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EXPONENTIAL STABILITY OF SOLUTIONS TO THE
SCHRODINGER-POISSON EQUATION

JOACKIM BERNIER, NICOLAS CAMPS, BENOIT GREBERT, AND ZHIQIANG WANG

ABsTRACT. We prove an exponential stability result for the small solutions of the Schrodinger—
Poisson equation on the circle without exterior parameters in Gevrey class. More precisely we
prove that for most of the initial data of Gevrey-norm smaller than ¢ small enough, the solution

of the Schrédinger—Poisson equation remains smaller than 2¢ for time of order exp (a 1c‘,g10\g1§g‘25\ )

We stress out that this is the optimal time expected for PDEs as conjectured by Jean Bourgain

in [Bou04].
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1. INTRODUCTION

Hamiltonian PDEs have been very popular in many mathematical researchers over the past
decades. Meanwhile, Birkhoff normal form theory is a key technique to study the long-time
behaviors of small amplitude solutions of nonlinear PDEs on bounded domains. In particular
Birkhoff normal forms have been used in non-resonant cases to prove stability over long periods
of small and regular solutions [Bou96, Bam03, BG06, BDGS07, Gré07, GIP09, Del12, FGL13,
YZ14, BD17, FI19, BFG20b, BMP20, BFM22, BMM?22|. However, in all these works, external
parameters were required to ensure non-resonance conditions on the linear frequencies.

Without external parameters, Kuksin-Poschel [KP96] constructed a Cantor set of quasi-periodic
solutions for resonant nonlinear Schrodinger equation (NLS) through KAM normal forms. The
key was to use the nonlinearity to modulate the resonant linear frequencies and then to avoid
resonances. In short, the nonlinear term contributes to the stability of the solutions. Later Bernier-
Faou-Grébert [BFG20a| exhibited rational normal forms to study Hamiltonian PDEs without
external parameters and obtained the stability over very long time (=" for any large r given)
of the solutions to nonlinear Schrodinger equations and Schrodinger-Poisson equation (NLSP) on
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the circle (see also [Bou0O]). Then similar results were proved for Korteweg-De Vries equations
and Benjamin Ono equations in [BG21] and for Kirchhoff equations in [BH22|.
In the present work we want to obtain exponential stability, i.e. stability for time of order

Hoga|2 . . . . . . . .
exp (aw) for solutions of initial size € in Gevrey class and still without using exterior

parameters. As commented below this is the optimal time expected for PDEs (as conjectured
by J. Bourgain, see [Bou04|). Roughly speaking this exponential time is obtained by optimizing
the procedure described in [BFG20a|. It turns out that the NLSP case is easier than the NLS
case. The reason is that the cubic term of NLSP is enough to eliminate the higher orders (this
simplifies the algebraic construction of the rational normal form) while the quintic term of NLS
was used in [BFG20a] to get rid of certain non-integrable resonant terms. The same result can
be obtained for NLS, but at the cost of an extra technical effort and, in this work, we want to
highlight the general method that can be applied in other cases, rather than fighting for the most
general framework.

We note that, very recently, J. Liu and D. Xiang have deposited a paper on arxiv [L.X23] which
demonstrates a similar result for NLS still based on [BFG20a] but they do not obtain the optimal
time but rather time of order exp(«a|loge|'*?) for any 8 < 1.

So in this work we consider the following Schrodinger-Poisson equation on the torus T = R /277

10z — Az+ Wz =0,

NLSP 1
(NLSP) CAW = 22— L / 122 da,
27'(' T

z=z(t,x), (t,r) e Rx T,

As usual, we identify each function z € L'(T;C) with the sequence of its Fourier coefficients
(2a)acz € C? defined by
1

=5 Tz(az)e_i‘” dz.

Za
Given o > 0,6 € (0,1), we define the following Gevrey space (the parameter § and o are fixed
once and for all)

(1.1) G:= {z € CZ | ||zlly == 226”‘“|9|za| < oo}.

a€Z

Note that, since o and @ are positive, this is a space of smooth functions, i.e. G C C(T;C).
Moreover, since it is based on ¢!, it is a Banach algebra.

By the second equation one has W = V x |z|> where V is the Green function of the operator
—A with zero average on the torus. Therefore, we obtain the associated Hamiltonian

1 1
1.2 H(z) = — 242 )22 .
(1.2 ()= g [ (1924 50 #lPloP )
Note that it rewrites

1
(13) H(Z) = ZCL2‘Z@’2 + Z mzalz@zbl% = LQ(Z) + P4(Z).
a€l a1+a27=é21+b2 ! !
ai 1

1.1. Main result. We are going to consider solution of (NLSP) generated by initial data in a
family of open subsets O, of G surrounding the origin (i.e. 0 € U.-0©:). They are explicitly
defined by (7.1), but their precise definition requires lots of notations and is not really necessary
to state and to understand our main result.
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First, we are going to state a theorem, describing, for very long times, the dynamics of the

solutions of (NLSP) whose initial data are in ©. NB(0,e) where B(0, ) denotes the ball of radius
€ in G and centered at the origin. Then we will state three propositions to explain why it allows
to control the dynamics of most of the solutions in a sense that we specify carefully.

Theorem 1.1. There exists e,(0,0) > 0 such that for all € € (0,e,), for all 20 € O, of size
129||, < e, the local solution with data z(0) = 2(0) to (NLSP) exists in C([~T.,T.];G) with
min(co,1)0(1 — 0) loge™!

1500 logloge—1’

(1.4) T. :==¢" with r.=
and this solution satisfies for [t| < T.

l2)llo < 2020, Y e ||z () — |22 (0)?]2 < [|2(0)]]

a€l

Qrolee

Now, it remains to prove that the sets ©. are large and enjoy good properties. First, we focus on
the geometric properties of ©.. To claim this first proposition, we need to introduce the projection
IIps : G — G defined by

(1.5) Myz = Z P
la|<M
then we naturally define Gys := I1)/G and Bps(0,¢) = I1)/B(0, ¢).
Proposition 1.2. For all € € (0,e,), O is an open subset of G, which is a right cylinder of
direction (Idg — Iy )G where M. = (log 6_1)1+%, i.e.
2€0, <= Il z2€0,
and that is invariant by translation of the angles, i.e.

Zzaei‘” €0, — Z ]za\ei“x € 0O..

a€’Z a€”Z
Proposition 1.3. For all ¢ € (0,¢4), setting M. = (log 5‘1)1+%, we have that

(1.6) meas(©. N By (0,£)) > (1 — £5)meas(Byy, (0,¢))

where meas denotes any Lebesque measurel on Gy, .

Comment 1.4. We stress out that the first property of Proposition 1.2 says that the belonging
of z to the set O does not depend on the high Fourier modes of z but only on those with indices
smaller than M. Note that, from a numerical point of view, M, is actually very small in terms

of e~L. Furthermore Proposition 1.8 asserts that, reduced to this finite number of modes, the set
O, is asymptotically of full Lebesque measure.

Now we state a probability result on O..

Proposition 1.5. Let Y be a random function in G, whose Fourier coefficients Y, are real,
independent and uniformly distributed in (0, (a)~2e~°19"), and let Z(©) = Y/||Y ||, be the projection
of Y on the unit sphere. Then, provided that £q is small enough, we have

P(V0 < e < e, EYASNS O:)>1- 5(1)/12.

INote that, thanks to the change of variable formula, the estimate (1.6) does not depend on the Lebesgue
measure we choose on Gy, .
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As a consequence we deduce that (J,.,0. NB(0,¢) (i.e. the set of the "good" initial data) is
"almost surely star shaped":

Corollary 1.6. Almost surely, there exists €9 > 0 such that for all € € (0,¢p), 70 ¢ @,.

1.2. Related results. The stability of small solutions over exponential times, in a stronger or
weaker sense depending on the article, has already been demonstrated using external param-
eters. For the NLS equation on T? in analytic regularity, Faou-Grébert in [FG13| obtain a
time 7. = exp(a|loge|['*?) for any 8 < 1. For the NLS equation on T with Gevrey regular-
ity, Biasco-Massetti-Procesi in [BMP20| obtain, still using external parameters, a time of or-
der exp(a|loge['T9/%) (see also [CMWZ22| for derivative NLS and [CCMW?22| for a result in
class of regularity between C>° and Gevrey). As already noticed above, Liu and Xiang (see
[LX23]), for NLS without parameters in Gevrey regularity, obtained very recently a time of order
T. = exp(allog e|'*7) for any 3 < 1.

In finite dimension n, the standard Nekhoroshev result [Nek77] controls the dynamics over times
of order exp (as™/("*1) for some @ > 0 and 7 > n+ 1 (see for instance [BGG85, GG85, P6s93))
which is, of course, much better than our 7T.. Nevertheless, clearly this standard result does not
extend to the infinite dimensional context: when n — +o0o we get 7 — +00. Actually this kind of

exponential times exp (algéo‘glsgg) were obtained by Benettin-Frohlich-Giorgilli in [BFG88| for a
Hamiltonian system with infinitely many degrees of freedom but with finite-range couplings. We
also notice that this time was suggested by Bourgain as the optimal time that we could obtain in
an analytical context (see eq. (2.14) in [Bou04]). It’s somewhat surprising that we get the same
time for Gevrey regularities. We are also convinced that this optimal time is not model-dependent,
and that we could adapt our method to NLS and probably also to KdV. As usual the method
is based on an optimization with respect to ¢ of the order r. of the normal form (in this case a
rational normal form) that we perform. An important point in our approach (see section 1.3 ) is
that we perform the optimization on a reduced system involving only low frequency modes. The
initial model mainly plays a role in controlling the high modes (and their influence on low modes)
and not directly on the optimal time. Note in passing that this method could also be applied to
simpler cases, in particular to NLS with convolutive potentials acting as external parameters. By
the way, this is also the time that two of us obtained in [BG22] for special choices of convolution
potentials in NLS on T¢ in H* for any s > d/2.

Finally, we’d obviously like to obtain a result that is valid for any small initial condition and
not just for almost any small initial data. In finite dimension, this is achieved by the geometric
Nekhoroshev method (in contrats to the analytic Nekhoroshev method used in this work) based
on convexity arguments. This approach is very tempting in the case of resonant PDEs, but un-
fortunately the [BKO05| article is not very optimistic about its success in high dimension, let alone
infinite dimension (see however [Bam99]).

1.3. Proof strategy and paper outline. In Section 2 we introduce Hamiltonian setting and
we define a class of polynomial Hamiltonians for which we describe the associated Hamiltonian
flows (Lemma 2.7). Then, in Section 3, we are in position to state and prove a resonant normal
form result, Theorem 3.1. Notice that in formula (3.5) NLSP appears as a perturbation of Lo+ Ly
which is nonlinear but integrable. We will use this fact to modulate the frequencies.

In Section 4, just using the resonant normal form, we control the dynamics of the high frequencies
over exponential times, under some a priori control on the norm of the solution. Then it remains
to control the dynamics of the low frequencies, says u<y := (ug)j<p- Naturally u<ys satisfies a
finite dimensional system governed by the truncated Hamiltonian. Thus in Section 5 and Section 6
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we perform a rational normal form for this truncated Hamiltonian, Theorem 6.2, in a finite
dimensional setting. This way of proceeding (i.e. reducing first the problem in finite dimension)
has the enormous advantage (comparing with [BFG20a]) of leaving aside many of tricky problems
of convergence and in particular the problem of the existence of derivatives with respect to time,
which usually require a somewhat convoluted passage through density. We emphasize that in
Section 5 and Section 6 we follow carefully the dependency of all the parameters with respect to
the degree r of the normal form. This was not necessary in [BFG20a] since this order r was fixed
from the very beginning, but now we want to optimize it.

Finally in Section 7 we put all together and prove the main Theorem by optimizing the parameters

(in particular the degree ) introduced in the previous sections in term of ¢, the size of the solution.
loge~!

Togloge—T and thus we naturally obtained the optimal time

The optimal degree is r. = ¢(o,0)

(1.4) in Theorem 1.1. The optimized truncation parameter is M. = (log E_I)H% and since the
construction of the set ©, only depends on the rational normal form construction of Section 6, we
obtain easily Proposition 1.2.

1.4. Notations. In all this paper we set Uy := {—1,1}. L?(T;C) is equipped with its real scalar
product

(1.7) (u,v)p2 = ReZuav_a = %Re/jru(x)@dx
a€”Z
As usual, we always identify sequences z € C% with sequences in CY2*% by using the convention
Z_1q =%, and 21q4:=2q, Va€Z.
Given j = (0,a) € Us x Z, we define its conjugate by
(1.8) j=(6,a) =(—6,a)

and we set

0(j) =9 and a(j) =a.
Furthermore, we use the following unusual conventions
il :==1(6,a)| :=[a|] and  (j) := ((6,a)) := max(1,|al).

Given a set E and finite sequence v € E™ of elements of E of size n > 0 for some n € N then #v
denotes the number of elements of v that is #v := n.

1.5. Acknowledgments. During the preparation of this work the authors benefited from the sup-
port of the Centre Henri Lebesgue ANR-11-LABX-0020-0 and J.B. and N.C. were also supported
by the region "Pays de la Loire" through the project "MasCan" and Z.W. was also supported by
CSC grant (202206100095) and Nankai Zhide Foundation. The authors were partially supported
by the ANR project KEN ANR-22-CE40-0016.

2. FUNCTIONAL SETTING AND POLYNOMIALS

2.1. Differential calculus and symplectic structure. In this paper, we always consider G as
a real normed vector space (and not as a complex one). Note that, in particular, it implies that
z > Z is smooth. Being given a real Banach space E and a map f € C'(G; E) we define its partial
derivatives with respect to z, and Z; by

2azaf = aRezaf - almzaf and 285-]0 = 8Rezaf + aIIIlzaf
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Moreover, we set
8Iaf = azaaaf'

Given an open set O C G and a Hamiltonian P € C*(O;C) we define its Hamiltonian vector field
Xp:G—CL by

(X p(2))q :=105P(2).
Note that if P is real valued it implies that

i
Xp=3VP,

where the gradient is associated the L? scalar product (1.7). Moreover, if P is real valued, we
have the useful relation

(Xp(2))y = Si)ige(2), Vi€ U x L.

J

Given P,Q € C'(O;C) two Hamiltonians such that X p or X ¢ takes values in G, we define their
Poisson bracket by?

OP 0
{P.Q} =1 Z 6(j)8—q8—g'
j

j€UaXZ

Note that if P and () are real valued then, with these conventions, we have
1.
{P7Q} = _§(IVP7 VQ)L2 .

Given an open set O C G, amap V¥ : G — G is said symplectic if for all z € O,
Yo,w e G,  (1d¥(z)(v),dV(z)(w))r2 = (iv,w)2.

2.2. Multi-indices. We denote by J the following set of the multi-indices

J = U Jm where T, = (Uy X Z)zm.

m>0

We extended the conjugation to multi-indices by setting

3 = (H7 e 7j2m)'
We denote by j;(§) the i*® largest element among the collection {Up)|B=1,---,2m}, ie.
p1(g) > pa(d) = -+ = pom(d)-
Given a sequence z € CZ, we define zj € C by
Rj 1T Rt Fgam
By abuse of notation, z; will also refer to the associated monomial.

For m € N we define three nested index sets satisfying zero momentum conditions of increasing

2Note that, it makes sense because by duality we always have X p(z), X (2) € G'.
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order as follows:

2m
Zm:{j:(é,a)ejm\ Zaazo},

a=1

2m
My, = {j:(a,a) € Znm| Zaaaa:o},

a=1

2m
Ry = {j:(a,a) € My, | Zaaagzo}.

a=1
We define
z=\J2Zn M=|JMp and R= ] Rn

m>1 m>1 m>1
For future use, we note the following result

1
Lemma 2.1. Let j € R, with m > 2 and let £ € Z. Then either {I,z;} =0 or uz(j) > (<£>)5.
Proof. Let 3 € R,,. Without lost of generality we can assume that

l71] > |72] = - > |72m]-
Using that 7 € R, we have
Jl? £ je? £ o |* =0
from which we deduce that
(2.1) 2m —2)|js|* > [1]* + |j2/*.

Now if {Iy,z;} # 0, then (£1,£) € {j1, -+, Jom}. If (¢) < p3(g) then ps(j) > (%)% and the
lemma is proved. So we can assume (¢) > ps3(j) which in turn leads to (¢) = (j1) or (£) = (j2).
But then we cannot have® j, = j; because in this case we would have {I,2;} = 0 (recall that
(6) > us3(§)). Now if jo # j1, we have |j1]? % |j2|? > 2[j1| — 1 and thus (2.1) leads to the result. [

2.3. Polynomials.

Definition 2.2. Given m > 1, we denote by H,, the space of the homogeneous polynomial of
degree 2m of the form
P(Z): Z Pij

JEMm
where the coefficients Pj € C satisfy
e the reality condition: Vj € My,, Pj = P;
o the symmetry condition: V3 € My, Vo € Goyp, Py = Pyj

e the bound:
|| P||gee := sup |Pj| < oo.
JEMm
Remark 2.3. o The bound ensures that P is locally bounded on (' (by the Young inequality).

A fortiori it is locally bounded on G. Note that since it is a polynomial it implies that it is
smooth on G.

e The reality condition ensures that P is real valued. The symmetry condition ensures that
the coefficients Pj are unique and, as a consequence, that the norm ||P||sp is well defined.

3The notation j is defined in (1.8).
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Definition 2.4. We denote by HX the subspace of H,, made of resonant polynomials
HR = {Pe%m\P £0= j ER}

Lemma 2.5 (Vector field). Let m > 2 and P € H,y,, then the associated Hamiltonian vector field
18 smooth and locally Lipschitz. More precisely, we have the estimates
1X p(2)llo < 2ml|P||=||2|7"7,
14X p(2) (wW)lly < 4m||P[oe ||2][30V]Je]]-

Proof. By symmetry of the coefficients of P, we have

2m
(Xp(2),, =160G0)2m > P[] 7
JEMm =2
J1=Jo
and so, using successively the zero momentum condition, the Young convolution inequality and
the Minkowski inequality (because 6 € (0,1)), we get

2m
1Xp()lle = > PP |(Xp(2), [ <2m|Plee Y e 3 ] J2l

Jo€U2xZ jo€U2XZ GEMm a=2
J1=Jjo
— QmHPHgoo Z 60\61j1+~--+62mj2m\ H ’2] ‘ < 2mHPH€°° Z H o7 oljal? ’Z
JEMm JEMy, =2

< 2m||P|g=o 2] 5.

The estimate for the derivative of the vector field, is just a direct refinement of the previous
estimate on X p using its multi-linearity.

O

Lemma 2.6 (Poisson bracket). Let P € H,, and P' € H,y, then there exists P" € Hp, with
m” =m +m/ — 1 such that
P// — {P, Pl}7
satisfying
[P [[gee < 4man[| P|[goo || P’|| oo

Proof. The proof of this Lemma is very classical. We refer for example to Proposition 2.5 of
[BG22]. Actually, this lemma is also a direct corollary of Lemma 5.10 below (it corresponds to
the case ng =ng = 0). O

The main result of this section concerns the Hamiltonian flows generated by polynomials:
Lemma 2.7 (Local flow). Let m > 2 and S € H,,, we define
1 1
€1 = 1 (4m]|S|]gec ) 2m=D) .

The flow ®%(-) defines a smooth map from [—1,1] x B(0,e1) into G such that

8;0%(2) = X g (D(2))
(2:2) {@%(2) = 2.
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Moreover, given t € [—1,1], one has
(i) ® is symplectic,
(ii) D is locally invertible:
Dl o@y(2) =2, if z€B(0,e1) and P(z) € B(0,21),

(iii) D is close to identity:

1@5(2) = zlle < 2°7[[S]lee[2][5"7 for 2 € B(0, 1),
i) ®L is locally Lipschitz:

S
|d®%(2)(w)]|s < 2||w|ls  for z € B(0,e1) and w € G.

Proof. Thanks to Lemma 2.5, we know that the associated Hamiltonian vector fields X g is locally-
Lipschitz, which ensures that the smoothness of the flow (Ing by the Cauchy-Lipschitz Theorem.
The only thing we need to check is that the solution exists for |[t| < 1. Without loss of generality
we only consider positive times. Let T > 0 and y = y(t) € C1([0,T);G) be the maximal solution
of the Cauchy problem

y(0) = z € B(0,e7).

It is enough to prove that if 0 < ¢ < T and ¢t < 1 then |[y(t)|ls < 2/|2|lc < 2¢1. We set
Ey = [OvT) N [07 1]

{y — X 5(y),

By = {te Ey|¥r €[04, 1ly(r)lls < 2llo }-

Obviously, the set F7 is non-empty, connected and closed in Fy by the continuity of the flow.
Moreover, by Lemma 2.5 one has for t € Ejy

t t
ly(t) = zllo < /0 1 X s(y(7))l[od7 < /0 2|8 [y (N)II7" " d7 < 2m22 7|8 goo |27

2||Z||0 2m=1) —2m+2
<= l2]le < 2 Iz]lo < 1l2[lo-
€1

The last inequality implies that Fy is open, which is therefore the universal set, i.e. E; = Ej.
Now we have checked the existence of ®g, which ensures the property (ii) since the vector field
is local-Lipschitz. Also, the property (i) is canonical as @g is a Hamiltonian flow. Moreover, the
previous estimate directly implies the property (iii).

Finally, we focus on the property (iv). Observe that for z € B(0,¢;) and w € G

(2.3) 0rd P (2)(w) = dy X s(y) (AP (2)(w)),
where y = ®%(z). By Lemma 2.5 one has

1dy X 5 (y) (A (2) (w)) [l < 4m®[|S] = [lyl|5" || (2) (w)o-
Therefore using (2.3) and d®%(z)(w) = d1d(z)(w) = w, we get

: Con (ALY
085 w)le < llulls+ [ m (22 1405 (=) (w)llodr

t
1 T
<o + | 519852 w) o
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By Gronwall’s inequality the last estimate leads to

b1
la¥s(:)wlly < lllloexp ([ 5ar) < vellull < 2ulle

3. RESONANT NORMAL FORM

Recall that Ls given by (1.3), is the quadratic Hamiltonian corresponding to the linear part of
(NLSP). We define for j = (5@&5)%{21 € (Uy x Z)%™

2m
(3.1) A= dpaj.
B=1

With this notation, we have for j € Z
(3.2) {La,2zj} =1Ajz;.

We note that |[Aj| > 1 except j € R for which Aj; = 0. In this section we eliminate all the
monomials z; of (1.3) with j ¢ R. This is relatively easy since, in view of (3.2), the corresponding
small denominators are larger than 1. Nevertheless we have to carefully follow the dependence
with respect to all the parameters in view of a future optimization.

3.1. The result.

Proposition 3.1. Let H be the Hamiltonian given by (1.3). There exists a constant C > 2% such
that for all r > 2, setting

1

there are two C™ symplectic maps ¢(o) and ¢(1y making the following diagram to commute

?(1)

oy B0 B0
idg

such that H o ¢y admits the decomposition on B(0,2p)

(3.5) Ho¢uy(z):=Ly+Li+ Y Kom+R,
m=3

where Ly is the integrable polynomial explicitly given by

1
(3.6) Li= ) s—l2 [’z

aras 2(@1 — a2)

Kom € HE is a resonant homogeneous polynomial of degree 2m satisfying

(3.7) || Eom||ee < CM3m2m=2 0 V2 <m <y,
and R :B(0,2p) — R is a C*° function which is a remainder term of order 2r + 2:
(3.8) 1 X r(2)|lo < Chr2 |27

Furthermore, the map ¢, : B(0, p + tp) — G is close to the identity:
(3'9) H(b(b)(z) _ZHU SC2HZH§7 t=0,1.
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Proof. we split the proof in six steps.
>(1) Induction. We are going to prove by induction that for v € [[1, 7], setting
1
8Ct
there exist two C'°° symplectic maps ¢(g) and ¢(;) making the diagram (3.4) to commute and such
that H o ¢(;) admits the decomposition (3.5) where

Kom € HE, Vm <t

(3.10) p=

satisfying
[ Kam|leee < CP" 3 min{m, e} 2, v2<m<r,
and the remainder R : B(0,2p) — R is a C*° function satisfying
r—1
||XR(Z)||0 < C3r—1r2r4t—1 H(l + 2—i)2r+1||z||37"+1'
i=1
Furthermore, the maps ¢, : B(0, p + tp) — G are close to the identity

t—1
o) (2) = 2llo <D C252[3, v =0,1.
=1

We proceed by induction on t. First we note that the case v = 1 is trivial, provided that C is
chosen large enough to ensure that || Pyl < C.

From now, we assume that the property holds at step v < r and we are going to prove it at the
step v+ 1. To simplify notations, we denote with a superscript § the maps corresponding to the
subsequent step t + 1, such as R or gb%l).
>(2) Resolution of homological equation. Now we are going to eliminate the non-resonant terms of
Kjy(cq1) by solving the following equation:

(3.11) {L2, S} + Kapypn) = K py) € HE -
By definition of Ly (see (1.3)), we solve the equation above by setting
1Ko 41),5
(3.12) Kg(tﬂ) = Z Kot1),5%5 € HE, and S:= Z #zj € Heq1-
FEMmNR FEMm\R J

Obviously, by induction, we have the estimates

(3.13) ||K§(t+1)||£°° < ||K2(t+1)||goo < C2t_1t2(t_1),
[[S]lese < [|Kaeqnylleee < C2-126-1).

>(3) The new variables. We recall that the Hamiltonian flow of S given by Lemma 2.7 is well-

defined for |t| < 1 on B(0,e1) where

1
(C2tt2t)_% > —— =2p provided C > 8.

1 1
(3.14) er = (4@ + D[Sl ) 72 = = 22Cr

|

Now we aim at defining the new maps

of) = o) 0 B, o) = ' 0 g
Thanks to (3.14) we know (I)§1 are well-defined on B(0,2p). By induction hypothesis we have ¢
maps B(0, p) on B(0,2p). It follows that qﬁt(io) is well-defined on B(0, p#) C B(0, p). As for (b%l), we
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just have to check that ®% maps B(0, 2p%) on B(0,2p). Indeed, we consider a larger domain. By
the property (iii) of Lemma 2.7 we have for z € B(0, 2p)

125" (2) = 2lly <PV |8 o257 < 22D 20) D) 2]
3

2
szl

(3.15) <C2T7)7| 2 <

The last inequality implies that for z € B(0, 2,oﬁ)

+t2pﬁ =2p provided C>4 |

[25(2)llo < (14 Dl2lle <

i.e. we checked that ®% maps B(0,2p%) on B(0,2p).
Remark 3.2. Actually, we have for t € [0,1] that ®% maps B(0,2p%) on B(0,2p), satisfying

23

1@5(2) = 2llo < C2T[J21[5 < ezllllo-

Notice that by construction it is clear that (b%l) and QS%O) are symplectic. Then we want to prove

that qﬁt(il) is close to the identity in G. Indeed, if z € B(0,2p%)

61, (2) — = = b1y 0 Bh(2) — 2 = dy) 0 Bh(z) - BE(2) + BE(2) — 2.
Then connecting the induction and (3.15), one has
161 (2) = 2l < [16) © P (2) = @5(2)llo + |@5(2) — 2]l

t—1
< Z C257[[@g(2)[|5 + C27 213

3
<ZC28 2|2 <1+@> + 27|22

. 23
<3 (1 L Ex 7) e

; C2r
=1
t—1
. X
<) P28 + 27|23 + 28¢C WIIZII?
i=1

T
< Z C287|z||2  provided C > 2" x 7 .

Next we turn to QS%O). Similarly, by the induction one has for z € B(0, p*)

4
llé(0)(2) = 2llo < 2°CIz]l5 < callllo-
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Together with (3.15), we obtain that
160 (2) = 2lls < 115" © d(0)(2) = b0y (2)lo + [0 (2) = 21

t—1
<C27 o) (2)I13 + > 257113
i=1
4 3 t—1
7 3 8—i|| (3
<C27|2| 2 <1+E> +;C2 12115

28 S o
<cor <1 ; f) LB+ 3 Cob 2|
i=1

T
< Z C287|z|)2  provided C > 28
i=1
811,13 « 4
<C2l=ll; = ll=lle < lz[lo-
The last estimate implies that (;5%0) maps B(0, p*) on B(0, 2p%).

>>(4) The new expansion. Recall that ®} is the Hamiltonian flow of S (see (2.2)). Thus, for
z € B(0,2p%) and K a Hamiltonian function, we have

%K o ®l(z) = {K, 8} 0 ®(2) = adg(K) o Dg(2).

Hence, by Taylor expansion of K o (ID’;; in £ = 0 at the degree k*, one has

1 1 k O A ¢
(3.16) Kodl(z) = EadS(K)(z)+/0 S ady () o Bl (2) dr
k! !

Consequently, we obtain the Taylor expansion of Ky, o @}g

k*
"1 L=tk
Kop 0 ®5(2) = Z Had’g(.f(%)(z) + /0 (G = ,) adg T (Ky,) 0 () dt, 1<n<r.
Pl x|

where k' denotes the largest integer k£ such that kvt + n < r, namely
(3.17) kre+n<r and (k,+1)t+n>r

Recall that Ko = Lo. By induction hypothesis, one has

Hog¢ny) = ZK2n + R,
n=1
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and thus, since qﬁt(il) = ¢(1) © (I%, we deduce that

Ho gl = Kopo®k+ Rodj

n=1
(1 —t)k *
=Y o ads Kon)+ Y / = adI;"H(Kgn) o ®l dt + Ro Oy
0<k<kr 1<n<r
1<n<r
T
=Y K}, +FR,
m=1
where
(3.18) K5,= Y k'adS(Kgn) 1<m<r,
kt+n=m
E>0,n>1
1 Ky,
1—t)kn e
(3.19) R =) / %ad’;’m“(f{%) o dldt + Ro @},
1<n<r /0 k!
Now we focus on the estimate of (3.18). We have
(3.20) K5, =Y k'adS(L2) > k'adS(Kgn)
kt+1=m kt+n=m
k>0 k>0,n>2

Notice that by above equation (3.20), one has
K: =Koy, Y1<m<r,

Kt

(3.21)
a(e+1) = 2ds(L2) + Koty

Observe that by (3.11)

# #
ads(La) | Kawty _ K2(t+1) — K@y Ko(et1) _ Kz(t+1) 1 1
(k+1)! k! (k+1)! k! (k+1)! K (k+1)) 2t
which leads, using (3.13), to
K K oo
(3.22) ads(Ls) 2(c+1) < [ Kot lle
ErDl TR || Kl

Therefore, we do not have to take into account the contribution of terms associated with Lo in
the estimate of (3.20), i.e

1
(3.:23) 15l < 1 Komllee + Y 5 llad§(Kan) e

kr+n=m
k>1,n>2

Next we aim to prove
”Kgm”goo < CSBmin{q, v+ 1322 v2<m<r

Since by induction hypothesis and equations (3.13), (3.21), the above estimate holds for 2 < m <
t 4+ 1, it remains to prove that

(3.24) 1K e < CP 3+ 1202 vegr2<m<r
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First, by induction hypothesis, we have

HKQmHZOO t 2(m—2) t 2t T 41 1 .,
. < < < =— < .
(3 25) C2m_3(t + 1)2(7”_2) “\t+1 T A\rt+1 “\r+1 (1 + 1)t+1 =€

T

Then, by Lemma 2.6, we have for the sum in (3.23)

k—1

1 4k k .
> g”ad@(&n)”zw < > 7 H2nlle (4 D[S ]e)” J[ (n+ i)
kv+n=m kv+n=m =0
k>1,n>2 k>1,n>2
< Z 4km_kc2n—3t2(n—2) <(t_|_ 1)c2t—1t2(t—1))k
- k!
S

mk
< § : 8kC2(n+kt)—3—kt2(n+kt—2)—k
k!
kr+n=m
E>1,n>2

:C2m—3(t+1)2(m—2) Z

kr+n=m
k>1,n>2

gk v+ 1\ 7"
2m—3 2(m—2) —k.—k _k
<C (t+1) kE>1 i C "t "m < . >

mFkgk C2m—3—kt2(m—2)—k
k! C2m—3(t+1)2(m—2)

K 2\ ~F
§C2m_3(t + 1)2(m—2) Z% <E> gkc—ky—Fk <log <%> ) by Lemma A.2

e
k>1

1 \—k
Sc2m_3(t + 1)2(m—2) Z4kc—kt—k < >
=1 1+t

S%C%”_g(t +1)2m=2) provided C > 27 .

Connecting the last estimate with (3.25), we finish the proof of (3.24).
>(5) The new remainder. Now we estimate the new remainder term Rf given by (3.19). Using

property (iv) of Lemma 2.7 about the estimate of d<I>}S~ and the induction hypothesis we have

r—1
(3.26) 1€ ooy, () s < 21X R(Ps ()]l < 2C 12 T+ 272 @5 ()5
i=1
Together with (3.15) we obtain for z € B(0, 2p%)
1 - .
. ol (2)|le < zC7 0 + 27 z provide > 8.
327 XR (I)S 2C3T 1 27”4t 1 2 (2 2T+1 gr—i-l d d C 8

i=1

It remains to estimate the sum in (3.19). Reasoning as in (3.22), with an abuse of notations, we
ignore the contribution of the terms associated with Ly. Thanks to Remark 3.2 and the triangle
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inequality, by Lemma 2.5 we get for z € B(0, 2p%)

1 PA—t)f e . 1
§V Z /0 k| adg'" (Kon) o @g(z)dt|| < Z /0 k_;;' XadI;;‘LH(K%)O@tS(Z) dt
2<n<r - 2<n<r g
= Z / k*' gk +1( )(@f‘;(z)) dt
2<n<r o
(3.28)
n+ (ky+1)v ) k41 2 (- (ki +1)c) -1
<4 > /0 THads+ (Kan)| H@g(z)ua( (ki) =1 g
2<n<r n:

Recalling the definition (3.17), we get r < n+ (k) +1)v < 2r and k), <r — 2. Estimating the last
sum (3.28) as before, we obtain

k* 1 *
(3.28) < 4 Z nt *'+ H d’g +1 (Kan) - (QHZHU)z(nJr(knJrl)t)—l

k¥
2<n<r
-+ 1 E* 41 2(n+(kr+1)e—r—1
<ot 5 Gy e ] el 1z
2<n<r
2 (nt-(kg+1)c) 3 2(n+(ky+1)r) —2
< 27,2247‘ C (t + 1) ||ZH27‘+1

2<n<r (4C(t + 1))2(n+(k;+1)t—r—1)
< 27’324TC2T_1('C + 1)2r| |Z| |C2rr+1

< 267‘C2r—1r2r||z||c2rr+1 < C3r—1r2r||z||c2rr+1 provided C > 26

1 3r—1,2r ¢ : —1\2r+1 2r+1
< SO H(1+2 )22 24
i=1
Connecting the last estimate with (3.27), we get for z € B(0, 2p%)
T
HRﬁ(Z)HU < C3r—1,2rye H(l + 2—i)2r+1“2|’§r+17
i=1
which concludes the induction.
>>(6) Calculation of K4 and Ly. From the equations (3.12) and (3.21), it follows that

1
Ky(z) = Z Pyjzj = Z Wzalztmzblzbz‘
JEMmNR a1+az=bi+by
a?+a2=b3+b2
a17#b1

Recalling that (as in [KP96])

ar+ay = by +bo B
ol +ad} = b%+b§} = Aanaa} = {by, b}

we get, as expected (see (3.6) for the definition of L)

1
K0 = 2 gl = )
a1#az
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This concludes the proof of Proposition 3.1. U

4. DYNAMICS OF THE HIGH MODES
In this Section we use two (large) truncation parameters M and N linked by
(4.1) M = 6rN>.

The parameter M corresponds to the truncation to the largest index while N will correspond
to the truncation at the third largest index. We will consider as high (resp. low) the Fourier
modes with index modulus greater than M (resp. smaller than or equal to M). We are going to
prove some estimates on high modes* when the Hamiltonian is resonant. In order to obtain some
exponential decay we exploit the Gevrey regularity in a crucial way, building upon the following
inequality:

Lemma 4.1. Let m,N > 1 and 6 € (0,1). For all j € My, if us(j) > N then
2m 2m 9
Sl = (X 1isl) = (1 - 0N,
f=2 f=2

We postpone the proof of this lemma to Appendix A.

Proposition 4.2 (High frequency vector field estimates for resonant polynomials). Let Ko, €
MR be a resonant polynomials of order 2m, then for all £ € Z we have

]
0 (1 ey 2 0 _
(4.2) e2710° {1y, Ko} < 267700 | Ky oo el /T 2127,
and for N > 1,
1
(4.3) S Iy, Ko P < V2| Koml|fee 270N |12
€] >mN?

Note that, while e"we\/l_g is the natural behavior linked with I, the extra decay in (4.2) is a
consequence of the resonant nature of Koy,
This proposition together with estimate (3.8) implies that high modes (|j| > M = 6rN?) will not
move a lot as soon as ||z]|, remains under control (and small). This will be concretized in the
final step (see Section 7) by a double bootstrap argument.

Proof of Proposition 4.2. Let Kop =) cjzj € MPR one has using Lemma 2.1

JERm
{Te Kom ¥l < D lej| Ko 23} < 1 Komll > He 25}
JERmM JERm
<NKomll D>, Koz <20Komll Y. zllzl.
JERm (1,0),5)EMm
w1 (F)=(€)

()= (2) 2

4In the sequel we will speak indistinctly of high and low modes or high and low frequencies, the particularity of
high modes obviously being to be associated with high frequencies.
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Therefore, writing 5 = (j1,--- , jom_1) € (Uz x Z)?>™~ 1 and j; = (6, a;),
(I, Kom}| < 2| Ko |l /T, > R RN
S djag=—t

w)=(12)*

2m—1
2m 1§ ail0_s~2m—1, 10 |0
< 2||Kam|leee /Iy sup l e 2250 65a51° =225 lag[”) E : I | eCldil 12|
pa(i)> (1) Yt gja=— =1

2m—1

o)
< 9| Ko e’ v/ Tpe= 70 (53) ( > 11 e”‘ji‘0|zji|)

Z?m1 14 ja;=—1 =1

where we have used, for the last line, Lemma 4.1. Estimate (4.2) easily follows. We conclude the
proof of Proposition 4.2 as follows: first apply Cauchy-Schwarz’s inequality,

0 1
S Ly, Ko )2

[e|>M
1 1 0 10 L Im—l 0 1
<V Ko|fuce™ 370N ST et (S T el )
|e]>M Zfl”fl%aj:—f =1

I

IA
5
Z
3:
E
®
m&
Qb
K
—
g
_q
E
e
=
N
g
—
S
-
—
(NI

M|>M IZ‘ZMZ?:iléjaj— ¢ =1

and deduce from Young’s convolution inequality that

S eI, Ko} |2 < V2 Ko ™ 30N 2]
[¢|>M

This concludes the proof of Proposition 4.2.
O

Next we introduce the set of Hamiltonian polynomials whose monomials contains at least one
high modes:

HOM) {PeHm|P L0 — m(')>M}, HEM) = gy N\ M)

When we truncate the Hamiltonian system using IIy; (see (1.5)) in order to reduce our problem
to a finite dimensional phase space, we have to control the dynamics of the high modes. This is
essentially done by Proposition 4.2, but we also have to control the effect of the high mode part
of the Hamiltonian (i.e. the part in U KM ) on the dynamics of the low modes (see (7.13)). In
the next Lemma we control this effect in the case of a resonant Hamiltonian (which is essentially
what we get back after Proposition 3.1). Actually we exploit the mismatch between high and low
modes, together with the resonant structure of the Hamiltonian in resonant normal form, to gain

an exponential decay factor.

Lemma 4.3 (Mismatch vector field estimate). For all m > 1, if Koy, € HEM then forallze G
we have (recall (4.1))

—_oN°? —
ITT0r X Ko (2) e < 2000 K [lgoe ™7™ 2] |77
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Proof. Let jo € Uy x Z with |jo| < M, Koy, € ’HﬁiM) and z € G, we have

2m
(Xron () =2midGo) D Kam) [T .
jo .

JERm a=2

jo=31
Given 3 € M,, we write

pi(3) = 311 = izl = -+ = |jom]
the non-increasing ordering of |ji|,- - , |j2m|. Since Ko, € ’HﬁiM), u1(g) > M. Thus if Ky, (3) #
0 with j; = jo then
flk € {j27 T 7j2m}-

Now if |ji| = [j3| then two indices in {ja,-- , jom } have a modulus greater than M. But even if
73] < 173 (a case that does not exclude that jo = j3) we then have {z;,[z;:|*} # 0 and we deduce

by Lemma 2.1 that |j3]| > (%)% So in both cases we have

Therefore we get

2m
- 10 .
My X (e =2m S ] S Ko [T 24,
jOGUQXZ jeRm a=2
ljo|<M Jjo=j1
2m
<mllKomllee 33 el =E2 ol T e7lial’ |25, |

J0€EU2XZ JERm a=2

ljol<M Go=41

2m
Y . 19
< 2ml|Komllee™™ D0 3 [] eVl

Jjo€Ua XZ JEMm a=2
Jo=J1

and we conclude by Young’s convolution inequality.

5. RATIONAL FRACTIONS

5.1. Setting. In this section, we consider a rational normal form theorem on the finite dimensional
space

gM = (C[[_M’Mﬂ s

where M > 1 is a real number and [—M, M] := [-M, M]NZ. We always identify this space with
a subspace of G by setting

Vze Gy, lal>M = z,:=0.

Naturally, By; will denote the balls of Gyy.
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5.1.1. Integrable multi-indices.

Definition 5.1 (Sets Int, N and M). A multi-index § € J is said integrable, and we denote
it by g € Int, if z; depends only on the actions or more precisely, if there exists a permutation,

© € Gyj, such that for all o € [1,#]], Jpo = Jo- We denote by N the set of the non integrable
multi-index which are resonant, that is

N =R\ Int
and we denote by N the set of the multi-non-integrable multi indices, that is
N:= U N
n>0

Remark 5.2. Note that if 7 € N then #7 > 6.
5.1.2. Small divisors and non resonant set. Given M > 1 and j = (0g,ag)1<p<#j € J, we set

2
m%u—zéﬁ O

s (a—ag)

la|<M
Define
(5.1) NP = {GeN | #5<r, m(j) <M},
and
(5.2) M= {z € Gur | jin, jwit (2)] > 7llzl5}
(5.3) ﬂgﬁw ={z€Gy ] mln ]w;\/[(z)] > 0}.

Lemma 5.3. Forall M > 1, 5 € J, and z,72 € Gy, we have
(5-4) i (2) —w} () < #5 Y Mal(z) = ()]
la|l<M
Remark 5.4. As a consequence we also have
jwi' (2) = wj ()] < #d max((|z]lo, 120112 = 2']lo
which we will use when comparing wj(z) and w;(z"), with for instance 2’ = ¢,(z).

Proof. Let us first prove that for M > 1, jo € UgxZ and 3 € 7, ajjo w;.w is a constant, independent
of z, and satisfies

(5.5) ‘a ) ‘ < #j.
By definition dr, =0

Zj()

Oz, setting j = (05, ag)1<p<y; and jo = (do, ap), we have

81]0 w] 1|a0‘<M Z 56 _
1<g<gj |0 aﬁ)
J
ag7#ao

We conclude by applying the triangular inequality. The Lipschitz estimate (5.4) then follows from
the mean value Theorem:

jwi' (2) —wi (N < #5 D Nzal® = 12l

jal<M
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This concludes the proof of the Lemma. O

5.2. Definition and main properties. In this paper, we consider rational fractions of the form

#h .
(5.6) Q)= fi(x)5 with f(2)=3 Qn]] W
a=1 a

JER heM

where only finitely many coefficients ();, € C are non zero. More precisely, we consider the
following subspace:

Definition 5.5 (Formal rational fractions). For m >3, M > 1 and Q € C®*™. We says that Q
belongs to %’gM if it satisfies the following conditions

i) Order 2q. For all j € R, allh € N, if Qjn # 0 then
2q = #7 — 2#h.
ii) Finite number of modes. For all j € R, allh € M, if Qjn # 0 then

) < < M.
pi(j) <M and lglggihﬂl(ha) <M

iii) Reality condition. For all j € R, allh € N, Qjn = Q55
iv) Uniform bound on the degree of the numerators. We have

1 .
mg = - sup #3 < o0.
2 jer
JheMN, ijh7é0

v) Finite complexity of the denominators. We have

ho == sup sup #h, < .
~ _hen 1<a<#h
JjER, Q4 n#0

Remark 5.6. Note that assumptions i), ii), ) and v) imply that only finitely many coefficients
are non-zero. In particular, the order condition i) implies that
ng = sup #h <mg + ¢ < 2mg < o0.
hen
JJER, Qj n#0

We also note that thanks to the reality condition iii), the maps z — Q(z) are real valued.
Remark 5.7. The coefficients Qjn are not unique in the sense that two distinct sequences of
coefficients may generate the same rational function. We should impose some heavy symmetry
conditions to remedy this point. Nevertheless, it does not matter for us. The important point is

that, the map, defined implicitly by (5.6), which associates a sequence of coefficients (Qj n)rRxmn €

‘ ‘ M. .
CR*MN with a function on ﬂgf , 1s R-linear.

Definition 5.8 (Norm of the rational fractions). Given Q € %M, we set

(5.7) 1Qlle= == Y sup > |Qjnl-

0<m<mg IERm nem

Now we present the properties of rational Hamiltonians.
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Lemma 5.9 (Rational vector field). Let ¢ > 2 and Q € jfj]M, then the associated Hamiltonian

vector field is smooth and local Lipschitz. More precisely, for all v € (0,1) and all z € U?YQ’M we
have the estimates

mo(1+bhg)
X q@)lle < 27 Qe 12115

m2 (1 + 2hg)?
[[dX q(2)(w)]ls < 4%7IIQII@OIIlei(q‘”llwlla-

Proof. >Vector field. First, we note that, given 7 € Uy X Z, we have
0,,Q(2) = 04,Q(z, 2) + 0y, Q(2,2) =: Fj + G,
where we have set
(5.8) Quv) = > fP(u);
JER

When we estimate G the fJQ coefficients can be seen as constants. As a consequence, the
estimate is the same as the polynomial one we proved in Lemma 2.5, i.e. one has

)OEED DD SO |

0<m<mg 0<a<2m jERm, B#a
Ja=J

and so using the Young convolution inequality and the order condition,

Gl = > e 5T S ST 2] 1z,

j€U2XZ 0<m<mg 0<a<2m jeRm B#a
Ja=J

Y X Y ¥ (X ) e

0<m<mg O<a<2mg€[U2><ZJ€R hem 7” H B4
Ja=J

- 55 S s (S ) [,

0<m<mgq 0<a<2m jeU2XZ jERm \heN BFa
Ja=7

<em 3 (s Y 1Qam)r el < 2mor @l 1=l

0<m<mg JG ™ heNt

IN

Now, we focus on estimating F. First, we note that we have

2 2 ZQahZ

0<m<mg jER, \ heN

z or. wh5

HM j

Using that \&jwﬂé(z)] < #hg < bhg (see Lemma (5.5)) and ng < 2mg, we get that

A< 33 vz lngh <Z|@j,h|> J2l120-2m2

0<m<mg jeERm hen
< 2mgQlle=y " b |2 11293 2]

th
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and so we deduce that

1F[le < 2mobol|Qeey " 2|29
Since v < 1, putting together the estimates we proved on F and G we get the estimate on
X (=)o

o> Differential of the Vector field. We have to distinguish 5 sub-cases depending on which kind of
term we have to derive (numerators or denominators). Nevertheless, the estimates are almost the
same as the ones for the vector fields. So we omit the proof.

O

Lemma 5.10 (Rational Poisson bracket). Let @ € ,%ZM and Q' € ,%ZM with q,q' > 2, then there
exists Q" € A" with ¢" = q + ¢’ — 1 such that

Q"={Q,Q"} on U7

hQH M

satisfying
1Q [l < 4mgmey (1 + g + b)) ||Q e [1Q]lege -
Moreover, one has
mor <mg+my, ngr <ng+ng +1,  bhor <max{hg,ho }.
Proof. We define @, Q" as in (5.8). First, we note that since for all z € Gas, Q(+, 2), Q'(-, z) depends

only on the actions, we have

{Q(v z)’Q,('a Z)} =0

7, M
and so for all z € ngf M ith

{Q,Q}(Z) - {Q(27')7_(Z7')}(2) + {Q(Zv')vgl('vz)}(z) + {Q('72)7Q/(27')}(2)
— QM (2) + Q®)(2) + Q¥(2).

t>Estimation of Q). Tt is defined as the Poisson bracket of 2 polynomials, so the proof is very
similar to the classical one. Indeed, we have

QW) =" 3" £ ({721}

JER j'ER

/ e Zj24

SUP IR ID VD OO ORI

0<m<mg jERy, 1<a<2m jeUsxZ J
0<m'<mgy j'€R,, 1<a/ <2m’

Now, let us consider the map
\I,mml%’ . { {(.77.7,) GRm%R;m’ |ja:jTa’} - ) jm-i—m"/—l
aa (4,3 = ((Fp) s (T5)prar)

and denote by Z,, ., its image (note that it clearly does not depend on («,a’)). It is straightfor-
ward to check that Z,, ;v C Ryy4m/—1. Moreover, since R C M, it is injective. As a consequence,

we have
1)
QW( Z >, >, (105,) 15 () f5 (2) 250
3" ER m+m' —1=#j5"/2 1<a<2m
JIIGIm ! 1<a’<2m/

(3.3):=(W )G
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Expanding fJQ, qu, we get

E g]” Z "

=/
J"eER
where, setting m” = #3" /2,
._ E : : Q Q'
gj//(Z) = Z (léja)fj (Z)f]/ (Z)
m+m/—1=m" 1<a<2m
J"€T,, v 1<a/ <2m
(G.3)=(w "0 )16
#h//

— Z E E Z QjnQj H WM (2) )

' —l=m" 1<a<2m h”em h,h'en “h

T, 1<a’ <2m/ (h,):=h"
) /
(3.3)=(w" ) GE")
h//

= > QG H ]

h'’em wh” )

with
QJ,, W = Z Z (i95.) E Qi nQj -
m4m’ —1=m"' 1<a<2m hh'en
€T, 1<a/<2m’ (h,h’):=h"

G, =™ =135

(el

Thanks to this explicit expression, it can be easily checked that the coefficients Qg%,) bt satisfy all
the conditions to belong to c%’j;,‘,/[ with ¢” = g+ ¢’ — 1. Moreover, it is clear that

Mo <mg+mg — 1, nom) < ng +ng, f)Qu) < max{hQ, f)Q/}.

The crucial point is to estimate ||Q(!) [[¢=. Indeed, we have

HQ(l)Hé%o = Z sup Z |Q]” h//

//>0J ER " hen

<D s ) > > 1QinllQj wl
m">03" €Rutt ptm/ — 1= 1<a<2m h,h/en
J”eIm ! 1<a’ <2m
(4.4")= (‘If;”;”) Ld")
S Y emem) (sup zyQ,hQ ( wp Y10y, )

m' >0 mA+m/ —1=m/ Rm hem 3'€Rm hrem
< dmome (| Qe 1Q" | 2=

>>Estimation of Q®) and Q(g). By symmetry, without loss of generality, we focus only on Q2
Q) =" > Hf ()2}

JER G ER

4 ,
-3 5 S o @) (o, 196) w

/
JER j'eR /=1 #
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Moreover, we have
i #h O, wi! (2)
3 B
o 50 =~ o (1T o) (S0
hen B=1 hg
Note that since wﬂi is a linear form on the actions, 81j, wﬂi (z) is a constant (i.e. it does not

depend on z). Therefore, setting

Q== 2 Yy Y Qi @y w0y i (2)

7] 'eM o'=1 heMN =1 h/en
3"=3,3") h”=(h,h’ hg)
we have
h//

026= 3 (¥ A Tl s ) o

§"’€R \h"en 1 Wiy (2
As previously, thanks to this explicit expression, it can be easily checked that the coefficients of
Q@ satisfy all the conditions to belong to jfj]{\% with ¢ + ¢’ — 1. Moreover, it is clear that

Me(2) <mg + mgy, noe) <ng+ng +1, f)Q(z) < max{hQ, f)Q/}.
It just remains to estimate ||Q() lez=. Indeed, we have

HQ@)”ZI‘Z" = Z sup Z ‘Q 7 h//

//>0,7 ER " h!en

<> swp > Y Z |QjnllQ; hf|Z|51, Wi

//>0] ERmH m+m m/ h,h/eNa’/=1
J —(m )
#j=2m
Thanks to Lemma 5.5, we use the estimate \813_,/&)%;] < #hg < hg and according to Remark 5.6,
#h < ng < 2mg, to get (and to conclude as previously) that

1QPlge < (2mg)2m@he D sup D > |QinllQy

//>0] ERmH m+m m/ h,h/en
J —(m)
#j=2m

< dmomoho[|Qllee Q' [l

Lemma 5.11 (Rational local flow). Let ¢ >2,v€ (0,1), M > 1, S € %’;M and define

1
1 (m%(1+ 2hs)? s 36D
2= (T e ISl :

There is a smooth map ®s : [—1,1] x (IB%(O,EQ) ﬂﬂpys’M> — B(0,2e2) N UM such that

D) = Xs(¥5(:)),
o {@%( )=

/2

zZ.
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Moreover, given z € B(0,e2) N 35 and t € [-1,1], one has
(i) @k is symplectic.
(ii) D% is locally invertible:
dlo@(z) =2, if P(z) €B(0,22) ﬂLlf’YS’M.
(iii) D is close to identity:
ms(1 + hs)2% 9-2(q—1)

||<I>f9(z) —2|lo < st

1S [eze ] 211297 < mﬂz”o-
(iv) ®L is locally Lipschitz:

1425 (2) (w)lo < 2[[wl,-

Proof. Mimicking the proof of Lemma 2.7 we consider the maximal solution y € C1([0,T); Gar)
to the Cauchy problem

y=Xs(y),
y(0) = z € B(0,e2) NS,
we set Ep = [0,7) N[0,1] and

By={teEo|¥re0 [lym)lls <2llzll, and y(r) e w5},

Clearly, it is non-empty, connected and closed in Ey by continuity. First, invoking Lemma 5.9,
one has

t 1
ly(t) = zllo < /0 1 Xs(y(T)llo d7 < /0 2ms (1 + bs)y ™SS e [y ()3 dr

(510) < ms(1+ )22y~ e 2] 2!

4y 2||2||s 2g=1) 9—2(q—1)
5.11 < P, . N
( ) _m8(1+2h8) < 462 ||Z|| - 1_‘_2[)8/7”’2” ||z||

Thanks to Lemma 5.3 we have, for each j € N satisfying #j < hs and p1(j) < M,
jwit (y) — wj' (2)] < #d max {[[yllo, [12]lo }ly = 2l < 2bs]l2ll6]ly = 21l
1 1
< Pl < e )l

It follows that |w;V[(y)| > (3/4)|w;\/[(z)| Together with (5.11), it implies that Es is open, and so,
since it is connected that Ey = Ey (and a fortiori that 7" > 1).

Since T" > 1, we have checked the existence of the flow ®g. It is symplectic because the
associated vector field is Hamiltonian and (ii) is an application property of the group property of
the flow. Furthermore, estimate (5.10) implies the property (iii). The proof the estimate (iv) is
the same as in the polynomial case (see proof of Lemma 2.7). U

6. RATIONAL NORMAL FORM

Given r > 1, we denote by H(?") a resonant normal form of order 2r of the Schrédinger—Poisson
Hamiltonian. More precisely, we set

H®) = Lo+ Ly+ Z Ko,
m=3

where Kg,--- , Ko, are given by Proposition 3.1.
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Then, given M > 1, we define H®M) : G); — R as the restriction of H®") to Gy, that is

2r, M) _ 77(2r)
(6.1) HEM) = o,

Similarly, we define LgM) (resp. LELM), resp. KéM)) as the restriction of Lo (resp. Ly, resp.

Ksp,) to Gar. Note that, by construction K2(m) S jfém and that it satisfies n D) = f) (M) =0,

2 m

K(M) m and

(6:2) 15 llge < €~ Pm?n =)
where C' > 0 is a universal constant (i.e. independent of r and M).

Definition 6.1. A rational Hamiltonian L € jfle 1s said integrable and we denote it by L €
%M’Int if it depends only on the actions, i.e.

VjEN,YheN, Ljn=0.

Theorem 6.2. Let r > 3, M > 3, v € (0,1), and HEM) pe the polynomial defined by (6.1).
There exists a universal constant C > 1 (independent of r, M,~) such that setting

(6.3) 0= V%C_lr 4
there exist two C>° symplectic maps ¢y and @1y making the following diagram to commute

6r M (1)

(6.4) By W

1dgM

such that H®M) o ¢y admits the following decomposition on Bar(0,0) N ﬂST’M

(6.5) HOM oy = LM 4+ L0 4 Z LS

where Lgf) € Héw’lnt is an integrable Hamiltonian of order 2q and Y : Bps(0,20) N 11372]‘/[ — R s
a smooth function which is a remainder term of order 2r + 2, i.e.

X v (2)lle < CTrtm 23 o4,

Furthermore, the maps ¢(,) B(0, 0 + to) ﬂilGTM — Gar, t = 0,1, are close to the identity
(6.6) low(2) = 2llr < Cr21J211

and their differential are not too large: for all w € Gy, we have

(6.7) ldpqy (2)(w)llo < 272 |lwllo -

Proof. We split the proof in five steps.

>>(1) Induction. We are going to prove by induction on v € [1,7 — 1] that there exists a universal
constant C > 1 such that setting

312

¢= sy
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there exist two C° symplectic maps p() and ¢(1) making the diagram

r ¥(0) r P(1)
(6.8) Bar(0, 0) N 445" ————— B (0,20) N Gur

idg]w
to commute, where®

r—2
ve=1 —22—2" >1/2

1=t
and such that H®"M) o @1y admits the decomposition (6.5) where La, (i.e. Lg;[) € Héw’lnt) is
integrable for ¢ <t + 1 and satisfies

(6.9) ngI\/I) < 3(] - 6, (1/2)[)ng1) <3rt—-3 and HL;M) < 2q — 6,
q q q
and
(6.10) LS e < €962 minfg, e} 9, v3<q<r,
and the remainder Y : B;;(0,20) N Mﬁ:&% — R is a smooth function satisfying
t—1 '
HXT(Z)HJ < 4t_1C9T7’10T’y_2T+3"ZH?—H H(l + 2—2@)2r+1.
i=1
Furthermore, the map ¢, : B(0,20) N ﬂg?f‘iv is close to the identity
t—1
e (2) = 2llo < 299721213 ) 27%, v =0,1,
i=1

and their differential are not too large, that is, for all w € Gs, we have
ldpqy (2)(w)llo < 257w,

First we note that the case v = 1 is trivial. Indeed, in view of (6.1) and (6.2), it is enough to

set Lgf) = 2(24) and to ensure that C > 0 is large enough to have

Vq > 3, 02q—3q2(q—2) < C4q—9q2(q—2)‘

From now, we assume that the property holds at step t < r — 1 and we are going to prove

it at step v+ 1. To simplify notations, we denote with a superscript § the maps and indices

M)t

corresponding to the subsequent step v+ 1, such as qu and 90?1).

I>(2) Resolution of homological equation. Now we are going to remove the non integrable terms of

L;J(‘QZ) by solving the following cohomological equation:
(M) (M) _ p(M)4 M, Int
(6.11) {Ly, S} 4 Lyigy = Lo iy € 703 o
We solve the above equation by setting
(). 200 D
3 _ 2(r+2) _ J
Lywisy = Z f; Pz and S= Z oM
j€Int jen J

5Note that Vr_1 = 1.
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or more precisely

(M),4 ._ (M)
L2(t+2)7j,h = 1jelntL2(t+2),j,h

and the non zero coefficients of S are of the form

M . .
Sj,h = Lé(tj—Q),j,h with 7 e N.

Obviously, by the induction hypothesis, we have the estimates
(6.12) max([[8] g |1 L5001 ) < L5 llgge < €7 (e 4 2)>7eH070,
Moreover, we have

ms <m o , bs <max(2mgs,bhoan ), ns<n oy +1
2(r+2) 2(v+2) 2(r+2)

and so, by induction hypothesis, one has

(6.13) ms <3t, bhs <6r, ng<2r—1.

29

>(3) The new variables. We recall that the Hamiltonian flow ®%, given by Lemma 5.11, is well-

defined for |t| <1 on Bys(0,e2) ﬂﬂhi’l where

1
1 (m%(1+ 2bhs)? 1 14+1 (92 2 L od Ar—1 60\~ 5
EQ:Z(WHS\V% > (/)13 (37 5 137 x 2% s CH 1) 72
3
i . 2 2
(6.14) > _———— > 20, provided C >4 x 3 x 13° .

26C2¢3 —

Moreover, since ®% is close to the identity, if z € Bp(0,20) N LLF]‘;;l we have

ms(1 + hg)220+2)
(y/4)ns+1

195(2) — llo <

151 lege 2112+

< Be(L 4+ 61)222 ) (4/4) 2T (4 2)206H D) (29)2 D)2 B

6.15 3/2 B
( ) §212t+9,y—2tc4t—1t6t—2( Y )2(t I)HZ,H:;

28C2e3r
< 925, 2 AT 6(-1) A1) 3(e-1) =6 1) |3

< 2—2t+29,yt—3c3‘ ’Z‘ ’3
and so a fortiori
(6.16) 195 (2) = 2llo < 27227 73C3(20)% 2]y < 4272 HPCT 022,
At this step, we aim at proving that the new change of variables
P 1 t el
Pay = P ° Ps, o) = P o ¥(0)-

are well defined and enjoy the expected properties. We set

29C2 (v 4 1)3r 1+tv/)
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e First let us prove that 4,0(1) is well defined, i.e. that @S maps B (0,20%)N 116: M

" in/2 O Bs(0,20)N

ngfﬁ/%. Indeed, we have
(85 < 12l + 1195(2) — 2llo < llllo (1 + 72 %F19C e 0r=2)

< |lzllo (1475 provided C > 213

3
T

and, given j € N such that #5 < 6r and u1(j5) < M, by Lemma 5.3 (and using that 14 1t=6 < 2)

Wi (@5(2)) —wi' (2)] < (6r)(2llzlle) (272 BT 2 2])
<27 Ly 12)% provided C > 12 x 211

and so

Wi (@s(N] > (1 — 27%)(v/2)2]1; = (1 - Z 271 = 27)(7/2)|I2ll7 = ve(v/2)|213,

1=t+1
. 67, M
that is ®§(z) € U /2
e We have to prove that 4,0(0) is well defined, i.e. that ¢y maps Ba(0, ) mu‘;’fj‘@ on Bys(0,2e2)N

ngr/i\/‘[. This follows directly of the induction hypothesis because, as we have seen, 2g9 > 20 and

i
o < o.
e The facts that (,0%0) and (,0%1) are symplectic and the estimate on the differential are obvious by
composition.
e We have to prove that cp%l) is close to the identity. Indeed, if z € B(0, 20%) M ybrM by (6.16)

Ver17/2
and convexity, provided that C > 14 x 23, we have

125 (2)ll5 < (1427 FBCTHer 2P 23 < (1 4+ 1471272 27 < (1 + 2727125

and so
I6Es) () = 2l < lloy (@5(2)) = @5 ()llo + 195(2) — 21l
(6.15) 30 -2 3t . —2 3 —2t+29_t—33 3
< 2 C3> 27Dy (23 + 2 7|5
i=1

t—1 ' v '

S2307_2C3”2H3(Z2_2Z+2_2t_1+2_2t_1) :2307_2C3”2H322_2Z'
=1 =1

e We have to prove that 90120) is close to the identity. Indeed, if z € By (0, of) N uﬁ’"j‘ﬁy, we have

t—1

le@) (e < (14 0°2%0972C* Y 27%) 2],
i=1

< (14 229C7H1/3)r )| 12)|e > 2Y3) 2o, provided C > 220

(6.17)
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and so as expected, using (6.15), we have

”‘pt(to)(z) —zllo <125 (00)(2) = v (2)llo + le ) (2) = =l
t—1
< 272 o) ()] + 2509 72CE 23 ) D27

(6.18) P

T
<Pl Y
1=1

e Finally, we have to prove that 90%0) maps B (0, o) N uﬁfﬁ‘ﬁy on B/ (0,20%) N MGTM Note that

+17/2°
it directly implies by construction that the diagram (6.8) commutes. First, using that (,0%0) is close
to the identity (see (6.18)) and proceeding as in (6.17), we get that H(p%o (2)|le <232/, and so
that it maps B;(0, o*) N Mﬁ:ﬂl{, on Bys(0,20%). Now let z € By (0, 0*) N uﬁfj‘ﬁ, and j € N such
that #7 < 6r and p1(j) < M. By Lemma 5.3, and proceeding as in (6.17), we have

i () (2)) = @} ()] < (6r)(2I2]lo) (224 C (1/3)r 72| 2]|o)

< (v/9)2112 provided C > 216

and so (using that v,41 > 1/2)

1
! (eloy (NI > (e = IS = v (/212112

that is gpt(to)(z) € Mﬁ:’:\l{/ Jor

>(4) The new expansion. Since ®% is the Hamiltonian flow of S, if z € B(0, 20%) N
have

u6T7M

Vey1v/2 we

d
—Ly 0 @ls(2) = (L, Sho ¥s(z), 1<p<r

Therefore, by Taylor expansmn we obtain that

! (1 - t) ky+1, (M
L( © @S Z k! dS 2p Z) /0 Fex | dS (Lgp )) © (I)‘tg(Z)dt, 2< p<r.
P

Notice that LéM) o®L = LgM) since {L2 ,S} = 0 and that k,, denotes the largest integer such
that kv +p <r, ie

(6.19) kyet+p<r and (k,+1)c+p>r.

Recalling that gpt(il) = () © @}9, we get

HErM) o (’0(1 Z LI o dk + 100k

1—t
=M+ 3 k—ads o Z/ T ’““(Lg’;@)o@gdHTo@g

1<k<kr 2<p<r
2§p§r

= LM 4 ST LEDE vt
q=2
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where
1

(6.20) Ly = 3 qadsLy”), 2<q<n

kr+p ’

k>0,p>2

(1- t *

(6.21) Th=Todf+ Y / T dr “(Lg;“) o ®L dt.

2<p<r

We will focus on the new remainder T# at the next step of the proof. For the moment we only

(M),4

focus on Ly, . As previously, we decompose

M), 1 M
qu)ﬂ: Z kladS( ( ))+ Z k' dS( ( ))7

kt+2=q kr+p=q
k>0 kzo,pz?,

which implies that by the cohomological equation (6.11)

LI =90 vi<g<er,

(M)g (M)
Loeiay = adS(L4)+L2(t+2)

Therefore, from now we only focus on ¢ > v+ 2. Using that S solves the cohomological equation

(6.11), we get for ¢ > v+ 2
M), M),
qu b = Z k" dS(Lgp ) q)7

kr+p=q
kZO,P23

(6.22)

where ng‘l)’q = Lgi/‘[) ifp#£t+2orp=rt+2and v does not divide ¢ — v — 2, else if there exists
an integer k such that kvt + v+ 2 = ¢ then we have set

g . 1 pon krong
(6'23) L2(t+2) Tk 4 1L2(t+2) k4 1L2(t+2)‘
Note that by construction LIE,M)’q € %M, ||L;()ZV[)’q||€F < ||L Hg Mo (g = M), M ()g =
P P P
nLéM) and f)L;M),q = bLéM)-
The Hamiltonian ngﬂ),ﬁ being defined as a sum of Poisson brackets of rational fractions, thanks

to Lemma 5.10, we note that ng/‘[)’ﬁ is also a rational fraction of order 2¢, that is Lg;[)’ﬁ € %M.

Moreover, this lemma provides quantitative bounds. First, we have using (6.13) and the induction
hypothesis

L(M) g < max kmgs + mL(M) e < max 3p — 6+ 3kt = 3¢ — 6.

ke+p=q ke+p=q
npn.g < nax kE(ns +1) + np 0. < max 2kv+2p—6=2q—6.
ke+p=q kr+p=q

bpon: < H}g}_(qmax(f)L(M),hs) < 6r.

Then we focus on estimating ||L tt||éc><> Applying the triangular inequality, we get

M7
(6.24) IEG e < NGOl + 32 lIadk G e

kr+p=q
k>1,p>3
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Using (6.22), to prove (6.10), it remains to verify that for vt +2 < ¢ < r,
(6.25) LS [ < Cl972207D (e 4 1)1 e 3<g <
Firstly, we have by the induction hypothesis

||ng/f)||€%o N () ¢\t »
(6.26) C1a-9¢2(a=2) (v + 1)4(a—3) = <t + 1) = <t+ 1) se

Then, using the quantitative estimate given by Lemma 5.10, we have

1 M
> llads s, )l
kv+p=q
k>1,p>3

kk—1

L, o), .
< > HHLgp 94 s <4ms(1 + 2max{bs, bL;g>,q})||3||é;°> H(mL%@,q + img)
kr+p=q =0
k>1,p>3

< ¥ HHLQ,JWOO (12t(1+12tusugoo) H3p+zt

kr+p=q
kZI,p>3

k
< E k'C4p 9p2(117 2)'C4( 3) <12 % 13 x t2c4t—1(t+ 2)2tt4(t_1)> (3q)k
k)t—i—p:
k>1,p>3
1
< Z A (36 X 13) k cAp+ake—9— kq2(p 2) 4(17 3) (q2tt4t—2)k‘qk

kr+p=q
k>1,p>3

k
_ Z % (36 é 13> C4q—9q2(q—2)t4(q—3)qkt—2k < C4q—9qz(q—2)(tJr 1)4(q_3)5q,p,t,0'
kt+p=q
k>1,p>3

where

1 /36 x13\" 14\ 43
o L () (122

k>1
So, to prove the expected bound (6.25), thanks to (6.26), we only have to prove that dgp.c <
1 — e . Indeed, we have

212 %ka ‘“_

k>1

12 (36 x 13\ —1\47\~k 2k

SZQ C — 10g [(1 +t ) ]) v by Lemma A.2
k>1
6 x 13\" 36 x 13\ "

<\ 9l2 (14 )fe 2 < S o2 < )
<32 (P > RS

1 1
S—X C3 X 56 X provided C > 2'3 x 13 x 36.
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>(5) The new remainder. Finally, we just have to estimate the new remainder term Y* given by
(6.21). At this step we fix z € By;(0, 20%) ﬁi,[grfl/{y/z. First, note that we can simplify a little bit the

expression of T? by removing the term of the sum associated with p = 2 using the Hamiltonians

LS (defined by (6.23)) -

vt TO<I>S+Z/ (1— 0% (K +1)Q, o ol dt.

3<p<r

ki+1 (M)qu)

where ¢ := (K +1)t+p € [r+1,2r] and Q, = ((k;+1))tadd " (L 9p ). Note that applying

Lemma 5.10, we have that @, € jﬁl; and that proceeding as we did at the previous step (i.e. the

estimates are the same) we have that
1Qpllese < C4q;—9(q;)2(q;—2) (t + 1)45=3) < CBr—991r—4,10r-16,
and
mg, <3¢, —6, ng, <2q,—6, bg, <6t
Then, applying the triangular inequality and using that [|d®L(2)(w)||s < 2|w|, we get

1Xre (2)llo < 1 Xvoat ()llo + D sup [ Xg,00t (=)o
3<p<r 0<t<1

<2 Xyod5(2)q +2 Z sup || X, o ®5(2) /o
3<p<r 0SIS

Using the rough estimate ||[®%(2)|, < 2|2|ls, Lemma 5.9 and |||, < 20* < 7 (and that vepq >
1/2), we get

mg, (1 +bg,) 2}
IXvs(2) o <21 X1 0 ®5(2)]l0 +2 > s ”—n’;lllQpllé;oH‘Pt (lle”
3<p<r 0221 (ves17/2)"r
< 2HXT o (I)}S‘(Z)”U + CST—92167‘+27,10r—14 Z ,Y—2q;+5HZH3‘Ip—1
3<p<r

< 2| Xy 0 ®(2)||, + COptOrT AT 4127 provided C > 276

Finally, using the induction hypothesis and the sharper estimate [|®5(2)|l, < (1 + 27%)| 2|,
(proved in (6.16)), we get

t—1
||XTﬁ(z)Hcr < (CQTTIOT_14’7_2T+3)(4t_12||¢}g(z)||gr+1 H(l + 2—22‘)2?—1—1 + ||z||c2rr+1)
=1

v
< (CQTT’IOT_14’7_2T+3||Z||C2,T+1)(4t_12 H(l + 2—2i)2r+1 + 1)
i=1
v
< 4tc9r7,10r,y—2r+3H2HC2rr+1 (1 +2—2i)2r+1.
i=1

This concludes the proof of the quantitative rational normal form Theorem 6.2. O
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7. PROOF OF THE MAIN RESULTS

In this section we prove the main results: Theorem 1.1, Proposition 1.2, Proposition 1.3 and
Proposition 1.5. As you might expect, the proof of Theorem 1.1 will require the most effort. It is
based on a bootstrap argument on 7. the maximal existence time of the local solution initiated
from an initial data of size €. As usual in a Birkhoff normal form procedure, we obtain that
T. = O(g"). Then our precise estimates obtained in the previous section allow us to optimize r
in term of . Actually for simplicity of presentation, we prefer to give the optimized values of the
various parameters as a function of ¢, and then check that they are compatible with our bootstrap.
So provided that ¢ < e™!, we define the optimal normal form order

min(1,0)0(1 —6) loge™!
re i = |

500 log log 5—1J
and the optimal truncation parameters
M, = (log 5_1)1+%, N, = (logs_l)%, Le :=6r.N2.
Then we define the optimal set of good initial data
— 6 EyLE
(7.1) 0. =11, U5

where

be =y, 7e=¢el?

and u
oM = {2 € G | jénﬁM w3’ (2)] > 6}

We notice that this new non resonant set ‘Bg’M is related to the already defined set ilf,’M (see
(5.2)) as follow: if § = 1, then if z € B(n), we have

Iy 2z € Q](?M — Ilyz € L[TY’M.

7.1. Geometric aspects : proof of Proposition 1.2. First, we note that by its definition
(5.2) the set Q]Q’M is open and invariant by translation of the angles. To prove that it is a right
cylinder of direction (Idg — Iz )G, it is enough to note that by definition O is a right cylinder
of direction (Idg — IIz_)G provided ¢ is small enough so that M, = (log 6_1)1+% > L. and thus
(Idg —1IIn, )G C (Idg —1Iz,)G.

7.2. Dynamics : proof of Theorem 1.1. We are going to prove that provided e is smaller
than a constant depending only (o, 6) then for all 2(9 € @, of size ||2(©) |o < e the local solution

to (NLSP) initiated from z(©) exists in C([-T%,T.],G), where T. := ¢~ 5, and satisfies, for all
t| < T,

(7.2) l2)llo < 2020, 2D e [L(=2(t) - La(2(0)|% < ||z(0)]
a€Z

We only prove the result for the forward evolution ¢ > 0. So let 2 € ©, and let z be the
corresponding local solution®, defined on a maximal lifespan interval [0, T,] with T, > 0.

Qrolw

e Step 0: Preliminaries and statement of the bootstrap. From now on, to avoid overloading
the notations, we’ll omit the index € for the various parameters introduced above. Thus, r = 7.,

6Note that the existence and uniqueness of such a solution is a consequence of a local Cauchy theory for (NLSP)
in G that we do not specify here. However, it is just a basic corollary of the multilinear estimates given by Lemma
2.5.
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N = N., M = M, and so on.
First, for later use, we note that by assumption the parameters satisfy

(7.3) e—a(l—G)N‘9 < 6¥Hoglog5*1 ’ M" < (log 6—1)7’6—% min(1,0)(1-6) ’

and in particular, when ¢ is small enough (depending on o, )

1 0 1 1
(74) TT S £ 250 , 6—0'(1—9)N S 6500T, M"‘ é e~ 108 , 660'7‘ é £~ 500 .

Remark 7.1. We stress out that this previous estimates are crucial: they show that factors of
order r" (that appears in the estimates of Theorem 3.1 and Theorem 6.2) and even M" (that
appears in the control of the measure of the set of "good initial data" see Proposition 7.2) are
actually not so big since they are controlled by a small power of 1. We also note that this fact
will not be true with r. = cloge™", i.e. we really need to choose an optimal order smaller. It turns

out that r. = C% is small enough and in particular we don’t need to take r. = c(loge™")?

with 0 < B < 1 as it is done in [FG13, BMP20, LX23]).

Then, in order to apply the normal form Theorem 3.1 (resp. Theorem 6.2) we shall make sure
that 10e < p(rz) (resp. 10e < p(re)), where p (resp. p) is defined in (3.3) (resp. (6.3)). The latter
constraint is stronger. Observe that

o(re) = ’Y%C_lTE_A‘ > et > ¢,
e—0 e—0
in which case, when ¢ is small enough we have
B(0,10e) C B(0,0) C B(0, p) .

Therefore, as we will see, under our choice of parameters the solution, in resonant and in rational
coordinates, will always be in the set where Theorem 3.1 and Theorem 6.2 can be applied, with
good estimates on the change of coordinates.

Let us now prove that T, > T (defined in (1.4)), together with the estimates (7.2). We argue
by contraction: set

3

(75)  Ti=sup {te [0, 1] [Vre0.8, 2 eV |L,(:(r)) — L) <2013}
ac”Z

and assume that 7' < T;. By a continuity argument, we have

(7.6) 23 el 1, (2(T) — La(2(0))| = [|2(0))|

a€Z

o=
Qrojw

Let us contradict (7.6).

e Step 1: Consequences of the bootstrap assumption. It follows from the bootstrap
assumption (7.5) that for all ¢ € [0,77],

(7.7) 120 < 1200) 1o+ [12(0)[13 < 2[12(0)]]o »
(7.8) 23" 27l 1, (2(1)) — 1a(2(0))] < [|2(0)]2 .
a€Z

To obtain (7.7) we use that for all z,y > 0,

(7.9) 7 —y3| < |z —y|?,
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from which we deduce (7.7):
l2@)llo =23 el L (2(1))]2 < [|12(0)llo +2 3" el |L(2(1))2 — L (2(0))

a€l a€l
<2O)lo +2Y eI (2(1)) = La(2(0))]2 < |2(0)]s + J=(0)]3
a€’Z
The estimate (7.8) follows from the embedding ¢*(Z) C ¢1(Z):
237 20 1, (=(0) — L(=(0)] < 2( 3 e (1) ~ L)1) < 2O

a€Z a€Z

=

In particular we have from (7.7) that z(¢) € B(0,2¢). Moreover, we deduce from (7.8) and from
the stability Lemma 5.3 that Il z(t) € Q]gg’L: given j € N we have

jwi (M 2())] = |w;(ITL2(0))] — |w; (ML2(t) — wi(llL2(0))|
> 45 —6r > |L(2(t) — 1a(2(0))]

lal<L
> 46 — 6re® > 36 (use (7.4)).
Then, we apply the resonant normal form Theorem 3.1 to H the original Hamiltonian on B(10e),
and denote ¢(g), ¢(1) the change of coordinates (as in the statement of Theorem 3.1):

HO¢(1):L2+L4+ZK2m+R7

m=3

:=Hyes

where each Ko, is resonant and R is the remainder. It follows from (7.7) and (3.9) that the local
solution written in resonant coordinates satisfies, for € small enough,

(7.10) u(t) = (b(o)(z(t)) € B(0, 3¢) ,
and that
(7.11) [u®)[le < 3([2(0)]lo -

It is the solution to the Cauchy problem”
10 = VHres(u) + VR(u),  u(0) = ¢)(2(0)).
Moreover, the stability Lemma 5.3 (more precisely Remark 5.4) combined with (3.9) and the fact
that I z(t) € %gg’L imply, again for € small enough, that
pu(t) € Vo'
We now split u into its high and its low modes parts:

ui=u<r +usr, u<p:=Ilpu.

"This identity is classical and relies on the fact that the change of variable ¢ is symplectic. Nevertheless, to
be proven rigorously, the solution should be approximated by a smoother one in order to have the extra property
that z € C*([0, T];G). This process is quite classical (and heavy) so we omit it (we refer for example to [BG22] for
a detailed proof). The key point is that if ||022(0)||o is finite then while ||2(t)||, is finite, we can prove (using tame
estimates and the Grénwall inequality) that [|02z(t)||» is also finite. This is nothing but the classical property of
the preservation of regularity for dispersive equations in the context of Gevrey spaces (the proof is the same).
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We control these two parts by performing a double bootstrap argument. The high-frequency

(or
high-mode) part is handled by the estimates obtained in Section 4. As for the low frequency (or
€

low mode) part, we do a rational normal form as in Theorem 6.2 on B(0, 10¢) ﬁﬂ?f’M, with v = %,
for the Hamiltonian

g =L+ L+ Y K.
m=3

Thus we obtain ¢ and () such that

HY ooy =L + L + S L) + 1,
m=3

(L)

where Ly’

is integrable and homogeneous of degree 2m and Y is a remainder of order 2r + 1. Set
v(t) := @) (Il u) € B(0,20¢) ﬂLl%T’L.

It follows from (6.6) and from the a priori bound (7.11) that we actually have for all ¢ € [0,77,

(7.12) lo(®)lle < 4[12(0)]o -

Moreover, by freezing the high frequencies of u we see that v solves the finite dimensional non-
autonomous ODE

i0pv = V(H{E 0 ¢@1))(v) + depo)(u<r) <HLXHEC>SL) (U)> + dep(g)(u<r) <HLXR(U)>
(7.13) = VHE 0 o)) + £(2).

In particular, we have from (6.7) that, since u € B(0, 3¢) under the bootstrap assumption,
1)l < o) () oo (ITLX e ()l + T X r(u)o )
<22 (X 0 ()llo + T X R(u)o )
< o2 <2T2C2r—3r2(r—2)e—0N0Hu(t)Hg + C4r—1r2r||u(t)||§7"+1> ’

where the last inequality follows from Lemma 4.3 and (3.7), (3.8). In particular, we deduce from
(7.11) that under our choices of parameters (7.4) we have for all ¢ € (0,7,

(7.14) 1 @®lle < e 22(0)]]5 -

We are now ready to perform the double bootstrap argument.

e Step 2: Bootstrap estimates. Let us deduce some a priori bounds from the bootstrap
assumption (7.5): if T < Ty then for all ¢ € (0,7] and ¢ € (0,&,),

(7.15) 2 37 e [, (u(t)) — Lu(u(0))]? < 5 |=(0)]12
la|>L

(7.16) 23" el 1, (u(t)) — L(v(0))[} < % 2(0)]3 .
jal<L

These bounds provide a control on the long-time evolution of the high (resp. low) frequency
components of the solution in the resonant (resp. rational) coordinates.
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— Bootstrap for the high-frequencies: We show (7.15). Recall that under the bootstrap assumption,
u € B(0,10¢) and that

H o ¢y(u) = La(u) + La(u +ZK2m (u),
as in (3.5), where each Ko, € H is a resonant homogeneous polynomial of degree 2m, bounded

by (3.7). For |a| > L, we have

d

gplalult)) = Y Las Ko }ul(®)) + {La, R}(u(t)).
m=3

It follows from (3.8) and from Cauchy-Schwarz inequality that

ST L, RYw@)2 <2 Y el jug()|2](X g(u))al2

la|>M la|>L
1 1
< 2fus 2 (s)lI3 1 X r(u(s) s < 2C " ut)]|;* .
Moreover, we have from Proposition 4.2 and form the bounds (3.7) that
T
> 3 e KoY u(®)]7 < 2rCT 223700V )|
la|>Lm=3
We deduce from the bootstrap assumption and from (7.4) that for all ¢ € [0, 77,
d _1 3
> e |2 ()] < 27 u(®) o fu())1F +2rC 22 00N uh) 3
la|>L

3
(20)% e~ 503 ||u(t)]|2 + 2rC" 2~ 5010023 (1) |13

IN

r 3
< e2[|z(0)ll7
assuming ¢, is sufficiently small with respect to the universal constant C. Therefore, since we
assumed that T' < T, we obtain
0"”"9 i 1 r %’ r %
Y ML (u(t) — L(w©))[2 < T sup Y e gpla(u(s)]? < Teez[z(0)l|z < ev[[=(0)]|s -
la|>L s€0T] 4> L
This proves (7.15).

— Bootstrap for the low frequencies: It remains to prove (7.16). Our estimate rely on the fact that

mio ¢(1) is essentially integrable (up to the remainder Y). In light of (7.13), for fixed |a| < L
we have

D 1u00) = U HE 0 000} (0(8)) + 21m (7 £o(1)) = 20m (750, T) + 2m(7ful))

so that, for t € (0,7),

(717) 3 e L) < 2l (1X (@) + 170)1E)
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We deduce from the bootstrap assumption that v € 45" N B(0,4¢) and B(0,4¢) C B(0,20).
2
According to Theorem 6.2 and to (7.12) we obtain
[ X1 (e@®) o < Criy 2434 2(0))* ! < £1672|12(0)||2.
Inserting this last estimate and (7.14) in (7.17) we deduce that for t < T, = &7"/3,

S |1 (u(t)) — L(v(0))]2 < tsup Y el
lal<L s€l0 Jaj<z

5 8
102(0)[|& -

This concludes the proof of (7.16).

e Step 3: Raising the contradiction. It follows from the triangle inequality and the from fact
that for all z,y > 0,

l\'}l)—l
D=

(x+y)? <23 +y7,

that we have

S0 T a(0) — L) < 3 e [[1a(a(0) — Lu(u(®)

a€l la|<L
Lo (u(t) = Ta(v()]2 + [La(v() = La(0(0))|% + |La(v(0)) — La(u(0))|% + |1 (u(0)) — Lo(2(0))|
£ e [1a((0) — L)+ 1Lau®) ~ L(u(O)] + |(u(0) ~ L(=(0))[2] .
la|>L

The bootstrap estimate (7.15) (resp. (7.16)) provides a control of |I,(u(t)) — I,(u(0))| (resp.
[1,(v(t)) — I4(v(0))]) when |a| < L (resp. |a| > L), for 0 <t < T. Therefore

S0 el 1,(x(0) — La(2(0)[F < 3 e [[14u(t) — Lu(w(®)[% + [a(w(0)) — (v (0))]

a€Z la|<L

=

=

|

[

N

(€5 +em)2O)F + 32 e [I1(e(0) ~ L)} + 1a(2(0)) ~ La(u(0))

a€l

I

-

To control the remaining terms, observe that for functions w,w’ € G,
0 1 1 1
> e a(w) = La(w) [ < (lwlly + o/ ll0) ¥l — |
a

Then, we use the estimates (3.9) and (6.6) on the different changes of coordinates to deduce that
for all t € (0,7),

> e au(t) — T(o@)I= < sup(u)llo + llo(0)l)2llu(t) = w(®)]2 < C2(@]2(0) o)

la] <L
olal® 1 1 Lol
DTl (u(t) = L(z()]7 <5 up([[u(®)llo + [2()llo) 2 |lut) — 2(0)][2 < C2(3]|=(0 0)/l0)?
a€l
Therefore, again for ¢ small enough (depending only on o,8), we conclude

3 3
23" ell’ 1,2 )|z < (256 + 2630 + C242(ey 1)z +c%32s%)||z(0)||g < [1z(0)]12 -
a€Z
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This contradicts (7.6), and thus T}, > T.. We conclude that (7.2) holds true.

7.3. Measure estimates: proof of Proposition 1.3. In this section we prove the measure
estimate of the non-resonant set of initial data, that is

(7.18) meas(©. N By (0,¢)) > (1 — E%)meas(IBéMs(O, £))

where M. = (log 6_1)1"'%. By definition of O, (see (7.1)), it will be a direct corollary of the
following proposition.

Proposition 7.2 (Measure estimate for non-resonant set). Fore > 0, k € (0,1), r > 3, M >
L >3r, if

(7.19) § < ke (64M?)H(9r) 2 LT3 e 3T

then, we have

meas(Vy" N B (0,€)) > (1 — k) meas(Byr(0,¢)) .

In order to apply this proposition with r = 6r., § = 26, = 2¢%/2, k = /6, M = M., L = L.,
we just have to check (7.19) which, in view of (7.4), is clear provided that e is small enough.

Now, just before starting to prove Proposition 7.2, let us just mention the following property
of the modulated frequencies (whose proof is given in Lemma 5.11 in [BFG20a)) :

Lemma 7.3. For all m > 2 and j = (00, 00)*™, € Jm \ Int there exists a, € (—3m,3m) \
{ai, -+ ,a9m} such that

1
‘ Z ‘ (6m)4m H2m (a0)? ’
Proof of Proposition 7.2. First, we note that by homogeneity, it is enough to deal with the case
€ = 1. We have to prove that

(7.20) meas({z € B (0,1) | 1;1/\2/13( ]w (2)| < 5}) < k meas(Bx(0,1)) .

Fix j = (64, a0)?™; € N™F and set
B = {z €Bu(0.1), | |wf() <0}

Take a.(j) given by Lemma 7.3. Note that since L > 3r, we have that a.(j) € [-L,L]. We are
going to impose some restrictions on I,, (z) without moving the variables (z;);xq,. By a slight
abuse of notations we write

wi (2) = wy (L)
Recall that
2m
1o
— = Ia P S—
I S Mrmrn TR0 S e
aFan a=1 a;éaa,a*
Then, we observe that for all Ia*,l o, We have
1
L = | ( L.—T,|> I~ T
w A Qs | — m A Qx| *
wi (Ta.) —wj (o, = Z | | (6m)im Hi:1<aa>2| |

Since j € N™F (see (5.1)) we deduce that

(7.21) i (Ta.) = w5 (Io,)| = (3r) ™ L™ Lo, — I, |.
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Therefore, if z, 2" are such that z, = 2/, for all a # a, then
(7.22) 2,2 €E; = |L, — I, | <25(3r)*" L*".
As a consequence, setting
OMa, =12 €GM | 2o, =0} and By, (0,y) = Bum(0,9) N Gara.s

we have

(7.23) sup /(ClEj (2 2q, )d2za, < 276(3r)2"L2".

2'€G M, ax

Indeed, for fixed 2/, writing z,, in polar coordinates, z,, = ye'?, yields

/1E (#'; 2a.)dza, = / / (23 ye )ydyzﬂ/ g, (2';ye)dy?,
0,27) J(0,1) (0,1)

and (7.23) follows from (7.22). Now, we apply Fubini’s theorem to get

meas(F;) = / 1g,(2)d=
B (0,1)

g/ /1Ej(z’;za*)dza*dz’
2'€Bar,a, (0,1) JC

< meas(Byy.q, (0,1))2m8(3r)>" L,

where the last estimate follows from (7.23). Now we note that, by homogeneity,

, 71.6—2J|a*\0 ,
meas (B (0,1)) = /ZIEBIVI@* (0,1),2a, €C 1dz dza, = f/ / ldz"ydy
||z’||a+2e"“‘*‘9|za*|§1 2'€Ba,ay (0,1-y)

pe—20lax® 1 ny re—20lax’
= meas(Bar, (0.1) 7 [ o1 =)y = meas(Buy. 0. D) g
Therefore, since |a.| < 3r/2
meas(E;) < 64M25(3r)* L* > " meas(B (0, 1))
and using that #N ™ < 27(2L +1)" < (9L)", we conclude that
meas({ € By (0,1) | max |w (2)] §5}) < Z meas(F;)
JeENTL JENTL
< 64M25(9r)* L3 3" meas (B (0, 1)).
The proof of Proposition 7.2 then follows from assumption (7.19). U

7.4. Probability estimates: proof of Proposition 1.5. Let Y be the random function in G,
whose Fourier coefficients Y, are independent and uniformly distributed in (0, <a>_2e_"|a‘6), and
let 2 = Y/|Y]|l, be the projection of Y on the unit sphere of G. We aim at proving that,
provided that gy is small enough, we have

P(V0 < ¢ < &y, EZ(O)E@)>1—

e Step 1 : probabilistic part. First, we consider j € N, v > 0 and as previously a.(j) given by
Lemma 7.3. Then we note that

wP(Y) = ¢, |Ya,|* + Ra,  where |cq,| > (u1(5)) "2 (34£4)

1/12
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and R,, is independent of Y,,. As a consequence, applying Lemma 4.17 of [BG21], we have

1
0 _ -1/2 2 olax|?
Bl Ml <) _E/o Ly an)te-20lon 0424 . <o Y S AV ar) 271
< 4 ()9 (3 P 20912,

It follows that®

PEjeN, |w(Y)| <10ym;) < V7 Y 307 (ua(4)# < \5
JEN

where

1 oy o4 3o
o (1 (7)) (904 I e,

Then we note that almost surely we have

U/

IYlle <2 (a)™* <2(1+m) < 10,
A€l

Since w;?" is homogeneous, it follows that for all g > 0, we have

1/6

P(Vj e N, ]w;O(Z(O))\ >e) mj)>1— 5(1)/12.

e Step 2 : deterministic part. To conclude this proof it is enough to prove that, provided that g

is small enough, if 2(°) € G is such that for all j € N, |w§°(z(0))| > 6(1)/677]' and if ¢ < gg then

20 e Q..
More concretely, we fix such ¢ and z(©) and j € N6=L< and we aim at proving that

(7.24) jwie(eTlg, 29)] > 26..

Applying the triangular inequality and noticing that wLE = w olly_ , we get
Wk (eI, =) 2 (2 )]~ w(e20) — w5 (€T, =)

On the one hand, since j € N9=Ls we have (provided that eq is small enough)

> _€2+1/6L€—367‘5 (540T5)_12T5_4e_180T5 > 45&

0 1/6 2
‘w;o(gz( ))’ 2 EO € TI] =160

where the last estimate is ensured by our choice of the parameters (7.4). On the other hand,
applying Lemma 5.4, we have (provided that ¢ is small enough)

]w;-’o(sz(o)) - w‘;o(EHLEz(O))] < 2 #j Z 1202 < e26r.e 201" < 5.
la|>Le

Putting together the three last estimates, we get, as expected, (7.24).

8These estimates are very standard, for a more detailed proof of them, we refer for example the reader to [BG21].
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APPENDIX A. PROOF OF LEMMA 4.1

This short appendix is devoted to the proof of Lemma 4.1. We first show preliminary technical
Lemmas.

Lemma A.1. Let f(z) =

bga—ex onz € R of a>1, then one has f(x) > 0.

Proof. We first compute the zero point of the derivative

@) =a"—e=0=z=—.
fi(xr)=a"—e x oga

Obviously f(x) =0 at the point, which leads to f(z) > 0. O

Lemma A.2. Let f(z) = (%)n(logx)_” —m"z™™ on x € (1,00) of m,n € N*, then we have
f(z) >0.

Proof. Thanks to Lemma A.1 one gets

T m
>e—.
logx = n
It follows that for z > 1
n -1 _m
—(logz)™" > ma™n,
e
which implies f(z) > 0. O

Lemma A.3. Let f(x) =1+ 0x — (14 z) on 2 €[0,00) of 6 € (0,1), then we have f(x) > 0.
Proof. Thanks to f(0) =0 and f’(x) > 0, we directly obtain the result. O
We are now ready to prove Lemma 4.1.

Proof of Lemma 4.1. First, we note that if j € M,, satisfies ug(3) > N, then pa(go, -+, Jom) >
N. As a consequence, we have

2m 2m
Al £ ilf — ( ) _ )’
(A1) it > sl Z sl) = >a2m>oz afy — (D ap)
m( )>N =2 az>N p=2
Then, observe that
2m 2m
Zaﬁ Z >a2+a3 (a2 + a3) +Za - Z >a2—|—a3 (az + a3)".
=2 =4

It follows that
0 0
(A1) > alll)lefz {a? + 0" — (a +b)%}.
a>b>N

Thanks to Lemma A.3, letting ¢ = % € (0,1], we have

(a+b0)? =a’(1+¢)? <a’(1+0q) =d’ + 0a1—b—9 =a? + 00040 < a® + 00’

It leads to that
(A1) > bigj{[{be — 0} > (1 - )N,
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