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On slice measures of Green currents on CP?

Christophe Dupont and Virgile Tapiero
19th december 2023

Abstract

Let f be a holomorphic map of CP? of degree d > 2, let T be its Green current

and u = T AT be its equilibrium measure. We give a new proof of a theorem due

to Dujardin asserting that u < T A wp2 implies Ay = % Log d, where A1 > Ao are

the Lyapunov exponents of p. Then, assuming pu < T A wp2, we study slice measures

v = T A dd°|W|?, where W is a holomorphic local submersion. We give sufficient

conditions on the Radon-Nikodym derivative of p with respect to the trace measure

T A wp2 ensuring p = v. The involved submersion W comes from normal coordinates

for the inverse branches of the iterates of f.
Keywords— Holomorphic dynamics, Equilibrium measure, Green current, Lyapunov exponents,
normal forms. MSC 2020 : 32H50, 32U40, 37C40, 37D25

1 Introduction

Let f be a holomorphic map of P? of degree d > 2. The Green current T and the equi-
librium measure p are invariant objects encoding the dynamical properties of f, we refer
to the books [9], [19] by Dinh and Sibony. We recall that T := lim,, d%f"*w]pz, where wp2 is
the normalized Fubini-Study (1, 1)—form of P2, this is a closed positive current, with local
Holder potentials. It satisfies f*T" = dT' and its auto-intersection p := T AT defines an
invariant probability measure on P?, which is mixing and satisfies f*u = d?pu.

Berteloot-Loeb [5] proved that T is a smooth and non degenerate positive (1, 1)-form on
a non empty open subset of P? if and only if f is a Lattés map. Berteloot-Dupont [1] esta-
blished later that Berteloot-Loeb’s condition on 7" characterizes the condition p < Lebp2.
Another characterization of Lattés maps involves the Lyapunov exponents Ay > Ay of u
(see Theorem 2.1 for their definitions). Briend-Duval [6] proved that Ay > % Log d. The
equality A\; = A2 = 3 Log d holds if and only if ;1 < Lebpz, see [12].

It is now natural to characterize the mappings satisfying Ay > Ay = % Log d. Hopefully,
the presence of a minimal Lyapunov exponent should be equivalent to regular properties
for T and p, and perhaps (in some sense) to the existence of a one dimensional Lattés-like
factor. The following result, due to Dujardin, nicely fits into this program.

Theorem 1.1 (Dujardin [10, Theorem 3.6]). If u < o7 := T A wp2 then Ay = % Log d.

He also asked the question of the reverse implication, a partial answer is provided in
[20]. The measure o7 is called the trace of T' and carries its mass. The proof of Dujardin’s
theorem is based on a construction of a df —invariant sub-bundle 7 C TP? (called Fatou
directions) of rank > 1 that satisfies for op—almost every = and for any v € 7,\{0} :

1 1
limsup — Log ||d. f™(¥)]| < B Log d. (1)
n
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Indeed, using p < op and Oseledec’s Theorem 2.1, for p—almost every x, the limsup in
(1) tends to A1 or A2, which implies in both cases Ay < % Log d. Briend-Duval inequality
Ao > % Log d then implies the equality. We note that these arguments only require that
u < o7 on an open subset U charged by pu.

On a chart U C P? equipped with holomorphic coordinates (Z, W) we have :
or =< (T ANdd°|Z|)? + T A dd°|W|?).

By construction Supp(u) C Supp(or), hence if u(U) > 0 then (T A dd°|Z|*)(U) > 0 or
(T A dd*|W|?)(U) > 0. Actually in this case T A dd®|Z|?> and T A dd°|W|? both charge
U. The idea is that if T'A dd°|Z|*> = 0 on U, then the potentials of 7" would be harmonic
on almost every vertical disc contained in U, which implies that x is null on U, see [13, §3.3].

The measures T' A dd°|Z|? and T A dd°|W|? are called slices of T. Dujardin’s theorem
gives an information on Ay when p < o, the proof is obtained by applying general results
concerning Fatou directions [10]. Our purpose in this article is to analyse more deeply the
relations between p and slices of T" when u < or.

We first provide another proof of Dujardin’s Theorem by using normal forms
for the generic inverse branches of f” and forward recurrent properties. We then
provide another proof (of a weaker version of) Theorem 1.1 using backward recurrent pro-
perties (we indeed assume that the density of u with respect to T is bounded). The interest
of this second proof is to introduce a decomposition of y using normal coordinates. This
decomposition is the cornerstone of the proof of Theorem 1.2 that we now introduce.

Relations between p and slices of T' can be obtained when f preserves a pencil of lines,
given for instance by the meromorphic function 7[z : w : t] = [z : w]. Dupont-Taflin [14]
proved that in this situation g and T' are related by the formula :

w=TA7"ng (which implies u < or), (2)

where 6 is the rational map satisfying o f = 6 o 7. We note that Jonsson [15] previously
established an analogous formula for polynomial skew products on C?. On another hand,
Berteloot-Loeb [4] proved that if @ is a Lattés map, then for every a € P! outside a finite
subset, there exists a holomorphic coordinate ¢, such that uy = dd®|(,|? on a neighborhood
Va of a (ug is the equilibrium measure of #). Combining this result with (2), we obtain on
(V) :

p=TAdd|W|? with W := ¢, 0. (3)

This gives an example where a slice of T is equal to p. Theorem 1.2 shows a similar
formula. We assume u < o7 and denote ¢ € L'(o7) the Radon-Nikodym derivative of u
with respect to op. Let J := Supp(p) and |; be the restriction of ¢ on J. Note that the
measurable function ¢ is defined on P2, it is not unique since one can modify it outside J
by still preserving u = vor. However, one has u = (¢1 ;) o on P? for every version of 1.
We denote 1) := ¥llg for every borel subset Q of P2. We also denote by Z = (2, )nez the
full orbits of the mapping f, by 7y : T — xg the projection map and by & the mp-pullback
of p on the set of full orbits, see Section 2.2. In the next statement, the local submersion
W5 : B(x0,n:(Z)) — C is provided by the normal form Theorem 2.2.

Theorem 1.2. Assume that i = 1 jor for some measurable function 1 onP? (in particular
Ao = % Log d) and that \y is strictly larger than Az.



1. If+|; is continuous, then for i—almost every I there exist r1(T) < n.(Z) and Cz > 0
such that :
p=Csz (TN ddc|W3]2) |7 on B(xg,r1(Z)).

2. If ¥ is continuous on an open neighborhood V' of J and if u = Yyor, then there
exist r2(Z) < ne(Z) and Cz > 0 such that :

p=C5T Add°|W5|? on B(zg,r(%)).

The first Item implies that for fi—almost every Z, y satisfying mo(Z) = mo(y), the
measures (T A dd°|W5|?) |7 and (T A dd’|Wg[?) | s coincide on a small ball centered at mo(Z).
In particular, the germ of measure (T A dd®|Wz|?) |; does not depend on the full orbit
but only on the mp-projection of Z. A similar remark holds for the second Item.

Let us also observe that the hypothesis A\; > Ay in Theorem 1.2 is not restrictive.
Assume indeed that p = ¢ yor and that Ay = Ao. Then the Lyapunov exponents are both
minimal (equal to % Log d) and f is a Lattés mapping on P2, In this case there exists a finite
ramified covering o : C2/A — P? such that ¢*T is equal to a positive definite hermitian
form H with constant coefficients (A being a cocompact real lattice in C2), see [11]. This
implies that, around every point p outside an algebraic subset of P? (the critical values
of o), the current T coincides with H in local coordinates given by o. It follows that, for
every local submersion W defined near p, the measure = T A T is equal to T A dd¢|W|?
multiplied by a smooth positive function.

Let us finally note that the assumption of Item 2 morally replaces the function ¢; = 91 5
of the first Item (which is singular due to the multiplication by 1 ;) by a continuous function
on a neighborhood V of J. More precisely, it requires the existence of an open neighborhood
V of J such that 1|y is continuous and such that Supp(¢or)|y = J. This assumption is
fulfilled if one assumes that the restriction v|; is continuous and that Supp7 = J, by
applying Tietze-Urysohn theorem to 1| ;.

Question 1.3. Is it sufficient to assume 1|; continuous to get =T A dd°|W3z|? locally ?

We remark that the continuity of 1| is satisfied by suspensions of Lattés maps on P!,
we provide explicit computations of T, p and v in Section 8.
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by the European Research Council (ERC GOAT 101053021). The two authors benefited
from the support of the French government "Investissements d’Avenir" program integrated
to France 2030 (ANR-11-LABX-0020-01). We thank the referee, whose advices and careful
reading enabled us to improve the exposition of the article.

2 Classical results

2.1 Lyapunov exponents

Let f be a holomorphic mapping of P2 of degree d > 2. Let T be its Green current
and =T AT be its equilibrium measure, it is f-invariant and ergodic. Since T has local
continuous psh potentials, u integrates local psh functions. In particular p does not charge
analytic subsets of P? and p(C) = 0, where C := [, f™(Crit f). It also allows to define
the Lyapunov exponents A\ > Ay :

n——+oo N

1
A1 = lim / Log ||df"]| dp and Aj + Ao :/ Log |detc df| dpu.
P2 P2
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Briend-Duval [6] proved that Ay > % Log d. The Oseledec theorem states as follows.
Theorem 2.1 (Oseledec).

1. If \y = Ao = ), then there exists an invariant borel subset A,s of full p-measure and
disjoint from C such that for every x € Ays :

1
7€ T,P? lim - L (D = A
Vo €Ty \{0}7n;r+noon og||dz f"(V)[| = A

2. If \i > Ao, then there exists an invariant borel subset Ays of full p-measure and
disjoint from C such that for every x € A,s, there exists vs(x) € P(T,P?) satisfying :

~ o1 .,
VT € TP? \ vy(z) | i~ Log ||de f™(T)|| = A1

_ 1 —_
Vi € () \ {0} lim_ - Log|ldef"(#)]] = .

Moreover vs is measurable and satisfies [dy f](vs(z)) = vs(f(2)) for every x € Ay,
where [dy f] is the projectivization of the tangent map df.

2.2 Normal forms for inverse branches

We denote X := P?\C which is totally invariant by f, and we denote X the set of
all sequences T = (zy)nez of elements of X that are orbits under the action of f i.e.
ZTnt1 = f(xy). Equipped with the natural projection 7 : X ~— X defined by (%) = zo,
the dynamical system (X, f, ) admits a natural extension (X f 1), where f is the left shift
on X and 1 is the unique probability measure on X invariant by f such that (7).t = p.
The measure i is ergodic as p, see |8, Chapter 10].

Given an orbit = € )? there exists a family of inverse branches (f=")nen such that f-™
is defined on B(zg,n.(Z)) for every n > 0, and such that Lip(f;™) < B:(Z)e ™*279). The
functions = — 7.(z) and T — [.(7) are e—tempered, i.e. they satisfy :

VneZ, e "Ep@) < o(f1(7)) < etMEp(@).

We refer to Briend-Duval [6] (see also |7, 12]) for details about the construction of the inverse
branches. The following result provides normal forms for those mappings, see [2, 3, 16].

Theorem 2.2. For every € > 0 small enough with respect to the Lyapunov exponents
A1 > Ao, there exists an invariant borel subset A. of full ji-measure, e-tempered functions
e Ao — ]0,1], Bey Le, M. = A — [1,+00[ and a function N : A, — N satisfying the

following properties. For every T € A., there exist injective holomorphic mappings

& : B(wo,n:(7)) — ]D)2<p€(i'))

satisfying :
1. &(z0) = 0 and dyy&3(vs(wo)) is the vertical axis in C2,
2. ¥p,q € B(wo,n:(7)) , 3dist(p, q) < [|&(p) — &(a)|] < B:=(T) dist(p, q) ,

3. the following diagram commutes for every n > N(Z) :

"

B(x—n,1e(Z-n)) B(zo,n(7)) (4)




The mappings R, z have the following form depending on (A1, A2) :
(i) If \i = Ao = A, then Ry, 5 is a linear and satisfies

49| (z,w)|| < [[Bn 22, w)]| < "2 (z,0)]|

(i) If A = kAo for some k > 2 (we say that Ay and Ay are resonant), then R, z(z,w) =
(an,ﬁc\z7 Bn,’z\w) + (’Yn,&:\wkv 0)
(iii) If M1 & {kXa, k > 1}, then R, z(2,w) = (04 32, Brzw).

Moreover, in the cases (ii) and (iii), we have
e—n()\l—i-s) < ‘an,§| < e—n()\l—z-:) 7 h/n,:f:| < ME(E)G—n()\l—z—:)

and
e—n()\z-i-e) < |an| < e—n(>\2—5).

Remark 2.3. The diagram (4) commutes for every fizred n > 0 by reducing the radius of the
balls. The property n > N () actually ensures that f2"(B(x0,1:(T))) C B(x_n,n(ZT_1)).

We shall need the following control of (f™)*wp2 in Section 3.

Lemma 2.4. For every T € A and n > 0, there exists 0 < r, < 1:(Z) such that
(f") wp2 > 4ﬂ5(§)_262"()‘2_28)wpz on B(zo,ry).

Proof : We assume to simplify that Ay > A9 and that A\;, Ay are not resonant, the case of
equality and the resonant case can be treated similarly (up to modifying the function f;).
Let ¢ > 0 be small enough such that A\; — X2 > 2¢, ensuring |a, z, |7t > |Bpz, |t According
to Remark 2.3, there exists r,, > 0 and 0 < ), < n-(Z,) such that 50 = 55_1 oR,z, 08,
on B(zn,ry,) and B(z, ) C f5"(B(ws,17,)). Since we have on B(zo,7n) :

(f") wee 2 [1(df") 7H|Pwp2

and

™)™ = [ldfz 172 > ldez I3 | d Rz, |1 72]1déz, 1172,
Theorem 2.2 implies
(f") wp2 > 4Han7§nH7255(§n)72(U]p2 on B(zg, ).
Since |y, z, | > |Buz, |7t and B: is e-tempered, we deduce on B(zg, )

(fn)*wPQ 2 4|Bn,/x\n ’_265<§)_26_2n8(¢)p2_

The conclusion follows from |3, z, |72 > eZn(ha—e), O

We shall also need the following lemma in Section 5.

Lemma 2.5. Assume that u = vjor for some measurable function 1 on P2. Let T € A,
and B := B(x0,1:(T)). Let A, :={pe BN J, o f-"(p) > 0}.

1. For every n > 0, the measures o and (f;")*or are equivalent on B, and A, = A
modulo a borel subset of zero op—measure.

2. If AC BN J satisfies u(A) =0, then or(AN Ag) = 0. In particular, for a,b >0,
(i) If Yo fo" <bp-a.e. on BNJ, thenypo f=" <bor-a.e. on BNJ.
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(i) If Yo f=" > a p-a.e. on BN J, then o f=" > a or-a.e. on BNJN Ap.
Proof : Since f2" : B — f-"(B) is a biholomorphism (and up to shrinking B), there
exists 0 < o < (8 such that

awp: < (f2") wp2 < Bwpe2 on B.

Using that 7' is f—invariant, we deduce that o and (f;")*or are equivalent on B. Now
for every p € BN J and every r small enough such that B(p,r) C B,

u(B.m) = [ e,
But u(B(p,r)) = dQH,UJ(fgn(B(p,r))) and
M(fgn(B(p, r)) = / Wy o ff—” (f/f_n)*UT S d—n/ by o fg_n or.
B(pr) B(pr)

where ~, g3 means that the equality holds up to a multiplicative constant between o and
B. We deduce by dividing by op(B(p,r)) (which is positive since p € J C SuppT) :

][ YyoT ~ap d_"][ Yyo f="or.
B(p,r) B(p,r)

By Lebesgue Theorem [17, Theorem 2.12| (taking limits when r tends to zero), we get
for op—a.e. p € BN J that ¥(p) > 0 if and only if ¢ o f-™(p) > 0. The second item
comes from 0 = p(A) = fAmAO ¥y o, which gives op(A N Agp) = 0 since s is positive on
AN Ag. To obtain (i) and (i), we apply this fact to {p € BN J, ¢ o f="(p) > b} and to
{peBnJ, Yo f"(p) < a} (which both have zero y-measure by assumption) and the fact
that A, = Ay modulo a borel subset of zero or—measure (provided by the first item). [

3 A new proof of Dujardin’s theorem

We provide another proof of Theorem 1.1. We shall use Theorem 2.2 and forward
dynamics. We assume that p < o7 = T A wpz. This implies that there exists ¢ € L' (o)
such that y = ¥ jor. We recall that Ay > % Log d for every endomorphism of P2, it remains
to prove the reverse inequality Ao < % Log d in our case of absolute continuity. For every
n > 0, the set

p=0% JB(,p)

E, = {xEP2 . lim ¢JOfnUT=¢JOfn($)}

is a borel subset of full o—measure (and so of full u—measure) by Lebesgue Theorem. We

define the borel set
E:= (ﬂ En> \ [ U crit(sm) )

neN n>1

which is also of full u—measure (u does not charge analytic subsets). Let us define
1
F::EQ{SKZJJST}CJ,
T

where 7 > 0 is chosen large enough to have p(F) > 0. According to Poincaré recurrence
theorem, for fi—almost every z € 7, ' (F), there exists a sub-sequence 7, which satisfies



Zn, € Wal(F). Let us fix € > 0 and apply the normal form Theorem 2.2, it yields a borel
subset A, of full fi-measure of good orbits. Let us fix ¥ € 7 1(F ) N A¢ and a sub-sequence
(nk)r as before. Let us also fix an integer k. Since xg € E avoids the critical set of f™k,
there exists pr > 0 small enough such that f™ is injective on the ball B(xg, pi). Then we
have for any p €]0, pg] :

p(Ay) = d™ 2 u(f7*(Ay)), (5)
where A, := B(xo, p). Up to taking a smaller py, we can assume that

[ (A,) C B(xn,,n:(Tn,)) and A, C B(zo,7n, ),

where 7y, comes from Lemma 2.4. From p = 9 o, Formula (5) yields for every p €]0, pg] :

/ vy or = d_Q"’“/ Yy or
Ap fre(Ap)

S NOT OV YN

Ap

where the second equality uses the invariance of the Green current (f™*)*T = d™T and
the fact that f"* is injective on A,. Since A, C B(xq,y, ), we can use the estimate given
by Lemma 2.4 with n = n; to deduce

/ Yyor>d " / (%7 0 f™*)4B.(7) 2272 T A cops
A, A,

= 4d (@) 20 [ (g0 ) o,

Ap

We chose xy € J, thus op(A4,) > 0 and we have :

7{4 " aT>4d—nkﬁg<f>-2e2"k“2-2€>][ (W50 ™) or.

AP
But we also have g € E' C EyN E,,, thus we can take limits when p — 0T to get
W (x0) > 4d™" B (2) 222 4 (7% ().

Since ¢ and x,, = f™(z) belongs to F' C {2 <¢; < 7}, we deduce that :

> éﬁa(/f)72672nk(%Log df/\2+25)'
T

Since this is true for every integer k, we get % Log d— A2+ 2¢ > 0. We obtain Ag < % Log d
as desired, since € > 0 is arbitrary small.
4 Decomposition of p

4.1 Normal coordinates and absolute continuity

According to Theorem 2.2, there exists an invariant subset of full Zi—measure A, such
that for any Z € A, there exist inverse branches

f7" B0, 1e(%)) — B(2n, 0e(Z-n)), n = N(T),



and holomorphic charts
& = (Zz, Wa) : B(xo,1=(T)) — D*(p:(2)) (6)
such that 3 < ||déz|| < B=(Z) on B(zo,7:(Z)) and
i =6&" oRyz0&

for any n > N(Z), where R,z is a polynomial map (C?, (Zz Wz)) — (C%,(Zz_,, Wz_,)).
When A; > Ay are not resonant, R, 3 is a linear diagonal map with eigenvalues |oy, z| ~
e~MMEe) and |Bnz| ~ e~ nRete) et (Wf,AB)A,Be{Z,W} be the smooth functions defined by
the formula

wpr = Y WpAB; 5 (dA AdBz) on B(z,n-(2)). (7)
ABe{Z,W}
For every A, B in {Z,W} and for every n > N(Z) we define the following functions :
Fi =wi_,ap 0 f5": Blo,ne(7)) — C.

Proposition 4.1. Assume that p < or and let 1 be the Radon-Nikodym derivative of
with respect to op. We assume that the Lyapunov exponents A1 > Ao are not resonant. For
every T € A., for every borel set U C B(xo,n:(Z)) and for every n > N(T) we have :

_ — 7 __
pU) =d" / (Wrofs™) Y. FiJanzaly TAjdAg ndDs,
v ABe{Z,W}
where a? - = a7 and &V 1= B, 7.

Proof : From the equalities p(U) = d*"p(f5"(U)) and p = ¢;(T A wp2), we obtain
pO) =& [ (s £57) ()T A (57 e
By invariance of the Green current, we get (f2")*T' = d~"T on B(wxo,n:(7)) and
W) =@ [ (10 £7) T A (57 e
We conclude by pulling back Formula (7) (2 being replaced by Z_,) by f-™ and using the

fact that R, z is linear and diagonal with eigenvalues «,, z and f3, 3. O

Definition 4.2. Assume that p < o and let ¢y = Y1 be the Radon-Nikodym derivative
of p with respect to or. We assume that the Lyapunov exponents A1 > Ao are not resonant.
For every U C B(xo,n:(Z)) and n > 0, we have according to Proposition 4.1 :

M(U) = In(U N J) + Jn(U N J)a
where for every D C B(xo,n:(T)) :

1,(D) == d"|6, 5[ /D (0o f™)FIW T A L (dWs A diT7)

and

Ju(D):=d* > aj s m/(w I )FABT/\ (dAA/\dB)
(A,B)A(W,W)

Z
where %

= apz and aylv/x\ = Bnz-
Remark 4.3. We observe that if p = Yy or as in the second item of Theorem 1.2, then
wU)=L{UNV)+J,(UNV)

for every U C B(xo,1:(7)).



4.2 Recurrence in A,

Definition 4.4. For 7 > 0 let A, C A be the subset consisting of elements y satisfying
1. |wgap| <,
2. L <wjaa<r,
8. Sap(¥) == suPp(y, 4. ) lldwgaBll < 7,

4. pyom(y) > 1,
the two first items holding on B(yo,n:(y)), the three first ones for every A, B € {Z,W}.

Since the distortion of the coordinates { = (Zz, W5) is controlled by Theorem 2.2,
there exists 7 large enough such that A, has positive fi-measure. By Poincaré recurrence
theorem, for i—almost every T, there exists (ng)gen such that ngy > N(Z) and

T_p, € Ar.

We have specified nj, > N(Z) to have f-"*(B(z0,7:(Z)) C B(®—ny,Ne(T—n,))- In this way
the functions Ff‘?’i are well defined on B(zg,n:()). By definition of F{}f , we get from the
first item of Definition 4.4 :
]Fﬁfk] < 71 on B(zg,n:(7)). (8)
Moreover, using the third item of Definition 4.4 and Lip(f%”’“) < ﬁa(fc\)e_"’f(h_a) (given
by Theorem 2.2), we get
|dFLE || < 78.(@)e 279 on B(xo, ne(Z))-

TN

We deduce that

AB

%, uniformly converges on B(zo,7:(7)) to a constant FAB up to a subsequence  (9)

and that (according to the second item of Definition 4.4) :

T,nk

1 .
FAA > — on B(zo, (7). (10)

4.3 A weaker version of Dujardin’s theorem

We give another proof of Theorem 1.1 assuming that the Radon-Nikodym derivative
¥y € L*®(or). Our motivation is to use backward iterates, namely the inverse branches
fa;n"', in order to prepare the proof of Theorem 1.2 in Section 6.1. As in Section 3, it
suffices to prove that Ay < % Log d.

For sake of simplicity, we assume that the Lyapunov exponents A\; > A9 are not resonant.
This implies that the polynomial map R, ; appearing in the diagram (4) is linear and
diagonal. The proof can be adapted in the resonant case, see Section 7.

We apply the normal form Theorem 2.2 with € > 0, it yields a borel subset A, of full
fi-measure of good orbits. We use the set A, defined in Section 4.2. Let us fix a ji—generic
element T € A, in particular zg € J. Let (ng)ken be such that z_,, € A;.

1) Construction of a set of continuity C.
Let 6 > 0 be such that u(B(xo,n:(Z))) > 24. By Lusin’s theorem there exists a compact
set Cy C B(zo,n:(7)) such that u(B(zg,n:(Z))\Co) < 0 and 1) is continuous on Cy. Using



again Lusin’s theorem we construct by induction a sequence (C),), of compact subsets of
B(z,n:(Z)) such that

Chry1 C Cp and p(Cp\Chy1) < 25

and
byo £z " e C%(Chyi).

Then p(Cp) > p(Cp—1) =276 > -+ > p(Co) — § > p(B(xo,m:(Z))) — 25 > 0. Thus

C:= () Cn C Blxo, ()

neN

satisfies u(C) > 0. Let pc be the measure on B(zg, n:(Z)) defined by
po(:) = p(-NC).

Its support supp pc¢ is included in C' N J because C' is a closed subset of B(zg,n:(Z)).

2) Construction of z{, in supp uc, with boundedness properties.
Let G be a borel subset of full op—measure (and so of full y—measure) satisfying

Vpe G, 0<v5(p) < [illree (o)

and let GGi be the borel set
Gr = f5 "™ (B(z0,7:(2))) [ ] G-

Let us verify that u(f™(Gg)) = uw(B(xo,n:(x))). Since u(G) = 1, we have u(Gy)

u(f5 " (B(@o, n-(3)))) = d-2 pu( B(wo, n-(3))). But f* is injective on f5 " (B(wo,n.()),
which contains G}, hence u(f™ (G)) = d*™ u(G},), completing our verification.
Therefore

u(() F"(Gr)) = u(Blxo,n:())),

keN

which is positive since xy € J. Let
1
wo € [) F™(Gr) N {T, < wj} Nsupp i, (11)
keN

where 7/ > 1 is large enough so that the set defined in (11) is not empty. Using the fact
that f="* o (f™)|q, = Idg,, we observe that

VEeN, f2"(xp) € Gy C G. (12)

3) Conclusion.
For a given k, let pr > 0 be small enough so that for any 0 < p < pg :

4, := (B(zh.p) N C) C Blao.n:(2).

Since [|déz|| < Be(T) we can assume that 3 4 p I TALdAzAdBz| < Be(Z)?0r on B(wmg, 1:(7)).
According to Proposition 4.1, \FEAB

ng

| <7 (see Equation (8)) and |, 3| < |8, 2|, we deduce
[ s dor = u4,) < 150 sP AR [ (o £7) dor.
p p

10



According to Equation (11), we have x, € supp uc, thus op(4,) > 0 and
F, s dor < 18, PrAGP F (20 £ dor,
p P

Equation (11) also gives 2 < ¢;(z{) and z{, € supp ic C C' C CoNCy,. We moreover have
A, C C by definition. Hence, if p tends to 0, we get by continuity of ¢y (resp. 170 f= ")
on Cj (resp. on Cy,) :

1
= < Pu(ap) < d™|Bu 2B () (Y 0 f5 ™) (20) < A" (B, 5 7B (@) [Vl (o)

the last inequality coming from the choice of x{;, see Equation (12). We obtain for every k :
~ -1 1 _
(F7B-@2 Nl oo (og)) < | By 5l < e2nelaLos ddate),

Hence Ay < % Log d + €, which gives Ay < % Log d when € tends to zero, as desired. O

5 Estimates on [, and J, in the decomposition of y

5.1 Study of I, and J,

We recall that I,, and .J, were introduced in Definition 4.2.

Proposition 5.1. Assume that 4 < op and let 1l ; be the Radon-Nikodym derivative of
1 with respect to op. Assume that Ay > Ao are not resonant and let € > 0 be small enough
such that

1
A+ Ay —2e > Logd , A1 > 3 Logd +¢.
Let T be a ji-generic orbit and let (ng); be a sub-sequence such that T_,, € A;. Let
oz =T A ddC|W55|2.

Let B := B(z0,n:(%)), Ao :=={p€ BNJ,¥(p) >0} and U C B be a borel set.

1 Ifpo f™ <bp—ae. onB for every k >0, then there exists C3 > 0 which does
not depend on U C B such that

Tn (U N J) < CgemmPithelogd)ene g
k -7 k—o00

2. If o f-" < b p—a.e. on B for every k >0 and if p(U) > 0, then
oz(UNJNA) > 0.
3. If0<a,§1pof£"’v <bpu—a.e on B for every k > 0, then
d™ | By, z2amroz(U N J N Ag) < L, (UNJ) < d™|B,, zI°bro2(U N J).
In particular (d”klﬂnk’g\2)k converges, up to a sub-sequence, to some u > 0.

Remark 5.2. We assume in Proposition 5.1 that A1, Aoy are not resonant. The same state-
ment actually holds in the resonant case, this is explained in Section 7.

11



Proof of Proposition 5.1 : Let us prove the first item. By Definition 4.2,

T, (UNT)= > d%a zab 5/ (Yo f™)FAD T AdAz NdB;.
(AB)A(W.W) vn

Let us introduce the measures (which are < o) :
o5 =T ANdd°|W5|*> , Xz :=T Add°|Z;|>.

FAB

Zﬂ\znk

Using |o, 3| < B3|, the (assumed) upper bound on ¢ o f-™*, the upper bound on
provided by (8), the item 2.(7) of Lemma 2.5 and Cauchy-Schwarz inequality, we get

o (U NVT)] < d™ oy 380, 3] DT (05 + Az) (U N ).

The first item then follows from |ay, 7| < e M7 and |8, ;| < e "(A279),

We show the second item. By using Item 1 of Lemma 2.5 (for the last equality), we get
p(U) = pUnJ)=d"u(f;"(UNJT)) = d2”/ (o fz™) (fZ") (T A wpe).
UnJnNAp

Cauchy-Schwarz inequality implies (up to multiplication by a constant) :

TAwp <wz  ww oz, +wWs  zzAz_, on B(Z_p,n(T_p)).

"™ on B combined with

Z7Z

We now fix n = ny. Using the (assumed) upper bound on 1 o fo

item 2.(7) of Lemma 2.5, and the upper bounds on Fg‘gg/ = wz_,ww o fz ", F% "

ws_, zz° f=* provided by Equation (8), we get

w(U bd2n’“7( Y oz + LTS ) .
( )S /l/nJmA()(fz ) ( _nk) /UmJﬂAo (fx ) ( nk)
We deduce

n(U) < bd*™ 7 </ A" By, 2l 055+/ A" | o, 71 Aa;) ,
UNJNAg UNJNAg

0 < u(U) < bd™ 1 (|8, 21%02(U N J N Ag) + |, 21*A2(U N J N Ag)) .

hence

To conclude we observe that

dnk|ank,5§|2 < enk(Log d —2\1 +2€)’
which tends to 0 when £ tends to infinity. Hence oz(U N J N Ap) > 0.

Let us prove the third item. According to item 2.(ii) of Lemma 2.5, we have
Yo f-" >a, oz —a.e.on BNJNA,.

Hence, according to Definition 4.2, we get

1
L (UNJ O Ag) > d mm\?a/ WW o> d™(8,,. s2a~0a(U N .J N Ag),
UNJNAg T

12



where the last inequality comes from Equation (10). Similarly, by using item 2.(7) of Lemma
2.5 and Equation (8), we get

I, (UNJ) <d™|B,, z*bros(U N J)

This proves the two stated inequalities on I, (U N J). Let us verify the last fact. Since
0<u(B)=1I,(BNJ)+ Jy (BNJ) and since J,, (B) tends to 0 by the first item, we get
$u(B) < I, (BN J) < 2u(B) for k large enough, which implies

1 wB) o _ 27 u(B)
T < ™% A4 < ==
2broz(BNJ) — B2l = a oz(BNJNA) < Feo
since oz(BNJ N Ag) > 0 by the second item. O

5.2 Application : an equivalence between ;; and a slice of T’

We prove that u can be approximated by a slice of T' under absolute continuity assump-
tions. The proof is a direct application of the decomposition of i fixed in Definition 4.2 and
of Proposition 5.1.

Proposition 5.3. Assume that p < o and A\ > Ao = % Log d. Let y1; be the Radon-
Nikodym derivative of p with respect to op. Let T be a ji-generic element and let (ny)x be a
sub-sequence such thatx_,, € A.. Let B := B(x,n:(Z)) and Ag := {p € BNJ, ¥(p) > 0}.

If
0<a<tyof ™ <bu—ae onB forevery k>0,

then there exists Cz > 0 such that on B :
CH(T A dd* W5 snae < < Co(T A dd|W5 )|

Proof : Let U C B be a borel set and let Iy, := I, (UNJ), Ji := Jp, (UNJ). According to
Definition 4.2, we have p(U) = Iy +J. The first item of Proposition 5.1 yields J; — 0. Using
the third item of Proposition 5.1 (which in particular provides limy d"*|83,, z|* = u > 0),
Equation (8) and item 2.(7) of Lemma 2.5, we get

w(U) <ubtoz(UNJ).
Similarly, by using Equation (10) and item 2.(i7) of Lemma 2.5, we get
w(U) = 22 o5(UN TN Ag).
T

We conclude by setting C5 := max{7/ua, ubt}. O

6 Proof of Theorem 1.2

6.1 Proof of the first item

Lemma 6.1. Assume that p << o and A\ > Ay = % Log d. Let ¢ 5 be the Radon-Nikodym
derivative of p with respect to o, and assume that ¥|; is continuous. Let T be a [i-generic
element and let (ng)x be a sub-sequence such that T_,, € A; with ny > N(Z). There exists
r1(Z) < (%) and x_o € J such that, up to a sub-sequence :

1. limg d™| By, z1* = u > 0 and limy, J,, (UNJ) = 0 for any borel set U C B(wy,71(Z)),
2. 1po f=" uniformly converges to ¥(x_o) on B(xo,r1(Z)) N J.

13



Proof : To prove the first item, in view of Proposition 5.1, it suffices to verify

1
— < Tk
2t — yo f“*’
on some B(xg,1(Z)) N J. By uniform continuity, there exists §(7) > 0 such that

Va,b € J, dist(a,b) < 6(r) = [1(a) — ¥(b)| < %

(1)

Defining 71 (Z) := min {775(5:\), ,6(’;57(:?)}’ we have for every p € B(zg,71(Z)) :

dist (/5 (p), 5™ (w0)) < Lin(f3 ™) (3) < B (3)r1 (@) < 8(7).

Using ¢(z_pn,) > 1 (coming from Z_,, € A;), we get 1o f="* > 5L on B(zo,r1(Z)) N J.
For the second item, the sequence (z_p,)r € J converges by compactness to some
T_o € J. Since Lip f2 " tends to 0, (fgn’“)k converges uniformly on B(zg,r1(Z)) to the

constant mapping z_~.. The conclusion follows from the continuity of 1) on J. OJ

We now prove the first item of Theorem 1.2. Let U C B(zo,r1(Z)) be a borel set. We
recall that o3 = T' A dd°|W3|? and that by Definition 4.2 :

pU)=pUnNnJ)= dnk|ﬂnk,§!2/U ; (o f5) F2 W o5+ Jn, (U N J).
N

According to Equation (9), FE?;‘:/ uniformly converges on B(xg,71(Z)) to some constant
F%, up to a sub-sequence. We conclude by using the two items of Lemma 6.1, which yield
w(U) = Cz0:(UNJ), where Cz := u F5 (r_~). Note that C does not depend on U and
is positive by taking U = B(xg, r1(7)).

6.2 Proof of the second item

The following lemma is the counterpart of Lemma 6.1, the function v being now conti-
nuous on a neighborhood V' of J. The two items hold without any restriction to J. The
proof is similar using Remark 4.3 (decomposition of p on V'), the uniform continuity
of ¥ on V, and by introducing a radius ro(Z) satisfying B(xg,r2(Z)) C V. Note that
f= "% (B(x0,72(Z))) C V for k large enough.

Lemma 6.2. Assume that p < o and A1 > Ao = % Log d. We assume that there exists
a neighborhood V' of J and a function v € L'(or) such that 1) is continuous on V and
satifies p = Yyor (we recall that Yy = Y1y ). Let T be a i—generic element and let (ng)x
be a sub-sequence such that T_,, € A, with n > N(Z). There exists r2(ZT) < n-(Z) (small
enough to have B(xo,m2(Z)) C V) and x_o € J such that, up to a sub-sequence :

1. limy d™|B,, 2> = u > 0 and limy, J,,, (U) = 0 for any borel set U C B(zg,72(Z)),

2. 1po f"* uniformly converges to Y(x_o) on B(xo,r2(T)).

The second item of Theorem 1.2 follows as in the end of Section 6.1, by using
n(U) = d"k]ﬁnk@F/U (Yo f5™) FW 05+ Jn, (U)

for every U C B(zg,r2(Z)) C V, this formula is provided by Definition 4.2 and Remark 4.3.
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7 About the resonant case

We assume that A1, Ao are resonant : A\ = gAo for some g > 2. We assume that u < o,
let ¢ denote the Radon-Nikodym derivative of p with respect to op. Let us first explain
how Proposition 4.1 is affected. We shall compute the corresponding .J,,(D) appearing in
Definition 4.2. According to Theorem 2.2, the map R, 7 is equal to :

Rn,i(27 w) = (O‘n,’izv IBn,EEw) =+ (’Yn,ﬁc\wqa 0),

where |y, 3| < M. (2)e "M~8) Let U C B(x,1:(%)) be a borel set. Denoting 1y, := o f5 ",
we have pu(U) = I,(UNJ) + J,(UNJ), where I,(D) has the same expression as in the non
resonant case :

1(D) = @1uz [ 6 FEY T A S AdT).
In the resonant case, the formula giving J,, (D) is modified as follows :
Jn(D) = d”\an@\Q/ PnFZT T A - (dZA/\ dZz)
+2d" / ¥ Re { (qFZ7 0y 79 s W e s FZ %@Bn@) T A %(dZa; AdW3)
@ [ 6 FEL o PIWaPO T 1 5@ A dTT5)
+d"/D2Re( FZW 5B, s WA 1>T/\ (dW5 A dW5).

Let us verify that the first item of Proposition 5.1 remains valid in the resonant case. Let
T be a fi-generic element and let (ng), be a sub-sequence such that z_,, € A;. Assume

Yp=1po [ <b, p—ae. on B
and let us verify that there exists C'(Z) such that for every borel set U C B :
Jnk(U) < C/(f)e_nk(A1+A2— Logd) ,2nke_

We use the formula on J,(D) given above and Cauchy-Schwarz inequality. We also use
|F4B| < 7 given by Equation (8), item (i) of Lemma 2.5 and |Wz| < p. := p.(2) on B
provided by Equation (6). If oz := T' A dd|W3|%, A := T A dd®| Zz|?, we indeed obtain

Tn (U) < d™|ag, 52 brAs(U)
+ 2d™ o, 3] bT (], 21027 + |Bay2l) Az + 02)(U)
+ qd"™ |y 2| bT (Q\’Ynk,alpg(qfl) + 2\5n,9,5|0371) oz(U).
The existence of C'(Z) then comes from the upper bounds |ay, ;| < e™™M=9) |3, ;| <
e A2=8) |y, 5| < Mo(Z)e ™ M178) and from Ap > Ao

8 Suspensions of one-dimensional Lattés maps

Let § = [P : Q] be Lattés map on P! of degree d > 2 and let f := [P : Q : t%] be
its suspension on P?. These maps were studied by Berteloot-Loeb [4]. We identify the first

affine chart with C2. Let

o1 .
Go '_nkffoodfnLOgll(P ,QM)|]: C? 5 RU{—o00}
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be the Green function of the polynomial mapping (P, Q) and let G := max{Gy,0}. The
attracting basin A of (0,0) is bounded and equal to {Gy < 0}. The Green current of f
satisfies T = dd°G on C?, the support of y coincides with the boundary 9A of A.

By [4, Proposition 3.1] (see also [11] in higher dimensions), for every p outside a finite
number of circles drawn on dA, there exists a biholomorphism p : (D?,0) — (D?, p) such
that

Go(z,w) := Gy op(z,w) = Re(2) + |w|* on (D?,0).

We denote
Ty := p*T = dd°(max{Go,0}) and py := p*p.

The closed positive current Ty has the following matrix representation

T 0]

TOZ[O by

where T11 := Ty A dd®|w|? and Ty := T A dd®|z|?. We describe below Ty and g on (D?,0).
We assume to simplify that the germ (D?,0) is the open set D :=] — 1, 1[2xD. Let
Q= {Re(2) + |w|* > 0} N D and My := {Re(z) + |w|®> = 0} N D.

Observe that My is the image (intersected with D) of the euclidian 3-sphere of C? by the
classical Cayley transformation, see [18, Chapter 2.3]. Let us parametrize My by

®:]—1,0]x] —1,1[x]0,2n[— My , (u,v,0) — (u+ v, /—ue®) (13)
and let Lebyy, := ®.Lebgs. Let also wy be the standard hermitian (1,1)—form of C2.

Proposition 8.1. With the preceding notations,

1
=Leb 0
Ty = |30 |w|? ;
0 Lebg + 5-Lebyy,
and )
po = gLebag, =To A dd? lw|?.
In particular,
1
o = Yo (To A wp), where Py(z,w) := WHMO.

The remainder of this Section is devoted to the proof of Proposition 8.1.

Computation of T11.— Let ¢ be a test function with compact support in D. We denote
Pz 1= %%gp, similarly for (5. By definition we have :

(T, ) = / Go(z,w)pzz(z,w) dLeb(z, w).
Q
Let A, denote the subset | — 1,1[x] — 1, 1[x{w} intersected with €2, so that
(Th1,p) = / [/ Go(z,w)p.z(z,w) dLeb(z)] dLeb(w) =: / I,(p) dLeb(w).  (14)
D LA, D

We write z = u + v, hence .,z = iAuﬂ,go. Observe also that Gy only depends on (u,w).
The number 41,,(p) is then equal to

/_1 /—|w2 Go(u,w)w(U+w7w) du dv+/ Go(u,w) [/_lw(quv,w) do!| du.

—|’LU|2
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The second term vanishes since Supp(¢(-,w)) C] —1,1[x] — 1, 1[. Integrating by parts and
using 9,Go = 1, 9,Gg = 0 for the first one, we get

4Iw(cp):—/1 [/1 9% (w4 v, w) du] dv |

lw|2 Ou
Using again Supp(¢(-,w)) C] —1,1[x] — 1, 1], we get

1 [t ,
Ly(p) = 4/1 <,0(—|w|2 + iv,w) dv.

We therefore obtain by (14) :

(Th1,9) = / / (—|w|? + iv, w) dv dLeb(w)

Observe that (w,v) — (—|w|? + iv,w) is another parametrization of My different from @
defined in (13). Let us write this integral with polar coordinates :

2w
(Th1, / / / (—p? +iv, pe®®) 2pdp d6 dv.

Applying the change of variable u = —p? one gets back to the parametrization ® :

1 , 1
/ o(u + iv, vV—ue?) dLeb(u,v,0) = / ¢ dLebyy,.
8 J)—1,0x]~1,1[x]0,2x] 8 J o

Computation of Toa.— Let A, be the vertical disc {z} x D intersected with 2. One has :

(Th1,9) =

(T ) = /]W]m I Z Gole w)pum(z whdLeb(w) | dLebz).

Writing z = u + v, we get

(Tho, ) = / 11 [ / 01 Tuo(9) du] dv + / 11 [ /O () du] dv

Ju,v(QO) =

where

/ Go(u + v, w)pyw(u + iv, w) dLeb(w),
D\D(v/—u)

with the convention D(v/—u) =0 if 0 <wu < 1.

Lemma 8.2.
1. Juw(p) = [pe(u+iv,w) dLeb(w) for 0 < u < 1.

2. Juw(®) = Jp\p(y=u) £(2, ) dLeb(w) — 027r ©(z,v/—ue?) df for —1 <u <0.

Proof : We write w = s + it and use @z = iAs,tgo. Since ¢ has compact support in D,
one gets by Green-Stokes formula :

4Ty (@ / Go(u + v, w)Ag 1 dLeb(w / Ag1Go(u + iv, w)p dLeb(w)
The first item follows since 92Go = 02Go = 2. In the case —1 < u < 0, we have :

Juw(p) = / Go(u + iv, w)pyw(u + v, w) dLeb(w). (15)
D\D(v/—u)
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Let us denote z = u +iv and w = s + it € D\D(y/—u). Using Supp(p(z,-)) C D and
Go(z,")|on(y=u) = 0, Green-Stokes formula gives :

/ Go(z,s +it)Ag (2, s +it) — Ag 1 Go(z, s +it)p(z, s + it) dLeb(s,t)
D\D(v/=u)

= / o(z,s +it) (VisnGo(z, s +it)) - (s, 1) do(s, 1),
OD(v/=u)

where o is the Lebesgue measure on the circle 0D(y/—u). Since Ag;Go(z, s + it) = 4 and
(V(S,t)GO(Za 5+ “5)) - (s,t) = 2|w|* = —2u, we infer

4/ o(z,w) — Go(z, w)puww(z, w) dLeb(w) = / 2up(z,w) do(w).
D\D(v/~u) oD(v/—u)
The second item follows by combining this formula with (15). O

Let us now return to the computation of (Thg, ). Let QT := QN {u > 0} and Q™ :=
QN {u < 0}. According to Lemma 8.2, we get

1 1
/ / Ju,v(@) du dv = / QO(Z,’UJ) dLeb(z,w),
-1J0 O+

and that f f Juw(p) du dv is equal to

/_ o(z,w) dLeb(z, w) +/11 Uol Uo%—ggo(ww,\/fue”) d&] du] dv.

2
If h(z,w) := % the second integral is equal to :

/ (9) 0 B(u,0.0) . 00) = [ g dLebay,
1=1,0[x]—1,1[x]0,27] Mo
We deduce as desired

(T2, / / uw(p) du dv = / ¢(z,w) dLeb(z,w) + he dLebyy, .

My
Computation of po.— Writing G§ := max{Go,0}, we have Ty = dd°G{ and py =

dd°(G§ dd°G{). Hence

(1o, ) = (T, G§ dd°p) = (Tn1dd"|2[* + Tapdd®w|?, G dd°p)

1
= - Gopww dLebyy, + / Gop.z dLeb + Gow.zh dLebyy,.
Q

8 MO MO

Since Gy = 0 on My, we get (uo, @) = [, Gowzz dLebq = (T11,¢) as desired (observe
that this is the Lebesgue part on € in Ty which provides p = 77;1). The formula py =

T +8h 1, To N wo immediately follows.
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