-and-forward, and the more recent

network-controlled repeaters [15]. Specifically, an RIS is capable of shaping the electromagnetic

waves with no power amplification and analog-to-digital conversion, which reduces the hardware

complexity, power consumption, and processing delay (time response). A HoloS is, on the other

hand, a hybrid continuous-aperture multiple-input multiple-output (MIMO) type transceiver [16],

which is endowed with digital signal processing and power amplification capabilities, but with

a reduced number of radio frequency chains compared to legacy MIMO implementations [17],

[18]. Notably, two focused industry specification groups were recently established on terahertz

communications and intelligent surfaces to coordinate the research efforts on these technologies

and to strengthen their synergy and complementary [2], [19].

An RIS and a HoloS share the feature of being electrically-large, i.e., their geometric size is

much larger than the wavelength. This property makes them especially suitable for enabling spa-

tial multiplexing in line-of-sight and low-scattering MIMO channels, which have been extensively

studied in the past [20] and are currently receiving major renewed attention fueled by emerging

potential applications and technology advances [21]. Specifically, two electrically large HoloS

can support multimode transmission (spatial multiplexing) in line-of-sight channels, provided that

the transmission range is within the radiative near field (Fresnel region) of each other [22], [23],

[24]. Asymptotic analysis shows that the spatial multiplexing gain, i.e., the number of degrees of

freedom, is proportional to the product of the apertures of the HoloS and is inversely proportional

to the square of the product of the wavelength and the transmission distance. The deployment

of electrically-large HoloS at terahertz frequencies is, therefore, considered a suitable option

to realize terabits wireless links with tactile time responses. The deployment of electrically-

large RIS in such an environment is, likewise, considered an essential technology for ensuring

reconfigurable short-range multi-hop links without requiring the deployment of large numbers of

HoloS, thus fulfilling the requirements of blanket coverage at low cost and high energy efficiency,

while preserving tactile time responses, since the signals are processed in the electromagnetic
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domain [6]. In addition, the deployment of RIS may enable spatial multiplexing gains in each

line-of-sight hop, even though the line-of-sight direct link (between the transmit and receive

HoloS) does not support spatial multiplexing, since operating in the far field [25, Sec. 7.2.5].

Despite the potential benefits of RIS-aided HoloS systems, especially in line-of-sight and

low-scattering channels, the achievable spatial multiplexing gains and the optimal design for the

precoding, decoding, and reflection coefficients of HoloS and RIS are an open problem. The

available research works can be cast in two categories, as summarized in the next sub-section.

A. State of the Art

The first category includes papers on the analysis and design of transmission links between

two HoloS. The most relevant research works for this paper include [22], [24], [26], [17]. In [22],

the author computes the number of degrees of freedom between two HoloS in the Fresnel region

under the paraxial setup. In addition, the optimal precoding functions are given in closed-form

and are shown to be prolate spheroidal functions. In [24], the analysis in [22] is generalized to

account for shorter transmission distances (or HoloS with a larger aperture). In [26], the authors

consider non-paraxial setups and provide an approximated expression for the degrees of freedom

and for the eigenfunctions, which are shown to be focusing functions. In [17], the authors propose

and analyze a wavenumber-division multiplexing scheme to reduce the complexity of optimal

spatial multiplexing schemes based on the prolate spheroidal functions identified in [22]. A

more comprehensive overview, including recent works on line-of-sight MIMO, e.g., [21] and

references therein, can be found in [18]. None of these papers consider the presence of RIS.

In the rest of this paper, we model the transmit and receive HoloS as two critically-sampled

MIMO arrays, i.e., having antenna elements spaced by half-wavelength. This is in agreement

with [16] and [27], since the scope of this paper does not require to model the impact of surface

waves [28]. Therefore, we refer to the considered system model as an RIS-aided MIMO channel.

The second category includes papers on the analysis and design of RIS-aided transmission

links. The most relevant research works for this paper are those focused on MIMO arrays

at the transmitter and the receiver, and include [29], [30], [31], [32], [33], [34]. In [29], the

authors propose an alternating optimization algorithm to find a locally optimal solution by

iteratively optimizing the transmit covariance matrix and the RIS reflection coefficients. In [30],

the authors tackle a similar problem by proposing a more efficient numerical algorithm based on

the projected gradient method. In [31], the authors consider an electromagnetic-consistent model
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in the presence of mutual coupling (non-diagonal RIS matrices) and generalize the weighted

minimum mean square error algorithm for application to multi-RIS MIMO interference channels.

In [32], the authors focus on (pure) line-of-sight channels, and generalize the approach in [29]

for application to double-RIS deployments. The algorithm is specialized for application to far-

field MIMO channels, hence hampering spatial multiplexing gains greater than the number of

RIS, i.e., two. In [33], the authors introduce a numerical algorithm for jointly optimizing the

MIMO transmit precoder, the matrix of reflection coefficients of the RIS, and the MIMO receive

equalizer, by minimizing the data detection mean square error. In [34], the authors propose three

numerical algorithms to maximize the sum-rate in RIS-aided MIMO broadcast channels. In all

these papers, no closed-form expression for the matrix of reflection coefficients of the RIS is

given, and all the algorithms are sub-optimal and are shown to be sensitive to the initialization

point and to the setup of the parameters e.g., the step-size in gradient-based methods.

B. Contributions

Based on the analysis of the state of the art, we evince that there is no contribution that

characterizes the optimal design of RIS-aided MIMO channels in terms of maximizing the mutual

information. Also, there is no contribution that provides a closed-form, even approximated,

expression for the reflection coefficients of RIS in line-of-sight and low-scattering channels. In

this context, the present paper provides the following specific contributions.

• In a general RIS-aided MIMO system, we prove that the channel capacity is achieved by

diagonalizing the end-to-end transmitter-RIS-receiver channel, and by applying the water-

filling power allocation to the ordered product of the singular values of the (two individual)

transmitter-RIS and RIS-receiver channels. The obtained capacity-achieving solution is

shown to require an RIS with a non-diagonal matrix of reflection coefficients. Recently,

non-diagonal RIS have been receiving attention from the research community, since they can

provide better performance at the expense of an increase of the hardware and implementation

complexity, e.g., [35], [36], [37]. To the best of the authors knowledge, however, no prior

research work on non-diagonal RIS has proved the optimality of this architecture from

an information-theoretic standpoint. Under the assumption of nearly-passive RIS, i.e., no

power amplification is needed at the RIS, we prove that the water-filling power allocation is

necessary only at the MIMO transmitter. We refer to this capacity-optimal RIS as a linear,

nearly-passive, reconfigurable electromagnetic object (EMO).
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• Even though an EMO is nearly-passive, i.e., it does not require power amplifiers, and is

capacity-achieving, it is characterized by a matrix of reflection coefficients with a non-

diagonal structure. In general, all the entries of the matrix may be non-zero. This entails a

non-negligible implementation complexity to realize the associated configuration network

[35] or even the need of non-local designs [38], [39]. It is known, in addition, that RIS-aided

systems characterized by non-diagonal matrices are more difficult to be optimized, in general

[31]. Specifically, it is known that no closed-form solution for the optimal design of RIS is

available in RIS-aided (pure) line-of-sight MIMO channels either [32]. As detailed in [32,

Eq. (5)], this is due to the non-convexity of the optimization problem and the coupling among

the optimization variables (the matrix of reflection coefficients of the RIS and the precoding

matrix at the MIMO transmitter). It is known, in addition, that the main computational

complexity is due to the presence of the RIS, and that the existing optimization algorithms

are computational intensive, and are highly sensitive to the initialization point and the free

parameters of the algorithms (e.g., the step size) [34]. To overcome these difficulties, we

introduce an approximated closed-form and low-complexity design for RIS, whose matrix of

reflection coefficients is diagonal with unit-modulus entries. The reflection coefficients are

given by the product of two focusing functions: one steering the RIS-aided signal towards

the mid-point of the MIMO transmitter and one steering the RIS-aided signal towards the

mid-point of the MIMO receiver. Notably, we prove that the proposed solution is exact in

(pure) line-of-sight channels under the paraxial setup [22].

• With the aid of extensive numerical simulations in line-of-sight (free-space) fading channels,

we show that the proposed design for (diagonal) RIS offers performance (rate and degrees of

freedom) close to that obtained by numerically solving non-convex optimization problems,

which is known to entail a high computational complexity. Specifically, the numerical results

unveil that the proposed solution works well even under non-paraxial setups, for which no

analysis of the degrees of freedom and no closed-form expression of the channel eigenfunc-

tions are available in closed-form for RIS-aided links [22], [26]. In addition, the numerical

results show that the proposed approximated diagonal RIS offers performance very close

to that of the EMO (with a non-diagonal structure), in several considered case studies. The

proposed design can be considered as an approximate closed-form optimal solution for RIS-

aided MIMO channels or a good-quality initial point for efficiently implementing currently-

available non-convex optimization algorithms [29], [30]. Also, the proposed solution is
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Fig. 1. Considered scenario: A MIMO transmitter (a BS) communicates with a MIMO receiver (a UE) with the aid of an RIS.

applicable in every signal-to-noise-ratio regime, since the optimal precoding and decoding

matrices at the MIMO transmit and MIMO receiver are obtained by using conventional

singular-value decomposition methods [40].

C. Organization

The rest of this paper is organized as follows. In Section II, we introduce the signal and

system models. In Section III, we characterize the capacity-achieving structure of RIS in general

MIMO channels. In Section IV, we introduce a sub-optimal design for diagonal RIS, which

is proved to be optimal in line-of-sight channels under the paraxial setup. In Section V, we

illustrate extensive simulation results over line-of-sight (free-space) channels, and non-paraxial

system setups, to showcase the performance of the proposed closed-form sub-optimal design for

RIS against state of the art numerical methods and the optimal EMO. In Section VI, conclusions

are given.
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II. SIGNAL AND SYSTEM MODELS

We consider the communication system sketched in Fig. 1, where a MIMO transmitter, e.g., a

base station (BS), communicates with a MIMO receiver, e.g., a user equipment (UE), with the aid

of an RIS. The transmitter and the receiver are equipped with N and M antennas, respectively.

The RIS is modeled as a MIMO array compromising K reconfigurable scattering elements.

As discussed in Section I, the antennas at the transmitter and receiver, and the reconfigurable

elements at the RIS are assumed to be critically spaced at half-wavelength.

The channel matrix between the transmitter and the RIS is denoted by HF ∈ CK×N (forward

channel), and the channel matrix between the RIS and the receiver is denoted by HB ∈ CM×K

(backward or scattered channel). No specific assumption about the characteristics of the channels

are made, even though the focus of this paper is on analyzing the multiplexing gain of the

considered RIS-aided MIMO system in line-of-sight and low-scattering channels, where no

spatial multiplexing gain can be obtained in the far field [25].

The end-to-end (transmitter-RIS-receiver) MIMO channel can be formulated as

H = HBΦHF (1)

where Φ denotes the K ×K matrix of reflection coefficients of the RIS.

Typical designs for RIS assume that the matrix of reflection coefficients Φ is diagonal with

unit-modulus entries [37]. This design eases the implementation complexity of RIS, but may not

necessarily be optimal from the point of view of the power efficiency [38], [39], performance

[35], or may not consider the impact of mutual coupling in sub-wavelength (with inter-distances

less than half-wavelength) implementations [41]. Collectively, as mentioned in Section I, these

designs fall within the umbrella of non-diagonal RIS. However, there exist no information-

theoretic studies that quantify the optimality of non-diagonal RIS compared with diagonal RIS.

To shed light on the optimal design of RIS from an information-theoretic standpoint, we depart

by considering an arbitrary structure for the matrix Φ, which is not necessarily diagonal. The

only imposed constraint for Φ is to be a unitary matrix, i.e., ΦΦ† = IK , where ( · )† is the

Hermitian adjoint operator and IK is the K × K identity matrix. The assumption of unitary

matrix ensures that the RIS does not amplify the incident signals but relaxes the assumption of

diagonal structure. This will be apparent in the next sections.

An RIS with a non-diagonal unitary matrix Φ is referred to as an EMO with the following

characteristics:
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• It is a noise-less device, as opposed to non-regenerative relays [7];

• It is a linear device whose output signals are linear combinations of the input signals;

• It is reconfigurable, i.e., the matrix Φ can be optimized as desired;

• It is nearly-passive, i.e., it does not amplify the incident signals thanks to the design

constraint ΦΦ† = IK . A formal proof for this statement is given in the next section.

To facilitate the analysis, the forward and backward channels can be formulated by invoking

the singular-value decomposition (SVD) applied to HF and HB. Specifically, let diag{v1, v2, . . .}

denote a general rectangular matrix whose main diagonal has elements given by v1, v2, · · · , and

let σFi and σBi denote the N and M (non-zero and zero) ordered singular values of HF and HB,

respectively. For simplicity, we assume N < K and M < K. Also, let NF ≤ N and NB ≤ M

be the numbers of non-zero singular values of HF and HB, respectively. Then, we introduce the

following matrices

ΣF = diag{σF1, . . . , σFN} ∈ CK×N (2)

ΣB = diag{σB1, . . . , σBM} ∈ CM×K (3)

In addition, let UF ∈ CK×K , VF ∈ CN×N , UB ∈ CM×M , and VB ∈ CK×K be unitary matrices

fulfilling the following equalities

HF = UFΣFV
†
F (4)

HB = UBΣBV†B (5)

Therefore, the end-to-end channel H can be expressed as

H = HBΦHF = UBΣBV†BΦUFΣFV
†
F (6)

By definition, the maximum number of communication modes (i.e., the channel degrees of

freedom) is DoFmax = min(N,M). The actual number of degrees of freedom highly depends on

the properties of the channels HF and HB, and on the matrix Φ of RIS reflection coefficients.

The objective of this paper is to optimize the matrix Φ in order to maximize the end-to-end

channel capacity given the channels HF and HB.

III. CAPACITY-ACHIEVING MATRIX OF REFLECTION COEFFICIENTS

In this section, we identify the optimal structure for the unitary matrix Φ that is capacity-

achieving. The received signal y ∈ CM is

y = Hx + n (7)
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where x ∈ CN is the transmitted signal, n ∈ CM is the additive white Gaussian noise (AWGN)

with n ∼ CN (0, σ2
nIM), where σ2

n is the noise power and CN ( · , · ) denotes a multivariate

complex Normal distribution.

Also, let Q be the positive semi-definite (i.e., Q � 0) covariance matrix of the transmitted

signal, i.e., E[xx†] = Q, where E[ · ] is the expectation operator. Then, the transmit power

constraint is tr(Q) ≤ P , where tr( · ) is the trace operator and P is the total transmit power.

According to [25], the channel capacity is obtained by maximizing the mutual information

between the transmitted and received symbols as a function of Q and Φ

C = max
Q�0,tr(Q)≤P

ΦΦ†=IK

I (x,y) = log det
(
IM + HQH†

)
(8)

where det ( · ) is the determinant of a square matrix.

The channel capacity in (8) and how to achieve it are given in the following proposition.

Proposition 1. The end-to-end channel capacity in (8) is

C =

min{N,M}∑
i=1

log

(
1 + σ2

Fiσ
2
Bi

Pi
σ2
n

)
(9)

where Pi =
(
µ− σ2

n

σ2
Fiσ

2
Bi

)+
= max

(
0, µ− σ2

n

σ2
Fiσ

2
Bi

)
and µ is obtained by fulfilling the identity∑min{N,M}

i=1 Pi = P . In addition, C is attained by setting

Q = diag {P1, P2, . . . ,} (10)

Φ = VBU†F (11)

Proof. See Appendix A.

Based on Proposition 1, the following comments are in order.

• The capacity in (9) generalizes the capacity for MIMO channels in [25], by considering

the impact of an EMO (the optimal non-diagonal unitary RIS). Similar to [25], the end-to-

end channel capacity is attained by diagonalizing the end-to-end transmitter-RIS-receiver

channel, and by applying the water-filling power allocation to the ordered product of the

singular values of the transmitter-RIS and RIS-receiver channels taken individually.

• The capacity in (9) holds true for any channel models, and offers a simple closed-form

solution for the optimal covariance matrix at the transmitter and the optimal design for

the RIS. This is in stark contrast with computational intensive algorithms that are typically

utilized for optimizing diagonal and non-diagonal RIS, e.g., [32], [34], [37].
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• An RIS with a diagonal matrix Φ of unit-modulus reflection coefficients is, in general, not

capacity-achieving. An RIS with a non-diagonal unitary matrix Φ may be, on the other

hand, capacity-achieving. Also, the optimal design is available in a closed-form expression

based on the SVD decomposition of the transmitter-RIS and RIS-receiver channels.

• By direct inspection of (9), it is apparent that considering a non-diagonal but unitary matrix

Φ is sufficient for ensuring that the RIS does not result in any power amplification, thus

making the EMO a nearly-passive device like a diagonal RIS.

• Similar to [25], the capacity in (9) holds true for any operating signal-to-noise ratio.

• The formula in (9) resembles the capacity of non-regenerative relays [42] and [43]. The main

differences between the EMO and a non-regenerative relay are that the former is noise-free

and no power allocation at the EMO is needed, since it is characterized by a unitary matrix.

This makes the proof of Proposition 1 slightly different from [42] and [43], since there is

no need to apply a whitening matrix. Due to the capability of non-regenerative relays to

amplify the received signal, the optimal power allocation strategy is known, in a closed-

form expression, only if the transmitter applies an equal power allocation strategy [43].

Otherwise, the optimal power allocation needs to be computed by solving an optimization

algorithm. The optimal power allocation at the MIMO transmitter and the optimal matrix of

the RIS reflection coefficients are, on the other hand, formulated in closed-form expressions

in Proposition 1.

Proposition 1 unveils that the optimal design for an RIS with a unitary matrix of reflection

coefficients is non-diagonal. Non-diagonal RIS have attracted recent interest in the literature,

and, supported by Proposition 1, they usually outperform diagonal RIS [37]. However, their

practical implementation is more difficult, especially due to the complex configuration network

to realize non-diagonal matrices. Based on the optimal design for unitary RIS in (11), it is,

however, possible to investigate approximated diagonal (hence unitary by definition) designs for

RIS that provide a rate close to the end-to-end channel capacity in (9). This is discussed next.

IV. PROPOSED DESIGN FOR NEARLY-OPTIMAL DIAGONAL RIS

In this section, we propose an approximated design for RIS whose matrix of reflection

coefficients is diagonal, and analyze the conditions under which it is either optimal or nearly-

optimal. As a criterion of optimality, we consider the end-to-end channel capacity in Proposition

1. In other words, a diagonal RIS is deemed optimal if the resulting end-to-end transmitter-RIS-
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receiver channel can be diagonalized and the capacity in (9) is attained. For the avoidance of

doubt, the diagonal matrix of reflection coefficients of the RIS is denoted by Φ̃.

Without loss of generality, we assume that the K × K diagonal matrix Φ̃ is given by the

product of two K ×K diagonal matrices FRB and FRF, as follows

Φ̃ = FRBF†RF (12)

The definition and meaning of FRB and FRF based on the considered criterion of optimality

are given next. Furthermore, let us express the unitary matrices UF ∈ CK×K , VF ∈ CN×N ,

UB ∈ CM×M , and VB ∈ CK×K in (4) and (5), as follows

VF = FTPT ∈ CN×N (13)

UF = FRFPRF ∈ CK×K (14)

VB = FRBPRB ∈ CK×K (15)

UB = FRPR ∈ CM×M (16)

where FT and FT are N × N and M × M diagonal matrices, respectively, PT and PR are

N ×N and M ×M non-diagonal unitary matrices, respectively, and PRF and PRB are K ×K

non-diagonal unitary matrices. The analytical formulation in (13)-(16) holds, without loss of

generality, for any choice of the diagonal matrices FRB and FRF in (12), and for any channels

HF and HB, by appropriately choosing the non-diagonal unitary matrices PT, PR, PRF, and PRB.

Based on these definitions, the end-to-end channel in (6) can be reformulated as

H = HBΦ̃HF =
(
FRPRΣBP†RBF†RB

)(
FRBF†RF

)(
FRFPRFΣFP

†
TF†T

)
(17)

Since F†RBFRB = IK and F†RFFRF = IK , we obtain

H = (FRPRΣB)
(
P†RBPRF

)(
ΣFP

†
TF†T

)
(18)

Since, by definition, UB = FRPR and V†F = P†TF†T, we obtain

H = (UBΣB)
(
P†RBPRF

)(
ΣFV

†
F

)
(19)

From Proposition 1, the end-to-end channel capacity in (9) is obtained by diagonalizing the

transmitter-RIS-receiver channel, as follows

Hdiag = HB

(
VBU†F

)
HF = UBΣBΣFV

†
F = UBΓV†F (20)

where Γ = ΣBΣF ∈ CM×N is an M ×N diagonal matrix.
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Fig. 2. Example of deployment scenario in which a diagonal RIS is optimal from the capacity standpoint: Line-of-sight channels

and paraxial setup.

By comparing (19) and (20), we evince that a diagonal RIS is optimal from the end-to-

end channel capacity standpoint if P†RBPRF = IK , since the end-to-end channel is diagonalized

according to Proposition 1, i.e., H = Hdiag. In other words, a diagonal RIS would be nearly-

optimal, from the end-to-end channel capacity standpoint, in all setups in which H ≈ Hdiag.

This provides a simple criterion for optimizing the matrix Φ, while ensuring a low-complexity

implementation (i.e., a diagonal structure) and near-optimality based on Proposition 1. Therefore,

several designs for RIS may be conceived, offering the desired tradeoff between achievable rate

and implementation complexity, in contrast to fully-connected non-diagonal RIS [37].

Based on the design criterion H ≈ Hdiag for optimizing the diagonal matrix Φ̃, it is worth

analyzing whether there exist channel models and setups under which a diagonal RIS is strictly

optimal, i.e., H = Hdiag. In addition, it is worth analyzing whether approximated closed-form

expressions for Φ̃ that fulfill the condition H ≈ Hdiag can be identified, especially in line-of-sight

or low-scattering channels. These aspects are discussed in the next two sub-sections.
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A. Line-of-Sight Channels and Paraxial Setup

A known and important case study in which a diagonal RIS is strictly optimal, i.e., H = Hdiag,

is sketched in Fig. 2 for, without loss of generality, linear arrays [23]. Specifically, the scenario

in Fig. 2 is representative of a refracting RIS, enabling, e.g., outdoor-to-indoor or room-to-room

communications [44]. We consider (pure) line-of-sight channels where the MIMO transmitter, the

RIS, and the MIMO receiver are in the near field of each other (Fresnel region), the mid-points of

the three antenna arrays are perfectly aligned, and the MIMO transmitter and MIMO receiver are

located on the opposite sides of the RIS. This network topology is usually referred to as paraxial

setup [22]. Also, we assume that the distance between the mid-points of the MIMO transmitter

and the RIS (dF in Fig. 2), and the distance between the mid-points of the RIS and the MIMO

receiver (dB in Fig. 2) are the same, i.e., dF = dB, and N = M . In detail, the line-of-sight

transmitter-RIS and RIS-receiver links are denoted by HF =
{
h
(F)
nk

}
and HB =

{
h
(B)
km

}
h
(F)
nk =

1

4πd
(F)
nk

eκd
(F)
nk (21)

h
(B)
km =

1

4πd
(B)
km

eκd
(B)
km (22)

where d(F)nk is the distance between the nth antenna of the MIMO transmitter and the kth element

of the RIS, d(B)
km is the distance between the kth element of the RIS and the mth antenna of the

MIMO receiver,  is the imaginary unit, and κ = 2π/λ with λ being the wavelength.

Under these conditions, it is known from [22] (for surfaces or planar antenna arrays) and

[23] (for lines or linear arrays) that P†RBPRF = IK , and, notably, the matrices PRB and PRF are

obtained by spatially sampling, at half-wavelength, prolate spheroidal functions [45]. In addition,

the diagonal matrix Φ̃ = FRBF†RF is available in a closed-form expression, as

FRF = diag
{
eκd

(RF)
1 , . . . , eκd

(RF)
K

}
∈ CK×K (23)

FRB = diag
{
eκd

(RB)
1 , . . . , eκd

(RB)
K

}
∈ CK×K (24)

where, as illustrated in Fig. 2, d(RF)
j is the distance between the mid-point of the MIMO transmitter

and the jth element of the RIS, and d
(RB)
j is the distance between the jth element of the RIS

and the mid-point of the MIMO receiver. In [22], the functions in (23) and (24) are referred to

as focusing functions. In this scenario, in addition, the functions FT, FT, PT, and PR in (13)

and (16) can be computed analogously, as elaborated in [22].
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B. Approximated Closed-Form Expression for Φ̃ = FRBF†RF

The case study analyzed in the previous section is a very special setup. However, it is

instrumental to motivate the proposed approximated design for Φ̃ = FRBF†RF. Based on recent

results, e.g., [46], [47], it is considered difficult to optimize an RIS based on instantaneous

channel state information, e.g., based on estimates of HF and HB that account for the impact

of small-scale fading. This is due to the associated large pilot overhead, which typically grows

with the product of the number of RIS elements (K) and the number of users in the network.

A more pragmatic choice is to optimize the RIS based on long-term channel statistics, e.g.,

the locations of the transmitter, RIS, and receiver, ignoring the small-scale fading. On the other

hand, the MIMO transmitter and MIMO receiver are optimized based on full channel state

information, similar to legacy systems, once the RIS is optimized. The focusing functions in

(23) and (24) are optimal in line-of-sight channels and the RIS is optimized based only on

the transmission distances. Under non-paraxial setups, the identity P†RBPRF = IK is, however,

never exactly fulfilled, since PRB 6= PRF in general. However, for any arbitrary matrix Φ̃, the

numerical computation of PRF and PRB is known to be straightforward [32], since, as apparent

from (14) and (15), it can be obtained by simply computing the SVD of the channels HF and HB,

respectively. The numerical computation of PRF and PRB can, in addition, partially compensate

for any sub-optimality arising from the approximated choice for FRF and FRB in non-paraxial

setups.

Based on these considerations, we propose the following approximated design for Φ̃.

• Regardless of the channel model and the network topology, the diagonal matrix of reflection

coefficients of the RIS is set to Φ̃ = FRBF†RF, with FRF and FRB given in (23) and (24),

respectively.

• Given Φ̃, the precoding and decoding matrices at the MIMO transmitter and MIMO receiver,

respectively, are obtained by applying the SVD to the end-to-end transmitter-RIS-receiver

channel H = HBΦ̃HF = HBFRBF†RFHF [40].

We expect that the proposed approximated design for Φ̃ is sufficiently accurate in line-of-

sight and low-scattering channels, e.g., for application in the millimeter-wave, sub-terahertz,

and terahertz frequency bands, and the location of the RIS is optimized in order to maximize

the end-to-end performance given the locations of the MIMO transmitter and MIMO receiver.

The optimality, from the end-to-end channel capacity standpoint, of the proposed approximated
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Fig. 3. Considered network topology.

diagonal design is analyzed, with the aid of extensive numerical simulations, in the next section.

Specifically, the rate obtained with the proposed design is compared against currently available

numerical methods that jointly optimize the transmitter, the diagonal RIS, and the receiver [46],

as well as the EMO (non-diagonal RIS) based on Proposition 1.

V. NUMERICAL RESULTS

In this section, we analyze the effectiveness of the proposed closed-form expression for

diagonal RIS with the aid of numerical simulations. Specifically, we compare the rate obtained

by three schemes.

• The EMO in Proposition 1, which is the optimal capacity-achieving non-diagonal design

for RIS that is obtained as the solution of (8). The capacity of this scheme is given by (9)

without the need of solving any non-convex optimization problems. Only the SVD of the

two channels HF and HB needs to be computed. This scheme is denoted by “Non-diagonal

RIS” (ND-RIS) in the figures.

• The conventional joint optimization of the covariance matrix of the transmitted symbols

and the diagonal matrix of the RIS, by numerically solving the following non-convex
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optimization problem

max
Q�0,tr(Q)≤P

|Φ(k,k)|=1,∠Φ(k,k)∈[0,2π),Φ(k,h6=k)=0

log det
(
IM + (HBΦHF)Q (HBΦHF)

†
)

(25)

where |a| and ∠a denote the absolute value and the phase of a, respectively. In this case,

the algorithm in [46] is utilized. This scheme is denoted by “Diagonal RIS - Numerical”

(D-RIS-NUM) in the figures.

• The proposed approximated design for RIS, according to which the diagonal matrix of the

RIS reflection coefficients is Φ = Φ̃ = FRBF†RF with FRF and FRB given in (23) and (24),

respectively, and the covariance matrix of the transmitted symbols is the solution of the

following convex optimization problem

max
Q�0,tr(Q)≤P

log det

(
IM +

(
HB

(
FRBF†RF

)
HF

)
Q
(
HB

(
FRBF†RF

)
HF

)†)
(26)

whose solution is known to be the water-filling power allocation applied to the end-to-end

channel, considering Φ = Φ̃ = FRBF†RF fixed [40]. This scheme is denoted by “Diagonal

RIS - Proposed” (D-RIS-FOC) in the figures. In particular, the focusing functions in (23)

and (24) assume, unless stated otherwise, that the focusing points are the mid-points of

the MIMO transmitter and MIMO receiver, respectively. To analyze the sensitivity of the

proposed solution, we analyze the impact of considering focusing points different from the

mid-points of the MIMO transmitter and MIMO receiver as well. For generality, we use the

notation Φ = Φ̃ = FRB (pRB)FRF (pRF)
†, where pRF is the focusing point at the MIMO

transmitter and pRB is the focusing point the MIMO receiver.

The considered network topology is illustrated in Fig. 3. The mid-points of the MIMO

transmitter, RIS, and MIMO receiver are denoted by cB, cR, cU, respectively, and they lay

on the z = 0 plane. The distances between the mid-points of the MIMO transmitter and the RIS,

and the mid-points of the RIS and the MIMO receiver are denoted by dF and dB, respectively.

The angles between the lines connecting the mid-points of the MIMO transmitter and the RIS,

and the mid-points of the RIS and the MIMO receiver and the normal to the RIS are denoted

by θF and θB, respectively. Also, the angles between the MIMO transmitter and the z-axis and

between the MIMO receiver and the z-axis are denoted by ψF and ψB, respectively. The RIS is

always kept parallel to the yz plane. Therefore, the MIMO transmitter, RIS, and MIMO receiver

are parallel to each other if ψF = ψB = 0.
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Fig. 4. Achievable rate in the paraxial deployment – Comparison between the “Diagonal RIS - Numerical” (D-RIS-NUN) and

“Diagonal RIS - Proposed” (D-RIS-FOC) schemes. Setup: dF = dB = d, θF = 0, θB = π, and ψF = ψB = 0.

To validate the proposed design, the line-of-sight (free-space) channel model in (21) and (22)

is utilized. Unless stated otherwise, the numerical results are obtained by assuming a carrier

frequency of 28 GHz. The MIMO transmitter comprises N = 32 antennas (8 along the y-axis

and 4 along the z axis), the RIS comprises K = 1024 elements (512 along the y-axis and 2

along the z axis), and the MIMO receiver comprises M = 16 antennas (16 along the y-axis and

1 along the z axis). The noise variance is set to σ2
n = −97 dBm and the total transmit power is

set to P = 0 dBm. The inter-distance of the antenna elements at the MIMO transmitter, MIMO

receiver, and at the RIS is equal to half-wavelength.
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Fig. 5. Achievable rate in the paraxial deployment – Beam projection, normalized by the highest singular value (σ1 = σB1σF1),

on the linear antenna array of the MIMO receiver: Comparison between the “Non-diagonal RIS” (ND-RIS) and “Diagonal RIS

- Proposed” (D-RIS-FOC) schemes. Setup: dF = dB = d = 7 meter, θF = 0, θB = π, and ψF = ψB = 0.

A. Paraxial Setup

In this sub-section, we compare the achievable rate between the “Diagonal RIS - Numerical”

(D-RIS-NUM) and “Diagonal RIS - Proposed” (D-RIS-FOC) schemes in the paraxial setup,

similar to the deployment in Fig. 2. This is obtained by setting dF = dB = d, θF = 0, θB = π,

and ψF = ψB = 0. As for the focusing centers, we set pRB = cB and pRF = cU, according to

Section IV-B.

The results in Fig. 4 confirm the effectiveness of the proposed approach, according to the

theoretical analysis of this case study. In Fig. 5, we consider a similar setup with d = 7 meters,

and compare the “Non-diagonal RIS” (ND-RIS) and “Diagonal RIS - Proposed” (D-RIS-FOC)
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schemes in terms of projected beams. For both schemes, specifically, we compute the matrix

VF ∈ CN×N from the corresponding SVD, and we then compute the projections ‖HvFi‖ with

vFi being the ith vector in VF. This projection represents how the energy of the transmitted signal

is distributed across the MIMO receiver. The profiles of the obtained beams closely match with

each other. The minor differences are due to the fact that the transmission distances of all the

antenna elements are not exactly the same, and the Fresnel approximation applied in [22] is less

accurate in the considered near field setup. Therefore, the focusing functions in (23) and (24)

constitute an approximation.

B. Non-Paraxial Setup

In this sub-section, we analyze the effectiveness of the proposed approximated diagonal design

for RIS in non-paraxial setups. To this end, we compute and compare the achievable rates and

the effective rank [48] provided by the “Non-diagonal RIS” (ND-RIS) and “Diagonal RIS -

Proposed” (D-RIS-FOC) schemes, as a function of the location of the MIMO receiver, while

keeping the location of the MIMO transmitter fixed. The effective rank, in particular, provides

information on the number of degrees of freedom that is achievable in the considered channel

model.

In Fig. 6, we show the ratio of the achievable rates between the “Diagonal RIS - Proposed”

(D-RIS-FOC) and the “Non-diagonal RIS” (ND-RIS) schemes. By definition, the ratio lies in

the range [0, 1], and the closer to one the ratio is the closer to the optimum the “Diagonal RIS

- Proposed” (D-RIS-FOC) scheme is. The location of the MIMO transmitter is denoted by a

black triangle, and the RIS is represented by a black segment. The MIMO transmitter, RIS, and

MIMO receiver are assumed to be parallel to each other, i.e., ψF = ψB = 0. We see that the

proposed approach provides rates very close to the optimum, except for some locations that are

very close to the RIS (within one meter from the RIS). In addition, we show the complementary

cumulative distribution function of the achievable rates across the considered areas. The obtained

curves confirm the good performance offered by the “Diagonal RIS - Proposed” (D-RIS-FOC)

scheme with respect to the optimum. As expected, the closer to the RIS the MIMO transmitter,

the better the rate [34].

In Fig. 7, we illustrate the effective rank provided by the “Diagonal RIS - Proposed” (D-RIS-

FOC) scheme across the considered area. We see that multiple transmission modes are available

for different locations of the MIMO receiver, and the effective rank depends on the location of
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(a) Mid-point of the MIMO transmitter cB = (2.0, 13.0, 0.0)T
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(b) Mid-point of the MIMO transmitter cB = (2.0, 14.5, 0.0)T
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(c) Mid-point of the MIMO transmitter cB = (1.0, 14.5, 0.0)T

Fig. 6. (left) Ratio of the achievable rate between the “Non-diagonal RIS” (ND-RIS) and the “Diagonal RIS - Proposed” (D-

RIS-FOC) schemes as a function of the position of the MIMO receiver (a given point on the color map) for a fixed location of the

MIMO transmitter. (right) Complementary cumulative distribution function (C-CDF) of the achievable rate for the “Non-diagonal

RIS” (ND-RIS) and the “Diagonal RIS - Proposed” (D-RIS-FOC) schemes across the considered areas.
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(a) Mid-point of the MIMO transmitter cB = (2.0, 13.0, 0.0)T
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(b) Mid-point of the MIMO transmitter cB = (2.0, 14.5, 0.0)T
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(c) Mid-point of the MIMO transmitter cB = (1.0, 14.5, 0.0)T

Fig. 7. (left) Effective rank (ER) of the “Diagonal RIS - Proposed” (D-RIS-FOC) scheme as a function of the position of the

MIMO receiver (a given point on the color map) for a fixed location of the MIMO transmitter. (right) C-CDF of the ER for the

“Non-diagonal RIS” (ND-RIS) and the “Diagonal RIS - Proposed” (D-RIS-FOC) schemes across the considered areas.
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Fig. 8. Comparison of the achievable rates offered by the “Non-diagonal RIS” (ND-RIS), “Diagonal RIS - Numerical” (D-RIS-

NUM), and “Diagonal RIS - Proposed” (D-RIS-FOC) schemes as a function of the angle θF = −θB = θ, while keeping the

distances dF = dB = d fixed (solid lines: d = 4 meters; dashed lines: d = 7 meters). The MIMO transmitter, RIS, and MIMO

receiver are parallel to each other (ψF = ψB = 0).

the MIMO transmitter. The obtained results confirm that the network topology and the locations

of the MIMO transmitter, RIS, and MIMO receiver are essential parameters for ensuring multi-

mode communications. Also, we compare the effective rank provided by the “Diagonal RIS -

Proposed” (D-RIS-FOC) scheme against the “Non-diagonal RIS” (ND-RIS) scheme. We note

that the proposed diagonal design, given in a closed-form expression, provides an effective rank

that is close to the optimum, but at a lower implementation complexity.

In Fig. 8, we compare the achievable rates of the three considered schemes as a function

of θF = −θB = θ, while keeping the distances dF = dB = d fixed. Overall, we see that the
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Fig. 9. Comparison of the achievable rates offered by the “Non-diagonal RIS” (ND-RIS), “Diagonal RIS - Numerical” (D-RIS-

NUM), and “Diagonal RIS - Proposed” (D-RIS-FOC) schemes as a function of the distance dB = d, while keeping the distance

dF (solid lines: dF = 4 meters; dashed lines: dF = 8 meters), and the angles θF = π/8 and θB = 3π/8 fixed. The MIMO

transmitter, RIS, and MIMO receiver are parallel to each other (ψF = ψB = 0).

proposed approach provides rates that are virtually identical to those obtained with complex

numerical algorithms and slightly worse than those obtained by using non-diagonal RIS only in

some cases.

In Fig. 9, we compare the achievable rates offered by the considered three schemes as a

function of the distance dB = d, while keeping the other parameters fixed. The conclusions are

similar to those drawn from the analysis of Fig. 8.

In Fig. 10, we compare the achievable rates offered by the considered schemes as a function

of the rotation angle ψB and the focusing point pRF. The main objective is to understand the
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(a) ψB = −π/8 (b) ψB = π/4 (c) ψB = π/8

Fig. 10. Comparison of the achievable rates offered by the “Non-diagonal RIS” (ND-RIS), “Diagonal RIS - Numerical (D-RIS-

NUM)”, and “Diagonal RIS - Proposed (D-RIS-FOC)” schemes as a function of the rotation angle ψB and the focusing point

pRF. Specifically, pRF = δ uM−cU
‖uM−cU‖

, where 0 ≤ δ ≤ 1 and uM is the M th element of the MIMO receiver. Setup: θF = π/4,

θB = π/3, dF = 2 meters, dB = 3.5 meters, ψF = 0, and pRB = cB.

impact of rotating the receiver, which results in large deviations from the typical paraxial setup,

and to evaluate the impact of the focusing points at the MIMO receiver, i.e., whether choosing

the mid-point as the focusing point, as dictated by the paraxial setup, is a good choice. The

obtained results unveil two main performance trends: (1) Selecting the mid-point of the MIMO

receiver as the focusing point is the best choice, as it provides rates that are very close to those

obtained by using the “Diagonal RIS - Numerical” (D-RIS-NUM) scheme; and (2) rotating the

MIMO receiver increasese the gap between the rates attained by the “Diagonal RIS - Proposed”

(D-RIS-FOC) scheme and the “Non-diagonal RIS” (ND-RIS) scheme. In general, a non-diagonal

design for RIS provides better rates in the presence of rotations.

VI. CONCLUSION

In this paper, we have analyzed the spatial multiplexing gains of RIS-aided MIMO channels in

the near field. We have proved that the best design for nearly-passive RIS results in a non-diagonal

matrix of reflection coefficients. Due to the non-negligible complexity of non-diagonal designs

for RIS, we have proposed a closed-form diagonal design that is motivated and is proved to be

optimal, from the end-to-end channel capacity standpoint, in line-of-sight channels and when

the MIMO transmitter, RIS, and MIMO receiver are deployed according to the paraxial setup.

In different network typologies and over fading channels, the proposed design is sub-optimal.

However, extensive simulation results in line-of-sight (free-space) channels have confirmed that
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it provides good performance in non-paraxial setups as well. Specifically, we have shown that

the proposed diagonal design provides rates that are close to those obtained by numerically

solving non-convex optimization problems at a high computational complexity, as well as to

those attained, in several considered network setups, by capacity-achieving non-diagonal RIS

designs.

APPENDIX A

PROOF OF PROPOSITION 1

In this appendix, we provide a formal proof for Proposition 1. The proposed approach gen-

eralizes, to RIS-aided MIMO channels, the proof originally given in [40] for MIMO channels.

The proof leverages the assumption that the matrix of reflection coefficients of the RIS is unitary

but is not necessarily diagonal.

By definition, assuming that the channels are fixed and given, the mutual information is

I(x,y) = log det
(
IM + HQH†

)
(27)

= log det
(
IM + QH†H

)
(28)

where the last equality follows by using the identity det (I + AB) = det (I + BA).

The channel product H†H can be expressed as

H†H = (HBΦHF)
†(HBΦHF)

=
(
H†FΦ

†H†B

)
(HBΦHF)

=
(
UFΣFV

†
F

)†
Φ†
(
VBΣ†BΣBV†B

)
Φ
(
UFΣFV

†
F

)
(29)

Similarly to [43], without loss of generality, we can express the matrix Φ as

Φ = VBXU†F (30)

with X being a generic unitary matrix, not necessarily diagonal.

Therefore, the mutual information can be expressed as

I(x,y) = log det
(
IM + QVFΣ

†
FX
†Σ†BΣBXΣFV

†
F

)
(31)

= log det
(
IM + V†FQVFΣ

†
FX
†Σ†BΣBXΣF

)
(32)

= log det
(
IM + Q̃X̃

)
(33)
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where the last equality is obtained by defining

Q̃ = V†FQVF (34)

X̃ = ΣFX
†ΣBΣBXΣF (35)

Let us focus on the matrix Q̃. Since VF is unitary, we have tr(Q̃) = tr(Q). Therefore,

maximizing over Q is equivalent to maximizing over Q̃, without changing any constraints of

the original optimization problem, since Q̃ is positive semi-definite if Q is positive semi-definite.

This is proven in the following lemma.

Lemma 1. Matrix Q̃ is positive semi-definite.

Proof. This lemma can be proven by observing the following.

• Q̃ is an Hermitian matrix, since

Q̃† = (V†FQVF)
† = V†FQVF = Q̃ (36)

• As Q̃ is an Hermitian matrix, it is positive semi-definite if z†Q̃z ≥ 0 for any complex

vector z. This follows because

z†Q̃z = z†V†FQVFz = z̃†Qz̃ ≥ 0 (37)

where the last inequality follows because Q is positive semi-definite and x̃ = VFz is a

generic complex vector.

This completes the proof.

The mutual information can be rewritten as

I(x,y) = log det
(
IM + ΣFV

†
FQVFΣ

†
FX
†Σ†BΣBX

)
= log det

(
IM + Q X

)
(38)

where the last equality is obtained by defining

Q = ΣFV
†
FQVFΣ

†
F = ΣFQ̃Σ†F (39)

X = X†Σ†BΣBX (40)

Let us consider the matrix X. It can rewritten as

X = X†Σ̃BX

=
(
Σ̃

1/2
B X

)† (
Σ̃

1/2
B X

)
(41)
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where Σ̃B = Σ†BΣB is a square diagonal matrix with non-negative real entries on its diagonal.

The last equality follows because the matrix Σ̃B is invertible and can written as Σ̃B = Σ
1/2
B Σ

1/2
B .

Also, the last equality implies that X is a positive semi-definite matrix for any choice of X.

Accordingly, X can be expressed in terms of its eigenvalue decomposition as X = UXΛXU†
X

.

As a result, the mutual information can be rewritten as

I(x,y) = log det
(
IM + Q

(
UXΛXU†

X

))
= log det

(
IM + Λ

1/2

X
U†

X
QUXΛ

1/2

X

)
(42)

From (39) and (42), the following considerations can be made.

• The matrix Q = ΣFQ̃Σ†F is positive semi-definite, since Q̃ is positive semi-definite. The

proof is the same as for Lemma 1.

• The matrix U†
X

QUX is positive semi-definite, since Q is positive semi-definite. The proof

is the same as for Lemma 1.

• The matrix Λ
1/2

X
U†

X
QUXΛ

1/2

X
is positive semi-definite, since U†

X
QUX is positive semi-

definite. The proof is the same as for Lemma 1.

Therefore, the matrix IM+Λ
1/2

X
U†

X
QUXΛ

1/2

X
is positive semi-definite as well. From [40], it is

known that, for any generic positive semi-definite matrix A (therein referred to as non-negative

defined), we have

det (A) ≤
∏
i

A (i, i) =
∏
i

(A)i,i (43)

where the notation A (i, i) = (A)i,i is employed to simplify the writing.

Let us consider the formulation of the mutual information in (33), which is the most convenient

one for further analysis. By using the upper-bound in (43), we obtain

I(x,y) = log det
(
IM + Q̃X̃

)
≤ log

∏
i

(
IM + Q̃X̃

)
ii

(44)

Based on [40], a sufficient condition to attain the upper-bound, i.e., (44) is fulfilled with
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equality, is that X̃ and Q̃ are two diagonal matrices. Under these assumptions, we obtain

I(x,y) = log
∏
i

(
IM + Q̃X̃

)
ii

= log
∏
i

(
IM + Q̃ΣFX

†ΣBΣBXΣF

)
ii

= log
∏
i

(
1 + Q̃ (i, i)σFiX

† (i, i)σBiσBiX (i, i)σFi

)
= log

∏
i

(
1 + σ2

Biσ
2
FiQ̃ (i, i)

)
(45)

where the last equality follows because X† (i, i)X (i, i) = 1, since X is a unitary and diagonal

if X̃ is diagonal for achieving the upper-bound.

In summary, we have proved that Q̃ = V†FQVF and that Φ = VBXU†F, for any unitary and

diagonal matrix X, is capacity-achieving. Without loss of generality, therefore, we can consider

X = IK . The proof follows by noting that the capacity is achieved by applying the water-

filling power allocation to the ordered product of the singular values of the transmitter-RIS and

RIS-receiver channels.
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