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Let F {F0 be a quadratic extension of non-Archimedean locally compact fields of residual characteristic p ‰ 2 with Galois automorphism σ, and let R be an algebraically closed field of characteristic R t0, pu. We reduce the classification of GLnpF0q-distinguished cuspidal R-representations of GLnpF q to the level 0 setting. Moreover, under a parity condition, we give necessary conditions for a σ-selfdual cuspidal R-representation to be distinguished. Finally, we classify the distinguished cuspidal F -representations of GLnpF q having a distinguished cuspidal lift to Q .

1. Introduction 1.1. Let F {F 0 be a quadratic extension of non-Archimedean locally compact fields whose residual characteristic is a prime number p different from 2. Let σ be its non-trivial automorphism, and G be the general linear group GL n pF q for some positive integer n. It is a totally disconnected, locally compact group, on which the involution σ acts componentwise, and the group G σ of its σ-fixed points is equal to GL n pF 0 q. Now fix an algebraically closed field R of characteristic different from p. A (smooth) representation π of G on an R-vector space V is said to be distinguished (by G σ ) if V carries a non-zero G σ -invariant linear form; more generally, if χ is a smooth character of G σ with values in R ˆ, the representation π is said to be χ-distinguished if V carries a non-zero linear form Λ such that Λpπphqvq " χphqΛpvq, h P G σ , v P V.

1.2. In the case where R is the field of complex numbers, distinguished irreducible representations of G have been extensively studied:

(1) they are σ-selfdual, that is, the contragredient π _ of a distinguished irreducible representation π of G is isomorphic to its σ-conjugate π σ ( [START_REF] Yuval | On distinguished representations[END_REF][START_REF] Prasad | Trilinear forms for representations of GLp2q and local -factors[END_REF][START_REF] Prasad | On a conjecture of Jacquet about distinguished representations of GLpnq[END_REF]) and their central character is trivial on F 0 ,

(2) a σ-selfdual discrete series representation of G is either distinguished, or κ-distinguished (κ denotes the character of F 0 whose kernel is the subgroup of F {F 0 -norms), but not both: this is the Dichotomy and Disjunction Theorem ( [START_REF] Kable | Asai L-functions and Jacquet's conjecture[END_REF][START_REF] Anandavardhanan | Distinguished representations and poles of twisted tensor L-functions[END_REF][START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF]),

(3) distinguished generic irreducible representations of G are classified in terms of their cuspidal support ([4, 23, 24]), [START_REF] Anandavardhanan | Distinguished representations, base change, and reducibility for unitary groups[END_REF] distinguished cuspidal representations of G are characterized in terms of their Galois parameter ( [START_REF] Teck Gan | Arithmeticity for periods of automorphic forms[END_REF]) and in terms of type theory (see [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] and below).

1.3. Distinguished irreducible representations of G with coefficients in a field R of positive characteristic have been less well studied (see [START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF][START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF][START_REF] Kurinczuk | Characterisation of the poles of the -modular Asai L-factor[END_REF][START_REF] Cui | Modulo distinction problems[END_REF]). As in the complex case, they are σselfdual, and their central character is trivial on F 0 . For σ-selfdual supercuspidal representations, that is, irreducible representations which do not occur as subquotients of parabolically induced representations from a proper Levi subgroup, one has a Dichotomy and Disjunction Theorem (see §3.2). One also has a characterization of distinction in terms of Galois parameters ( [START_REF] Cui | Modulo distinction problems[END_REF] Proposition 3.15) and in terms of types ([32] Theorem 10.9). But there are explicit examples of σ-selfdual non-supercuspidal cuspidal representations that are neither distinguished nor κ-distinguished (as in [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Remark 2.18) and of Steinberg representations that are both distinguished and κ-distinguished ( [START_REF] Cui | Modulo distinction problems[END_REF] Remark 1.9). Also, there is no known classification of distinguished cuspidal representations of GL n pF q for an arbitrary n ě 3 (see [START_REF] Cui | Modulo distinction problems[END_REF] for n " 2).

In this paper, which can be considered as a sequel to [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF], where all distinguished supercuspidal R-representations of G have been classified, we investigate the classification of distinguished cuspidal R-representations of G in terms of their supercuspidal support. We:

-reduce this classification to that of distinguished cuspidal representations of level 0, and from there to finite group theory (see Section 4), -give a necessary condition of distinction for σ-selfdual cuspidal representations of G that satisfy a certain parity condition (see Section 5), -classify the (distinguished, cuspidal) F -representations of G having a distinguished cuspidal lift to Q , where Q is an algebraic closure of the field of -adic numbers with residue field F . Let us explain these results in more detail.

1.4. Bushnell and Kutzko [START_REF] Bushnell | The admissible dual of GLpN q via compact open subgroups[END_REF], in work extended to the modular setting by Vignéras [START_REF] Vignéras | Représentations l-modulaires d'un groupe réductif p-adique avec l ‰ p[END_REF], have given an explicit construction of a collection of pairs pJ, λq called extended maximal simple types (which we will abbreviate to types here), consisting of a compact-mod-centre open subgroup J of G and an irreducible R-representation λ of J, such that the representations ind G J pλq are (irreducible and) cuspidal, and such that every cuspidal R-representation of G appears in the collection of ind G J pλq. We need the following invariants associated to a cuspidal R-representation of G following this explicit construction by compact induction (see §4.2 and §4.7):

(1) the endo-class Θ: a fine refinement of the level introduced by Bushnell-Henniart in [START_REF] Bushnell | Local tame lifting for GLpN q. I. Simple characters[END_REF] and which applies equally well to the modular setting, (2) the tame parameter field T : a tamely ramified extension of F of degree dividing n, uniquely determined up to F -isomorphism by Θ,

(3) the relative degree m: a positive integer such that mrT : F s divides n, uniquely determined by Θ and n.

Suppose further that Θ is σ-selfdual (which follows if for example the cuspidal representation itself is σ-selfdual), then there is a uniquely determined tamely ramified extension T 0 of F 0 contained in T such that T is isomorphic to T 0 b F 0 F . The Galois group of T {T 0 canonically identifies with that of F {F 0 , and the unique non-trivial automorphism of T {T 0 extending σ will be denoted by σ (see §4.3). Our main theorem on reduction to the level 0 setting is then (see Theorem 4.42):

Theorem 1.1. - (1)
There is a natural bijection:

(1.1) π Þ Ñ π t
from the set of isomorphism classes of cuspidal representations of G with endo-class Θ to the set of isomorphism classes of cuspidal representations of level 0 of GL m pT q.

(2) The representation π is σ-selfdual if and only if π t is σ-selfdual.

(3) The representation π is GL n pF 0 q-distinguished if and only if π t is GL m pT 0 q-distinguished.

The map (1.1) is also compatible with supercuspidal support, see Proposition 4.44 for a precise statement.

1.5. Let us briefly explain how the map (1.1) above is defined. Let pJ, λq be a type inducing a cuspidal representation π of G with σ-selfdual endo-class Θ, tame parameter field T and relative degree m. Then:

(1) The group J has a unique maximal compact subgroup J 0 , and a unique maximal normal pro-p subgroup J 1 .

(2) There is a group isomorphism J 0 {J 1 » GL m plq, where l is the residue field of T .

(3) The restriction of λ to J 1 is isotypic for an irreducible representation η of J 1 , and this representation η extends (non-canonically) to J.

(4) The choice of a representation κ of J extending η determines a decomposition λ » κ b τ , where τ is a representation of J trivial on J 1 , uniquely determined up to isomorphism. The fact that Θ is σ-selfdual implies that there is a preferred choice for pJ, λq: the group J is fixed by σ, the representation η is σ-selfdual and there exists a natural isomorphism between the space of G σ -invariant linear forms on π and that of J X G σ -invariant linear forms on λ. Such a type is called generic (see Definition 4.32). We prove (see Proposition 4.17): Proposition 1.2. -The representation η has a unique extension κ to J which is both σ-selfdual and J X G σ -distinguished, and whose determinant has order a power of p.

The choice of the representation κ given by Proposition 1.2 thus uniquely determines a representation τ of J trivial on J 1 . Now there is a natural choice, as explained in §4.10, of a σ-fixed maximal compact subgroup J 0 t of GL m pT q, with normalizer J t and pro-p-radical J 1 t , such that there is a σ-equivariant group isomorphism:

J{J 1 » J t {J 1 t . The representation τ then defines a representation of J t trivial on J 1 t , denoted τ t . The cuspidal representation π t associated with π by (1.1) is then the compact induction of τ t to GL m pT q.

1.6. Having reduced the classification of distinguished cuspidal R-representations to level 0, we further reduce this classification to the finite group setting. Let π be a σ-selfdual cuspidal R-representation of G of level 0 with central character c π and generic type pJ, λq. Restricting λ to J 0 defines a cuspidal R-representation V of GL n pkq, where k is the residue field of F . We prove (see Theorem 4.46): Theorem 1.3. -Suppose n ‰ 1. The representation π is GL n pF 0 q-distinguished if and only if its central character c π is trivial on F 0 and

(1) if F {F 0 is unramified, then V is GL n pk 0 q-distinguished (k 0 is the residue field of F 0 );

(2) if F {F 0 is ramified, then n is even, V is GL n{2 pkqˆGL n{2 pkq-distinguished, the vector space of GL n{2 pkq ˆGL n{2 pkq-invariant linear forms on V has dimension 1, and s " ˆ0 id id 0 ˙P GL n pkq acts on this space by the sign c π p q, where is any uniformizer of F .

1.7.

Let π be a cuspidal non-supercuspidal R-representation of G. Following [START_REF] Mínguez | Représentations lisses modulo de GL m pDq[END_REF], we recall in §3.4 that there are a uniquely determined integer r " rpπq ě 2 and a supercuspidal R-representation ρ of GL n{r pF q such that π is isomorphic to St r pρq, where St r pρq denotes the unique generic subquotient of the parabolically induced representation

ρν ´pr´1q{2 ˆ¨¨¨ˆρν pr´1q{2
(where ν denote the unramified character which is the absolute value of F composed with the determinant). The representation ρ is not unique in general, but, if π is σ-selfdual and r is odd, and if one further demands that ρ be σ-selfdual, then ρ is uniquely determined up to isomorphism (see Proposition 3.8). In this case, we obtain further necessary conditions for distinction (see Theorem 5.1):

Theorem 1.4. -Let π be a σ-selfdual cuspidal non-supercuspidal R-representation of GL n pF q. Assume that the integer r " rpπq is odd, thus π is isomorphic to St r pρq for a uniquely determined σ-selfdual supercuspidal representation ρ of GL n{r pF q. If π is GL n pF 0 q-distinguished, then (1) the relative degree m " mpπq and the ramification index of T {T 0 have the same parity, (2) the representation ρ is GL n{r pF 0 q-distinguished.

As a corollary, we extend the Disjunction Theorem from the supercuspidal setting (that is, the statement that, if ‰ 2, a supercuspidal R-representation is not both distinguished and κ-distinguished) to include cuspidal R-representations π with rpπq odd.

1.8. Say that an irreducible F -representation π of G lifts to Q if there exists a free Z -lattice L equipped with a linear action of G such that the F -representation of G on LbF is isomorphic to π. When this is the case, say that the smooth Q -representation of G on L b Q is a lift of π to Q . Following [START_REF] Vignéras | Représentations l-modulaires d'un groupe réductif p-adique avec l ‰ p[END_REF], any cuspidal F -representation of G lifts to Q and any of its lifts is cuspidal.

According to [START_REF] Kurinczuk | Characterisation of the poles of the -modular Asai L-factor[END_REF] (see Theorem 3.3), any cuspidal F -representation of G having a G σ -distinguished lift to Q is G σ -distinguished. The converse holds for supercuspidal representations (see [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] and [START_REF] Cui | Modulo distinction problems[END_REF]), but not for cuspidal representations in general. In the final section, we classify the G σ -distinguished cuspidal F -representations of G having a G σ -distinguished cuspidal lift to Q (see Propositions 6.1 and 6.2 for a precise statement).

Structure of the paper

After setting some notation in Section 2, in Section 3 we collect together necessary background from the literature and prove some basic results on σ-selfdual cuspidal R-representations.

Section 4 constitutes the technical heart of the paper. It reduces the problem of classifying distinguished cuspidal R-representations to level 0.

In Section 5, under a parity condition, we provide necessary conditions for distinction, allowing us to deduce the Disjunction Theorem and a lifting theorem.

Finally, in Section 6, we classify those cuspidal F -representations having a distinguished cuspidal lift.

Notation

2.1. Given any non-archimedean locally compact field F , we write O F for its ring of integers, p F for the maximal ideal of O F , k F for its residue field and q F for the cardinality of k F .

We also write val F for the valuation of F taking any uniformizer to 1, and | ¨|F for the absolute value of F taking any uniformizer to the inverse of q F . Given any finite extension L of K, we write N L{K and tr L{K for the norm and trace maps.

2.2.

Given a locally compact, totally disconnected topological group G and an algebraically closed field R of characteristic different from p, we consider smooth representations of G on R-vector spaces. We will abbreviate smooth R-representation to R-representation, or even representation if the coefficient field R is clear from the context. An R-character (or character ) of G is a group homomorphism from G to R ˆwith open kernel. Let π be a representation of G. We write π _ for its contragredient. Given a character χ of G, we write πχ for the representation g Þ Ñ χpgqπpgq of G.

Let π be a representation of a closed subgroup H of G. Given any element g P G, we write π g for the representation x Þ Ñ πpgxg ´1q of H g " g ´1H g. Given any continuous involution σ of G, we write π σ for the representation π ˝σ of σpHq. Given any character µ of H X G σ , we say that π is µ-distinguished if the space Hom HXG σ pπ, χq is non-zero. If µ is the trivial character, we will abbreviate µ-distinguished to H X G σ -distinguished, or just distinguished.

2.3.

Let us fix a separable quadratic extension F {F 0 of non-archimedean locally compact fields of residual characteristic p, and let σ denote its non-trivial automorphism. Let (2.1) κ " κ F {F 0 : F 0 Ñ t´1, 1u " Z denote the Z-valued character of F 0 with kernel N F {F 0 pF ˆq. When needed, we will consider κ as a character with values in any algebraically closed field R. We abbreviate q " q F and q 0 " q F 0 .

We fix a square root (2.2)

q 1{2 0 P R of q 0 in R an define (2.3) q 1{2 " " q 1{2 0 if F {F 0 is ramified, q 0 if F {F 0 is unramified,
which we will use to normalize parabolic induction and restriction functors (see below).

2.4.

Given a positive integer n ě 1, the automorphism σ acts on the group GL n pF q componentwise, thus defines a continuous involution of GL n pF q, still denoted σ. Its fixed points form the subgroup GL n pF 0 q. We denote by ν the unramified character "absolute value of the determinant" of GL n pF q and by ν 1{2 the unramified character taking any element whose determinant has valuation 1 to q ´1{2 . We thus have pν 1{2 q 2 " ν. Similarly, we define the characters ν 0 and ν 1{2 0 of GL n pF 0 q. Given positive integers n 1 , . . . , n r such that n 1 `¨¨¨`n r " n and, for each i " 1, . . . , r, given an R-representation π i of GL n i pF q, we write (2.4) π 1 ˆ¨¨¨ˆπ r for the representation of GL n pF q obtained by normalized parabolic induction from π 1 b ¨¨¨b π r along the parabolic subgroup generated by upper triangular matrices and the standard Levi subgroup GL n 1 pF q ˆ¨¨¨ˆGL nr pF q.

An irreducible R-representation of GL n pF q is said to be cuspidal (respectively, supercuspidal ) if it does not occur as a subrepresentation (respectively, a subquotient) of any representation of the form (2.4) with r ě 2. Any supercuspidal representation of GL n pF q is cuspidal. When R has characteristic 0, any cuspidal representation of GL n pF q is supercuspidal. When R has characteristic ą 0, the group GL n pF q may have cuspidal non-supercuspidal representations (see §3.4). Given a representation π of GL n pF q and a character χ of F ˆ, we will write πχ for πpχ ˝detq.

2.5.

Let us fix an algebraic closure Q of the field of -adic numbers. Let Z denote its ring of integers, and F denote the residue field of Z .

We call an irreducible representation π of a locally compact, totally disconnected group G on a Q -vector space V integral if it stabilizes a Z -lattice L in V . In this case, we obtain a smooth Frepresentation L b F of G whose isomorphism class may depend on the choice of L.

If G is either the group of rational points of a connected reductive linear algebraic F -group or a finite group (see [START_REF] Vignéras | On highest Whittaker models and integral structures[END_REF]Theorem 1] and the Brauer-Nesbitt principle), the smooth F -representation L b F has finite length, and its semisimplification is independent of the choice of L. This semisimplification is called the reduction modulo of π, and is denoted by r pπq.

Given an irreducible F -representation ρ of G, we call an irreducible integral Q -representation with reduction modulo equal to ρ a Q -lift of ρ.

Basic results

In this section, p is an arbitrary prime number, F {F 0 is a separable quadratic extension and R has characteristic ‰ p. We fix a positive integer n ě 1. [START_REF] Yuval | On distinguished representations[END_REF][START_REF] Prasad | Trilinear forms for representations of GLp2q and local -factors[END_REF][START_REF] Prasad | On a conjecture of Jacquet about distinguished representations of GLpnq[END_REF] on irreducible complex representations of GL n pF q distinguished by GL n pF 0 q have been extended to irreducible R-representations in [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Theorem 4.1.

Fundamental results of Flicker and Prasad

Theorem 3.1. -Let π be an irreducible representation of GL n pF q distinguished by GL n pF 0 q.

(1) The central character c π of π is trivial on F 0 .

(2) The R-vector space Hom GLnpF 0 q pπ, Rq has dimension 1.

(3) The contragredient π _ of π is isomorphic to π σ .

We will say that a representation π of GL n pF q is σ-selfdual if π _ is isomorphic to π σ . -Let ρ be a σ-selfdual supercuspidal R-representation of GL n pF q.

(1) If " 2, then ρ is distinguished.

(2) If ‰ 2, then ρ is either distinguished or κ-distinguished, but not both.

3.3.

In this paragraph, is a prime number different from p and we will consider representations with coefficients in Q or F . The following theorem is [START_REF] Kurinczuk | Characterisation of the poles of the -modular Asai L-factor[END_REF] Theorem 3.4.

Theorem 3.3. -Let π be an integral σ-selfdual cuspidal Q -representation of GL n pF q.
If π is distinguished by GL n pF 0 q, then its reduction mod is (irreducible, cuspidal and) distinguished.

It follows that any σ-selfdual cuspidal F -representation of GL n pF q having a distinguished lift to Q is distinguished. For supercuspidal representations, one has the following converse (see [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Theorem 10.11 if p ‰ 2, and [START_REF] Cui | Modulo distinction problems[END_REF] Theorem 3.4): Theorem 3.4. -Any GL n pF 0 q-distinguished supercuspidal F -representation of GL n pF q has a GL n pF 0 q-distinguished lift to Q .

We also have the following Distinguished Lift Theorem, making Theorem 3.4 more precise.

Theorem 3.5. -Let ρ be a σ-selfdual supercuspidal F -representation of GL n pF q.

(1) The representation ρ has a σ-selfdual lift to Q .

(2) Let µ be a σ-selfdual lift of ρ to Q and suppose that ‰ 2. Then µ is distinguished if and only ρ is distinguished.

Proof. -If p ‰ 2, this is [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Theorem 10.11. Assume now that p " 2, thus ‰ 2.

By Theorem 3.2, the representation ρ is either distinguished or κ-distinguished. If it is distinguished, it has a σ-selfdual lift thanks to Theorem 3.4 and Theorem 3.1 [START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF]. If it is κ-distinguished, fix a Q -character ξ of F ˆextending the canonical Q -lift of κ. The reduction mod of ξ is an F -character of F ˆextending κ, denoted χ. The representation ρχ is distinguished and supercuspidal. It thus has a σ-selfdual lift π. Then πξ ´1 is a distinguished lift of ρ. This proves [START_REF] Anandavardhanan | Root numbers of Asai L-functions[END_REF].

Let µ be a σ-selfdual lift of ρ, and assume that ρ is distinguished. If µ is not distinguished, it must then be κ-distinguished. By Theorem 3.3, this implies that ρ is κ-distinguished, which contradicts the Dichotomy and Disjunction Theorem. Conversely, if µ is distinguished, then ρ is distinguished thanks to Theorem 3.3.

3.4.

From now on, we consider the case of cuspidal non-supercuspidal R-representations, thus is a prime number different from p. Let us recall how they are classified in terms of their supercuspidal support.

Recall that a representation π of GL n pF q on an R-vector space V is generic if V carries a nonzero R-linear form Λ such that Λpπpuqvq " θpuqv for all v P V and all unipotent upper triangular matrices u, where θpuq " ψpu 1,2 `¨¨¨`u n´1,n q and ψ is a non-trivial R-character of F .

Let k ě 1 be a positive integer, and ρ be a supercuspidal R-representation of GL k pF q. According to [START_REF] Mínguez | Représentations lisses modulo de GL m pDq[END_REF] 8.1, for any r ě 1, the induced representation

(3.1) ρν ´pr´1q{2 ˆ¨¨¨ˆρν pr´1q{2
contains a unique generic irreducible subquotient, denoted St r pρq.

Let epρq be the smallest integer i ě 1 such that ρν i is isomorphic to ρ and tpρq be the torsion number of ρ, that is, the number of unramified characters χ of F ˆsuch that ρχ is isomorphic to ρ. By [START_REF] Mínguez | Correspondance de Jacquet-Langlands locale et congruences modulo[END_REF] Lemme 3.6, these integers are related by the identity

(3.2)
epρq " order of q tpρq mod .

By [START_REF] Mínguez | Représentations lisses modulo de GL m pDq[END_REF] Théorème 6.14, one has the following classification.

Proposition 3.6. -Let π be a cuspidal non-supercuspidal R-representation of GL n pF q.

(1) There are a unique positive integer r " rpπq ě 2 dividing n and a supercuspidal representation ρ of GL n{r pF q such that π is isomorphic to St r pρq.

(2) There is a unique integer v ě 0 such that r " epρq v .

(3) Let ρ 1 be a supercuspidal representation of GL n{r pF q. The representation π is isomorphic to St r pρ 1 q if and only if ρ 1 is isomorphic to ρν i for some i P Z.

Note that, conversely, by the same references, if ρ is a supercuspidal representation of GL k pF q and r " epρq v for some v ě 0, the representation St r pρq is cuspidal.

3.5.

We now classify σ-selfdual cuspidal representations. Lemma 3.7. -Let ρ be a supercuspidal R-representation of GL k pF q for some k ě 1. Let r ě 2 be such that St r pρq is cuspidal, and suppose that St r pρq is σ-selfdual. Then there is an i P Z, uniquely determined mod epρq, such that ρ _σ is isomorphic to ρν i .

Proof. -The representation St r pρq is σ-selfdual if and only if the representation St r pρq _σ » St r pρ _σ q is isomorphic to St r pρq. The result then follows from Proposition 3.6. Proposition 3.8. -Let π be a cuspidal σ-selfdual representation of GL n pF q. Set r " rpπq and write k " n{r.

(1) If r is odd or " 2, there is a unique σ-selfdual supercuspidal representation ρ of GL k pF q such that π is isomorphic to St r pρq.

(2) Suppose that r is even and ‰ 2.

(a) There are a supercuspidal representation ρ of GL k pF q and an i P t0, 1u such that π is isomorphic to St r pρq and ρ _σ » ρν i .

(b) Let ρ 1 be a supercuspidal representation of GL k pF q and j P t0, 1u such that π is isomorphic to St r pρ 1 q and ρ 1_σ » ρ 1 ν j . Then j " i, and either ρ 1 » ρ or ρ 1 » ρν r{2 .

Proof. -If r " 1, the result is trivial. Let us assume that r ě 2. Fix a supercuspidal irreducible representation ρ of GL k pF q such that π is isomorphic to St r pρq. By Lemma 3.7, there is an i P Z such that ρ _σ » ρν i . Changing ρ to ρ 1 " ρν s for some s P Z does not change St r pρq, but changes i to i ´2s. If r is odd or " 2, then epρq is odd, thus 2Z `epρqZ " Z. This proves [START_REF] Anandavardhanan | Root numbers of Asai L-functions[END_REF]. Similarly, if r is even and ‰ 2, then epρq is even: we thus may assume that i P t0, 1u, proving (2.a). Moreover, if ρ 1 and j are as in (2.b), then j ´i is even, thus j " i. Moreover, ρ 1 is isomorphic to ρν s for some 0 ď s ă epρq such that ν 2stpρq " 1, thus epρq divides 2s.

3.6. We will need the finite field analogue of 3.4 (see [START_REF] Vignéras | Représentations l-modulaires d'un groupe réductif p-adique avec l ‰ p[END_REF] III.2.5 or [START_REF] Cabanes | Modular representation theory of finite and p-adic groups[END_REF] Theorem 19.3). Proposition 3.9. -Let k be a finite field of characteristic p.

(1) Let f ě 1 be a positive integer and be a supercuspidal representation of GL f pkq.

(a) For all u ě 1, the induced representation

ˆ¨¨¨ˆ (u times)
has a unique generic irreducible subquotient, denoted st u p q. (b) Let ep q be the order of q f mod . The representation st u p q is cuspidal if and only if u " 1 or u " ep q v for some v ě 0.

(2) Let W be a cuspidal representation of GL n pkq. There exist a unique integer u " rpWq ě 1 dividing n and a unique supercuspidal representation of GL n{u pkq such that W » st u p q.

3.7.

As in the previous paragraph, k is a finite field of characteristic p. Let us recall how to parametrize cuspidal representations of GL n pkq by regular characters ( [START_REF] Green | The characters of the finite general linear groups[END_REF], [START_REF] Dipper | On the decomposition numbers of the finite general linear groups[END_REF] Theorem 3.5 and [START_REF] Dipper | Identification of the irreducible modular representations of GL n pqq[END_REF][START_REF] James | The irreducible representations of the finite general linear groups[END_REF]).

Let k be an algebraic closure of k. For any integer s ě 1, let k s be the extension of k of degree s contained in k. Let ∆ denote the group Galpk n {kq. A character of k n is ∆-regular if it is fixed by no non-trivial element of ∆. Proposition 3.10. -(1) Associated with any ∆-regular Q -character ξ of k n , there is a cuspidal Q -representation W ξ of GL n pkq, unique up to isomorphism, such that tr W ξ pxq " p´1q n´1 ¨ÿ δP∆ ξpx δ q for all x P k n of degree n over k, where k n is considered as a maximal torus in GL n pkq.

(

) The correspondence ξ Þ Ñ W ξ induces a bijection from the set of ∆-conjugacy classes of ∆-regular Q -characters of k n to that of isomorphism classes of cuspidal Q -representations of GL n pkq. 2 
By reduction mod , we get the following classification.

Proposition 3.11. -(1) Given any ∆-regular Q -character ξ of k n , the reduction mod of W ξ , denoted W ξ , is irreducible and cuspidal, and it only depends on the reduction mod of ξ.

(2) Reduction mod induces a bijection from the set of ∆-conjugacy classes of F -characters of k n having a ∆-regular lift to Q to that of isomorphism classes of cuspidal F -representations of the group GL n pkq.

(3) The integer rpW ξ q is the greatest divisor r of n such that the reduction of ξ mod factorizes through a character of k n{r . Definition 3.12. -A parameter of a cuspidal representation ρ of GL n pkq is a character of k n whose ∆-conjugacy class corresponds to ρ by the bijection of either Proposition 3.10 or 3.11.

3.8. Finally, we will need the following distinction criterion for cuspidal Q -representations (see [START_REF] Hakim | Two types of distinguished supercuspidal representations[END_REF] Proposition 6.1 and [10] Lemme 3.4.10) of GL n pkq when p is odd. Proposition 3.13. -Assume that q is odd, n is even and write n " 2u. We consider the group GL u pkq ˆGL u pkq as a Levi subgroup of GL n pkq. Let ξ be a ∆-regular Q -character of k n .

(1) The following assertions are equivalent.

(a

) The cuspidal Q -representation W ξ is GL u pkq ˆGL u pkq-distinguished. (b) The space of GL u pkq ˆGL u pkq-invariant linear forms on W ξ has Q -dimension 1. (c) The cuspidal Q -representation W ξ is selfdual. (d)
The character ξ is trivial on k û . (2) Assume that the conditions of (1) are satisfied, and fix an element α P k n such that α R k û and α 2 P k û . The element

(3.3) s " ˆ0 id id 0 ˙P GL n pkq,
where id is the identity in GL u pkq, normalizes the group GL u pkq ˆGL u pkq and acts on the Qvector space of GL u pkq ˆGL u pkq-invariant linear forms on W ξ by the sign ´ξpαq.

Remark 3.14. -Suppose that W ξ is GL u pkq ˆGL u pkq-distinguished. By [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Lemma 2.6, the cuspidal F -representation W ξ is GL u pkq ˆGL u pkq-distinguished as well. More precisely, if we fix a non-zero GL u pkqˆGL u pkq-invariant Q -linear form Λ on W ξ together with a GL n pkq-stable Z -lattice L Ď W ξ , then the associated F -linear form

Λ : L b F Ñ ΛpLq b F
is non-zero and GL u pkq ˆGL u pkq-invariant. Moreover, if s acts on Λ by a sign c P t´1, 1u Ď Q ˆ , then s acts on Λ by the image of c in F ˆ .

Reduction to level zero

In this section, p is odd, is any prime number different from p and R has characteristic 0 or . Let us fix a positive integer n ě 1, and set G " GL n pF q. We fix a character (4.1)

ψ : F Ñ R ŵhich is trivial on p F but not on O F .

4.1.

Let us recall the definitions and main results of [START_REF] Bushnell | The admissible dual of GLpN q via compact open subgroups[END_REF][START_REF] Bushnell | To an effective local Langlands correspondence[END_REF][START_REF] Mínguez | Types modulo pour les formes intérieures de GL n sur un corps local non archimédien[END_REF][START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF] which we will need. Let ra, βs be a simple stratum in the algebra M n pF q of nˆn matrices with entries in F . Recall that a is a hereditary O F -order of M n pF q and β is an element of M n pF q such that -the F -algebra E " F rβs is a field, and -the multiplicative group E ˆnormalizes a (plus an extra technical condition on β which is not necessary to recall here: see [8] 1.5.5).

Let K a be the normalizer of a in G and p a be its Jacobson radical, and set U 1 a " 1 `pa . Let B be the centralizer of E in M n pF q. The intersection b " a X B is a hereditary order in B.

Associated with ra, βs in [START_REF] Bushnell | The admissible dual of GLpN q via compact open subgroups[END_REF] Chapter 3, there are compact mod centre open subgroups

H 1 pa, βq Ď J 1 pa, βq Ď J 0 pa, βq Ď Jpa, βq Ď K a
and a non-empty finite set Cpa, βq of characters of H 1 pa, βq called simple characters, depending on the choice of (4.1). We write J " Jpa, βq, J 0 " J 0 pa, βq, J 1 " J 1 pa, βq and H 1 " H 1 pa, βq for simplicity.

We will only be interested in the case where b is a maximal order in B, in which case the simple stratum ra, βs and the simple characters in Cpa, βq are said to be maximal. For the following result, see [START_REF] Bushnell | To an effective local Langlands correspondence[END_REF] 2.1, 3. (1) The group J 0 is the unique maximal compact subgroup of J, and J 1 is its unique maximal normal pro-p-subgroup.

(2) One has J " E ˆJ0 " pJ X B ˆqJ 1 and

(4.2) J X B ˆ" K b , J 0 X B ˆ" b ˆ, J 1 X B ˆ" U 1 b . (3)
There is an isomorphism of E-algebras

(4.3) B » M m pEq, m " n{rE : F s,
sending b ˆto the maximal compact open subgroup GL m pO E q, which induces isomorphisms

(4.4) J 0 {J 1 » b ˆ{U 1 b » GL m plq where l is the residue field of E.
(4) Given any simple character θ P Cpa, βq, we have (a) the normalizer of θ in G is equal to J, and (b) there is an irreducible representation η of J 1 , unique up to isomorphism, whose restriction to H 1 contains θ, and such a representation extends to J.

The representation η of (4.b) is called the Heisenberg representation associated with θ. If κ is a representation of J extending η, any other extension of η to J has the form κξ for a unique character ξ of J trivial on J 1 . (2) Changing the isomorphism (4.3), that is, changing the basis of L above, has the effect of conjugating the identification (4.4) by an inner automorphism of GL m plq.

A character θ of an open pro-p-subgroup H of G will be called a maximal simple character if there is a maximal simple stratum ra, βs in M n pF q such that H " H 1 pa, βq and θ P Cpa, βq. Given a maximal simple character θ of G, we will write H 1 θ for the group on which θ is defined, J θ for its G-normalizer, J 0 θ for its unique maximal compact subgroup, J 1 θ for its unique maximal normal pro-p-subgroup and T for the maximal tamely ramified extension of F in E " F rβs. The following result shows how the latter depends on the choice of ra, βs (see [START_REF] Bushnell | To an effective local Langlands correspondence[END_REF] 2.1, 2.5 and 2.6).

Proposition 4.3. -Let ra 1 , β 1 s be a simple stratum such that θ P Cpa 1 , β 1 q, and set E 1 " F rβ 1 s.

(1) The orders a, a 1 are equal and E, E 1 have the same degree over F .

(2) The simple stratum ra, β 1 s is maximal.

(3) The maximal tamely ramified extension of

F in E 1 is J 1 θ -conjugate to T .
It follows that the G-conjugacy class of the simple character θ uniquely determines the integer m in (4.3), as well as the extension T up to G-conjugacy (or equivalently up to F -isomorphism). However, the fields E, E 1 need not be isomorphic (see [START_REF] Bushnell | To an effective local Langlands correspondence[END_REF] Example 2.1).

4.2.

In this paragraph only, we let n vary among all positive integers, and consider the set

C max pF q " ď ra,βs

Cpa, βq

where the union is taken over all maximal simple strata of M n pF q, for any n ě 1. It is endowed with an equivalence relation called endo-equivalence ( [START_REF] Bushnell | Local tame lifting for GLpN q. I. Simple characters[END_REF][START_REF] Bushnell | Intertwining of simple characters in GLpnq[END_REF]). An equivalence class for this equivalence relation is called an endo-class (see [START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF] 3.2). Given a maximal simple character θ P C max pF q with endo-class Θ, the degree rE : F s and the F -isomorphism class of its tame parameter field T only depend on Θ. They are called the degree and tame parameter field of Θ, respectively.

For a given n, any two maximal simple characters of GL n pF q are endo-equivalent if and only if they are GL n pF q-conjugate.

Remark 4.4. -Note that endo-equivalence is defined in [START_REF] Bushnell | Local tame lifting for GLpN q. I. Simple characters[END_REF][START_REF] Bushnell | Intertwining of simple characters in GLpnq[END_REF] for arbitrary simple characters, not only for maximal ones, but we will not need this extra generality.

4.3.

We go back to the situation of Paragraph 4.1, assuming further that the character ψ of (4.1) is σ-invariant, which is possible since p ‰ 2. As in [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF], we will say that:

-a simple stratum ra, βs in M n pF q is σ-selfdual if a is σ-stable and σpβq " ´β, -a simple character θ is σ-selfdual if the group H 1 θ is σ-stable and θ ´1 ˝σ " θ, -an endo-class Θ of (maximal) simple characters is σ-selfdual if for some (or equivalently for any) θ P Θ, the character θ ´1 ˝σ is in Θ. Proposition 4.5. -Let θ be a σ-selfdual maximal simple character.

(1) There is a σ-stable simple stratum ra, βs such that θ P Cpa, βq.

(2) Let E 0 be the σ-fixed points of E and l 0 be its residue field. There exists an isomorphism (4.3) inducing an isomorphism (4.4) which transports the action of σ on J 0 {J 1 to (a) the action of the non-trivial element of Galpl{l 0 q on GL m plq if E{E 0 is unramified, (b) the adjoint action of (4.5)

ˆ´id i 0 0 id m´i ˙P GL m plq
on GL m plq if E{E 0 is ramified, for a uniquely determined integer i P t0, . . . , tm{2uu.

Remark 4.6. -Choose a basis of L as in Remark 4.2, with the additional condition that its vectors are σ-invariant. The isomorphism (4.3) associated with it then transports the action of σ on B to that of the generator of GalpE{E 0 q on M m pEq. When E{E 0 is ramified, this corresponds to the case where i " 0 in (4.5).

If θ is a σ-selfdual maximal simple character, we will write T 0 for the maximal tamely ramified extension of F 0 in E 0 , that is, T 0 " T X E 0 . By [START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF] Lemma 4.10, the canonical homomorphism

(4.6) T 0 b F 0 F Ñ T
is an isomorphism. Also, T {T 0 and E{E 0 have the same ramification index. By [START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF] Lemma 4.29, the F 0 -isomorphism class of T 0 is uniquely determined by the endo-class Θ of θ. And it follows from (4.6) that the F 0 -isomorphism class of T 0 determines the F -isomorphism class of T .

The following result is given by [32] Proposition 6.12, Lemma 6.20 and [33] Lemme 3.28. (The latter reference in [START_REF] Sécherre | Représentations cuspidales de GL r pDq distinguées par une involution intérieure[END_REF] is for representations with coefficients in R " C, but its proof is still valid in the -modular case.) Proposition 4.7. -Let θ be a σ-selfdual maximal simple character.

(1) The Heisenberg representation η of θ is σ-selfdual and J 1 XG σ -distinguished, and the space Hom J 1 XG σ pη, Rq has dimension 1.

(2) For any representation κ of J extending η, there are (a) a unique character ξ of J trivial on

J 1 such that κ _σ is isomorphic to κξ, (b) a unique character χ of J X G σ trivial on J 1 X G σ such that (4.7) Hom J 1 XG σ pη, Rq " Hom JXG σ pκ, χ ´1q,
and the restriction of ξ to J X G σ is equal to χ 2 . (3) Given a representation κ as in (2) and an irreducible representation τ of J trivial on J 1 , the canonical linear map (4.8)

Hom J 1 XG σ pη, Rq b Hom JXG σ pτ , χq Ñ Hom JXG σ pκ b τ , Rq
is an isomorphism of R-vector spaces.

(4) There exists a σ-selfdual representation of J extending η.

Conversely, let Θ be a σ-selfdual endo-class of degree dividing n. By [START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF] Section 4, it contains a σ-selfdual maximal simple character θ in G, and we have the following classification. Proposition 4.8. -Let T {T 0 be the quadratic extension associated with Θ as above, and let us write m " n{ degpΘq.

(1) If T {T 0 is unramified, the G-conjugacy class of θ contains a unique G σ -conjugacy class of σ-selfdual simple characters.

(2) If T {T 0 is ramified, the number of G σ -conjugacy classes of σ-selfdual simple characters in the G-conjugacy class of θ is equal to tm{2u `1, each class corresponding bijectively to an integer i P t0, . . . , tm{2uu characterized by Proposition 4.5(2.b).

Remark 4.9. -When T {T 0 is ramified, we define (as in [START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF][START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF]) the index of a σ-selfdual maximal simple character θ to be the integer i P t0, . . . , tm{2uu associated with its G σ -conjugacy class. By [START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF] Remark 4.28 or [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] 5.D, if θ has index 0 and if

y i " diagp , . . . , , 1, . . . , 1q P GL m pEq » B ˆ, a uniformizer of E occurring i times,
for some i P t0, . . . , tm{2uu, then θ y i is a σ-selfdual maximal simple character of index i.

4.4.

Let θ be a maximal simple character, and ra, βs be a simple stratum such that θ P Cpa, βq.

As in 4.1, write J " J θ , J 0 " J 0 θ , J 1 " J 1 θ and H 1 " H 1 θ . Let η be the Heisenberg representation of J 1 associated with θ. In this paragraph, we give a slightly generalized version of [START_REF] Bushnell | To an effective local Langlands correspondence[END_REF] 3.3.

Fix an O E -lattice L in V " F n whose endomorphism algebra is b. (It is uniquely determined up to homothety as b is maximal.) Fix a divisor u ě 1 of m and decompositions (4.9)

L " L ˚' ¨¨¨' L ˚, V " V ˚' ¨¨¨' V ˚,
in which V ˚is an E-vector space of dimension m{u and

L ˚is an O E -lattice of rank m{u in V ˚.
It defines a Levi subgroup M of G. Fix a pair pQ ´, Q `q of M -opposite parabolic subgroups of G with Levi component M , and write N ´, N `for their unipotent radicals. Define a ˚" End O F pL ˚q.

It is a hereditary order, and ra ˚, βs is a maximal simple stratum in End F pV ˚q. Write J ˚, J 0 ˚, J 

H 1 " pH 1 X N ´q ¨pH 1 X M q ¨pH 1 X N `q, H 1 X M " H 1 ˚ˆ¨¨¨ˆH 1 ånd J 1 " pJ 1 X N ´q ¨pJ 1 X M q ¨pJ 1 X N `q, J 1 X M " J 1 ˚ˆ¨¨¨ˆJ 1 ˚.
(2) The character θ is trivial on H 1 X N ´, H 1 X N `and there exists a unique simple character θ ˚P Cpa ˚, βq such that θ agrees with θ ˚b ¨¨¨b θ ˚on H 1 X M .

Moreover, the map θ Þ Ñ θ ˚defined by Lemma 4.10(2) is a bijection from Cpa, βq to Cpa ˚, βq: this is an instance of the transfer of [START_REF] Bushnell | The admissible dual of GLpN q via compact open subgroups[END_REF] 3.6.

Let η ˚denote the Heisenberg representation of J 1 ˚associated with θ ˚. Compare the next result with Lemma 2 in [START_REF] Bushnell | To an effective local Langlands correspondence[END_REF] 3.3 and the discussion after it. Lemma 4.11. -Let κ ˚be a representation of J ˚extending η ˚.

(1) The set J `" pH 1 X N ´q ¨pJ X Q `q is a group, and there is a unique representation κ òf J `which is trivial on H 1 X N ´, J 0 X N `and agrees with κ ˚b ¨¨¨b κ ˚on J X M .

(2) The representation r κ `of pJ 1 X N ´q ¨pJ X Q `q " J 1 J `induced by κ `extends η. (3) There is a unique irreducible representation κ of J extending r κ `.

Proof. -That J `is a group follows from the fact that H 1 is normalized by J, thus by J X Q `.

The existence of κ `follows from the containment

pJ 0 X N `q ¨pH 1 X N ´q Ď pH 1 X N ´q ¨pJ 1 X M q ¨pJ 0 X N `q
(see the argument of [START_REF] Sécherre | Représentations lisses de GLpm, Dq. II. β-extensions[END_REF] 2.3). Mackey's formula implies that the restriction of r κ `to J 1 is

Ind J 1 J 1 XJ `pκ `q.
The restriction of κ `to J 1 X J `" pH 1 X N ´q ¨pJ 1 X Q `q is the unique representation η `which is trivial on H 1 X N ´, J 1 X N `and agrees with η ˚b ¨¨¨b η ˚on J 1 X M . The representation it induces to J 1 is isomorphic to η: indeed, this representation contains θ by Lemma 4.10(2), and it has dimension

dimpη ˚b ¨¨¨b η ˚q ¨pJ 1 X N ´: H 1 X N ´q " pJ 1 X M : H 1 X M q 1{2 ¨pJ 1 X N ´: H 1 X N ´q " pJ 1 : H 1 q 1{2
which is the dimension of η (see [START_REF] Mínguez | Types modulo pour les formes intérieures de GL n sur un corps local non archimédien[END_REF] 2.3).

It remains to prove [START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF]. First, uniqueness follows from the fact that any two such extensions differ from a character of J trivial on J 1 J `, and such a character is trivial since p ‰ 2. Existence follows from [8] 5.2.4 (see [START_REF] Mínguez | Types modulo pour les formes intérieures de GL n sur un corps local non archimédien[END_REF] 2.4 in the modular case).

The reader will pay attention to the fact that J X M is not equal to J ˚ˆ¨¨¨ˆJ ˚in general (unless u " 1), but is generated by J 0 ˚ˆ¨¨¨ˆJ 0 ˚and E ˆ(the latter being diagonal in M ). (2) Any two representations of J ˚extending η ˚have the same image if and only if they are twists of each other by a character of J ˚trivial on J 0 ˚and of order dividing u.

Proof. -The case where u " m is given by Corollary 1 in [START_REF] Bushnell | To an effective local Langlands correspondence[END_REF] 3.3, and the general case follows by transitivity.

Remark 4.13. -Suppose that u is equal to m. Let y P M X B ˆand write θ 1 " θ y P Cpa y , βq.

The groups associated with θ 1 are J 1 " J y , etc. The group isomorphism B ˆ» GL m pEq identifies M X B ˆwith the diagonal torus E ˆˆ¨¨¨ˆE ˆ, and E ˆnormalizes θ ˚. The character θ 1 is thus trivial on H 1y X N ´, H 1y X N `and agrees with θ ˚b ¨¨¨b θ ˚on H 1y X M " H 1 X M . If κ ˚is a representation of J ˚extending η ˚, the representation of J 1 corresponding to it by (4.10) is κ y .

4.5. Suppose now that the simple character θ and the simple stratum ra, βs of 4.4 are σ-selfdual. The groups J, J 0 , J 1 and H 1 are thus σ-stable. Suppose also that the decompositions (4.9) are σ-stable. The Levi subgroup M is thus σ-stable, and we may assume that Q ´, Q `are σ-stable as well. Also, the simple stratum ra ˚, βs and the simple character θ ˚given by Lemma 4.10 are σ-selfdual. Let G ˚denote the group Aut F pV ˚q. It is isomorphic to GL n{u pF q.

We may also assume that our choice of basis induces an isomorphism of groups (4.4) between J 0 {J 1 and GL m plq as in Proposition 4.5(4), transporting the action of σ on J 0 {J 1 to -the action of the non-trivial element of Galpl{l 0 q on GL m plq if T {T 0 is unramified, -the adjoint action of (4.5) on GL m plq for some i P t0, . . . , tm{2uu, if T {T 0 is ramified.

Let κ ˚be a representation of J ˚extending η ˚, and let κ correspond to it by (4.10). Proof. -First, κ _σ `is trivial on both H 1 X N ´, J 1 X N `and agrees with κ _σ ˚b ¨¨¨b κ _σ ˚on J X M . If κ ˚is σ-selfdual, it follows by uniqueness that κ _σ `is σ-selfdual, thus r κ _σ `is σ-selfdual as well. The unique representation of J extending r κ _σ `is κ _σ , hence κ is σ-selfdual.

We will need the following lemma. Let be a uniformizer of E such that

(4.11) σp q " " if T {T 0 is unramified, ´ if T {T 0 is ramified.
Note that the group J is generated by J 0 and .

Lemma 4.15.

-The group J X G σ is generated by J 0 X G σ and an element 1 such that

(1) 1 " if T {T 0 is unramified, (2) 1 " 2 if T {T 0 is ramified and m ‰ 2i, ( 3 
) 1 P J 0 if T {T 0 is ramified and m " 2i.
Proof. -If T {T 0 is unramified, see [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Lemma 9.1. Suppose that T {T 0 is ramified, and assume that there is an x P J X G σ , x R x 2 , J 0 X G σ y. We have x " v y where v P Z is odd and y P J 0 satisfies σpyq " ´y. Reducing mod J 1 , we get an α P GL m plq such that σpαq " ´α. Since the involution σ acts on GL m plq by conjugacy by δ " diagp´1, . . . , ´1, 1, . . . , 1q

(where ´1 occurs i times), this implies that δ and ´δ are GL m plq-conjugate, thus m " 2i. Conversely, if m " 2i, then (4.12) w "

ˆ0 id i id i 0 ˙P J 0 X B ˆ" GL 2i pO E q
is σ-anti-invariant, and 1 " w has the required property.

We now investigate the behavior of the map (4.10) with respect to distinction. The case where u " m will be sufficient for our purpose (see Paragraph 4.6). (1) If T {T 0 is unramified, or if T {T 0 is ramified and m ‰ 2i, the representation κ is J X G σdistinguished.

(2) If T {T 0 is ramified and m " 2i, there exists a quadratic character ξ of J trivial on

J 0 such that κξ is J X G σ -distinguished. Proof. -The representation κ `is J `X G σ -distinguished, thus r κ `is J 1 J `X G σ -distinguished. It follows that κ is J 1 J `X G σ -distinguished. Let χ be the character of J X G σ associated with κ by Proposition 4.7. It is trivial on J 1 J `X G σ . Restricting to J 0 X G σ , it is a character of pJ 0 X G σ q{pJ 1 X G σ q » GL m plq σ . Since J X M Ď J `, it is trivial on the image of pJ X M q X pJ 0 X G σ q in GL m plq σ , which is made of the σ-fixed points of the diagonal torus M " l ˆˆ¨¨¨ˆl ˆ.
If T {T 0 is unramified, we have GL m plq σ " GL m pl 0 q and M σ " l 0 ˆ¨¨¨ˆl 0 , thus χ is trivial on J 0 X G σ . If T {T 0 is ramified, we have GL m plq σ " GL i plq ˆGL m´i plq and M σ " M. Again, χ is trivial on J 0 X G σ . By Lemma 4.15, it remains to consider the value of χ at 1 . If T {T 0 is unramified, or if T {T 0 is ramified and m ‰ 2i, we have 1 P J 1 J `X G σ , thus χ is trivial. Now assume that T {T 0 is ramified and m " 2i. Let ξ be the quadratic character of J trivial on J 0 defined by ξp 1 q " χp 1 q. Then κξ is J X G σ -distinguished.

We will prove in Paragraph 4.6 that the quadratic character ξ of Lemma 4.16( 2) is always trivial: see Corollary 4.20.

4.6.

As in Paragraph 4.5, the simple character θ and the simple stratum ra, βs are both maximal σ-selfdual, and η is the Heisenberg representation of J 1 associated with θ. The next proposition, which says that η has a canonical extension to J, is the core of our proof of Theorem 4.42.

Proposition 4.17. -There is, up to isomorphism, a unique representation κ of J extending η satisfying the following conditions:

(1) it is both σ-selfdual and J X G σ -distinguished, (2) its determinant has order a power of p. This unique representation will be denoted κ θ .

Remark 4.18. -This extends (and makes more precise) the results of [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] (see ibid., Propositions 7.9, 9.4) where θ is assumed to be generic and either T {T 0 is unramified and m is odd, or T {T 0 is ramified and m P t1, 2iu. See also [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Remarks 9.5 and 9.9.

Proof. -Suppose first that there exists a representation satisfying [START_REF] Anandavardhanan | Root numbers of Asai L-functions[END_REF]. As in the proof of [START_REF] Sécherre | Représentations cuspidales de GL r pDq distinguées par une involution intérieure[END_REF] Corollary 6.12, one then easily proves the existence of a representation κ satisfying (1) and ( 2). Let us prove that such a representation is unique. Any other representation of J satisfying the conditions of the proposition is of the form κφ for some character φ of J which is σ-selfdual and trivial on pJ X G σ qJ 1 , and whose order is a power of p. The restriction of φ to J 0 can be considered as a character of GL m plq. Since the latter group is not isomorphic to GL 2 pF 2 q (for p ‰ 2), this character factors through the determinant. Its order is thus prime to p, which implies that φ is trivial on J 0 . It is thus a character of J{pJ X G σ qJ 0 which, by Lemma 4.15, has order at most 2. Uniqueness follows from the fact that p ‰ 2.

We are now reduced to proving the existence of a representation κ satisfying (1). If m " 1, this follows from [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Propositions 7.9, 9.4. (See also Remark 4.18.) Now consider the constructions of 4.4 and 4.5 with u " m. Thanks to the case where m is equal to 1, there is a representation κ ˚of J ˚extending η ˚which is both σ-selfdual and J ˚X G σ ˚distinguished. Let κ be the representation of J extending η associated with it by (4.10). Lemma 4.14 implies that it is σ-selfdual, and Lemma 4.16 implies that there is a quadratic character ξ of J trivial on J 0 such that κξ is J X G σ -distinguished. Since ξ is unramified and quadratic, κξ is also σ-selfdual and extends η. 

If κ ˚is J ˚X G σ ˚-distinguished, then κ is JXG σ -distinguished. Proof.
-The result is given by Lemma 4.16, except when T {T 0 is ramified and m " 2i, which we assume now. Suppose that κ ˚is J ˚X G σ ˚-distinguished. By Lemma 4.16, there is a quadratic character ξ of J trivial on J 0 such that κξ is J X G σ -distinguished. Let κ θ be the representation given by Proposition 4.17 and write κξ " κ θ φ for some character φ of J trivial on pJ X G σ qJ 1 . Restricting to J 0 , the character φ can be seen as a character of GL m plq of the form α ˝det, for some character α of l ˆ, which is trivial on GL m plq σ " GL i plq ˆGL i plq. This implies that α is trivial, thus φ is trivial on J 0 . Also, φ is trivial at 1 P J 0 by Lemma 4.15. It is thus trivial.

In conclusion, we have κ " κ θ ξ. Taking determinants, we get (4. [START_REF] Dipper | Identification of the irreducible modular representations of GL n pqq[END_REF] det κ " ξ ¨det κ θ .

Now there is a y P M X B ˆsuch that θ 1 " θ y P Cpa y , βq is a σ-selfdual maximal simple character of index 0 (in the sense of Remark 4.9). By Remark 4.13, the simple character of Cpa ˚, βq associated with θ 1 by Lemma 4.10 is still θ ˚, and the representation of J 1 " J y corresponding to κ ˚by (4.10) is κ y . Let κ θ 1 be the representation associated with θ 1 by Proposition 4.17. By Lemma 4.16, κ 1 is distinguished. By the discussion above, it follows that

(4.14) det κ y " det κ θ 1 .
But the characters det κ, det κ y have the same order (since they are conjugate to each others), and the latter one has order a power of p thanks to (4.14). Now (4.13) implies that ξ has order a power of p. Since ξ is quadratic and p ‰ 2, this character is trivial.

We extract from the proof of Corollary 4.20 the following valuable corollary.

Corollary 4.21.

-Suppose that u " m. Let κ θ˚a nd κ θ be the representations associated with θ ˚and θ by Proposition 4.17, respectively. Then the map (4.10) takes κ θ˚t o κ θ .

We also have the following corollary, which extends [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Lemma 7.10(3), Corollary 9.6(1).

Corollary 4.22. -Any J X G σ -distinguished representation of J extending η is σ-selfdual.
Proof. -Let κ be a J X G σ -distinguished representation of J extending η, and ξ be the unique character of J trivial on J 1 such that κ " κ θ ξ. We have to prove that ξ ´1 ˝σ " ξ. The fact that κ is distinguished implies that ξ is trivial on pJ X G σ qJ 1 . Restricting to J 0 , the character ξ can be seen as a character of GL m plq of the form α ˝det, for some character α of l ˆ.

If T {T 0 is unramified, α is trivial on l 0 , thus ξ ´1 ˝σ and ξ coincide on J 0 . They also coincide on P J X G σ , thus they are equal.

If T {T 0 is ramified, α is trivial, thus ξ ´1 ˝σ and ξ are both trivial on J 0 . Since ξ is trivial on 2 P J X G σ , we get ξ ´1 ˝σp q " ξ ´1p´ q " ξ ´1p q " ξp q, which finishes the proof. -Let π be a cuspidal representation of G. There is, up to G-conjugacy, a unique simple character θ such that the restriction of π to H 1 θ contains θ, and it is maximal. Let π be a cuspidal representation of G, and let θ be a simple character occurring in π. Associated with it, there are:

-the positive integer mpπq " m ě 1 defined by (4.3), called the relative degree of π, -the G-conjugacy class (or equivalently the F -isomorphism class) of the tamely ramified extension T of F associated with θ, called the tame parameter field of π, -the endo-class Θ of θ, called the endo-class of π. (Note that, when π has level 0, one has m " n and T " F , and Θ is the null endo-class.)

Write J " J θ , J 0 " J 0 θ , J 1 " J 1 θ and let η be the Heisenberg representation of θ. The next proposition follows from [START_REF] Mínguez | Types modulo pour les formes intérieures de GL n sur un corps local non archimédien[END_REF] Lemme 5.3, Theorem 3.11. Proposition 4.24. -Let κ be a representation of J extending η, and define a representation of J on the space Hom J 1 pκ, πq by making x P J act on f P Hom J 1 pκ, πq by x ¨f " πpxq ˝f ˝κpxq ´1.

This representation, denoted τ , has the following properties:

(1) It is irreducible, and trivial on J 1 .

(2) If one identifies J 0 {J 1 with a finite general linear group as in (4.4), its restriction to J 0 is the inflation of a cuspidal representation.

(3) The compact induction of κ b τ from J to G is isomorphic to π.

Any two representations of J extending η differ from a character of J trivial on J 1 . The pair (4.15) pJ, κ b τ q thus only depends on π and the choice of θ, and not on the choice of κ.

When π varies among all cuspidal representations of G and θ varies among all maximal simple characters in π, the pairs (4.15) are called extended maximal simple types in [START_REF] Bushnell | The admissible dual of GLpN q via compact open subgroups[END_REF][START_REF] Mínguez | Types modulo pour les formes intérieures de GL n sur un corps local non archimédien[END_REF], which we will abbreviate to types here. A given cuspidal representation of G thus contains, up to G-conjugacy, a unique type pJ, λq: there is a unique maximal simple character θ such that J θ " J and θ occurs in the restriction of λ to H 1 θ , a representation κ of J which restricts irreducibly to J 1 and a representation τ of J trivial on J 1 such that λ is isomorphic to κ b τ . Remark 4.25. -If a is a maximal order in M n pF q, the trivial character of U 1 a is a maximal simple character, with E " T " F and m " n. The cuspidal representations of G that contain such a simple character are precisely the cuspidal representations of level 0.

Fix a representation κ of J extending η and define τ as in Proposition 4.24, and fix a simple stratum ra, βs such that θ P Cpa, βq and an isomorphism (4.3). This gives a field E and an isomorphism J 0 {J 1 » GL m plq, where l is the residue field of T .

By Proposition 4.24 [START_REF] Anandavardhanan | Distinguished representations and poles of twisted tensor L-functions[END_REF], the restriction of τ to J 0 is the inflation of a cuspidal irreducible representation, denoted V.

On the other hand, the representation τ has a central character : it is a character of the centre E ˆJ1 {J 1 of J{J 1 , or equivalently a tamely ramified character of E ˆ. Since E is totally wildly ramified over its maximal tamely ramified subextension T , any tamely ramified character of E ˆfactors through the norm N E{T . The restriction of τ to E ˆis thus a multiple of ω ˝NE{T for a uniquely determined tamely ramified character ω of T ˆ.

The data V and ω are subject to the compatibility condition that the restriction of V to l ˆis a multiple of the character of l ˆwhose inflation to O T is the restriction of ω p e , with p e " rE : T s. Associated with V by Proposition 3.9, there are a unique integer u ě 1 dividing m and a unique supercuspidal representation of GL m{u plq such that V is isomorphic to st u p q. The next important result is [START_REF] Mínguez | Correspondance de Jacquet-Langlands locale et congruences modulo[END_REF] It follows that rpπq divides m, and that π is supercuspidal if and only if V is supercuspidal.

4.8. Write r " rpπq and k " n{r, and let ρ be a supercuspidal representation of GL k pF q such that π is isomorphic to St r pρq given by Proposition 3.6. In this paragraph, we will compare the type theoretic description of π with that of ρ. As in 4.7, we fix a representation κ of J extending η. It defines an irreducible representation τ of J trivial on J 1 , then a cuspidal representation V of GL m plq and a tamely ramified character ω of T ˆ. There is also a (unique) supercuspidal representation of GL m{r plq such that V is isomorphic to st r p q.

Since r divides m, we may apply the results of 4.4 to the case where u " r, which we assume now. Let θ ˚be the simple character associated with θ by Lemma 4.10. Proof. -This follows from the description p1q of St r pρq in [START_REF] Mínguez | Représentations lisses modulo de GL m pDq[END_REF] Section 6.

Consequently, π and ρ have the same endo-class. We have the following immediate corollary. Let η ˚be the Heisenberg representation associated with θ ˚, and let κ ˚be a representation of J ˚extending η ˚such that the representation of J associated with it by (4.10) is κ. It defines an irreducible representation τ ˚of J ˚trivial on J 1 ˚, such that the pair pJ ˚, κ ˚b τ ˚q is a type in ρ. Associated with this, there are a cuspidal representation ˚of GL m{r plq (which is supercuspidal thanks to the comment after Lemma 4.26) and a tamely ramified character ω ˚of T ˆ. The following proposition compares the pairs p , ωq and p ˚, ω ˚q associated with τ and τ ˚. Proof. -Again, the fact that is isomorphic to ˚follows from the description of St r pρq in [START_REF] Mínguez | Représentations lisses modulo de GL m pDq[END_REF] Section 6. It thus remains to prove the second equality. For this, consider the action of J on (4.16)

Hom J 1 pκ, I pρ, rqq where I pρ, rq is the parabolically induced representation (3.1). By [START_REF] Sécherre | Block decomposition of the category of -modular smooth representations of GL n pFq and its inner forms[END_REF] Proposition 5.6, its restriction to J 0 is the inflation of the induced representation ˚ˆ¨¨¨ˆ ˚of GL m plq. By tracking the action of E ˆin the arguments of [START_REF] Sécherre | Block decomposition of the category of -modular smooth representations of GL n pFq and its inner forms[END_REF] Section 5, we see that it acts on the space (4.16) by the character ω r ˚˝N E{T . In particular, E ˆacts through this character on the subquotient Hom J 1 pκ, πq, which is τ . 4.9. Suppose that the cuspidal representation π is σ-selfdual. We say a type pJ, λq is σ-selfdual if J is σ-stable and λ _σ is isomorphic to λ. The next result is [START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF] A type pJ, λq contains a unique simple character θ such that J θ " J: it follows that, if pJ, λq is σ-selfdual, θ is σ-selfdual as well. In particular, π contains a σ-selfdual simple character.

Let θ be a σ-selfdual simple character occurring in π, and ra, βs be a σ-selfdual simple stratum such that θ P Cpa, βq (which exists by Proposition 4.5). The G σ -conjugacy class (or equivalently p1q Warning: the representation denoted Stpρ, rq in [START_REF] Mínguez | Représentations lisses modulo de GL m pDq[END_REF] corresponds to Strpρν pr´1q{2 q, and the one denoted Strpρq in [START_REF] Mínguez | Représentations lisses modulo de GL m pDq[END_REF] corresponds to Stvpρν pv´1q{2 q with v " epρq r . the F 0 -isomorphism class) of the tamely ramified extension T 0 of E 0 associated with θ only depends on π. Associated with π, there is thus a quadratic extension T {T 0 . 

T {T 0 is unramified, -tm{2u `1 different G σ -conjugacy classes of σ-selfdual types if T {T 0 is ramified.
Among these G σ -conjugacy classes of σ-selfdual types, one is of particular importance. Definition 4.32. -A σ-selfdual type pJ, λq is said to be generic if either T {T 0 is unramified, or T {T 0 is ramified and the integer i of Proposition 4.5(2.b) is equal to tm{2u.

A σ-selfdual cuspidal representation of G thus contains, up to G σ -conjugacy, a unique generic σ-selfdual type. The next result is [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Theorem 10.3 (see also [START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF] Section 6). Proposition 4.33. -Let π be a σ-selfdual cuspidal representation of G and pJ, λq be its generic σ-selfdual type. Then π is distinguished if and only if λ is J X G σ -distinguished.

If pJ, λq is a σ-selfdual type, and if θ is the unique simple character contained in λ such that J θ " J, we will write λ w for the unique representation κ θ of J extending the Heisenberg representation of θ given by Proposition 4.17. The next result extends [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Propositions 7.9, 9.8 to the case of arbitrary σ-selfdual cuspidal representations. Proposition 4.34. -Let π be a σ-selfdual cuspidal representation of G. Let pJ, λq be a generic σ-selfdual type in π and τ be the representation of J trivial on J 1 such that λ is isomorphic to λ w b τ . Then π is distinguished if and only if τ is J X G σ -distinguished.

Proof. -This follows from Proposition 4.33 together with the fact that Hom JXG σ pλ, Rq » Hom JXG σ pλ w , Rq b Hom JXG σ pτ , Rq and Hom JXG σ pλ w , Rq has dimension 1 (see Proposition 4.7(4)).

Fix isomorphisms (4.17)

B » M m pEq, J 0 {J 1 » GL m plq,
as in Proposition 4.5 [START_REF] Anandavardhanan | Distinguished representations, base change, and reducibility for unitary groups[END_REF]. The restriction of τ to J X B ˆis a generic σ-selfdual type of level 0 in B ˆ» GL m pEq and J{J 1 is naturally isomorphic to pJ X B ˆq{pJ 1 X B ˆq. The representation τ is thus distinguished by J X G σ if and only if its restriction to J X GL m pEq is distinguished by J X GL m pE 0 q. Proposition 4.34 used twice thus implies that π is distinguished by G σ if and only if the cuspidal representation of level 0 of GL m pEq compactly induced from the restriction of τ to J X GL m pEq is distinguished by GL m pE 0 q. However, the field extension E is not canonical. In 4.10, we will canonically associate with π a σ-selfdual cuspidal representation π t of level 0 of GL m pT q, which is GL m pT 0 q-distinguished if and only if π is G σ -distinguished, where T {T 0 is the quadratic extension associated with π. Our strategy is inspired from [START_REF] Bushnell | To an effective local Langlands correspondence[END_REF] Section 3.

The following proposition relates the parity of m{r to the ramification of T {T 0 .

Proposition 4.35. -Let π be a σ-selfdual cuspidal representation of GL n pF q with quadratic extension T {T 0 , and write m " mpπq, r " rpπq. Then m{r is " odd if T {T 0 is unramified, either even or equal to 1 if T {T 0 is ramified.

Proof. -Write π as St r pρq as in Proposition 3.8 with ρ σ_ » ρν i for some i P t0, 1u. Then ρν i{2 is a σ-selfdual supercuspidal representation of GL n{r pF q, and the quadratic extension associated with it is T {T 0 . Applying [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Propositions 8.1, 9.8, we get the expected result.

4.10.

In order to prove Theorem 4.42, it will be useful to consider the slightly more general situation where π is a cuspidal representation of G with σ-selfdual endo-class Θ. Thus π itself needs not be σ-selfdual. However, it has a relative degree m and, since Θ is σ-selfdual, there is a quadratic extension T {T 0 associated with it. Moreover, by Proposition 4.8, it contains, up to G σ -conjugacy, a unique generic σ-selfdual maximal simple character θ. Let J be its normalizer in G and κ θ be the representation of J given by Proposition 4.17. Then π contains a unique type of the form (4.18) pJ, κ θ b τ q for a uniquely determined irreducible representation τ of J trivial on J 1 . Fix a σ-selfdual simple stratum ra, βs and isomorphisms (4.17) as in Proposition 4.5. First, we define an open and compact mod centre subgroup J t of GL m pT q as follows:

-if T {T 0 is unramified, J t is the normalizer of GL m pO T q in GL m pT q, -if T {T 0 is ramified, and if t is a uniformizer of T such that σptq " ´t, then J t is the normalizer in GL m pT q of the conjugate of GL m pO T q by the diagonal element diagpt, . . . , t, 1, . . . , 1q P GL m pT q where t occurs tm{2u times. The group J t (which does not depend on the choice of t in the ramified case) has a unique maximal compact subgroup J 0 t and a unique normal maximal pro-p-subgroup J 1 t . The natural group isomorphism (4.19) J 0 t {J 1 t » GL m plq transports the action of σ P GalpT {T 0 q on J 0 t {J 1 t to -the action of the non-trivial element of Galpl{l 0 q on GL m plq if T {T 0 is unramified, -the adjoint action of (4.20) We now associate to τ an irreducible representation τ t of J t trivial on J 1 t . On the one hand, the restriction of τ to J 0 is the inflation of an irreducible cuspidal representation V of GL m plq. On the other hand, the restriction of τ to E ˆis a multiple of ω ˝NE{T for a uniquely determined tamely ramified character ω of T ˆ: see 4.7. Note that rE : T s " p e for some e ě 1.

ˆ´id
Lemma 4.37. -Let V and ω be as above.

(1) There is a unique representation τ t of J t trivial on J 1 t such that (a) the restriction of τ t to T ˆis a multiple of the character ω, (b) the restriction of τ t to J 0 t is the inflation of V pp ´eq , where V pp ´eq is the representation of GL m plq obtained from V by applying the automorphism x Þ Ñ x p ´e .

(2) The pair pJ t , τ t q is a level 0 type in GL m pT q.

(3) Up to isomorphism, the representation τ t only depends on τ , and not on the choice of the σ-selfdual simple stratum ra, βs, the uniformizer t and the identification J 0 {J 1 » GL m plq.

Proof. -Uniqueness follows from the fact that J t is generated by J 0 t and T ˆ, and the existence of τ t follows from the fact that the restriction of V pp ´eq to l ˆis a multiple of the character of l defined by the restriction of ω to the units of T ˆ. Since V pp ´eq is cuspidal, the pair pJ t , τ t q is a level 0 type by construction. It remains to prove [START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF]. Since it will require techniques which are not used anywhere else in the paper, we will prove it apart, in Paragraph 4.13.

It will be convenient to give another description of the representation τ t .

Lemma 4.38. -(1)

There is a unique group isomorphism π : J{J 1 Ñ J t {J 1 t such that (a) its restriction to GL m plq is the automorphism acting entrywise by φ : x Þ Ñ x p e , (b) for all x P E ˆ, the image of xJ 1 is N E{T pxqJ 1 t .

(2) The isomorphism π is σ-equivariant.

(3) The representation τ t is isomorphic to τ ˝π´1 .

Proof. -Again, uniqueness follows from the the fact that J is generated by J 0 and E ˆ. Existence follows from the fact that N E{T pxq " x p e for all x P O Ê of order prime to p, and that N E{T induces a group isomorphism from E ˆ{p1 `pE q to T ˆ{p1 `pT q.

Define π 1 to be σ ˝π ˝σ´1 . The restriction of π 1 to E ˆcorresponds to σ ˝NE{T ˝σ´1 , which is equal to N E{T since E and T are stable by σ. The restriction of π 1 to GL m plq is -the automorphism defined by making σ ˝φ ˝σ´1 " φ P Galpl{F p q act entrywise if T {T 0 is unramified, -the automorphism Adpδ ´1φpδqq ˝φ " φ if T {T 0 is ramified, where δ is the φ-invariant matrix defined by (4.5).

The fact that π is σ-equivariant now follows from its uniqueness, and (3) is immediate. Now let us describe the behavior of τ Þ Ñ τ t with respect to duality and distinction.

Lemma 4.39. - (1) The representation τ t is σ-selfdual if and only if τ is σ-selfdual. (2) The representation τ t is J t X GL m pT 0 q-distinguished if and only if τ is J X G σ -distingui- shed.
Proof. -Saying that τ is σ-selfdual is equivalent to saying that the representation V and the character ω ˝NE{T are σ-selfdual. Assertion (1) follows from the fact that pV pp ´eq q _σ is isomorphic to pV _σ q pp ´eq and pω ˝NE{T q ´1 ˝σ is equal to pω ´1 ˝σq ˝NE{T .

Assertion (2) follows from the fact that τ t ˝π " τ and π maps pJ{J 1 q σ to pJ t {J 1 t q σ . Corollary 4.40. -The pair pJ t , τ t q is a generic σ-selfdual type if and only if pJ, κ θ b τ q is a generic σ-selfdual type.

Proof. -This follows from Lemma 4.39(1), thanks to our choice of J t (see (4.20)). GLmpT q Jt pτ t q.

It satisfies the following properties.

Proposition 4.41. - (1)
The representation π t is cuspidal, irreducible and has level 0. (2) One has mpπ t q " m and rpπ t q " r.

(3) The representation π t is σ-selfdual if and only if π is σ-selfdual. (4) The representation π t is GL m pT 0 q-distinguished if and only π is GL n pF 0 q-distinguished.

Proof. -Assertion (1) follows from the fact that π t is compactly induced from a level 0 type in GL m pT q (see Lemma 4.37 and Remark 4.25). The first equality of Assertion (2) follows from Remark 4.25, and the second one from Lemma 4.26.

Suppose that π is σ-selfdual. Then τ is σ-selfdual (see 4.9). By Lemma 4.39, the representation τ t is σ-selfdual as well. By compact induction, it follows that π t is σ-selfdual. The argument also works the other way round, proving [START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF]. Assertion (4) follows from Proposition 4.34 together with Lemma 4.39(2). (2) The bijection (4.22) maps σ-selfdual representations onto σ-selfdual representations and G σdistinguished representations onto GL m pT 0 q-distinguished representations.

(3) For any cuspidal representation π with endo-class Θ and any tamely ramified character χ of F ˆ, the representation pπχq t is isomorphic to π t pχ ˝NT {F q.

Proof. -For (1), let π 0 be a cuspidal representation of level 0 of GL m pT q. It contains a level 0 type pJ t , τ 0 q for a uniquely determined representation τ 0 of J t trivial on J 1 t . It then suffices to check that the process π 0 Þ Ñ ind G J pκ θ b pτ 0 ˝πqq gives the inverse bijection. For (3), notice that if π contains the type pJ, κ θ bτ q, then πχ contains the type pJ, κ θ b τ χ J q, where χ J is the unique character of J trivial on J 1 whose restriction to J X B ˆ» GL m pEq is equal to pχ ˝NE{F q ˝det E where det E is the determinant on B » M m pEq. Then pτ χ J q t is isomorphic to the representation τ t twisted by the character of J t trivial on J 1 t given by pχ ˝NT {F q ˝det T , where det T is the determinant on M m pT q. Assertion (2) is given by Proposition 4.41.

Corollary 4.43. -Let µ be a tamely ramified character of F 0 . A cuspidal representation π of GL n pF q with endo-class Θ is distinguished by µ if and only if π t is distinguished by µ ˝NT 0 {F 0 .

Proof. -Fix a tamely ramified character ξ of F ˆextending µ. Then π is µ-distinguished if and only if πξ ´1 is distinguished, and pπξ ´1q t is isomorphic to π t pξ ´1 ˝NT {F q. Thus π is µ-distinguished if and only if π t is distinguished by the character ξ ˝NT {F | T 0 " µ ˝NT 0 {F 0 .

Finally, let us describe the compatibility of the process (4.22) with the description of cuspidal representations in terms of supercuspidal ones of 4.8.

Proposition 4.44. -Let π be a cuspidal representation of G with endo-class Θ and r " rpπq. Let ρ be a supercuspidal representation of GL n{r pF q such that π is isomorphic to St r pρq. Then π t is isomorphic to St r pρ t q.

Remark 4.45. -Note that this makes sense since, by Corollary 4.28, the representations π, ρ have the same endo-class Θ, thus the same quadratic extension T {T 0 .

Proof. -The representation π contains a type of the form pJ, κ θ b τ q for a unique representation τ of J trivial on J 1 . Fix a σ-selfdual simple stratum ra, βs and isomorphisms (4.17) as in Proposition 4.5. Associated with τ , there are a tamely ramified character ω of T , and a cuspidal representation V " st r p q of GL m plq, for some supercuspidal representation of GL m{r plq. The representation τ is entirely determined by the fact that -its restriction to J 0 is the inflation of V, -its restriction to E ˆis a multiple of the character ω ˝NE{T . We now use the results of 4.4 and 4.5 for u " r. Let θ ˚be the simple character associated with θ by Lemma 4.10. Thanks to Corollary 4.21, the representation κ θ˚c orresponds to κ θ via the map (4.10). Paragraph 4.8 says that ρ contains the type pJ ˚, κ θ˚b τ ˚q, where τ ˚is the representation of J ˚trivial on J 1 ˚determined by -its restriction to J 0 ˚is the inflation of , -its restriction to E ˆis a multiple of ω ˚˝N E{T , where ω ˚is a tamely ramified character of T ˆsuch that ω r ˚" ω. Thus ρ t is compactly induced from the level 0 type pJ ˚,t , τ ˚,t q where τ ˚,t is determined by -its restriction to J 0 ˚,t is the inflation of pp ´eq , -its restriction to T ˆis a multiple of ω ˚.

Thus St r pρ t q is compactly induced from the level 0 type pJ t , δq where δ is determined by -its restriction to J 0 t is the inflation of st r p pp ´eq q » V pp ´eq , -its restriction to T ˆis a multiple of ω r ˚" ω. It follows that δ is isomorphic to τ t , whence St r pρ t q is isomorphic to π t . 4.12. Finally, let π be a σ-selfdual cuspidal representation of G, of level 0. It has a central character c π and its generic type pJ, λq defines a cuspidal representation V of GL n pkq. Assume that n ‰ 1. In the spirit of Proposition 4.34, we give a necessary and sufficient condition for π to be distinguished by GL n pF 0 q in terms of c π and V.

Theorem 4.46. -The representation π is GL n pF 0 q-distinguished if and only if its central character c π is trivial on F 0 and

(1) if F {F 0 is unramified, then V is GL n pk 0 q-distinguished,

(2) if F {F 0 is ramified, then n is even, V is GL n{2 pkqˆGL n{2 pkq-distinguished, the vector space of GL n{2 pkq ˆGL n{2 pkq-invariant linear forms on V has dimension 1 and (4. [START_REF] Matringe | Conjectures about distinction and local Asai L-functions[END_REF] s " ˆ0 id id 0 ˙P GL n pkq acts on this space by the sign c π p q, where is any uniformizer of F .

Proof.

-By Proposition 4.34, the representation π is GL n pF 0 q-distinguished if and only if λ is J X G σ -distinguished. In the unramified case, the result follows from the fact that J X G σ is generated by F 0 and J 0 X G σ (see Lemma 4.15) and pJ 0 X G σ q{pJ 1 X G σ q identifies with GL n pk 0 q.

Assume now that we are in the ramified case. Since c π is trivial on F 0 and 1 `pF , its value at does not depend on the choice of a uniformizer of F . We thus may and will assume that σp q " ´ , thus c π p q P t´1, 1u. By Lemma 4.15 again, J X G σ is generated by F 0 , J 0 X G σ and w, where the element w P J 0 is defined by (4.12). The quotient pJ 0 X G σ q{pJ 1 X G σ q identifies with GL n{2 pkq ˆGL n{2 pkq, the image of w in J 0 {J 1 » GL n pkq is the element s, the space of GL n{2 pkq ˆGL n{2 pkq-invariant linear forms on V has dimension 1 by [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Corollary 2.16 and s acts on this space as c π p qs.

Putting Theorems 4.42 and 4.46 together, we have thus reduced the problem of characterizing distinguished cuspidal representations of GL n pF q to a problem about distinction of cuspidal representations of finite general linear groups.

4.13.

In this paragraph, we prove Lemma 4.37 [START_REF] Anandavardhanan | Galois self-dual cuspidal types and Asai local factors[END_REF]. First, by Remarks 4.2, 4.36, changing (4.17) and t does not affect the isomorphism class of τ t . Let ra, β 1 s be another σ-selfdual maximal simple stratum such that θ P Cpa, β 1 q. Conjugating by J 1 , we may and will assume that the maximal tamely ramified extension of F in E 1 " F rβ 1 s is T . This gives us another isomorphism π 1 from J{J 1 to J t {J 1 t . By construction, it coincides with π on J 0 {J 1 and the image of xJ 1 by π 1 is equal to N E 1 {T pxqJ 1 for all x P E 1ˆ. We are going to prove that π 1 is equal to π. The result will then follow from the fact that τ t is equal to τ ˝π. For this, it suffices to prove that π and π 1 take the same value at some given uniformizer of E 1 . Let , 1 be uniformizers of E, E 1 respectively.

The centre of J{J 1 is E ˆJ1 {J 1 " E 1ˆJ1 , thus E 1ˆĎ E ˆJ1 . We thus may write 1 P ζJ 1 for some root of unity ζ of T ˆof order prime to p. Changing 1 to 1 ζ ´1, we may and will assume that 1 P J 1 . It suffices to prove the following claim.

Claim 4.47. -We have N E 1 {T p 1 q " N E{T p q mod 1 `pT .

First, this is true when m " 1. Indeed, writing G T for the centralizer of T in G and det T for the determinant on G T , we have det T pxq " N E{T pxq for all x P E ˆ, thus N E 1 {T p 1 q " det T p 1 q P det T p q ¨det T pJ 1 X G T q " N E{T p q ¨p1 `pT q. Now assume that m ą 1. We use the results of 4.4 for u " m. Let θ ˚P Cpa ˚, βq denote the transfer of θ as in Lemma 4.10. Fix a T -embedding ι : E 1 Ñ End T pV ˚q Ď End F pV ˚q such that a ˚is normalized by ιE 1ˆ, and transfer θ to θ ' P Cpa ˚, ιβ 1 q in the sense of [START_REF] Bushnell | The admissible dual of GLpN q via compact open subgroups[END_REF] 3.6. The simple character θ is in Cpa, βq X Cpa, β 1 q. It follows from [START_REF] Bushnell | Local tame lifting for GLpN q. I. Simple characters[END_REF] Theorem 8.7 that θ ˚, θ ' intertwine in G ˚, and from [8] Theorem 3.5.11 that θ ' " θ x ˚for some x P K a˚. Changing ι to Adpxq ˝ι, we thus may assume that θ ' " θ ˚P Cpa ˚, βq X Cpa ˚, ιβ 1 q. By using ι, we get a diagonal embedding E 1 Ñ End T pV ˚q ˆ¨¨¨ˆEnd T pV ˚q Ď End T pV q denoted φ, which is the identity on T ˆ. The Skolem-Noether theorem implies that φ " Adpgq for some g P G T . Conjugating by g, we thus may assume that E ˆand E 1ˆa re both diagonal in M . The identity 1 P J 1 thus implies 1 P J 1 ˚. We are thus reduced to the case where m " 1.

Remark 4.48. -The fact that τ t does not depend on the choice of β is claimed in [START_REF] Bushnell | To an effective local Langlands correspondence[END_REF] Lemma 3.6. However, Property (b) of this lemma does not hold: using the notation of ibid., the restriction of λ J ξ to P ˆis a multiple of the character ξ ˝NP {T , whereas the restriction of pξ| T ˆqJ to P ˆis pξ ˝NP {T q s . (Note that P corresponds to our E, and s corresponds to our m.)

The odd case

In this section, p is odd, is any prime number different from p and the field R has characteristic . This section is devoted to the proof of the following theorem.

Theorem 5.1. -Let π be a σ-selfdual cuspidal non-supercuspidal R-representation of GL n pF q. Assume that the integer r " rpπq is odd, thus π is isomorphic to St r pρq for a uniquely determined σ-selfdual supercuspidal representation ρ of GL k pF q, with k " n{r. If π is GL n pF 0 q-distinguished, then (1) the relative degree m " mpπq and the ramification index of T {T 0 have the same parity, (2) the representation ρ is GL k pF 0 q-distinguished.

Note that the fact that r is odd and r ‰ 1 implies that ‰ 2.

5.1.

Before we start the proof of Theorem 5.1, let us prove the following Disjunction Theorem.

Corollary 5.2. -Let π be a σ-selfdual cuspidal R-representation of GL n pF q. Assume that rpπq is odd. Then π cannot be both distinguished and κ-distinguished.

Proof. -Assume that π is both distinguished and κ-distinguished, and let χ be a tamely ramified character of F ˆextending κ. Then πχ is distinguished, it is isomorphic to St r pρχq and ρχ is supercuspidal and σ-selfdual. Theorem 5.1 applied to both π and πχ implies that ρ is both distinguished and κ-distinguished. This contradicts Theorem 3.2.

We also have the following Distinguished Lift Theorem.

Corollary 5.3. -Let π be a GL n pF 0 q-distinguished cuspidal F -representation of GL n pF q with rpπq odd. There is a GL n pF 0 q-distinguished integral generic Q -representation of GL n pF q whose reduction mod contains π.

Proof. -Write π as St r pρq with ρ distinguished. Let µ be a distinguished integral cuspidal lift of ρ, which exists by Theorem 3.5. Then the generic representation St r pµq satisfies the required property (see [START_REF] Anandavardhanan | Root numbers of Asai L-functions[END_REF] Theorem 1.3 or [START_REF] Matringe | Conjectures about distinction and local Asai L-functions[END_REF] Corollary 4.2 when F has characteristic zero, and observe that the argument in [START_REF] Matringe | Conjectures about distinction and local Asai L-functions[END_REF] holds verbatim in positive characteristic thanks to [START_REF] Jo | Local exterior square and Asai L-functions for GLpnq in odd characteristic[END_REF]Theorem 4.7]).

Remark 5.4. -A GL n pF 0 q-distinguished integral generic Q -representation of GL n pF q as in Corollary 5.3 may not be cuspidal. See Section 6 for the classification of all distinguished cuspidal F -representations of GL n pF q having a cuspidal distinguished lift to Q . Finally, compare Theorem 5.1 with the following finite field analogue. Proposition 5.5. -Let k{k 0 be a quadratic extension of finite fields of characteristic p. Let be a supercuspidal R-representation of GL f pkq for some f ě 1, and r be an odd integer such that st r p q is cuspidal. If st r p q is distinguished by GL f r pk 0 q, then is distinguished by GL f pk 0 q.

Proof. -First, [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Remark 4.3 tells us that st r p q is σ-selfdual (where σ is here the nontrivial automorphism of k{k 0 ). Proposition 3.9 implies that is σ-selfdual. By [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Lemma 2.5, it is distinguished by GL f pk 0 q. 5.2. Let us prove Theorem 5.1(1). Since r is odd, m has the same parity as m{r, and, since π is non-supercuspidal, we have r ą 1, thus m ą 1. It follows from [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Proposition 7.1 that, if m is odd, T {T 0 is unramified, and from Proposition 4.35 that, if m is even, T {T 0 is ramified.

5.3.

We now start the proof of Theorem 5.1 [START_REF] Anandavardhanan | Distinguished representations and poles of twisted tensor L-functions[END_REF]. We thus have a distinguished cuspidal representation π of GL n pF q, which we write St r pρq with ρ supercuspidal and σ-selfdual.

Associated with π, there are a positive divisor m of n, a quadratic extension T {T 0 and a cuspidal representation π t of GL m pT q. By Proposition 4.41, the representation π t has level 0, it is distinguished by GL m pT 0 q and it satisfies rpπ t q " r.

Similarly, associated with ρ, there is a supercuspidal σ-selfdual representation ρ t of GL m{r pT q, which has level 0, and is distinguished by GL m{r pT 0 q if and only if ρ is distinguished by GL k pF 0 q. By Proposition 4.44, the representation π t is isomorphic to St r pρ t q.

It follows that, in order to prove Theorem 5.1(2), we may assume that π has level 0.

5.4.

Let π be a distinguished cuspidal representation of level 0 of GL n pF q. Associated with it, there are its central character c π and a cuspidal representation V of GL n pkq (see §4.7).

The representation π is isomorphic to St r pρq for a unique σ-selfdual supercuspidal representation ρ, and ρ has level 0. Associated with ρ, there are its central character c ρ and a supercuspidal representation of GL k pkq. We have the relation (5.1) c π " pc ρ q r and, by Proposition 4.29, the representation V is isomorphic to st r p q. Since π is distinguished, its central character is trivial on F 0 . Since ρ is σ-selfdual, the restriction of c ρ to F 0 has order at most 2. Restricting the relation (5.1) to F 0 , and since r is odd, we deduce that c ρ is trivial on F 0 .

5.5.

In this paragraph, we will assume that F {F 0 is unramified. By Theorem 4.46, the representation V is distinguished by GL n pk 0 q. By [32] Remark 4.3, it is thus σ-selfdual, that is

st r p q » V » V σ_ » st r p σ_ q.
It follows from Proposition 3.9 that is σ-selfdual. By [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Lemma 2.5, it is thus distinguished by GL k pk 0 q. Applying Theorem 4.46 again, we deduce that ρ is distinguished by GL k pF 0 q. This proves Theorem 5.1 in the unramified case. 5.6. From now on, and until the end of this section, we assume that F {F 0 is ramified. By Theorem 4.46, we may write n " 2u for some integer u ě 1. We write G " G n " GL n pkq, H " H n " GL u pkq ˆGL u pkq and K " K n for the normalizer of H in G, which is generated by H and

s " s n " ˆ0 id id 0 ˙P G
where id is the identity in GL u pkq. It will be convenient to introduce the following definition.

Definition 5.6. -Let c P t´1, 1u Ď R ˆ. An irreducible R-representation V of G is said to be c-distinguished by H if V is H-distinguished and s acts on the space of H-invariant linear forms on V by multiplication by c.

By Theorem 4.46, the representation V is H-distinguished and s acts on the 1-dimensional vector space Hom H pV, Rq by the sign c " c π p q. In other words, V is c-distinguished by H. We are now reduced to proving the following result. (Note that k is even since n is even and r is odd.) Proposition 5.7. -The supercuspidal representation is c-distinguished by H k .

Indeed, since r is odd, the identity (5.1) together with Proposition 5.7 will give us c " c ρ p q. It will then follow from Theorem 4.46 that ρ is GL k pF 0 q-distinguished. Since G is finite, any irreducible R-representation of G is defined over F , that is, isomorphic to π 0 b R for some irreducible F -representation π 0 of G. In order to prove Proposition 5.7, we thus may assume that R is equal to F .

5.8.

From now on, we assume that R is equal to F . The remaining part of the section will be devoted to the proof of Proposition 5.7.

Lemma 5.8. -There exists a c-distinguished irreducible Q -representation of G whose reduction mod contains V.

Proof. -Let χ denote the unique F -character of K trivial on H such that χpsq " c. Since V is cdistinguished, it embeds in Ind G K pχq. Equivalently, the representation Ind G K pχq, which is selfdual (as χ is equal to χ ´1), surjects onto the contragredient W of V. Let Π be a projective indecomposable F -representation of G whose unique irreducible quotient is isomorphic to W. Let r Π be the unique projective Z -representation of G such that r ΠbF is isomorphic to Π. Let Λ be a surjective homomorphism from Ind G K pχq to W. By projectivity, it defines a non-zero homomorphism Λ 1 from Π to Ind G K pχq, then a non-zero homomorphism Λ 2 from r Π to Ind G K pr χq, where r χ is the canonical Z -lift of χ.

By inverting , we deduce that there is an irreducible Q -representation X of G occurring in each of the semi-simple representations J " Ind G K pr χq b Q and r Π b Q . It is thus c-distinguished and, by [START_REF] Serre | Représentations linéaires des groupes finis[END_REF] 15.4, its reduction mod contains W. Now observe that, since r χ is quadratic, J is selfdual. The contragredient of X is thus c-distinguished and its reduction mod contains V. 5.9. Let τ be a c-distinguished irreducible Q -representation as in Lemma 5.8. Consider its cuspidal support: there are positive integers n 1 , . . . , n t such that n 1 `¨¨¨`n t " n and, for each i in t1, . . . , tu, a cuspidal irreducible Q -representation ρ i of GL n i pkq, such that τ occurs as a component of the parabolically induced representation ρ 1 ˆ¨¨¨ˆρ t , denoted W. The representation W is thus c-distinguished. We claim the following.

Claim 5.9. -There is an i P t1, . . . , tu such that n i is even and ρ i is c-distinguished by H n i .

Before proving this claim in the next paragraph, let us explain how it implies Proposition 5.7. Propositions 3.9 and 3.11 imply that, for each i P t1, . . . , tu, the reduction mod of ρ i is irreducible and cuspidal, of the form st r i p i q for a unique positive integer r i and a unique supercuspidal representation i . Since the reduction mod of τ contains V, the representation V occurs as an irreducible component of the parabolically induced representation r pρ 1 q ˆ¨¨¨ˆr pρ t q. Uniqueness of the supercuspidal support implies that i » for all i. It follows that either r i " 1 or r i " ep q v i for some v i ě 0. Observe that, as r " ep q v for some v ě 0 and r is odd, the integer ep q is odd, thus r i is odd in any case, for all i.

Fix an integer i as in Claim 5.9, and let ξ i be a parameter for ρ i in the sense of Definition 3.12. It is a Galpk n i {kq-regular Z -character of k ni . By Proposition 3.13, it is trivial on k ûi , where u i is defined by n i " 2u i , and it takes the unique element of k ni {k ûi of order 2 to ´c.

Since the reduction mod of ρ i is st r i p q, the reduction mod of ξ i takes the form ϑ ˝Nkn i {k k where ϑ is a parameter for .

Since n i " r i k and r i is odd, ϑ is trivial on k l (where k " 2l) and takes the element of k k {k l of order 2 to ´c. By Proposition 3.13, the canonical Z -lift of ϑ is the parameter of a c-distinguished Q -lift of , which implies that is c-distinguished (see Remark 3.14). This proves Proposition 5.7.

5.10.

The remaining part of this section will be devoted to the proof of Claim 5.9. We follow the argument of [START_REF] Matringe | On the local Bump-Friedberg L-function[END_REF] Section 3, which simplifies in our situation since we deal with finite groups. Let A denote the set of t-uples α " pα 1 , . . . , α t q where (1) for each i, the element α i is a family of t `1 non-negative integers of the form α i " pn i,1 , . . . , n i,i´1 , n ì,i , n í,i , n i,i`1 , . . . , n i,t q of sum n i ,

(2) one has n 1,1 `¨¨¨`n t,t " n 1,1 ¨¨¨`n t,t and n i,j " n j,i for all i ‰ j.

For an α P A, it will be convenient to set n i,i " n ì,i `ní ,i for each integer i P t1, . . . , tu. As in [START_REF] Matringe | On the local Bump-Friedberg L-function[END_REF] 3.1, the set A parametrizes the set of pP, Hq-double cosets in G, where P in the parabolic subgroup of G generated by upper triangular matrices and the standard Levi subgroup M isomorphic to G n 1 ˆ¨¨¨ˆG nt . Let us explain how this parametrization works. Associated with any α P A, there are -a standard Levi subgroup M α " pG n 1,1 ˆGn 1,2 ˆ¨¨¨ˆG n 1,t q ˆ¨¨¨ˆpG n t,1 ˆGn t,2 ˆ¨¨¨ˆG nt,t q Ď M, -a diagonal element -a permutation matrix w α P G defined as follows: decompose t1, . . . , nu as the disjoint union of intervals J i,j " ta i,j , a i,j `1, . . . , b i,j u of length n i,j , for each i, j P t1, . . . , tu, where a 1,1 " 1, a i,j`1 " b i,j `1 if j ‰ t and a i`1,1 " b i,t `1 if i ‰ t; then w α is the involution which ' restricts to the identity on J i,i for each i, ' exchanges the intervals J i,j and J j,i if i ‰ j, and sends the kth element of any of these intervals to the kth element of the other one, for all k P t1, . . . , n i,j u. A system of representatives px α q αPA of pP, Hq-double cosets in G is then obtained by any choice of x α P G such that (5.2)

d α " diag ˜˜id n 1,1 ´id n 1,1 ¸,
x α ˆid u ´id u ˙x´1 α " e α ,
where e α " d α w α .

Definition 5.10. -An α P A is called admissible if, for any i, there exists a unique j such that n i,j ‰ 0. This defines an involution σ α : i Þ Ñ j on t1, . . . , tu.

When this is the case, let us write H α for the subgroup of M made of the diagpg 1 , . . . , g t q P M such that g σαpiq " g i for all i P t1, . . . , tu, g i P GL n ì,i pkq ˆGL n í,i pkq for all i fixed by σ α .

Moreover, if n ì,i " n í,i for all i P t1, . . . , tu, we define a matrix k α " diagpk 1 , . . . , k t q P M by

k i " id n i " ´kσαpiq if i ă σ α piq, k i " s n i if i " σ α piq.
This matrix normalizes H α , and we write K α for the group generated by H α and k α . We denote by θ α the inner automorphism of the group PGL n pkq induced by conjugacy by e α (which normalizes M α ). It is not hard to check that: Lemma 5.11. -Let Z denote the centre of G.

(1) An α P A is admissible if and only if M {Z is θ α -stable in G{Z " PGL n pkq.

(2) Suppose that α P A is admissible. The preimage of pM {Zq θα in G, denoted by L α , is

" K α if n ìi " n íi for all i, H α otherwise.
When L α " K α , we denote by χ α the character of K α trivial on H α and sending k α to c. Otherwise, we set χ α to be the trivial character of L α " H α . We have the following lemma. Lemma 5.12. -Suppose that α is admissible and L α " K α . Then there is a system of representatives px α q αPA of pP, Hq-double cosets of G satisfying both (5.2) and x α s n x ´1 α " k α .

Proof. -Let us set m i " n ì,i " n í,i " n i,i {2 for any integer i P t1, . . . , tu such that σ α piq " i. For each α P A, we look for a matrix x α P G such that

x α ˆid u ´id u ˙x´1
α " e α and x α ˆid u id u ˙x´1 α " k α .

To make an explicit choice of x α P G, it will be convenient to introduce the matrix v α P G defined as follows: for all integers i, j P t1, . . . , tu, the pi, jq-block of v α in M n i ,n j pkq is -the identity matrix id n i if j " i or j " σ α piq ă i, -its opposite ´id n i if j " σ α piq ą i, -and 0 otherwise. Then we choose y α the permutation matrix corresponding to the permutation of minimal length (with the usual generators of the symmetric group) satisfying

y α ˆid u ´id u ˙y´1 α " l α
where l α " diagpl 1 , . . . , l t q P M is defined by

l i " id n i " ´lσαpiq if i ă σ α piq, l i " ˆid m i ´id m i ˙if i " σ α piq.
Finally we put x α " v α y α , which has the desired property thanks to the equality

(5.3) ˆid k ´id k id k id k ˙ˆid k ´id k ˙ˆid k ´id k id k id k ˙´1 " s 2k
valid for any k ě 1. With this choice, the careful reader checks by a computation relying again on Equality (5.3), that y α s n y ´1 α " v ´1 α k α v α , which is the desired equality. Now we have the following lemma. Lemma 5.13. -There is an admissible α P A such that Hom Lα pρ 1 b ¨¨¨b ρ t , χ α q is non-zero.

Proof. -Given any subgroup X of G, we will write X for its image in G{Z " PGL n pkq. In particular, we have G " G{Z. Note that K " K{Z is the subgroup of G made of all elements fixed by conjugacy by ˆid u 0 0 ´id u ˙mod Z.

Let χ be the unique character of K trivial on H such that χpsq " c. The character that it induces on K will still be denoted by χ. Since W is c-distinguished, Mackey's formula implies that there is an x P G such that ρ, the representation of P inflated from ρ 1 b ¨¨¨b ρ t , is distinguished by the character χ x | P XK x . We derive from ρ a representation ρ of P distinguished by χ x | P XK x . In fact, because H is a subgroup of K, we can chose x to be some x α for α P A. Now we claim that for all non admissible α P A, the space (5.4)

Hom P XK xα pρ, χ xα q is zero, so in particular x can only be of the form x α for admissible α. Indeed, it follows from [START_REF] Matringe | On the local Bump-Friedberg L-function[END_REF] Proposition 3.5 that, for a non admissible α, the group P X H xα contains a non trivial unipotent radical U α of some parabolic subgroup of M , but the character χ α is trivial on U α , so if the space (5.4) were not reduced to zero, we would deduce that Hom Uα pρ, Rq is non-zero, contradicting the cuspidality of ρ. Hence we deduce x " x α for an α which is admissible. In this case, M X K xα is equal to M θα , so that the space Hom M θα pρ, χ xα q " Hom Lα pρ, χ xα q is non-zero. If L α " K α , then χ xα is equal to χ α thanks to Lemma 5.12. Otherwise, χ xα and χ α are trivial, thus equal. The statement now follows.

Recall that, for any i P t1, . . . , tu, either r i " 1 or r i " ep q v i for some v i ě 0.

Lemma 5.14. -Let α P A be as in Lemma 5.13. Then the involution σ α has a fixed point.

Proof. -Let I 1 be the set of i P t1, . . . , tu such that r i ą 1, let t 1 be the cardinality of this set, and define t 0 " t ´t1 . The identity r " r 1 `¨¨¨`r t implies r " t 0 `ep q ¨ÿ iPI 1 v i .

Since r, ep q and are odd, it follows that t 0 `t1 " t is odd. Thus σ α has a fixed point.

Claim 5.9 now follows from Lemmas 5.13, 5.14. Indeed, by Lemma 5.13, there is an admissible α P A such that Hom Lα pρ 1 b ¨¨¨b ρ t , χ α q is non-zero. Since L α contains H α , the representation ρ i is, for all i fixed by σ α , distinguished by the Levi subgroup GL n ì,i pkq ˆGL n í,i pkq.

By [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Proposition 2.14, this implies that n ì,i " n í,i for all i fixed by σ α , thus L α " K α . By Lemma 5.14, there in an integer i P t1, . . . , tu fixed by σ α . The ith block of L α " K α is K n i and χ α pk i q " c. Thus ρ i is c-distinguished.

Distinguished lift theorems

In this section, p is odd and is a prime number different from p. We look for a necessary and sufficient condition for an F -cuspidal representation of GL n pF q to have a GL n pF 0 q-distinguished lift to Q . Since the case of supercuspidal representations is treated by Theorems 3.3 and 3.4, we will concentrate on non-supercuspidal cuspidal representations.

6.1. We will prove the following two propositions. Proposition 6.1. -Let π be a σ-selfdual cuspidal F -representation of GL n pF q with quadratic extension T {T 0 and m " mpπq. Assume that r " rpπq ą 1 is odd. Then π has a distinguished lift to Q if and only if

(1) the representation π is isomorphic to St r pρq for some GL n{r pF 0 q-distinguished supercuspidal representation ρ of GL n{r pF q,

(2) if e, e 0 are the orders of the cardinalities of the residue fields l, l 0 of T , T 0 mod , then (a) either T {T 0 is unramified and e 0 is even, (b) or T {T 0 is ramified and m{e is odd.

Note that the assumption "r ą 1 is odd" in Proposition 6.1 implies that ‰ 2. Proposition 6.2. -Let π be a σ-selfdual cuspidal F -representation of GL n pF q with quadratic extension T {T 0 and m " mpπq. Assume that r " rpπq is even. Then π has a distinguished lift to Q if and only if (1) the extension T {T 0 is ramified, (2) one has m " r, (3) if we denote by ν 0 the normalized absolute value of F 0 , then (a) either ‰ 2 and π is isomorphic to St m pρq for some supercuspidal representation ρ of GL n{m pF q which is either κ-distinguished or ν ´1 0 -distinguished, (b) or " m " r " 2, the cardinality of the residue field of T 0 is congruent to ´1 mod 4 and π is isomorphic to St 2 pρq where ρ is a GL n{2 pF 0 q-distinguished supercuspidal representation of GL n{2 pF q.

We also formulate the following conjecture making Proposition 6.2 more precise. Conjecture 6.3. -If π is a σ-selfdual cuspidal F -representation of GL n pF q such that the integer rpπq is even, the following assertions are equivalent:

(1) the representation π is distinguished, (2) the representation π has a distinguished lift to Q , (3) the three conditions of Proposition 6.2 hold.

By Proposition 6.2, Theorem 3.3, we know that (2) implies (1) and is equivalent to (3). We thus conjecturate that (1) implies (3). See [START_REF] Cui | Modulo distinction problems[END_REF] Theorem 4.6 for the case n " r " 2.

6.2.

Let π be a σ-selfdual cuspidal F -representation of G " GL n pF q. Let pJ, λq be a generic σselfdual type in π, let λ w be the representation of J given by Proposition 4.17 (see Paragraph 4.9) and τ be the representation of J trivial on J 1 such that λ is isomorphic to λ w b τ . Associated with π by (4.21), there is also a σ-selfdual cuspidal F -representation π t of GL m pT q. Lemma 6.4. -The following assertions are equivalent.

(1) The representation π has a GL n pF 0 q-distinguished lift to Q .

(2) The representation λ has a J X GL n pF 0 q-distinguished lift to Q .

(3) The representation τ has a J X GL n pF 0 q-distinguished lift to Q .

(4) The representation π t has a GL m pT 0 q-distinguished lift to Q .

Proof. -Fix a σ-selfdual simple stratum ra, βs as well as isomorphisms (4.17) as in Proposition 4.5. Let θ P Cpa, βq be the σ-selfdual maximal simple character associated with λ, and r θ be its unique Q -lift: this is a σ-selfdual maximal simple character (with respect to the unique Q -lift r ψ of the character ψ given by (4.1)) having the same G-normalizer J as θ.

Let r λ w be the Q -representation of J associated with r θ by Proposition 4.17. It is J X G σ -distinguished and σ-selfdual, and its determinant has order a power of p. It is thus integral. Let us consider its reduction mod . On the one hand, it is J X G σ -distinguished, σ-selfdual, and its determinant has order a power of p. On the other hand, [START_REF] Mínguez | Types modulo pour les formes intérieures de GL n sur un corps local non archimédien[END_REF] Proposition 2.37 implies that it is an irreducible representation extending the Heisenberg representation associated with θ. By uniqueness, we deduce that r λ w is a Q -lift of λ w . Suppose that π has a G σ -distinguished Q -lift r π. Thus r π is a σ-selfdual and cuspidal representation of G containing the maximal simple character r θ. By Proposition 4.33, this representation r π contains a distinguished generic σ-selfdual type, which we may assume to be of the form pJ, r λq with r λ " r λ w b r τ and the representation r τ is J X G σ -distinguished. Reducing mod , we deduce that π contains the type λ w b δ where δ is the reduction mod of r τ . But π also contains the type λ w b τ , thus δ is isomorphic to τ , and the reduction mod of r λ is isomorphic to λ. Thus (1) implies both (2) and (3).

Conversely, suppose that τ has a distinguished Q -lift r τ . Then the pair pJ, r λ w b r τ q is a distinguished type whose compact induction to G is a G σ -distinguished Q -lift of π, and whose reduction mod is isomorphic to λ w b τ » λ. Thus (3) implies both (1) and [START_REF] Anandavardhanan | Distinguished representations and poles of twisted tensor L-functions[END_REF].

Applying these results to the representation π t , we get that π t has a distinguished lift to Q if and only if τ t has a distinguished lift to Q . The fact that τ is isomorphic to τ t ˝π (by Lemma 4.38) thus implies that ( 4) is equivalent to (3).

It follows from Lemma 6.4, together with Corollary 4.43 and Proposition 4.44, that, in order to prove Propositions 6.1 and 6.2, it suffices to prove them for σ-selfdual cuspidal F -representations of level 0. (For Proposition 6.2(3.a), it also follows from the fact that κ F {F 0 ˝NT 0 {F 0 " κ T {T 0 and ν F 0 ˝NT 0 {F 0 " ν T 0 .) 6.3. We continue with the situation of Paragraph 6.2, assuming further that π has level 0. Thus π is a σ-selfdual cuspidal F -representation of G of level 0. We will also assume that π is non-supercuspidal, that is, r " rpπq ą 1. Let pJ, λq be a generic σ-selfdual type in π. Associated with it in Paragraph 4.7, there are -a σ-selfdual tamely ramified character ω of F ˆ, which is the central character c π of π, -and a σ-selfdual cuspidal representation V of GL n pkq of the form st r p q for some supercuspidal representation of GL n{r pkq, uniquely determined up to isomorphism (thus V is non-supercuspidal). Recall that the restriction of λ to J 0 is the inflation of V, and that its restriction to F ˆis a multiple of ω. Since V is σ-selfdual, Proposition 3.9 implies that is σ-selfdual.

The action of σ on GL n pkq is described in Proposition 4.5: this is the action of the non-trivial automorphism of k{k 0 if F {F 0 is unramified, and the adjoint action of (4.5) with i " tm{2u otherwise.

Let us fix a uniformizer of F such that P F 0 if F {F 0 is unramified, and 2 P F 0 if F {F 0 is ramified. (One thus has σp q " ´ in the ramified case.) Lemma 6.5. -The representation π has a GL n pF 0 q-distinguished lift to Q if and only if V has a GL n pkq σ -distinguished lift r

V to Q such that (1) if F {F 0 is unramified, then ωp q " 1, (2) if F {F 0 is ramified, then n is even and (4.23) acts on the space of GL n{2 pkqˆGL n{2 pkq-invariant linear forms on r V by a sign whose reduction mod is equal to ωp q.

Proof. -By Lemma 6.4, the representation π has a GL n pF 0 q-distinguished lift if and only if the type λ has a JXGL n pF 0 q-distinguished lift to Q . Suppose λ has a distinguished lift r λ. Then the pair pJ, r λq is the generic type of a distinguished cuspidal Q -representation r π, compactly induced from r λ. Associated with it, there are -a cuspidal Q -representation r V of GL n pkq lifting V, -a tamely ramified Q -character r ω of F ˆlifting ω.

By Theorem 4.46, the character r ω is trivial on F 0 and r V is distinguished by GL n pkq σ . If F {F 0 is unramified, then r ωp q " 1, thus ωp q " 1. If F {F 0 is ramified, then n " 2u for some u ě 1 and r

V is r ωp q-distinguished (in the sense of Definition 5.6), and the reduction mod of r ωp q is equal to ωp q.

Conversely, suppose that V has a GL n pkq σ -distinguished lift r V satisfying the conditions of the lemma. Let r ω be a Q -lift of ω coinciding on the units of F with the inflation of the central character of r V, and (1) if F {F 0 is unramified, then r ωp q " 1,

(2) or W is non-supercuspidal, n is even and (a) either ‰ 2 and r, n{e are odd, (b) or ‰ 2 and r " n, (c) or " n " r " 2 and q is congruent to ´1 mod 4, and is trivial.

Proof. -First note that n must be either even or equal to 1: see [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Lemma 2.17 for instance. Also, the supercuspidal case is given by [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Remark 2.21. Let us assume that W is non-supercuspidal (thus n is even, and we will write n " 2u). We use the notation of Paragraph 3.7. Set f " n{r and let α be a Galpk f {kq-regular F -character of k f of order A which is a parameter of in the sense of Definition 3.12. Let r υ be the canonical Q -lift of υ " α ˝Nkn{k f , that is, its unique lift of order A. Let Ă W be a cuspidal lift of W. It is parametrized by a Galpk n {kqregular character of k n lifting υ, that is, of the form r υφ, where φ is a Q -character of k n of order s for some s ě 0. Since W is not supercuspidal, one has s ě 1. The character r υφ has order A s . By Proposition 3.13, the representation Ă W is distinguished by GL u pkq ˆGL u pkq if and only if it is selfdual, which is also equivalent (see for instance [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] (2.7)) to A s dividing q u `1. Similarly, the fact that is selfdual is equivalent to -either f " 1 and is a quadratic character (thus A is equal to 1 or 2), -or f is even and A divides q f {2 `1 (thus A ą 2 since q has order f ě 2 mod A).

Suppose that ‰ 2 and f is even. If Ă W is distinguished, then A divides q f {2 `1 and q u `1. Since u " rf {2, we have q u `1 " 1 `p´1q r `r ÿ i"1 ˆr i ˙p´1q r´i pq f {2 `1q i thus A divides 1 `p´1q r . Since A ą 2, it follows that r is odd. Also, divides q u `1, that is, the order of q u mod is e{pe, uq " 2, which implies that n{e is odd. Conversely, suppose that r and n{e are odd. The fact that A divides q f {2 `1 and r is odd implies that A divides q u `1. Now s divides q n ´1 " pq u `1qpq u ´1q. If divides q u ´1, then e divides u " n{2, thus n{e is even: contradiction. Thus s divides q u `1, thus Ă W is distinguished. Suppose that ‰ 2 and f " 1. Then is a character of k ˆ, thus r " e v for some v ě 0. This gives n{e " v , which is odd. The same argument as above implies that q u `1 is a multiple of s . It is also a multiple of A P t1, 2u since it is even. Thus Ă W is distinguished. Now suppose that " 2. If Ă W is distinguished and f is even, then, as in the case where ‰ 2, the integer A ą 2 divides q f {2 `1 and q rf {2 `1, thus r is odd. But the fact that W is cuspidal implies that r is a power of 2. It follows that r " 1: contradiction. Thus f " 1, that is W is the representation st n p1q with n " 2 t for some t ě 1. Moreover, q has order m mod 2 s , that is, 2 s divides q n ´1 but not q u ´1. Set a " υ 2 pq u `1q, b " υ 2 pq u ´1q.

We have b ă s ď a `b and minpa, bq " 1. The fact that Ă W is distinguished implies s ď a, which gives b " 1 ă a, that is 4 divides q u `1. Since u is a power of 2, we deduce that 4 divides q `1 and u " 1.

6.6. Let us prove Proposition 6.1 when F {F 0 is ramified. Assume that r is odd, and suppose that π has a distinguished lift to Q . By Theorem 3.3, it is distinguished. Thus Theorem 5.1 implies that n{r is even and π is isomorphic to St r pρq for some distinguished supercuspidal representation ρ of GL n{r pF q. Lemma 6.5 says that V has a distinguished lift. It follows from Lemma 6.9 that n{e is odd.

Conversely, assume that r is odd, π is isomorphic to St r pρq for some distinguished supercuspidal representation ρ of GL n{r pF q of level 0, n is even and n{e is odd. It follows from Lemma 6.9 that V has a distinguished lift r V. Let ε P t´1, 1u be the unique sign such that r V is ε-distinguished by GL u pkq ˆGL u pkq in the sense of Definition 5.6, with n " 2u. By Lemma 6.5, the representation π has a distinguished lift if and only if ωp q is equal to the image of ε in F ˆ , denoted c. We are going to prove that this is the case. Let ω ˚be the central character of ρ. By Theorem 4.46, we have -the representation is ω ˚p q-distinguished by GL k{2 pkq ˆGL k{2 pkq. (Note k is even since n is even and r is odd.) By Proposition 4.29, we have -the sign ωp q is equal to ω ˚p q r " ω ˚p q. Let α be the unique sign such that V is α-distinguished by GL u pkq ˆGL u pkq. By Remark 3.14, we have α " c. On the other hand, we have α " ω ˚p q by Proposition 5.7. Putting these facts together, we get ωp q " ω ˚p q " α " c as expected. This proves Proposition 6.1 if F {F 0 is ramified. Together with Paragraph 6.4, this finishes the proof of Proposition 6.1.

6.7.

In this paragraph and the next one, we prove Proposition 6.2. Assume that r is even, and let q be the cardinality of k. Since r divides n, we have n " 2u for some u ě 1.

Suppose that π has a distinguished lift. By Paragraph 6.4, this implies that F {F 0 is ramified. By Lemma 6.5, the representation V has a distinguished Q -lift. By Lemma 6.9, one has r " n, thus V is isomorphic to st n p q for a character of k ˆof order at most 2. Besides, if " 2, then n " 2 and q is congruent to ´1 mod 4. Since r " n, the representation π is isomorphic to St n pρq for a tamely ramified character ρ of F ˆwhose restriction to the units of F is the inflation of .

Suppose first that " 2. Since π is distinguished (by Theorem 3.3), it is σ-selfdual (by Theorem 3.1). It follows from Proposition 3.8 that the representation ρ is σ-selfdual and from Theorem 3.2 that it is F 0 -distinguished, as expected.

Suppose now that ‰ 2. By Proposition 3.8, we may choose ρ so that ρ ´1 ˝σ " ρν i for some i P t0, 1u, that is, ρ ˝NF {F 0 " ν ´i. It remains to prove that the restriction of ρ to F 0 is either κ or ν ´1 0 . Let c be the sign by which the element (4.23) acts on the space of GL u pkq ˆGL u pkq-invariant linear forms on V, which is given by Lemma 6.11. Remind that we have fixed a uniformizer of F such that σp q " ´ , thus 0 " 2 is a uniformizer of F 0 . The representation π is distinguished (by Theorem 3.3) and it follows from Theorem 4.46 that c " c π p q. We have (6.1) c π p q " ρp q n " ρp 0 q u .

On the other hand, the identity ρ ˝NF {F 0 " ν ´i implies that ρp´ 0 q " q i . Lemma 6.12. -We have q u " ´1 mod .

Proof. -Since r ě 2 and π is cuspidal, r has the form epρq v for some v ě 0, where epρq is the order of q k mod by (3.2). In particular, pq k q r " q n is congruent to 1 mod . Moreover, since is odd, one has q u " ´1 ‰ 1 mod .

  2 and [8] 5.1.1.Proposition 4.1. -Let ra, βs be a maximal simple stratum.

Remark 4 . 2 . - ( 1 )

 421 An isomorphism as in Proposition 4.1(3) comes from the choice of an O E -basis of an O E -lattice L in F n whose endomorphism algebra is b.

Lemma 4 .

 4 12. -(1) The map (4.10) κ ˚Þ Ñ κ from isomorphism classes of representations of J ˚extending η ˚to isomorphism classes of representation of J extending η is surjective.

Lemma 4 .

 4 14. -If κ ˚is σ-selfdual, then κ is σ-selfdual.

Lemma 4 .

 4 16. -Suppose that u " m and κ ˚is J ˚X G σ ˚-distinguished.

Remark 4 .

 4 19. -Notice that this gives another proof of[START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Propositions 7.9, 9.4, based on the case m " 1 only. Now we can improve Lemma 4.16. Suppose we are in the situation of Paragraphs 4.4 and 4.5, with u " m.Corollary 4.20. -Suppose that u " m. Let κ ˚be a representation of J ˚extending η ˚and κ correspond to it by the map (4.10).

4. 7 .

 7 We now come to the type theoretic description of cuspidal representations of G. The following proposition follows from[START_REF] Bushnell | The admissible dual of GLpN q via compact open subgroups[END_REF] Theorem 8.4.1, Corollary 6.2.3, Theorem 5.7.1 (see[START_REF] Mínguez | Types modulo pour les formes intérieures de GL n sur un corps local non archimédien[END_REF] Théorèmes 3.4, 3.7 and[START_REF] Sécherre | Smooth representations of GL m pDq VI: semisimple types[END_REF] Theorem 7.2 in the modular case). Proposition 4.23.

  Lemma 3.2. The integer rpπq has been defined in Paragraph 3.4. Lemma 4.26. -The integer u is equal to rpπq.

Lemma 4 .

 4 27. -The representation ρ contains θ ˚.

Corollary 4 .

 4 28. -We have mpπq " mpρqr and the representations π, ρ have the same tame parameter field.

Proposition 4 .

 4 29. -We have » ˚and ω " ω r ˚.

Theorem 4. 1 .

 1 Proposition 4.30. -The representation π contains a σ-selfdual type.

Remark 4 .

 4 31. -When π has level 0, one has T 0 " F 0 .If follows from Proposition 4.8 that π contains -only one G σ -conjugacy class of σ-selfdual types if

4. 11 .

 11 We still are in the situation of Paragraph 4.10. Consider the compactly induced representation (4.21) π t " ind

Theorem 4 .

 4 42. -[START_REF] Anandavardhanan | Root numbers of Asai L-functions[END_REF] The process(4.22) π Þ Ñ π t induces a bijection from the set of isomorphism classes of cuspidal representations of G with endoclass Θ to that of cuspidal representations of level 0 of GL m pT q.

5. 7 .

 7 Let π be an irreducible F -representation of G. The natural mapHom F H pπ, F q b R Ñ Hom RH pπ b R, F b Rq defined by f b r Þ Ñ rpf b idqis an isomorphism of R-vector spaces. Moreover, these spaces have dimension at most 1, and it follows from this isomorphism that π is c-distinguished by H if and only if π b R is c-distinguished by H.
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(2) if F {F 0 is ramified, then r ωp q P t´1, 1u and the representation r V is r ωp q-distinguished.

Inflate r V to J 0 , and extend it to a representation r λ of J by demanding that the restriction of r λ to F ˆis a multiple of r ω. The representation r λ is then a J X GL n pF 0 q-distinguished lift of λ.

6.4. In this paragraph, we assume that F {F 0 is unramified.

Lemma 6.6. -Let W be a σ-selfdual cuspidal F -representation of GL n pkq. It has a GL n pk 0 qdistinguished lift to Q if and only if n is odd and

(1) either W is supercuspidal, [START_REF] Anandavardhanan | Distinguished representations and poles of twisted tensor L-functions[END_REF] or W is non-supercuspidal and the order of the cardinality of k 0 mod is even (thus ‰ 2).

Proof.

-By [START_REF] Gow | Two multiplicity-free permutation representations of the general linear group GLpn, q 2 q[END_REF] Theorem 3.6, an irreducible Q -representation of GL n pkq is GL n pk 0 q-distinguished if and only if it is σ-selfdual.

First, the condition on the parity of n is necessary: see [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Lemma 2.3 for instance. Now assume that n is odd. If ‰ 2, the result is given by [START_REF] Kurinczuk | Characterisation of the poles of the -modular Asai L-factor[END_REF] Proposition 4.6. If " 2, then W has the form st r p q, where is a supercuspidal representation of GL n{r pkq and r " 2 v for some v ě 0. Since n is odd, W must be supercuspidal, and the result is given by [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Remark 2.7. Remark 6.7. -Let q be the cardinality of k and q 0 be that of k 0 . Let e and e 0 be the orders of q and q 0 mod , respectively. Note that r " ep q v for some v ě 0, where ep q is the order of q f mod with f " n{r. If n is odd, then f and r are odd, thus ep q is odd. But ep q " e{pe, f q. It follows that e " e 0 {pe 0 , 2q is odd. Thus e 0 is not divisible by 4.

Example 6.8. -Let W be the σ-selfdual cuspidal F -representation st e p1q of GL e pkq. We have e " e 0 {pe 0 , 2q, which is odd if and only if e 0 is not divisible by 4. Thus W has a GL e pk 0 q-distinguished lift to Q if and only if e 0 is divisible by 2 but not by 4.

Suppose first that π has a distinguished lift to Q . On the one hand, the generic type of such a lift defines a σ-selfdual cuspidal Q -representation of GL n pkq, and [START_REF] Sécherre | Supercuspidal representations of GL n pFq distinguished by a Galois involution[END_REF] Lemma 2.3 implies that n is odd, thus r is odd. On the other hand, Theorem 3.3 implies that π is distinguished. It thus follows from Theorem 5.1 that π is isomorphic to St r pρq for some distinguished supercuspidal representation ρ of GL n{r pF q. Finally, Lemma 6.5 says that V has a distinguished lift. It follows from Lemma 6.6 that the order e 0 of the cardinality of k 0 mod is even.

We thus proved that, when F {F 0 is unramified, if π has a distinguished lift, then r is odd and Conditions (1), (2.a) of Proposition 6.1 are satisfied.

Conversely, suppose that the conditions (1), (2.a) of Proposition 6.1 are satisfied. Then V has a distinguished lift r V. By Lemma 6.5, the representation π has a GL n pF 0 q-distinguished lift to Q if and only if ωp q " 1. By Paragraph 4.8, the central character ω ˚of ρ satisfies ω r ˚" ω. Since ρ is distinguished, we have ω ˚p q " 1, thus ωp q " ω ˚p q r " 1.

We proved Proposition 6.1 in the case when F {F 0 is unramified.

6.5.

In this paragraph, we assume that F {F 0 is ramified. Let q denote the cardinality of k, and let e denote the order of q mod . Lemma 6.9. -Let W be a selfdual cuspidal F -representation of GL n pkq, isomorphic to st r p q for some selfdual supercuspidal representation of GL n{r pkq. Write u " tn{2u. Then W has a lift to Q which is distinguished by GL u pkq ˆGL n´u pkq if and only if (1) either W is supercuspidal, Conversely, suppose that " n " r " 2 and 4 divides q `1 (hence b " 1 ă a). Then any Q 2character of k 2 of order 2 a parametrizes a distinguished cuspidal Q 2 -representation of GL 2 pkq lifting W " st 2 p1q. Example 6.10. -The fact that GL f pkq has a selfdual supercuspidal F -representation is equivalent to the fact that there is an k-regular F -character of k f which is trivial on k f {2 , that is, there exists an integer A with the following properties:

(1) A is prime to and the order of q mod A is equal to f , (2) A divides q f {2 `1.

Now suppose that ą 2 and f " 2. Thus GL 2 pkq has a selfdual supercuspidal F -representation if and only if there exists an integer A prime to dividing q `1 but not q ´1, that is, if and only if q `1 has a prime divisor different from 2 and . Assume this is the case, and let be a selfdual supercuspidal F -representation of GL 2 pkq. Let W be the selfdual cuspidal F -representation st r p q of GL n pkq with r " e{pe, 2q and m " 2r. Then r is odd if and only if e is not divisible by 4, and n{e " 2{pe, 2q is odd if and only if e is even. If we take q " 9 and " 7, we get r " 3 and n{e " 2. If we take q " 5, we get q ´1 " 4 and q 6 ´1 " 1953 ˆ8. Thus if is a prime divisor of 1953, we get r " 3 and n{e " 6.

In addition, we have the following result. We assume that n " 2u for some u ě 1.

Lemma 6.11. -Let W be a selfdual cuspidal F -representation of GL n pkq of the form st n p q for some quadratic character of k ˆ. Assume W is distinguished by GL u pkq ˆGL u pkq. Then (4.23) acts on the space of GL u pkq ˆGL u pkq-invariant linear forms on W by

Proof. -Let c be the sign such that W is c-distinguished. If " 2, the result is immediate since the only sign is 1. Assume that ‰ 2. By Lemma 6.9, the representation W has a distinguished cuspidal Q -lift. Let Ă W be such a Q -lift and ξ be a parameter for Ă W. Let α be an element of k n such that α R k u and α 2 P k u . By Proposition 3.13, the representation Ă W is ´ξpαq-distinguished by GL u pkq ˆGL u pkq. Since Ă W lifts W, we have -the reduction mod of the parameter ξ is equal to p ˝Nkn{k qφ where φ is a character whose order is a power of (see Proposition 3.11), -the reduction mod of ´ξpαq is equal to c (see Remark 3.14).

On the one hand, the character ξ is trivial on k û since Ă W is selfdual (see Proposition 3.13). On the other hand, ˝Nkn{k is trivial on k û since is quadratic and the index of k û in k n is even. We deduce that φ is trivial on k û , thus φpαq is a sign. Since it has order a power of ‰ 2, it is trivial. It follows that c " ´ pN kn{k pαqq.

If is trivial, this gives c " ´1, as expected. Assume now that is non-trivial. It thus coincides with κ on k ˆ. Since α 2 is not a square in k û , its k u {k-norm is not a square in k ˆ. Thus c " ´κpN ku{k pα q u `1qq " ´p´1q pq u `1q{2

and one verifies that this is equal to κp´1q u " p´1q upq´1q{2 as expected.

It follows from Lemma 6.12 and (6.1) that c "

Comparing with Lemma 6.11, we get the following corollary. Corollary 6.13. -We have i " 1 if is trivial, and i " 0 if is non-trivial.

If i " 0, then ρ is selfdual. By Theorem 3.2, it is either distinguished or κ-distinguished. Since its restriction to the units of F is the inflation of " κ, we deduce that ρ is κ-distinguished.

If i " 1, then ρν 1{2 is unramified and selfdual. By Theorem 3.2, it is distinguished. Thus the restriction of ρ to F 0 is equal to ν ´1{2 | F 0 " ν ´1 0 .

6.8. Let us finish the proof of Proposition 6.2. Assume that n " r " 2u for some u ě 1, the extension F {F 0 is ramified and π is isomorphic to St n pρq for some tamely ramified character ρ of F ˆ. We also assume that -either ‰ 2 and the restriction of ρ to F 0 is either κ or ν ´1 0 , -or " n " r " 2, q is congruent to ´1 mod 4 and ρ is trivial on F 0 .

It follows from Lemma 6.9 that V has a distinguished Q -lift r V, which is ε-distinguished for some sign ε P t´1, 1u. By Lemma 6.5, the representation π has a distinguished lift to Q if and only if the reduction of ε mod , denoted c, is equal to ωp q. Let us prove that this is the case. On the one hand, we have ωp q " ρp q n " ρp 0 q u . If " 2, we have ωp q " 1. Otherwise, we have ωp q " " q u if the restriction of ρ to F 0 is ν ´1 0 , κp´1q u if the restriction of ρ to F 0 is κ. On the other hand, V is distinguished, and it is isomorphic to st n p q where is the character of k ˆdefined by the restriction of ρ to the units of F . One thus may apply Lemma 6.11, which says that V is α-distinguished, with α " " ´1 if is trivial, p´1q upq´1q{2 if is non-trivial.

Note that α " c by Remark 3.14, and that is trivial if and only if the restriction of ρ to F 0 is equal to ν ´1 0 . Together with Lemma 6.12, this gives ωp q " c as expected.