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We consider a one-dimensional driven-dissipative exciton-polariton condensate under incoherent
pump, described by the stochastic generalized Gross-Pitaevskii equation. It was shown that the con-
densate phase dynamics maps under some assumptions to the Kardar-Parisi-Zhang (KPZ) equation,
and the temporal coherence of the condensate follows a stretched exponential decay characterized
by KPZ universal exponents. In this work, we determine the main mechanisms which lead to the
departure from the KPZ phase, and identify three possible other regimes: (i) a soliton-patterned
regime at large interactions and weak noise, populated by localized structures analogue to dark
solitons; (ii) a vortex-disordered regime at high noise and weak interactions, dominated by point-
like phase defects in space-time; (iii) a defect-free reservoir-textured regime where the adiabatic
approximation breaks down. We characterize each regime by the space-time maps, the first-order
correlations, the momentum distribution and the density of topological defects. We thus obtain
the phase diagram at varying noise, pump intensity and interaction strength. Our predictions are
amenable to observation in state-of-art experiments with exciton-polaritons.

I. INTRODUCTION

Exciton-polaritons (polaritons) are photons-like quasi-
particles that can behave, as a many-body system, as
a quantum fluid made of light [1]. They are obtained
in semiconductor optical microcavities when photons
in the cavity mode are in the strong coupling regime
with electron-hole excitations within the cavity medium,
known as excitons [2]. Owing to the cavity short lifetime,
an external excitation is required to replenish the system
and achieve a non-equilibrium steady-state. Under in-
coherent excitation, a striking phenomenon exhibited by
these systems, is the nonequilibrium analogue of Bose-
Einstein condensation first reported in Ref. [3]. Several
other paradigmatic features of quantum fluids have been
reported in polariton quantum fluids such as superfluid-
ity [4], solitonic excitations [5, 6] and quantized vortices
[7].

In the non-equilibrium condensation mechanism, upon
crossing the excitation intensity threshold, the macro-
scopic phase of exciton-polariton condensates is sponta-
neously chosen and owing to the incoherent nature of
the excitation, remains free to fluctuate [1]. A major
difference of this condensate with respect to its equilib-
rium counterpart, is that it can display a critical be-
havior described by the Kardar-Parisi-Zhang equation
[8], a non-linear Langevin equation which captures the
universal dynamics of an extremely large collection of
non-equilibrium systems, including stochastically grow-
ing interfaces, randomly stirred fluids, directed polymers
in random media and many more [9]. Indeed, it was
established in recent experiments [10] that in one dimen-

sion and for condensates of negative effective mass, the
condensate phase exhibits the universal scaling behav-
ior of the KPZ universality class, as was predicted in
[11, 12]. These fluctuations determine the coherence in
space and time of the exciton-polariton condensate, char-
acterized by stretched exponential decays. The emer-
gence of KPZ universal scaling was demonstrated experi-
mentally thanks to precise interferometric measurements
of spatial and temporal coherence, and supported by nu-
merical modeling of the condensate evolution [10]. Be-
sides, numerical simulations of the microscopic models
showed that the phase fluctuations probability distribu-
tions - non-Gaussian and skewed - match the character-
istic distributions of KPZ stochastic processes [13, 14].

The effective description of polaritons driven-
dissipative condensates is given by the stochastic
generalized Gross-Pitaevskii equation (gGPE) [1], a
semiclassical nonlinear model in which drive and loss
enter as complex coefficients and a white noise accounts
for stochastic fluctuations intrinsically due to drive
and dissipation. Under some conditions detailed in
Ref. [15], its deterministic part is equivalent to the
complex Ginzburg-Landau equation (CGLE), which has
been widely studied both analytically and numerically
[16]. Its rich phase diagram has been shown to exhibit
nonlinear localization, solitons, pattern selection and
spatio-temporal chaos [16–18]. Moreover, in Ref. [19]
the large scale effective dynamics of the CGLE in the
regime of phase turbulence (i.e. in absence of defects)
was predicted to be controlled by the KPZ equation.

A rich variety of dynamical regimes can also be ac-
cessed in polaritons quantum fluids, by tuning the pa-
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rameters of the gGPE. For instance, soliton generation
and propagation has been predicted and experimentally
observed both in one- and in two-dimensional geome-
tries [1, 5, 20], dynamical instabilities and defects nucle-
ation preventing extended coherence have been studied in
Refs. [15, 21–24], while the dynamics of dark solitons was
characterized in Refs. [25, 26]. In Ref. [27], by solving a
compact KPZ equation as well as the stochastic CGLE,
it was shown that the KPZ coherence of one-dimensional
driven-dissipative condensates can be disrupted due to
the compact nature of the condensate phase, which can
host spatio-temporal vortices. The phase diagram at
varying noise strength and KPZ nonlinearity was inves-
tigated, and a vortex-turbulent regime at large effective
KPZ nonlinearity was identified by analyzing the momen-
tum distribution decay.

In this work, we determine the full phase diagram of
a one-dimensional incoherently pumped polariton con-
densate, in a parameter space constituted by three key
experimentally relevant parameters: the pump intensity,
the blueshift of the condensate energy - related to the
exciton-exciton interaction strength, and the noise ampli-
tude. We first identify the extent of the KPZ regime for
conditions close to the experiments of Ref. [10], retrieving
the KPZ scaling in the decay of the coherence. We then
then identify the main mechanisms of departure from this
regime, and report the emergence of three other regimes.
The first one sets in the low-noise regime at increasing
blueshift and is characterized by the stochastic prolif-
eration and dynamics of solitonic structures. It is sus-
tained by the dynamical instability that favor the devel-
opment of long-lived high-contrast defects in the conden-
sate. The second one emerges in the high-noise and mod-
erate pump regime, and is characterized by the stochastic
formation of defects that form quantized phase vortices
in the space-time plane. In this regime, the phase-phase
correlation function grows linearly in time and deviates
from the first-order correlation function. The latter still
displays the KPZ scaling. In fact, within one defect and
the next one, the phase of the condensate fluctuates ac-
cording to KPZ scaling, but the presence of vortices add
large jumps to the phase trajectories. Hence, this vortex
regime regime may be viewed as piece-wise KPZ. The
third one appears in the high-pump and moderate-noise
regime, and corresponds to the breakdown of the adi-
abatic approximation, and of the mapping to the KPZ
equation. In this regime, the dynamics of the reservoir
cannot be neglected and leads to larger fluctuations of
both the reservoir and the condensate densities. In this
regime, the KPZ scaling is washed out, even though the
phase remains defect-free.

For each three regimes, as well as for the KPZ one, we
show a typical time evolution, describe its salient features
and calculate the first-order correlation function within
the steady-state to determine the decay of the coherence.
We also determine the momentum distribution, as well
as the phase-phase correlations to characterize the effec-
tive phase dynamics. All these studies are eventually

merged into a single phase diagram of a one-dimensional
polariton condensate, within a parameter space directly
relevant to experiments.

II. MODEL

We consider a one-dimensional exciton-polariton con-
densate coupled to an excitonic reservoir which is
pumped by an external optical excitation, and that feeds
particles into the condensate via spontaneous and stim-
ulated electronic scattering. The dynamics of the con-
densate wavefunction ψ(x, t) and of the exciton reservoir
density nR(x, t) are described, respectively, by the gen-
eralized stochastic Gross-Pitaevskii equation and by the
rate equation [1]:

iℏ∂tψ(x, t) =
[
ϵ(k̂) + g|ψ(x, t)|2 + 2gRnR(x, t)

+
iℏ
2

(
RnR(x, t)− γ(k̂)

) ]
ψ(x, t) + ℏη(x, t) (1)

∂tnR(x, t) = P (x)−
(
γR +R|ψ(x, t)|2

)
nR(x, t) (2)

with k̂ = −i∂x. The pump P (x) describes the laser exci-
tation of the reservoir, which we consider to be homoge-
neous P (x) = P , γR is the rate for spontaneous decay of
excitons and RnR > 0 the exciton scattering rate into
the condensate, representing the condensate drive un-
der incoherent pumping. Losses are taken into account
through the k-dependent linewidth γ(k̂). Its momentum
dependence around k = 0 is accounted for in a parabolic
approximation as γ(k) = γ0+γ2k

2, where γ−1
0 represents

the polariton lifetime and γ2 > 0 is a diffusion constant.
It was shown in Ref. [23] that a positive effective mass

leads to fragmentation due to self-focusing instabilities,
hampering large spatial coherence. Hence, like in the
experiments of Ref. [10], we add a periodic potential in
order to achieve an effective negative mass for polaritons.
This potential results in a polaritonic dispersion relation
that we model effectively via the kinetic term ϵ(k) = E0+
2Jcos(ka), where a is the lattice spacing, and in which
a condensate forms at k = 0. The polaritons effective
mass around k = 0 is thus negative, ensuring effective
repulsive polariton-polariton interactions in presence of
the reservoir. In the experiment, polaritons are in a Lieb
lattice providing them with an effective mass around the
condensate state of mexp = −3.3 ·10−6me [10], where me

is the electron mass. We thus set J = ℏ2/(2|mexp|a2)
and choose E0 = −2J such that the reference energy is
zero at k = 0.

The condensate gain and loss processes result in
stochastic fluctuations which are described by a complex
Gaussian noise η(x, t), with

⟨η(x, t)⟩ = 0 (3)
⟨η(x, t)η(x′, t′)⟩ = 2σδ(x− x′)δ(t− t′). (4)

In the microscopic model, the fluctuations amplitudes are
determined as σ0 = 1

2 (RnR + γ) [28]. In this work we as-
sume that additional fluctuation sources may be present,
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or added in a controlled way to the system by suitable
noise engineering. We henceforth consider the noise am-
plitude σ as an adjustable parameter, and also allow for
values smaller that the nominal noise σ0 to obtain a com-
plete view of the phase diagram.

It is useful to recall the homogeneous mean-field so-
lution of equations (1) and (2), given by nR0 = γ0

R

and ψ0(t) =
√
ρ0e

−iµ0t, with ρ0 = γR

R (p − 1). Here
p = P

Pth
= PR

γ0γR
is the reduced pump, where Pth is

the threshold pump intensity for condensation. The
blueshift due to the two-body interactions is given by
µ0 = gρ0+2gRnR0, with g, gR ≥ 0. Since we aim to stay
close to the conditions of the experiments of Ref. [10],
in which the interactions are dominated by the reservoir
of excitons, we take g = 0 all through the paper. In
this case µ ≃ µth = 2gRnR0, the blueshift of the polari-
ton spectrum when the pump is tuned at threshold value
(i.e. ρ = 0).

Under certain assumption discussed below, starting
from the stochastic Gross-Pitaevskii equation (1), the
dynamics of the phase θ can be mapped [11, 12] to the
one-dimensional Kardar-Parisi-Zhang equation [8]:

∂tθ = ν∂2xθ +
λ

2
(∂xθ)

2
+
√
Dξ. (5)

The KPZ parameters are directly related to the mi-
croscopic ones according to ν = 1

2

(
α ℏ

2m + γ2
)
, λ =

−2
( ℏ
2m − αγ2

)
, D = σ

2ρ0
(1 + 4a2) and α =

(γR+Rρ0)
2

R2P

(
g − 2gRPR

(γR+Rρ0)2

)
[10]. Equation (5) holds as-

suming that the density fluctuations of both the conden-
sate and the reservoir and their spatial variations are neg-
ligible as compared to the phase ones. Also, the mapping
is valid as long as the phase is a slowly varying function
in space and time. We show in the following that these
assumptions break down in various cases, leading to the
formation of a soliton-patterned, a disordered-vortex, or
a reservoir-textured regime.

III. CHARACTERIZATION : OBSERVABLES
AND METHODS

A. First-order coherence, phase correlations and
momentum distribution

We characterize the coherence of the condensate by
computing the first-order space-time correlation function

g(1)(∆x,∆t) =
⟨ψ∗(x0 +∆x, t0 +∆t)ψ(x0, t0)⟩√

⟨|ψ(x0 +∆x, t0 +∆t)|2⟩⟨|ψ(x0, t0)|2⟩
,

(6)
where ⟨..⟩ denotes the average over the stochastic tra-
jectories generated by the noise η. Upon assuming that
density-density and density-phase correlations are negli-
gible, the behavior of the coherence is determined by the
phase-phase correlations, as follows from the cumulant

expansion of g(1)(∆x,∆t), which gives to lowest order

|g(1)(∆x,∆t)| ≈ e−
1
2Cθ(∆x,∆t) (7)

with Cθ(∆x,∆t) = ⟨[θ(x0 +∆x, t0 +∆t)− θ(x0, t0)]
2⟩.

In the KPZ regime the phase correlation function
Cθ(∆x,∆t) is predicted to display the universal scaling
form [8]:

C
(KPZ)
θ (∆x,∆t) = C0∆t

2βg(KPZ)

(
α0

∆x

∆t1/z

)
∼

{
|∆x|2χ t→ 0

∆t2β x→ 0
(8)

where χ = 1/2, β = 1/3, z = χ/β = 3/2 are the exact
universal Kardar-Parisi-Zhang exponents in one dimen-
sion, g(KPZ)(y) is the universal scaling function calculated
exactly in Ref. [29], and C0, α0 are non-universal normal-
ization parameters.

Equal-time correlations are also used to obtain the po-
lariton momentum distribution, given by

n(k) = ⟨ψ∗(k, t0)ψ(k, t0)⟩ (9)

where ψ(k, t) =
∫
dx eikxψ(x, t).

B. Soliton and vortex counting

When varying the parameters of the gGPE, we evi-
dence various types of topological defects, in particular
dark or grey solitons and space-time vortices. Recalling
that a dark soliton is characterized by a vanishing density
at its core and a π jump in the phase [30], we estimate
the soliton density by

ns(t) =
1

πL

∫ L

0

|∂xθ(x, t)|dx, (10)

For a soliton train made of Ns dark solitons with cores at
positions xn one would have |∂xθ(x)| ≃ π

∑Ns

n=1 δ(x−xn)
hence Lns =

∫ L

0

∑Ns

n=1 δ(x−xn)dx = Ns. For the case of
grey solitons, the above estimator yields Lns < Ns, still
providing a reliable estimate of the soliton density, espe-
cially at low noise. Note that this estimator also counts
the phase variations due to the noise perturbation, con-
tributing a background value which becomes important
at large noise. In the numerical calculations, we evaluate
the phase derivative as ∂xθ(x, t) = −ie−iθ(x,t)∂x e

iθ(x,t)

for better accuracy.
As discussed e.g. in Ref. [27], vortex defects in space

time may appear in 1D quantum systems. We account
for space-time vortices by considering the z-component
of the space-time vorticity field Ω(x, t) = ∂x∂tθ(x, t) −
∂t∂xθ(x, t). The flux of Ω(x, t) through the surface L ×
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FIG. 1. (Color online) (a, b) Real and imaginary parts of
the Bogoliubov spectrum for p = 1.15, µth = 0.6 meV. (c)
Bogoliubov stability diagram of Eqs. (1, 2) in the plane
(µth, p). The instability is given by the condition Emax =
max{Im(EBog(k))} > 0.

T gives a multiple of 2π, allowing to estimate the total
density of vortices as:

nv =
1

2πLT

∫ T

0

∫ L

0

|Ω(x, t)|dtdx (11)

which accounts for the positively and negatively charged
vortices. Note that, although the two types of topological
defects are markedly different, the two indicators defined
in (10) and (11) share some similarities and provide com-
parable estimates for the number of defects.

C. Bogoliubov stability diagram

The development of contrasted structures in the con-
densate, out a weak incoming noise, suggests that the
condensate is in a regime in which its fluctuations are
unstable. We thus determine the Bogoliubov spectrum
of the condensate elementary excitations EBog(k), which
describes the linearized coupled dynamics of small fluc-
tuations of condensate and reservoir density around the
homogeneous mean-field solution [1]. For each given set
of parameters, we detect the presence of modulational
instabilities when the imaginary part of the Bogoliubov
spectrum is positive [1] (see Fig. 1). We follow the maxi-
mum value of Im {EBog(k)} to track the unstable regions
in parameter space. The resulting Bogoliubov stability
diagram in the (µth, p) plane is illustrated in Figure 1.

We remark that the origin of the instability is not due
to a change in sign of the effective two-body coupling
strength geff = g− 2gRγ0

γRp since as g = 0, it is always neg-
ative in our case. If it were the case, the stable and un-
stable areas in Fig. 1 would be separated by the straight
line defined by geff = 0. The instability shown here is

rather connected with the breakdown of adiabaticity of
the reservoir dynamics (2), similarly to [21].

For later comparison, we also calculate the momentum
distribution within the linear Bogoliubov approximation,
in the limit of adiabatic evolution of the reservoir.

nk = 2π|ψ0|2δ(k) +
σ

Γ0 + Γk

(
1 +

Γ2
0 + µ̃2

E2
k + Γ2

k + 2Γ0Γk

)
(12)

where Γ0 = 1
2γ0

(
p−1
p

)
, Γk = 1

2γ2k
2, E2

k = ϵk(ϵk + 2µ̃)

and µ̃ = geff |ψ0|2. The large-k behavior of the momen-
tum distribution is given by nk ∼ σ

Γk
∼ k−2, which is

thus determined by the momentum dependence of the
polariton linewidth.

The behavior of the generalized Gross Pitaevskii equa-
tion in a dynamically unstable regime has been studied in
various works [15, 21–23]. While the onset of instabilities
can be described in terms of the linearized evolution of
Bogoliubov modes, their full development breaks down
the Bogoliubov approximation such that their dynamics
can only be accessed numerically.

D. Numerical methods

We investigate the dynamics of the driven-dissipative
exciton-polariton condensate via the numerical integra-
tion of the coupled equations (1) and (2). We fix the
system size to L = 1024a. For each time step dt, we
compute the evolution using a standard semi-implicit
split-step method for (1) and an explicit fourth order
Runge-Kutta method for (2), then adding to each point

of ψ(x, t) the stochastic term
√
σ
(
dt
a

)
(r1 + ir2) using

Euler-Maruyama scheme, with r1,2 independent random
numbers sampled from a normal distribution N (0, 1).

The runs are performed according to the following
procedure. We set as initial condition the homoge-
neous mean-field solution ψ(x, 0) =

√
ρ0. We then run

the full stochastic evolution, during which we record
the variation of the space-averaged density ρ̄(t) =
1
L

∫ L

0
|ψ(x, t)|2dx, up to a finite time t0 after which the

system reaches a steady-state. The value of t0 depends
on the specific parameters of Eqs. (1, 2) and is thus de-
termined case by case. We identify different regimes by
characterizing the steady state dynamics of ψ(x, t) and
its first-order correlations, where the reference time is set
to t0. We employ the numerical simulations to explore
the different dynamical regimes realized by varying the
value of the blueshift µth, the reduced pump p and the
intensity of stochastic fluctuations σ.
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IV. RESULTS

A. Kardar-Parisi-Zhang regime

We start by characterizing the condensate in the pa-
rameter region which is dynamically stable according to
the Bogoliubov analysis (see Fig. 1). Typical space-time
maps for the condensate density and phase are shown
in Fig. 2a,b. In order to highlight at best the fea-
tures of the dynamics, in the space-time maps the phase
is rescaled as θ(x, t) = Arg

[
ψ eiωrt

]
, which amounts to

shifting the origin of the energies by an arbitrary value
ℏωr, suitably chosen to highlight the phase structure.
The images show a relatively smooth density profile,
with small modulations due to the noise fluctuations,
and a uniform phase front showing no dislocations. We
then calculate the space-time first-order correlation func-
tion g(1)(∆x,∆t) by averaging over the trajectories ob-
tained for independent noise realizations. The results are
shown in Fig. 2c,d. The KPZ universal scaling clearly
emerges in the g(1) correlations in the space-time plane
when plotting the rescaled correlator g(EP)(∆x,∆t) =
−2C−1

0 ∆t−2β log |g(1)(∆x,∆t)|, with β = 1/3 the KPZ
critical exponent and C0 a normalisation constant. In-
deed, owing to the expression (8), g(EP) is expected to
depend not on space and time independently, but only
on the ratio (the scaling variable) ∆x/∆t1/z. This is
manifest in the density plot as parallel level lines of slope
∆t ∼ ∆x3/2, and is also confirmed by the data collapse
onto a single curve given by the exact KPZ scaling func-
tion g(KPZ) [29].

B. Soliton-patterned regime

We now analyze the dynamics of the exciton-polariton
condensate in the parameter region which is dynamically
unstable according to the linear Bogoliubov analysis (see
Fig. 1), focusing on the low-noise regime σ ≤ σ0. We
find that the dynamical instability found in the linearized
equations of motion within the Bogoliubov approxima-
tion favors the emergence of spatial modulations that
are then hampered at the nonlinear level, leading to a
patterned regime with a stationary average density lower
than in the KPZ regime.

The space-time maps for the density and phase of a
typical trajectory are shown in Fig. 3. At difference
with the KPZ regime, we observe the nucleation and
proliferation of long-lived, spatially localized structures
characterized by density dips and ≈ π phase jumps,
which dominate the long-time dynamics. We refer to
them as dark solitons, in analogy to the corresponding
structures which emerge in the solution of the non-linear
Schrödinger equation in closed quantum systems.

In order to determine the parameter region where soli-
tons emerge, we follow the space and time average of the
density profile ⟨ρ̄⟩ and of the soliton density ⟨ns⟩, shown
in Fig. 4. The soliton regime, with ⟨ns⟩ > 0, is charac-

FIG. 2. (Color online) (a, b) Space-time maps for the con-
densate density (in units of ρ0) and for the rescaled phase
θ(x, t) = Arg

[
ψ(x, t)eiωrt

]
in the KPZ regime. The values

of the parameters are µth = 0.1 meV, p = 1.15, σ = 0.1σ0.
ℏωr = 0.9µth. Bottom: scaling behavior in the KPZ regime.
(c) Rescaled correlator g(EP ) (defined in text) with β = 1/3
and C0 = 0.00018. The KPZ dynamical scaling exponent
z = 3/2 can be read off from the slope of the iso-correlation
lines ∆t ∼ ∆xz. (d) Collapse of the data onto the KPZ uni-
versal scaling function g(KPZ). The non-universal constants
C0 and α0 = 2.2 are determined numerically to fit g(KPZ).
The parameters are µ = 0.1 meV, p = 1.15, σ = 0.1σ0. The
data are obtained by averaging over 1000 independent noise
realizations.

terized by a strongly reduced density. The information
displayed by both indicators is consistent, and globally
reflects the picture obtained from the Bogoliubov stabil-
ity analysis. The Bogoliubov stability diagram thus pro-
vides a qualitative determination of the phase boundary
of the soliton regime in the (µth, p) plane.

Yet, the data from direct numerical simulations ex-
hibits two additional features: i) the soliton-free region
is reduced at low pump values compared to the Bogoli-
ubov instability boundary; ii) the density of dark soli-
tons is strongly dependent on the pump power. This
feature was also reported in [15]. The effect i) is due
to a renormalization by the pump power of the rela-
tive noise amplitude as σ/|ψ|2 ∝ σ/(p − 1), which be-
comes large at low pump powers, undermining the va-
lidity of the Bogoliubov approximation. This increase
of the effective noise amplitude at small p promotes the
random activation of soliton-like defects, which thus leads
to a larger density of solitons. The second feature ii) is
connected to the appearance, together with solitons, of
two typical length scales ds and Ls, which can be inter-
preted as the typical spacing and size of solitons respec-
tively. They are both found to depend on the pump as
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FIG. 3. (Color online) (a, b) Space-time maps for the con-
densate density (in units of ρ0) and for the rescaled phase
θ(x, t) = Arg

[
ψ(x, t) eiωrt

]
in the soliton-patterned regime.

The parameters are µth = 0.29 meV, p = 1.25, σ = 0.1σ0.
ℏωr = −10µth. (c) Rescaled correlator g(EP ) (defined in
text) with β = 1 and C0 = 4.05 · 10−5. The plot is cut at
∆x/a = 100. (d) collapse of the data, achieved with χ = 1

and z = 1. The function g(sol)(y) = 1 + y2, is plotted as a
guide, with fitting parameters C0 and α0 = 24.15. The pa-
rameters are µ = 0.6 meV, p = 1.5, σ = 0.1σ0.

ds, Ls ∼ 1/
√
p− 1 (see Appendix A). They thus affect

the total density of solitons which can approximately be
estimated as ns = 1/(Ls + ds) ∝

√
p− 1.

The space-time first-order correlation function for the
soliton-patterned regime is shown in Fig. 3. We find
that it approximately corresponds to a Gaussian decay in
space-time as g(1)(∆x,∆t) ∼ e−(a∆t2+b∆x2). The coher-
ence decay hence endows a scaling form, with the scaling
variable y = y0x/t

1/z and exponents χ = β = 1, and thus
a dynamical exponent z = 1, yielding a data collapse ac-
cording to

−2log|g(1)(∆x,∆t)| = C
(sol)
0 ∆t2g(sol)

(
α
(sol)
0

∆x

∆t

)
(13)

with g(sol)(y) = 1 + y2 and C
(sol)
0 , α

(sol)
0 normalization

constants. We remark however that the window of spa-
tial and temporal coherence of the condensate is smaller
than the one in the KPZ regime (notice the different hor-
izontal scale as compared to Fig. 2). The spatial coher-
ence is limited by the typical spacing between solitons ds.
Let us mention that the scaling z = 1 was also recently
observed in studies of the inviscid, or tensionless, limit
of the KPZ equation [31–33]. The potential connection
between the two systems is intriguing and would deserve
further theoretical investigation.
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FIG. 4. (Color online) (a) Average density of the condensate
and (b) density of solitons (right panel) in the (µth, p) plane
(note the inversion of the color scheme). The results are ob-
tained by averaging over 100 independent trajectories starting
from a sampling time t = 50000 ps, sufficient to exceed the
time needed for the instability to be activated, when present,
and for the soliton-patterned regime to fully develop, and then
averaged over the subsequent time interval ∆t = 5000 ps. The
noise is σ = 0.1σ0. The dashed line corresponds to the limit
of modulational instability determined within the Bogoliubov
analysis (see Fig. 1). Bottom: momentum distribution n(k)
(in units of ρ0) as a function of the momentum k (in units of
ρ0), for (c) fixed p and (d) fixed µth. In (d) the momenta are
rescaled with the pump as k̂ = k/

√
p− 1.

The presence of solitons is also clearly detectable in
the momentum distribution n(k), defined by Eq. (9),
which is displayed in Fig. 4. One observes that two
scales appear. They can be identified as k1 ∼ d−1

s and
k2 ∼ L−1

s , the typical spacing and size of solitons. For
k < k1, the momentum distribution is k-independent,
due to the loss of long-range first-order coherence. In
the region k1 < k < k2, we observe a power law decay
nk ∼ k−α with α a non-universal exponent in the range
6 ≲ α ≲ 7. Similar decays were reported in [21, 27]. This
behaviour is well marked at high pump power. Finally,
for k > k2 the momentum distribution exhibits a power
law decay nk ∼ k−2. This decay is determined by the
microscopic details of the model (1), and in particular
can be related to the quadratic growth of the polaritons
linewidth γ(k) = γ0 + γ2k

2. It thus has a very different
origin from the one predicted by [34] in the context of
non-thermal Bose gases.

To further characterize the scaling range where the mo-
mentum distribution displays the k−α decay, we show in
Fig. 4 the data of n(k) for different µth at fixed p (left
panel) and for different p at fixed µth (right panel). In the
latter, the momentum is rescaled as k → k̂ = k/

√
p− 1,

which yields a very good horizontal collapse of the curves
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at intermediate wavevectors. This shows that the two
scales k1 and k2 are independent of µth, and depend on
the pump power with as ∝ 1/

√
p− 1. The appearance of

the power-law scaling n(k) ∼ k−α with a large power-law
exponent 6 ≤ α ≤ 7 is a clear and robust signature of the
soliton regime, which can be used to detect this phase.

C. Disordered vortex regime

We now focus on the effect of increasing the noise
strength starting from the soliton-free region of the phase
diagram where the system exhibits KPZ universal fea-
tures. We show in Fig. 5 a typical space-time map ob-
tained at large noise σ = 5σ0. In this case the phase
map displays a high density of phase slips, or space-time
vortices, appearing as fork-like in the (x, t) plane.

In order to characterize the activation of these defects,
we investigate the behavior of the defect density ⟨nv⟩
when varying the noise strength and the pump power.
The results are shown in Fig. 6 as a function of the
rescaled noise σ/ρ0 ∝ σ/(p−1). Indeed, this specific com-
bination enters the effective noise D in the KPZ equation
(5) and hence is the relevant parameter for the stochas-
tic dynamics of the phase. For high rescaled noise values,
the density of vortices displays an exponential behavior
⟨nv⟩ ∝ exp

[
−A(p−1)σ0

σ

]
, where A is a constant which

depends on the other parameters of the model, consis-
tently with the results of Ref. [27] where noise-activated
space-time vortices were first reported.

This feature is progressively lost upon decreasing the
noise. Below a certain value, indicated with a dashed
line in both left and right panels of Fig. 6, the noise
and pump effects decouple and ⟨nv⟩ departs from the
exponential law. We observe that as the pump is fur-
ther increased, the density of noise-activated defects sta-
bilizes, the density dips lasting longer in time, and the de-
fects progressively deforming into longer-lived structures.
Their shape is somewhat between vortices and solitons.
This feature is also visible in the momentum distribu-
tion, as shown in Fig. 7. At low pump, the activation
of defects at increased noise translates into plateaus at
low momenta, corresponding to a coherence loss beyond
the average vortex separation length. At higher pump,
we observe a modulation at intermediate momenta, sig-
nature of long-lived defects.

We then determine the first-order correlation function
in order to characterize the space-time coherence of the
exciton-polariton condensate in the vortex phase. In the
presence of topological defects, the validity of the re-
lation (7) connecting the coherence of the condensate
g(1)(∆x,∆t) to the phase correlations Cθ(∆x,∆t) even-
tually fails. Indeed, in g(1)(∆x,∆t) the phase differences
only enter in the complex exponential, hence the infor-
mation about ≈ 2π phase jumps is lost, whereas in the
unwrapped phase correlations, these phase jumps have a
strong effect and dominate the scaling. This feature is
visible when the temporal coherence of g(EP)(∆x,∆t) =

FIG. 5. (Color online) (a, b) Space-time maps for the con-
densate density (in units of ρ0) and for the rescaled phase
θ(x, t) = Arg

[
ψ(x, t) eiωrt

]
in the disordered-vortex regime.

The parameters are µth = 0.1 meV, p = 1.15, σ = 5σ0,
ωr = 0. In the zoomed window, two spatio-temporal vortices
of opposite charge are identified.
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FIG. 6. (Color online) (a) Vortex density ⟨nv⟩ in the (p, σ)
plane. (b) Data for ⟨nv⟩ plotted as a function of (p− 1)σ0/σ,
to evidence its dependence in this combination. The colors
represent fixed pump values (increasing from light to dark).

The solid line is the exponential fit ⟨nv⟩ = n0 e
−A

(p−1)σ0
σ , with

n0 = 0.012, A = 63. A dashed line is plotted in both panels
at the limit of validity of the collapse on this exponential
behavior, here (p− 1)σ0/σ = 0.028.

−2∆t−2β log |g(1)(∆x,∆t)| and of the phase-phase cor-
relations are compared for a low value of the pump, as
shown in the left panel of Fig. 8. The two correlation
functions differ for time intervals larger than tc, such that
Cθ(∆t > tc) > −2 log |g(1)|(∆t > tc). Thus at low pump,
as a result of this resilience of the coherence to 2π phase
jumps, the KPZ scaling in the coherence persists in the
presence of vortices. This is due to the fact that the phase
dynamics is piece-wise KPZ, i.e. the phase fluctuations
grow according to the KPZ dynamics within two defects.
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FIG. 7. (Color online) Comparison of the behavior of the
momentum distributions at increasing noise (1 ≤ σ ≤ 25) for
(a) p = 1.16 and (b) p = 1.68. The color code indicates the
density of vortex-like defects ⟨nv⟩ of Fig. 6.
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FIG. 8. (Color online) (a) Comparison of the temporal corre-
lations of the phase for low pump p = 1.16 at different noise
values (from dark to light blue σ/σ0 = 6, 10, 18, 25, 50), com-
puted from the coherence −2log|g(1)(t, x = 0)| (solid lines)
and directly as Cθ (dashed lines). (b) Spatio-temporal coher-
ence decay, compensated by the KPZ scaling as in Fig. 2, for
p = 1.15, σ = 25σ0. The normalisation is C0 = 0.045.

However, what distinguishes the vortex-disordered
regime from the KPZ one is that, in the vortex regime,
the phase-phase correlations depart from the KPZ uni-
versal behavior, and exhibit instead a linear scaling in
time, compatible with the effect of random phase jumps,
as suggested in Ref. [27], and similarly to Ref. [35]. When
the pump is increased, the reservoir dynamics affects the
correlations as is detailed in Sec.IVD.

We note that, due to the phase jumps occurring in both
cases, the counting of solitons gives equivalent results as
the total vorticity shown in Fig 6. Hence, the density
of defects alone is not enough to discriminate between
the vortex and the soliton phases. The joint analysis
of the spatio-temporal correlations is needed, and shows
two distinct scaling behaviors in the vortex and soliton
phases.

Let us make a final remark concerning the crossover
from the KPZ phase to the vortex-disordered phase. We
observed that the density of vortices is a clear marker of
the crossover, while the coherence is not very sensitive to
it. This situation is reminiscent of spatio-temporal inter-
mittency encountered and characterized in the context of
the complex Ginzburg-Landau equation [16–18, 36]. This
regime is usually reported in regions of the parameter-
space for which linear wave solutions are stable. It

is characterized by extended regions of coherent waves
which coexist with localized defects, separating them. As
was pointed out in Ref. [18], spatio-temporal intermit-
tency is badly characterized by global observables (such
as the average density) or locally probed averages (such
as space-time correlations via g(1)). One rather needs
to follow the full evolution of an observable in order to
identify the actual dynamical regime. It is indeed the un-
winding of the phase along the time axis that allows one
to detect the crossover in the phase-phase correlations
Cθ.

D. Reservoir-textured regime

We finally investigate the mechanism responsible for
the departure from the KPZ regime at high pump, fo-
cusing on the case σ = σ0, where topological defects are
rare. In this case, the fading of the KPZ scaling is not
associated with the appearance of defects, but can be at-
tributed to the fact that the coupling between the reser-
voir and the condensate dynamics cannot be neglected,
and the adiabatic approximation does not hold any more.
To show this, one can compare the results obtained by
running the full model (1) and (2), and by running its
adiabatic approximation, where the reservoir dynamics
is replaced by its stationary solution (∂tnR = 0 in (2)).
This comparison is shown in Fig. 9, where typical space-
time maps of the condensate phase and density, and of
the reservoir density are displayed in both cases. In the
full model, the density fluctuations are larger in the non-
adiabatic case as compared to the adiabatic case, forming
structures that we call textures. In Fig.9.(c) We observe
that this texture contrast is increased at higher pump
power. This comparison clearly indicates that this tex-
turing results from the coupled condensate and reservoir
dynamics.

In Fig.10, we compare g(1)(∆t,∆x = 0), as calculated
from Eqs.(1),(2) without any approximation, to the adi-
abatic one for a low and a high pump value. While
they are very similar at small pump, they differ at large
pump, where a structure appears at large ∆t in the non-
adiabatic case. This structure is absent in the adiabatic
approximation where a KPZ scaling persists in the co-
herence even at large pump.

Although the phase remains defect-free in this regime
(see Fig. 9), the coherence of the condensate, mea-
sured by −2 log |g(1)|, progressively looses the KPZ scal-
ing upon increasing pump power, as shown in the left
panel of Fig. 11. This comes with a modulation of the
phase correlations, resulting in a faster decay of the co-
herence which deviates from the KPZ decay. This can be
quantified by determining the delay window ∆T (KPZ) in
which the KPZ scaling persists. For this, we perform a
fit of the power law ∆t2β over increasing time windows
[∆t0 = 10,∆t1], computing the exponent β for each ∆t1.
We stop the iteration and define the KPZ delay window
∆T (KPZ) = ∆tstop − ∆t0 when 2β > 0.7. The outcome
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FIG. 9. (Color online) (a,b,c) Simulated evolution of the con-
densate density ρ (units of ρ0), phase θ = Arg

[
ψ eiωrt

]
and

reservoir density nR (in units of nR0 = γ0/R), compared with
(d,e,f) a simulation with the same parameters but implement-
ing the adiabatic approximation for the reservoir. The param-
eters are p = 1.68, σ = σ0, µth = 0.1 meV, ℏωr = 0.1µth.

of this procedure in the whole (p, σ) plane is displayed
in the right panel of Fig. 11. We observe that the de-
parture from the KPZ phase when increasing the pump
intensity is only weakly dependent on the noise strength.
We emphasize that a similar observation of the shrinking
of the KPZ window as the pump power is increased was
reported in Ref. [10], both from experimental measure-
ments and numerical simulations.

In light of this analysis, let us come back to the be-
havior of the vortex density and momentum distribution
in the (p, σ) plane discussed in Sec. IV C. In fact, we
find that at high pump power, as the reservoir dynamics
becomes important, the noise fluctuations can activate
sparse long-lived solitons. These structures are responsi-
ble for the convergence of the computed vortex density
to a small but non-zero value visible in Fig.6 on the right
side of the dashed lines, and also to the corresponding
modulation in the momentum distribution of Fig. 7 at
high pump. We hence attribute these two effects to the
role of the reservoir. Finally, let us mention that the
space-time maps in this regime are similar to those re-
ported in Ref. [15] under the label of non-adiabatic insta-
bility, although the model and parameters studied in this
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FIG. 10. (Color online) Temporal coherence decay for two
values of the pump p = 1.16 and p = 1.68 at σ = 1.0, µth =
0.1 meV, computed from the general case without adiabatic
approximation (solid line), i.e the coupled Eqs. 1, 2, and
from its adiabatic approximation (dashdot line). The black
line serves as a guide to show the KPZ scaling β = 1/3.

100 101 102 103

t (ps)

100

101

102

-2
lo

g (
|g

(1
) (

t,
x=

0)
|) )

/C
0

t2

t0 t1

= 0(a)

1.2 1.4 1.6 1.8 2.0
p

5

10

15

20

25

 / 
0

(b)

0

50

100

150

200

250

300

T(K
PZ

)  (
ps

)

FIG. 11. (Color online) (a) Behavior of the temporal coher-
ence decay at different values of the pump (from p = 1.05,
yellow, to p = 2.0, dark brown ) with σ = 1. (b) Temporal
window of KPZ scaling ∆T (KPZ) (see text). The black dotted
line corresponds to ∆T (KPZ) = 200 ps.

reference are different from ours and cannot be directly
compared.

E. Phase Diagram

Our analysis is summarized in Fig. 12, displaying a
three-dimensional schematic phase diagram at varying
pump, noise and interaction strengths, which collects at
a glance our results of Figs. 4.b, 6.a and 16. The diagram
shows the transition from the KPZ phase to the soliton
phase at increasing µth, and the crossovers to the vortex-
disordered phase at increasing σ, and to the reservoir-
textured phase at increasing p, monitored by following
the soliton and vortex densities, and the size of the KPZ
window in time.

For the experimentally realistic model given by the
coupled Eqs.(1) and (2), we highlight the existence of
two new regimes in addition to the vortex one pointed
out in [27], respectively characterized by the presence of
solitons or reservoir-induced textures.

We also compare in Fig. 13 the momentum distribution
in the four regimes. In the KPZ and reservoir-textured
regimes, the momentum distribution scales as k−2 at in-
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FIG. 12. (Color online) Schematic phase diagram of the dif-
ferent regimes, merging the results of Figs.4.b, 6.a and 16.
The representation of the four regimes and their transitions
is depicted by using four colors and different shadings. The
(µth, p) plane is based on the characterization of Sec. IV B at
σ = 0.1σ0. The thick solid line represents the limit of modula-
tional instability. The (p, σ) plane is based on the characteri-
zation of Sec. IVC and IV D at µth = 0.1 meV. The (µth, σ)
plane is based on the characterization at p = 1.16 reported in
appendix A 3. The dashed lines represent the onset of a finite
defect density, while the dotted lines represent the ending of
the KPZ time window in the first-order correlation function.
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FIG. 13. (Color online) Comparison of the momentum distri-
bution nk in the four regimes. The parameters are: p = 1.26,
µth = 0.10 meV, σ = 0.1 (KPZ regime); p = 1.26, µth = 0.30
meV, σ = 0.1 (soliton regime); p = 1.26, µth = 0.10 meV,
σ = 9.0 (vortex regime); p = 1.68, µth = 0.10 meV, σ = 1.0
(reservoir regime). The vertical axes are rescaled to facilitate
the comparison in the low momentum sector. The prediction
of the linear theory is denoted n(lin)

k for the parameters of the
KPZ regime.

termediate wavevectors, like in the linear theory obtained
from Bogoliubov approximation. Indeed, in one dimen-
sion, the exponential decay of the equal-time spatial cor-
relations for KPZ and in the equilibrium (linear) theory,
have the same χ = 1/2 exponent, which is equivalent to a
k−2 decay in Fourier space. The soliton regime is signaled
by the clear appearance of the k−α scaling, whereas in

the vortex regime, the momentum distribution exhibits
a plateau at small k < k1.

V. CONCLUSION

In this work, we have obtained the phase diagram of a
one-dimensional driven-dissipative exciton polariton con-
densate at varying interaction, noise and pump magni-
tudes. We have identified three regimes competing with
the KPZ one: at strong interactions, a soliton-patterned
regime arises from the dynamical instability of the Bo-
goliubov excitations at linear level; at higher noise, a
vortex-disordered regime sets in due to the prolifera-
tion of phase slips, which are space-time point-like de-
fects; while at high pump, a defect-free reservoir-textured
regime emerges due to the coupling between the reservoir
and the condensate dynamics leading to a non-adiabatic
behaviour. We have characterized the space-time coher-
ence in all the regimes and identified the momentum dis-
tribution as a key observable to detect the soliton regime.
The vortex regime is characterized by a linear increase of
the phase-phase time correlations, while the first-order
correlation function is weakly affected by vortices and
still displays the same critical exponents as in the KPZ
region. Based on current experimental possibilities, we
plan to extend this analysis to two spatial dimensions,
where additional regimes have been proposed to compete
with the KPZ one [19, 37–43]. Finally, we emphasize that
the versatility of the exciton-polariton platform allows
tuning a great variety of parameters, such as the drive
amplitude, the sample temperature, the pump noise, the
material composition, etc. Therefore, navigating through
various phases and exploring the rich phase diagram ev-
idenced in this work is experimentally within reach.
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FIG. 14. (Color online) (a) Zero-time spatial correlations
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with fitted value
a = 0.03 is plotted in solid black line for comparison. (b)
Typical soliton spacing ds (in lattice sites), estimated as the
minimum of g(1)(∆x,∆t = 0).

Appendix A: Details on the soliton-patterned regime

1. Relevant scales

In order to estimate the typical soliton spacing ds,
we consider the equal-time first-order correlation func-
tion g(1)(∆x,∆t = 0). Its behavior for different pump
powers is shown in Figure 14, where the space axis has
been rescaled as ∆x → ∆x

√
p− 1. The Gaussian de-

cay is followed by oscillations which are due to the pres-
ence of long-lived soliton patterns. We estimate the typ-
ical soliton spacing ds by taking the first minimum of
|g(1)(x, t = 0)|. We find that it depends on the pump as
ds ∼ (p− 1)−1/2, as anticipated in the main text. More-
over, we checked the dependence of ds on the diffusion
constant γ2, finding ds ∼

√
γ2.

2. First-order transition

We present in Fig. 15 two cuts of Fig. 4 which shows the
average density of the condensate and the average num-
ber of solitons: one as a function of interaction strength
for different pump powers, and the other as a function of
the pump power for different interaction strengths. At
increasing interaction strength, we observe for all pump
powers an abrupt jump of both ⟨ρ⟩ and ⟨ns⟩ at a tran-
sition value µtr ∼ 0.2. Similarly, the curves as a func-
tion of p split in two clearly distinct sets for µth > µtr

and µth < µtr. Both observations indicate a first-order
phase transition, as was reported in Ref. [27]. Note that
in Ref. [38], an analogue transition was observed for a
two-dimensional exciton-polariton condensate, as a con-
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FIG. 15. (Color online) Average condensate density (a, b)
and average density of solitons (c, d). (a, c) Fixed pump
powers, equally spaced from p = 1.05 (dark) to p = 2.0 (light).
(b, d) Fixed interaction strengths, equally spaced from blue
µth = 0.05 meV to rose µth = 0.6 meV.
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FIG. 16. (Color online) Average vortex density in the (µth, σ)
plane, for p = 1.16. The dashed line indicates the limit of
Bogoliubov instability.

sequence of the Benjamin-Ferr instability by tuning the
pump power below the critical value for the instability.

3. The (µth, σ) diagram

The density of vortices ⟨nv⟩ computed in the (µth, σ)
for a low pump value p = 1.16 is reported in Fig. 16. The
first order transition, shown at low noise in Sec. IVB
and Appendix A2 is not visible here since the number of
noise-activated defects is already non-negligible for the
lowest value σ = σ0 considered for this plot. A joint
analysis of the momentum distributions (not shown here)
performed at σ = σ0 has confirmed that the KPZ to
soliton transition is still marked by a change of behaviour
at finite momenta, and in particular the appearance of
the high-power law decay n(k) ∼ k−α upon entering the
soliton regime.
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FIG. 17. (Color online) Top panels: typical space-time map
of a soliton pair and of the associated fluid velocity. Bottom
panel: space cut of the density, the velocity, and the current
profiles across a soliton pair, which elucidate its structure.

4. Nature of the solitons

In the one dimensional system studied in Ref. [24], the
authors report a chaotic dynamics characterized by nu-
cleation and tree-like branching of defects in space-time.
In our case, we do not observe the same branching mech-
anism. The model we consider in this work differs from
the one studied in Ref. [24] by the sign of the mass (neg-
ative here), the interaction energy (reservoir term 2gRnR
only) and the presence of stochastic fluctuations during
the whole evolution. It follows that the dynamics is qual-
itatively different. In our case, we rather observe the
emergence of metastable soliton pairs, as we show in Fig.
17. To explain this feature, we calculate the fluid velocity
and current, given respectively by

ux =
ℏ
m
∂xθ (A1)

J = −i ℏ
m

(ψ∗∂xψ − ∂xψ
∗ψ) . (A2)

A typical configuration is shown in Fig. 17. Both
the velocity and the current give a zero total contribu-
tion across the soliton pair, which hence does not split
apart. The soliton pair is stable in our case, contrarily
to Ref. [24].
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