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For grease lubrication, the dominating mechanism supplying new oil to the lubricated contact is assumed to be "oil bleeding" in which the key parameter is the grease permeability.

This paper proposes a dynamic oil bleeding model based on a static oil bleeding apparatus. This model uses a permeability correlation that has been adapted to consider the effect of temperature. Grease is described as a porous network of thickener fibres that contains the oil which bleeds out when it is compressed. This system was described by mass and momentum balance equations. The resulting dynamic simulation and the experimental results were compared to obtain the permeability value by using a parametric estimation method. Results are consistent with those found in the literature.

INTRODUCTION

Grease is a lubricant mostly used in rolling bearings. It is a two phase system composed of fluid base oil that gives its lubricant behaviour (65-97%), fibres thickener that provides its consistency (3-30%) and additives (0-5%) that protect the rolling bearings from wear or limit the grease components degradation [START_REF] Lugt | Grease lubrication in rolling bearings[END_REF]. From structural analyses made by Scanning Electron Microscopy (SEM) or Atomic Force Microscopy (AFM), grease thickener appears as a solid-like material of fibres with random orientation containing the oil in the free space [START_REF] Hokao | A study of the structure formed by thickeners of greases using atomic force microscope[END_REF][START_REF] Mansot | Structural investigation of lubricating greases[END_REF][START_REF] Shuff | The structure of grease via electron microscopy and image analysis[END_REF]. In the literature, grease is considered as a colloid system for the following reasons: i) the fibres have colloidal sizes in two (more often than one) measuring directions; ii) the oil, as dispersion medium, is held in the cells of the three-dimensional grease skeleton (thickener fibres) by some adsorption bonds, and the remaining part, mechanically [START_REF] Ishchuk | Lubricating Grease Manufacturing Technology[END_REF]. The role of grease is to ensure long life of the bearing and rolling element in contact with it through the formation of a lubricating film which gives low friction [START_REF] Lugt | Grease lubrication in rolling bearings[END_REF]. The lubricating film formation, composition and replenishment on the rolling elements have been addressed by a large number of studies in the literature. They attempted to both i) clarify the lubrication mechanisms; ii) understand the impact of operating conditions (velocity, load, grease type, temperature, etc.) on the grease life, the film thickness evolution and the rolling element's bearing life. In these studies, experiments were either carried out on specific tribological setups, such as ball on disc apparatus [START_REF] Cann | Grease degradation in a bearing simulation device[END_REF][START_REF] Chapkov | Film thickness in point contacts under generalized Newtonian EHL conditions: Numerical and experimental analysis[END_REF][START_REF] Couronné | Effects of Grease Composition and Structure on Film Thickness in Rolling Contact[END_REF][START_REF] Cousseau | Grease Aging Effects on Film Formation under Fully-Flooded and Starved Lubrication[END_REF][START_REF] Cyriac | Effect of Thickener Particle Geometry and Concentration on the Grease EHL Film Thickness at Medium Speeds[END_REF], or on rolling bearings [START_REF] Cann | Grease Degradation in R0F Bearing Tests[END_REF][START_REF] Eriksson | Grease passing through an elastohydrodynamic contact under pure rolling conditions[END_REF][START_REF] Hurley | Lubrication and Reflow Properties of Thermally Aged Greases[END_REF][START_REF] Morales-Espejel | Film thickness in grease lubricated slow rotating rolling bearings[END_REF] in presence of either new or aged greases. But, due to the complexity of grease as a material, its large number of applications and the ageing of its properties, modelling of the fundamental mechanisms of grease lubricants has remained difficult. Several authors proposed that the lubricating film supplied by the oil bleeding mechanism [START_REF] Eriksson | Grease passing through an elastohydrodynamic contact under pure rolling conditions[END_REF][START_REF] Lugt | Grease lubrication in rolling bearings[END_REF][START_REF] Wikström | Loss of lubricant from oil-lubricated near-starved spherical roller bearings[END_REF]. Grease acts as a reservoir of oil through its porous network of fibres. Thus, by applying mechanical loads such as gravity, pressure or centripetal force on grease, the oil flow passes through the thickener network. It releases from the grease and it provides lubricity onto the metallic contact area [START_REF] Lugt | Grease lubrication in rolling bearings[END_REF]. Oil bleeding modelling based on conservation equations has rarely been addressed in literature. To our knowledge, only [START_REF] Baart | Oil-Bleeding Model for Lubricating Grease Based on Viscous Flow Through a Porous Microstructure[END_REF], [START_REF] Tichy | Grease flow based on a twocomponent mixture model[END_REF], [START_REF] Saatchi | A fundamental study of oil release mechanism in soap and non-soap thickened greases[END_REF] and [START_REF] Zhang | Characterizing the fluid-matrix affinity in an organogel from the growth dynamics of oil stains on blotting paper[END_REF] have developed a simple flow model based on Darcy's law for viscous flow in porous media for different operating conditions. [START_REF] Baart | Oil-Bleeding Model for Lubricating Grease Based on Viscous Flow Through a Porous Microstructure[END_REF] developed a test rig under centrifugal motion to measure the film thickness evolution at different temperatures and velocities and compared their modelling results with the experimental data. [START_REF] Tichy | Grease flow based on a twocomponent mixture model[END_REF] developed their model on a schematic view of a rolling contact filled with grease. [START_REF] Saatchi | A fundamental study of oil release mechanism in soap and non-soap thickened greases[END_REF] confronted their simulation results for several greases to experimental oil bleeding rates obtained by the ASTM D6184 procedure which is similar to the NF ISO 22285:2018(F) procedure described later at the end of this section. Finally, [START_REF] Zhang | Characterizing the fluid-matrix affinity in an organogel from the growth dynamics of oil stains on blotting paper[END_REF] developed a model that describes the oil flow from a grease patch into a blotting paper. They consider a capillary pressure to drive the oil flow out of the grease whereas the others authors consider pressure induced by centrifugal or gravity forces. In each study, the determination of the permeability parameter k [m 2 ] was required to evaluate the friction force between thickener and oil by using the Darcy law.

Permeability correlations were needed to properly predict the oil bleeding rate. Erreur ! Source du renvoi introuvable. presents several correlations of permeability that we found in literature. 

𝑘 = 2 3 𝑘 𝑝𝑒𝑟 + 1 3 𝑘 𝜃 𝑘 𝜃 = 𝑘 𝑝𝑎𝑟 𝑘 𝑝𝑒𝑟 𝑘 𝑝𝑎𝑟 𝑠𝑖𝑛 2 (𝜃) + 𝑘 𝑝𝑒𝑟 𝑐𝑜𝑠 2 (𝜃) 𝑐𝑜𝑠(𝜃) = (𝑓) -1 -(𝑓 𝑚𝑎𝑥 ) -1 (𝑓 0 ) -1 -(𝑓 𝑚𝑎𝑥 ) -1
This adds the assumption to Gebart's correlation that somefibres tilt with an angle θ.

In this case, fmax=π/4 and θ=90° for f= The correlation [START_REF] Gebart | Permeability of unidirectional reinforcements for RTM[END_REF] links the permeability to both the volume fraction and the average radius of the thickener's fibres in the grease. The fibres are assumed to all have the same cylindrical geometry (Erreur ! Source du renvoi introuvable.). [START_REF] Gebart | Permeability of unidirectional reinforcements for RTM[END_REF] observed that the oil bleeding rate decreased with time because of the permeability decrease related to the increase of the fibre-volume fraction. [START_REF] Baart | Oil-Bleeding Model for Lubricating Grease Based on Viscous Flow Through a Porous Microstructure[END_REF] modified the correlation proposed [START_REF] Gebart | Permeability of unidirectional reinforcements for RTM[END_REF] to include the fibres tilting during oil bleeding (Erreur ! Source du renvoi introuvable.). [START_REF] Tichy | Grease flow based on a twocomponent mixture model[END_REF] used the correlation given by [START_REF] Happel | Low Reynolds number hydrodynamics[END_REF] which links the permeability to both the porosity and the tortuosity of the thickener network (Erreur ! Source du renvoi introuvable.). Finally, Saatchi et al., (2017) presented another correlation using porosity and considering the thickener as spherical floating particles in an oil matrix (Erreur ! Source du renvoi introuvable.) with an isotropic arrangement. [START_REF] Zhang | Characterizing the fluid-matrix affinity in an organogel from the growth dynamics of oil stains on blotting paper[END_REF] did not use a grease permeability correlation since they neglected it with respect to the permeability of blotting paper.

This paper presents a way to calculate the permeability by using both the modelling approach and experimental data provided by the apparatus of the NF ISO 22285:2018(F) standard procedure. In this standard test method, the oil bleeding rate is measured by applying a load to the grease. An oil-bleeding dynamic model for grease under the effect of load was built with mass and momentum balance equations for each component. The model relates the mechanical actions, the oil and thickener physical parameters, the grease porosity, and the thickener structure (through the permeability, m 2 ) to the one-dimensional volumetric oil flux out of the thickener porous network. The proposed model considers the deformability of the viscoelastic fibre network but also the impact of the temperature on its deformability by adding two additive parameters in the permeability correlation. For this purpose, an adaptation of the correlation of [START_REF] Baart | Oil-Bleeding Model for Lubricating Grease Based on Viscous Flow Through a Porous Microstructure[END_REF] is proposed to consider the effect of temperature on the grease , by using a parametric estimation method at different operating temperature. The permeability parameters are estimated by fitting the simulation results for oil bleeding mass fraction versus time to the experimental data.

EXPERIMENTAL PART

According to ThermoGravimetric Analysis (TGA), the used grease comprises about 85 wt% of Gas-to-liquids (GTL) oil, 10 wt% of lithium hydroxystearate soap (thickener) and 5 wt% of additives. TGA consists in weighing the grease inside a furnace which is gradually increasing in temperature from 25 °C to 1000 °C. The grease components are degraded and volatilized with the increasing temperature and, as each component has a different degradation temperature, it is possible to measure their respective mass fractions.

Erreur ! Source du renvoi introuvable. presents the density and viscosity of separated base oil and grease. It reports average results and uncertainties of each measurement because all measurements were performed three times to check the repeatability. The grease density was estimated by a non-standardized procedure at different temperatures.

For that, grease was introduced into a graduated syringe to measure the sample volume. This syringe was placed in an oven for 2 hours to stabilize its temperature. Then, the sample mass was weighed using a precision balance of ±0.001 g.

The grease viscosity was measured with a Discovery HR-1 rheometer from TA Instruments.

A low strain rate step (5.0 10 -3 𝑠 -1 ) was applied to the grease sample to measure the viscosity. The measurement was made in operating conditions as close as possible to the standard test procedure operating conditions, i.e., in the linear viscoelastic domain.

The oil density and viscosity were measured at the same time with Anton Paar viscometer SWM 3001 apparatus.

In addition to these characterisation analyses, a structural analysis was made by Scanning Electron Microscopy (SEM) to estimate the average radius of the thickener's fibres. This requires washing the grease with heptane to remove the oil and only recover the fibres. This washing step was performed two times, then the thickener network is destroyed and only the disorganised fibres remain. Several microscopy images were made (see Erreur ! Source du renvoi introuvable.), and the average value of the fibres radius was calculated using the SEM software by considering a minimum of ten different fibres selected in three different areas of the sample (see details in Appendix A). For any temperature, the average radius of the thickener's fibres (r) is about 32±5 nm (see Erreur ! Source du renvoi introuvable.). For the oil bleeding test, the experimental procedure is as follows. Three experimental tests were performed at three different temperatures according to the grease operating conditions (25, 40 and 80 °C). During the tests, the temperature was controlled and kept constant using an oven. About 32 g of grease was introduced into the cylindrical chamber (b). Before and after grease introduction, the chamber (b) was weighed to allow the grease mass to be calculated. The bleeding oil was recovered in the chamber (c). The bled oil quantity was obtained by weighing the chamber (c) at regular time intervals for 264 hours. The test time is longer than the standard duration time (168 hours according to the NF ISO 22285:2018(F) standard procedure). This time allows sufficient data to be obtained to observe the studied dynamic response whilst remaining within a reasonable experiment time.

MODELING PART

In this section, the dynamic oil-bleeding (1D) model, which represents the grease behaviour in the experimental standard test, is presented. Erreur ! Source du renvoi introuvable. is the 1D schematic view of the dynamic system at initial state t=0 [s] (on the The model is constructed of both mass and momentum balance equations, written for the grease components. These balance equations are as described by [START_REF] Bear | Dynamics of Fluids in Porous Media[END_REF] and [START_REF] Bird | Transport phenomena[END_REF] and are valid in a wide range of operating conditions.

The following assumptions are made:

1.

The model is one-dimensional (1D) along the z axis.

2.

The chambers (b, c) and the sieve (d) (Erreur ! Source du renvoi introuvable.)

have a constant cross-sectional area S [m 2 ].

3.

The system is isothermal.

4.

Grease is arbitrarily represented as a two-component mixture consisting of 10 wt% of thickener and 90 wt% of base oil (additives are included in the oil).

In this model, it is assumed that additives have no impact on the oil properties.

5.

Grease is a colloidal solution (fibres dispersed in a continuous phase which is the oil). Its behaviour can be described by a porous medium formed by solidlike material thickener fibres trapping oil as described by [START_REF] Bear | Dynamics of Fluids in Porous Media[END_REF]. Indeed, under forces, the fibres stay in the grease while the oil is bleeds.

6.

At time t=0 [s], the grease is uniform. Then at t>0 [s], some fibres gradually tilt with an angle θ under the forces of gravity and pressure.

7.

The thickener stays in the subsystem G.

8.

The oil and the thickener fibres are considered incompressible. Grease is a colloidal system whose behaviour is close to a viscous liquid. Since the shear rates are quite small, the shear thinning effects are not significant and this justifies the assumption that the grease behaves as a Newtonian fluid.. For the thickener fibres, as proposed by [START_REF] Tichy | Grease flow based on a twocomponent mixture model[END_REF], we have assumed that the fibres are a "solid-like material". We do not consider a particular model for the thickener, we only assumed that they are an extremely viscous fluid whose viscosity is much higher than the liquid oil. Thickener is modelled as a generalized Newtonian fluid and oil as a Newtonian fluid. Therefore, their physical parameters (viscosity, density, …) are only dependent on temperature.

Thickener properties are estimated with an ideal mixture law by using data of Erreur ! Source du renvoi introuvable..

9.

The oil bleeding flow through the sieve is a Poiseuille type flow as the holes of the sieve could be considered as cylinder and the oil bleeding flow could be considered as laminar flow of viscous fluid.

Notations

𝑑 𝑡 (-) stands for the time derivative of Ordinary Differential Equations (ODE). 𝜕 𝑡 (-) and 𝜕 𝑧 (-) stands for the time and spatial derivatives of Partial Differential Equations (PDE).

Definition of volume fraction and volumetric flow density in grease

The 

Momentum balance on mass M

The mass (M) is a uniform subsystem (Erreur ! Source du renvoi introuvable.). Then according to [START_REF] Bird | Transport phenomena[END_REF], the momentum balance is written as an ODE as follows:

Momentum balance on M:

𝑚 𝑀 𝑑 𝑡 (𝑣 𝑀 (𝑡)) = 𝑆(𝑃 𝑎𝑚𝑏𝑖𝑒𝑛𝑡 -𝑃 𝐺 (𝑡, ℎ)) + 𝑚 𝑀 𝑔 [1]
In eq. [1], the right terms are pressure contribution and the gravity force, respectively.

Mass and Momentum balances of Oil and of Thickener in Grease (G)

From assumption 4, G is two component mixtures. According to [START_REF] Bird | Transport phenomena[END_REF], the equation of continuity for a component in multicomponent mixture can be written as a PDE.

Each component motion is done by convective flux because there is no gradient concentration.

Component i mass balance in G:

Mass balance of each component (i = T, O) can be written as follows:

𝐹𝑜𝑟 ℎ < 𝑧 < 𝐿, 𝜕 𝑡 (𝜀 𝑖 𝐺 (𝑡, 𝑧)) = -𝜕 𝑧 (𝑓 𝑖 𝐺 (𝑡, 𝑧)) [2] With 𝜀 𝑂 𝐺 (𝑡, 𝑧)+𝜀 𝑇 𝐺 (𝑡, 𝑧) = 1 [3]
Global mass balance in G gives:

𝐹𝑜𝑟 ℎ < 𝑧 < 𝐿 , 𝜕 𝑧 (𝑓 𝑂 𝐺 (𝑡, 𝑧) + 𝑓 𝑇 𝐺 (𝑡, 𝑧)) = 0 [4]
Component i momentum balance in G:

The momentum balance equations in G can be written as one PDE for each component [START_REF] Bird | Transport phenomena[END_REF] [5]

In eq. 

Global momentum balance in G:

The sum of each component momentum balance equation using eq. [5] to evaluate the pressure term gives: 

𝐹𝑜𝑟 ℎ < 𝑧 < 𝐿, 𝜕 𝑧 (𝑃 𝐺 ) = -

Mass balance of oil in the container (C)

The bled oil (BO) (see Erreur ! Source du renvoi introuvable., on the right) is only composed of oil (assumption 7) and is also a uniform subsystem. Its equation of continuity can be written as follows.

𝑑 𝑡 ℎ 𝐵𝑂 (𝑡) = 𝜑𝑣 𝑔𝑟𝑖𝑑 (𝑡)

[7]

In eq. [7], 𝑣 𝑔𝑟𝑖𝑑 [m/s] is the oil velocity through the sieve and 𝜑 is the porosity of the sieve.

Global Mass and Momentum balances of apparatus

The mass balances for each component are also written on the total volume VT which comprises the subsystems (G) and (C) (right side of Erreur ! Source du renvoi introuvable.).

In VT, the total mass of oil 𝑀 𝑂 [kg] does not vary (𝑑 𝑡 (𝑀 𝑂 ) = 0). From assumption 7, there is no thickener in the subsystem (C). Then, the total mass of thickener Assuming that the grease moves at the velocity of the mass M:

Boundary conditions at z=h and z=L

𝑣 𝑀 (𝑡) = 𝑑 𝑡 ℎ [13]
For oil:

{ 𝑓 𝑂 𝐺 (𝑡, ℎ) = 𝜀 𝑂 𝐺 (𝑡, ℎ)𝑣 𝑀 (𝑡)
𝑓 𝑂 𝐺 (𝑡, 𝐿) = 𝑣 𝑀 (𝑡) [14]

For thickener: 

Initial conditions in G

The initial state conditions are: ∀ 𝑧 ∈ [ℎ 𝐵0 (0), 𝐿] 𝜀 𝑂 𝐺 (0, 𝑧) = 0.9 and 𝜀 𝑇 𝐺 (0, 𝑧) = 0.1 𝑓 𝑂 𝐺 (0, 𝑧) = 𝑓 𝑇 𝐺 (0, 𝑧) = 0 𝑃 𝐺 (0, 𝑧) = 𝑃 𝑎𝑚𝑏𝑖𝑒𝑛𝑡

Parameters

The friction force is defined as in [START_REF] Tichy | Grease flow based on a twocomponent mixture model[END_REF]. The network permeability k [m 2 ] correlation is the one established by [START_REF] Baart | Oil-Bleeding Model for Lubricating Grease Based on Viscous Flow Through a Porous Microstructure[END_REF] (Erreur ! Source du renvoi introuvable.) but modified here. In the works of [START_REF] Baart | Oil-Bleeding Model for Lubricating Grease Based on Viscous Flow Through a Porous Microstructure[END_REF], the permeability is not temperature dependent. In this work, the adjustment constants 𝐶 𝑝𝑎𝑟 𝑡𝑒 and 𝐶 𝑝𝑒𝑟 𝑡𝑒 are added to consider the fibres and network defects and to evaluate the effect of temperature. The correlation is as follows:

𝑘 = 2 3 𝑘 𝑝𝑒𝑟 + 1 3 𝑘 𝜃
Where the coefficients (2/3 and 1/3) are for an isotropic distribution of the fibers.

[16]

With:

𝑘 𝑝𝑒𝑟 = 𝐶 𝑝𝑒𝑟 𝑡𝑒 16 9𝜋√2 (√ 𝜀 𝑇,𝑚𝑎𝑥 𝐺 𝜀 𝑇 𝐺 -1) 5/2
𝑟 2

[17]

𝑘 𝑝𝑎𝑟 = 𝐶 𝑝𝑎𝑟 𝑡𝑒 8 57 (1 -𝜀 𝑇 𝐺 ) 3 (𝜀 𝑇 𝐺 ) 2 𝑟 2 [18] 𝑘 𝜃 = 𝑘 𝑝𝑎𝑟 𝑘 𝑝𝑒𝑟 𝑘 𝑝𝑎𝑟 𝑠𝑖𝑛 2 (𝜃) + 𝑘 𝑝𝑒𝑟 𝑐𝑜𝑠 2 (𝜃) [19] 𝑐𝑜𝑠(𝜃) = ℎ 𝐺 (𝑡) -ℎ 𝐺,𝑚𝑖𝑛 ℎ 𝐺 (0) -ℎ 𝐺,𝑚𝑖𝑛 = (𝜀 𝑇 𝐺 (𝑡, 𝑧)) -1 -(𝜀 𝑇,𝑚𝑎𝑥 𝐺 ) -1 (𝜀 𝑇 𝐺 (0, 𝑧)) -1 -(𝜀 𝑇,𝑚𝑎𝑥 𝐺 ) -1 [20]
𝜀 𝑇,𝑚𝑎𝑥 𝐺 is the maximum fibre volume fraction reached when the fibres are in contact. Its value remains unchanged from [START_REF] Baart | Oil-Bleeding Model for Lubricating Grease Based on Viscous Flow Through a Porous Microstructure[END_REF] And, using an ideal mixture law (see [START_REF] Tichy | Grease flow based on a twocomponent mixture model[END_REF] and [START_REF] Bird | Transport phenomena[END_REF]), the viscosity η (assumption 8) and density ρ of thickener are as follows:

𝜂 𝑇 = (𝜂 𝐺 -𝜀 𝑂 𝐺 𝜂 𝑂 ) 𝜀 𝑇 𝐺 𝑎𝑛𝑑 𝜌 𝑇 = (𝜌 𝐺 -𝜀 𝑂 𝐺 𝜌 𝑂 ) 𝜀 𝑇 𝐺 [21]

Numerical simulation of the oil bleeding model

The computer code was developed in MATLAB ® (R2019b 9.7.0.) software. The set of PDEs (see Erreur ! Source du renvoi introuvable.) was reduced to a set of ODEs by applying the finite difference method to the spatial coordinate for the grease. The grease height is being discretised into N infinitesimal elements, the step size Δz is calculated at each integration time as follows:

∆𝑧 = 𝐿 -ℎ 𝑁 + 1
The numerical model was composed of 2N+1 variables described by ODEs (𝜀 𝑇 𝐺 (𝑡, 𝑧),𝑓 𝑇 𝐺 (𝑡, 𝑧),ℎ 𝐵𝑂 (𝑡), 𝑣 𝑀 (𝑡), ℎ(𝑡)) and N+6 algebraic constraints (𝑃 𝐺 (𝑡, 𝑧), 𝜀 𝑇 𝐺 (𝑡, ℎ),𝑓 𝑇 𝐺 (𝑡, ℎ), 𝜀 𝑇 𝐺 (𝑡, 𝐿),𝑓 𝑇 𝐺 (𝑡, 𝐿)) (see Erreur ! Source du renvoi introuvable. for details). The list of the variables and their associating equations is presented in Erreur ! Source du renvoi introuvable.. The resulting ordinary differential-algebraic system of equations was solved using the MATLAB integration subroutine (ODE15i function). 

Parameters' estimation of the oil bleeding model

The grease permeability k [m²] depends on the adjustment constants 𝐶 𝑝𝑎𝑟 𝑡𝑒 and 𝐶 𝑝𝑒𝑟 𝑡𝑒 of eqs.

[17] and [18]. These constant parameters were estimated by a Levenberg-Marquardt procedure (see Marquardt, (1963)). The aim is to minimize the sum of the squared errors between experimental and simulated results of the bleeding oil mass fraction with respect to the parameters. The MATLAB function "lsqnonlin" is used for this purpose. The confidence intervals of the estimated parameters were calculated using standard procedure (see [START_REF] Beck | Parameter estimation in Engineering and Science[END_REF]). Errors associated with two successive measurements were independent, centred and followed a normal distribution.

The equations for the confidence intervals are as follows:

𝑘 ̅ -𝑡 𝑠𝑡𝑢𝑑𝑒𝑛𝑡 √ 𝐻𝜎 2 < 𝑘 < 𝑘 ̅ + 𝑡 𝑠𝑡𝑢𝑑𝑒𝑛𝑡 √ 𝐻𝜎 2
Where 𝑘 ̅ is the estimate of k, H is the Hessian matrix, 𝜎 2 is the variance estimator of experimental measurements and 𝑡 𝑠𝑡𝑢𝑑𝑒𝑛𝑡 is the student variable.

The Hessian Matrix H=J'*J was calculated by using the numerical evaluation of the jacobian matrix J (sensitivity matrix) given by the "lsqnonlin" function of MATLAB.

RESULTS AND DISCUSSION

In the following part, all the figures present results at three temperatures (25, 40 and 80 °C). Erreur ! Source du renvoi introuvable. exhibits the estimated adjustment constants (𝐶 𝑝𝑎𝑟 𝑡𝑒 and 𝐶 𝑝𝑒𝑟 𝑡𝑒 ) and their dependence laws versus temperature. Erreur ! Source du renvoi introuvable., Erreur ! Source du renvoi introuvable. and Erreur ! Source du renvoi introuvable. show the evolution of the bleeding oil mass fraction, the mass (M) displacement velocity, and the thickener fibres deviation angle versus time respectively. And finally, Erreur ! Source du renvoi introuvable. presents the local permeability (𝑘) with its three contributions ( 𝑘 𝑝𝑒𝑟 , 𝑘 𝑝𝑎𝑟 and 𝑘 𝜃 ) versus the thickener fibres deviation angle.

Erreur ! Source du renvoi introuvable. presents the estimated adjustment constants (𝐶 𝑝𝑎𝑟 𝑡𝑒 and 𝐶 𝑝𝑒𝑟 𝑡𝑒 ) and their confidence intervals at 95 % for three temperatures. 𝐶 𝑝𝑎𝑟 𝑡𝑒 and 𝐶 𝑝𝑒𝑟 𝑡𝑒 are statistically significant with low confidence intervals. 𝐶 𝑝𝑎𝑟 𝑡𝑒 is more sensitive than 𝐶 𝑝𝑒𝑟 𝑡𝑒 . Two temperature dependence laws, valid in the range 25 °C and 80 °C, were estimated to express these two different relations as follows (Erreur ! Source du renvoi introuvable.):

𝐶 𝑝𝑎𝑟 𝑡𝑒 = = 56300 (1 -𝑒 (-0.07 (𝑇-24.9)) )

[22]

𝐶 𝑝𝑒𝑟 𝑡𝑒 = 24.5 (1 -𝑒 (-0.08 (𝑇-19)) )

[23]

Both 𝐶 𝑝𝑎𝑟 𝑡𝑒 and 𝐶 𝑝𝑒𝑟 𝑡𝑒 are more temperature sensitive in the range from 25 °C to 40 °C and less so above 40°C. The temperature increase expands the thickener network, probably by increasing the mobility of the fibres. The 𝐶 𝑝𝑎𝑟 𝑡𝑒 and 𝐶 𝑝𝑒𝑟 𝑡𝑒 asymptotic values correspond to the maximum rate to reach a given equilibrium position of the fibres in the network, which no longer move. This probably also corresponds to the maximum fibre volume fraction (𝜀 𝑇,𝑚𝑎𝑥

𝐺

) reached when the fibres are in contact as described by [START_REF] Baart | Oil-Bleeding Model for Lubricating Grease Based on Viscous Flow Through a Porous Microstructure[END_REF].

The higher temperature sensitivity of 𝐶 𝑝𝑎𝑟 𝑡𝑒 can be related to the shape factor (c) used in the correlation of 𝑘 𝑝𝑎𝑟 designed by [START_REF] Gebart | Permeability of unidirectional reinforcements for RTM[END_REF]. This shape factor is inversely proportional to 𝑘 𝑝𝑎𝑟 and decreases as the flow cross section increases with the expansion of the network. The higher the temperature is, the faster the oil bleeding is. This is due to the increases of the permeability value with temperature as shown in Erreur ! Source du renvoi introuvable..

From Erreur ! Source du renvoi introuvable., the velocity of mass (M) displacement appears to increase to a maximum during the first 2 hours (zoom window in Erreur ! Source du renvoi introuvable.) before gradually decreasing. The initial increase is very clear in the data measured at 25°C and is visible at 40°C. In Erreur ! Source du renvoi introuvable., we distinguished two distinct time evolutions which we describe here as follows.

 At the initial moment (t < 2h), positioning the mass (M) on the grease acts as a system disruption which induces a high mass (M) displacement velocity (zoom window in Erreur ! Source du renvoi introuvable.). Indeed, the grease responds to this disruption by a quick rearrangement of the fibres that tilt with the deviation angle shown in Erreur ! Source du renvoi introuvable.. The time variation of the thickener fibres deviation angle is a function of the temperature: the higher the temperature is, the greater the deviation angle variation is. This is linked to the friction force, which is lower at higher temperature because of its dependence on oil viscosity and permeability.

 For t >2h, there is a stabilization of the system disruption and the mass (M) displacement velocity (Erreur ! Source du renvoi introuvable.), and the time variation of the deviation angle (Erreur ! Source du renvoi introuvable.), decreases.

The pattern of this second evolution seems to be less temperature dependent than the preceding behaviour It is difficult to compare our results with the works of the authors listed in  [START_REF] Baart | Oil-Bleeding Model for Lubricating Grease Based on Viscous Flow Through a Porous Microstructure[END_REF] propose an intrinsic correlation of permeability without taking temperature into account. This paper adds an empirical parameter of temperature dependence to their correlation.

CONCLUSIONS

A dynamic oil-bleeding model for grease under load in a static apparatus is proposed.

Grease is considered as a two-component mixture consisting of 10 wt% thickener (lithium hydroxystearate soap) and 90 wt% of GTL oil (including non-impacting additives). In this case, it can be described as a porous medium formed by thickener fibres floating in oil. The objective of this work was to develop a model able to estimate the grease permeability parameter as intrinsically as possible and hence, predict grease oil bleeding over time in a static apparatus under gravity and pressure. The system considered has been designed to correspond to the static oil bleeding standard procedure (reference NF ISO 22285:2018(F)).

As a first approximation, this model was developed in one dimension and the temperature is assumed to be constant and uniform.

The model equations are based on mass and momentum balances. Finite differences and boundary conditions were used to allow the equations to be solved numerically in MATLAB.

The resulting simulation was compared to experimental results from the static oil bleeding standard procedure. Finally, a parametric estimation method was used to obtain the permeability value associated with the grease studied under the experimental operating conditions.

The permeability has been studied for three temperatures according to the grease operating conditions (25, 40 and 80 °C). In addition, a semi-empirical permeability correlation was designed by adapting an intrinsic correlation [START_REF] Baart | Oil-Bleeding Model for Lubricating Grease Based on Viscous Flow Through a Porous Microstructure[END_REF] to take into account the influence of temperature. Two conclusions were drawn. First, and as expected, permeability increases with temperature. Second, the permeability correlation proposed in this paper gives values consistent with those given in the literature [START_REF] Baart | Oil-Bleeding Model for Lubricating Grease Based on Viscous Flow Through a Porous Microstructure[END_REF]. Finally, each grease can have a different thickener geometry (different particles, differently oriented fibres, etc.): the permeability correlation has to be chosen on a case-by-case basis according to the thickener structure.

The model could be further developed for this apparatus in many ways. For example, by extension to 3D flows, non-Newtonian flow, mechanical or chemical aging of the grease, etc.

Furthermore, additional problems could be considered, such as adding the effect of the centripetal force to better represent the operating conditions of rolling bearings or considering the non-isothermal behaviour of the system which requires including the energy balance equations. However, the present model is a first step to understand modelling of the grease lubricating physical mechanisms.
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  Kozeney-type solution to model the permeability of a packed bed of randomly distributed cylinders. This uses the Kozeney constant K.

Figure 1 :

 1 Figure 1: Scanning Electron Microscopy (SEM) images of thickener fibres extracted from the studied grease.

Figure 2 :

 2 Figure 2: Apparatus according to the NF ISO 22285:2018(F) standard procedure.

  left) and at time t [s] (on the right). Three subsystems are drawn in Erreur ! Source du renvoi introuvable.: the "Mass" (M) with the constant height hM [m], the "Grease" (G) with the variable height hG (t) [m] and the "Bled Oil" with the variable height hBO (t) [m].

Figure 3 :

 3 Figure 3: One-dimensional (1D) schematic view of the system evolution under gravity and pressure forces with on the left side, the initial state (t=0 s) of the system and on the right side, state of the system at time t.

  [5], the terms on the right side are respectively the convective motion flow, the molecular momentum flux which can be written as the sum of viscous and pressure contributions, and the bulk forces (gravity force and friction force). The friction force sign ∓ is (-) for the thickener and (+) for the oil. The friction force is defined as in[START_REF] Tichy | Grease flow based on a twocomponent mixture model[END_REF] and[START_REF] Baart | Oil-Bleeding Model for Lubricating Grease Based on Viscous Flow Through a Porous Microstructure[END_REF] and according to assumption 5. This term is linked to the drag on the oil flow caused by the thickener network. It is proportional to velocity difference ( the oil viscosity ηO and inversely proportional to the permeability k. The equal and opposite force of the oil on the thickener also exists, that is why there are plus and minus signs.

Figure 4 :

 4 Figure 4: Modelling results: evolution of the estimated permeability adjustment constants versus temperature.

Figure 5 :

 5 Figure 5: Modelling results: evolution of the oil bleeding weight percent versus time. Dots: experimental data at 25, 40 and 80°C. Lines: modelling results at 25, 40 and 80°C.

Figure 6 :

 6 Figure 6: Modelling results: evolution of the mass displacement velocity (v M ) versus time at different temperatures.

Figure 7 :

 7 Figure 7: Modelling results: evolution of the thickener fibres deviation angle (θ) versus time at different temperatures.

Figure 8 :

 8 Figure 8: Modelling results: evolution of local permeability (k) and its three contributions (kper, kpar and kθ) versus thickener fibres deviation angle of at different temperatures.

  , 𝐿) Pressure on the sieve at z=L (Pa) 𝑃 𝑖 𝐺 (𝑡, 𝑧) Pressure of the component "i" in grease at z (G) (Pa) 𝑃 𝐺 (𝑡, 𝑧) Pressure in grease at z (G) , 𝑧) Local velocity of the component "i" in grease (G) (m.s -1 ) 𝑣 𝑔𝑟𝑖𝑑 (𝑡) Average velocity of the oil flow through the sieve (BO) (m.s -1 ) 𝑣 𝑀 (𝑡) Velocity of mass displacement m/s 𝑧 Coordinate in the inertial system (m)

  

Table 1 :

 1 Non-exhaustive table of permeability correlations seen in the literature.

	Author	Permeability correlations	Notes
										Permeability is a summation of
		𝑘 =	2 3	𝑘 𝑝𝑒𝑟 +	1 3	𝑘 𝑝𝑎𝑟	5	perpendicular and parallel contributions established in an orthogonal arrangement
	Gebart, (1992)	𝑘 𝑝𝑒𝑟 =	16 9𝜋√2	(√	𝑓 𝑚𝑎𝑥 𝑓	-1)	2	𝑟 2	of fibres.
		𝑘 𝑝𝑎𝑟 =	8 57	(1 -𝑓) 3 (𝑓) 2	𝑟 2

fmax is the maximum fibre-volume fraction reached when the fibres are touching (i.e., 3π/16) and r is the fibre radius

[START_REF] Baart | Oil-Bleeding Model for Lubricating Grease Based on Viscous Flow Through a Porous Microstructure[END_REF] 

Table 2 :

 2 Oil and grease density, viscosity and average fibres radius

	Index (O, G) stand respectively for

  . To improve the readability, (t, z) are omitted in the following equations[5][6].

		𝐹𝑜𝑟 ℎ < 𝑧 < 𝐿,			
	𝜌 𝑖 𝜕 𝑡 (𝑓 𝑖 𝐺 ) = -𝜕 𝑧 (𝜌 𝑖 𝜀 𝑖 𝐺 ( 𝑓 𝑖 𝐺 𝜀 𝑖 𝐺 ) 2	-𝜂 𝑖 𝜀 𝑖 𝐺 𝜕 𝑧 ( 𝑓 𝑖 𝐺 𝜀 𝑖 𝐺 ) + 𝑃 𝑖 𝐺 ) + 𝜌 𝑖 𝜀 𝑖 𝐺 𝑔 ∓	𝜂 𝑂 𝑘	( 𝑓 𝑇 𝐺 𝜀 𝑇 𝐺 -	𝐺 𝑓 𝑂 𝜀 𝑂 𝐺 )

Pressure relation on the sieve grid

  By using the same approach, two equations for thickener in G are obtained:

	With the variation of total momentum written as follows:
			𝐿			𝐿
	𝑑 𝑡 (𝒫) = 𝑑 𝑡 (𝑚 𝑀 𝑣 𝑀 (𝑡) + 𝜌 𝑂 𝑆 ∫ 𝑓 𝑂 𝐺 (𝑡, 𝑧)	𝑑𝑧 + 𝜌 𝑇 𝑆 ∫ 𝑓 𝑇 𝐺 (𝑡, 𝑧)	𝑑𝑧)
			ℎ			ℎ
	Using Leibniz's formula and each component momentum balance in G (i.e. eq. [5]), two
	equations in G are obtained to calculate the pressures 𝑃 𝐺 (𝑡, ℎ) and 𝑃 𝐺 (𝑡, 𝐿):
	-𝜌 𝑂 𝜀 𝑂 𝐺 (𝑡, ℎ)𝑣 𝑂 𝐺 (𝑡, ℎ) 2 + 𝜂 𝑂 𝜀 𝑂 𝐺 (𝑡, ℎ)𝜕 𝑧 𝑣 𝑂 𝐺 (𝑡, ℎ)
	-𝜌 𝑇 𝜀 𝑇 𝐺 (𝑡, ℎ)𝑣 𝑇 𝐺 (𝑡, ℎ) 2 + 𝜂 𝑇 𝜀 𝑇 𝐺 (𝑡, ℎ)𝜕 𝑧 𝑣 𝑇 𝐺 (𝑡, ℎ)	[9]
	(𝜌 𝑂 𝑓 𝑂 𝐺 (𝑡, ℎ) + 𝜌 𝑇 𝑓 𝑇 𝐺 (𝑡, ℎ)) 𝜕 𝑡 ℎ -𝑃 𝐺 (𝑡, ℎ) +	𝑚 𝑀 𝑆	𝜕 𝑡 𝑣 𝑀 (𝑡) -𝑃 𝑎𝑚𝑏𝑖𝑒𝑛𝑡 -	𝑚 𝑀 𝑆	𝑔 = 0
	-𝜌 𝑂 𝜀 𝑂 𝐺 (𝑡, 𝐿)𝑣 𝑂 𝐺 (𝑡, 𝐿) 2 + 𝜂 𝑂 𝜀 𝑂 𝐺 (𝑡, 𝐿)𝜕 𝑧 𝑣 𝑂 𝐺 (𝑡, 𝐿)	[10]
	-𝜌 𝑇 𝜀 𝑇 𝐺 (𝑡, 𝐿)𝑣 𝑇 𝐺 (𝑡, 𝐿) 2 + 𝜂 𝑇 𝜀 𝑇 𝐺 (𝑡, 𝐿)𝜕 𝑧 𝑣 𝑇 𝐺 (𝑡, 𝐿) -𝑃 𝐺 (𝑡, 𝐿) -𝑃(𝑡, 𝐿) = 0
	3.7 The pressure difference due to the grid holes is expressed by the Poiseuille relation
	(assumption 9): Δ𝑃 𝑔𝑟𝑖𝑑 =	8 𝜇 𝑂 ℎ 𝑔𝑟𝑖𝑑 (𝑅 𝑔𝑟𝑖𝑑 ) 2 ( 𝑓 𝑂 𝐺 (𝑡,𝐿) 𝜀 𝑂 𝐺 (𝑡,𝐿) ) and the pressure at the exit of the sieve grid can
	be written as follows:				
	From this equation Leibniz's formula is applied and using equation [2], two equations for oil 𝑃(𝑡, 𝐿) = Δ𝑃 𝑔𝑟𝑖𝑑 𝜑 + (𝑃 𝑎𝑚𝑏𝑖𝑒𝑛𝑡 + 𝑚 𝑀 ℎ ℎ 𝑆 𝑔 + 𝜌 𝑂 𝑔 ∫ 𝜀 𝑂 𝐺 (𝑡, 𝑧) 𝑑𝑧 𝐿 + 𝜌 𝑇 𝑔 ∫ 𝜀 𝑇 𝐺 (𝑡, 𝑧) 𝑑𝑧 𝐿 ) [11]
	in G are retrieved:				
		𝑓 𝑂 𝐺 (𝑡, ℎ) = 𝜀 𝑂 𝐺 (𝑡, ℎ)𝑑 𝑡 ℎ(𝑡) { 𝑓 𝑂 𝐿 𝐺 (𝑡, 𝐿) 𝑑 𝑡 (𝑀 𝑇 ) = 𝜕 𝑡 (𝜌 𝑇 𝑆 ∫ 𝜀 𝑇 𝐺 (𝑡, 𝑧) 𝑑𝑧) = 0
				ℎ	
		{	𝑓 𝑇 𝐺 (𝑡, ℎ) = 𝜀 𝑇 𝐺 (𝑡, ℎ)𝑑 𝑡 ℎ(𝑡) 𝑓 𝑇 𝐺 (𝑡, 𝐿) = 0
	From eqs.[3-4] and choosing 𝑑 𝑡 ℎ = 𝑑 𝑡 ℎ 𝐵𝑂 (height decrease of grease corresponds to the height
	increase of bleed oil) then:			
	𝐹𝑜𝑟 ℎ ≤ 𝑧 ≤ 𝐿, 𝑓 𝑂 𝐺 (𝑡, 𝑧) + 𝑓 𝑇 𝐺 (𝑡, 𝑧) = 𝑑 𝑡 ℎ	[8]
	Global momentum balance on apparatus is given by the following equation:
	𝑑 𝐿	𝑑𝑧
					ℎ

𝑀 𝑇

[kg] 

is in G and does not vary (𝑑 𝑡 (𝑀 𝑇 ) =0).

Oil global mass balance in the volume VT (G and C) is given by the following equation:

𝑑 𝑡 (𝑀 𝑂 ) = 𝑑 𝑡 (𝜌 𝑂 𝑆 ∫ 𝜀 𝑂 𝐺 (𝑡, 𝑧) 𝐿 ℎ 𝑑𝑧 + 𝜌 𝑂 𝑆(ℎ 𝐵𝑂 (𝑡))) = 0 = 𝑑 𝑡 ℎ 𝐵𝑂 (𝑡)

Thickener global mass balance in the volume VT (G only) is given by the following equation: 𝑡 (𝒫) = 𝑃 𝑎𝑚𝑏𝑖𝑒𝑛𝑡 𝑆 -𝑃(𝑡, 𝐿)𝑆 + 𝑚 𝑀 𝑔 + 𝑆 ∫ (𝜌 𝑂 𝜀 𝑂 𝐺 (𝑡, 𝑧)𝑔 + 𝜌 𝑇 𝜀 𝑇 𝐺 (𝑡, 𝑧)𝑔)

  The equation[19] shows that the bounds of 𝑘 𝜃 are 𝑘 𝑝𝑎𝑟 and 𝑘 𝑝𝑒𝑟 when 𝜃 is respectively equal to 0° or 90°. Moreover for 𝜃=90°, 𝜀 𝑇 𝐺 (𝑡, 𝑧) finally becomes 𝜀 𝑇,𝑚𝑎𝑥 𝐺 and the oil bleeding stops as the permeability becomes zero considering eqs[16] and [17].

work, i.e. 𝜀 𝑇,𝑚𝑎𝑥 𝐺 = 𝜋/4.

Table 3 :

 3 List of the model's variables and their associating equations

			Number of the
	Variable	Type of the associating equation	associating
			equation
	𝐹𝑜𝑟 𝑖 = 𝑂, 𝑇 𝐹𝑜𝑟 ℎ < 𝑧 < 𝐿 𝜀 𝑖 𝐺 (𝑡, 𝑧)	Mass balances on G	[2] and [3]
	𝐹𝑜𝑟 𝑖 = 𝑂, 𝑇 𝐺 (𝑡, ℎ) 𝑎𝑛𝑑 𝜀 𝑖 𝜀 𝑖 𝐺 (𝑡, 𝐿)	Boundary conditions	[12] and [3]
	𝐹𝑜𝑟 𝑖 = 𝑂, 𝑇 𝐹𝑜𝑟 ℎ < 𝑧 < 𝐿 𝑓 𝑖 𝐺 (𝑡, 𝑧)	Momentum balances on G	[5] and [8]

Table 4 :

 4 Modelling results: steady state values of time, oil bleeding mass fraction and thickener fibres deviation angle at different temperatures.

	T	°C	25 ± 1	40 ± 1	80 ± 1
	t	year	110	25	7
	Bleed oil	wt.%	58	58	58
	θ	Degree	67	67	67
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APPENDICES

Appendix A: Estimation of the average radius of the thickener's fibres

SEM images of thickener fibres extracted from the grease of the 25°C experiment. SEM images of thickener fibres extracted from the grease of the 40°C experiment.

SEM images of thickener fibres extracted from the grease of the 80°C experiment.