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Abstract: We report experimentally on the phenomenon of intra-envelope four-wave mixing
(FWM) in optical fibers. We demonstrate that the non-linear interaction between two pulse
trains operating at the same repetition rate, but with slightly different carrier frequencies, leads
by FWM to the generation of new components within their spectral envelops. The frequency
differences between the FWM components and the pump lines are in the RF domain, making
it almost impossible to observe the process using a standard optical spectrum analyzer. We
show that using a third light source as a multi-line local oscillator makes the analysis of these
new spectral components accessible. It enables to extract these FWM components from the
spectra of the initial light sources by converting optical frequencies into radio frequencies. The
experimental results are in excellent agreement with the numerical simulations.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Four-wave mixing (FWM) is a fundamental nonlinear effect arising in nonlinear fiber optics when
at least two waves interact to generate new spectral components [1]. The efficiency of the process
depends on the relative weight between dispersion and non-linearity [2] and can potentially be
phase-matched to get a maximum conversion efficiency from the pump to the signal and idler
waves [3]. In its simplest form, two continuous wave (CW) lasers generate new side-bands that
are symmetrical around them (see Fig. 1(a), CW-FWM). This is also referred to as dual-frequency
pumped FWM [4]. The phenomenon can quickly become more complex in long fiber spans, or
with higher powers, giving rise to multiple FWM interactions [5]. It leads to broadband spectra
made of equally spaced laser lines [6,7]. These light sources known as frequency combs are of
great interest for high precision measurements [8]. From a theoretical point of view, this complex
non-linear dynamics can be described using a set of coupled equations [5,9–11], valid in the
weakly nonlinear regime but also in highly nonlinear ones when energy transfer directions can
be reversed [4,5,12]. CW pumps can be replaced by two pulsed pumps, degenerated or not, to
get higher peak powers and thus more efficient non-linear interactions. A striking illustration is
provided by electro-optic modulator (EOM) combs that are broaden in nonlinear fibers [13,14].
Other configurations based on FWM involving pulsed pump(s) and signals are related to fiber
optical parametric amplifiers to amplify or convert signals [15–20] (see Re. [21] for a complete
overview). The output spectrum consists of well separated wave-packets, each composed of
equally spaced laser lines, for the pump(s), signal and idler waves. This is crucial to ensure that
there is no crosstalk between them, to get a high quality of amplification/conversion. This is
illustrated in the simplified sketch in Fig. 1(b), showing the general configuration of pulsed-FWM
in the degenerate case. We will refer this situation as the (dual-pump) pulsed extra-envelope
configuration, because the new sidebands are generated outside the pump envelopes. Note
that complex nonlinear effects related to the symmetry breaking induced by a pulsed pump
can also be interpreted in terms of FWM [22]. Here too, the new sidebands are generated
outside the initial pump spectrum. Thus in all these configurations, referenced by CW-FWM and
pulsed-FWM that are illustrated in Figs. 1(a) and (b), the new spectral components generated
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by FWM never overlap with the input CW-pump waves or envelopes. Note that intrachannel
FWM interactions had been reported but between adjacent chirped channels in the time domain
in dispersion managed systems for telecommunications applications [23]. In this article we study
the case of intra-envelope FWM process, when the FWM components are generated within
the spectral envelope of the input pumps. It occurs when the shift between the pump carrier
frequencies is very small compared to their bandwidth and repetition rates (Fig. 1(c)). As an
example, we will experimentally implement a configuration with a difference that typically lies
in the MHz range. We will show that the FWM interactions between the pulsed pumps lead
to the generation of FWM bands within the pump spectrum, with a frequency shift from the
pump spectral components in the MHz range. This makes it impossible to observe the new
components directly, meaning the process cannot be characterized with standard optical spectrum
analysers, and/or the use of highly selective optical filters as in multi-casting [24,25]. We put
forward the utilization of a third frequency comb to extract the FWM bands hidden within the
optical spectrum. It plays the role of a multi-line local oscillator, as in the context of FWM
spectroscopy [26]. This technique enables fast measurements with a high spectral resolution by
using a low-bandpass detection setup (photo-diode and oscilloscope), as in dual-comb systems
[27,28] which convert optical frequencies into the radio frequency domain.
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Fig. 1. (a)-(c) Scheme illustrating the different FWM configurations. (a) CW-FWM,
(b) pulsed-FWM, extra-envelope case, and (c) pulsed-FWM, intra-envelope case. (d)-(f)
Numerics performed by integrating the NLSE. FWM between two frequency combs (d)
made of 2 spectral lines, (e) made of 50 spectral lines corresponding to a pulse train of
Gaussian with 50 ps pulse duration at FWHM. (f) Zoom on the mFWM packet structure of
(e). Parameters : frep= 800 MHz, δfAOM1/2= 100 MHz, γ = 1/W/km, β2 = 1ps2/km, L=
100 m, and the peak power is 20 W.

2. Intra-envelope FWM

Similarly to the case of extra-envelope FWM process [5,9,10], the dynamics of intra-envelope
FWM can turn out to be complex to apprehend. In order to introduce the process, we first describe
the most simple configuration with two pulsed pumps, made of only two spectral lines each.
They are separated by the repetition rate, which is the same for both pumps: frep1 = frep2 = frep.
Let’s assume that they also have the same amplitude A. In this simple case, the electric fields are
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respectively written E1 = A
(︁
ei2πf1t + ei2π(f1+frep)t

)︁
and E2 = A

(︁
ei2πf2t + ei2π(f2+frep)t

)︁
with f1,2, the

carrier frequencies of pumps 1 and 2 respectively and f2 − f1 = δfp = δfAOM1/2, their difference.
We can calculate the nonlinear interactions between these waves during their propagation in a χ3

media, such as EFWM ∝ |E1 + E2 |
2 · (E1 + E2). It reads as :
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Figure 1(d) shows the modulus square of the spectrum of EFWM calculated numerically by
integrating the nonlinear Schrodinger equation (NLSE) [29] in a purely nonlinear fiber (see
Fig. 1’s caption for parameters). Red and green lines correspond to pumps 1 and 2 (100 MHz &
900 MHz and 200 MHz & 1000 MHz of respective optical frequency shifts) while purple ones
correspond to FWM lines. The two first teeth of pumps 1 and 2 (located at 100 & 200 MHz) are
separated by δfAOM1/2 (100 MHz) as well as the second ones (located at 900 and 1000 MHz). The
two first teeth of pumps 1 and 2 behave as two CW pumps and generate two side bands on both
sides located at 0 and 300 MHz (purple lines), as in the basic CW-FWM configuration (Fig. 1(a))
[29]. A similar mixing occurs between the two second teeth to generate sidebands at 800 and
1.1 GHz. Then two additional wave packets made of 4 new lines generated via multiple FWM
interactions centered at −650 MHz and 1750 MHz are generated. All these lines correspond to
frequency components that are predicted by Eq. (1), and shown by ci∈[[1;5]] in Fig. 1(d). Note that
different combinations of the pump waves frequencies may give rise to the same frequency tooth.
This is illustrated in Fig. 1(d). For instance, the tooth located at 1.8 GHz has two contributions.
It emerges from the two lines of pump 1 at respectively 0.2 GHz and 1 GHz interacting together,
but also from the line 1 GHz of pump 2 interacting with the line at 0.1 GHz of pump 1.

A more realistic configuration involves two pumps composed of several lines, with a similar
repetition rate but a slight offset frequency, as represented in Figs. 1(b) and (c). The pumps can
be referred as frequency combs. It correspond to the simplified sketch of Fig. 1(c) (pulsed-FWM,
intra-pulse). These are two pulse trains of Gaussian pulses of 50 ps at full width at half maximum
(FWHM), whose spectra consist of about 50 lines separated of frep = 800 MHz. We computed
the FWM between these two combs by integrating the NLSE [29] in the same fiber used for
Fig. 1(d). As it can be seen in Fig. 1(f), each pair of closest comb lines of pumps 1 and 2 behaves
as in the basic configuration illustrated in Fig. 1(d). They generate through FWM two new lines
on each sides separated by the carrier frequency difference between the combs (δfAOM1/2= 100
MHz), as in the simple picture of CW-FWM. Harmonics are also generated from these four
waves [10] to give birth to wavepackets made of 8 lines for each pair of closest lines of pumps 1
and 2. In addition, multiple FWM (mFWM) processes lead to the generation of new lines outside
the initial spectra delimited by the envelops of pumps 1 and 2 as in the basic example illustrated
in Fig. 1(d) (see purple packets at −650 and 1750 MHz). To summarize, FWM between two
pulsed sources having the same repetition rate frep but slight different carrier frequencies δfp
leads to the generation of new spectral components mostly generated within the optical spectrum
and located at m×frep ± n×δfp around the carrier frequencies of the pumps with n,m integers.
However, the experimental evidence of this phenomenon is challenging because of the small
frequency shift between all the generated lines lying in the MHz range, that is by several orders
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of magnitude smaller than the resolution of standard optical spectrum analysers. In the following,
we will demonstrate that the use of a third comb playing the role of a multi-lines local oscillator
enables to isolate these new spectral components to highlight the intra-envelope FWM process.

3. Evidence of intra-envelope FWM by using a multi-line local oscillator

The idea is based on dual-comb spectroscopy, for which the mixing between one comb and
another comb of different repetition rates and carrier frequencies leads to the down conversion
of the optical spectrum into the RF domain [27]. The RF spectrum is centered at their carrier
frequency difference and it is magnified by a factor equals to the ratio between the repetition rate
frequency and the repetition rate difference ( frep

δfrep
). The right choice of these values prevents

aliasing by ensuring that the RF spectrum is entirely located within 0 and frep/2 [27]. Here we
have two combs, operating at the same repetition rate, and with different carrier frequencies.
These pumps will interact in a nonlinear fiber to generate new FWM components, within their
input spectral envelops. We mix these combs with a third comb playing the role of the multi-lines
local oscillator, as in dual-comb setups. This third comb source has a different repetition rate
and carrier frequency compared to combs (pumps) 1 and 2. A simplified sketch illustrated the
interactions between the three combs is represented in Fig. 2(a). We kept the same colors as
in Fig. 1 for comb 1 and 2 (red and green respectively), and the FWM components (purple)
and the third comb is represented in blue. As comb 1(2) and comb 3 have different carrier
frequencies, the corresponding RF down converted spectrum is centred at f1− f3 = δfp = δfAOM1/3

(f2 − f3 = δf’p = δfAOM2/3), and magnified by frep
frep−frep3

. This is illustrated in Fig. 2(a), where the
RF spectra corresponding to combs 1 and 2 (orange and green respectively) are well separated in
the RF domain. About the FWM components, at first order they fulfill the basic FWM relation
based on energy conservation which reads as 2f1 − f2 and 2f2 − f1 leading to down converted RF
spectra centered at 2δfAOM2/3 − δfAOM1/3 and 2δfAOM1/3 − δfAOM2/3, and magnified by a frep

frep−frep3
factor. RF FWM components (purple) are thus isolated from pumps 1 and 2 RF spectra thanks
to the down-conversion process. The set-up to generate three coherent pulse trains (combs) is
detailed in Fig. 2(b). A continuous-wave laser (NKT Koheras) is amplified and then divided
into three channels. It has an ultra-narrow linewidth of 100 Hz. We used a set of EOMs to
generate a pulse train of 50 ps duration. Each repetition frequency is adjustable by modifying
the radio-frequency signals delivered by arbitrary waveform generators (AWG) that drive the
modulators. In channels 1 & 2, we combined a first EOM followed by an EDFA, and then a
spectral filter to remove the amplified spontaneous emission in excess. A second EOM is added
to increase the extinction ratio (< 50 dB in total). A second EDFA is used in channels 1 and 2 to
increase the peak power up to 16 W (650 mW average power) to enhance the FWM efficiency in
the fiber. The pulse profile is depicted in Fig. 2(c). We used a fiber of L= 100 m length, with
γ = 1/W/km, and β2 = 1ps2/km. The repetition rate is frep = 800 MHz, and the carrier of comb
1(2) is frequency shifted by using an acousto-optic modulator (AOM1(2), frequency shift of 100
MHz (200 MHz)). In channel 3, a single EOM is used. The repetition rate difference between
comb 3 and 1& 2 is frep = 1 MHz to get a magnification factor large enough to avoid spectral
aliasing in the RF domain after the down-conversion process. All EOMs and AOMs are driven
by a set of three arbitrary waveform generators (AWG) that share a common reference at 10 MHz
to minimise the timing jitter. We used a low band-pass photo-detector (Thorlabs PDB480C, 5
GHz bandpass) to detect the mixing between the local oscillator (comb 3), combs 1 & 2 and
FWM components. The set-up is made of polarisation maintaining fibers from the CW laser to
the entry of the fiber where FWM process is generated. Two polarization controllers enables to
optimize the beating between the three combs. A −20 dB attenuator is used at the end of the
fiber to equalize the powers of the FWM signal and the LO (100 µW) on the photo-detector. The
RF signal is low-pass filtered at frep/2 = 400 MHz using a low-band pass filter.
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Fig. 2. (a) Schemes of principle. Comb 1 (orange) and Comb 2 (green) at frep1 generate
FWM (purple) in a nonlinear fiber. Comb3 (blue) at frep3 = frep1 + δ frep down-converts
the resulting spectrum in the RF domain. (b) Experimental setup. (c) Pulse recorded at the
output of Channel 1. EDFA : erbium-doped fiber amplifier; AOM : acousto-optic modulator;
IM : intensity modulator; PC : polarization controller ; LPF : low-bandpass filter; Att :
attenuator.

4. Experimental results

We recorded 800 interferograms on the oscilloscope at a sampling frequency FS = 5 GHz and
performed an averaging to increase the signal to noise ratio [27] (see an example of interferogram
in Fig. 3(a)). It shows a periodicity equals to the inverse of the frequency difference δfrep
= 1 MHz between combs 3 and 1&2. In Fig. 3(a), a zoom on a peak of the interferogram
depicts the temporal scanning by the local oscillator. By calculating the Fourier transform of
the interferogram, we obtained the down-converted spectrum (Fig. 3(d)). As expected, each
packet is centered at its RF frequency offset with the LO: at 100 MHz, the linear beat between
the LO and comb1; at 200 MHz, the linear beat between the LO and comb2; at 0 MHz, the beat
between the LO and the low frequencies of the FWM; at 300 MHz, the beat between the LO
and the high frequencies of the FWM. Thus, the use of a multi-lines local oscillator indeed
enables to extract and isolate in the RF spectrum the FWM components hidden within the optical
spectrum. Note that the wave packet located at 400 MHz emerges from the mFWM. These
experimental results are in excellent agreement with numerical simulations depicted in Fig. 3(c).
From these RF spectra, it is possible to numerically reconstruct the optical spectra. This involves
subtracting the center frequency of each packet and stretching the spectrum by the inverse of the
magnification factor [27,28]. This leads to the optical spectra centered at 193.4 THz in Fig. 3(f)
and (h). They have a sinc shape like. We can clearly see combs 1 and 2 (orange and green
respectively), having the same repetition rate (800 MHz) and a slightly different carrier frequency
(100 MHz). The FWM bands are located on both sides of each closest lines pairs (purple), as
expected, and illustrated in the simplified sketch in Fig. 1(c). The reconstructed optical spectra,
showing the FWM component interleaved within the optical spectrum, are in excellent agreement
with numerical simulations shown in Fig. 3(e) and (g). The only significative discrepancy is the
emergence of the second-order FWM sideband at high frequencies in the numerical simulations.
We attribute it to the lower signal to noise ratio in experiments which hide these weak sidebands.
This agreement confirms the validity of our procedure to reconstruct the optical spectra and
highlights the accuracy of our measurements.
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Fig. 3. (a) Recorded interferogram over 4 periods and (b) a zoom. (c) Numerical and
(d) experimental RF spectra of the interferogram. (e) Numerical and (f) experimental
corresponding optical spectra. (e) Numerical and (f) experimental zoom on the mFWM
packet structure of the optical spectrum.

5. Conclusion

In conclusion, we report the first numerical and experimental observation of intra-envelope FWM
in optical fibers. We show that two wave packets with almost the same carrier frequency and
similar repetition rates can interact nonlinearly to generate new FWM components located within
their spectra, and only shifted from RF frequency shifts from the spectral lines of the pumps.
We demonstrate the use of a third comb acting as a multi-lines local oscillator to extract and
isolate these FWM components in the RF domain. From these measurements, we showed that it
is possible to reconstruct the optical spectra, and analyzing the phenomenon with a very good
spectral resolution. These observations would not be possible with standard optical spectrum
analyzers due to their limited spectral resolution. The very good agreement between experimental
and numerical results demonstrates that multi-comb interferometry can be a powerful tool for
finely characterizing advanced nonlinear effects in the spectral domain.
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