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Disentangling 1/ f noise from confined ion dynamics
Paul Robin,a‡ Mathieu Lizée,a‡ Qian Yang,b,c Théo Emmerich,d Alessandro Siriaa and Lydéric Bocquet∗a

Ion transport through biological and solid-state nanochannels is known to be a highly noisy process. The power spec-
trum of current fluctuations is empirically known to scale like the inverse of frequency, following the long-standing
yet poorly understood Hooge’s law. Here, we report measurements of current fluctuations across nanometer-scale
two-dimensional channels with different surface properties. The structure of fluctuations is found to depend on
channel’s material. While in pristine channels current fluctuations scale like 1/ f 1+a with a = 0−0.5, the noise power
spectrum of activated graphite channels displays different regimes depending on frequency. Based on these obser-
vations, we develop a theoretical formalism directly linking ion dynamics and current fluctuations. We predict that
the noise power spectrum take the form 1/ f ×Schannel( f ), where 1/ f fluctuations emerge in fluidic reservoirs on both
sides of the channel and Schannel describes fluctuations inside it. Deviations to Hooge’s law thus allow direct access
to the ion transport dynamics of the channel – explaining the entire phenomenology observed in experiments on 2D
nanochannels. Our results demonstrate how current fluctuations can be used to characterize nanoscale ion dynamics

1 Introduction
Biological ion channels have long drawn much attention, as their
complex properties – ionic selectivity, voltage-gating, pressure
or temperature sensitivity, etc. – underpin many cellular func-
tions1–6. Conduction dynamics through these pores is particu-
larly rich: they display various forms of hysteresis, cooperative-
ness and adaptability, allowing cells to emit action potentials, re-
act to changes in osmotic pressure or move towards nutrient-rich
areas7–12. Many of these tasks require atomic-level precision,
such as detecting concentration gradients of a few molecules per
cell volume13.

Yet, nanofluidic ion transport is subject to wild fluctuations14.
Current noise in biological pores is known to be correlated over
long timescales. In addition, its power spectrum generally follows
the empirical Hooge’s law at low enough frequencies15:

SI( f ) = α
I2

N f
, (1)

where I is the mean current flowing through the pore, N the av-
erage number of charge carriers inside the pore and α a numeric
constant. In particular, the power spectrum is found to scale like
the inverse of frequency f , so that the total power of current fluc-
tuations is seemingly infinite. In some cases, noise instead scales
as SI( f ) ∝ 1/ f 1+a, where the exponent a has been found to take
seemingly any value between 0 and 1, and depends on the current
flowing through the pore16,17. Understanding the link between
the dynamical properties of biological ion channels and correla-
tions in current fluctuations – and finding how organisms cope
with them – remains an open question.

This 1/ f noise (also known as pink noise) has eluded many
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modelling attempts18. Most existing theories interpret it as
emerging from fluctuations of the system’s conductance15, stem-
ming either from variations in the number of charge carriers19

inside the pore or their mobility20. Yet, the frequency scaling can
generally only be recovered by making drastic assumptions on
the system’s dynamics, like ions experiencing a highly disordered
energy landscape when crossing the pore21. This is in sharp con-
trast with the remarkable robustness of Hooge’s law, which was
found to hold in a variety of contexts. Pink noise was first ob-
served in the electrical current flowing through vacuum tubes22,
and later small metallic or semi-conducting samples15,23,24 and
other materials like graphene25; more generally, 1/ f noise also
occurs in neuronal activity26 and financial exchanges27. In the
case of conduction in aqueous electrolytes, Hooge himself mea-
sured 1/ f noise in a micrometer-size pore16,20. In addition to
various types of biological membranes28–30, pink noise was also
reported in solid-state nanopores with a wide array of sizes, ge-
ometries and materials17,31–33.

Considering the universality of this 1/ f noise in ionic cur-
rent and its relative independence on the experimental system,
it seems to originate in the very dynamics of ion transport in liq-
uids34. Yet, it has found no satisfactory explanation until now.

In this work, we report measurements of current fluctuations
across two-dimensional (2D) nanochannels, obtained from van
der Waals assembly of various materials (see Fig. 1A)35. They
consist in slit-like channels with height of the order of 10 nm, de-
posited on a fluidic membrane separating two reservoirs. In such
confined systems, the properties of surrounding walls are known
to strongly impact ion transport. As our fabrication technique al-
lows to design channels with tuneable and carefully controlled
surface properties, we use such systems to explore the impact of
ion dynamics on current fluctuations.

This paper is organized as follows. We first present our ex-
perimental setup. In particular, we compare current fluctuations
measurements for 2D nanochannels made of different kind of ma-
terials: either atomically smooth pristine 2D materials or plasma-
activated graphite36. We show that in all cases, fluctuations scale
like 1/ f 1+a at low frequency, with an exponent a = 0− 0.5, de-
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parting from Hooge’s law. We find that current fluctuations in
channels made with strongly charged and highly corrugated acti-
vated graphite strongly deviate from Hooge’s law and exhibit sev-
eral fluctuations regimes depending on frequency. Then, we an-
alyze the possible physical origins of such fluctuations. We show
that classical models do not provide a satisfactory explanation to
pink noise nor to deviations to the expected Hooge’s law scaling.
Instead, we propose a simple analytical framework providing a
direct link between the scaling of fluctuations and the dynamics
of ions inside the pore.

Overall, we predict that 1/ f noise naturally emerges due to the
presence of reservoirs connected to the nanochannel. We are able
to express the power spectrum of fluctuations in the form of:

SI( f ) = Greservoir( f )×Schannel( f ) (2)

where Greservoir( f ) ∝ 1/ f and Schannel describes the dynamics of
ions inside the nanochannel. This result allows us to analyze ap-
parent deviations to Hooge’s law in terms of nanoscale ion trans-
port dynamics. Specifying the shape of Schannel( f ) depending on
the type of channels, we are able to fully reproduce the observed
phenomenology.

Our work clarifies links between ion dynamics and current fluc-
tuations, and allows to use current noise measurements as a
probe of nanofluidic transport37 following the example of elec-
tronic noise in condensed matter38.

2 Current fluctuations in two types of
nanofluidic channels

2.1 Material and methods
In this work, we focus on 2D nanochannels with different surface
properties. We use two complementary fabrication techniques to
produce either atomically flat pristine channels by careful 2D crys-
tals assembly or activated channels etched in the bulk crystal by
an oxygen plasma. We stress that the channels thus obtained are
structurally very similar although radically different at the sur-
face. Pristine channels were obtained by depositing thin multi-
layer graphene nanoribbons of atomically controlled height on a
2D material flake (bottom layer),forming trenches that are subse-
quently closed with a second 2D flake (top layer, see Fig. 1A-B)39.
Here, we considered channels made of either hexagonal boron
nitride (hBN) or graphite. On the other hand, activated chan-
nels were obtained by directly etching nanoscale trenches into a
first graphite flake using an oxygen plasma, and again closing the
structure with a second graphite flake36. In all cases, the bottom
flake is pierced, allowing the passage of water and ions through
the channel (see Figure 1A). All considered channels have a sim-
ilar geometry, with their height ranging from 6 to 20 nm, 100 nm
in width and 1 µm in length. Further details on the nanofabrica-
tion techniques can be found in refs.39 and36.

The three considered materials share a similar 2D structure,
but differ from their surface and electronic properties. Graphite
is conducting, while hBN is not; however the former experi-
ences stronger hydrodynamic slippage40. In addition, activated
graphite bears a much stronger surface charge due to its exposure
to oxygen plasma. While pristine graphite and hBN are atomically

smooth, activated graphite also display nanometric size rough-
ness36. These differences have been shown to impact drastically
nanoscale ion transport33,41.

To measure current fluctuations across our 2D nanochannels,
we deposited them on nanofluidic membranes separating two
reservoirs filled with KCl in concentrations ranging from 1 mM
to 3 M. The voltage drop ∆V across the system was controlled
through Ag/AgCl electrodes immersed in the reservoirs and con-
nected to a patch-clamp amplifier. For each value of the salt con-
centration and the voltage drop, we recorded ionic current fluctu-
ations for 10 s with a sampling rate of 1 kHz, and computed their
power spectrum through Fourier transform. The resulting spectra
were typically averaged over 100 acquisitions (Fig. 1C-D).

2.2 Power law scaling and deviations to Hooge’s law

On Fig. 2, we present the power spectrum of current fluctuations
for various values of the voltage drop, for the three types of chan-
nels. In pristine channels, made of either graphite or hBN, the
power spectral density is found to scale like:

SI( f ) ∝
1

f 1+a , a = 0−0.5, (3)

at low enough frequency ( f < 100Hz). The exponent a slightly
depends on the type of channel materials (see Fig. 2G-I). In par-
ticular, while its value was robust throughout all experiments in
both hBN and activated channels, we found an apparent depen-
dence between a and salt concentration in pristine graphite chan-
nels (Fig. 2G).

These results are in apparent contrast with the original scaling
proposed by Hooge (Eq. (1)); however, Hooge himself reported
similar deviations in the frequency exponent for high enough volt-
age, with no rationalization16.

Activated channels, on the other hand, depart from this be-
havior. While current fluctuations are again found to scale like
1/ f 1+a, this relation holds only at very low frequencies ( f < 2Hz).
Significant deviations appear in the range 2Hz< f < 20Hz, and
the power law scaling is only recovered at the highest frequencies,
albeit with a much lower amplitude. Such transitions should in
principle be associated to modifications in the system’s dynamics
between short and long timescales. This behavior directly echoes
recent measurements on activated channels suggesting that the
etched carbon surface is chemically reactive and able to trap ions
over long timescales41.

These results collectively point towards an overall link between
the transport dynamics within the nanochannels and the scaling
of their current fluctuations.

2.3 Scaling analysis of pink noise

An important aspect of Hooge’s law is the scaling of fluctuations
with the average number N of particles within the pore. It was
first noted by Hooge that the variance of fluctuations is inversely
proportional to N:

σ
2
I =

〈
I2
〉
−〈I〉2 ' α

I2

N
. (4)
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Fig. 1 Current fluctuations across 2D nanochannels. (A) Schematic representation of the experimental setup: a nanofluidic channel is placed on top
of a micrometric hole drilled in a silicon-nitride membrane placed between two reservoirs filled with potassium chloride (KCl) solutions. A voltage drop
∆V can be applied on Ag/AgCl electrodes between the two reservoirs while the current is measured. (B) Design of the two types of nanochannels used
here : pristine channels made by assembling atomically smooth 2d material flakes (either graphite or boron-nitride (BN)) or activated graphite where
the channel is etched in bulk graphite with an oxygen plasma36. (C) Current power spectral density of a 7 nm pristine carbon channel for c = 100 mM
KCl solution and a bias voltage ∆V = 700 mV (left panel) and a 20 nm pristine hBN channel with ∆V = 1 V and c = 1 M (right panel). (D) Current
power spectrum of a 6 nm activated graphite channel in a 300 mM KCl solution under a 1 V voltage drop.
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Fig. 2 Current fluctuations under a constant voltage drop. (A, B, C) Low frequency current power spectrum in pristine graphite (height 7 nm),
pristine hBN (20 nm) and activated graphite (6 nm) channels, respectively. The systems are filled with KCl solutions with different concentrations, as
indicated on each panel, and subject to a constant voltage drop of variable magnitude. (D, E, F) Variance of current fluctuations as function of the
dissipated power I×∆V . The variance is computed as the integral of the power spectral density for f ∈ [0.3,13]Hz for the three systems. Data points
of different colors correspond to different salt concentrations or pH. The grey solid lines are guides to the eye and correspond to σ2

I ∝ I∆V . (G, H, I)
Frequency exponent 1+a of the noise power spectrum as function of dissipated power. The exponent is determined by fitting the power spectra with
a single power law of the form SI ∝ 1/ f 1+a. The legend is the same as in (D, E, F) and the grey dotted lines are guides to the eye.
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Fig. 3 Current fluctuations under a concentration drop. (A) Sketch of the experimental setup used to measure a diffusion driven current. The
voltage drop between electrodes is set to zero and the current is measured between two reservoirs with different salt concentrations. The lowest
concentration is set at cmin = 1 mM while the highest concentration is gradually increased up to cmax = 4 M close to the saturation of aqueous KCL at
room temperature. (B) Current power spectrum for vatious values of cmax. (C) Variance of current fluctuations as function of mean measured current
squared. (D) Exponent 1+a of the noise spectrum power law, as function of mean measured current squared.

The precise value of N is, however, difficult to estimate in practice,
limiting possibilities to check this claim experimentally. Indeed,
the number of ions inside a nanometric pore is simply given by the
product of salt concentration and volume. For example, surface
charges modify the local electrostatic potential within the pore,
leading to important modifications in the amount of ions in the
pore42. Similarly, deviations can occur even in neutral channels
if their size is comparable to 1 nm or lower, as ions will then face
an electrostatic energy barrier to enter the channel43 – this lim-
itation is notably important in the case of biological channels44.
While at sufficiently concentration (c ∼ 1M) N can be estimated
as the product of concentration times the channel’s volume, this
prediction is thus expected to fail for diluted solutions.

To overcome this problem, we remark that, if ions do not in-
teract, the system’s conductance can in principle be decomposed
into N individual contributions from all the ions:

G = Ng, (5)

so that the variance of fluctuations can be recast in the following
way:

σ
2
I = αg∆V × I. (6)

This equation takes the form of a fluctuation-dissipation relation,
as the variance of fluctuations σ2

I is found to be proportional to
the power dissipated by the system I∆V .

Experimentally, we evaluate σI by integrating the power spec-
tral density in the low frequency region f ∈ [0.3Hz,13Hz]. This
procedure notably allows us to discard the effect of spikes ob-
served in most spectra at higher frequencies – e.g. at 50Hz due
to the electric grid. On Figure 2D-F, we show the variance as a
function dissipated power I×∆V for various salt concentrations
and voltage drop values. Overall, in our three types of nanochan-
nels, the variance of noise is proportional to I∆V for all tested ex-

perimental conditions, confirming the above analysis. Gathering
our experimental results, we find that pristine hBN and graphite
channels approximately follow Hooge’s law, with a power spec-
trum given by:

SI( f ) = α
σ2

I
f 1+a , (7)

with a = 0−0.5. This relation is only valid at very low frequency
for activated channels, with notable deviations for frequencies
over 3 Hz.

To identify the possible key elements that lead to the emer-
gence of 1/ f noise, we also conducted a second series of experi-
ment where the driving force is not a voltage, but a concentration
drop, so that the ionic current is driven by diffusion rather than
electrostatics (Fig. 3A). We find that pink noise can still be ob-
served in this configuration (Fig. 3B), with a similar exponent
(a' 0.1−0.2, see Fig. 3D). The variance of fluctuations is found
to scale with I2 (Fig. 3C); however, an interpretation of these re-
sults in terms of a fluctuation-dissipation relation is less straight-
forward.

3 Link between pink noise and ion dynamics
In this section, we derive an analytical model accounting for the
observed phenomenology (Eq. (7)), and providing a physical in-
terpretation in terms of ion dynamics. We first start by briefly re-
calling classical approaches to rationalizing pink noise, and show
how they are unsatisfactory. We then present a simple toy model
that captures the essential physical ingredients of 1/ f noise, and
then adapt it current noise in a nanofluidic experiment, starting
from the classical formalism of the Poisson-Nersnt-Planck equa-
tions. Our main result corresponds to the analytical expression
of the power spectrum (Eq. (32)). Readers not interested in the
details of computations and theoretical developments may skip
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directly to next section, where we discuss the physical outcomes
of Eq. (32) and compare our predictions to experimental data.

3.1 Pink noise and intermittency

To our knowledge, there is still a lack of clear consensus on the
origin of pink noise in ion transport. Several mathematical mod-
elling approaches were proposed, though none provided a satis-
factory answer. One of the earliest attempts, based on current
intermittency, dates back to Van der Ziel in the 1950s and was
proposed to explain fluctuations data in metals and semiconduc-
tors21. We recall here this model, for the sake of the argument.
Let us assume that the nanopore through which ions are flowing
can exist in two different states – either closed or open – and that
it randomly switches between the two states due to thermal noise.
Let τ be the average time between two switching events; it can be
expressed as:

τ = τ0e∆E/kBT , (8)

where τ0 is some microscopic timescale and ∆E the energy barrier
separating the two states. An equivalent picture would be that of
a static pore (i.e., that is always open), where ions are trapped
by an energy barrier ∆E, for example due to the presence of op-
positely charged groups on the pore’s surface. Then, the average
time for ions to escape the pore would also be given by Eq. (8),
with τ0 replaced by a diffusion timescale.

In both cases, the current I flowing through the pore will be
an intermittent process, with I(t) alternating between zero and a
finite value. If all ion passing events are independent, then the
time intervals between switching events will be distributed as an
exponential law of parameter τ. Overall, the power spectrum of
I(t) will be given by a Lorentzian:

SI( f )∼ I2

N
(

1+(2π f τ)2
) ∼

f�1/τ

1
f 2 . (9)

As such, this prediction does not match Hooge’s law . However,
if the pore displays some microscopic disorder, it allows to repro-
duce Hooge’s scaling. Let us assume now that there is not a single
trapping site of ions, but rather a collection of sites with different
energy barriers ∆E uniformly distributed between ∆E1 and ∆E2,
playing the role of a quenched disorder. Averaging Eq. (9) over
the disorder, one can show that:

SI( f ) ∼
f2� f� f1

I2

N f
, (10)

with f1,2 = τ
−1
0 e−∆E1,2/kBT .

While this model recovers the scaling of Hooge’s law, the na-
ture of this hypothetic disorder in real ionic systems is hard to
pinpoint. 1/ f noise was often observed in few- or single-channel
experiments17,30 ruling out the possibility of channel-to-channel
variability. A large number of physically different sites should
therefore exist at the level of a single channel for the above pic-
ture to hold. Biological ion channels typically include various
types of functional groups on their surfaces which could play the
role of energy barriers for the passage of ions. However, most
channels are made of a small number of proteins (or a single

protein), and their typical spatial extension (1–10 nm) does not
leave room for the existence of multiple trapping groups. Pink
noise was also reported in artificial systems with vastly different
geometries and material properties17,31–33, including single pores
drilled in 2D materials and crystalline nanotubes where adsorp-
tion sites are - at best - scarce. Thus, we argue that the above
analysis cannot account for the robustness of 1/ f noise.

Another approach, based on intermittency with fat-tailed wait-
ing times between switching events, was put forward by Man-
neville and coworkers45. This only simplifies the problem in ap-
pearance: 1/ f noise is recovered in the case where the average
time for the nanopore to switch from the open state to the closed
one (and vice-versa) is infinite. This assumption does not seem
to hold for biological pores, where well-defined switching times
have been measured around 10 ms. The assumption of a fat-
tailed distribution of switching events is, in practice, equivalent
to that of a quenched microscopic disorder, and does not pro-
vide a satisfactory rationalization. Overall, one general problem
of modelling attempts concerns the typical timescales over which
1/ f noise is measured. It typically appears at very low frequency
( f ∼ 1Hz), whereas most processes put forward to explain its ori-
gin take place over a few milliseconds.

Lastly, pink noise was also reported in experiments on sin-
gle solid-state channels with controlled properties, like carbon
nanotubes, with a priori neither microscopic surface disorder
nor switching mechanisms31,33. While mechanical fluctuations
of atomically-thin graphene membranes have been shown to
strongly modulate the amplitude of pink noise46, it was observed
even in the case of thick and rigid membranes – meaning that its
origin probably does not lie in mechanical fluctuations.

Overall, pink noise has been convincingly attributed to inter-
mittent processes only in specific cases29, leaving its origin in
more general settings unclear. In particular, the above arguments
would interpret pink noise as a surface effect, as it would be gov-
erned by the energy landscape of the pore’s surface. This is in
apparent contradiction with the scaling of fluctuations with N the
number of particles in the bulk of the pore. The first report of pink
noise in synthetic membranes, dating back to Hooge himself20,
concerned pores as big as 15µm, where surface phenomena are
unlikely to play a role.

3.2 Fluctuations in number of charge carriers: the role of
reservoirs

Classical interpretations of Hooge’s law generally reduce pink
noise to current fluctuations localized within the pore, and in-
stantaneously transmitted to the electrodes in the reservoirs. If
this interpretation holds, it can be shown that pink noise must
originate from fluctuations in mobility of charge carriers inside
the pore, as fluctuations in their number would be orders of mag-
nitude lower20. This conclusion is rather puzzling, as the typical
timescale for mobility fluctuations of ions in bulk water is of the
order of a few picoseconds47.

Instead, the role of reservoirs was put forward in recent stud-
ies19,48. It has been shown that taking into account the presence
of reservoirs on each side of the pore strongly impacts current
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fluctuations. More precisely, fluctuations in the number of charge
carriers are strongly enhanced due to long excursions of ions in
the reservoirs. Denoting by g the average contribution of a single
ion to the pore’s conductance, one can estimate that

〈I(t)I(0)〉− I2 ∼ g2
∆V 2 〈N(t)N(0)〉= I2

N
P(t), (11)

where P(t) is probability that a given ion is within the pore at time
t knowing it already was at t = 0 (all ions being independent). By
carrying out the Fourier transform of Eq. (11), one can then show
that in general SI( f ) ∝ f−3/2 19. While this example highlights
the role of the reservoirs, 1/ f pink noise cannot be recovered
from the above analysis without drastic assumptions on the pore’s
geometry.

These remarks are the starting point of our analytical frame-
work, where we focus on the role of reservoirs.

3.3 Pink noise: a toy model

In the above analysis of number fluctuations, we made the as-
sumption that at any time t one could write a relation of the form
I(t)=G(t)∆V , so that number fluctuations within the pore directly
translate into current fluctuations on the surface of the electrodes.
Yet, this relation is expected to hold only on average, as current
fluctuations have no a priori reason of being flux-conservative.

To illustrate how deviations from flux conservation can result
in 1/ f noise, we study the following toy model. We consider a
1D segment [−L,L] containing point-like particles with concen-
tration c(x, t) and diffusion coefficient D. At t = 0, the system is
empty and we start placing particles at random positions inside
the system. The time intervals between two injections of parti-
cles are all independent and distributed exponentially with some
rate ν , so that the injection process can be modelled by a Poisson
point process W (t). At x =±L, electrodes fix the chemical poten-
tial of particles, and play the role of absorbing boundaries so that
c(x = ±L, t) = 0. Our model is represented schematically on Fig.
4A. Overall, we have:

∂tc = D∆c+
1

2L
W (t), (12)

where W (t) is a sum of Dirac delta functions centered at random
times τ1,τ2,... Let I(t) be the total outward flux of particles at
x =±L:

I(t) =−2D∂xc(L, t). (13)

Introducing the Laplace transform as

f̂ (s) =
∫ +∞

0
f (t)e−st dt, (14)

we obtain:

−D
d2ĉ
dx2 + sĉ =

1
2L

Ŵ , (15)

so that the current is given by:

Î(s) =
1
L

√
D
s

Ŵ (s) tanh
√

s
D

L = Ĝ(s)Ŵ (s), (16)

where we introduced the current Green function G. The Fourier

transformed current can then be computed using the following
identity:

Ĩ(ω) = Î(iω)+ Î(−iω), (17)

and the power spectrum density is defined as:

SI(ω) = lim
T→∞

∣∣ĨT (ω)
∣∣ , (18)

where IT (t) is the signal I(t) truncated at time T . In the limit T →
∞, this amounts to truncating only W (t), as G(t) decays quickly to
0 anyway*, so that we obtain the power spectrum of noise:

SI(ω) = |G(ω)|2 SW (ω) = 2πν |G(ω)|2 , (19)

where we used the fact that the power spectrum of a Poisson
point process is a constant. Expanding G(ω) for ω � D/L2 and
introducing the frequency f = ω/2π yields:

SI( f )' νD
L2 f

. (20)

As the flux of particles is conserved on average, the average flux is
I = ν , and since particles are created with rate ν and annihilated
with rate D/L2, the average number of particles in the system
is N = L2ν/D. One may now cast the previous result in a more
familiar form:

SI( f )' I2

N f
. (21)

This equation corresponds to Hooge’s empirical formula, up to a
factor α, e.g. a geometrical factor.

Interestingly, our model provides a natural frequency scale pre-
venting the divergence of the power spectrum at low frequency:
at frequencies lower than D/L2, the spectrum becomes flat, as the
noise is white when averaged over long timescales. In the exper-
iments, L would correspond to the typical size of the reservoirs,
say L ∼ 1cm. This corresponds to D/L2 ∼ 10µHz. Since frequen-
cies that low are generally not measurable, in practice no low
frequency cut-off is observed.

Lastly, we note that the above discussion would not be affected
by making the problem 3D rather than 1D. The dimension of
space strongly impacts diffusion dynamics; in particular, random
walks are transient in 3D and recurrent in 1D. Yet, as long as the
system is bounded by a physical size L, all particles created within
it will eventually hit the electrode, regardless of geometry or di-
mension. In other words, as long as the system has a finite size,
the predictions of our model should not depend on the dimen-
sion of space. A 3D version of our toy model can be developed in
a straightforward manner. While the shape of the Green function
G̃(ω) would be modified compared to the above computation,
its low- and high-frequency behaviours would be left unchanged.
We do not detail here the corresponding computations; however
in next section we will indeed consider a 3D model that also in-
cludes the effects of electrostatics.

* This assertion can be set on rigorous mathematical grounds by expressing ĨT (ω) as
a convolution of G̃(ω)W̃ (ω) with the Fourier transform of a Heaviside step function,
and writing explicitly the definition of SI(ω). We do not present the details of the
computation here for the sake of conciseness.
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Overall, this toy model shows how pink noise can emerge from
diffusion alone. One subtle point is that this behaviour is only
observed if particles are created uniformly in the system, which
may seem surprising. Indeed, if we compare our toy model to
a nanofluidic experiment, the [−L,L] segment would correspond
to one of the reservoirs, and the influx of particles W (t) to ions
exiting the nanochannel – in which case they should appear at
a specific point in space, and the creation process should be lo-
calized, say at x = 0. However, accounting for electrostatic inter-
actions amounts to considering a delocalized creation process, as
we detail in next section.

3.4 Pink noise in ion transport

We now derive a slightly different version of our toy model, where
particles are now ions with charge +1 or −1, and where electro-
static interactions are taken into account.

For the sake of simplicity, let us consider a spherical reservoir
of radius R, whose surface corresponds to the electrode. The cen-
ter of the reservoir is connected to a nanopore, which randomly
fuels ions into the reservoir (see Fig. 4B). Let c+ (resp. c−) be
the space- and time-dependent concentration in cations (resp. an-
ions), ρ = e(c+−c−), with e the elementary charge, be the density
of charges and φ the local electrostatic potential. Assuming all
particles have the same diffusion coefficient D, the current den-
sity is given by

j =−D∇ρ− D
kBT

ρ∇φ . (22)

The electrostatic potential is given by the Poisson equation:

∆φ =−ρ

ε
, (23)

with ε the dielectric constant. The ion concentrations c± by the
Fokker-Planck equation:

∂tc± = D∆c±±
eD
kBT

∇ · [c±∇φ ]+W±δ (r), (24)

where W± corresponds to a stochastic source term due to the pres-
ence of the nanopore. Eqs. (22) to (24) consitute the Poisson-
Nernst-Planck (PNP) framework, and cannot be solved directly
due to their non-linearity. We stress that, on average, the electro-
static field φ is constant in the reservoir, as the external voltage
drop applied by the electrodes almost entirely occurs across the
nanochannel.

In the PNP framework, small perturbations that deviate from
electroneutrality are typically suppressed over a timescale τ0

given by
τ
−1
0 = 8πD`Bjc0, (25)

where `Bj = 0.7nm is the Bjerrum length of water and c0 the salt
concentration. We obtain τ0 ∼ 1µs for D ∼ 10−9 m2 s−1 and c0 ∼
1mM. In other words, deviations to electroneutrality are heavily
spread out in a few microseconds.

Consequently, an ion emerging from the pore creates a small
charge fluctuations that is immediately spread out in the entire
reservoir. We thus make the following simplifying assumptions:
(1) the source term in Eq. (24) is homogeneous in the entire

reservoir and (2) outside of the spreading effect, the electrostatic
potential φ can be neglected in the reservoir. These assumptions
allow us to reduce the problem to a diffusion equation:

∂tρ = D∆ρ +
3eW (t)
4πR3 , (26)

where W (t) is a stochastic source of ions. This formalism no-
tably highlights the fact that current fluctuations are not flux-
conservative, as we now have j ' −D∇ρ. This problem is now
equivalent to our toy model: the fact we chose a 3D spherical
geometry only amounts to replacing the Green function G by:

Ĝ(s) =
3D
sR2

[
1−
√

s
D

Rcoth
√

s
D

R
]
, (27)

and we obtain for f � D/R2:

SI( f )' 2De2

R2 f
SW ( f ). (28)

Again, the ionic current is conserved in average, so that I = e〈W 〉.
In addition, particles that are captured by the electrode are
reintroduced in the second reservoir and eventually reach the
nanochannel again. Overall, it takes a time R2/D for an ion to
travel from the channel to the cathode, and then from the anode
back to the channel. Let N be the average number of ions inside
the channel. Since the channel fuels 〈W 〉 ions per unit time inside
the reservoir, each ion spends on average a time N/〈W 〉 inside the
channel before leaving. Overall, particle conservation imposes:

N ∼ R2

D〈W 〉
. (29)

In general, SW ( f ) 6= 〈W 〉 as ion transport through the nanochannel
can be a correlated process. In that case, W (t) can be modelled
by a point process with a fluctuating rate, with correlations given
by:

CW (t) =
〈W (t)W (0)〉
〈W 〉

. (30)

Then, the power spectrum of the point process reads49:

SW (ω) = 〈W 〉
(
1+C̃W (ω)

)
. (31)

Gathering all previous results, we finally obtain

SI( f )' I2

N f

(
1+C̃W ( f )

)
(32)

Eq. (32) constitutes the main result of our theoretical model. This
results holds for f � D/R2 ∼ 10µHz for R∼ 1cm.

4 Hooge’s law and scaling deviations

In order to make use of Eq. (32), one should first specify the
statistics of the stochastic term W , which represents how ion
travel through the pore. In the following, we consider several
physical scenarios and explore their impact on the spectrum of
fluctuations: (1) uncorrelated transport, (2) ions passing collec-
tively through the pore, (3) ions being trapped inside the pore for
power-law distributed long times and (4) stop-and-go ion trans-
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Fig. 4 Theoretical model of pink noise in ion transport. (A) Schematic representation of the toy model. Point-like particles are diffusing on a 1D
segment of length 2L. Particles are injected by a stochastic point process W (t) that is uniform in space, and absorbed by the boundaries at x = ±L.
The resulting particle current I(t) displays pink noise in its fluctuations. (B) Schematic representation of our model of pink noise in ion transport.
A spherical reservoir of radius R is connected in its center to a nanochannel, injecting charges through a stochastic process W (t). On the reservoir’s
boundary, an electrode absorbs ions by diffusion. (C) Comparison between the experimental power spectrum of 2D nanochannels and the theoretical
model. Blue and orange curves: activated channel (300mM KCl, ∆V = 1V) fitted with adsorption-desorption model (Eq. (42)). I = 70nA and
N = 2× 107 were estimated independently from the power spectrum, and the parameters of the Lorentzian were used as fitting parameters, yielding
A = 8.3 and τ = 45ms. Yellow and purple curves: pristine hBN channel (1M KCl, ∆V = 1V) fitted with the heavy-tailed residence time model (Eq.
(38)). I = 70nA and N = 108 were estimated independently from the power spectrum, and the parameters of the power law were used as fitting
parameters, yielding a = 0.2 and T = 70ns.

1–12 | 9



port due to adsorption on the channel’s walls.

4.1 Uncorrelated transport: Hooge’s law

The simplest case would be that of uncorrelated ions that are gen-
erated at independent time intervals. This situation can be mod-
elled by assuming that W is a Poisson point process, which has a
flat spectrum SW = 〈W 〉, so that we recover Hooge’s law up to a
dimensionless constant:

SI( f )∼ I2

N f
(33)

This results allows us to conclude that deviations from Hooge’s
law can be interpreted as deviations of W from white noise.

4.2 Correlated ions: 1/N scaling

The 1/N scaling of current fluctuations can be readily be inter-
preted as the variance of N independent contributions coming
from each of the ions inside the pore. Therefore, a different scal-
ing would correspond to ion-ion correlations or collective trans-
port; for example, large groups of ions passing through the chan-
nel at the same time, followed by long times with no passage of
ions. We did not observe such phenomenon in our experimental
data, as we found that the variance of current always scales like
I2/N ∝ N∆V 2.

However, this type of deviations would correspond to the case
of a fluctuating membrane that randomly switches between open
and closed states: depending on the membrane’s state, ions may
all pass at the same time, or be repelled together, resulting in
fluctuations that are independent of N.

4.3 Heavy-tailed residence times inside the pore: 1/ f 1+a

scaling

In all types of channels, the frequency exponent was found to dif-
fer from 1. This can again be interpreted in terms of the statistics
of ion transport within the pore. Eq. (32) reduces to SI( f )∼ 1/ f
if SW ( f ) is independent of frequency. Even when all ions are as-
sumed to be independent of each other, this picture breaks down
if time intervals between passages of ions through the pore are
not exponentially distributed – i.e., have a so-called heavy-tailed
distribution. Let us assume instead that two successive creation
events are separated by a time τ distributed as:

P(τ) ∝
1

τ1+a , 0 < a < 1, (34)

then fluctuations of W is given by50:

C̃W ( f ) = 2Re
P̃( f )

1− P̃( f )
. (35)

For low enough frequency, P̃( f )' 1−A f a+ . . . , so that we obtain:

SI( f )∼ I2

N f 1+a ×
4
A
. (36)

This result is fully consistent with experimental measurements –
where we typically observe a∼ 0.2 – and shows how one can link

the statistics of current noise to the dynamics of ions within the
nanochannel.

To illustrate this discussion, we compare our model to exper-
imental data obtained for pristine hBN channels on Fig. 4C. To
this end, we specify a generic power law distribution of waiting
times:

P(τ) =

{
0, if τ < T ,
aT a

τ1+a , if τ > T ,
(37)

where T is a microscopic cut-off time. In this case, we obtain:

SI( f )' I2

N f 1+a ×
4T−a

a |Γ(−a)|cosa π

2
, (38)

where Γ is the Euler gamma function. For the experimental data
presented on Fig. 4C, we measured an average current I = 70nA.
The salt concentration and the dimensions of the nanochannels
used here correspond to N ∼ 108 ions contributing to conduction.
Using then a and T as fitting parameters, our prediction is found
to be in very good agreement with experimental data for a = 0.2
and T = 70ns.

The physical interpretation of such heavy-tailed distributions
is, however, not clear. In ref.51, the authors imaged the diffusion
of a single proton along a hBN surface, and found that interfacial
proton transport displayed power-law distributed waiting times
with a' 0.6, during which protons were trapped on material de-
fects. Their results specifically concern proton diffusion in the
first few layers of water next to a hBN surface: the underlying
physical mechanism is probably different in our cases. However,
this shows that power-law distributed times can be relevant in ion
transport.

4.4 Memory effects in activated channels

Lastly, we can interpret the shape of the noise spectrum in acti-
vated channels. As detailed on Fig. 1D, their spectrum typically
displays a transition between two power law regimes. These two
regimes have similar exponents, but their amplitudes differ by
about one order of magnitude under typical circumstances. The
low-frequency regime displays a much stronger amplitude, which
echoes recent results on activated channels, where long-term hys-
teresis effects were observed in this kind of systems41. This phe-
nomenon was attributed to adsorption-desorption processes on
the walls of the nanochannels. Here, we propose to identify a sig-
nature of such processes in the noise power spectrum, validating
this interpretation.

Let us consider the following simple model: W (t) fluctuates
between a quiescent state W = 0 and an active state correspond-
ing to a Poisson process with rate ν1. A quiescent channel corre-
sponds to particles being trapped on the channel’s surface, while
the active state corresponds to freely diffusing ions. Let α(t) = 0,1
be the state of the system at time t, and p1(t) the probability of
being active at time t, so that for any time t, α(t) is a Bernouilli
variable with parameter p1(t). We assume that the quiescent state
decays to the active one with a constant rate λ , and vice-versa
with rate µ, and that these evolutions are slow compared to the
dynamics of the injection process (ν1� λ ,µ). The rates λ and µ
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can be interpreted in terms of desorption and adsorption rates of
ions, respectively. One has:

dp1

dt
= λ (1− p1)−µ p1. (39)

The correlator of W is thus given by:

CW (t) = ν1 〈α〉+ν1

〈
α2〉−〈α〉2
〈α〉

e−(λ+µ)t . (40)

The power spectrum of the injection process is then:

SW (ω) = 〈W 〉
(
1+C̃(ω)

)
= 〈W 〉

[
1+

ν1µ

ω2 +(λ +µ)2

]
. (41)

Overall, we have:

SI( f ) =
I2

N f

(
1+

A
1+(2π f τ)2

)
, (42)

i.e. C̃W ( f ) is a Lorentzian. On Fig. 4C, we use this prediction to
fit experimental data on activated graphite channels. In the data
presented here, the average current is I = 70nA and N ∼ 2107 can
again be estimated from the salt concentration and the channel’s
geometry. We use A and τ in Eq. (42) as fitting parameters. We
find a very good agreement between the model and experimental
data. In particular, we find that τ ' 45ms. In the limit where
adsorption dominates the dynamics, i.e. µ � λ , we have τ =

1/(λ + µ) ' 1/µ. In other words, τ = 45ms corresponds to the
typical timescale of the adsorption process.

In the limit of high frequencies, we recover SI( f ) ' I2/N f , i.e.
the system follows Hooge’s law. At low frequencies, however, we
instead obtain SI( f ) ' I2/N f × (1+ ν1/µ)� I2/N f in the limit
ν1 � µ � λ . This corresponds to reinforced fluctuations at low
frequencies.

Let us now interpret qualitatively the difference in the ampli-
tude of noise at high and low frequency. Over short timescales
(i.e., high frequencies), ions that are trapped on the channel’s
surface do not have the time to desorb and are therefore ‘frozen.’
In other words, only free ions can contribute to fluctuations. Over
long timescales (or small frequencies), however, all ions can take
part to conduction, resulting in a higher variance.

5 Conclusion
In this work, we studied fluctuations in ionic transport across
2D nanochannels of different materials. In each cases, we ob-
served that the power spectrum of fluctuations approximately fol-
lowed the empirical Hooge’s law, with noticeable deviations. In
most cases, the spectrum was found to take the form of a power
law 1/ f 1+a, with a small but non-zero. In addition, the spec-
trum of activated graphite channels displayed two distinct power
law regimes with different amplitude – radically deviating from
Hooge’s law.

Based on these observations, we built an analytical theoretical
framework that shows how 1/ f noise can emerge in ion transport.
Importantly, we showed that 1/ f noise can be recovered from
diffusion alone, but is caused by the fact current fluctuations are
not flux conservative. As a result, low-frequency fluctuations can

develop inside the reservoirs.

In addition, our framework provides a systematic way of in-
terpreting deviations to Hooge’s law in terms of the dynamics
of ion transport at the level of the nanochannels. In particular,
we showed how power-law distributed waiting times within the
channel can result in scalings of the form 1/ f 1+a in the noise
power spectrum. Lastly, we derived a simple model that can ac-
counts for the phenomenology observed in activated channels.
The transition between the different power-law regimes observed
in such systems can be recovered if one accounts for adsorption
and desorption processes on the channel’s wall, leading to corre-
lations and slow dynamics in ion transport. Our analysis is con-
sistent with previous reports of adsorption-driven memory effects
in activated channels41.

One particularly promising perspective would be to explore in
which sense (if any) the mathematical framework developed here
could extend to other contexts where 1/ f noise is relevant. The
process of ions diffusing through large reservoirs of course can-
not be at the source of fluctuations in semiconductors or neuron
activity. Yet, key ingredients can be identified for pink noise to
emerge, such as the breakdown of flux conservation in fluctu-
ations. In other words, while ions in liquids cannot be modeled
using the same tools as neurons in the brain or electrons in solids,
one could in principle imagine that they share a common mathe-
matical structure.

Overall, this work sheds lights on low frequency pink noise,
which has been consistently reported in ion transport in the last
50 years, with little to no insight on its origin. We notably propose
a universal link between ion dynamics at the nanoscale and cur-
rent fluctuations. Our work also highlights the impact of channel
material on ion transport, opening avenues to probe the proper-
ties of solid-liquid interfaces using current fluctuations.

Conflicts of interest
There are no conflicts to declare.

Acknowledgements
L.B. acknowledges funding from the EU H2020 Framework
Programme/ERC Advanced Grant agreement number 785911-
Shadoks.

Notes and references
1 B. Hille, Biophysical Journal, 1978, 22, 283–294.
2 B. Coste, J. Mathur, M. Schmidt, T. J. Earley, S. Ranade, M. J.

Petrus, A. E. Dubin and A. Patapoutian, Science, 2010, 330,
55–60.

3 G. D. Housley, R. Morton-Jones, S. M. Vlajkovic, R. S. Telang,
V. Paramananthasivam, S. F. Tadros, A. C. Y. Wong, K. E.
Froud, J. M. Cederholm, Y. Sivakumaran et al., Proceedings
of the national academy of sciences, 2013, 110, 7494–7499.

4 F. Viana, E. de la Peña and C. Belmonte, Nature neuroscience,
2002, 5, 254–260.

5 G. M. Story, A. M. Peier, A. J. Reeve, S. R. Eid, J. Mosbacher,
T. R. Hricik, T. J. Earley, A. C. Hergarden, D. A. Andersson,
S. W. Hwang et al., Cell, 2003, 112, 819–829.

1–12 | 11



6 E. A. Lumpkin, K. L. Marshall and A. M. Nelson, The Journal
of cell biology, 2010, 191, 237.

7 A. L. Hodgkin and A. F. Huxley, The Journal of physiology,
1952, 117, 500.

8 B. Martinac, M. Buechner, A. H. Delcour, J. Adler and C. Kung,
Proceedings of the National Academy of Sciences, 1987, 84,
2297–2301.

9 A. Briegel, D. R. Ortega, E. I. Tocheva, K. Wuichet, Z. Li,
S. Chen, A. Müller, C. V. Iancu, G. E. Murphy, M. J. Dobro
et al., Proceedings of the National Academy of Sciences, 2009,
106, 17181–17186.

10 G. H. Wadhams and J. P. Armitage, Nature reviews Molecular
cell biology, 2004, 5, 1024–1037.

11 E. Perozo, A. Kloda, D. M. Cortes and B. Martinac, Nature
structural biology, 2002, 9, 696–703.

12 C. Kung, B. Martinac and S. Sukharev, Annual review of micro-
biology, 2010, 64, 313–329.

13 H. Mao, P. S. Cremer and M. D. Manson, Proceedings of the
National Academy of Sciences, 2003, 100, 5449–5454.

14 A. Fragasso, S. Schmid and C. Dekker, ACS nano, 2020, 14,
1338–1349.

15 F. N. Hooge, Physics letters A, 1969, 29, 139–140.
16 F. Hooge, Physics Letters A, 1970, 33, 169–170.
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