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THE ISOMETRY OF SYMMETRIC-STRATONOVICH INTEGRALS

W.R.T. FRACTIONAL BROWNIAN MOTION H < %

ALBERTO OHASHI', FRANCESCO RUSSO?, AND FREDERI VIENS?

ABSTRACT. In this work, we present a detailed analysis on the exact expression of
the L?-norm of the symmetric-Stratonovich stochastic integral driven by a multi-
dimensional fractional Brownian motion B with parameter % < H< % Our main
result is a complete description of a Hilbert space of integrand processes which realizes
the L?-isometry where none regularity condition in the sense of Malliavin calculus is
imposed. The main idea is to exploit the regularity of the conditional expectation
of the tensor product of the increments B;_5+1s5 ® Bs—¢ s+ onto the Gaussian space
generated by (Bs, B:) as (0,€¢) | 0. The Hilbert space is characterized in terms of
a random Radon o-finite measure on [0, T]? off diagonal which can be characterized
as a product of a non-Markovian version of the stochastic Nelson derivatives. As a
by-product, we present the exact explicit expression of the L?-norm of the pathwise
rough integral in the sense of Gubinelli.
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1. INTRODUCTION
Let B = (BW, ..., B¥) be a d-dimensional Fractional Brownian motion (henceforth

abbreviated by FBM) with exponent ;1 < H < 1 on a probability space (Q, F,P) over
the positive line R, . That is, B is a d-dimensional Gaussian process with covariance
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) . 1
E[Bgz)Bt(J)] _ §{t2H 4§20 _ It — S|2H}5ij’
for 1 <1,7 <d. We set

1
R(s,t) := §{t2H + 52—t — 52}

for (s,t) € R% and 7(s) := R(s,s). In the sequel, increments of paths ¢t — f; will be
denoted by fs;:= fi — fs.

For a given positive constant T, let g : [0,T] x R? — R? be a Borel function, where
R? is equipped with the usual inner product (-,-). For a given € > 0, let us denote

1 /T
Io(e,g,dB) = —/ (g(s, Bs), Bs—e s+e)ds, (1.1)
0

2e
where we set B, := 0 for » < 0. In this paper, we study the existence of the symmetric-
Stratonovich integral in the sense of stochastic calculus of regularization (see e.g. [33]):

T
/ g(t,B)d"B, := liﬁ)l I°(e, g,dB), (1.2)
0 €

when the limit exists in L?(IP). Significantly, we present a concrete, explicitly defined
separable Hilbert space L£z(R?) associated with the covariance structure R such that

2

E

T
/0 9(t, B)AB,| = lg( B2 ma.

for a large class of functions ¢ admitting only integrability conditions w.r.t. R. We
choose to work with the R defined above, which is specific to FBM, though our method-
ology could be easily adapted to many other examples of Gaussian processes with
Holder-continuous paths, particularly those which satisfy a form of self-similarity. For
the sake of simplicity, in this paper, we will not discuss the technical aspects of this
point further.

The Hilbert space isometry structure of stochastic integrals has been one of the
fundamental pillars in probability theory since the pioneering works of Itd [22] and
Kunita and Watanabe [25]. As a reminder to the reader, in the case of integration
against martingales, the isometry is constructed via the fundamental and classical
concepts of filtration F = (F;);>o and quadratic variation [X] as

T 2 T
/ YidX,| =E / Y:[*d[X],, (1.3)
0 0

where the driving noise X is an [F-square integrable continuous martingale and Y is
an F-progressively measurable adapted process such that the right-hand side of (IL3)) is
finite. The integral on the left-hand side of (IL3]) is the stochastic integral in the sense
of It6 [22] and Kunita and Watanabe [25]. In this case, the underlying Hilbert space
is L2(Q x [0,T], ux) w.r.t. the measure

E
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px(A) ::E/O T 4(s)d[X]s,

for a measurable subset A C Q x [0,7]. The isometry (L3 gives a fundamental
tool for the study of strong solutions of stochastic differential equations (SDEs) for
semimartingale driving processes. The combination of the isometry with the regularity
of the measure pyx provide the minimal regularity conditions for well-posedness of
SDEs. One notes in (L3) how the existence of a finite quadratic variation is essential
to the isometry, and equivalently, is essential to defining the associated Hilbert space
and its component measure py defined above.

Beyond the semimartingale case, the stochastic integration is much more involved,
not least because processes which are more irregular than Martingales typically have
no quadratic variation. Many techniques have been employed over the last decades to
circumvent this issue, sometimes proposing alternative Hilbert-space representations
which might intuitively be appropriate for expressing some simplified form of isometry.
Let X be a continuous Gaussian process with positive definite covariance kernel K and
let H(K) be the Reproducing Kernel Hilbert space (henceforth abbreviated by RKHS)
of X (see e.g. Chapter 3 in [1]). In this work, with a slight abuse of notation, any
Hilbert space which is isometrically isomorphic to H(K') will be called as RKHS.

Starting with a covariance kernel K, one can construct a canonical Hilbert space
Hx defined as the closure of the set of all stepwise constant functions via the scalar
product

(Lo, Lo, o) rx = K (551),
for every 0 < s,t < T. The Hilbert space Hy is isometrically isomorphic to H(K).
One should observe that Hx is the fundamental object in the study of the stochastic
calculus for Gaussian processes. Indeed, any stochastic integral should satisfy

T n
/ deXS = ZaiXti,ti+17 (]_4)
0 i=1

whenever f = > a;1(, 4., Is a stepwise constant deterministic function. More
importantly, a stochastic integral of a deterministic f w.r.t. X is the limit in L?*(PP)
for a sequence of the form (L4) if, and only if, f € Hx. It is in that narrow sense,
applicable to integrals with deterministic integrands, that the RKHS captures a form
of isometry for integrating against FBM and other Gaussian processes.

There is, however, one important and well-known case of a Gaussian process where
‘Hx provides the exact class of integrands much beyond the deterministic ones. That
case is the classical Brownian motion, and in that case, the exact class is the space
L*(Q;Hx) of the Hy-valued square-integrable random elements. In other words, in
reference to the measure ux discussed earlier, for Brownian motion, we have L?*(£2 x
0,7, pux) = L*(Q; Hx), where Hx = L*([0,T]). Beyond the Brownian motion case,
the Malliavin calculus has been employed towards a Hilbert space theory of stochas-
tic integrals for Gaussian processes (in particular FBM with H # %) in terms of the
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so-called divergence operator (§,dom &) which, when restricted to deterministic inte-
grands in Hy C dom 9, is the so-called Paley-Wiener integral which realizes

18CAIZ2@) = I 52

for every f € Hyx. By using the multiplication rule of smooth random variables with the
divergence operator (see e.g. Prop 1.3.3 in [31]) and/or interpreting & as an integral
(inspired by the Brownian motion case), many authors have developed a stochastic
calculus for Gaussian driving noises for stochastic processes in the Malliavin-Watanabe
space D'?(Hx) (see e.g. [31] for the definition). The drawback of this approach relies on
the fact that D?(Hx) is much smaller than L*(2; Hx) and it requires severe regularity
conditions which prevents the solvability of multi-dimensional non-linear SDEs.

One also notes that the coincidence between the divergence operator and the Ito in-
tegral for adapted integrands, which is a motivation for interpreting d( f) as an integral,
clashes with the fact that it is the adjoint of a derivative operator, which is a motivation
for thinking of §(f) as a gradient, rather than an integral. This has not prevented a
number of authors from working in the direction of interpreting d(f) as an integral, see
e.g. [II], [3], [6], [29], [8], [7], [35] and other references therein, though it does provide
an indication of why this interpretation is fraught with technical difficulties.

Stochastic calculus for real-valued FBM for % < H< % in the sense via regularization
was studied by [19], [18], [20] and [§] for smooth integrands in the one-dimensional
case. In this approach, the symmetric-Stratonovich integral exists if, and only if,
% < H < % Connections with the divergence operator was established by [2]. See
also the monographs [31], [4] and [34] and other references therein. Defining stochastic
integrals using this class of approaches is closer to an intuitive notion of integral than
is the notion of divergence in the Malliavin calculus, and is arguably a precursor to
fully pathwise methods.

A pathwise integration w.r.t. paths of Gaussian processes (including FBM with
H < %) can be implemented in the sense of [2I] and a complete theory of differen-
tial equations in the sense of rough paths is now well-understood. See e.g [15], [13]
and other references therein. Recently, a mixed theory of rough paths based on Lé’s
so-called stochastic sewing lemma [26] has been developed by [12], [14], [16] and [2§].
In particular, based on an extension of [26], Matsuda and Perkowski [28] prove L*(P)-
convergence of the Stratonovich integral for 1 < H < 1 (see Prop. 3.5 in [28]) for the
class of integrands of the form g(B), where g is any bounded and globally v-Hélder
continuous function with v > % — 1. The authors also provide L*(IP)-convergence in
the regime % < H<L i under the assumptions that Vg is v — 1-Holder continuous (note
that v is larger than 1 in this case) and Vg is symmetric.

Our work in the present paper takes a rather different strategy compared to the
previous literature. The main goal is the description of the exact Hilbert space structure
of the symmetric-Stratonovich integral solely based on the underlying RKHS, without
relying on Malliavin-Watanabe spaces, and therefore, without imposing unnecessary
regularity assumptions on the level of the underlying Wiener space. Our philosophy
is close in spirit to the theory developed by It6 in the classical Brownian motion case,
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in that the Hilbert space structure is expressed via an isometry relation w.r.t. the
underlying RKHS. It is well-known that the forward stochastic integral fo Bd~ B does
not exist for H < 3, see e.g. [2] and Lemma 6.1 of [34]. Therefore, we choose to
focus our article on the symmetric-Stratonovich integral (L2), which is known to exist
(see e.g. [19], [8]), and which has a natural interpretation as a true integral. By
deriving a fully explicit isometry formula for the symmetric-Stratonovich, our work
is the necessary starting point for a program which develops the stochastic calculus for
this integral w.r.t. Gaussian processes along a path (no pun intended) which attempts
to mirror the original path of It6 for Brownian motion. In order to illustrate our
results in the simplest possible way, avoiding unnecessary technicalities, we choose to
work with FBM, but as mentioned earlier, our methodology will certainly hold for a
larger class of Gaussian processes.

There already exist some characterizations of the RKHS of FBM for 0 < H < %
described in terms of fractional integrals. In this direction, see e.g [31], [4] and other
references therein. In this approach, FBM is viewed as a functional of a standard
Brownian motion via a singular kernel. In fact, scholars working in this direction know
that much work can be achieved using so-called Wiener chaos calculus, by converting
multiple Wiener integrals w.r.t. FBM into multiple Wiener integrals w.r.t. the ordinary
Brownian motion. This does not, however, address the nature of integration w.r.t. FBM
in its “native” sense.

In the present work, we adopt instead the intrinsic characterization of the RKHS
in terms of the covariance kernel R as described in [23]. In this approach, the RKHS
(henceforth denoted by Lz(R?)) is equipped with the norm

g 1
e = [ 1m0 + 5 [ 1.aPludsdo) (15
0 (0,72
where oR 2R
= — T = | 1
midt) i= SE(T A |ul(dsdt) == | 5o (s 1) dsdt (16)
and %(5,1&) < 0 and ZE(T,t) > 0 for s # t. See [23], [32] and Section [@ herein for

further details on the space Lz(R?) and the nature of its typical elements. Since m is
a positive finite measure, the leading term in the L? norm in (ILH), which constrains
the pathwise singularity of the elements f in Lp(R?), is the term involving the o-finite
measure || since the increments of those functions f must be integrable against it.
To be precise, the action of this term on functions f in (L5) can be identified as a
Schwartz distribution on [0, 7]? but it is also a o-finite negative measure on [0, T]? off
the diagonal, and is absolutely continuous w.r.t. Lebesgue measure. See [23] and [32]
for details. In this sense, the Hilbert space L?(|u|) of functions in [0, T]? fully describes
Lr(R?) modulo an integrability condition w.r.t. m. One can check (see Prop. 6.9 in
[23]) that the class of continuous functions over [0, 7] with modulus of continuity V'
such that

/[()T]? V2(|t — s|)|pl(dsdt) < oo (1.7)
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is contained in Lz(R%). A typical modulus of continuity V satisfying (I.7) has the form

Vy) = y%_H ¥ (y) for a strictly increasing function v in a neighborhood of zero such
that

/ Ly2 )y < oo, (1.8)

for some 0 < n < 1. Thus, Lg( Rd contains a rather general class of contmuous
functions f with modulus of contlnulty ranging from v-Holder-type with v > 5 —H to
more elaborated ones satisfying (L), such as cases where ¢ is a sufficiently integrable
slowly varying function (see e.g. Chapter 1 in [5]) but f is not y-Holder-continuous for
any vy > % — H. See the examples and remarks in Section for details.

As mentioned, this article presents a natural isometry property (2.6]) associated with
the underlying RKHS in the spirit of Ito’s classical Hilbert space theory of stochas-
tic integration. Our results show that the L?(P)-norm of the Stratonovich integral
w.r.t. FBM for i < H < % is described by a well-defined set of functions whose regu-
larity is largely described by the regularity of elements in the RKHS Lx(R?) which we
described broadly in the previous two paragraphs. In this sense, our isometry shares
a similar structure to the classical Brownian motion case H = % This article indicate
that the role played by the RKHS in the stochastic calculus for Gaussian processes is
most likely universal for the whole class of FBM with i < H < % since the isometry
formula (2.6) fully describes a large and precise class of integrands for the stochastic
Stratonovich integral.

The remainder of this introduction presents quantitative details of the claims in the
above paragraph. The technique used in the present work is the introduction of a
polarization scheme to analyze the limits in (L) and (L2]); this requires a careful
analysis of the existence and characterization of the limits

1
A(Sa t) = (ehénio @E |:Bs—5,s+e ® Bt—é,t-{-é}Bs, Bt]

T 2
t. B,)d°B = lim (J° dB), I° dB)) 2 1.
| [ att.mocs[, = im (Pc.0.0B). "G . 4B e, (19

and

where ® denotes the tensor on R? and the pair (¢,d) | 0 goes simultaneously to zero.
Theorems 2.1l and show the L?*(P)-norm of the stochastic Stratonovich integral
defined in (LLT)) is described by two matrix-valued terms

OR
\Ijt = E(taT)IdXd + Mt (110)
and
O’R
A(S t) s (8 t)[dxd—FW(S t) (1.11)

for (s,t) € [0, T]* with s # t, where I;,q is the identity matrix and where M and W are
explicit stochastic processes which live in the second Wiener chaos of the underlying
FBM (see their definitions in the statement of Theorem 2.1]). A comparison with the
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expression for the RKHS’s norm (L) shows that the two terms 2(¢, T) and gtBR (s,1)
which appear in (LI0) and (LII]) are identical to the two terms which fully define the
RKHS’s topology via the the L?(IP)-isometry for the Paley-Wiener integral, i,e. when
integrands are deterministic. The case of stochastic integrands which is the object
of study in the current paper, is for integrands of the form Y. = g(-, B.). In this
paper, we defined a Hilbert space Lr(R?) of such stochastic integrands for which the
integral in ([[LT]) exists (see Theorem (L2])), and we show that the LP(IP)-norms of the
stochastic components M and W in each of the two fundamental quantities (LI0)) and
(LTI which appear in our isometry formula are in fact dominated by their associated
deterministic counterparts 9% (¢, T) and gtaR (s,t), respectively.

We show there exists an eXphClt deterministic Lebesgue ¢-integrable kernel x over

[0, T2 for every 1 < ¢ < = such that

OR
Ml £ SHET). VG0l S [5E 0)] + (s, (1.12)

for (s,t) € [0, T)* with s # t and || -||,, denotes the standard L?(IP)-norm for 1 < p < oco.

By the equivalence of || - ||,-norms on the second Wiener chaos, we have
OR
1ellp 2 (¢, T) (1.13)
TR (1 0] S I o)l <‘ 5t))+/i(s £) (1.14)
otds P~ 1otos ’ '

for every s #t and 1 < p < co. Observe
L*(: Lr(RY)) = {Y : @ = Lp(RY); [[Yl]|2 € L*(m) and [|[Y..[l» € L*(|u])}.

This article concentrates on the subset L2(Q; Lr(IRY)) of processes Y € L*(Q; Lr(R?))
such that Y. = g(-, B.) for some g. The fact that m(dt) is a positive finite mea-
sure imposes almost none restrictions on ||Y|2 and the main constraint imposed on
L2(Q; Lr(R?)) comes from the condition ||Y. |3 € L2(|ul), i.e

/ 1Yo l2lul (dsdt) < oo. (1.15)
[0,7]2

The nontrivial question to be answered is on the validity of the inclusion
L*(Q, Lr(R?)) C Lr(RY).

The main results of this article demonstrate this is almost the case. Theorems 2.1], 2.2]
(LI3) and (LI4) show that typical stochastic integrands Y € L2(2, Lz (R?)) for which
there exists p > 1 such that

/ 1Ysal3 |1l (dsdt) < o0 and sup [|Vsllay < o0 (1.16)
[0,7)?

0<s,t<T
belong to the domain L£r(R?) whose topology realizes the isometry (Z.6). The reader
should observe (ILT6)) is only slightly stronger than the regularity condition ((LI5]) which
fully describes .2(€2, Lr(R?)).
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In any case, in our chosen state-dependent framework where the integrand Y; =
g(t, By), for this Y to belong to Lz(R?), thanks to (LI3) and (LI4), the space reg-
ularity of the function g is essentially inherited from that of functions in the RKHS,
where the marginal t — Y; and increment (s,t) — Y, stochastic dependence of the

. . . T 2
integrands are inherited from the deterministic terms 2X(¢,T') and S-£(s, ), respec-

tively, in the RKHS. The reader will consult (2.10) and (ZI1)) in section 2.1l as well
as Lemmas [6.1], and [6.3] for all technical details on this near complete coincidence
between the regularity of the deterministic functions in the RKHS and the regularity
of their stochastic counterparts in Lz(R?). These details include the regularity of the
aforementioned kernel #, and the need to work in an L?(IP) space with p > 1 because
of the randomness of M and W.

We stress that the present article does not rely on LP(P)-bounds (p > 2) on the
3-increments of a two-parameter process commonly used in the rough path philosophy
in the sense of Gubinelli [21] or in the recent stochastic sewing lemma approach (see e.g
[26] and [28]). As a result, we are able to implement a finer analysis than that of the ~-
Holder scale of regularity imposed on the integrand functions for v > ﬁ —1. Certainly,
our integrands are still constrained by the integrability condition (LI8]) inherited from
the RKHS Lz(R%), for some p > 1, as seen in Theorem .2 However, as seen via the
examples given in Section [6.1] the condition (LI6]) is satisfied for integrands of the
form Y = g(B), where g is not y-Holder for any v > ﬁ — 1, because their modulus

of continuity is equal to r — r2m'L(r) where L is a slowly-varying function (for
definition see e.g Chapter 1 of [3]).

One of the important consequences of Theorem 2.1 is given by Corollary [2.T] which
presents the exact L?(IP)-norm of the pathwise rough integral in the sense of [21] only as
a function of the marginals (O-increments) and first-order increments of the integrands
and not on Gubinelli’s derivative. This is possible due to the recent investigations
by Ohashi and Russo [32] and Liu, Selk and Tindel [27], where the authors connect
symmetric - Stratonovich calculus with rough integrals in the sense of Gubinelli[21].

To the best of our knowledge, our paper is the first to provide an exact isometry
formula for the L?*(P)-norm of the symmetric-Stratonovich stochastic integral w.r.t. a
Gaussian process, which only involves integrability conditions of the integrand in the
spirit of the the underlying RKHS. We advocate for the development of a natural
stochastic calculus for Gaussian processes, in that it should remain only on the level
of the RKHS and the covariance function. This paper reveals that this is possible for
FBM in the regime i < H < % Ours being the first foray in this direction, we have
chosen to consider only state-dependent integrands, though we believe an extension of
our Hilbert space Lz(R?) and our isometry formula to more general integrands should
be possible.

We conclude this introduction with a note on the limits of our strategy of exploiting
the Hilbert space structure inherited from the RKHS. In the case 0 < H < i, we
observe that B & L?(Q; Lr(R?)) due to the fact that

/ E| B, ||t — s|*2dsdt = +oc.
(0,772
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Therefore, in the regime 0 < H < i, one should adopt a different strategy to obtain

a meaningful isometry property. This is beyond the scope and the intent of this ar-
ticle. In particular, noting that some of the literature results quoted earlier in this
introduction are able to handle the case % < H < i, such as via the use of rough
paths theory, stochastic sewing lemma or via the Malliavin calculus, we believe that
no correspondence can be drawn between the techniques needed to descend into that
range of H and the natural extension of the stochastic calculus for Gaussian processes
for which this paper represents an initial step.

Notation: In this article, 0 < T' < oo is a positive finite terminal time,
0,712 = {(s,4) € [0, T]% 5 # 1},

Ar:={(s,t) €[0,T],;0<s <t <T},

and the increment of a one-parameter function f is denoted by fs; := f; — f, for
(s,t) € R% Throughout this article, we write (¢,6) | 0 to denote € | 0 and § | 0
simultaneously. We further write a < b for two positive quantities to express an
estimate of the form a < Cb, where C' is a generic constant which may differ from line
to line. The sign function is denoted by sgn. We also write a A b = min{a;b} and
a Vb = max{a; b} for any real numbers a,b. Moreover, for any two natural numbers
(i,7), we write d;; = 1 when ¢ = j and 6;; = 0, otherwise. The identity matrix of size
d is denoted by Ijxg4.

Ifa=(a'),,b= (), € R? then a®b := (a'b?)<; j<q denotes the tensor product
of (a,b), (-,-) denotes the standard Frobenius inner product on the space of n x m-
matrices for n,m > 1. Whenever clear from the context, |- | denotes any norm of a
finite-dimension vector space. For a given column vector a, a' denotes the transpose
of a. For a random variable X, we denote || X||? := E|X|P for 1 < p < c0. If 0 = ()1,
and £ = (fj)?zl are two column random vectors, then the joint covariance matrix of

(0,€) is denoted by

Cov(@,f) = cov(@i,fj);l <1<k 1<j5</,

where cov is the covariance operation. We will denote

90(57 t) = R(Sv t) o 7(3)7
for (s,t) € Ar, where v(s) = R(s, ).

2. MAIN RESULTS

This section presents the main results of this paper. Fix i < H < % In the sequel,
we denote

d77((t,2); (s, y)) =1t — s+ o — yI", (2.1)
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for (t,7),(s,y) € [0,T] x R% For 0 < 7,5 < 1, let C77([0,T] x RY) be the space of
continuous functions g : [0, T] x R? — R? equipped with the seminorm

t —
lollon = sup lg(t,2) —g(s )l _

)£y A7 (8, 2); (s, )
(1)).

Let O, be the determinant of the covariance matrix of the Gaussian vector (Bgl), B,
In the sequel, we conveniently recall the definition of the Stratonovich integral [ Yd"B
given by (L2) as the L*(P)-limit of the Riemann integrals lim. o [°(e, Y, dB) for inte-
grands of the form Y; = g(¢, By).

Theorem 2.1. Let g € C7([0,T] xRY) withy > 5= —1,7 > + —H and Y, = g(t, B,).
Then, limyo I°(e,Y, B) exists in L*(P) and

T 2
/ Y,d’B,
0

E

1
=E|Y], @) — §E/[0T]2 (Y ® Yy, W(s, t))dsdt (2.2)

T
IE / (Y, & Y, M),
0

where

Bgi)ng) — cov(Bt@; Bt(j)) }R(T, t) dy

M= i o (1) (2.3)
WIs.t) = Aus Dl ) (BOBD — conBO B (24)
b A Dnle D(BYBY — conB; B
+ )\12(8,t))\21(57t) (Blgi)BLgJ) _ COU(Bt(Z);BLEj)))
b Al Dl ) (BB — con( B B,

for 1 <1,7 <d, where

Ml ) = g {57600 - BN 0},
Mia(s, 1) == @t’t{%—f(s,t)y(s) - R(s,t)%v'(S)},
n(s.8) = g { Gt 10) = Rls D370},
hn(snt) = g{57(07() = R0 51 (0.5)

for (s,t) € [0,T)%.
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The pointwise differentiability of (s,¢) — R(s,t) for s # t plays an important role in
the proof of Theorem 211 It provides the pointwise existence of W(s, t) which might be
interpreted as a non-Markovian version of product of stochastic symmetric derivatives
in the sense of Nelson [30] w.r.t. the sigma-algebra generated by the “present” of the
FBM driving noise. See Remark for further details.

As far as the Holder-modulus of continuity is concerned, the conditions v > ﬁ —1

1

and 4 > 5 — H in Theorem 1] are sharp for the existence of (L2) in the class of

Holder continuous functions. Indeed, we observe vyH > % — H for every v > ﬁ -1,
C* C Lg(R?) for every a > 2 — H but this inclusion fails for « = § — H (see Prop
6.9 in [23] and Chapter 5 in [31]). We stress that W(s, t)dsdt is only a random o-finite
measure over [0,T]* and, for this reason, the existence of (L2) requires a regularity
condition on the integrand’s increments which is dictated by A via (LI4]). We choose

to work with

Cf = U C7([0,T] x RY)
’V>%—H,v>%—1
as the initial set where we construct the domain of the extension of the Stratonovich

integral (T2]).

In [32], the authors have proved equivalence of the rough integral
(YY) — (/YdX,Y)

in the sense of Gubinelli [21] with the symmetric-Stratonovich integral in a suitable class
of stochastic controlled processes (Y,Y”) (see [17]) admitting some regularity conditions
in the sense of Malliavin calculus and X = (B, X) is given in the Stratonovich form
([Z35). Theorem 1.1 in [32] covers the case Y; = g(B;) and Y/ = Vg(B,) if g € CZ(R?).
Therefore, a direct implication of Theorem 2.1]is the following result.

Corollary 2.1. Let X = (B,X) be the Hélder rough path associated with the FBM

with % < H< %, where the area process X is given by

Xy = / (B, — B,) ®d’°B,; 0<u<v<T. (2.5)
Suppose that g € CZ(R?) and let Y = g(B). Then
T 2 1
E / YodX,| =E|YI}, g — —E/ (Y ® Yo, W(s, t))dsdt
0 8 2 Jorpe

T
HE/ (Vi @Yy, My)dt.
0

As discussed above, Theorem 2.1] allows us to extend the notion of the Stratonovich
integral (L2)) beyond the set C7;. Let £° be the set of all processes of the form g(t, B;)
where g : [0,7] x R? — R¢ € C};. We equip this vector space with the positive semi-
inner product inherited from the right-hand side of (Z2). Let £z(R?) be the (Hilbert
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space) completion of (50, () go). Then, we can extend the domain of the symmetric-
Stratonovich stochastic integral from £° to Lz(R?) via [Z.2). In the sequel, we denote

this extension by
T A,
/ }/;deBtu
0

for Y € Lz(R?). We stress that fOT Y,d°B, = fOT Y;d°B;, whenever Y. = g(-, B.) € &°.
Then, we arrive at the isometry result.

Proposition 2.1. The set Lr(R?) is a separable Hilbert space which realizes

T A,
/ Y,dB,
0

2

E = |IYIIZ e (2.6)

for every Y € Lr(R?).

In the sequel, we set

p(dsdt) := |u|(dsdt) + k(s,t)dsdt (2.7)

for the g-integrable kernel k as described in (IL12). For the precise expression of x, we

refer the reader to (6.10) in Section

Theorem 2.2. If g is a bounded function and for Y. = g(-, B.), there exists p > 1 such
that (s,) > [Yoellay € L2(Ju]), icc.,

[ el sit) < oo (2.8

)

then'Y € Lr(R?) and

T
V2, g0 < / 1212 m(dr)
0

1
w5 [ IWerlBplasar) (29)
(0,772

We highlight the boundedness condition imposed in Theorem is just a technical
restriction and it is not essential. One can make use of localization arguments as long as
(5,8) = [Yarllop € L?(|u2]) and sup,cpo 1 | Yill2p < 00 for p > 1 and, for conciseness, we
restrict the analysis under this boundedness condition for the present paper. Theorem
is the loose summary of Theorem up to a technical condition which resembles
([Z-8) shifted by constants in a small neighborhood of the origin at R, x R?. For further
details, see (6.19) in Theorem and Remark
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2.1. Strategy of the proof. We consider the natural idea of exploring the underlying
RKHS described in (L) based on a polarization scheme and projecting Bs; ® B,,,, via
conditional expectation onto the Gaussian space generated by B., By where s < ¢ <
t <u < d<w. For a given integrand of the form Y; = g(¢, B;) and (¢,6) € (0,1)2, we
shall write

1

Ae 5 s €,S+E®Bt75,t+5>d8dt

0 0 _
<[ (,Y,dB), I°(5,Y, dB)>L2(P) - E/MP <sym(Y ®Y,),

1
+E/ <ant (Y ® Y;ﬁ) 4 5 s €,5+¢ ® Bt75,t+5>d8dt = [sym<€7 5) + [ant(‘Eu 5)7
[0,7]

where ant (YS ® Y}) and sym (YS ® Y}) denotes the anti-symmetric and symmetric part
of the matrix-valued process Y, ® Y, respectively. The philosophy is to concentrate
the analysis on the symmetric component (see Lemma [3.2)), where sym (YS ® Yt) can
be represented (by polarization) as

1
wym(Y,0) = -{ Y0¥+ Y0¥, -V, eV, | (2.10)
2 inal inal
margina. margina 1—increment

Then, we can represent

1
By ® Bt,g,t+5>dsdt (2.11)

1
[sym(Ev(s) = _IE/[OT}2 <}/'S®}/TS+}/;®}/;7465

1

- _E/ <)/st®}/st7A0(€75;Sat)>d5dta
2 [O,T}Q ’ ’

where

1
A€, 0 8,1) = 18 |:Bsfe,s+e® Btf5,t+6‘3578t]-

The limit (as (¢,6) | 0) of the marginal component in (Z.I1]) does not require too much
regularity from Y essentially because —(T t)dt is a finite positive measure. In the
limit, the marginal component in (m gives rise to the one-parameter matrix-valued
process

OR

ot
defined in (LI0). The analysis of the marginal component in (2.I1)) is investigated in
Section The analysis of the increment component in (ZI1]) is much more involved

=M+ —(T,t)I4xq.

essentially because gt(f (s,t) is a Schwartz distribution over [0, T]?. We will also use the
important fact it is a o-finite measure restricted to [0, 7|2 combined with the projection
operator A(e, d). The limit (as (¢,d) | 0) of the increment component in (Z.TT]) requires

regularity from the increments of Y roughly of the form

/ 1Yar |2 p(dsdr) <
0,772
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for some p > 1, where p is given by (2.7)). In the limit, the increment component gives
rise to the two-parameter matrix-valued process

A(s,t) = (ehé)nivo(e’d; s, 1)
2
= W(S’t) 8ta (S t)IdXd

almost sure for each s # t (see Lemma [B.3]). Sections E] and Bl are devoted to the
analysis of the limit

(El}é)rrio {[sym(e, 0) + Lot (e, 5)}

Lemma reveals that I,,(e,d) will play no role in the isometry expression. The
proof of Theorem [2.2]is given in Section [6] and it is based on Theorem 2.1l and Lemmas
and 6.3

3. PRELIMINARIES

In this section, we introduce the basic objects for the proof of Theorem 211

3.1. The projection operator. In this section, we will describe the conditional ex-
pectation

1
AO(Q 5; S, t) = @E |:Bsfe,s+e ® Btfé,t+5|Bm Bt} (3-1)
1 ..
= 465E|:B§)Es+e t— 6t+6‘stBt]‘ 1§Z7.7 de

for (s,t) € [0, T]?. The projection operator A°(e, d;-) onto the sigma-algebra generated
by (Bs, B;) can be completely characterized by Gaussian linear regression which we
now describe in detail. Let us denote

(1)

0) B{" B
By = 20 B, = : )

t d

for (s,t) € [0,T)* and 1 < i < d. Observe

A (6 5 S t) |:Bs—5,s+e ® Bt—67t+6|Bs,t]

466
for (s,t) € [0, T)>.

For each 1 < 4,5 < d, we observe (B;rt, B§2)68+E, Bt(J)é t+6) is a 2d + 2-dimensional
Gaussian vector. Therefore, the classical linear regression analysis yields the following

representation
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Bgzze s+e€ Bgl—)s s+e
() =k () ’Bs,t
Btf5,t+5 Btfé,tJré

where N, (€, 6) is a (zero-mean) 2-dimensional Gaussian vector independent from the
sigma-algebra generated by B, ;. Moreover, we have the following representation

i)
Bg()e,s+e )Bst
Bti5,t+5 7

'/V:,f@? j) := Cov ((Bgile,s+e7 Bzf{)5,t+5)—r; B57t> ’

+ Ns,t(€75)7 (32)

E = N3)(i, )55 Bey, (3.3)

where

Es,t = COV (Bs,t; Bs,t) .

We can represent ./\f;f (i,j) and X} as follows: Y, is a 2d x 2d-square matrix parti-
tioned into a block diagonal form

Ys(1,1) 0 . 0
0 2,22 ... 0
Zs,t - . 7t(- ) . . 5
0 0 5.4(d, d)

where

Yst(i, i) == Cov (B(i) : Bgzi) ,

s,t)

for (s,t) € [0, T]?> and 1 <1 < d. By the very definition, for (s,t) € [0,T]?, we have
» (s)  R(s,t) )
Yty i) = ’
N
det(,,(1, 1)) = v(s)7(t) — R*(s,1),

1 v(t)  —R(s,1)
E&t(“)—e&t(—R(s,t) 7(s) )

Here, in order to keep notation simple, we denote

@Syt = det(z&t('é, Z)),
for (s,t) € [0,T)%. By construction,

-1 _
Zs,t -
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By the independence between B® and BUY) for i # j, we observe we can represent

J\f;f(i, 7) as follows

€5/ at(e, s, t) ... allest) ... aifes,t)
N (,9) = (511(5375) Bt 55(5,s,t))'

Here, the first row is represented by (e, s, t) := (0, 0) for every ¢ # i and
i 1 1 1
ai(e’ S t) = <COV (B((s)fe)\/O,SJre; Bgl)) , COV (B((s) €)VO, ste’ B( )))

The second row is represented by 7 (6, s,t) := (0,0) for every m # j and

j — (1) 1 (1) .pM
B (0,s,1) = (COV(B(t )0, t+6’B( ))’COV(B(t—é)VO,t—I—&’Bt ))
From (ali(s,t), Bg (s,t), we can construct the following submatrix of ./\f;f(i, j), namely:

j\/:;’t5 = ( nll( 78)t n12<67 S7t) ) 7

Ny (9, s,t) moa(d,s,t)
where

nii(e,8) := R(s,s+¢€)— R(s,(s—€)V0), mni(es,t):=R(s+et)—R((s—e€)VO0,t),
and
ny (6, 8,t) := R(s,t+0)— R(s,(t—0)V0), mng(d,s,t):=R({t+d,t)—R((t—0)VO0,t),

for (¢,0) € (0,1)% and (s,t) € [0,T)%.
Let us denote
75 (e) ) BY
Sk = S—€,5+€ ‘B
234, s,t
( Z29(6) B i

for (s,t) € [0, T]?. From (B.3), the coordinates of the conditional expectation (3.4) are
given by

, (3.4)

Z5(e) = )B4 Aa(e, s,1) B} (3.5)

and

Zsz,;tij(é) = (9, Sat)ng) + Aaa (0, S,t)ng)}, (3.6)

where we set

A1(€, 8, 1) :=mny1(€, 8)v(t) — nia(e, s, t)R(s, t)
Aa(€, s, t) :=mnya(e, 8, 1)y(s) —nyi(e, s)R(s, t)
Ao1(0,8,t) :=m91 (0, s,t)y(t) — na(d, s, t)R(s,t
Aoa(0,5,t) :=m92(0, 5,t)y(s) — na1 (0, 5, 1) R(s,t

),
)

9
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for (s,t) € [0, T)%. We shall represent A°(e, d; ) as follows.

Lemma 3.1. For any (¢,0) € (0,1)%,
A(e,0ss,1) = 1= | 200220 (0) — BIZLP (022 0))]

1 ;
+ 4_55E[B§ es+eBt(])5t+5]

for (s,t) € [0,T)? and 1 <i,5 < d.

fV(l)(e)
Proof. Fix 1 < 4,57 < d and (¢,0) € (0,1)% Let Ny,(e,d) = s’t( ) be the
Gaussian vector in ([3.2)). From (32), we have

B(Z)

jij 1 j i 2
Dewre = 2O+ NGO, Blyos = Z30(0) + N3 (09),
for (s,t) € [0,T]*. By recalling that N, (e, d) is independent from the sigma-algebra
generated by B, and it has zero mean, we have

1 [ . P
EE B§26,3+eBz§i)5,t+5|Bs,t] = —5Z:tj< )Z§,7t]<5) (3.7)
1
(1) ()
+ @E [Ns,t (E)Ns,t (5)]7
for (s,t) € [0, T)?. By taking expectation in the right-hand side of (3.7)), we must have
1 2 1 i j 1 Lij [\ 2
BN @OND )] = SE[BL o B ] — 15EI2 (92579)].
for (s,t) € [0, T)?. This concludes the proof. O

The following simple result shows that the anti-symmetric component I,,; does not
play any role for the construction of the symmetric-Stratonovich integral.

Lemma 3.2. The anti-symmetric component I,(€,8) is null for every (e,4) € (0,1)%.
Therefore,

<[0(e, Y,dB), (.Y, dB)>L2(P) = Loym(c. ),
for every (€,d) € (0,1)2.
Proof. Fix (€,d) € (0,1)%. For each i # j, we can write

i 1
/[0 . E [Ymit( 0B s B 5} dsdt
ji L oGy po
+ o T]2E[Yant( )46538 ES+€Bt 5t+6i| dsdt

1 1 i
- 5 /[;)TP L [Y;( Y, j) {Bs € s+eBz£])5 A+S ng)e s+eB(,)5,t+5}] dsdt
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1 N ) Z
"—5 /[OT]2 E[}/'S(J)Y( {BS ES+€B§ )6t+6 _ B( )68+EB(J6t+5}} dsdt.

Therefore, we can write

d
1 j i
Iant(€7 5) = 5 Z /[(]T]2 E[Y(Z)Y {Bs € s+eB§i)5,t+5 - ng)e s+eB(35,t+5}:| dsdt
ij=1
_1 Z / VOV AV (e, 6 5,1) — Ai(e,6;5,1)]dsd (3.8)

We observe the matrlx—valued process A% (e, 8);1 < 4,5 < d is not symmetric. Indeed,
by applying Lemma B.1], we have

Ao’ij(e, 9;8,t) — Ao’ji(e, 9;8,t) {A11(€, 8, 6)Aa2(0, 8, 1) — Aia(€, 5, 8)A21(9, s, 1)}

_ 1
- 465®§’t
x  {BYBY - BYB}, (3.9)

S

for (s,t) € [0,T)? and i # j. In view of (B.8) and (B.9), it sufficient to check

for every (s,t) € [0, ] and i # j. Let us choose a version A% (s,t;-) of the conditional
expectation E[Y."Y," |M, N], ie.,

Al(s,t; M, N) = E[Yv,?| M, N],

for ( t) € [0, T]? and any pair of random variables (M, N). The independence between
B and B, 2 ylelds

= /]12;2 xyAij<87 L, y)P(B£1)7B£J))<dI‘dy)

= /:pyAij(s,t;x,y)IP’(B(j)B(i))(dxdy)
R?2 s
— E[BYBY A(s,t; BV BM)]

This concludes the proof.
O

Lemma [B.1] reveals that the planar increment of R will play a role in the asymp-
totic behavior of Iy, (e,d) as (e,6) | 0. More precisely, for i = j, we observe

4i5E[B§ 2 s+eBzg])5 14s) 18 written as



THE ISOMETRY OF SYMMETRIC-STRATONOVICH INTEGRAL 19

1

2€20
where I. 5 := (s —¢,5 + €| x (t —0,t+ 6] and

E[B§Z)€ 8+EBt(Z)5 t+5] 2% 25 AI R<S7 t)?

Ap  R(s,t) = R(s+e,t+0)+ R(s—€,t—0) — R(s —6,t+0) — R(s +¢,t—0).

One can also view EA 1. ;12 as the standard finite-difference approximation scheme

for the singular derivative
O’R
Otos

Remark 3.1. Fiz 0 < H < § and1 <i <d. For each s # t, we can take (¢, 8) € (0, 1)
small enough (and obviously depending on (s,t)) such that

= HQ2H — )|t —s|* 25 £ . (3.10)

1 Q) 0 t+5  pste 2R
E[B.' B’ b)dadb.
2625 [ s—e,s+e€ tfé,tJré] 2625 /S 8ta (1, a
YVM%%jbre,zue have pointunse convergence
1 (i) () 0 R
2625E[Bs es+eBt 5t+5] ata (S t)

as (€,0) L 0 for each s #t and 1 <i <d.

In view of the representation (2.I1I), the following result is a first step of getting a
hint on the limiting behavior of the increment component in Iy, (e, 0) as (e,9) 4 0.

Lemma 3.3. For each (s,t) € [0,T)?, we have

A(s,t) :== (shb‘)nio A%(e,0;5,t) = W(s, t) + 5105

(Sat)]dxda (311)

almost surely, where

W (s, t) (3.12)

I
>
=

+ 4+ o+
kg

and
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arls0) 1= g—{ G (5. 010) = R(s.057' ()},

ot 2
Nl 1) 1= {7 (005) = RGs.0 5 (5.0}

for (s,t) € [0,T)? and 1 <i,j < d.
Proof. Just apply Remark B.1], Lemma [3.T], make use of the representations (3.3)), (B8.6])
and the pointwise differentiability of the covariance kernel R. In this case,

1 .1
Au(s,t) = 1613)1 Z)\n(@ s,t),  Aa(s,t) = lﬁlﬁf]l Z)\H(Ea $,t),

1 1
)\21(8,15) = lgﬂ)l 2—5)\21<5, S,t), )\22(8,15) = lgﬂ)l 2—5)\22<5, S,t),

for each (s,t) € [0, T]2. O
Remark 3.2. By the very definition, we observe that

1 o1 ; 1
—52; V(€25 = %E[Béi)e,éh% B&t} %E[B(Z 5t+5’B5t]

Hence, W¥(s,t) can be interpreted as a sort of product of the stochastic derivatives
introduced by the classical work of Nelson [30] (in the Markovian case) and studied in
the works [9] and [10] in the non-Markovian case. In the language of the works [30] and
[9], we are taking derivatives w.r.t. present information and not w.r.t. whole history
of the Gaussian process. We observe the pointwise differentiability of (s,t) — R(s,t)
plays a central role for the pointwise existence of W. Moreover, we stress the forward
version of the almost sure pointwise limit (in time)

1

B®
it @E[ relBer BB 1Bu

does not exists when 0 < H < 5. Indeed,

R(s,s +¢€) — R(s, s) 1{<5+5)2H_52H 4 2H—1}
== € .
€ 2 €
This can also be interpreted as a side eﬁect of the well-known fact that the stochastic

Jorward integral only exists in the regime 5 L<H<1.

Remark 3.3. The random field A is not integrable over the rectangle and it can be
interpreted as a random Schwartz distribution on [0,T)* but also a random Radon
sigma-finite measure on [0, T|? which is absolutely continuous w.r.t. Lebesque. We also
stress that each term A11, A2, Ao1 and Agg admits a rather strong singularity of the form
|t —s|7! along the diagonal of [0, T)?. See Lemma[3.4. Therefore, we get non-integrable
divergent terms

|t - S‘QH)\H(S, t))\gl (8, t) (BgZ)ng) — CO’U(BS), B
It — s* A1 (s, ) Aaa(s, ) (B BY — coo(BY; BY

9
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[t — s Aia(s, ) Aar (s, 1) (B BY) — cou( BY"; BY)),
It — 52 Ao (s, ) Aaa(s, ) (B BY) — cou(BY”; BY)),
even when multiplying by compensating terms of the form |t — s|*H.

Remark suggests that despite pointwise convergence of the projection operator
lim(c 5),0 A(€, 0) is in force, the singularity of R along the diagonal would prevent any
attempt to make the full use of A when proving convergence of lim 5,0 Lsym (€, d). The
following calculation suggests that this is not the case.

In the sequel, let us denote

Mma(s,t) := A1(s, 1) + Aa(s, t), ma(s, t) == Aa(s, t) (3.13)
M21(8, ) i = Ao1(8, 1) + Aaa(s,t), maa(s, t) := Aaa(s, 1), (3.14)

,T]2. By using the fact that A\i;(s,t) = Apa(t, s) and Aja(s,t) = Aoy (2, 5)
t) € [0, T)?, we can represent

for (s,t) €
for every (s

0
Wi(s,t) = (mals,)BY + ma(s, ) BY) (a1 (5, )BY + maals, )BY ) (3.15)

= E|(mi(s.)BY +mals, )Y ) (maa(s,)BY) + ma(s, ) B )|
for0<s<t<T and

Wils,t) = (ni(t)BY + mia(t,5)BE) (1 t5) B + moa(t,5) BEY) (3,16

- E[("hl(ta S)B( 2 Ma(t, S)B( )> <7721(’5 S>Bt(i) + n22(t, S)Bt(,is))}

for 0 <t < s < T. The appearance of the increments B,; and B, and the more
regular functions 71 and 79; in representations (B.15]) and (B.16) give us hope that one
can indeed make use of A for the study of the asymptotics of I, (€, d) as (¢,6) | 0.

3.2. The projection operator over the 2-simplex. The above discussion suggests
that it is important to view A%(e, d;+) in terms of increments B, rather than By, B, as
follows. In case 0 < s < t, we will write

1 - -
AO(G, 5, S, t) = EE BS,E,S+€ ® Bt757t+5|357 Bs,t . (317)
e L J
In case 0 <t < s, we will write
1 - -
A€, 6;8,t) = 4—5153 Bs_csie ® By_s445| B, By s |- (3.18)
€ L |

For this reason, we collect some important objects of the projection operator over
Ar ={(s,1);0 < s <t < T} which will play a key role in our analysis. In this section,
we restrict the discussion to the 2-simplex Ap. The representation of ([B.I8]) over the
other 2-simplex of [0, T]? is totally analogous. Let us consider
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O;g — ( 011(6, S) 012<6, S,t) ) ’

0921 ((5, S, t) 022(5, S, t)

where the elements 011, 012, 091, 099 are given by

1)
s—€)V0,s+e’

011(€, ) 1= cov(B(( BWY) = R(s,s+¢€) — R(s, (s —€) V0),

o12(€,8,t) = COV(B(l) 'B(l)) = R(s+¢€,t)— R((s—€) VO0,t)

(s—€)V0,s+€7 st

— [R(s+¢€,8)—R((s—¢€)VO0,s),

021(8,5,1) - cov(BYY 5),0,41: BY) = R(s,t +8) — R(s, (t — 0) V 0)
and
092(9,8,t) = COV(B((ELS)VOJ_HS; BSB) =R(t+4,t) — R((t—9) Vv O0,t)

— [R(t+0,5) — R((t—0) V0,s)],

for (¢,0) € (0,1)? and (s,t) € Ap. Gaussian linear regression yields the following
representation

256 = 5 t{ml<€’ s, 0BY + miale, 5,0 B | (3.19)
and
i 1 , .
Zi’t] (5) = =) . {7721 (57 S, t)ng) + 7722<57 S, t)Bgt)}7 (32())

where we set

(e, s,t) == o11(e, 8)|t — s|*" —o013(e, 5,1) (s, 1),
Ma(e, 5,1) == 012(e, 5,1)s* — 011 (€, 8) (s, 1),
N21(8,5,1) == 091(8, 5, 1) |t — 8|* — 095(9, 5,1)p(s, 1),
N22(0, 5, 1) := 092(8, 5,1)s* — 041(0, 5,1) (s, 1),

for (s,t) € Ar. One can easily check that n(e,s,t) = Ai(e,s,t) + Aia(e, s, 1),
7’]21(5, S, t) = )\21(5, S, t)+>\22(5, S, t), 7712(6, S, t) = )\12(6, S, t) and 7]22(5, S, t) = )\22(5, S, t
for (s,t) € Ar and (€,6) € (0,1)%

The matrix (’)Z:g will play a key rule in our analysis and we can actually write it in
terms of a single function ¢ : R — R defined by

~—

)

() =1+2* -1 -2,z cR. (3.21)
For a positive § € (0, 1), we also define
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tQH

a0 = {50(5) - ()
for (s,t) € Ar.

One can easily check we can write

s2H € \t—8|2H €
o — [ ) =S GE)
" AU(S,s,t) =0 (2)
for (s,t) € Ar such that 0 < s — e and 0 < t — §. Other representations are given by

O — R(s,s+¢€) R(t,s+ EZH— R(s,s+ €)
! AL(6, 5,t) s () )

2
for (s,t) € Ar such that 0 > s —¢, 0 <t — 9 and

O _ R(s,s+€) R(t,s+¢€)— R(s,s+e¢)
st R(s,t+9) R(t+0,t)—R(t+9,s) )’
for (s,t) € Ap such that 0 > s —eand 0 >t — 9.
The following inequality is crucial to estimate A°(e, d;s,t) along the diagonal of
[0, T]? and the origin.

t—s

Lemma 3.4. Fiz H € (0,1). The following representation holds

O, = |t — s A(s, 1), (3.22)
for (s,t) € [0, T)?, where
(2 SQH)Q}
[t —s]2H ]

1
A(s, 1) = Z{zsﬂH o g s2H

for (s,t) € [0,T)2. Moreover,

82H A t2H 22—2H

: 2
|A(s,t)] < 4 _ 92H’ (s,t) €[0,T7;.
Therefore,

1 < 1
07, ~ Tt — s/ (s A 47)’
for every (s, t) € [0,T)2 such that s Nt > 0.
Proof. Representation (B.22]) is obvious. Fix 0 < t < T Let us write

A(s,t) = 3{23” + ¢(s,t)},

(3.23)

for s # t, where

(t2H _ S2H)2

Bs.1) = 71 — [t = s+ — s # 4
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If £ < H < 1, the function a — a*7 is Lipschitz. If 0 < H < 3, the function a — a?/
is 2H-Holder, then

2H _ 2H|2
27 — s
[t — s2H

as s — t. Therefore, lim,_,; ¢(s,t) = 2t>* and hence

—0

2H §2H
li = li =1
S A(s, 1) ol {287 1 6(s, 1))
We claim
§2H
li =1 3.24
A0 A(s, t) (3.24)
for any H € (0,1). Indeed, let us write
82H 482H 4

Als,D) 29T 4 9(s,8) 24 960"

Observe
agb 2H—1 1 2H—-1/,2H 2H 2H
So(s.t) = 2Hsgn(t—s)lt—s +m{41{5 (2H — 2|t — 4

— 2Hsgn(t — s)|t*7 — s*H |t — S|2H—1}’

for s # t. By L'Hospital, we know that

1- ¢($7 t) . 1 2(t2H — 32H) (t — 5)4H _ (t2H _ $2H)2
NPT I (t — s)2H (t — s)i+2H g2H-1
I B o s R (Ut bt o Gl )
N ;&1 (t — s)2H (t — s)l+2H g2H 1 :
We have

o(e2H — g2H)
lim ———~=
sl (t—s)2H
Mean value theorem yields

((t — s)* — | < 4H max{t*" (t — s)* " 11s

=0.

2H (9p2H _ (2H
_o fim S )
510 (t — 5)1F2H g2l -1

so that
(t _ 3)4H _ t4H

4H max{t*1 (t — )1, oy
(t — )12l g2l -1 °

(t _ S)1+2H

as s | 0. This shows ([3.24). Now, let us consider

— 0,
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$2H .
g(s,t): m, 1f0<$<t
1, ifs=0ors=t.

This function is continuous (it is C'! over (0,¢)) on the interval [0, ¢] for each ¢ € (0, T].
Moreover,

o QH =1 A(s,t) — s?H A (s, ¢

—g(s,t): (5,) 2 ( );0<s<t.

0s |A(s,t)]?
Clearly, g(-,t) has a unique critical point at £ over (0,1), i.e., 859(%, t) = 0. Moreover,

(Ly2H 92-2H
—’t> — = — > 1’
(3 ALy 24T

for every t € (0,7] and H € (0,1). This completes the proof. O

4. ANALYSIS OF THE MARGINAL COMPONENT
In this section, we will analyse the limit
L p ® B >d dt
o o s—e,ste — sat,
(€,6)10 2 4ed S 0,440
for Y, = g(t, By).

Lemma 4.1. If Y. = g(-, B.) satisfies

1
mp@/ (v.eY.+v0Y,
[0,T]2

E sup |Vif? < oo,

0<t<T
for some 1 < p < oo, then
I 115:/ <Y®Y+Y®Y L 5 ® B >ddt
m - s s y 1 c1?s—e,s+e€ — S
€02 Jop t " Ied S+ t—8,t+6

T
:IE/ (Y, ® Yi, My )dt
/ VP2, i

Proof. We claim that if f : [0,T] x R? — R satisfies Esupo,<p |f(t, By)[P < oo, for
some 1 < p < oo, then

1
lim E t. B BW  BU dsdt
(e%r;io /[OT]zf(’ t)4(5 s—estei—511645

1 .
= EhéniOE/ f S, B )4 5B§)Es+eBt 6t+6d8dt

T
:E/ |f(t, Bt)|28R(T t)dtd;,
0
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B()B(” cov(BY; B\ R(T 1)
+E/ftBt 12H }tQH

for each 1 <14, j < d. In this case, (£1]) will allow us to conclude the proof.
First, we observe we can write

a(b). (4.1)

T+e

1 i i
0172 f(t, Bt>4 5B§)e s+eBzfj5t+5det] = 2_5E / f t Bt t— 5t+5dt— Bg)ds

1
— 5E / f(t, By) t5t+5dt—/oB

The idea is to project onto the sigma algebra generated by B; as follows

E

5| [ B2 s [ Bas
€ JT—e
T+e
/ / f(t, B)E i)smB( ’Bt}ds—dt] (4.2)

Gaussian regression ylelds the representation

t—0,t4+0

E| B 105 B0 | B = a7(6:5. 07 (1) + B[BO B ).

where » "
y : By’ By

q”(9; s,t)ZCOV(Bij_)am;—tt )COV(BS’;—t )

’ H

{ BB — cou(B"; BY") )

i (t) — o7

By writing E[B"BY 5] = E[BYBY ;] — E[(B}Y — B{")BY;,;], we can de-

COHlpOSG

T+e

/ / f(t, B)E[BYBY . ;] dsdt
/ f t Bt t “H}dt]
e @ pln pl)
456 / f (t, B)E[(By — BB, s dsdt|.

Observe
1

E[(B() B(l )Bt(])5t+5] =

2 2 >

(R(t+6,T) = R(t+0,5)) — (R(t=6,T) — R(t =6, 5))]5
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for (s,t) € [0, T)? and hence

/ f t Bt t 5t+5:|dt 8

as 0 | 0 and

1 T+e ) ) .
2—5E[ / / f(t. B)E[(BY — BMBY, /] dsdt] —0
0

as (¢,6) } 0 for any 1 < 4,7 < d. Again, by writing cov(Bgl7 ” ) = cov(By) —
B(T) l:—) —i—cov(B(TZ),

- ) we can decompose

S

T+e (4) (4)
B 4 5 BY\
[/ f(t, By)cov (Bt@)& s %)cov (Bgz) - Bé); t—t>r” (t)dsdt]
H

H
B(J) ) B(i) N

/ f(t, By) COV Btj)MH7 tt )Cov(Bg,f),t—t>r”(t)dt

H

H

=: I7(€,8) + I (e, 0).

We claim that

5 (e,8) — IE/ £t Bt () =5y (0) (4.3)

and B
I7(e,6) — 0, (4.4)
as (€,0) 4 0. Indeed, let us denote

1 /[* . .
Fs(s) = 2—5/0 cov(Bt(i)&tH;Bt(]))dt.

We observe

1 S C(R(t+6,t)— R(t—d,t
Fi(s) = 5 6R(t+5,t)dt+/0{ t+o )25 ( ’)}dt

1 /[ 1
— 2—5 L R(t + 5, t)dt — 5’)/(8),

for each s € [0,T], as ¢ | 0. Moreover, by applying Lemma 5.5 we get

1Fsllov = /Tt2H€<€)1dt
NV 0 t/ 2e
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T
S 22H—1/ tQH_ldt,
0

for every 6 € (0,1). This shows (43). Similar argument can be made for (4.4]).
Therefore, we conclude

T+e

1 r : 1 .
—E / f(t, B,)BY s BYds
0 ’ €

T—e

converges to the right-hand side of (£.1]). By applying a similar analysis, one can also

easily check that
€) Lr (i)
ftBt B, 6t+6d2 BlVds
0

as (€,0) J 0. By the symmetry of our argument, we may conclude the proof. OJ

— 0,

5. ANALYSIS OF THE INCREMENT COMPONENT AND PROOF OF THEOREM [2.1]

In this section, we will concentrate the analysis on the increment component of
Isym(e,d) in [ZI0). That is, we will investigate the limit

1
lim ——/ <Ys,t®Ys,t,A0(e,5;s,t)>dsdt.
(e,6)J0 2 [0,7]2

For this purpose, we decompose the matrix-valued process A%¥ (e, §) given in (B.1))
into two distinct components according to Lemma [3.Jl The random component

1 i sij (i sij
5| 2500220 6) — B2 (022 0)
and the deterministic component
1

4—€5E [Béif)e,ereBlg)&tJré} ’

5.1. Deterministic component. In this section, we investigate the limit of

hém ——Z/ |}/;(Zt [B§Z)e 8+EBt(Z5t+5]det
(€,6)40 0,772

where we recall -2 E[B§2)68+EB§Z)5t+6] =Ap  R(s,t) for (s, t) € [0,T]2.

Lemma 5.1. Let g € C77(]0, T]de) withy > 3—H,y > 3z—1 andY. = g(-, B.). For
every 1 < p < rnin{Q_QHl_QHv
such that

t—max{2e+8;25+¢} 2p
sup [E / / } St}
(e,6)€(0,1)2

P 5o 2H 5 } there emsts a constant C =C(H,~5,7,T,p)

A[E(SR<S t)  dsdt < Clg|2, (5.1)
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Proof. Fix v > 57 — 1,7 > 5 — H and 1 < p < min{s—z—57; 575575} Fix G5 =
{(s,t) € Ar;0 < s <t —max{2e+0;20 +€},0 <t < T}. First, we observe (s —¢, s +
)N (t—06,t 4+ 0) =0 whenever t — s > e+ 0. Hence, we can write

1 t+0
—A t)=H(2H — 1) a)*"2dadb, 5.2
4€d Ie,éR(S7 ) ( 2625 / a ( )
for t — s > e+ 4. From (5.2), we get
AI SR(s, )| S HQ—2H)[t — (6 +¢€) — 5?72, (5.3)

4ed

whenever ¢t — s > € 4+ . By assumption,
Yoal ™ < Nlgll5 {1t — 8|7 + By 7},
for (s,t) € Ar. By triangle inequality

(It =5 £ B} S {544 s — (4 )7
+ Bisal™ + [Bosre ™7 + [Buter-o 7}
Ios(s,t) + Jes(s, 1),
for every (s,t) € Ap. Then,

B[ Vol dnRls 0 dsdt < g8 [ |Ls(s.t) + sl )
Ge S Ge,é

X |t —s—(e+0)|*HDPdsdt.

Observe that 0 <t —s—(e+0) <= s<t—(e+20) ande <t —s—(e+0) <= s<
t — (0 + 2¢). Therefore,

[t —s— (e + 5)|(2H—2)p1675(3’t) <lt—s—(e+ 5)|(2H72+2’7y)p
on Gs5. We observe
E[|J575||t —s—(e+ 5)|(2H—2)p|] < Jt—s—(e+ 5)|(2H—2+27H)p

on Gy and using the fact that (2H —2+2yH)p+1>0and (2H —2+4+29)p+1> 0,
there exists a constant C' = C(H,7,,p,T) such that

E/ | Jos(s,t)||t — s — (e 4+ 0)|PHA2Pasdt
G66

~

< / [t — 5 — (e +0)|FA22Mrgsqr < C
Ges

and

/ [I.5(s,t)||t — s — (e + 6)| 2P dsdt
G66
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~Y

< / it — s — (e + 0)|PH=2+2Pgsdt < C
G6,5

for every (e,d) € (0,1)2. This concludes the proof. O

We now need to investigate

T t
1
E/ / Vei|>—|A7 ,R(s,t)|dsdLt.
0 t—max{2e+5;20+€} ! 465‘ o ‘

First, we need the following elementary lemma.

Lemma 5.2. For each 0 < H < %, the following inequality holds

(1—u)* >1—4Hu,
for every u € [0,C%|, where C3; =1 — OT3T

Proof. Let f(u) = (1 —u)*! — (1 — 4Hu) for 0 < u < 1. Then, f(0) = 0 and
f'(u) = —2H(1 —u)* 71 + 4H for 0 < u < 1. We observe that f’(u) > 0 on [0,C%)
and f'(C}) =0, where 0 < C7; < 1. This completes the proof. O

Lemma 5.3. Let g € C77([0,T] x RY) with 7 > § — H,v > 55 — 1 and Y. = g(-, B.).
Then, there exists a constant C = C(H,~,%,T) which only depends on H, v, 7 and T
such that

T [t
1
E/ / |V, i?|—=As  R(s,t)|dsdt
0 Jt—max{2e+68;26+¢} ! }465 . }

< CHg”?w min {6[2H71+2("y/\'yH)}’ SI2ZH—142(3AVH)] }’ (5.4)
for every (e,8) € (0,1)2.
Proof. First, we may suppose that g(t,z) = g(x) because both yH > i — H and
3> 41— H and E|B,|*" = |t — s|*"™. Let us denote
Ges ={(s,t) € Ap;t —max{2e+ ;20 + €} < s < t}.

One can easily check we can write

— g|?H —
LA Rt = T 1@(“5 6 5>,

4ed 4ed 2 \|t—s| |t — s
for (s,t) € Ar, where

U(z,y) =1+ 2P+ 1=z = [1+yPT =1 —yP"; (2,9) R
The Holder property of g yields
o e—|—6’ €e—0
|t —s|” |t — s

E Y2—1A R dsdt < £ — s
t t
/6’6 ’ Sﬂf‘ ‘466 Ie,é (87 )‘ S r\.//cTv E(S

€,0

dsdt  (5.5)
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Next, we devote our attention to the evaluation of the right-hand side of (B.5)). Fix
the variable t. In the sequel, for a given (¢,d) € (0,1)?, we may suppose, for instance,
0 < e. Observe 26+ > 20+¢€ <= € > §. By making the change of variables, u =t — s,

we can write
/t |t _ 3|2H+2H“f v €+ 5 € — 5
t—max{2e+0;20+€} €0 |t - S| ’ |t - S|

ds

2e+0 , 2H+2Hy €+ 5 e
= N\
/0 €d ( u )’du
2e+4 w2H
:/ lu+ €+ 62 4 |u — (e + 0) |2
0 €d
“Jut (e — 8P — Ju— (e—é)\QH‘du. (5.6)

Make another change of variable z = —5. Then, the right-hand side of (B4 is given
by

(6—1—5) (v+1)+1 /e+6 211 |z+1‘2H
(€d) 0
2 2
+|Z—1|2H—}z+1—% - —1+% 2H‘dz.
€ €
Since 25:5‘5 =1+ 5, we first analyse
2H(v+1)+1 o1
(€+5)< 5) / L2HY |z—1|2H—‘z—1+ ii;‘QH’dZ-
€ €
We observe 1 — 2z — =% >0 <=2 < —g Then, we split
(e+ 5)2H(“/+1 / o1 - 20 jom
-1 ‘z -1+ ‘ ‘dz
() 0 e+0
_ (6—1—5)(21;)(%1 / Qny _1|2H_ ’2_1+%’2H‘d2
€ 0 €
2H (v+1)+ 9
+<e—|—5) [P T P o 2H‘dz
<€5) 6+6 6+5
= Ji(k;€,0,t) + Ja(k;€,0,1).
Observe
=0
(€ 4 )2 O+D+1 /€+5 - - 20 1 \2H
ki€, 6.t) = (1 — [1—(1— ) ]d.
ik €,0,1) €d 0 (=2 e+d61—=z ©
By applying Lemma 5.2, we get
T (e + 8)2HOHDH 55 26
/ Ji(k;e, 6, t)dt < / 21— )2 g
0 (e) 0 e+6



32 ALBERTO OHASHI!, FRANCESCO RUSSO?, AND FREDERI VIENS?

e—9
e+06
S €2H7+2H71 % / Z2Hﬂ/(1 _ Z)QHfle.
0

We observe

) _ (€ + )Mo+ /1 2H~ 2H 20 1 2
Jo(k;€,0,t) = = o 2*77(1 — 2) )1 <€+51_Z 1) )dz.

e+6

By using the Holder continuity of z — 2, we observe
20 1 1) 2H ‘

(1_z)2H‘1_ <e+51—z_

R =)

e+6
<o < (2"

whenever 1 — i—% < z < 1. Therefore, integrating w.r.t. the variable ¢, we have

T 2H(v+1)+1 , 95 \2H [l
/ Jo(k;e,0,t)dt < (c+9) ( 0 ) / 21 dzdt
0 120

€d €e+0 -2
< (€+5)2H(v+1)+1< 26 )2H+1
~ €d e+6

2H
(e +9) v52H < (2H+2Hy-1
€ ~ '

Next, we treat the integral over [1, £5]. Observing that (14 z)*' —1 <  for every
x > 0, we have

(e + 5)2H(W/+1)+1 /1+€+_5 S2H~
€d 1

(€ 4 90D /Hei‘s 2H~ oH 20 1 \2H

- -1 ) —1]d

€d 1 F(E=1) * e+dz—1 :

(c + §)2H-2M /1+6i5
1

€

20
|z =1 — |z — 1+6+—5\2H

‘dz

< ZQHV(Z . 1)2H—1dz < (2H+27H-1

Summing up the above estimates, we arrive at

Y

for every € > 4. Similarly,

2e¢+48

2H~

dz

20
|z—1|2H—}z—1+—2H‘
e+0

e+06
z
<

2H+2H~—1
~J 6 )
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(e + 5)2H(v+1)+1 Loty

1P — |2+ 1— —}QH)d dt

< 2H+2Hy—1
~Y € Y

for every € > ¢§. In case € < ¢, we have

t
E/ Y, 42 } AI 5 (s,t)’ds
t—max{2e+5;25+¢}

26+€ 2H+2H~ €+5 €e—90
S W(H0 0

€d U
/25+e u2H'y
0 €l

(e — 8P — Ju— (e—é)\zH‘du. (5.7)
Make the change of variable z = —5. Then, the right-hand side of (E10) is given by

u

du

lu+ €+ 62 4 |u — (e + 0)|*

20+€

2H(v+1)+1 255
(€‘|‘5) / + Z2H7 |Z+1‘2H
€d 0
2
Hz = 1P = |2+ }QH—‘z—le ‘ ‘2H‘dz.
e+0 e+0
By symmetry of our argument, we then conclude the proof. 0

By symmetry, Lemmas [5.1] and Remark [B.1], we arrive at the following result.
Lemma 5.4. Let g € C77([0,T] x RY) with vy > 57 — 1,7 > 5 — H and Y. = g(-, B.).
Then

P Z /; Y;(i Y;(i 4—5E[B§ )5 s+eBt 6t+6} dsdt —

zy 1 (0,772

O*R
g / Yol 555 (5 )dsdt,
2 [0,T]2

as (€,8) 1 0.

5.2. Random component. In this section, we investigate the limit of

1
lim ——E/ <Yst®Yst,W0(e J9;8,1) >dsdt
0,772

(e6)40
where
WO (e, 555,1) 1= = Z050(0)220(6) - B[ 210 220 6)] ).
for (s,t) € [0,T]? and (¢,8) € (0,1)%. Recall that (Z5%9, Z%%) is given by (3.4), (3.5)

and (3.6]).

By Lemma 3.3, we know that
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lim W% (e, §;s5,t) = W (s, 1)
(e,0)40

almost surely, for each (s,t) € [0,7)? and 1 < 4,5 < d. In this section, we will prove
that

{YOYIWO (e, 8:5,); (5,1) € Ars (,9) € (0,1)*} (5.8)
is an uniformly integrable family in L'(Q x A7), for each 1 <i,j < d.

Remark 5.1. By symmetry and projecting onto the sigma algebra generated by By, By
for0 <t < s <T, wewill also conclude the convergence on the other part of the simplex
in [0, T)2.

The following elementary estimates are important in this section.

Lemma 5.5. For a given0 < H < 1 anda > 0, let {,(z) = |a+z[* —|a—z|*;2 € R.
Then,

sup M’ _ 92H 2H-1
>0 X
Proof. First, we observe lim, o Zlmﬂ = 4H. Then, we can define the continuous function
)00 )<z < 1
f(x) = (1+$)2Hf($_1)2H; if1<x<oo
4H:; if z =0.

The function x — 2% is 2H-Holder continuous over R, with Holder seminorm equals
1 and hence

(AR TG PP
X

for every x > 1. There is no critical point for f in (0,1) and 4H < 2* and hence we

conclude the proof for a = 1. In the general case a > 0, we just observe we shall write

la
ﬂ’ _ a2H—1ﬁ“1 i 5’2H B }1 B fle’
x x a a
and by applying the previous case, we conclude the proof. O]

There is slight abuse of notation here. We recall ¢; = ¢ as described in (3.21]). The
following elementary result is useful for the next lemmas.

Lemma 5.6. Fiz 0 < H < 1. Let ¢(s,t) = R(s,t) —~(s). Then,

(s, )] < min {s™[t — s [t — s[*; 5™},

for every (s,t) € Ar.
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Proof. Holder’s inequality yields
(s, 1) < EIBUB| < 5"t — 5"

for (s,t) € [0, T]?. The function x — z* is 2H-Holder continuous over R, with Holder
seminorm equals 1 and hence

fols, B = {2 = 2 — |t — s} | < |t — 5P,

for (s,t) € [0,T)>. If0 < s <t <T, then

1
(s, )] = S{s (= s — 1)
1 1
< G2 | Z|(p _ g)2H _ 2H
< Sttt —s) |
< SZH.

U
In the sequel, for each (¢,0) € (0, 1)?, we will split the simplex set Ag = U A; 7(€, d),

where

Ay 7(e,6) :={(s,t) € Ar;d <t e < s},
Nor(e,6) :={(s,t) € Ap;0 <t <4,0<s<e},

Asr(e, 6) :={(s,t) € Ap;0 < s <€t > 6},

A4,T(€7 5) = {(Sat) € ATa 5> 670 S t S 5}
The analysis over Ay r(€,d) is unnecessary as the following elementary lemma shows.
It is a straightforward application of Hélder’s inequality.

Lemma 5.7. Let g € C77([0,T] x RY) with 7 > § — H,v > 55 — 1 and Y. = g(-, B.).
Then, there ezists a constant C = C(H,T) which depends on H and T such that

= /y/|txxwamﬂ@szMﬁ<mn< )" (26)"

for every (e,0) € Yandi,j=1,....d.

In the sequel, we repeatedly make use of the following inequality:

E/ |ﬁ%ﬁmek@amwwtsnmmE/ 17 (s, B.): (t, BY)) [
TT(& 5) AT’T(E

x (W% (e, 6;s,t)[Pdsdt,
for 1 <i,5 <d,r=1,3,4 and W"¥ (e, d; s,t) is given by (see (B.5) and (3.6))
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1

W4 (e, 6;5,t) = mule, s, ) (8, s,t [B )B(] —( )5”»]@ (5.9)
+ (e, s, t)nw(d, s, t) [BZ (s t)éij]%as
+ (e s, ) (0, s,t) [B] st (s t)aij}élieé
+ mia(e s, t)na(0, s, t [Bglngjt Var(B )5,j]4175,

for (s,t) € Ar. In case (s,t) € Ay (e, d), we have

2H ‘2H

o) = g - L

<p(s,t)£(t € )} (5.10)

(e 5.1) = @;{\t _QS\zHSQHE(é> - %42)@(8@},

! +_ g|2H 5
n21(9,5,1) = @t{AE((S,g,t)H_3|2H—<p(s,t)| 2| E(t—zs)}’

1

No2(0,8,t) = @S’t{sw“_;‘ﬂ{ﬁ( 0 )—Aﬁ(é,s,t)go(s,t)}.

In the following technical lemmas, we repeatedly make use of Lemmas 3.4} and
5.6l The estimates for W% (e, §) will be based on the decomposition (5.9).

Lemma 5.8. Let g € C77([0,T] x RY) with 7 > § — H,y > 55 — 1 and Y. = g(-, B.).
For each 1 < p < 55—, there exists a constant C = C(v v, H,T) such that

2—2H—-2(yHA5)’
E\/
ALT(e 5

for every (e,8) € (0,1)? and i,j =1,...,d.

t—s

1 % 7 j
— VYD male s, 0ma (0,5, 6) [BL B — |t — "53]

465 st *s det < CHgH’yva

(5.11)

Proof. Without loss of generality, we may assume g is time-homogeneous, i.e., g(¢,z) =
g(z) for (t,z) € [0,T] x R%. Fixi,j=1,...,d,7y>5-—land 1 <p< m In
order to shorten notation, we define

P Hs,t) = |d77 (s, B): (¢, B) || BOBY) — |t —

for (s,t) € Ap. Throughout this proof, we repeatedly use the following elementary
estimate

Uy, H,s,t) S |Bo7|BYBY)| + [t — s By 405 (5.12)

For each 1 < ¢ < 0o, we observe
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E[BY (v, H, s, 1) S [t — 5|21, (5.13)
for (s,t) € Ar. In the sequel, in order to shorten notation, we write
. - 1
I7(6,8,5.8) 1= 37 (7, H, 5.0)5% 0 £ )| (s, D] A6, 5, 1) 077 =
s e

[;j(e,é, s, t) 1= ij(fy, H, s,t)34H

E(g)ﬁ( )’\(pst |t—s|2H@st 5

I (€,6,5,) := BY (7, H, s,t)|t — s*"'s 2HV< )“Af(é 5 t)els, t)|@” €d

Ij;j(e,cS,s,t) = ij(% H, s t)|t — s|4Hs4H‘f(é)€<t — 3) )@St 5

for (s,t) € Ayr(e,0). By using the expressions (5.10) for 715 and 79 and the Holder
property of g, we have

.
ALT(Q&)

1 i . i . p
Y)Y miale, s, (6, 5,4)[BY) BY) — [t — s|*6,5) | dsdt

465 s,t *s,t

< gl Z/ E|I% (e, 6, s,t)|Pdsdt,
7(€,0)
By using Lemmas 3.4 and [5.5], the fact 6)37,5 = [t—s[* A(s,t) for (s,t) € Ar and (B12),

we have

I7(€,6,5,1) S 87 (3, H, s, )t — 5 7%, (5.14)
for (s,t) € Ap. Then,

/ E|IY (e, 0, 5,t)[Pdsdt < / |t — 5| PHARA=2p st < oo,
Al T(e 5) AT

Next, we estimate I (e, 8, s,t). Lemma [5.5 yields

(AL, s, )| S ot 4 6(t — 5)2H L, (5.15)
for (s,t) € Ar and 0 € (0,1). By applying (5.15) and (3.:23) we get

1(eds 0] S BV Hos )t — 5| 2171572020 (s )

~Y

+ |t - $|_2$_2H|Q0(57 t)|61("}/, Ha S, t)a
for (s,t) € Ar and hence, the estimates (5.12) and (B.13) jointly with Lemma [5.6] yield

/E|]§j(e,5,s,t)|pdsdt < / |t — 5| A=V RH=1p gt
AT AT

+ / |t — 5| A =2p gt < oo,
Ar
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Next, by applying again ([8.23), we have

115 (e,6,5,0)| S BY (v, H, s, 8)s ™ io(s, )| [t — [ >
for (s,t) € Ap. Therefore,

/ B I (c. 6,5, 1) Pdsdt < / it — o| G-V =P) (s 1)|Pdsdt
AT AT

T rs
= / / |t — |G H=VPs=P (s, 1) |Pdsdt
0

0

Tt
+ / / |t — s|PH=VPsP (s, ) |[Pdsdt.
0 i

t
2

Lemma [5.6] yield
T pi T L
//\t—s|(2VH_1)ps_p\<p(s,t)|pdsdt < / t(QVH_l)p/ s PT2HP st
o Jo 0 0
T
< / (THR2H=-2p+1 gy
0
and

T T t
/ / |t — |G-V s—P (s, 1) Pdsdt < / t_p/ |t — s|GHAT2E=1p gy
o J5 0 3

T

0

Next, we analyze I{’ as follows. By using (5.15) and [323), we get

g Ulny H.og t)g 12H2H-1 2o 4
|I;j(€,5,$,t)| < 1 (77 » Sy )8 % (87 )

~ |t — s[4
ij H. s s 172H |4 — g|2H-12(5 ¢t
— S

for (s,t) € Ap. A direct application of Lemma yields

/ B[ (c. 5,5, 1) Pdsdt < / [t — |1=2pH —CHDp2H Db (s ) sy
AT AT

+ / |t — s|H=DPg=CHAP (5 1)|®dsdt < oo.
At

This concludes the proof. ([l
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Lemma 5.9. Let Al(6,s,t) = %f(%) — %E(&) for (s,t) € Ap. Then, there

exists a constant C'" which depends on H such that

om0 2H-1 0\2H=10s
Ao, < s 21t sl (1- ;) 7}
2H-108 —2H
+ C{(t—s—é) =t - 5] } (5.17)
for0<s<t—4 and o € (0,1). Moreover,
sTHIAL(0, 5, )] < 2+ (21)%, (5.18)
foreveryt > andt—o6<s<t<T.
Proof. Lemma [5.59] yields
U AN ] )
70 - (=)
d 20|, (0 4]
< |2 _ oY (2 _ 9\ _
S| @ == e(E)] =™ eF) - ()

S5 =9 e() - 5)

for (s,t) € Ar. Fix t and denote

|AL(D, s,1)] =

J J
£(5) z(t) E(t_8>,0_s<t .
Observe f(0) =0, f'(s) < 0for s € (0,t—0). The fact that f is decreasing on (0,¢—0)
and f(0) =0 imply f(s) <0 for s € (0, —9). Then,

(5 - = () -0+
s (=)= (-2

Because 2H — 1 < 0, a second order Taylor expansion yields

7 : 3)2H - (1 §>2H <2 (1~ §>2H_1t(t5—8 5’

for s € (0, —¢). Similarly,

O<(1_§)2H_<1_tfs)w < 2H<1_tfs>2Hlt(téjs)

0<(1+

0s

_ 2H(t_s—5)2H_1<t—s)12Hm

for s € (0,¢ — ¢). This shows (5.1I7). Next, we claim that
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2N, 5,1)] :tw{@+§fH—@_§fH}
_ (t_$)2H{<1+tfs>2H—(tfs—1>2H}, (5.19)
whenever 0 <t — 9 < s < t. Indeed,
s = = ()" ()]

(08" -0-9"}

We observe —d00(0,t,t) = (t — 0)*H — (t +0)*# < 0 for t > . Moreover, Lemma [5.5
yield

—AUS,t —5,1)

i
00" (-
< 0,

fort > 9. Since —%(5, s,t) < 0fort—J < s < t, we can safely state that —Al(, s,t) <
0 for 0 <t— 06 < s <t The estimate (5.19) yields

s A0S, s,1)]
= G 0 (£ 0} 4 S5 (¢ = 5)) (¢ — 5+ 0))

< sTHL(t 4 6)H (t—s+5)2H}+s_2H} —(t—s))* — (t—5)2H’
<24 (1),
for every t > § and t — 9 < s <t <T. This concludes the proof. O

Lemma 5.10. Let g € C77([0,T] x RY) with 7 >y _H~y> Lt -—1adY =

2 2H
g(-,B.). For each 1 < p < min {55~ é(vHM VHA }, there exists a constant C =
C(v,7,H,T,p) such that

<
AIT 65

for every (e,8) € (0,1)? and i,j =1,...,d.

1 ) )
— YYD (e, 5,8)11 (5, 5, 1) [BYBY) —~(s)6;]

465 s,t *s,t det<C||g||’\/’yv (520)
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Proof. Fixi,7=1,....d, v > ﬁ —1land 1 < p < min {2—2H1—2«/H; 1—1«,H}' Similar to
Lemma 5.8 we may suppose ¢ is time-homogeneous. In order to shorten notation, we
define

Uy, H,s,t) = |d"((s, By); (t, By)) || B BY — s
for (s,t) € Ap. Throughout this proof, we repeatedly use the following elementary
estimate

;j(77 H7 S, t) 5 ‘Bs7t|2fy|B§i)B§j)| + S2H|BS¢|2751']'7 (521>
for (s,t) € Ap. For each 1 < ¢ < 00, we observe

E|By (v, H, s, 8)|" S [t — o797 20 (5.22)
whenever 0 <t —s < 1 or s is close to the origin. In the sequel, in order to shorten
notation, we write

iy g 1
17(e,6,5,1) = 53 (. H, 5,052 05 ) |18 = s | A0, 5, 1) 07—
€

[7(e,8,5,t) = B (v, H, s,1)|t — sI4HIs0(5at)|’€( )"M 85,0002

€0
[eni

[, 8,5,1) = ;j(fy,H,s,t)\t—3\4H<p2(s,t)‘£(tiS>€<t_s))@

for (s,t) € Ar. By using (5.10) for 7y, and 79, and the Holder property of g, we have

°f
ALT(e 5

(e, 8.5,0) 1= 55 0 Ho, 0057 2l = st ) (2

1 N P
Y(Z)Y(t mi(e s,t)n21(6, 5, t)[BYBY) — *5,]| dsdt

465 s,t +s

< gl Z/ ; E|I% (e, 6, s, t)[Pdsdt.

We first analyse the components with I 4] and 1. By Lemma [34] we have

I{(€,0,5,8) < B (v, H, 5,)%(s,8)s ™|t — 5|72
and
I3 (€,0,5,8) $ B (v, H, 5,8)s 21|t — 5| (s, ¢)],
for (s,t) € Ar. Lemma [5.6 and (5:22)) yield

/ E| 19 (e, 5, 5, ) Pdsdt < / [t — | DR |oo(s. )52 dsdt < oo
AI T(E 6)

At

and
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/ E|19(c, 5, 5, 1) Pdsdt < / 1t — o[-V 5P| (s 4)|Pdsdt < oo,
At

A

forl<p< m Next, we analyse the component with I;j . By Lemma and

(5.15), we have

I (e,0.5,t) S By (v, H,s, )]t — s (s, )t Hs ™

+ 85 (0 s, )]t = s (s, )]s
for (s,t) € Ar and hence Lemma allows us to state

/ E| I (e, 5, 5, 1) Pdsdt < / [t — | IH2H=2] (s P52 gt < oo,
At

A

forl <p< m Next, we treat the term with Ilij . We will check that
/ E|I7 (€,6, 5,t)|PLi—s<s<rydsdt — 0 (5.23)
Al T(e 5)
as (¢,0) } 0 and
sup / E|IY (€,6,5,t)P1{p<s<rsydsdt < oo. (5.24)
(6,5)6(0,1)2 Al T(E (S)

First, we observe that Lemma 5.5 yields

F(e.6,.8) £ 85 (1, H, 5,05~ L A6, 5.1) (5.25)
for (s,t) € Ay r(€,6). Then,

/ E|[ij (6, 5, S, t)‘pﬂ{OSSSt_g}det
AI T(E 6)

1
< / |t — [P s Pl gocscrsy | = AL(0, 5, 1) | dsdt.
AI T(E 6) 5
We now invoke (5.17) in Lemma [5.91 We then have

1 P
|t — s[7HPs7P gAﬁ(é,s,t)) < [t — s|PPH g2V

t (= s)P
for (s,t) € Ar such that 0 < s <t — 4. Clearly,

T
/ / 27pH (2H— lpt pde'f’</ t(2’yH+2Hf2)p+1 < 00
0

o\ 2H-1)p 1
Ht— s|2wH{ (1 + —) b (t—s— )@y s)—szt—p},
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forl<p< Moreover,

2
2—2H—27H "

// (t — s — 0)BH=VP(t — )P HP=2Hp1=p gt

< / / (t — s — 0)2H-DPr=Pqst
é 0

T T
_ / (t - 5)(27H71)p+1t7pdt 5 / Z(27H72)p+1dz < 00,
0 0

for 1 <p< min{zszlth; lij}. Similarly,

T 5\ @H-p 1 T ot
/ / £ — s (14 2) L gsdt < / 2= gt < o,
o Jo t t(t — )P ~Jo
This shows (5.24). By (5.I8), we have

T t 1
/ / |t _ 5‘2“/Hp57p Z
5 Ji—é 0

as ¢ | 0. This concludes the proof. 0

AL(6, s,t)]pdsdt < / / 5)2HP CH=Dp g5t
t—0

~Y

< 527H+2H 2)p+1 -0,

Lemma 5.11. Let g € C77([0,T] x RY) withy > 3 — H,v > 55 — 1 and Y. = g(-, B.).

: 1 1
For each 1 < p < m1n{272H72(,YHM) Ty =

C(¥,v,H,T,p) such that

, there exists a constant C' =

E/ ‘4 s(?Yts(t nll(ev S, t)7722(57 S, t) [BS)BSt) - @(Sat)%] det < CHgH’y v
Al T(65 65

(5.26)
for every (e,8) € (0,1)? andi,j=1,...,d.
Proof. Similar to the proof of Lemma B.10, we may suppose ¢ is time-homogeneous.

. 1 ) 1.1
Fix 7,5 = ,d, 7> 57 —1land 1 <p < min Py ey

. In order

to shorten notatlon, we deﬁne

ij ¥ 2|1 pi) pU

3 (0, Hos,1) = |7 (s, B (1, B) || BUBY) — (s, 1)),
for (s,t) € Ap. Throughout this proof, we repeatedly make use of the following
elementary estimate

(v, H,5,t) < | Boi|?|BY BY| + Byt 7] 0(s, 1) 035, (5.27)

for (s,t) € [0, T]?. For each 1 < q < co, we observe Lemma [5.6] and Holder’s inequality
yield
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E|ﬁ§j(7, H s, t)|? < |t — s|2“/Hq [min {3H|t — 3|H; |t — s|2H; sQH}qéij + qu|t — 5|Hq],
for (s,t) € [0, T)%. Therefore, for each 1 < ¢ < oo, we have

|3 (v, H, s,1)|7 < [t — 5|19 HoH (5.28)

whenever 0 < ¢t — s < 1 and

E|By (v, H, 5,1)]* < ", (5.29)
whenever the variable s is close to the origin. In the sequel, in order to shorten notation,
we write

I7(€,6,5,t) == B (v, H, s,t)s* |¢

( >’|t s|2H’A€ J,8,t)p(s,t ’@St " (5.30)

£<§>£(t f s) ‘@8_?%

I3/ (e,6,5,t) = ;y@,H,s,mt_s|2H¢2<s,t>yM<5,s,mye(tjS)y@;%

e(t;y( )‘w szt ~ (531)

for (s,t) € Ar. By using (5I0) for 717 and 17 and applying Holder’s inequality, we

I (€,0,5,t) := BY (v, H, s,t)s™ [t — s|*

I (e, 6,5,t) = B3 (v, H,s,0)s™ |t — s|*

have
E/ Ly OV D (e, s, Omaals, 5, O[BOBY) — (s, )6 dsat
Avr(es) | 4€0 ’
< gl Z/ IE|I” €,0,5,1)|Pdsdt.
Lemmas B.4] and yield

L (e,0,5,t) S By (v, Hys,0)s 2 [o(s, )] (£ — )%,
for (s,t) € Ay 7(e,0). By using Lemma 5.6, (5.28) and (5.29), one can easily check

T t
/ E| I (e, 5, 5, ) [Pdsdt < / / E|3Y (v, H, s, 8)[P s~ ip(s, £)P(t — s)~Pdsdt < oo,
A

for 1 <p< Lemmas [3.4] and [B.5] yield

22H2H

for (s,t) € Ay r(€,6). In view of (5.27) and (5.28)), we then have
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T r3
/E|];j(e,5,s,t)|pdsdt < / / sPH=P|t — s|"Pdsdt
o Jo

Ar
Tt
+ / / |t — s|GHTH=DP =P 5t
0 J3

T
< / / sH=VP=P sy
o Jo

T ot
+ / / It — $|[(2V+1)H_1]pt_pdsdt.
0 J3

T pi T
/ / sHDPE=P st < / tH=DPH=P g < o0
0 0 0

for 1l <p< ﬁ For the second integral, we observe

Observe

T pt T
/ / |t — S|[(27+1)H—1}pt—pd$dt < / HADH=2D4 gy
o Ji 0

: 1 , 2
for 1 < p < min { 2—2H—2H~’ 2—(2y+ ) H ) -

Next, we evaluate the terms I7’ (e, 9, s,t) and I3 (¢, 0, s, t). Lemmas[B.bl B.land (5.15)
yield

~

g g 1
IV(e,6,8,t) < BY(vy,H,s,t)s 2H Mt — s|_2Hg|A€(5, s, t)|e(s, t)|

S B (v, H,s,0)s 20t — s| 2 (s, 1)
+ ZZ'»](’Y’ H,S,t)S_QH_1|t—$|_1|g0($,t)|,
for (s,t) € Ay r(e,6). We will evaluate

T pt
/ / Ewéj(g 5’ s, t)|p87(2H+1)p‘t _ S|*2Hpt(2H71)p‘80<8’ t)|pd8dt
0 Jo

T t
4 / / E|BY(c, 3,5, 1) [Ps~CHHOP |t — o[ P (s, 1) [Pdsdt
0 0

=t Jii(€,0,p) + Ji3(e,0,p).
It is sufficient to estimate Ji%. In view of (5.28) and (5.29) and applying Lemma [5.6]
we have

B T i
(e, 6.p) < / / SHP=CHA 0P| _ g|=p 2Hp gy
0 0

Tt
+/ / [t — 3\(27H+H’1)ps’(2H“)psHp|t — s|Pdsdt.
o J3



46 ALBERTO OHASHI!, FRANCESCO RUSSO?, AND FREDERI VIENS?

Clearly,

/ /2 sHP=CHYDP | _ 7P g2HP gt < / /2 sH=DPAst=Pdt < oo,
o Jo o Jo

1
for 1 < p < =5. Moreover,

T t
/ / ‘t_ S|(2'\/H+H71)p87(2H+1)p8Hp|t_S|de8dt
0 J3

T 3
< / t—Hp—p /
0 0

This concludes the proof.

o

T
LR gy < / @ HTH=2p 1 gy o)
0

f0r1<p<w

Lemma 5.12. Let g € C77([0,T] x R?) with ¥ > 1 —H,v > 55 —1 and Y. =
1 1

2—2H— 2(7/\fyH) 1-&

g(-,B.). For each 1 < p < min{
C(¥,v,H,T,p) such that

J
ALT(e 5

for every (e,8) € (0,1)? andi,j =1,...,d.

}, there exists a constant C' =

1 7 ] 7
VY mia(e,5, O (8,5, 0 [(BYBY) = (s, 0)05] |

dsdt < C|lg||2,.
(5.32)

Proof. Similar to the proof of Lemma [B.11] we may suppose ¢ is time-homogeneous.

1 L1

5o o H o [ In order to shorten
-3

Fixi,j = d7> 1and1<p<min{

notation, we define 3J'(v, H, s,t) as defined in the proof of Lemma [F.I1l In the sequel,
in order to shorten notation, we write

(6,65, 1= 550, H, 5,057 1 — s 0)|e () e (2 ) o=

t—s Sted

is))@g’?%’

for (s,t) € Ap. We also recall I} (e) and I7 (e, ) as described in (5.30) and (5.31),
respectively. By using (G.I0) for n2 and 791 and by applying Hélder’s inequality, we

have
=
ALT(Q&)

1(6,6,5.1) 1= 8 (7, H, s 1)t — |52 A6, 5, 1) 5

1 .
YOV D5, 5, 8)1(8, 5,)[BY B — (s, )3,]| dsdt

deg ot ,

< gl Z/A B E|I7 (e, 6, 5,t)|"dsdt.
lT €
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The terms 'Ifj(e, d,s,t) and [ﬁj(e, J, s,t) are investigated in Lemma [B.T11 We only need
to check I/ (e, 0, s,t) and I3 (¢, 9, s,t). By using Lemmas B.4] and and (B.15), we
have

g y 1
I7(e,0,s,t) (v, H, s, t)|t — s|’15’2H—|A€(5, s, )]

S B Hos bt - |1—2Ht2H1+s—2H<t—s>2H-2],

for (s,t) € Ay (e, d). Then, (5:28) and (5.29) yield

/ E|I{ (e, 8,5, t)[Pdsdt < / / YEH=2P g5t (5.33)
At

/ / (Z'yH—i-SH 2)p _2de8dt

/ / ) PdstHH-DPqy
/ / (2'\/H+H 1)p 2de8t(2H71)pdt.

It is enough to estimate the first two integrals in the right-hand side of (5.33]). We have

T
0

forl<p<_—m In order the second integral in the right-hand side of (5.33)) be finite,
the followmg Condltlon is necessary

(2—3H —2yH)p < 1. (5.34)
If2—3H—-2vH < 0, any p > 1 realizes (5.34)). In case 2—3H —2vH > 0, then (2—3H —

which is fulfilled for 1 < p < min {2721{172711? 1j§ }
2

27H)p<l<=1<p<
Then,

23H2H

T
/ / (Z'yH—i-SH 2)p 2de8dt</ t—QHpt(Z'yH+3H—2)p+ldt< 0,
0

forl1 <p< liﬂi
2
the proof. 0

Lemmas (5.8, 510, 511 and B.12 allow us to conclude uniformly integrability of the
family of processes

vV 20(,0)286) - B[20(6, )28 6)] Mawea(s ) (5:39)

—5- The analysis of I/ (¢, 6, s, ) follows the same lines. This concludes

in L'(Q x Ar) parameterized by (e,0) € (0,1)? for r = 1. It remains to analyse
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E / YUYW (€, 8 5, t)dsdt (5.36)
Ay 7(€,0)

over the boundary sets A, r(e,d) for r = 3,4. In view of Lemmas (.8 510, 5.1 and
12| it is quite intuitive that (5.30) vanishes as (e, d) | 0.

Lemma 5.13. Let g € C7([0,T] x RY) withy > 1 —H,v> 5= —1 and Y. = g(-, B.).
Then,

S,

E / YV DW (¢, 5, 5,1)|dsdt — 0,
AT’T(e,J)

as (€,8) 1 0, forr =3,4.

Proof. By using (5.9]) and the representations of 111 (€, §), ma(€, 0), m21(€, §) and naa(e, §)
over the regions A, r(e,d), the proof is almost identical to Lemmas [5.8] 5.10] 5.11] and
B.I2 For instance, now Ajr(e,d) is negligible as (¢,6) | 0 and we should play with

¢ 'R(s,s+¢) and € '[R(t, s +¢€) — R(s, s +¢)] rather than 23" ¢(es™!) and %E(e(t -
s)~!) with the same arguments (with the obvious modification) for the region Ay r(e, 6).
Therefore, we omit the details of the proof. O

By Remark 5.1, Lemmas B3] 5.8, 5.10], 5111, and [0.13], we arrive at the following

result.

Proposition 5.1. If g € C77([0, T) xRY) withy > $—H,v > 57 —1 and Y. = g(-, B,
then

1 d

lim —= E Y(i)Y(j)Wo’ij(e,é;s,t) dsdt =
(e,0)40 2 Py} 0,7]2 st 7 st

d
1 N
-3 / E [Y;{?Y;E?W”(s, t)} dsdt.
ij=1 (0,772
By combining Proposition 5.1, Lemmas [5.4] and [£.1], we conclude the proof of Theo-
rem 2]

6. THE ISOMETRY AND PROOF OF THEOREM

This section presents the underlying Hilbert space which supports the second mo-
ment of the symmetric-Stratonovich. For this purpose, we recall that FBM admits the
RKHS Lg(R?) described as follows. From now on, any function f defined on [0, 7] will
be extended to the real line R as f(t) = f(0) for t <0 and f(t) = f(T) for t > T. Let
CHR,,RY) be the space of R¥-valued C'-functions with compact support in R,. Let
us recall

p(dsdt) = H(2H — 1)|t — s|*2dsdt
is a o-finite measure on [0,T)?. Let I : C}(R,,R%) — L?*(P) be the linear mapping
defined by
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o0 +oo
1(f) = / JdBy = (f(+00), Bas) — / (B, df(s)),

where (f(400), Bs) 1= limy_, 400 (f(t), Br) = 0. Let Lz(R%) be the linear space of all
Borel functions f : R, — RY such that

i [,7[fPP(s)|Rl(ds, T) < oo,
ii: foo f(51) = f(52)]?|ul(dsadsz) < oo.
For f € Lr(R?), we define

o 1
e = [ P OPR@ST) =5 [ 1750 = s Putdsidse). (6.)
+
It is possible to show L r(R?) is a Hilbert space w.r.t. the inner-product associated with

(6.1) and

B = AL @)
for every f € C§(Ry,R%). Let Lg(R?) be the closure of Cj(Ry,RY) wort. || - |1, re

as a subset of Lp(R?). Then, I : C}(R;,R%) — L*(P) can be uniquely extended to a
linear isometry

I: Lp(RY) — L*(P). (6.2)
One can check Lr(R?) is a real separable Hilbert space and

/Ooo pdB = — /OOO(B, do), (6.3)

for every bounded variation function ¢ with compact support. This implies that

R(S, t) = <]1[0,t}7 ]1[0,5]>LR; s,t € [O, T]. (64)
See Propositions 6.18, 6.14, 6.22, 6.32 and 6.33 in [23] for the proof of these results.
The Paley - Wiener integral associated with B is given by

1(f) = /O " fdB; f € La(RY.

At this point, it is important to recall the following result. Let V' : R, — R, be an
increasing function such that

/ V2(t — s)|u|(dsdt) < oo.
(0,77
Then, every Borel function f : [0, 7] — R? such that

[ fsal < V(JE = s]),

for (s,t) € [0,7)2 will be an element of Lz(RY). See Proposition 6.9 in [24] for the
proof of this result.
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Next, we give an important example of this article. By using Prop 6.9 in [24], one
can easily check the statement of the following example.

Example 6.1. Let f : [0,T] — R? be a continuous function with modulus of continuity
of the form V(t) = t%_Hw(t), where 1 satisfies

o limy 9 (t) = $(0) = 0

o limy, % = 400 for every a € (0, 1].

o There exists n € (0,1) such that [} 11*(t)dt < oo.
Then, f € Lg(R%). For a concrete example, take o > 3, ¥(t) = (log(t™1))~* for
0<t<1and(0)=0.

Remark 6.1. The Ezamplel6.1l shows that the RKHS Lr(R?) contains a large class of
functions beyond the Holder scale of modulus of continuity. Of course, if 1 in Example
[61] is of the form (t) = t° for some B € (0,1), then f in Evample [61 is a-Hélder
continuous for o > %— H. In other words, C* C Lr(RY) for every o > %— H and this
incluston fails for a = % — H. Moreover, Lr(R?) contains continuous functions with a
more diverse modulus of continuity as illustrated in Section [6.1.

With Theorem 2] at hand, we now add randomness for the L?(P)-norm of the
symmetric-Stratonovich integral. Fix i < H < % Let £° be the set of all processes of
the form g(t, B;) where g : [0,7] x R* — R% € C77([0,T] x R?) for some 5 > 1 — H
and v > ﬁ — 1. By Theorem 2.1, we know that

T T 1
E[/ YtdOBt/ thoBt} =E(Y.Z), g~ 51@/ (Vi ® Zsy, W(s, t))dsdt
0 0 [0,77]?

T
+E/ (Y, ® Z;, My)dt, (6.5)
0

for every Y, Z € £°.
We can write (6.5) in the more compact form as a function of (¥, A):

T T
E / Y,d°B, / Z,d°B,
0 0

— E <}/t ® Zt7 \I/t>dt
(0,77
1
- -E / (Yr ® Zgy, A(s,t))dsdt, (6.6)
2 [O,T]2
for every Y, Z € £°. Here, we recall

2

Otds

A(S,t) = W(S,t) + (Sat)IdXd

and

OR
Wy =M, + ECF’ ) Laxds
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where the matrix-valued processes M and W are given by (23] and (2.4]), respectively.
Let us define

(Y, Z)go = IE/ (Y, ® Z;, U, )dt (6.7)
[0,7]

1

_ —E/ <Yst ® Zst,A(s,t)>dsdt
2 [O,T}Q ’ ’

for Y, Z € £° The bracket in (6.7) is a semi-inner product on the vector space &°.
Indeed, the positiveness and bilinearity follow from (Y;Y)go = || fOT Y,d°By||3 and the

linearity of the Lebesgue integral, respectively. The symmetry is immediate from the
definition. We then set

IY[[20 := (Y. Y )eo.
We will identify Y and Z to be in the same equivalence class whenever
(Y —-Z)Y —Z)eo=0

and quotient £° w.r.t. these classes. With a slight abuse of notation, we write £° as
the quotient space equipped with the inner product (6.7).
Let Lr(R?) be the (Hilbert space) completion of (£ (-,-)go). Then, we can extend

the domain of the symmetric-Stratonovich stochastic integral from £° to Lz(R9) via
©.0).

Corollary 6.1. Fiz i < H < % If Y € Lr(RY), then symmetric-Stratonovich sto-
chastic integral fOT Y,d°B, is defined as

T T
/ Y,d°B, = lim [ Y"d°B, in L*(P),
0

n—-+o0o 0

for every sequence {Y,;n > 1} C E° such that Y,, — Y in Lr(RY). Moreover,

T ~,
/ Y,d°B,
0

Next, we are going to exploit the isometry property and we aim to provide a large
class of processes in Lp(R?) under slightly stronger conditions than (L.I5]) which de-
termines the regularity of the functions in L*(Q; Lr(RY)). By the very definition of

BI3) and BI4), we have

(s, ) = {52 = s — (s, 1)t — 5271 |

2

Y

”YHiR(]Rd) =E

for every Y € Lr(RY).

H
@s,t
H
or(s,1) = { [ #2170 — [t = o272 It = 12 = (s, 1)t — 511}

@s,t
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H
’th(S,fJ) — {82H|t o S|2H71 o S2H71Qp<8,f})}@
st

H
Maa(s,t) = {32H|t — 3|2H—1 — (s, 1) [tZH—l — |t - S|2H—1] }@_
s,t

For i # j, let Ag4(4,7) = (@mn(s,t)) be the 4 x 4-upper triangular matrix given

by az(s,t) = minai(s,t), a1a(s,t) = nunma(s,t), as(s,t) = mana(s,t), au(st) =
Mane2(s,t) and @, (s,t) = 0 otherwise. For i # j, we recall the Gaussian vector

(BLE; ), BS) BY Bgt)) has the covariance matrix

Saalij) = ( 0 50 ) |

. . . = .o .o t) 7’]11’[722(8 t)
I = t set Ty = 3, d A, = (s ’
n case ¢ = j, we just set X, +(4,7) an +(1,7) ( ot (5.8) MaTiaa(s. 1)

for (s,t) € [0,T]2. Finally, for i # j, we set W, 4(4,7) := sym (A,,(,7)) and Wy, :=
W.4(4,7), whenever ¢ = j.

By construction, we can express W% (s, t) in terms of the quadratic form associated
with the matrix W, ,(4,j) and applied to the Gaussian vector (Bgl ,Bglt,B(]) B(]))
equipped with the covariance matrix 3, (i, j) for (s,t) € Ar.

Lemma 6.1. The following formulas hold

R(t,T) d~
Ml = ed) =22 5. (63)
for0 <t <T and
IW(s, t)]l2 = 4|2 Z Tr{(We (i, §) (i, 9))?], (6.9)

i,7=1
for (s,t) € Ar, where ¢(d) is a constant which depend on d.

Proof. Fix (s,t) € Ap. Let Qs4(i,7) be the quadratic form associated with the matrix
Wi (4, 7). We know that

EWi(s, ) = Var(Quu(BY, BY, BY, BY) = 2T [(W, (i, 5)5..(5,9))?].

s 7

Therefore, (6.9) holds true. To keep notation simple, we set f(t) = Rg}f)‘fl—Z(t) and we
write

! = BB~ B{10)B0 59,
for t € (0,7]. Then,

BIMIP = Var(50)BYBY) = B|f() BB ~ (R[7()BBY))
— fz(t)t4H,
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for i # j. For i = j, BJM7 > = f2(t)Var(|Bt(i)|2) = 2f%(t)t*. Therefore,
RT) dy (4. if i o
IME||; = { IO AN AR

2R(T) dy (pY. i : _
G @) ifi=j.

Then, we can find a constant ¢(d) which depends on d such that (6.8)) holds true. [

Next, we are going to show that the leading term for [WW(s, t)||, is actually ‘gw]z s, 1)|.
Let us denote

Kk(s,t) == (s A)T Mt — 5|71+ [t = S|2H_1; (6.10)
sVt

for (s,t) € [0,T])? and s At > 0. One can easily check that k € L%([0,7]?) for

1§q<ﬁ.

Lemma 6.2. For 0 < H < 1 and q > 1, there exists a constant C = C(q, H,T) such
that 2R

IWis, )l < C|5=(s.8)| + k(s 1)
for every (s, t) € [0, T]2.

Proof. By symmetry (see (B.15) and (3:16), it is sufficient to check over the simplex
Ar. From ([B.I5), we can write

@
A C,PQ

WY (s,t) = nu(s,t) )(
M1 (8, t)m22 )(
+ ma(s, t)nn )(
+  ma(s, )N s,t)(B

for 1 <i,5 < d. By Holder’s inequality and using the Gaussmn property of B, it is
sufficient to estimate

Ima(s, )na1 (s, 0)[s* + [ma(s, Omaa(s, t)||t — s>
H|t _ $|H

<.
—~
l\’)
T
™
<.
N~—

M21(s,t

(
(
(
(

S|
N
=]
SRS
=
‘6
—
»
~
N~—
=7
<
~—

s,t

Sy
CIJ/\ W~ u —~ Cn/\

S
=
w:’/
‘6
—

»

~
N~—

&
<
~

s,t

7

s
U:J
CIJ

T

T

Sl

<

~

+|mi(s, t)maa(s, t) + ma(s, t)na1 (s, t)|s
for (s,t) € Ar.
We observe

OR
& st’— [|t S|2H 1 _ - 1}<|t $|2H 1t’

for (s,t) € Ar. By using Lemmas [3.4] 5.6l and (G.11]), one can easily check

(6.11)

1
[ma(s, Omaa(s, )IE = s S [t = o172 477t = o0 o[t =5 (6.12)

1
|n11(s,t)n21(s,t)\52H < |t—s|2H_2—|—sH_1\t—s\H_l—i—?|t—s|2H_1+t_2H|t—s|2H_1, (6.13)
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_ _ 1 IR _
(s, )naa(s, t)|[ st —s|" S Jt—s| 2 st —s| 1+¥‘t_5‘2H L2 — P
(6.14)

_ _ 1 IR _
Ima(s, a1 (s, 1) 7|t —s|" S Jt—s| 2 st —s| 1+¥‘t_5‘2H L2 — P

(6.15)
for (s,t) € Ar.
0

In the sequel, we recall

p(dsdt) = |p|(dsdt) + k(s,t)dsdt,
where |p| is given by (L6). In the sequel, for a given 1 < p < 0o, we denote &, , as the
set of all processes such that

r 1
| il 5 [ 1Yl etdsde) < . (6.16)
0 2 Jio,m2

Lemma 6.3. If Y satisfies (6.16) for 1 < p < 0o, then the right-hand side of (6.4) is
finite and

T
V2 < E / 122, m(dt)
0
1
+ —E/ 1Y;.0[15,0(dsdt) < oo. (6.17)
2 [O,T]2

Proof. First, Cauchy-Schwartz’s inequality yields
(Y, @Y, ¥)| < Y, @YY,

OR
< WPIM + VP (T
Observe that |R(T,t)| < 2, 98(T,t) = H{t*"'~' + (T — ¢)**~'}. We then apply

Holder’s inequality and Lemma to get

E|ViPIml| S vl
for every ¢t € (0, 7. This shows that

OR

T T
| Elveviwlds [ vilg, S e
0 0

Similarly, Cauchy-Schwartz’s inequality and Lemma yield

/ E[(Ye: @ Yis, As, 1)) | dsdt g/ E[|YSJ|Q|W(s,t)| dsdt
0,772

(0,77
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s [ EYLPldsay
(0,772
< / 1Yo ll2,p(dsd).
(0,772

This concludes the proof. O]

Theorem 6.1. Let g : [0,T] x R — R? be a bounded function. Assume there exists
p > 1 such that

/[ ot B) =5 Bo)lyldsdt) < o0 (6.18)
0,7]2
and
2 1
/ <sup/ g(t—i,Bt—E)—g(s—z,Bs—i) pa(r, z)drdz)pp(dsdt) < 00,
[0,T]2 \ n>1J[0,T]xR4 n n n n’ 12p

(6.19)
for every non-negative a € C°((0,T) x RY) with [ a(r,z)drdz =1. ThenY = g(B) €
Lr(RY)NE,, and

T
IVI2 g S / 1Yol2,m(de)

1
+ 1 / 1Yer 2, p(dsd). (6.20)
[0,7)2

2
Proof. We will show that Y. = g(-, B.) is the limit of a sequence (Y;,),>1 in £°, where
Y, (t) = ga.(t, B;) and g, is a sequence of smooth functions. For simplicity of exposition,
we set d = 1 and we assume ¢g(t, ) = g(x). Let a,, = na(nz) be a sequence of mollifiers
and we denote g, = g * a,, for n > 1. Since g is bounded, then g, is globally Lipschitz
(in particular, g, € C?(R) for v > 5= — 1) and hence Y, € £° for every n > 1. By
change the variables, we have

i) = [ o= vantidy= [ a(e - Latay

We observe that

lim E|ga(B:) — g(Bo)|*” =0

n—+oo

and

lim Elga(B,) = 9(By) = ga(Bs) + g(B,)|* =0

for each s,t € [0,T]%. Since g is bounded and the positive measure m(dt) = 22(¢, T)dt
is finite, then we can apply bounded convergence theorem to get
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im | lon(B) — 9B 2R 6. Tyt 0
Jim | lon(B) = (B, (4.7t =0

It remains to prove

/W lgn(Bt) = 9(Be) = gn(Bs) + 9(Bs)|l5,p(dsdt) — 0,

as n — +o0o, for p > 1. We will check there exists G € L'(p) such that

1
(Elgn(B) = 9(B)) — gu(B)) + 9(B))" S Gs, 1)
for every (s,t) € [0, T)?. Indeed, Jensen’s inequality and Fubini’s theorem yield

(Elga(B) — 9(B.) — 9u(B2) + a(B)
< E/R 9(B. - U) g8 - g(Bi- L) + 980

SE [ Jo(B.~ %)~ o(B. - L) | oty + Elg(B) - 9(B0)

for (s,t) € [0,T]?. Assumptions (6.I8) and (6.19), Lebesgue dominated theorem and
Lemma allow us to conclude the proof.

2p
a(y)dy

2 2p

O

Remark 6.2. Observe that in case |g(t,x) — g(s,y)| only depends on &7 ((t,x); (s,y))

giwen by (21) (e.g. g is uniformly continuous), then condition (6.19) becomes (G.18).
Moreover, the boundedness condition is not essential. One can extend Theorem[6.1] for

unbounded functions by using localization arguments.

6.1. Examples. This section presents a class of fundamental examples of functions
g which satisfy assumptions (6.I8) and (6.19) but which are not v-Hélder continuous
functions for any v > ﬁ — 1. For simplicity of exposition, we treat the autonomous
case g(t,z) = g(x). We assume that g : R? — R? is a continuous bounded function
with modulus of continuity of the form

V(z) =228 p(z):0 <z < 1, (6.21)
where i < H < % and ¢ : R, — R, satisfies the following properties:
(1) There exists n > 0 such that

"1, ;
/ng(x):c<oo.

(2) There exist constants r > 1 and A > 0 such that ¢*" is a concave non-decreasing
function on (0, A) with ¥(0) = 0.

(3) lim,o % = +4oo for every 6 > 0.

(4) Y2(x) < 9?(x) for every z € (0,1).
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The intent of the decomposition ([6.21]) is to employ slowly varying functions for .
Recall that a function v is slowly varying at 0 if for any a > 0 fixed, ¢ and x — ¥ (ax)
are asymptotically equivalent near 0 (see e.g. Chapter 1 in [B]). If ¢ is slowly varying,
then the space of functions with V' as their modulus of continuity is stricly larger than
the space of functions which are y-Holder-continuous for some v > ﬁ — 1. However,
Condition (2) above implies that ¢ is bounded near 0, and therefore, the functions
with V' as their modulus of continuity are (ﬁ — 1)-Hoélder-continuous. In fact, the
integrability condition (1) is slightly stronger than boundedness and continuity at 0,
as the examples following Proposition show. Slowly varying functions need not
have agreeable monotonicity and concavity assumptions; they can contain oscillatory
terms. Since our use of these functions is to defined moduli of continuity, we impose
those additional restrictions in the form of Condition (2). In our practical examples
presented below, the properties of logarithms that lead to Conditions (2) and (3) also
imply Condition (4). Having said this, the decomposition ([6.21]) does not require v to
be slowly varying. In fact, the entire scale of admissible examples can be generated
from (6.2I)) by asking that v be regularly varying, which, by the so-called Karamata
representation theorem (see e.g. Th 1.3.1 in [5]), implies that ¢ is the product of a
slowly varying function and a power function. If the power is zero, we are back to
the case where 9 is slowly varying. If the power is positive, then the functions will
be y-Holder-continuous for some v > ﬁ — 1. The case where the power is negative
cannot lead to examples for us since it would imply that Condition (1) is violated.

Proposition 6.1. If g : R — R? is a bounded continuous function with modulus of
continuity of the form V(z) = w2m—4p(z) for x € [0,1). If ¢ satisfies properties (1),
(2), (3) and (4), then' Y = g(B) € Lr(RY)NE,, for somep > 1.

Proof. We may assume that 7' = 1. By property (2), there exist R > 1 and A > 0 such
that %" is concave on (0, A). Recall the reverse Jensen’s inequality
E[0” (1Builtypien)] < 07 (E[|Bullynica])
< o (BlB,.)
— (- s, (6.22)
Then, we proceed as follows. Let Y; = g(B;). For every 1 < p < oo, we have

Yol < NgIZA™ Bl + [Yee L5, <

and therefore,

; :
(BIY:)7 S It = P + (Bl ¥ 15,00 (6.23)

By assumption |V, ;| < |Bsy|2# 14 (|Bsy|) and hence Holder’s inequality jointly with
(622)) and property (4) yield
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1

(BIYal L. geny) It = 522
1
Slt—s (E@/)qu(|Bs,t|)1{\35,t\gA}) .

1
=t = s/ (B[ (1Bl Lgz.<n)]) ™
< Jt = s|TP(Jt = s|7)
= H 7t — s~ (|t = s)), (6.24)
for every (s,t) € [0,7]%, where we choose p,q > 1 such that pg = r. From (6.23),

*)

, property (1) and the fact that 2 < H < 1, we have
property 1 2

/[OT]2 HY’S¢|]§p\t — s|*"2dsdt < oo, (6.25)

for some p > 1. By applying Theorem [6.1l, we conclude the proof.
OJ

We now present some concrete examples of functions ) which satisfy properties (1),
(2), (3) and (4). Our examples are well defined on intervals of the form [0, a] for some
a < 1. Rescaling = in these formulas would result in functions which are well defined
and bounded on [0, 1]; this rescaling is omitted, to avoid overloading the notation.

Example 6.2. For a > %,
_J (log(3)™ ifo<z<1
¥(z) = { 0; ifz=0.

Condition (2) and (4) are trivial and condition (3) is easy to check. Details are left to
the reader. By making the change of variable u = —log(x), one checks that Condition

(1) is fulfilled.

Note that the function 9 in the previous example with @ < 1/2 does not satisfy
the integrability condition (1). The same comment also applies to the next example.
These examples thus explore the edge cases of our framework.

Example 6.3. For a > %,

(o) i { (1og (1))~

Condition (2) is trivial and condition (3) is easy; we leave it to the committed reader
to check them. Condition (4) is equally straightforward as soon as one notes that for
x small enough,

S

(log(log(%)))_a; if0<z<l1/e
0; fx=0.

%log(log(é)) < log<log<:%H)) < 10g<10g<%>>-

By making the change of variable u = log(—log(z)), we observe that condition (1) is
fulfilled.
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As is well-known, one may modify the previous example by letting o = 1/2 and
including a further factor which is a thrice-iterated logarithm, to a negative power
of @« > 1/2, and so forth with higher iterations of the log, to explore the threshold
of functions which barely satisfy the integrability condition (1). At the other end
of the spectrum, the following example still yields functions which are not y-Holder-
continuous for any v > st — 1, but which are more regular than any function from

2H
Example 6.2.

Example 6.4. With > 1,

o) = | o [~ g (g (1))]: 0 <a<1/e
0; if x=0.

Again, Conditions (2) and (3) are straightforward. Condition (4) is treated as in the
previous ezample. Condition (1) follows from noting that ¥ (z) = o((log(1/z)) "),
and using Condition (1) from Example 6.2.
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