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S1 Circularly polarized fundamental field. Cartesian

and cylindrical coordinates.

For continuous plane-wave illumination, a fundamental electric field circularly polarized in

the (x, y)- plane (see Figure 1 of the main text) is given by

E(t) = E0 [êx cosΩt± êy sinΩt] , (S1)

where E0 is the field amplitude, “plus” sign stands for an anti-clockwise rotating field (spin

angular momentum SAM= +1), and “minus” sign stands for a clockwise rotating field (spin

angular momentum SAM= −1). Eq. S1 can be written in the form

E(t) =
E0

2

[
êx

(
e−iΩt + eiΩt

)
± iêy

(
e−iΩt − eiΩt

)]
=
E0

2
[êx ± iêy] e

−iΩt +
E0

2
[êx ∓ iêy] e

iΩt. (S2)

We consider an e−iωt time-dependence of the harmonic signals so that

ESAM=±1(Ω) =
E0

2
[êx ± iêy] , (S3)

and ESAM=±1(−Ω) = E
∗

SAM=±1(Ω), where
∗
denotes the complex conjugate.

From the relations between the coordinate vectors in cartesian (êx, êy) and cylindrical

(êr, êφ) coordinates

êx = cos(φ)êr − sin(φ)êφ,

êy = sin(φ)êr + cos(φ)êφ, (S4)

we obtain

ESAM=±1(Ω) =
E0

2
[êr ± iêφ] e

±iφ. (S5)
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S2 Charge multipoles in cylindrical coordinates and in-

duced potential of the nanowire

In this section, we calculate the frequency-resolved induced potential of a cylindrical nanowire

interacting with a time-dependent external field, and we introduce the concept of (nonlinear)

multipolar moments. The non-retarded approximation is used consistently with the small

diameter of the nanowire, so that all magnitudes such as the induced charge density, potential

and field depend only upon the 2D position vector r given by the spatial variables (r, φ) (see

Figure 1 of the main text).

The induced potential V ind(r, ω) can be sought in the form

V ind(r, φ, ω) =
1

2π

∑
m

ϕm(r, ω) e
imφ, (S6)

where the sum formally extends from m = −∞ to m = ∞. Using Eq. (S6), the induced

electric field can be obtained from Eind(r, ω) = −∇V ind(r, ω).

The induced potential is given by the solution of Poisson’s equation, ∇2V ind(r, ω) =

−4πδϱ(r, ω), where δϱ(r, ω) is the induced charge density. Thus, the radial part of the

induced potential, ϕm(r, ω), is obtained from[
1

r

∂

∂r

(
r
∂

∂r

)
− m2

r2

]
ϕm(r, ω) = −4πδϱm(r, ω), (S7)

where δϱm(r, ω) are the moments of the induced charge density such that

δϱ(r, φ, ω) =
1

2π

∑
m

δϱm(r, ω) e
imφ. (S8)

To address the solution of Eq. (S7), we make use of Green’s function

Gm(r, r
′) =


− 1

2|m|

(
r
r′

)|m|
for r < r′

− 1
2|m|

(
r′

r

)|m|
for r > r′

, (S9)
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which is the solution of the following equation with proper boundary conditions:[
1

r

∂

∂r

(
r
∂

∂r

)
− m2

r2

]
Gm(r, r

′) =
1

r′
δ(r − r′). (S10)

Thus, the radial part of the induced potential can be found from:

ϕm(r, ω) = −4π

∫ ∞

0

Gm(r, r
′)δϱm(r

′, ω) r′dr′

= 2
π

|m|

[∫ r

0

(
r′

r

)|m|

δϱm(r
′, ω) r′dr′ +

∫ ∞

r

( r
r′

)|m|
δϱm(r

′, ω) r′dr′

]
. (S11)

Let us focus on a region well outside the surface of the cylinder such that r ≫ Rc. Then,

ϕm(r, ω) =
2π

|m|

∫ r

0

(
r′

r

)|m|

δϱm(r
′, ω) r′dr′. (S12)

We can rewrite this expression as

ϕm(r, ω) = 2πQm(ω)

(
Rc

r

)|m|

. (S13)

Here, Qm(ω) is the multipole moment of the charge density induced in the nanowire per unit

length, defined by

Qm(ω) =
1

|m|

∫ r

0

(
r′

Rc

)|m|

r′dr′
∫ π

−π

δϱ(r′, φ, ω) e−imφ dφ

=
1

|m|

∫ r

0

(
r′

Rc

)|m|

δϱm(r
′, ω) r′dr′. (S14)

Using Eq. (S6) and Eq. (S13) we can write the expression of the induced potential outside

the nanowire as

V ind(r, φ, ω) =
∑
m

Qm(ω)

(
Rc

r

)|m|

eimφ. (S15)

S3 Induced nonlinear near field

According to the discussion in the main text, for a circularly polarized incident electromag-

netic wave, the nonlinear optical response at the nth harmonic of the fundamental frequency
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ω = nΩ is due to the formation of uniquely the Qn(nΩ) multipolar moment. In this situation,

Eq. (S15) results in

V ind(r, φ, nΩ) = Qn(nΩ)

(
Rc

r

)n

einφ. (S16)

The induced electric field of the n-th harmonic is given by

Eind(r, φ, nΩ) = −∇V ind(r, φ, nΩ) = −êr
∂V ind(r, φ, nΩ)

∂r
− êφ

1

r

∂V ind(r, φ, nΩ)

∂φ
, (S17)

which gives the final result

Eind(r, φ, nΩ) = n
Rn

c

rn+1
Qn(nΩ) [êr − iêφ] e

inφ. (S18)

Comparing Eq. (S18) with Eq. (S5), we conclude that the electric near field of the nth

harmonic is circularly polarized and rotating clockwise (SAM= −1), in contrast to the anti-

clockwise (SAM= +1) rotation of the incident field.

S4 Linear multipolar polarizabilities

The multipolar polarizability αm(ω) is defined as

Qm(ω) = αm(ω)
1

2π
Em(Rc, ω), (S19)

where Em(Rc, ω) is the m
th angular harmonic of the radial component of the external field

E(r, φ, ω) evaluated at the nanowire surface

Em(Rc, ω) =

∫ π

−π

êr · E(Rc, φ, ω) e
−imφ dφ. (S20)

Because of rotational symmetry, αm(ω) = α−m(ω) = α|m|(ω).

To determine αm(ω) using TDDFT we follow the electron density dynamics of the system

in response to an impulsive potential

V (r, φ, t) = −ξ δ(t)
mmax∑
m=1

(
r

Rc

)m

cos(mφ), (S21)
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where δ(t) is the Dirac delta function and mmax is the maximum multipole moment excited

in the system (set typically to mmax ∼ 20 − 40). The amplitude of the potential, ξ, is

sufficiently weak to ensure a linear response as we explicitly check.

Our calculations are performed in 2D cartesian coordinates r = (x, y) (the problem is

translationally invariant with respect to the nanowire axis, chosen as z-axis) . From the time-

dependent electron density n(x, y, t) calculated with TDDFT, we obtain the time-dependent

multipolar moment Qm(t) as

Qm(t) =
1

m

∫∫ (
r

Rc

)m

e−imφ δϱ(x, y, t) dx dy. (S22)

Here, m = 1, ...,mmax and the induced charge density δϱ(x, y, t) is given by

δϱ(x, y, t) = − [n(x, y, t)− n(x, y, t = 0)] . (S23)

The frequency-resolved multipolar moment Qm(ω) is obtained from Qm(t) using time-to-

frequency Fourier transform:

Qm(ω) =

∫ tmax

0

dt Qm(t) e
(iω−η/2)t, (S24)

where tmax is a finite, albeit large propagation time. An attenuation factor η = 0.15 eV

is introduced to account for dissipation processes such as electron-phonon interaction and

inelastic electron-electron scattering that are not included in the adiabatic local density

approximation (ALDA) of TDDFT employed here1,2.

The spectral and angular harmonic decomposition of V (r, φ, t) given by Eq. (S21) is

V (r, φ, ω) =
1

2π

mmax∑
m=−mmax

Vm(r, ω)e
imφ, m ̸= 0, (S25)

where

Vm(r, ω) = −πξ
(
r

Rc

)|m|

. (S26)

To derive Vm(r, ω) we used cos(mφ) = 1
2
[eimφ + e−imφ] and the following convention for
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direct and inverse Fourier transforms

F(ω) =

∫
F(t)eiωt dt,

F(t) =
1

2π

∫
F(ω)e−iωt dω, (S27)

where F is a given function.

Considering that

êr · E(r, φ, ω) = − ∂

∂r
V (r, φ, ω)

=
1

2π

M∑
m=−M

πξ
|m|
Rc

(
r

Rc

)|m|−1

eimφ, m ̸= 0, (S28)

we obtain

êr · E(Rc, φ, ω) =
1

2π

M∑
m=−M

πξ
|m|
Rc

eimφ, m ̸= 0,

=
1

2π

M∑
m=−M

Em(Rc, ω)e
imφ, m ̸= 0. (S29)

Thus, 1
2π
Em(Rc, ω) =

ξ
2

|m|
Rc

. This expression is substituted in Eq. (S19) together with the

frequency-resolved multipolar moment Qm(ω) calculated with TDDFT to determine the

linear multipolar polarizability αm(ω).

S5 Time-to-frequency Fourier transform of nonlinear

quantities

In order to analyze the nonlinear optical response of the nanowire, we first use TDDFT

to calculate the time evolution of the physical quantities of interest F(t). Given F(t), the

frequency-resolved nonlinear quantities F(ω) are obtained from a time-to-frequency Fourier

transform where we introduce the Gaussian filter given by the envelope of the incident pulse:
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F(ω) =

∫
dt F(t) eiωt e

−
(

t−t0
tp

)2

. (S30)

The Gaussian filter in Eq. (S30) partially accounts for dissipation processes beyond

ALDA-TDDFT, similarly to the exponential dissipation from Eq. (S24). Most importantly,

it enables us to reach convergent spectral response at high-harmonic frequencies3. We make

use of this approach as the fundamental frequency is off resonance with the dipolar plas-

mon of the nanowire so that no plasmon ringing and generation of harmonic frequencies is

expected when the pulse is over.

S6 Electric field inside a cylindrical nanowire

With the aim of studying the nonlinear polarization vector inside a nanowire, we first de-

rive within the linear-response regime the classical expression of the total electric field in-

side a metallic cylinder interacting with an incoming monochromatic field which oscillates

at frequency Ω. Because of the small diameter of the nanowire, we employ the nonre-

tarded approximation. We search for the total electric field as the sum of the external

and induced fields Etot(r,Ω) = E(r,Ω) + Eind(r,Ω), where E(r,Ω) = −∇V (r,Ω) and

Eind(r,Ω) = −∇V ind(r,Ω). We explicitly split the total potential into the external potential

V (r,Ω) satisfying ∇2V (r,Ω) = 0, and that owing to induced charges, V ind(r,Ω). Inside

(r < Rc) and outside (r > Rc) the homogeneous nanowire external charges are absent.

Making use of Gauss’s law for electric displacement vector, we obtain that ∆V ind(r,Ω) = 0.

We can then search for V ind(r,Ω) in the form

V ind(r, φ,Ω) =
1

2π

∑
m

V ind
m (r,Ω) eimφ, (S31)

where V ind
m (r,Ω) fulfills Laplace’s equation[

1

r

d

dr
r
d

dr
− m2

r2

]
V ind
m (r,Ω) = 0. (S32)
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Imposing V ind(r,Ω) to be finite at r = 0 and at infinity, and considering matching conditions

at r = Rc, the solution can be written in the form

V ind
m (r,Ω) =


Am(Ω)

(
r
Rc

)|m|
, if r < Rc

Am(Ω)
(
Rc

r

)|m|
, if r > Rc.

(S33)

The radial component of the induced electric field Eind
r (r, φ,Ω) = − ∂

∂r
V ind(r, φ,Ω) is thus

given by

Eind
r (r, φ,Ω) =

1

2π

∑
m

Eind
r,m(r,Ω) e

imφ, (S34)

where

Eind
r,m(r,Ω) =


−Am(Ω)

|m|
Rc

(
r
Rc

)|m|−1

, if r < Rc

Am(Ω)
|m|
Rc

(
Rc

r

)|m|+1
, if r > Rc.

(S35)

For a circularly polarized external field with SAM= +1, it follows from Eq. (S5) and

E(r,Ω) = −∇V (r,Ω) that the external potential is given by

V (r, φ,Ω) = −E0

2
reiφ, (S36)

and the radial component of the external electric field is given by

Er(r, φ,Ω) =
E0

2
eiφ. (S37)

If we express the radial component of the external field in the form

Er(r, φ,Ω) =
1

2π

∑
m

Er,m(r,Ω) e
imφ, (S38)

we obtain

Er,1(Ω) = πE0,

Er,m(Ω) = 0, if m ̸= 1. (S39)

Taking into account the boundary conditions for the radial part of electric displacement
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vector D at Rc we obtain

ε(Ω)

(
−A1(Ω)

1

Rc

+ πE0

)
= A1(Ω)

1

Rc

+ πE0,

ε(Ω)Am(Ω)
|m|
Rc

= −Am(Ω)
|m|
Rc

, if m ̸= 1. (S40)

where ε(Ω) is the dielectric function of the nanowire and we assume we are in vacuum. This

implies that

A1(Ω) =
ε(Ω)− 1

ε(Ω) + 1
RcπE0,

Am(Ω) = 0, if m ̸= 1. (S41)

Thus, under circularly polarized illumination with SAM= 1, the total potential inside a

cylindrical nanowire can be obtained from equations Eq. (S31), Eq. (S33), Eq. (S36), and

Eq. (S41) as

V (r, φ,Ω) + V ind(r, φ,Ω) = −E0
1

ε(Ω) + 1
r eiφ,

= −E0
1

ε(Ω) + 1
[x+ iy] . (S42)

Finally, the electric field inside the homogeneous cylindrical nanowire Etot = −∇
(
V + V ind

)
is given by

Etot(r,Ω) = Etot(Ω) = E0
1

ε(Ω) + 1
[êr + iêφ] e

iφ,

= E0
1

ε(Ω) + 1
[êx + iêy] . (S43)

Similarly, for a SAM= −1 fundamental field,

Etot(r,Ω) = Etot(Ω) = E0
1

ε(Ω) + 1
[êx − iêy] . (S44)

Taking into account that a linearly polarized field can be expressed as the superposition of

two circularly polarized fields with opposite handedness, for a x-polarized fundamental field
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we obtain that

Etot(r,Ω) = Etot(Ω) = E0
1

ε(Ω) + 1
êx. (S45)

Thus, inside the nanowire, the total field is homogeneous and its polarization coincides

with that of the incident field.

S7 Symmetry-based analysis of the bulk contribution

to nonlinear polarization

To derive the selection rules for the bulk nonlinear polarization of a homogeneous free-

electron nanowire we will proceed similarly to the derivation of selection rules for the non-

linear multipole moments Qm(nΩ) presented in the main text. We use a general approach4

based on the symmetry of the system and Neumann’s principle for tensors5,6, and we ex-

press the total electric field inside the nanowire Etot(Ω) and the nonlinear polarization vector

P(nΩ) in the basis of the anti-clockwise (SAM = +1)

ê+1 =
1√
2
[êx + i êy] =

1√
2
[êr + iêφ] e

iφ (S46)

and clockwise (SAM = −1) rotating waves

ê−1 =
1√
2
[êx − i êy] =

1√
2
[êr − iêφ] e

−iφ (S47)

as

Etot(Ω) =
∑
µ=±1

Etot
µ (Ω)êµ , P(nΩ) =

∑
µ=±1

Pµ(nΩ)êµ . (S48)

Here, we have taken into account that there is no coordinate dependence of the total field

inside the cylinder (see Section S6), and thus the polarization vector is also independent of

the spatial coordinates.

For a circularly polarized incoming field with SAM=1, the total field inside the cylinder
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maintains the polarization, so that the only nonzero components are Etot
1 (Ω) (be aware that

for negative frequency, Etot
−1(−Ω) = [Etot

1 (Ω)]
∗
holds, where [Z]∗ stands for the complex

conjugate of complex number Z).

For a fundamental field linearly polarized along the x- axis, the total field inside the

cylinder is also x-polarized so that both components are nonzero and Etot
1 (Ω) = Etot

−1(Ω) (for

negative frequency, Etot
1 (−Ω) = Etot

−1(−Ω) = [Etot
1 (Ω)]

∗
holds).

With these definitions, the bulk contribution to the nonlinear polarization corresponding

to the n-th harmonic generation with smallest possible nonlinear order in the field can be

obtained from

Pν(nΩ) =
∑

µ1,...,µn

B(n)
ν;µ1...µn

Etot
µ1

(Ω)... Etot
µn

(Ω), (S49)

where ν, µ1, ..., µn = ±1, and B(n)
ν;µ1...µn ≡ B(n)

ν;µ1...µn(nΩ;Ω, ...,Ω︸ ︷︷ ︸
n times

) is the nonlinear bulk suscep-

tibility tensor.

Note that since retardation effects can be neglected owing to the small diameter of the

nanowire, the total field inside the homogeneous cylinder is position independent as we

mentioned before. Therefore, the contribution of nonlinear terms involving spatial derivatives

of the field often discussed in the context of the bulk contribution to the second-harmonic

generation7–13 is zero in the present case.

Assume now that we perform an anticlockwise rotation of the x, y-axes by an angle β. In

cylindrical coordinates φ = φ′+β, where φ′ is the azimuthal angle in the rotated coordinate

system. Consequently the vector components are transformed as Etot ′
µ (Ω) = e+iµβEtot

µ (Ω)

and P ′
µ(nΩ) = e+iµβPµ(nΩ), and the components of the nonlinear susceptibility tensor are

transformed as {
B(n)
ν;µ1...µn

}′
= ei(ν−µ1−...−µn)β B(n)

ν;µ1...µn
. (S50)

Neumann’s principle5,6 implies that a rotation by any angle must preserve the form of the
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tensor, so that

ν = µ1 + ...+ µn. (S51)

Consider the generation of a harmonic of order n > 1. For left-handed circular polariza-

tion of the electric field, the only non vanishing component is Etot
+1(Ω), so that µ1 = ... =

µn = 1. Since ν = ±1, Eq. (S51) cannot be satisfied and thus the corresponding tensor

element B(n)
νµ1...µn is zero, so that the nonlinear bulk contribution to the polarization is impos-

sible. This restriction does not hold in the case of linear polarization of the electric field, in

which both components Etot
+1(Ω) and E

tot
−1(Ω) are non-vanishing, and Eq. (S51) can hold for

appropriate combinations of µ1, ..., µn. In this case, the nonlinear polarization in the bulk

and harmonic emission into the far field is possible for odd harmonics.

It is worth mentioning that the above proof assumes that the electron gas inside the

nanowire is homogeneous. Strictly speaking, for our finite-size system this is not the case

because of Friedel oscillations (see Section S10). Notice also that because of the symmetry

break at the surface of the nanowire, the surface contribution to the nonlinear response10,12–16

is possible at any harmonic for both circular and linear polarizations of the external field.

S8 Derivation of the selection rules based on the non-

linear density response formalism

In this section we demonstrate that the nonlinear induced charge density for circularly polar-

ized fundamental field is given by a single Fourier component with order equal to the order

of the nonlinearity. More generally, we discuss the symmetry selection rules for the nonlin-

ear charge density induced in a homogeneous metallic nanowire by a circularly or linearly

polarized fundamental field. For circular polarization, the potential of the fundamental field

is given by

V (r,Ω) = Vµ(Ω)re
iµφ = −E0

2
reiµφ, (S52)
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where µ = +1 stands for a SAM= +1 anti-clockwise rotating field, and µ = −1 stands

for a SAM= −1 clockwise rotating field (cf. Eq. (S36)). For a linearly, e.g. x-polarized

fundamental field the potential is given by

V (r,Ω) = V+1(Ω)re
iφ + V−1(Ω)re

−iφ = −E0

4
reiφ − E0

4
re−iφ = −E0

2
x. (S53)

The n-th harmonic of the induced density can be sought in the general form17

δϱ(r, φ,Ω1 + ...+ Ωn) =∫∫
dr1...

∫∫
drn χ̃

(n)(r, r1, φ− φ1, ..., rn, φ− φn) V (r1,Ω1)... V (rn,Ωn),
(S54)

where χ̃(n)(Ω1 + ...+Ωn; r, r1, φ−φ1, ..., rn, φ−φn) ≡ χ̃(n)(r, r1, φ−φ1, ..., rn, φ−φn) is the

nonlinear many-body response function. Because of the axial symmetry of the nanowire,

this function depends only on the azimuth angle differences φ − φj. Introducing the form

of the external potential for circular and linear polarizations, Eq. (S54) can be transformed

into the following general form

δϱ(r, φ, nΩ) =

∫∫
dφ1r1dr1...

∫∫
dφnrndrn r1...rn ×∑

µ1,...,µn

χ̃(n)(r, r1, φ− φ1, ..., rn, φ− φn)Vµ1(Ω)... Vµn(Ω) e
iµ1φ1 ... eiµnφn , (S55)

where µ1, ..., µn = ±1 and Vµ1(Ω), ..., Vµn(Ω) are defined for circular and linear polarization

of the electric field through equations (S52) and (S53) respectively. Note that, in the case of

circular polarization with SAM=1, V−1(Ω) = 0 (for SAM=−1, V+1(Ω)=0).

Consider ∫ π

−π

f(φ− φj) e
iµφj dφj, (S56)

where f(φ − φj) is a given function that depends on the azimuth angle difference φ − φj.
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This integral can be written in the form∫ π

−π

1

2π

∑
m

fm eim(φ−φj) eiµφj dφj =
1

2π

∑
m

fm eimφ

∫ π

−π

ei(µ−m)φj dφj

=
∑
m

fm eimφδµ,m = fµ e
iµφ, (S57)

where δµ,m is the Kronecker delta and

fm =

∫ π

−π

f(x) e−imx dx. (S58)

Rearranging the terms and integration order, and making use of Eq. (S57), the nonlinear

induced density given by Eq. (S55) can be represented in the form

δϱ(r, φ, nΩ) =
∑

µ1,...,µn

eiµ1φ... eiµnφ χ(n)
µ1,...,µn

(r) Vµ1(Ω)... Vµn(Ω),

=
∑

µ1,...,µn

ei(µ1+µ2+...+µn)φ χ(n)
µ1,...,µn

(r) Vµ1(Ω)... Vµn(Ω), (S59)

where

χ(n)
µ1,...,µn

(r) =

∫
r1dr1...

∫
rndrn r1...rn ×∫ π

−π

dϑ1...

∫ π

−π

dϑn χ̃
(n)(r, r1, ϑ1, ..., rn, ϑn) e

−iµ1ϑ1 ...e−iµnϑn . (S60)

Equation Eq. (S59) can be written in the form

δϱ(r, φ, nΩ) =
1

2π

∑
m

δϱm(r, nΩ) e
imφ, (S61)

where

δϱm(r, nΩ) =
∑

µ1,...,µn/
µ1+µ2+...+µn=m

2πχ(n)
µ1,...,µn

(r) Vµ1(Ω)... Vµn(Ω), (S62)

with µ1, ..., µn = 1 for circular polarization with SAM= +1, µ1, ..., µn = −1 for circular

polarization with SAM= −1, and µ1, ..., µn = ±1 for linear polarization.

For circular polarization of the fundamental field with SAM= +1 (as considered in the
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main text), only V+1(Ω) is non vanishing, so that we obtain

δϱ(r, φ, nΩ) =
1

2π
δϱn(r, nΩ) e

inφ, (S63)

where

δϱn(r, nΩ) = 2πχ
(n)
1,...,1(r) [V1(Ω)]

n . (S64)

Thus, the angular dependence of the nonlinear induced charge density at nth harmonic of

the fundamental frequency is given by einφ, i.e. we retrieve the same constraint as obtained

using Neumann’s principle for nonlinear multipolar moments.

For a linearly polarized fundamental field both components V±1(Ω) are present in the

potential (see Eq. (S53)). Thus, all terms with m = ±|n − 2j| (j = 0, 1, ..., and 2j < n)

will then contribute to δϱ(r, φ, nΩ) in Eq. (S61). Note that exclusively even (odd) m will be

present for even (odd) harmonic order n.

S9 Optical magnetism

As has been recently discussed for a metallic nanoparticle18, the interaction of circularly

polarized light with an axially symmetric plasmonic nanoparticle results in an efficient mag-

netization of the nanoparticle along its symmetry axis. We observe a similar effect for a

nanowire interacting with a Gaussian pulse of left-handed circularly polarized electric field

(SAM=1). The permanent magnetic moment MDC = êzMz excited per unit length in the

nanowire is obtained from TDDFT calculations as follows:

Mz = lim
t→∞

{
− 1

2c

∫∫
r× J(t) d2r

}
= lim

t→∞

{
− 1

2c

∫
dx

∫
dy [xJy(t)− yJx(t)]

}
, (S65)

where c is the speed of light in vacuum, “minus” sign accounts for the electron charge, and

Jx(t) (Jy(t)) is the projection of the probability current density J(t) on x- (y-) axis. J(t) is
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given by

J(t) =
∑

j ∈ occ

χj Im {[ψj(r, t)]
∗ ∇ψj(r, t)} , (S66)

where the summation runs over occupied Kohn-Sham (KS) orbitals ψj(r, t), Im {Z} stands for

the imaginary part of the complex number Z, and the statistical factors χj =
2
√
2

π

√
EF − ϵj

account for spin degeneracy as well as for the electron motion along the nanowire z-axis.

The Fermi energy of the present system is EF = −5.49 eV with respect to the vacuum level,

and ϵj stands for the ground-state energies of the KS orbitals.
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Figure S1: Magnetic moment (in units of Bohr magneton, µB, per unit length) induced along
the axis of a cylindrical nanowire (z-axis) by a Gaussian pulse with electric field left-handed
circularly polarized in the (x, y)-plane. Results are shown as function of the average power
of the corresponding optical pulse. The inset presents the normalized quantity |Mz|/E2

0 as
a function of the the average power of the corresponding optical pulse.

In Figure S1 we show the calculated permanent magnetic moment of the nanowire induced

per unit length by a Gaussian pulse of left-handed circularly polarized electric field (SAM=1)

(see Eq. (1) in main text). The results are shown as a function of the average power of the

corresponding optical pulse. Observe that MDC is oriented in the negative direction of the z-
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Table S1: Correspondence between the average power of the circularly polarized electromagnetic

pulse and the field amplitude E0. Further characteristics of the pulse are given in the main text of

the paper.

power (×1012 W/cm2) field amplitude, E0 (×10−3 a.u.)
0.6 2.6
1.2 3.7
2.4 5.2
5.0 7.5
10.0 10.7

axis. This is consistent with m→ m+1 selection rules for the change of the orbital magnetic

quantum number upon transitions j → j
′
from occupied to unoccupied ground-state KS

orbitals with energy difference ϵj′ − ϵj = Ω. Indeed, if we consider circular polarization

(SAM=1) of a monochromatic electric field

E(t) = E0 [êx cos(Ωt) + êy sin(Ωt)]

=
E0

2
[êx + iêy] e

−iΩt +
E0

2
[êx − iêy] e

iΩt, (S67)

the potential acting on the nanowire is given within the dipole approximation by

V (r, t) = −E0

2
[x+ iy] e−iΩt − E0

2
[x− iy] eiΩt

= −E0

2
r
[
eiφe−iΩt + e−iφeiΩt

]
. (S68)

From perturbation theory and the rotating-wave approximation it follows that transitions

are driven by the e−iΩt term leading to the above selection rule. As a result of the m→ m+1

transitions, upon termination of the pulse the probability current density corresponds to an

anti-clockwise rotation of the electrons so that the charge current loop is oriented clockwise.

The order of magnitude of |Mz| shown in Figure S1 agrees with the results obtained in

Ref.18 for an excitation frequency off-resonance with the dipolar plasmon of the nanoparticle

(i.e. in similar conditions as here). For low field amplitudes E0 we obtain that |Mz| ∝ E2
0 as

expected (for convenience, we give in Table S1 the correspondence between the amplitude

E0 of the electric field used in our calculations and the average power of the corresponding
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circularly polarized optical pulse). In contrast, the inset of Figure S1 reveals clear deviations

from the square dependence at large E0. Similarly to Ref. 18, we attribute this effect to the

contribution of the photo-emitted electrons. However, note that the main results shown in

the paper (i.e., rotation of the induced nonlinear charge density at the fundamental frequency,

suppression of far-field emission, and conversion of spin angular momentum of near fields)

are not affected by electron emission, as we have explicitly checked.

S10 Friedel oscillations of the electron density
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Figure S2: Ground-state electron density n0(r) of a plasmonic nanowire modelled as a jellium
(free-electron-metal) cylinder characterized by the Wigner–Seitz radius of gold rs = 3.02 a0
(a0 = 0.0529 nm is the Bohr radius). The nanowire has a radius of Rc = 66.4 a0 (≈ 3.5 nm)
and is infinite along the z-axis as sketched in Figure 1 of the main text. We show the
normalized density n0(r)/nfeg as function of r, which is measured in units of a0. Here nfeg =[
4π
3
r3s
]−1

is the bulk electron density of a homogeneous free-electron gas with rs = 3.02a0.
The inset zooms at the density values close to nfeg.

In Figure S2 we show the ground-state electron density n0(r) of a cylindrical nanowire

calculated using density functional theory. Here, r is the 2D position vector given by the
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spatial variables (r, φ) (see Figure 1 of main text). Because of symmetry, the ground-state

electron density only depends on the radial coordinate r. Finite-size effects (reflection of the

electron wave at the nanowire boundary) lead to oscillations in the dependence of n0(r) on

the radial coordinate r (Friedel oscillations). As a consequence, the electron gas within the

nanowire is strictly speaking non-homogeneous. This might result in the appearance of a

bulk contribution to the nonlinear response in the case of a circularly polarized fundamental

field.

S11 Description of movies

We attach to the Supplementary Information 8 movies showing the time evolution of the

charge density induced in the nanowire, δϱ(n)(r, t) = Re
{
δϱ(r, nΩ)e−inΩt

}
, at the fundamen-

tal frequency (n = 1) and n = 2, 3, 4 harmonics for both linear polarization and circular

polarization with SAM=1 of the incoming field. The induced charge densities are plotted

on a plane transversal to the nanowire axis, and the time evolution is shown over a funda-

mental period 2π/Ω. The results correspond to TDDFT calculations for a Gaussian pulse

of electric field with fundamental frequency Ω = 1.5 eV and amplitude E0 = 1.1× 10−2 a.u.,

which corresponds to an average power of the circularly polarized pulse of 1013 W/cm2 and

twice smaller average power of the linearly polarized pulse. We use a blue-red color scale,

where blue (red) corresponds to negative (positive) values of the induced charge density. In

each movie, the values are normalized to the maximum absolute value of the corresponding

induced charge density over a fundamental period.
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