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Abstract

We consider the Ising model on a supercritical Galton—Watson tree T,, of depth n
with a sparse random external field, given by a collection of i.i.d. Bernouilli random
variables with vanishing parameter p,,. This may me viewed as a toy model for the
Ising model on a configuration model with a few interfering external vertices carrying
a plus spin: the question is to know how many (or how few) interfering vertices
are enough to influence the whole graph. Our main result consists in providing a
necessary and sufficient condition on the parameters (p,)n>o for the root of T, to
remain magnetized in the large n limit. Our model is closely related to the Ising
model on a (random) pruned sub-tree T with plus boundary condition; one key
result is that this pruned tree turns out to be an inhomogeneous, n-dependent,
Branching Process. We then use standard tools such as tree recursions and non-
linear capacities to study the Ising model on this sequence of Galton—Watson trees;
one difficulty is that the offspring distributions of T7, in addition to vary along the
generations 0 < k < n — 1, also depend on n.
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Figure 1: A tree of depth n = 15 and its pruned version by a Bernoulli process on its leaves.
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1 Introduction of the model and main results

The Ising model is a celebrated model, studied in depths for over 100 years. It was
first introduced by Wilhelm Lenz and Ernst Ising as a model for magnetism, and was
originally defined on regular lattices; we refer for instance to the books [4, 15] for a
general introduction. Later, the Ising model was also studied on different types of
graphs, starting with regular structures such as the Bethe lattice or Cayley tree, see [28]
for an extensive summary on the subject. The seminal article [19], in which Lyons
identifies the critical temperature of the model on an arbitrary infinite tree, opened the
way to the study of the Ising model and other statistical mechanics models on tree-like
graphs, and, more generally, on random graphs (see for instance [22]).

Motivated by the interest of the model to describe complex networks (see [13] for
a review), the literature on the Ising model on random graphs has grown considerably
in recent years. Let us mention a few relevant results on the subject. First, for the
Ising model on quenched random graphs, the thermodynamic limit of has been studied
in [10, 9, 11] as well as its critical behavior in [12, 17]. Thereafter, the annealed Ising
model has also gotten some attention, see for instance [5, 0] references therein. More
recently, the local weak limit of the Ising model on locally tree-like random graphs was
considered in [1, 23].

However, most of the literature on the Ising model on random graphs considers free
or plus boundary conditions or a homogeneous external field, but there does not seem
to be many results when the boundary conditions or the external field are random (and
depend on the size of the graph). In the present paper, we consider the Ising model
on the simplest random graph possible, a Galton—Watson tree of depth n, but with a
sparse random external field (which may be restricted to the boundary, which is close
to being a boundary condition) whose distribution depends on n. We see our results as
a first step towards the study of the Ising model on a random graph with a few external
interfering vertices.



1.1 General setting of the paper

For a finite graph G = (V, E), we consider the following Gibbs (ferromagnetic) Ising
measure on spins o € {—1,+1}|V‘, with inverse temperature 5 and external field h =

(hv)vev3
Pgﬁ(a) =— ZG exp ( ( Z OyuOy + Zh 0v>> , (1.1)

u, eV veV
u~v

where we denoted u ~ v if {u,v} € E. To simplify the statements and without loss of
generality, we have assumed here that the coupling parameter is J = 1.

In many cases, a natural boundary of V', denoted dV C V, can be identified'. Then,
we can consider the Ising model on the graph G with boundary condition § € {+1, —1}‘9‘/
by considering the Gibbs measure

1
Pé‘,ﬁ(a) = Zh exp (5( E OuOy + E vaU)> . (12)
G.B uwEV\OV uEV\OV,vEIV
u~v u~Y

For the Ising model with external field (1.1), in the case where h,, = 0 for all v € V'\ 9V,
we will say that the Ising model has boundary external field.

Remark 1.1 (Exterior boundary). It might also be natural to consider an exterior bound-
ary of G, denoted 0*G = (0°V,0°*E)), where 0V is a set of external vertices (disjoint
from V) and 0°*F is a set of boundary edges {z,y} with x € V, y € 9*V. We can
then consider the Ising model on G with ezterior boundary condition £ € {—1 +1}aexv
by considering the Gibbs measure (1.2) on the graph G = (V,E) with V =V Ud*V,
E = EU0°E and with boundary condition & on 9V = 9%V,

Notice that, in the definition (1.1), if the external field has value h, € Z, we may
interpret the external field as some exterior boundary condition, where the set {v, h, # 0}
can be interpreted as the boundary. Indeed, it corresponds to adding |h,| extra edges
to v, all leading to vertices with assigned value sign(h,).

Setting of the paper. In the following, we focus on the Ising model (1.1) with external
field with h, € {0, 1}; in fact, we will consider a random external field with either (hy),ev
or (hy)yesy given by i.i.d. Bernoulli random variables of parameter p € (0,1). With an
abuse of terminology, this corresponds to adding a plus (exterior) boundary condition to
the vertices v € V with h, = +1; it indeed corresponds to adding exactly one extra edge
to v, with a plus on the other side of the edge. We refer to Figure 2 for an illustration.

R 'For instance, if G is a subgraph of a graph G = (V, E), the natural boundary is 9V = {v € V,Ju €
V\V st usv}. If G is a finite tree, one usually takes AV as the set of leaves; if V = {—n,...,n}%
one usually takes OV = {(v1,...,vq) € V,3i |v;| = n}.



Figure 2: Representation of graphs with external fields h, € {0,1}. On each graph, we have circled
the vertices where h, = +1. The graph on the left has no natural boundary: we can think of the vertices
with h, = +1 as the boundary, each vertex being connected to a ‘+’ through an extra edge. On the right,
the graph is a subset of Z2 and h, = +1 for all v € V: this is our boundary external field and in the
present case it does not exactly correspond to the Ising model with (exterior) plus boundary condition,
because the corner vertices are connected to a ‘+’ through only one extra edge (to obtain plus boundary
condition one should take h, = 42 for the corner vertices).

One key physical quantity that we are going to study is the magnetization of a
vertex v € V:

m}é’,ﬁ(v) = E}(L;,ﬁ[%} :

A closely related quantity is the probability that a given spin is in the plus state, namely
Py gloy =+1) = (14 mf, 5(v)) and the following log-likelihood ratio

() = log <Pg76(av = +1)> e (1 +mg,ﬁ(v)>
G, - DA (- 1\ | T h (]
A PP 4(oy = —1) 1—mf ,4(v)
Considering a sequence of growing graphs (G,),>1 with associated non-negative exter-
nal fields (that may depend on n), we say that there is spontaneous magnetization at
inverse temperature ( if, choosing for each n a vertex v, uniformly at random in the
graph,the magnetization mgn 5(vn) (or equivalently the log-likelihood ratio rgn 5(vn))
remains bounded away from 0 as n — oo (either almost surely or in probability).

1.2 Ising model on the Configuration Model with interfering vertices

Let us now introduce one of our main motivation for considering a random sparse ex-
ternal field on a Galton—Watson tree: the Ising model on a random graph given by the
configuration model, with a small proportion of additional interfering individuals.

The Configuration Model is a random graph in which edges are places randomly
between vertices whose degrees are fixed beforchand. We refer to [29, Ch. 7] for a
complete introduction but let us briefly present the construction. Let N be the number
of vertices of the graph, and let d = (d;);c[n] be a sequence of degrees, verifying d; > 1;
we also use the notation [N] = {1,...,N}. Then, the configuration model, noted
CMpy(d) is an undirected random (multi)graph such that each vertex ¢ € [N] has
degree d; (self-loops and multiple edges between pairs of vertices are allowed). It is



constructed inductively as follows. As a preliminary to the construction, attach d; half-
edges to each vertex vertex i € [N], so that there is a collection Cy of £ := Zfi L di
available half-edges. Then, construct the first edge of the graph by choosing two half-
edges uniformly at random from Cy and by pairing them; afterwards, remove these two
half-edges from the set Cy. After this first step, the new set C; of available half-edges
contains f/ — 2 elements. This procedure is iterated %E N times, until there are no more
half-edges available; notice that {5 must be even.

Let us stress that the Configuration Model has no natural boundary, but one may
think of having a few additional external vertices that are “interfering” with the graph.
To model this, add My vertices to the initial N vertices of the model (we think of having
My < N), all with degree 1, and call these extra vertices interfering. One can then
proceed to construct the graph as described above, i.e. a configuration model with both
original and interfering vertices?. Notice that, even if interfering vertices have degree one,
an original vertex might have more than one interfering vertex attached to it. The My
interfering vertices may also be interpreted as some (external) boundary of the graph:
in the context of the Ising model, one may consider the model where interfering vertices
all have a plus spin, and try to determine a condition whether there is spontaneous
magnetization on a sequence of configuration models, depending on My, N and the
degree sequence d.

In the case where My < N, another natural (and closely related) way of adding
interfering external vertices is to consider the graph CM y(d) and, to each vertex i € [IV],
attach an extra (interfering) vertex of degree one, with probability py := My /N. One
obvious difference from the previous construction is that each vertex has at most one
interfering vertex attached; also, in the first construction, interfering vertices change the
distribution of the original configuration model. Indeed, an interfering vertex is taking
over from an original one in the first construction, instead of just being added afterwards,
as in the second construction. In the context of the Ising model, this version corresponds
to having a (random) external field given by the spin of interfering vertices, say i.i.d.
Bernoulli. Here again, one may ask whether there is spontaneous magnetization on a
sequence of configuration models, depending on py, N and the degree sequence d.

To summarize, the general question is to determine how many (or how few) inter-
fering vertices are enough to have some influence on a random individual. Since the
configuration model rooted at some randomly chosen vertex o locally behaves like a
branching process see [31, Sec. 4.2] (and also Section 1.5.4 below), we consider in the
present paper, as a toy model, the Ising model on a Galton—Watson tree with randomly
attached interfering vertices, i.e. a sparse external Bernoulli field.

1.3 Ising model on a Galton—Watson tree: main results

Let p be a distribution on N and consider T,, a random tree of depth n € N generated
by a Branching Process with offspring distribution u, stopped at generation n; we will

2The fact that interfering vertices have degree 1 ensures that these vertices cannot interfere with each

other; but one could naturally consider a degree sequence (d:)scn,] for these vertices.



write T = T, if there is no confusion possible. We will denote by p its root and by 9T
the set of its leaves. Also, we denote by P the law of T, and we make the following
assumption, which ensures in particular that the tree is super-critical.

Assumption 1. The offspring distribution u satisfy p(0) = 0 and p(1) < 1. In partic-
ular, v =Y "57 du(d) > 1.

The condition p(0) = 0 ensures that a.s. there is no extinction, so the tree T, a.s.
reaches depth n; additionally, it has no leaves except at generation n. We could weaken
this assumption and work conditionally on having no extinction, using for instance [21,
§5.7], but we work with Assumption 1 for technical simplicity.

We consider the Ising model (1.1) on a tree T with different possibilities for the
external field or boundary condition:

(a) With ‘+’ boundary condition, meaning that o, = +1 (corresponding to an external
field h, = +00) if v € OT; the results are well-known since the work of Lyons [19],
see Theorem 1.3 below. We denote the Ising Gibbs measure P;; P in this case.

(b) With (sparse) Bernoulli external field, in which (h,)yer are i.i.d. Bernoulli random
with parameter p,,, independent of T, whose law we denote by P. We denote by ng g,)

the Ising Gibbs measure in this case.
(c) With (sparse) Bernoulli boundary external field, in which (hy)yeT are i.i.d. Bernoulli
variables with parameter p, := pnl{,coT}; again, we denote their law by P, by a

gf g) the Ising Gibbs measure in this case.

slight abuse of notation. We denote by P

Figure 3: Two Ising models on a Galton-Watson tree with Bernoulli external field h, € {0,1}: the
vertices with h, = +1 are circle and a ‘+’ has been added to them. On the left, the external field
h, € {0,1} lives inside the whole tree (model ngfg)); on the right, the external field h, € {0,1} lives

only on the leaves (model Pglpg))

Remark 1.2. The second model (b) mimics the Ising model on a configuration model
with sparse interfering vertices®; the third model (c) is interesting in itself and will serve
as a point of comparison. We stress that the parameter p, depends on the depth n of
the tree, but is constant among vertices in the tree (no matter their generation).

3Notice that this is not exactly how the local limit of the Ising model on the configuration model
would look like. For instance, the configuration model converges locally to an uni-modular branching
process, that is, the root has a different offspring distribution from the rest of the vertices.



We then consider the root magnetization with external field (or boundary condition)
a € {+, (pn), (Pn)}:

m‘;‘t,g = mi,ﬁ(ﬂ) = Ei,ﬁ[‘fp] ) (1.3)
which is a random variable that depends on the realization of the tree T and of the field
(hy)ver (if the latter is random). We say that the root is asymptotically (positively)
magnetized for the model a € {+, (py), (Pn)} at inverse temperature 3 if

lim lim inf P @ P(my5>¢) =1, (1.4)
where P®P denotes the joint law of T and (hy),ecr. Conversely, the root is asymptotically
not magnetized if m; 5 8oes to 0 in P @ P-probability. Finally, note that these statements
are equivalent if we replace the root magnetization by the log-likelihood ratio ri g =

7y, 5(p) of the root.

Obviously, one can compare the three models (a), (b), (c) above, i.e. external field

(Pn)

or boundary condition a € {+, (pn), (Pn)}: indeed, we clearly have that mz g = m, 7

and m;p ’é) > mg} g). ‘We now state our main results.

(a) With a plus boundary condition on the leaves. First of all, we recall the
seminal result from Lyons [19] about the phase transition of the Ising model on a tree;
we state here only in our simpler context of a Galton—Watson tree.

Theorem 1.3 ([19]). Consider the Ising model on a Galton-Watson tree T with plus
boundary condition. Then we have root asymptotic magnetization (1.4) (with a = +) at
inverse temperature B if and only if vtanh(B8) > 1, where we recall that v is the mean
offspring distribution.

The general result holds for a generic infinite tree T: there is root magnetization
if and only if br(T)tanh(8) > 1, where br(T) is the branching number of the tree T;
we have br(T) = v for branching processes. In other words, Theorem 1.3 identifies the
critical temperature for the Ising model on a tree: 3. = tanhfl(%).
(b) With a sparse Bernoulli external field inside the tree. Let (p,),>0 be a
sequence of parameters in [0, 1]. For each n, we let T,, be a GW tree up to generation n
and we let (hy)yeT, be ii.d. Bernoulli random variables of parameter p,, independent
of T),. Then, we have the following result, which is the main goal of this article.

Theorem 1.4. Suppose that Assumption 1 holds and that u has a finite second moment.
Consider the Ising model on T with sparse Bernoulli external field, with lim, o pn = 0.
Then we have asymptotic root magnetization (1.4) (with a = (p,)) at inverse tempera-
ture 8 if and only if

vtanh(8) > 1 and lim inf (v tanh(8))"p, > 0.

n—o0

In the case where liminf, .. p, > 0, the root is asymptotically magnetized.



In other words, this theorem gives the exact speed at which (py,)n>0 should decrease
in order not to have root magnetization. The first condition in the theorem comes from
Lyons’ Theorem 1.3; the second condition shows that the sparsity of the Bernoulli field
may somehow shift the critical point. For instance, if p, = o™ for some a < 1, then
one has root magnetization if and only if arvtanh(8) > 1, so the new critical inverse

1

temperature is ., = tanh_l(@); note that in that case, the root is also magnetized at

the critical temperature, contrary to what happens in Theorem 1.3.

(c) With a sparse Bernoulli boundary external field on the leaves. We have
a similar result when we put the sparse Bernoulli field only on the leaves. As above,
for each n, we let T,, be a GW tree up to generation n and we let (hy)yeT, be ii.d.
Bernoulli random variables of parameter p, = p,1{,eT,}, independent of T',.

Theorem 1.5. Suppose that Assumption 1 holds and that v has a finite second moment.
Consider the Ising model on T with sparse Bernoulli boundary external field , with
lim,, oo pn = 0. Then we have asymptotic root magnetization (1.4) (with a = (p,)) at
inverse temperature 3 if and only if

vtanh(g) > 1 and lim inf (v tanh(5))"p, > 0.

n—oo

In the case where liminf,,_,oo pn > 0, the root is asymptotically magnetized if and only
if vtanh(B) > 1.

Remark 1.6. In Theorems 1.4-1.5, the second moment assumption on the offspring distri-
bution is actually not needed to show that if v tanh(5) < 1 or lim,,— (v tanh(3))"p, = 0
then the root is asymptotically not magnetized.

Remark 1.7. We could obviously consider a more general sparse random external field.
For instance if (hy)yeT are i.i.d. with distribution (1 — p,)dp 4+ prpy for some positive
random variable Y, one can easily compare this model with a Bernoulli external field
and obtain identical results (provided that E[Y] < 4o00). We have chosen to focus on
Bernoulli external fields for the simplicity of exposition.

1.4 Outline of the proof and organisation of the paper

Let us outline our strategy of proof, which relies on standard tools for the Ising model on
trees, namely Lyons’ iteration [19] for the log-likelihood ratio (we recall it in Section 2.2,
see (2.5)), and Pemantle-Peres [27] relation between the log-likelihood ratio and the
non-linear 3-capacity of the tree, see Section 6.1 for an overview.

After a few preliminaries in Section 2, we prove in Section 3 the upper bound on the
log-likelihood ratio and give the starting point of the proof of the lower bound. More
precisely, in Section 3.1 we use Lyons’ iteration to derive an upper bound on the log-
likelihood ratio of the root for the Ising model with Bernoulli external field inside the
whole tree (which dominates the case where the external field is only on the leaves).
The starting point of the lower bound is presented in Section 3.2: we show that the log-
likelihood ratio of the root for the Ising model with Bernoulli boundary external field is



equivalent to that of the Ising model with plus boundary external field on a modified tree,
that we call pruned tree since it corresponds to removing all branches that do not lead
to some h, = +1. In other words, the Ising model with random (Bernoulli) boundary
external field on T,, corresponds to an Ising model with plus boundary condition on a
random subtree T} of T,. Then, the rest of the paper consists in studying the Ising
model with plus boundary condition on the pruned tree, that we denote T;.

First of all, in Section 4, we show that, under P ® P the pruned tree is actually an
inhomogeneous Branching Process, whose offspring distributions () )o<k<n—1 are explicit
(see (4.2)) and depend on the generation k but also on the depth n of the tree — in
other words, we have a triangular array of offspring distributions.

Then, in Section 5 we show that the pruned tree somehow exhibits a sharp phase
transition. More precisely, there exists some k* := log(p,v™)/log v (which depends on n
and go to 4oo if liminf,_, p, (v tanh 8)™ > 0), such that:

o if k* — k is large, then puj is very close to the original offspring distribution p;
e if k — k* is large, then pj, is very close to being a Dirac mass at 1.

This statement is made precise (and quantitative) in Proposition 5.7. Additionally,
Section 5 contains several technical results quantifying this phase transition for various
quantities of the pruned tree (for instance the mean and variances of ;17 ), that turn out
to be important for the last part of the proof.

Finally, Section 6 concludes the proof of the lower bound on the log-likelihood ratio
in Theorem 1.5 (which implies the lower bound in Theorem 1.4). Relying on the work of
Pemantle—Peres [27], the log-likelihood ratio of the root for the Ising model on T} with
plus boundary condition is of the same order as the (non-linear) L3- or 3-capacity of
T, see Theorem 6.4. Hence, Section 6 focuses on estimating Caps(T},); the estimates
are collected in Proposition 6.5. Using that the L3-capacity is bounded from below by
the (linear) 2-capacity, which coincide with the usual notion of conductance for resistor
networks, Thomson’s principle enables us to obtain (after a few technical estimates) a
lower bound for Caps(T), which concludes the proof. For the sake of completeness,
we also provide in Proposition 6.5 an upper bound on Caps(T}); in particular, we aim
at giving a general scheme of proof to estimate the L3-capacity of any inhomogeneous
Galton—Watson tree. As a side result of independent interest, we find for instance
that for the Ising model on a Galton—Watson tree (with offspring distribution of finite
variance) with plus boundary condition, then at the critical temperature . = tanh_l(%)
the magnetization of the root lies between n~! and n~1/2, see Remark 6.7, which seems
to be a new result (we believe that the correct order is n~'/2, at least if the offspring
distribution admits enough moments, but we leave this to another work since it is not

the main focus of the paper).

1.5 Some further comments

Let us now conclude this section with several comments on our results, suggesting for
instances possible directions for further investigations.



1.5.1 Comparison with a homogeneous but vanishing external field

A first natural question is to know whether the same results as in Theorems 1.4-1.5 would
hold if one replaced the random Bernoulli external field (h,),eT by its mean (E[Ay)])ye-
This corresponds to considering the Ising model on a tree with a homogeneous but
vanishing external field (either inside the whole tree or only on the boundary).

In particular, we want to look at the two following (sequences of) Ising models on the
tree T of depth n: (i) homogeneous external field h, = p, for all v € T. (ii) homogeneous
boundary external field h, = p,, for all v € OT.

Using Lyons iteration as in Section 3.1 would yield that there is no root magnetization
in the first model (hence in the second model) whenever p,, — 0 and p, (v tanh(53))" — 0.
We actually believe that if p, — 0 and liminf,,_,~ p, (v tanh(S))™ > 0, then the root is
asymptotically magnetized in the second model (hence in the first one). This does not
appear straightforward, but one should be able to adapt our proof in Section 6 to derive
such a result. Indeed in view of Lyons’ iteration (2.5), the model corresponds to some
Ising model with plus boundary condition on some modified elongated tree T,,, where T,
is obtained from T, by adding “straight branches” of length ¢ to each leaf of T,, (with ¢
roughly chosen so that tanh(ﬁ)z = Dn), i-e. T, is an inhomogeneous Branching Process
of depth n + ¢ with offspring distribution pj = p for generations k < n — 1 and pg = &1
for n < k < n+¢—1. Then, thanks to Pemantle—Peres [27] comparison theorem, the
problem is reduced to estimating the 3-capacity of T,,. For this, one may use a similar
approach as in Section 6; in particular, we believe that the same estimates obtained for
the 3-capacity of our pruned tree T (cf. Proposition 6.5) hold for the elongated tree T,,.
we do not develop further on this issue since it is not the main purpose of our paper.

1.5.2 About the moment condition on the offspring distribution

Obviously, there are a few limitations on the generality of the offspring distribution
1 that we consider on our Galton—Watson tree. The main restriction that we have is
that p admits a finite second moment. This assumption is useful when we estimate the
effective resistance of the pruned tree T via a Thomson’s principle, see Section 6.2.2;
in particular, by applying Markov’s inequality, we are reduced to estimating second
moments of the size of the tree.

Adapting our proof to the case of an infinite variance (and possibly of an infinite
mean) is an interesting question to consider. It is reasonable to expect that our main
results remain valid in the case of an infinite variance, but this seems technically demand-
ing; for instance one would need to control the tail of the random variables appearing
in (6.11).

In the same spirit, another interesting question would be to obtain sharper bounds
on the 3-capacity of the pruned tree T} (or even of T,), hence of the log-likelihood
ratio of the root, for instance using a Thomson’s principle for the non-linear capacity.
We believe that this improvement would for instance show that for the Ising model
with plus boundary condition, at the critical temperature . = tanh~!(1/v), the log-
likelihood ratio (hence the magnetization) is of order 1/y/n, at least in the case where

10



p admits a finite third moment (since the L? Thomson principle should make third
moments appear). What happens when the offspring distribution p fails to have a third
moment is an extremely interesting question.

1.5.3 Starting with an inhomogeneous, n-dependent, Galton—Watson tree

Keeping in mind our application to the Configuration Model (see Section 1.5.4 below),
let us mention that our method appear to be robust to the case where the initial Galton—
Watson tree T,, of depth n is homogeneous but with an offspring distibution u(™ that
depends on n. In particular, we believe that our results hold simply by replacing v with
v the mean of the offspring distibution u(”), provided that the means (V(”))n>o, resp.
the variances (ai(n))n>0, remain bounded away from 1, resp. 0, and +oc.

The case where one starts with a Galton—Watson tree T,, of depth n which is inho-

mogeneous with offspring distribution (M;(Cn))ogkgn—l should be analogous. One would

need to replace the quantity v" with HZ;(l) I/lgn), where V,gn)

distibution ,uén); again, one should for instance assume that the means (V]En)>0< k<n—1,n>1>

resp. the variances (UQ(H))[K;@@_L“%, remain bounded away from 1, resp. 0, and +oo.
Hi

is the mean of the offspring

1.5.4 Back to the configuration model

Coming back to the configuration model, we may try to use our toy model to make some
predictions. Consider the configuration model recalled in Section 1.2, with N vertices
and degree sequence d = (d;);c[n]- Denote Ny := [{i € [N],d; = k}| the number of
vertices of degree k and let Dy be a random variable whose distribution is given by
P(Dy = k) = Ni/N, which corresponds to the degree of a vertex choosen uniformly at
random. A standard and natural assumption on the model, see [31, § 1.3.3], is that, as
N — 00, Dy converges in distribution to some random variable D and that we also have
convergence of the first two moments of Dy to those of D (assuming that E[D?] < +o0).

Then, it is known from [31, Thm. 4.1] that, choosing a vertex o uniformly at random
and rooting CM(d) at o, the rooted CM(d) locally converges (i.e. can be locally coupled
with) to a branching process with offspring distribution p (except the root which has
offspring distribution D), where p is the distribution of D* —1, with D* is the size-biased
of D; more precisely u(k) := %P(D =k+1).

Therefore, Assumption 1 corresponds to having P(D = 1) =0, P(D = 2) < 1 and
also v =Y 72 ku(k) = ﬁE[D(D —1)] > 1 (note that v < +oo if E[D?] < +00).
The assumption that p admits a finite second moment translates into the requirement
that E[D3] < +oo. Then, we can try to apply our results simply by analogy, i.e.
identifying the configuration model rooted at a random vertex v with a Galton—Watson
tree T,, with offspring distribution p (except at its root) and depth n = loéy log N; the
choice of n is such that the number of vertices in T,, is roughly v" = N. Our results
then translate into the fact that the vertex o is asymptotically magnetized if and only if
lim inf,, o p,v/" tanh(5)™ > 0, or since p, = My /N, if and only if liminf y_,oc My N® >
0, where o := @ log tanh(f).
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However, the approximation of the configuration model rooted at a random vertex o
with a Galton—Watson tree only works up to depth n = clog N for some constant ¢ > 0,
provided that the maximal degree dpyax = maxX,c[N] d, verifies dpax = O(N®) for some
a < 1. This is a reformulation of [30, Lem. 3.3 and Rem. 3.4] in our context: a coupling
can be made between the configuration model CM(d) rooted at a random vertex o and
a (N-dependent) Branching Process up to my = o(1/N/dmax) vertices; if dypax = No)
this corresponds to a depth nn = 21(}%” log N for the Galton—Watson tree. The fact that
loops start to appear in the graph at some point breaks Lyons iteration’s argument and
new ideas are needed. However, one should be able to obtain at least some bounds on
the magnetization of o; in particular, the fact that our result is robust to the case of
a n-dependent Galton—Watson tree could prove useful when working with the coupling
mentioned above.

A natural (weak form of the) conjecture is the following.

Conjecture 1. For the Ising model on the configuration model CM(d) with My in-
terfering external ‘4’ vertices, there exists some & > 0, depending only on the inverse
temperature 3 and the mean v, such that a randomly chosen vertex o in CM(d) is:

o asymptotically magnetized if My > N~ for some e > 0;

o asymptotically not magnetized if My < N~%¢ for some € > 0.

In other words, the threshold for having asymptotic root magnetization should be at a
polynomial number of “interfering” vertices My = N~%to(1): it is natural to guess that
a < a with a := 10;, log tanh(/3), but it is not clear whether & = « or not, which is an
interesting question.

1.5.5 About free boundary conditions and extremal Gibbs states

In the present paper, we focus on a non-negative (boundary) external field. Indeed, it
is natural to consider such a condition to break the +/— symmetry of the model.

Another setting, that has been extensively studied both in the physics and math-
ematics literature, is to consider the (nearest-neighbor, ferromagnetic) Ising model on
an infinite tree with zero external field and free boundary condition. One question is
then to determine whether the free measure Pg is equal to %(P;jr + Pg), with PE, Py
the measures with ‘+’ and ‘—’ boundary conditions respectively. More generally, the
question is to understand the set of extremal Gibbs measures (also called pure states),
and in particular whether this set is reduced to PE, Pj.

On a k-regular tree Ty (or more generally on hyperbolic graphs, see e.g. [33, 34]),
it has been shown that at sufficiently low temperature, there are uncountably many
extremal Gibbs states?, see [15] and [2, 16] for rigorous results (we also refer to [3] for

the case of other finite-spin models). In particular, there are multiple phase transitions;

4In [25], the authors consider a branching plane lattice Z x T and outline the difference between the
multiplicity of extremal Gibbs states on a tree in contrast with Z?, where all translation invariant Gibbs
states are mixtures of PZ_,F,PE, see [3].
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in this context, let us mention [24] which shows that the free Ising measure is a factor of
IID beyond the uniqueness regime (see also [20] for a wider introduction to the problem).

It is then reasonable to ask whether the results on k-regular trees remain valid on
random trees, or on tree-like graphs. As an example of such study, in [23], the authors
consider the free Ising measure on a growing sequence of graphs (G,,)n>1 that locally
converge to a k-regular tree: their main result is that the Ising measure locally weakly
converges to the mixture %(Pg + PE) Our present work raises the natural question
to determine whether (and to which point) this result continues to hold if one adds a
signed sparse (boundary) random external field, i.e. if (hy)yeT (or (hy)yeor) are ii.d.
with law P(h, = £1) = %pn, P(hy, = 0) = 1 — py,, with lim,,_,oo p, = 0. This is in fact
related to the question of the effect of a random boundary condition on the Ising model
(in particular on the coexistence of pure states), in the spirit of [32], see also [14] for a
recent overview. We believe that such questions are natural and promising directions of
research, in continuity of the present paper.

2 A few preliminaries

2.1 Some notation for trees

Let t = (V(t), E(t),p) be a tree’ with root p; with an abuse of notation, we also write
v € t as a shorthand for v € V(t). The distance between two vertices in the tree is the
number of edges of the unique path connecting them.

Given two vertices v, w € t, we say that w is a descendant of v, and we denote v < w,
if the vertex v is on the shortest path from the root p to the vertex w. For a vertex
v € t, we let |v| denote the distance from v to the root p; note that if we have v < w,
we have |v| < |w].

We consider a tree of depth n, that is such that max,et [v] = n.

e We denote tp = {v €t : |v] =k} the k-th generation of the tree t, for k < n.
e Given two vertices v, w € t we say w is a (direct) successor of v, and we note v — w,

if v <w and |v| = |w| — 1.

e For a vertex v € t, we denote S(v) = {w €t : v — w} the set of (direct) successors

of v, and d(v) = |S(v)| its cardinal, i.e. the number of descendants of v.

e We say that a vertex v € t is a leaf if it has no successor, namely if d(v) = 0, and we
denote 0t = {v € t,d(v) = 0} the set of leaves of the tree.

e For a vertex v € t, we let t(v) be the subtree of t consisting of v (as a root) and all
vertices w such that v < w; if v € t is in generation k, we may also use the notation
ti(v) to make the dependence on k explicit.

In the following, thanks to Assumption 1, we only consider trees that have no leaves
except at generation n (0t = t,), i.e. such that all vertices |v| < n have at least one
successor, d(v) > 1.

SRecall that a tree is a connected, acyclic and undirected graph, or equivalently, a graph where every
two vertices are connected by exactly one path.

13



2.2 Log-likelihood ratio and Lyons iteration

One fundamental element of the proof of Theorem 1.3 is the fact that the log-likelihood
ratio of the root magnetization can be expressed recursively on the tree. In this section,
we introduce a few notation and state this recursive formula, that we call Lyons iteration;
for the sake of completeness and because we adapt the iteration in the following, we recall
how to obtain it.

Lyons iteration with plus boundary condition. Let us start by giving the defini-
tion of the log-likelihood ratio r;" 5(p) of the root on a tree t of depth n, with (classical)
plus boundary conditions at temperature 3:

P’ (0, =+1)
ot o (2= )
B Pl (o, =—1)

We also introduce the log-likelihood ratio 7“:; ﬂ(u) of a vertex u € t. We define the
partition function of the Ising model on the sub-tree t(u) with plus boundary conditions

at temperature /3, conditioned on the vertex u (the root of t(u)) having spin a € {—1,1}:

Z5 ) = Y exp (5( Y owout Y a>> (2.1)

oe{—1,1}1t®)] v,wet(u) vedt(u)
Oy=a v~w

Then, we let

41
Z (u)) , (2.2)

rt o (u) =1lo <B
n,ﬂ( ) g ng_l(u)
which corresponds to the log-likelihood ratio of the root of the Ising model in the sub-
tree t(u), of depth n — |u|, with plus boundary condition (we keep the subscript n to
remember that u € t with t of depth n). Let us notice that, for any vertex u € t different
from the root, r:;B(u) does not correspond to log (P:ﬁ(ov = —i—l)/P:’B(UU =-1)).
After a straightforward computation, for u € t\ 0t, we can write (Z:{ﬁa (4))ac{-1,41}

in terms of the partition functions (Z;lF ,Ba(fu)) with v successors of u: we have
+, +,+1 - +,-1
z5w) = ] (e%azﬁ (v) + ez} (v)) . (2.3)
V,Uu—v

We can therefore express the log-likelihood ratio r;" 5(u) in terms of partition functions:

Z+»+1 m €+/BZ+7+1 v +e—ﬁz+,*1 v
=) (RO By
’ 257w~ & P\ 12w+ 25

Defining gg(z) := log (e;f Be_:;l ) , we therefore end up with the following crucial recursion:

> g5(r) 5(v)) if u ¢ ot,
T'n /3(“) = § u—v (2.5)
+00 ifu e ot.
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Lyons iteration with an external field. We can also define, analogously to (2.2), the
log-likelihood ratio of a vertex u € t for the Ising model with external field h = (hy)yet-

For u € t, let Zg’a(u) denote the partition function of the Ising model on t(u)
at temperature S with external field (hv)vet(u), conditioned on the root having spin
a € {—1,+1}. In the same way as in (2.3), we have for v € t \ 9t

25 () = e T (et 25% () + e 257 ).

v, U—v

Then, as in (2.4), the log-likelihood ratio 7" p(u) can be expressed in terms of the condi-
tional partition functions, and we end up with the following recursion, analogous to (2.5):

2Bhy + Y gp(rh 5(v))  ifu ¢ Ot,
7“2,5(“) = u—v (2.6)
28Ry ifu e ot.

Here, we have also used that if u € Jt is a leaf, the log-likelihood ration 7“27 3 (u) is easily
seen to be 28h,,.

Remark 2.1. Note that the Ising model on t with a plus boundary external field hy =
(hy)veot, i-€. hy = +1 for all v € 9t, corresponds to the Ising model with plus boundary
condition on some extended tree, obtained by adding an extra generation to t with
exactly one descendant to all v € 0t, recall Figure 2. In this setting, the log-likelihood
ratios TZJ’B(u) verify the same recursion as in (2.5) but with a different initial condition
on the leaves:

rhi(v) =26 ifvedt. (2.7)

2.3 The case of a non-vanishing sequence (p,),>0

Before we move to the proofs, let us evacuate the case of a non vanishing sequence
(Pn)n>0 in the different models of Section 1.3.

Lemma 2.2. Let T be a branching process satisfying Assumption 1 and consider the
Ising model with sparse Bernoulli external field inside the tree, i.e. model (b) of Sec-
tion 1.3, with parameters (pn)n>0 n [0,1]. If iminf, . p, > 0, then the root is asymp-
totically magnetized.

Proof. To prove this, it is enough to consider the event where h, = +1. On the event

that h, = 1 and since we have rﬁlp")(v) > 0 for all v + p, we get that r,(p) > 25. Hence,

for e < 28 we have P @ P(r,(p) > €) = P(h, = 1) = p,. For such ¢, we get that

liminf P ® P(r,(p) >¢) >0,

n—oo

which concludes the proof. O
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In the case of the Ising model with non-vanishing Bernoulli boundary external field,
i.e. model (c) of Section 1.3 with liminf,,_,o, p, > 0, one obtains a similar result as with
plus boundary conditions, that is Theorem 1.3: the root is asymptotically magnetized
if and only if v tanh(f3) > 1. This is actually a corollary of Theorem 6.4 (from [27]) and
our bounds on the 3-capacity of the pruned tree, see Proposition 6.5 which is also valid
for a non-vanishing sequence (py,)n>0-

3 Upper bound and main arguments for the lower bound

In the section, we consider the Ising model with sparse external field inside the tree, i.e.
model (b) of Section 1.3. We let (py,)n>0 be a sequence in [0, 1] and we give an upper
bound on the log-likelihood ratio and a lower bound in terms of an Ising model on a
pruned tree with plus boundary external field.

3.1 Upper bound: Lyons argument

We show here the following proposition, using Lyons’ iteration (2.6), which gives a
sufficient condition for having no root magnetization.

Proposition 3.1. Suppose that Assumption 1 holds. Consider the Ising model on T
with sparse Bernoulli external field, with lim, . pn, = 0.

Then if lim,,_,o (v tanh(B))"p, = 0, there is no asymptotic root magnetization. More
precisely, there is a constant C' = Cg,, such that

Dn if tanh(B)v < 1,
E® E[rﬁ’fﬁ(p)] <C QP if tanh(B)vr =1,
pn(v tanh(5))" if tanh(B)v > 1.

Proof. This is a simple application of the recursion formula (2.6). Let us first give a
simple bound, valid for a generic tree t and external field (hy)yet.

Using the easy bound gg(x) < tanh(B)x for all x > 1 (note that tanh(f) is the
derivative of gg at 0), we obtain from (2.6) that for any u € t\ 0t,

rl 5(u) < 2Bhy + tanh(B) Z ().

uU—v

Applying this inequality recursively we obtain the following upper bound for the log-
likelihood ratio of the root p:

rhs(p) < tanh(8)* > 28h,.
k=0

ucty

In our specific setting where (hy)yeT is an i.i.d. Bernoulli field with parameter p,,
we need to show that the upper bound goes to 0 in P @ P probability. We simply take
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its expectation with respect to P ® P: we obtain

n

E®E[r?(p)] < 26p, Y (tanh(8)v)*. (3.1)
k=0

e In the case tanh(f)r < 1, the last sum is bounded by a constant and we have that
E® E[rflnﬁ(p)] < ¢pyp, which goes to 0.
o In the case tanh(S)r > 1, we have

BO R[S (0] < gy goa(tanh(8)0)" = 1) < e, (tanh(B)r)"

which goes to 0 under the assumptions of the proposition.
e The case tanh(8)v = 1 is a bit more subtle: taking the expectation in (3.1) gives
the upper bound E ® E[ripg)(p)] < 2Bnpy, which goes to 0 only if p, = o(1). In the

n
general case, we need some extra work. Going back to Lyons’ iteration (2.6) and using
that z — gg(x) is concave, we get by Jensen’s inequality (recalling that v is the mean

offspring distribution) that
E@E[r") ()] < 28pa + vgs(BREFP) (0)])  foru¢ oT,

where u, v are generic vertices at successive generations; note that the expectation E ®

E[rﬁlpg)(u)] depends only on (the distribution of) the subtree t(u) and (hy)yet(u), S0 in

fact only on |u|. Hence, setting y := E® E[ripg)(u)] with |u| = k, we end up with the
following iteration

3 ifO<k<mn,
M<{f“““> posken (32)

with f, g(x) = 28pn + vgg(x), which is a concave increasing function. Let us denote z,,
the unique solution of f,, g(«,) = x,. Then, it is clear that either the initial condition
verifies y, < z, and then y, < =z, for all ¥ < n, or it verifies y, > x, and then
Yr < Yn = 20py for all k < n. We have therefore proven that

pw=E® E[rﬁrfﬂ(p)] < max{28pn, Tn},

and it remains to show that the fixed point x,, goes to 0 as n — oo. But this should be
clear, since x — rgg(x) is a strictly concave function with slope v tanh(3) = 1 at the
origin.

In fact, let us prove that z,, = O(,/py). First, note that vgg(z) < z—cforany z > 1
with the constant ¢ = 1 — vgg(1) > 0 (by concavity), so that f, s(z) < 28p, + x — ¢ for
all x > 1. If n is large enough so that 28p, < ¢, this inequality cannot be verified at
T = Iy, so we must have x, < 1. Then, writing that there is some constant cg > 0 such
that vgs(x) < @ — cga? for all x € (0,1), we get that x, = f, 5(2n) < 28pn + Ty — a2
for all n large enough. We conclude easily that x, < C’B\/]Tn for n large, which is what
was claimed. O
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3.2 Lower bound: comparison with a pruned tree

First of all, we use the Ising model with Bernoulli boundary external field (hy)yeoT, i€
model (c) in Section 1.3, to get a lower bound for the magnetization of the Ising model
with Bernoulli external field in the whole tree, since the magnetization is clearly higher
in the second case.

Now, let us show in this section that, conditionally on the realization t of the Galton—
Watson tree T and on the realization h of a Bernoulli external field (hy)yeoT, the mag-
netization is equal to the magnetization on a pruned (sub)-tree t* with plus boundary
external field Ay = (hy)yeat, i.e. with h, = +1 for all v € 0t*. Informally, the pruned
tree t* is obtained by removing all branches in t that do not lead to a leaf with h, = +1;
we call this procedure the pruning of dead branches, see Figure 4 for an illustration.

To be more formal, given a tree t of depth n and (h,),cgt an external field with value
in {0,1}, let us define indicator variables (Y, )yet as follows:

(3.3)

v _ +1 if there exists v > u, v € 0t such that h, = +1
“ 0 otherwise.

We interpret having Y,, = +1 as the fact that the vertex u belongs to a living branch,
and so has “survived to the pruning”. Alternatively, we can construct (Yy,),et iteratively
starting from the leaves:

e for v € Ot = t,,, set X, := hy;
e iteratively, for u € t\ Ot, we set Y,, = +1 if and only if there is some v + u with
Y, =+1L
We then define the pruned tree as

t* = Pruned;,(t) .= {v e t, Y, = +1}. (3.4)

hAC SRS g

Figure 4: Tllustration of the pruning procedure. On the left, we have represented the tree t and the
leaves with h, = +1 with dots. The picture on the right represents how the pruning procedure proceeds:
in blue are all the “living branches” leading to a leaf with h, = +1; in red are all the “dead branches”
leading to h, = 0, that have to be pruned. The pruned tree t* consists in keeping only the living (blue)
branches.

Let us consider two following log-likelihood ratios, at inverse temperature 3:
e LFor u € t, rﬁ 5(u) is the log-likelihood ratio for the Ising model on t with external
field h € {0,1}9% on the boundary;

e For u € t*, rﬁjﬁ (u) is the log-likelihood ratio for the Ising model on t* with external
field Ay =1 on the boundary Jt (note that we have hy = h|gg+).
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We now show the following lemma.

Lemma 3.2. We have rfﬂ(u) =0 for any u € t\ t* and rﬁﬂ(u) = Tﬁjﬁ(u) for any
u € t*. In particular, the log-likelihood ratio of the root verifies rﬁﬁ(p) = 7',]:? (p).

Proof. We simply need to write the following Lyons recursions (see also Remark 1.1).
On the tree t, we have

h .
ré’B(u) _ u;:v 93 (rtﬁ(v)), if u ¢ ot,
’ 28hy, if v e ot.

Since gg(0) = 0, this readily proves that rfy s(u) =0 if all v € Ot descendants of u verify
hy =0, t.e. if Y}, = 0 and u has been pruned (u € t \ bt*). On the tree t*, we have

h . X
o X el v ot

el pl) = ZE” if ot
, if v € Ot*.

With a slight abuse of notation, we can extend the definition to the tree t by setting
7’,?:’ s(u) =01if u € t\ t*. Now, this extended definition of rﬁj 5 yields exactly the same

recursion as rﬁﬂ(u) So) rﬁfﬁ(u) = rﬁﬁ(u) for all u € t. O

With Lemma 3.2, the rest of the paper then consist in studying the Ising model on
the pruned version T, of a Galton—-Watson tree T,,, with plus boundary external field.
More precisely, we show the following.

Theorem 3.3. Let T, be a Galton—Watson tree of depth n whose offspring distribution p
satisfies Assumption 1 and has a finite second moment, and let (pn)n>0 be a vanishing
sequence. Let T be the pruned version of T, with (hy)yecoT given by i.i.d. Bernoulli
random variables with parameter py,, i.e. T} = Pruned; (T)). Then, for the Ising model
on T with plus boundary external field on 0T}, the root is asymptotically magnetized
if and only if

vtanh(5) > 1 and lim inf (v tanh(3))"p, > 0.

n—oo

We proceed in several steps, which are split into the next three sections:

e First, we prove that, under P ® P, the pruned version of a Galton—Watson tree is an
inhomogeneous branching process, whose distribution is explicit.

e Second, we study the shape of T},. More precisely, we observe that the pruned tree
exhibits a sort of a phase transition: we identify some k* = k*(u, p,,) such that the
pruned tree looks likes the original Galton-Watson tree up k* — O(1) and then looks
like very thin branches from k* + O(1) to n.

e Lastly, we use our previous observation to estimate the (non-linear) 3-capacity of T},
which is known to be related to the root magnetization, see [27].
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4 Pruning the dead branches of a Galton—Watson tree

In this section, we consider T,, a random tree of depth n € N, generated by a branching
process with offspring distribution p such that p(0) = 0. We let p, € [0,1] be a given
parameter and we let T be the pruned version of T with (hy)yegr given by ii.d.
Bernoulli random variables with parameter p,, as defined above in Section 3.2. Recall
that we denote by P the law of T and by P the law of the i.i.d. Bernoulli random
variables (hy)yeor-

The main result of this section is that T}, under P ® PP, is a Branching Process
with inhomogeneous n-dependent generation offspring distributions, that we denote
(13 )o<k<n—1- The fact that T} is a branching process is a priori not obvious, since
the pruning of a dead branch in the tree depends on random variables at the leaves.

4.1 Notation, statement of the result

Before we state the main result of this section, let us introduce some notation. For
k € {0,...,n}, we denote T}, respectively T}, the k-th generation of T, respectively T.
We set, for k € {0,...,n},

v =P ®P(Y,=0) for a generic u € T}, and O :=1— ", (4.1)
where Y, = L{,eT:} is a Bernoulli random variable that indicates whether the vertex u

has survived the pruning, see (3.3).

Remark 4.1. Here, 7,6 are indexed by their generations starting from the root (i.e. from
the bottom of the tree to the top), but it is also helpful to index quantities by their
distances to the leaves (i.e. from the top of the tree to the bottom). In the rest of
the paper, we will denote with a bar quantities that are indexed by the distance to the
leaves: for instance, for k € {0,...,n}, we set

Yk = Tn—k ; Ok = 0pk=1— .
Let G be the generating function for the offspring distribution, that is
oo
G(s) =Bl = Y u(d)s? s €0,1],
d=1

where X is a random variable of distribution . Then, the parameters 7y, can easily be
expressed iteratively in terms of the generating function G.

Lemma 4.2. The sequence (Vi)o<k<n IS characterized by the following iteration:

’70:1_1771 aTLdfO’Fk?E{l,...,TL},’S/k:G(’S/k_l).

Equivalently, we have
Tk = E[(l _pn)|qu .
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Proof. First of all, we have v, =P ® P(Y, = 0) for v a leaf, so by definition (3.3) of Y,
we have vy, =P(h, =0) =1 —py, i.e. o =1 — py,.
Now, notice that for a generic u € Ty with k < n, by definition of Y,, we have that
Y, = 0 if and only if Y,, = 0 for all v’ < u. In other words, for a fixed realization of T
we have
P(Y, =0) = H P(Yy = 0),

u’ u—u’

since the variables (h,) are independent on the different sub-trees T'(u'), u’ +— u. Taking
the expectation with respect to the tree and using the branching property we therefore
get that for k <n —1,

e =E[(ve+1)*] = G(yrs1) -

Using that 4, = ~v,_x, this gives the desired iteration.
For the other formula for 75, we notice that 7, = G°*(1 —p,,), with G°* = Go---0G
(k times). We obtain the desired formula since G°F is the generating function of [Ty|. [

We can now state our main result on the random pruned tree T;. For any k €
{0,...,n}, define yuj the distribution

i) = 5 St (1T oGt den. (1.2
>0

and note that pj also depends on n, through the parameters v and § ( see Lemma 4.2).

Proposition 4.3. The tree T} = Pruned,(T),) obtained by the pruning of the Galton—
Watson tree Ty, by i.i.d. Bernoulli random variables (hy)yecor is, under P @ P, an inho-

mogeneous branching process. Its offspring distributions are (fi§, pi3, - . -, py,_1), where pj
is defined in (4.2) above and fi(d) = dopug(d) for d > 1, fi§(0) = .

4.2 Preliminary observations

Before we turn to the proof of Proposition 4.3, let us comment on the offspring distri-
bution. First of all, fij;(0) is the probability that the whole tree is pruned, i.e. g, and
g is the law fig conditioned on being non-zero. Hence, conditionally on the whole tree
not being pruned, T} is an inhomogeneous branching process with offspring distribu-
tion (11 )o<k<n—1-

We also have some nice interpretation of the distribution p;. Conditionally on the
tree not being pruned, we know that each vertex u € T* has at least one descendant in
OT that has not been pruned; in other words, p;. is supported on N. It turns out that
for u € 17", the number of children of vertex v in T* can be constructed as follows: take
X a random variable with distribution p, so v has X descendants in T; prune these
descendants with probability v;41 independently, but conditionally on having at least
one surviving descendant.
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Definition 4.4. Let n € N and p € (0,1]. A random variable B is said to follow a
zero-truncated binomial of parameters n and p, and we write B~ Bin(n, p) if

PB = k) = l_(ll_p)n(z)pk(l _pt ke{l,..n)

Put otherwise, we have P(B = k) = P(B =k | B > 0) with B ~ Bin(n, p).
For a random variable X, we also write W ~ Bin(X, p) if for any z € N,
=> P(X=dP(B=2z), with B~ Bin(d,p),
d=1
i.e. W ~ Bin(d, p) conditionally on X = d. A similar notation holds for W ~ gi?l(X, D).

Lemma 4.5. For all k € {0,...,n—1}, let X} be a random variable with law py,. Then

we have that X ~ EB(X, 0k+1), where X is a random variable of distribution . Put
otherwise, if By ~ Bin(X, 0p41), then P(X} = 2) =P(By = z | By > 0) for z € N.

Proof. For k € {0,...,n — 1}, let Xj, ~ Bin(X,8541). Letting By ~ Bin(X, 6p11), we
have for z € N,

P(Bk = Z)

with
o
P(By =0) ZM P (Bin(d, 6341) = 0) ZM )(1 = Ok41)? ZM (Y+1)"
d=1

Then P(By = 0) = E[(7%+1)~] = Y&, thanks to Lemma 4.2. Therefore, we end up with

1

P(Xk:fc’): 1_’)%

1 = d —z z *
P = 2) = 5 3 n(@) (1) Cne)0)” = ila)
d=1
which concludes the proof. O

4.3 Proof of Proposition 4.3

Our goal is to write P ® P(T}, = t*) in terms of the offspring distributions (1} )o<k<n—1-
The approach for doing this is to consider all the possible trees t (sampled from T') such
that after pruning we may obtain t*.

First of all, notice that we clearly have P ® P(T}, = () = 70. Indeed, conditionally
on the tree T,,, the probability that the whole tree is pruned is P(h, = 0Vv € T},) =
(1 —pp)l™l, so P@ P(T; = 0) = E[(1 — p,)/™I] = 70, see Lemma 4.2.
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We now work with t* # () of depth n and we write

PoP(T,=t")= > P®P(T =t Pruned(t) =t").
tEBPx (1)

Here, BP,, () is the set of all trees t of depth n generated by a Branching Process of
offspring distribution pu.

Preliminary calculation: offspring distribution. For u € T,,, we denote X, the number
of descendants of u inside the pruned tree T). Notice that the number of successor

of the vertex u on the tree T, (i.e. before pruning), that we denote X, has to verify
Xy = X,,. We have

{XZZd}ZU U {Xy=d+(Y,=0forveV, Y,=1forveSu)\V},
20 VCS(u),|V|=¢

meaning that the vertex u has d + ¢ successors (on T) for some ¢ > 0, and exactly ¢ of
them get pruned.

Using this representation, we can compute the offspring distribution of a vertex u
at generation k. Using that vertices v <— u in generation k + 1 have a probability vxi1
of being pruned and that the events {Y, = 0},., are independent (they depend on
Bernoulli variables (h,) in different sub-trees), we get for d > 0

POP(X;=d) =Y uld+0) ( 5) (1) B (43)

>0
Notice that (4.3) generalizes the iteration v := PQP (Y, = 0) = G(yx+1) of Lemma 4.2.
Now, notice that conditionally on T} # ), a vertex u € T} has at least one de-
scendant in T},. Note that we have P @ P(X; > 0) = P @ P(Y,, = 1) = 0}, since u
has at least one descendant in the pruned tree if and only if it survives the pruning, i.e.

Y, = 1. We therefore get the offspring distribution of a vertex v € T}" in T, (conditioned
on having TF # 0):

PP =d| X0 >0 = & S+ 0" ) ) G = i),
>0

It remains to show that the number of descendants in the different generations are
independent.
Main calculation: probability of having a given pruned tree. Let t* be a non-empty tree
of depth n which is a possible candidate for being a pruned version of a Galton—Watson
tree T. We let d; denote the number of descendants of u € t*; recall that each vertex
u € t* (in generation k£ < mn) has to be such has it has at least one descendant, that is
a4y > 1.

In order to have T, = t*, one must have t* as a squeleton for T, see Figure 5. Then,
similarly as above, we can write the event {T} = t*} as

ﬂﬂU U {Xu=d+0,Y,=0forveV,Y,=1forveSu)\V},
k=0 u€t} €u,>0 VCS(u),|V|=Ly
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meaning that each vertex u € t* must have d;, + ¢, successors in T for some ¢, > 0, with
exactly £, of them getting pruned; the descendants of u inside t* are the v with Y, = 1.

Now, note that the events {Y; = 0} in the above are all independent because they
depend on different sub-trees of T (that lead to leaves with only h = 0); recall that
P®P(Y, = 0) = yx41 for v € T. On the other hand, the events {Y,, = 1} are not
independent, since all vertices v € T such that Y, = 1 are ancestors of leaves with
h. = +1. In particular, having Y,, = 1 for a leaf w € 0T, implies that Y, = 1 for all
ancestors v of w, see Figure 5. However, all the events {Y,, = 1} can be regrouped into
a simpler event {hw = 1,YVw € t}}, which is independent of all events {Y, = 0}; note
that P @ P(hy, = 1,Yw € t) = (p n)lt*\.

All together, referring to Figure 5 for an illustration of the computation, and using
also that the (X,),eT are independent with distribution p, we obtain that

P®P(T H I D e + ) <d ;g )(ml)% X (pn)ltnl (4.4)

k=0 u€ety £,2>0

Figure 5: Illustration of the computation in (4.4): the tree t* is represented in blue and the tree T
whose pruned version is t* is represented in black. For every h,, = 1 in the leaves (represented by a blue
dot), all the ancestors v of w automatically have Y, = 1: this contributes to (4.4) by a factor (pn)/*»!.
A branch that is pruned just above generation k contributes to the probability by a factor vx+1, and
all these pruning events (represented by a red segment) are independent since they depend on distinct
subtrees of T (the corresponding subtrees are circled with dashed lines).

We can now reformulate (4.4). Notice that p, = d,, and that |t}| = Euet* di: we
therefore get that (p, ) Huet* Z£u>0 p(dy +¢ )(d H“)(%H)Z" is equal to

T X u;+6) (d ﬂ)<vk+1>fu<6n>di=<5n_1>'t2—1' II wiea(@),

uety 4 £,2>0 uet*

n—1

where we have used the definition (4.2) of i}, to get that ), o u(d+£) (dM) (Vra1)(0,)4 =
On—14ty_1(d). Similarly, we get that

Sl IT 30 mdi+ ) <d . £><’Y'f+l>“=<m>th I1 i),

u€ty o £y >0 uet*

n—2
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Therefore, iterating, we finally obtain from (4.4) that for any non-empty t*,

n—1
P P(T;, =t")=0d [ [ [] mi(dy).

k=0 uety
This concludes the proof since this gives that for any t*
n—1
PoP(T;, = t*) = i5(dy) [T T] wi(di) = P (T =),
k=1 wuet}

where P* is the law of some inhomogeneous branching process of depth n, with offspring
distribution (&g, 17, ..., 1h)- O

5 Transition in the shape of the pruned tree T}

5.1 Some notation and preliminaries

Recall that X denotes a random variable with law x and that G(s) := E[s*] denotes its
generating function. In all this section, we assume that p(0) =0, u(1) < 1 and p admits
a finite second moment. For k > 1, we denote my, := E[X*] € (1,00] and we assume
that v := m; < 400 and my < +00; we denote o2 = Var(X) = mg — m% We also let

do :=min {d > 1, pu(d) > 0} (do > 1).

As the parameters (yx)o<k<n are defined recursively in terms of the function G, see
Lemma 4.2, let us state the following useful lemma on the function G, whose proof is
elementary (we include it in Appendix A.1 for completeness).

Lemma 5.1. We have the following bounds on G: for all s € [0,1],

1+mi(s—1) <G(s)
p(do)s™ < G(s)

L+mi(s—1)+Cu(s —1)% (5.1)

<
< ildo)s® + 57047, (5.2)

where C, 1= +(mg — my).

As a direct application of (5.1), we obtain the following bounds. For all ¢ € [0, 1],

vt(1-Cut) < F(t) :=1-G(1 —t) <wt, (5.3)

where C,, = C,,/v.
We also state the following lemma on recursively defined sequences u;1 = G(u;).
Again, its proof is elementary but included in Appendix A.1 for completeness.

Lemma 5.2. Let a € (0,1) and ug < 1 — a. Define recursively the sequence (u;);=0 by
the relation uj1 = G(uj). Then:
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(i) If do =1, i.e. u(1) € (0,1), there is a constant Co, = Co(p) such that for all j > 1
uo (1)? < uj < Coupp(1). (5.4)
(ii) If dy = 2, there is a constant co > 0 such that for all j > 1,

J
J—1 4p

() (do) ™1 <y < e O (5.5)

(Note that the decay is doubly exponential in the second case.)

5.2 Some estimates on the parameters (V;)o<k<n

We now study how the parameters (vx)o<rk<n vary. Recall that v is defined in (4.1)
as the probability that a vertex at generation k is pruned, and also that we have set

Yk = Yn—k and 0g = 1 — Yy, O = Op—k-

Lemma 4.2 shows that 7 is defined by the iteration J;11 = G(7%). Hence, we easily
get that the parameters (gk:)ogkgn can be recursively determined in terms of the function
F(t):=1—-G(1—1t)in (5.3). Indeed, for 0 < k < n, we have

ki1 =1= 1 =1-G() =1-G(1 =) = F(0).

A first observation from these iterative definitions is that by convexity of GG, and since
G(1) =1, we get that 511 = G(%) < 7. We therefore have the following:

Lemma 5.3. The sequence (Vi)o<k<n @S non-decreasing; equivalently, (8x)o<k<n 1S non-
1nCcreasing.

The main result of this section is that the parameters (v)o<k<n, Or equivalently
(0k)o<k<n, exhibit a (sharp) phase transition. Let us define:

k* = k*(p,) :==1log, (pnv"), and k*=n—k* =log, (pl) , (5.6)

_ 1
" logv
and often treat k*, k* as integers. Let us note that k* — oo as soon as p,v"" — 0o and

that k* — oo as soon as p, — 0.

where log,,(x)

log x. In the following, we omit the integer part to simplify notation

Proposition 5.4. There are constants ¢; € (0,1) and 0 < c2 < ¢z (that depend only on
the distribution p) such that:

1\ k—k* 1\ k—k*
for all k > k* 01(7) <6 < (f) ,
v v
and, depending on whether dg =1 (i.e. u(1) € (0,1)) or dy = 2,
ifdo=1, (P <y Ceap(1)FF,

< * * *
fO?" all k k {@f do > 2, e—cg(do)k —k —Cz(do)k —k .

< <e
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The lower bounds in the above are not particularly relevant to our purpose (they however
have some technical use in the proofs), so let us write more compactly (whether dy =1
or dy > 2) upper bounds that we will use repeatedly in the proof. There is a constant
c4 > 0 such that
" 1\ Fk—k"
e <eF R g b <k and 6 < (;) for k > k*. (5.7)

The interpretation of Proposition 5.4 (or of (5.7)) is as follows. On one hand, when
k is much smaller than k* in the sense that £* — k > 1, then ~; is very small (or J is
close to 1), meaning that vertices have an exponentially small chance of being pruned.
On the other hand, when k is much larger than £* in the sense that k — k* > 1, then
J) is very small (or v is close to 1), meaning that vertices are very likely being pruned.
The transition is sharp, in the sense that it occurs in a window of size O(1).

One may therefore have the following picture in mind for the pruned tree T} : for
k < k*, T; resembles the original Galton-Watson tree, while for k£ > k*, T has thin
long branches (i.e. with only one descendant per vertex) recalling that the vertices of
the pruned tree are conditioned on having at least one descendant. This picture is made
more formal in Proposition 5.7 below, see also Figure 1 on page 1 for an illustration.

Remark 5.5. In the case where p, = o™ with a € (0, 1), then we have that k* = nlog, ()
with 7, := log, (1) € (0,1). This shows that the transition occurs sharply around
generation k* = (1 — ny)n.

Proof of Proposition 5./. For our purposes, it will be more convenient to work with the
iteration from Lemma 4.2 which goes from the leaves to the root. We therefore prefer
to work with 4y, 0 instead of v, g, and we want to show the following:

C1 = 1 _
= <0 < ———rr for all k < k%,
(v)F" =k k (v)F" =k
@u(l)kil_ﬂ* <Ak < @,,u(l)kil_“* for all k > k*.

The second line being valid if dy =1 (i.e. u(1) € (0,1)), and replaced with

e—ca(do)" 7 < Y% < e—c2(do)" ™"

in the case where dy > 2. The main idea of the proof is to use the iteration 6,1 = F(5)
together with the estimate (5.3), until & is not small enough; we show that this occurs
around k = k*. Then, we apply Lemma 5.2 to the iteration 4,41 = G(5;) starting from
k = k* for which 4. is not too small.

Step 1. We start with some intermediate result which makes use of (5.3).

Lemma 5.6. Let kf = min{0 < k < n : Zf:o C,.0; > 1/2}, with C, as in (5.3). Then,
for all k < k} we have

~(1)¥pn < Ok < ()Fpn. (5.8)

The upper bound is valid for any 0 < k < n.
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Proof. Let 0 < k <n. As 8, = F(6_1), the right-hand side of the inequality (5.3) gives
us 6 = F(0p_1) < vép_1. Applying this inequality iteratively to all §; with i < k — 1,
we obtain
glc < (V)kgo = (V)kpm
where we have used that &y = p,. This proves the right-hand side of the inequality.
Using the left-hand side of (5.3), we have & > vd,_1(1 — C’Mgk_l). Applying this
inequality iteratively to all §; such that i < k — 1, we have

Sk = (V)kg() H (1 - éugz) . (5.9)

By definition of &}, and the fact that C and (5 )o<j<n are non-negative, we have that
Cudp < 1 / 2 for all k < k. Thus, applying the Weierstrass inequality Hl 0 (1 — ) >
1—21 o x; for x; € [0,1], we get that for 0 < k < kf,

k—1 ~ kl~
I] (- cus) Cpub; >

=0 =0

S,
l\D\H

where the last inequality follows again thanks to the definition of k3. This concludes the
left-hand side of the inequality, using again that dy = p,,. O

Step 2. We now show the bounds on 6. First of all, since the bound &, < (v)*p, in
Lemma 5.6 is valid for any 0 < k < n, this gives the desired upper bound, recalling that
k* is such that (v)¥ p, = 1, see (5.6).

For the lower bound on &, thanks to Lemma 5.6 we have a lower bound for all k < k}.
If k* < k} this concludes the proof, otherwise we need to control 0, for kf < k < k*. In
fact, we show that kf is comparable to k*, in the sense that there exist two constants
L1, Lo, that only depend on the the law p, such that

Ly +k* <ki<k*+Ly. (5.10)

To get the upper bound in (5.10), we use that by the upper bound in in Lemma 5.6,
we have

Eol
- %

k; 7
51' < Pn (V)Z = DPn
=0 =0

where we have again used that p, = (V)E*. Thus, by definition of &}, we have that

< V—Zl(u)’%f*’_ﬂ*, which yields kf > k* + Ly, for Ly := log, ( vl )

For the lower bound in (5.10), using the lower bound in Lemma 0.6, we have similarly
as above

1
2C,

kr—1

=0 1=0



Thus, by definition of I%f we have %(V)ET_E* < Qé , which yields the bound %T < k*+Lo,
N
for Ly :=log, (#)

Ch _
Therefore, by the lower bound in Lemma 5.6 and recalling the definition of £*, we
obtain that dz. > a1, for a; := $(v)Fr < 3 (recall we are treating the case ki < k* so

Ly <0). Using that (0x)r>0 is non-decreasing, we get that Sk_ > o for_all /;:i‘ < k < kX
Adjusting the constant (and since (v)¥p,, is of order one for k¥ < k < k*), we therefore
get that for all k < k¥,

or = c1(v)*pn, (5.11)
which gives the desired bound, using the definition of k*.

Step 3. We now conclude the proof by showing the bounds on 7, for k > k*. We have
proven above that dr. > a1 for some a; < 1 that depends only on the law y. Indeed, this
is in the previous paragraph if kf < k*, and follows simply from Lemma 5.6 if k} > k*
since then 03 > 1(v)*'p, = 1.

We therefore get that ¥z <1 — .

We can then apply Lemma 5.2 to uj := Jg.;, for j =k — E* > 0: in the case dy = 1
(1(1) € (0,1)), we obtain

T t(1)F T < qp < Cay u(1)F

and a similar application of Lemma 5.2 gives the correct upper bound in the case dy > 2.

This concludes the upper bound on 7, (the important part), but for the lower bound,
we need to show that 7z. > a9 for some universal constant ap > 0 that depends only
on the law p. To see this, note that the upper bound in Lemma 5.6 gives that 5,;*_1 <
W, = v 50 A = G(Fp_1) < G(1 —v71) =: ag. One can then apply Lemma 5.2
to obtain the correct lower bounds. O

5.3 Transition in the shape of the pruned tree

We now provide a statement that clarifies the intuition that the offspring distribution
., of the pruned tree T}, is close to p for generations 0 < k& < £* and close to a Dirac
mass at 1 for generations k* < k < n — 1. We refer to Figure 6 for an illustration of this
transition in the shape of the pruned tree.

Recall that if p and i are two probability measures on a measurable space (£2,.4),
the total variation distance between p and [ is defined by

drv(p, fi) = Sup [n(A) = p(A)].

An important property of the total variation is that it can be rewritten as dpv(p,v) =
infx~uy~pP(X # Y), where the infimum is taken over all couplings of u,fi, i.e. all
(joint) distributions for pairs of random variables (X,Y) whose marginal distributions
are X ~ pand Y ~ [i.
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Figure 6: Illustration of the transition in the shape of the pruned tree. On the left, we have represented
a tree t with mean offspring v = 1.5 and n = 15 generations. On the right, the picture represents the
tree t* obtained by pruning t with Bernoulli random variables on the leaves of parameters p, = 0.2. We
can observe a change in the pruned tree t* at generation k™ ~ 11; for k < k™, the tree t* looks like the
original tree t, whereas for k > k™ mainly thin branches remain.

Proposition 5.7. There are some constants cq,cy > 0 such that

drov (pj, 1) < cye® =R for kb < E*

drv (1 ><2(3>H* for k > k*
TV M, M{l} X U orrk =z ;
where we denoted by i1y the Dirac mass at 1.

Proof. Let us start with the case k < k*. Recall the interpretation of uj given by
Lemma 4.5: it provides a natural coupling (X}, X) with X} ~ uy and X ~ p, where the

conditional law of X given X is a zero-truncated Binomial Bin(X,d;). Then, by the
interpretation of the total variation distance in terms of coupling, we obtain

drv (i, 1) < P(Xp # X) = Zﬂ(d)P(Bk,d #d| Bra>0),
a>1
with By g ~ Bin(d, 6x41). As y44+1 € [0,1] and d > 1, we have
P(Brg=d) = (6p41)" = (1 = ve1)? > 1 — dyea
P(Bya=0)= (1 —6ks1)* = (y11)? <

recalling also that (7x)x>0 is non-decreasing for the last inequality (see Lemma 5.3). Since
V41 = Yjr—1 < 1 — aq for some a; > 0 (see Step 3 of the proof of Proposition 5.4), we
therefore have

Vi1 < Vg1 for k<K,

1—(1—ypq1)? o4
1= (g1)? o

P(Bga # d | Bra > 0) = Vi+1 5
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so dpv (g, 1) < a%yfy;fH. This yields the desired upper bound thanks to Proposition 5.4;
see also the general bound (5.7).

For the case k > k*, note that for any coupling (X;,Y) such that the marginal
distributions are X;; ~ pj and Y = 1 we have drv (u, 13) < P(X # 1). Using again
Lemma 4.5 that describes the law of X7, we have

P(X; #1)=> pu(d)P(Byg>2| Bra>0),
d>2
with By q ~ Bin(d, dx+1). By sub-additivity and Bonferroni’s inequality, we have

dld—1
(2)<(5k+1)27 P(Bga = 1) > dé —

d(d—1)

P(Bra > 2) < 5

(Op11).

Thus, we have the bound

_ 2
PBra > 2| Bra > 0) < (5k((2d— (1d)(_5k1+)151+1) '

This gives that P(Brq > 2 | Brg > 0) << (d — 1)6341 for d < (8k11)~ 1, using also that
(6k)k>0 is non-increasing. Bounding P(Byq > 2 | Byq > 1) by 1 when d > (Jg41) 71, we

get

(Or41)7!
Zﬂ(d) (B = 2| Bra>0) < Z p(d)dop 1 + Z p(d)
d=2 d=2 d>((5k+1)71

< V01 + P(X > (0p41) ") < 206441,

where we have used Markov’s inequality in the last term. This gives the desired upper
bound, using Proposition 5.4. O

5.4 Mean of the offspring distribution and size of a generation

In this section we estimate the mean and the variance of the offspring distribution of
the pruned tree, and we also observe the phase transition in these quantities. This is
not a direct consequence of Proposition 5.7 since the total variation distance does not
allow one to control moments. We then estimate the mean size of the generation k of the
pruned tree T}, which will reveal useful in Section 6. Some of the technical estimates of
this section are postponed to Appendix A.1.

5.4.1 Mean of pj,

For 0 < k < n, we let X} be a random variable with distribution u; and v} := E[X[]
and (0})% = Var(X}). We now give several estimates on v}, and in particular we observe
the phase transition around k*. We are also able to estimate the variances (0})? (which
bring other useful information on ), but it is of no particular use for the sequel so we
postpone estimates on (0,’;)2 to Appendix A.2.
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Remark 5.8. Recall that in T the offspring distribution of the root is fij, see Proposi-
tion 4.3. However, when the root is conditioned on having at least one descendant (i.e.
T} # (), which is an event of probability d, the offspring distribution of the root is pg.

Let us stress that one can easily obtain a formula for v} (we prove it in Appendix A.2,
see Lemma A.1):

5
vi=E[X]] = %y. (5.12)

We can also show that (v})o<k<n is non-increasing, see Lemma A.2 (also proven in
=

Appendix A.1). We now show that the phase transition observed in Proposition 5.4
translates into the means (v} )o<r<n- Recall the definition (5.6) of k* := log,, (v"py,).

Lemma 5.9. There are constants cyq,c5 (that depend only on the law p) such that

0<v—vf<cge @ =R for k <k, (5.13)
1\ k—k*

ogyg—1<1+C5<f) for k> k", (5.14)
v

where ¢4 is the constant appearing in (5.7).

This lemma shows that v} is very close to v if k* — k > 1 whereas v} is very close
to 1if k—k* > 1. Lemma A.3 complements this information by controlling the variance
of uj,, which is close to the variance of p if £* —k > 1 whereas it is close to 0 if k—k* > 1.
This confirms that the pruned tree roughly grows as a Galton—Watson tree with mean
v > 1 for k < k* (i.e. with an exponential growth rate v) and then the tree does not
grow much more since the mean is roughly 1 for k£ > k*. We make this statement precise
by controlling the mean size of a generation, see Lemma 5.10 below.

Proof of Lemma 5.9. Let us start with the case k < k*. First of all, using that the pa-
rameters (g )o<k<n are non-increasing (see Lemma 5.3), we get from the expression (5.12)
of v} the easy bound v} < v. On the other hand, using that ¢, < 1, we get from (5.12)
that v}, > vdp41. Since dp41 = 1 — Y41, applying the bound in Proposition 5.4, we
obtain (5.13).

For the case k > k*, 0, = 6,_j verifies 641 = F(0;) with F(t) = 1 — G(1 — t), we
have thanks to (5.3) )

Vok1(1 — Cudir1) < O < V0p41.

Therefore, using the expression (5.12) for v}, we get that

Okt1 < 1

1<y = < _
S 1— Cubpm

<1+ 20,0041, (5.15)
for all k such that Cy,dk+1 < 1, using that (1 —2)~! < 142z for € [0, 1]. Hence, using
the bound in Proposition 5.4, this yields (5.14) for k > k3 := min{k, 0541 < 1/(2C,)}.

Similarly as in the proof of Step 2 of Proposition 5.4, one easily gets that k3 < k* + L)

for some constant L) that depends only on the law p; adapting the constant, this yields
(5.14). 0
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5.4.2 Size of the generations

Recall that T} designates the set of vertices in the k-th generation of the pruned tree
T}, and |T}] its size. For ease of notations, let us note Z, = |T}|, for 0 < k < n. By
Proposition 4.3, we have that when the pruned tree is conditioned to be non-empty,
(Zk)o<k<n is an inhomogeneous branching process with offspring distribution pj. We
can construct (Zx)o<k<n as follows: set Zyp =1 and for 0 < k <n

Zy,
Zri1 =Y Xpas
a=1

where (X} q)q>1 is a family of i.i.d. random variables with distribution pj.

More generally and for future use, we may want to study for any 0 < ¢ < j < n the
size Z; j of the population generated by an individual of generation ¢ up to generation j.
The distribution of Z;; can be constructed as follows: Z;; = 1 and iteratively, for

jefi,...,n—=1}, Z; j41 = Zf;ﬂl X}.q- Let us now define, for 0 <i < j < n,

N

7j—1
M = ElZiy) = [ vi. (5.16)
k=i

where M; ; = 1 by convention. We can now show how the pruned tree growth stabilizes
at generation k*; recall the definition (5.6) of k* :=log, (v"py).

Lemma 5.10. There are constants ¢y (from (5.7)), cg,c7, that depend only on the law
W, such that
k* (5.17)

(1 — e_c4(k*_k))(y)k < Mf)k,k < (I/)k for k
< <c k. (5.18)

<
7()F for k >

This can be summarized in a slightly weaker form as follows: for all 0 < k < n,

co () < Mgy < er ()
This lemma properly shows that My grows as (V)k up to £ = k* and then almost
completely stops growing.

Proof. Notice that the expression of v} in (5.12) yields the following expression of M ,:
for all 0 < k < n,

0 0

0,k — V=
: Loy, do
=0

For k < k*, as the parameters (Jx)o<k<n are non-increasing (see Lemma 5.3) and
do < 1, we have



Since d; = 1 — 7%, applying the bound in Proposition 5.4 (or the general bound (5.7)),
we get the desired bound.
For k > k*, the upper bound of d; from Proposition 5.4 yields

11
* k
Mgy < (v) DR 5

Since dp is close to 1 (see e.g. Proposition 5.4), we have the right-hand side of (5.18).
For the left-hand side, using §p < 1 and Proposition 5.4, we have

Mgy, = (1)F6 = ()™
which concludes the proof. O

To conclude this section, we also give some bounds on M} _, o l-€. the growth of

generations at the top of the tree. This completes the overall plcture of the pruned tree.
Recall that k* :=n — k* = logy(pin).

Lemma 5.11. There are constants cg, cg, that depend only on the law p, so that

* 1’}*_]6 1.%
1< n_k’n<1+08(;) . fork <k,

W) <My, < o (V)P for k > k¥,

(5.19)

which can also be summarized as max{1, (v)F=*"} < My ., <1+ c(v)F=+".

Proof. The proof is similar to the above. First of all, we clearly have M> , > 1. For
the upper bounds, we can use that

= Dy = Do <kf[1<1—é 5!
n—~k,n Sk Ok = P n= ’

where we have used (5.9) for the last inequality. As (1 —z)~! < 1+2 < €%, we get that

* ~ < C k
M, ., <exp (C Z ) exp( — (v) )
i=0

where we have used that 8; < pu(v)i for all i > 0, see Lemma .6. Since by definition of
k* we have p, = (1/)"“ we obtain M* Lexp(e()FF") <14 co(v)F " for k < k*.

n—kmn

For k < k*, we use that 1 > 6 > 0z > 1 (see (5.11)) and the fact that 6y = p, =
()7, to obtain

(V)kfk* < * _ _—(y)k < 7(1/)k715* )
k

This concludes the proof. ]
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6 Ising model on T, with plus boundary external field

6.1 Ising model on trees and non-linear capacity

For the Ising model on a tree t with plus boundary condition, Pemantle and Peres [27]
observed that the magnetization of the root (more precisely the log-likelihood ratio) is
comparable to the L3-capacity, or 3-capacity, of the tree, equipped with a specific set
of resistances. We state this as Theorem 6.4 below, but let us introduce the necessary
notation first.

Non-linear LP-capacity. Let us start by defining the LP- or p-capacity for a given
(finite or infinite) tree t = (V, E) rooted at a vertex p; we use analogous notation as
in [27]. We let 0t be the set of maximal paths oriented away from the root. If the tree
is finite, we can identify 0t with the set of leaves of t. For infinite trees, we assume that
there is no leaf and that all paths in 0t are infinite.

The tree t is equipped with a set of resistances on its edges: to each edge e = uv with
u — v, assign a resistance R, := R(e) € Ry and a conductance C,, := C(e) = R(e)~!.
We say that a function 6 : V — R, is a flow on the tree t if for every v € V it verifies
O(u) = >, ., 0(v), i.e. if the inflow is equal to the outflow at every vertex of the tree.
Additionally, we define the strength [0] of a flow 6 as |0 := >, 6(v), that is, the total
outflow from the root p. A flow 6 with |#| = 1 is called a unit flow.

Definition 6.1 (LP-capacity). Let p > 1 and set s = p—1. Then we define the p-capacity
of the tree t with resistances (R¢)ccy as

Cap,(t) == sup 0], with  V,(0) := sup » (6(e)R(e))’ .
0:Vp(0)=1 yEOt ooy

Remark 6.2. We stress that when p = 2, by Thomson’s principle, the 2-capacity Capy(T")
reduces to the usual electrical effective conductance between the root p and the leaves
of the tree; we refer to [21, Ch. 2, 3 & 9] for an extensive introduction on electrical
networks on graphs.

Then, Pemantle and Peres [27] establish a recursive expression for the p-capacity on
a tree. Recall that for a vertex u € V, t(u) denotes the sub-tree of t consisting of u (as
a root) and all descendants of u.

Lemma 6.3 (Lemma 3.1 in [27]). Let t be a locally finite tree with root p. Fix p > 1
and s = p—1. For any vertex u € V, define

¢P(U’) = RU Capp(t(u))a

where R, =1 by convention; in particular, p(u) = Ry, if u is a leaf. Then, for any vertex

u €V, we have )
_ R, op(v
W= 2 R T oy (6.1)
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Relation to Lyons’ iteration. Lemma 6.3 is reminiscent of the iteration (2.5) for

the log-likelihood ratio, namely rg(u) = >, ,, 93(r3(v)). Additionally, [27, Lem. 4.2]
e2Be® 41
e2Pte

observes that the function gg(x) = log( ) verifies

tanh(8)x ) tanh(B)x
(14 coa2)1/2 = 95(@) < (14 cra2)t/2’

for some ¢y, ¢y > 0. Therefore, a direct consequence of Theorem 3.2 in [27] and of the
recursion (2.5) is the following.

Theorem 6.4 (Theorem 3.2 in [27]). Let t be a tree with a set of leaves 0t. There are
constants K1, ke such that, for the Ising model on t with plus boundary condition, the
log-likelihood ratio of the root verifies

1 Capy(t) < 1 5(p) < w2 Caps(t).

Here Caps(t) is the 3-capacity of the tree t equipped with resistances R, := tanh(3)~"l.

This result is used in [27] to obtain a criterion for the magnetization of the Ising
Model with plus boundary conditions on an infinite tree t: Theorem 2.2 in [27] shows
that the root p is magnetized if and only if Caps(t) > 0.

The goal of the rest of the section is therefore to estimate the 3-capacity of the
pruned tree T}. We will prove the following result, which thanks to Theorem 6.4 will
conclude the proof of Theorem 3.3; note that Theorem 6.4 applies with a plus boundary
condition, but can be adapted to treat the case of a plus boundary external field, see in
particular Remark 1.1.

Proposition 6.5. Let T, be a Galton—Watson tree with offspring distribution u satisfy-
ing Assumption 1, and let T} = Prunedy(T,) be the pruned version of T, with (hy)veoT
given by i.i.d. Bernoulli random variables with parameter p, € (0,1], as defined in Sec-
tion 3.2.

e Upper bound. There is a constant ¢ > 0 such that

E®E|[Caps(T;)] < cap (6.2)
with

12 p} if tanh(B)r =1.

In particular, if tanh(5)v < 1 or iflimy, o0 pp(tanh(B)v)™ = 0, then Caps(T;)) converges
to 0 in L', hence in probability.

e Lower bound. If the offspring distribution p admits a finite second moment and if
liminf,, o ppv™ = +00, we have that

min{n~

- {pn(tanh(ﬁ)u)n if tanh(B)y # 1,

limlimsup P @ P( Caps(T;,) < eéy) =0, (6.3)

el nooo
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with
_ ) min{1, p,(tanh(B)v)"} if tanh(B)v # 1,
o= min{n~1, p,} if tanh(S)vy =1.

In particular, if tanh(8)v > 1 and liminf, . py(tanh(B)v)™ > 0, then Caps(T}) re-
mains asymptotically bounded away from 0; more precisely, {Caps(T%) ™} ,50 is tight.

Remark 6.6. In the case where tanh(f8)r # 1, then we identify the correct order for
Caps(T?), hence for the root magnetization: min{1, p,(tanh(8)v)"}. In the critical case
tanh(B)r = 1, we have identified the correct order for the root magnetization only in
the case where p, < n~!, but the upper and lower bound differ otherwise.

Remark 6.7. For the critical Ising model on the Galton—Watson tree, i.e. when one has
tanh(B8)r = 1 and p, = 1, then Proposition 6.5 and Theorem 6.4 give (also applying
Markov’s inequality) that for any € > 0

. € et

limlimint P (- < 7(p) < =) =1
Roughly speaking, it says that the magnetization of the root r;(p) is bounded from
above by O(1/4/n) and from below by O(1/n). To our knowledge, such bounds do not
appear in the literature; our lower bound seems not to be optimal so we believe that the
root magnetization is of order 1/y/n, at least when the offspring distribution admits a
finite second moment.

Proposition 6.5 amounts to estimating the 3-capacity of an inhomogeneous branching
process. We find this question interesting in its own so we try to study this problem in
the most general terms. We will use the structure on the pruned tree only at the end of
the proof, to conclude the argument; the estimates in Section 5 turn out crucial for this
last step.

6.2 Capacity of an inhomogeneous branching process

Let us consider a tree T' of depth n generated by a branching process with inhomogeneous,
n-dependent, offspring distributions (u,(f))ogk@. Note that the offspring distributions
may also depend on n, as it is the case for the pruned tree T}, see Proposition 4.3 and
the definition (4.2) of uj.

For notational convenience, we will simply write p; := u,gn), and we assume that
ur(0) = 0 for all k. We denote vy the mean of py (by convention v, = 1) and for
0<i<j<s<n+1,

7j—1
MiJ = H Vi (64)
k=i
with M;; = 1 by convention. Hence, M; ; is the mean size of a population generated by

a branching process with offspring distribution (j)i<k<;j. We then have the following
result.
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Proposition 6.8. Let T be a tree of depth n generated by an inhomogeneous branching

process with offspring distributions (/,L](gn))(]gk<n, and associated resistances (R, )yer given
by R, = R71Y for some fivzed R > 0. Recalling the definition (6.4) of M; ;, we have the
following upper bound

E [Cap,(T)] < <Zn: <R’€1]\40,€)2> o (6.5)

k=1

n—1 2

For the lower bound, define for 0 < k < n—1 the quantity vy, =1+ ) %, where 02-2
i=k "

is the variance of the law p;. Then we have that for any € > 0,

6.2.1 Upper bound in Proposition 6.8: proof of (6.5)

For u € T', recall the definition ¢p(u) := R, Cap,(T(u)) in Lemma 6.3. Now, consider
the random variable ®; := ¢,(u) for some vertex u € T} chosen uniformly at random
from generation k. Then, as the number of offspring of vertices in the same generation
are independent, by Lemma 6.3 we get for 0 < k < n, with s:=p—1,

-
Cr =R Z (4) 1/37
(@1)°)

where X} is a random variable with distribution u; and ((I);(Q_l)i>l are i.i.d. copies
of ®x1. Note that we also have used that R, = R~I*l here.
Taking the expectation we obtain by the branching property

Dpiq
E[®,] = RukE[s} .
(1+ @5, )

As the function z — x/(1 + 2°)/* is concave, we can apply Jensen’s inequality to the
previous expression: we obtain

E[®) 1] Ruj

E[®,] < R _ ,
P S B R @ ) (L Bl )

(6.7)

Now, defining z, := E[®;]™°, we can rewrite (6.7) as zx > (Rvg) °(1 + zx4+1). By
applying this inequality recursively, we obtain that for all £ < n,

n 1 n—1 n
22> JI®Ry) ™ + 2 [[(Byy) ™ 2D (R M),
i=k j=k j=k i=k
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where we have used the definition (6.4) My, ;11 := H;:k v for the last inequality. Since
20 = E[®o]* and &y = Cap,(T), we get that

n—1 s\ Vs
E [Cap,(T)] < <Z (}%) ) .

=0

This gives a general bound on the p-capacity Capp(T ): with p = 3, s = 2, this is the
bound (6.5), up to an index change. O

6.2.2 Lower bound in Proposition 6.8: proof of (6.6)

Step 1. We start by showing that the 2-capacity of a tree is a lower bound for its
3-capacity.

Lemma 6.9. Let T be a tree of depth n with no leaf excepts the vertices at generation n
and equipped with resistances (Ry)ver. Then, for any 1 < p < p/ we have Capp(T) <

Capp/ (T) .

Proof. Our starting point is Lemma 6.3. Recall that, for a vertex w on the tree T' we
defined ¢,(u) = R, Cap,(T'(u)) and that, for any p > 1, we have Cap,(T'(u)) = 1 when
u is a leaf. Then, Lemma 6.3 shows that for any vertex u € T that is not a leaf we have

N B $(TW) _ « R by (T(v))
T = 2 R T gy T = 2 R G T

with s = p—1, s = p’ — 1. To conclude the proof of the lemma, it suffices to show
that for any 0 < s < s’ we have (14 2°)/* > (1 + z%)/* for any = > 0 and apply this
inequality iteratively. But this simply follows from the fact that for o € [0, 1] and any
a,b >0 we have (a + b)® < a® + b%, so that (14 z%)*/% <1+ z°. O

n
Let us define A, := > RZ;‘\}[’; - Using Lemma 6.9, we can bound
k=0 ’

P (Caps(T) < e(An)~") < P (Capy(T) < e(An) ') .

We can therefore focus on the 2-capacity Capy(7') of the tree; recall that this is the
effective conductance between the root p and the leaves 07" (see e.g. [21, Ch. 2] for an
overview of the theory of electrical networks on graphs). We then write Capy(T) =
Clp <+ OT) = R(p «» OT)~ !, where R(p > OT) is the effective resistance between the
root p and the leaves OT. We are now reduced to showing the following inequality

P (R(p ¢ OT) > e71A,) <P(Wp, < e'/?) +1/3, (6.8)

where Wy , = |Ty|/Mo 5, see (6.10) below.
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Step 2. Our second step is to find an upper bound on the resistance R(p <+ dT). By

Thomson’s principle (see [21, §2.4]), we have
R(p < T,) = inf R.O(u)?, (6.9)
0:16|=1 T

where 6 is a flow on the tree T'.
An upper bound is therefore obtained simply by choosing a specific flow 6 on T

similarly to what is done in [26, Lem. 2.2] (see also [7, Lem. 3.3]), we use the uniform
flow 8 on T'. For a vertex u € T}, in the k-th generation, we let
; | Then (u)]
O(u) = —= ,
=

where we note T}, ,,(u) the set of descendants in generation n of the vertex u, i.e. of
individuals in generation n — k of the sub-tree T'(u). We can easily see that the uniform
flow 0 is a unitary flow: indeed, we have

6p) = 7 2 1Tha
- X
Therefore, by the Thomson principle (6.9), we have

R(p+ T)< D Rub(v) ‘T|2ZZR'“|TM

veV k=0 ueTy

Before we work on this upper bound, let us rewrite it using some notation. For 0 < k < n
and u € Ty, let us define for ¢ € {k,...,n}

1
Whe(u) = m|Tk,e(U)| , (6.10)

and notice that (Wj ¢(u))r<r<n is @ martingale (with mean 1). We also denote Wy, :=
|T)|/Mo 1, the martingale Wy ;(p). Then, we have

— MO,n 2
R(p+T) Wo s Z k <Mkn) ng:k Wi (v)?

1
Wk 1)2,
WOnQZMOk O’kUEZTk n(v)

where we have used that Mo, = Mo My, p.

(6.11)
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Step 3. We are now ready to conclude the proof. Using the above inequality and
decomposing according to whether Wy, is small or not, we have

P(Rp o 1) > ) €2 (35 52 Wl > < o )

vET

<P(Won <e'?) +P<Z Mo Vo N W) el/SAn>

veTy
—k
<P(Won < e?) 4 134; 12 —E[(Wi.)?].

where we have used Markov’s inequality for the last part, together with the fact that
(Wkn(v))ver, areii.d.; here Wy, denotes a random variable with the same distribution.
Now, (|Tk.¢|)o<e<n is an inhomogeneous branching process with offspring distribution
(le)k<o<n: it is standard to get that

E[|The1]*] = 00)’B[|Trel*] + 07 B[|Tkel] = (o) *E[|The|*] + 07 My e,

where 03 is the variance of the law puy. Iterating, we get that

n—1 n—1 2
21 _ 2
E[|Tn*] = (M) +Z;(Mm) o Myi,  so E[(Win)?] = sz A = Ve
This concludes the proof of (6.6), recalling the definition of A,,. O

6.3 Conclusion of the proof of Proposition 6.5

We now apply Proposition 6.8 to obtain an upper and a lower bound on Caps(T;),
which is the content of Proposition 6.5.

6.3.1 Upper bound on Cap;(T;): proof of (6.2)

By Proposition 6.8, we have that

n

—1/2
E ® E[ Caps(T;,)] < (Z (R’fll\/.fo,)?) ’
k=1 ’

with R := tanh(8) < 1 and M/, is defined in (5.16). We now use Lemma 5.10 to get
that

n

_ 1 \2 . N ok \—2(kAK*
C71Kn < Z (m) < ¢ 1K, . with K, := ZR 2]‘3(1/) 2(kAKT)
k=1 ) k=1

Now, we can easily study K, depending on the value of Rv; note that we only need a
lower bound on K, since the above shows that E ® E[Caps(T})] < K2
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o If Rv # 1, then keeping only the term k = n in the sum, we have

Koz 072 R = ()

where we have used that n — k* = log,,( -). We end up with
E ® E[ Caps(T;,)] < cpn(Rv)",
which gives (6.2) in the case Rv # 1. Note that it goes to zero if lim,,_, oo pp(Rv)™ = 0.

o If Rv =1, then we have

k*
ST ST R S ) S k)
k=1 k=k*+1

where we have used that R* %" = 1/v" %" with 1" %" = VR = pin, by the definition (5.6)

of k*. Now, notice that k* = n — logl,( ) so either p, < n~Y2 or p, > n~1/? and then

> n/2. We therefore end up with K > cmax{n,an}, so that
E®E[Cap3(T*)] ¢ min {n ,pn}.

This concludes the proof of (6.2) in the case Rv = 1. O

6.3.2 Lower bound on Cap;(T;): proof of (6.3)

Applying Proposition 6.8, we need to control the two quantities in (6.6). We treat them
in the two following lemmas.

Lemma 6.10. Let o}, be the variance of the law pj and My,

= H;_}v Vi as defined
n (5.16). Then, there exists a constant C > 0 such that for all0 < k< n

ik
Vkn :=1+Z ]WZ* <C.
i=k ki

Lemma 6.11. Let Wy, = o

*|. Then, if liminf,,_, . ppv™ = +00, we have

hmhmsupIP’(WOn < ) =0.

el0 n—oo

Using these two lemmas, we get from Proposition 6.8 that

lsliglhmsupPQ@P(Cap?) (ZR’“M* ) ):O,

n—o0

Using again Lemma 5.10 to bound Mg, , we get that

n k* n

- Z 1 - . - Z _ e Z _
CKn < W < C/Kn with Kn = (RV) k + (V) k R k y
k=1 0,k k=1 k=k*+1
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so that lim. o limsup,,_,., P ® P(Caps(T},) < e(K,)~') = 0 and we now need to con-
trol K,, depending on the value of Rv; note that we only need an upper bound.

o If Rv # 1, since R = tanh(f) < 1, we have that

- 1 . . c’ c
n < 1 _ —k —k —-n g /
Rv — 1( (F)™") +e() " R o (Rv)k” + pn(Rv)™’

where we have used that (v)"~* = 1/p, by definition (5.6) of k*. In the case Ry <1
(where we already know that Caps(T}) goes to 0 in probability) we get that K, <
C

PR OIEE note that this upper bound diverges. In the case Rv > 1 the upper bound is a
1

constant times max{1, W}' This concludes the proof of (6.3) in the case Rv # 1.

Note that in the case where Rv > 1 and liminf,,_,o pp(Rv)™ > 0, then limsup,, . (K,)~' <
+00, 0 it proves in particular that lim. o limsup,,_,,, P @ P(Caps(T}) < ¢) = 0.
o If Rv =1, then similarly to the above, we have

K, <k +cv)™R™ < ¢ max{k*,(v)" ¥} = ¢ max {k*,p;'}

recalling that (v)"~*" = 1/p,. This concludes the proof of (6.3) in the case Rv =1. [

6.3.3 Last technical lemmas: proof of Lemmas 6.10 and 6.11

Proof of Lemma 6.10. We start with the case where k > k*. Then, splitting the sum in
the definition of vy, (see 6.8) according to whether ¢ < k* or i > k*, we obtain

k* (g’.")Z n—1 (0’*)2 k* ‘ n—1
a1+ SR 0 5,
; ki i=k*+1 ki i=k i=k*+1

where we have used that (07)? < ma, see Remark A.4, that M, = % > c(v)"F for
k <1 < k* thanks to Lemma 5.10, and finally that M;;i > 1 in the case ¢ > k*. The first
sum is finite since v > 1, and the second sum is also finite, using that (07)% < cv ="
for ¢ > k*, see Lemma A.3.

In the case where k£ < k*, then we have similarly

Via =14 SE-<1+) (07),
i=k Tkt '

that last sum being also bounded by a universal constant. O

Proof of Lemma 6.11. First of all, let us observe that in the general case of a branching
process with inhomogeneous, n-dependent, offspring distributions (M](Cn))lgkgn, one can-
not use a martingale convergence as one would for a homogeneous branching process.
For the pruned tree, we now give some ad-hoc proof, which uses the structure of the
tree. For completeness, we give in Appendix A.3 and alternative line of proof that one

should follow in the general case.
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In the case of the pruned tree T, we use the fact that the distribution of |T| is
explicit: conditionally on |T},|, it is a binomial Bin(|7},|, p,). In particular,

Mg, = E[|T;| [ |T;] > 1] = 6 'E[|T;|] = 65 'pur™,
with g close to 1. We therefore get that

P(|Ty| < eMoy) < P(IT| < 2ev™) + P(|Tn| = 260", Bin(|Ty|, pp) < €6y 'put™)
< P(|Ty| < 2ev™) + P(Bin(2e",p,) < €65 'par™) -
The second probability clearly goes to 0, as long as liminf,,_, p,™ = +00 (using also
that dp goes to 1). For the first probability, we use that T is a homogeneous branching

process: we have that (,,%|Tn’)n>0 is a martingale that converges almost surely to a
positive random variable W (recall we assumed that ;(0) = 0). Hence, we get that

limsup P (|77 < eMy,) < P(W < 2¢),

n—o0

which goes to 0 as € | 0 and concludes the proof. O

A Some technical proofs and comments

A.1 About recursions: proofs of Lemmas 5.1 and 5.2

Proof of Lemma 5.1. Recall that G is the generating function of a random variable X €
N with mean m; and second moment ms.
For (5.1), by the Taylor-Lagrange theorem, for all s € [0,1] there exists z; € [s,1]
such that: o
G(s) :G(l)—l—G’(l)(s—l)—l—;ﬂ:l)(s— 1)2. (A.1)
By convexity of the function G, we have that 0 < G”(x1) < G”(1) = ma — my. Since
G(1) =1, G'(1) = ma, we therefore obtain from (A.1) that for all s € [0, 1]

L ma(s — 1) < Gls) <1 +mu(s — 1) + %(m2 —ma)(s— 1),

which is the desired bound.
The bounds of (5.2) are easily deduced from the definition G(s) = ;- u(i)s®, using

that s* < s%F! for i > dy + 1 and Y izdgs1 H(i) < 1 for the upper bound. O
Proof of Lemma 5.2. Thanks to the bounds (5.2), we have for any j > 1
p(do) (ujm1)® < uj = Gluj1) < pldo) (uj1)™ + (uj—1)®*.

Thus, by iteration, we obtain for j > 1,

-1 . . i-1 4 it NG
Hﬂ(do)d6X(Uo)dé<UJ<HM(do)d6><(Uo)dé1XH<1+ “) . (A2

=0 =0 1=0

44



(i) In the case dy = 1, the lower bound is directly given by (A.2). For the upper
bound, we only need to control [/ (1 + (1)u1) We use that, G being convex, G(s) <
G(-a)

l—«a

u; < (pa)iup for all i > 0. This leads to the following:

pas for all s € [0,1 — o], with p, = < 1: we easily deduce by iteration that

j—1 Jj—1
1

111) <1+ ;:1)) < exp (ull);uz) < exp (%1 —Pa> < Cl,

-«
with Cy := e#MT-ra)  which proves (5.4).
(11) In the case dy > 2, the lower bound is also immediate from (A.2), since Z] Vi =

Z] For the upper bound let us start by noting that if u(dg) = 1, then we have the

exact formula u; = (uo)d , with ug < 1—a. If u(dg) < 1, then there is some vg € (0, 1)
such that G(s) < s% for all s < vp. Since there is some j, such that u; < vy for all
j = ja, we get as above that for j > j,

gi—ia

uj < (uy, )% < exp ( — (daj‘* log vo)dé) .

Adjusting the constant to deal with the terms j < j,, this gives the desired bound. [J

A.2 Complementary estimates on the offspring distributions

For 0 < k < n, let X; be a random variable with distribution p (the offspring distribu-
tion of the pruned tree) and let v} be its mean and (o})? its variance.

Recall also Lemma 4.5 which says that X; ~ E;l(X ,0k+1), where Bin denotes a
zero-truncated binomial, i.e. a binomial conditioned on being strictly positive, see Defi-
nition 4.4, and X is a random variable with law u. For later reference, if B~ Bin(n, p),
its mean and variance are given by

E[B}:ﬁ’ Var(B) = ﬁ(l—p—(l—pﬂLn}D)(l—Mn)- (A.3)

Recall that v, ma denote the first and second moment of the offspring distribution pu.

Lemma A.1. Let X; be a random variable with distribution uy. then

E[“ck] 6k+1 v,
O
*\2 ¥\ __ o % m2 _ ok
(0%)” = Var(X}) = v}, (1 + Ok+1 (T/ 1) Vk> .

Proof of Lemma A.1. Letting By ~ Bin(X, dx11), we have thanks to Lemma 4.5 that

y;:ZzP(X,’; Zzp gk;g 5kZzP By = z),

z>1 z>1 z>1
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where we have used that P(By = 0) = 7, so P(By > 0) = dy, see the proof of Lemma 4.5.
Working with the definition of By, we easily see that

Z 2P(By, = Z w(d Bln d, 5k+1)} = k11 Z u(d)d = Ogy1v .

z=1 d>1 d=0

For the expression of the variance, let us compute the second moment of X}': for
0 < k < n, similarly as above we have

1
E[(X})?] = 5 > ZP(By = =5 Z” E[Bin(d, 6+1)%]
z>1 =0

1
=5 (k1 Vo1V + Gpyyma).

Thus, by computing E[(X})? — E[X}]?, we get the following expression for the variance:

vy b 5
(07)* = % <’Yk:+17/+ Op+1ma — %( v) ) )

which gives the correct expression, using the formula for v;}. O
We now give some property of the means (v} )o<r<n-
Lemma A.2. The sequence of means (v} )o<k<n iS5 non-increasing.

Proof. We start by writing v; only in terms of the random variable X with distribution
and of the parameter vi1. Ngt\e that, since conditionally on X the random variable By
is a zero-truncated binomial Bin(X, 1 — yx41), we have

1—
Thus, v; = E[f(yk+1,X)] for f(z,y) = M As X > 1 and 7,41 € [0,1] is non-
-z

decreasing, it is enough to prove that z — f(z,y) is non-increasing on [0, 1], for any
y=>1.

Fixy > 1 and let fy(z) == f(z,y), gy(z) = 2¥ —1+ya¥"1(1—z) for z € [0,1]. Thus,
we can write

/ . Yy
fy(@) = mgy(ﬂf)-
We can easily see that, for y > 1 and = € [0,1], we have g,(z) < 0, as g,(0) = —1,
gy(1) = 0 and = — g, () is non-decreasing. Therefore, f;(z) < 0 for 2 € [0,1], which
concludes the proof. O

Let us now study the variances ((0})%)o<k<n and prove a statement analogous to
Lemma 5.9; in particular we also observe the phase transition from Proposition 5.4 in
terms of the variances. Recall the definition (5.6) of k* := log, (v"py,).
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Lemma A.3. There are constants c,c (that depend only on the law p) such that:

1\ k—k*
*2< - > L* )
(0%) \c<y) for k > k*, (A.4)

[(0F)? — 02| < et =h) for k < k*. (A.5)

Remark A.4. Note that we have no monotonicity for the sequence (0} )o<k<n—1, nor the
upper bound (0})? < 0? in general. Indeed, choosing u(dg) = 1 for some dy > 2, then
0? =0 but (0})? > 0, since then u} is a zero-truncated binomial 1§i?1(d, Sk+1). On the
other hand, we have a general (easy) bound: (0})? < E[EE(X, Srei1)?] < E[X?] =: ma.

Proof. Recall from Lemma A.1 the formula: (7)) = v} (14 k1 (22 — 1) — ).

1%
For k > k*, using Lemma 5.9, we get that v; <mj and 1 —v; <0, so

(05)? < Gpg1(ma —v),

and we directly get the upper bound (A.4) thanks to Proposition 5.4.
For k < k¥, using that dx11 = 1 — y%41 and setting ¢;, := v — v > 0, we have
(bounding also v} < v),

(UZ)Q<V<1_V+5k+%_1_7k+1<?—1>> <o+ e,

where we have used that 2 —1 > 0. Using Lemma 5.9, we get the desired upper bound.
For the lower bound, we write similarly
o2

2 1)) > 02— ¢y — Yet1(ma —v).
v v

m m
@i > —e)(1=v+ 22 =1y

Using Lemma 5.9 and Proposition 5.4, this concludes the proof. ]

A.3 About general inhomogeneous, n-dependent, branching processes:
alternative proof of Lemma 6.11

In this section, we give an alternative proof of Lemma 6.11, following a different scheme
of proof that remains valid for general inhomogeneous, n-dependent, branching processes
T, with offspring distribution (/J,](Cn))(]gk<n; note that what makes the result non-trivial
is precisely the n-dependence since one cannot use almost sure martingale convergence

results. We denote vy, a]% the mean and variance of pg = u,in).
We define Wy, := ﬁﬁnl as in Section 6.2 and we want to control P(Wp, < ¢).

Equivalently to Lemma 6.11, we want to prove the following:
lim limsupE[e_AWO’"] =0. (A.6)

A—00 n—oo

We let Gy, = G](:L) be the generating function of py (recall we assumed pux(0) = 0),
Gul(s) = S pe(d)s? s €0,1]
d=1
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and we note that G, = GopoG1o---0G,_1 is the generating function of 7,,. Hence, we
can rewrite E[e"*Won] = Gy, (e7*Mon). Since, for any fixed A > 0 and n large enough,
we have e MMon L 1 — %, we get that (A.6), hence Lemma 6.11 is equivalent to
having

lim limsup G, (1 _ ) ~0. (A.7)

A—=00 p—oo MO,n

_ Let us describe the general strategy to prove (A.7). For s € (0,1), define the sequence
(T (5))o<kn as

Co(s) :

Fk(s) :

r

S

0 pr—
k=Gn o 0Gu_1(8) = Gnr(Tr_1).

Il
=

Note that we keep the notation T'j, (instead of I'y) in analogy with Section 5, since we
index our quantities in terms of the distance to the leaves.
The general strategy of proof can then be decomposed into the following steps:
1) Find & = R(\, n) such that for s := 1— ﬁ we have 'z (s) < 1—1n, for some universal
constant n > 0.
Informally, & is the number of steps needed for ['x(s) to start getting away from 1.
2) Show that n — & > ko(A) uniformly in n, with lim,_,. xko(A\) = +o0.
Informally, this tells that after % iterations there are still many iterations remaining.
3) Show that for any n > 0 and any € > 0, there exists some universal k,. > 0 (i.e.
that does not depend on n) such that Gopo---0Gy(1 —n) < e for k > k..
Informally, this tells that if one has reachfd I, <1 -7 and that a large number of

iterations remains, then ', := G, (1 — 74, ) is small.

These three steps indeed allow us to prove (A.7): applying Step 1, we have by
monotonicity of the generating functions,

A
MO,n

GTn(l— )gGoo---oGn_R*(l—n).

Then, applying Step 2 in the second inequality (together with the fact that G;(s) < s)
for any s € [0, 1], we get that

A
MO,n

GTn<1— )éGoo“'OGno(,\)(l—n)

Step 3 above, together with the fact that xo(A) — oo as A — oo concludes the proof.

Remark A.5. More generally, one could simply define some & = (n, A), show some upper
bound T'x(s) < 1 — 7 with 7 := 7(n, A), and then prove that Gy o ---G,_z(1 —n) — 0.
One should think of the three steps described above as the general scheme one should
follow to prove (A.7). We refer to (A.15) for a general sufficient condition to get (A.7).

We now perform these three steps in a general framework: for the first two steps, we
give an explicit candidate for &, see (A.10), and a bound for T'; in terms of &, see (A.11).
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We apply these to the inhomogeneous branching process T}, where all quantities are

explicit.
Step 1. For s € (0,1), we define

Cifl < 1 }
Moy ; 2Mon(1—s))"’

n
R :=Fk(n,s) = max{O <k<n, Z
i=n—k+1

~ 2
where C; := %(Z—j +v; —1). We then have the following result, which helps us deal with
the first step of the proof (its proof is analogous to that of Proposition 5.4).

Lemma A.6. For s € (0,1), there is a constant cg that depend only on u, such that

coMp_kn(1—5) <1 —T%(s) < Mp_pn(1 —s) forallk <Ek. (A.8)
The upper bound holds for any 0 < k < n.

Proof. Let us define Ay, := 1 — I',, which satisfies the recursion: Ag = 1 — s, A} =
Fok(Ag_1), with Fj(s) := 1 — G;(1 — s). Note that as in Lemma 5.1 or (5.3), we have
some general bounds for the generating functions (Gg)o<k<n or (Fk)o<k<n, i terms of
their first and second moment: for all 0 < k < n and for ¢ € [0, 1], we have

vit(1 — Cst) < Fi(t) < vt (A.9)

where C; := ﬁG;’(l) = %(%2 + vj —1). Now, the upper bound in (A.8) is a direct
recursive application of the right-hand side bound in (A.9).

For the lower bound, we use the following result, which is analogous to Lemma 5.6;
we omit its proof as it is very similar. Let s € (0,1] and set Fq(s) := max{l < j < n :
Zg;& Cr_i—1Ai(s) < 1/2}. Then, for all k < &1, we have

1

5 n—k,n(l - 5) < Ak(s) < Mn—k,n(l - S) .

Now, notice that by the upper bound on A;(s), we have

|
-
<.
|
-
?

1 J
Cr-i—1Ai(s) < i1 My i (1 —8) = (1 — )My, Z

i

J

Il
=)
I
=)
-
I
=)

i

Hence, k1 > max{1 < j<n: Zg;& fj;o"'j > (2Mp (1 — 5))~'} =: K, which concludes

the proof. O

Step 2. In the case where s =1 — ﬁ, i.e. Mo, (1 —s) =X, then & reduces to

CN’i,1< 1 }’

<o (A.10)

R :=Fk(n,\) ::max{ngén, Zn:

i=n—k
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and (A.8) in Proposition A.6 gives that for k = &,

_ A
Fa(s) K1 —Mp_gp(l—s5)=1- . (A.11)
MO,nfk
Steps 1-2. Application to the pruned tree T),. For the inhomogeneous, n-dependent,
~ *)2
branching process T}, notice that we are able to control both C} = %((‘27*) +uvr—1)

7

and Mg, (we add -* to the notation to make clear that we are dealing with this specific
case).

Using Lemma 5.10, we get that Mg, is of order (v)
bound v} — 1 and Lemma A.3 to bound (0})?, we get that

IR Also, using Lemma 5.9 to

Cr < C fori < k*, Cr <ew) "R for i > k*.

Then, we obtain, for n — k > k*

n—1 Sk k* n
2 G SO ™ D 07T <) )
i=n—k+1 ) i=n—k+1 i=k*+1

In the case where p," — oo then we have that k* — oo, so we get that for n large
enough

1
R > max{O <k < n,(u)_(”_k) < 40,)\},

so we end up with &#* > n — log, (c\). It is easily seen that an analogous upper bound
also holds.

This enables us to conclude both Steps 1-2. Indeed, we have that n — &* > ko(A) :=
log, (¢\), which goes to 400 as A — oo, which is what is required in Step 2. Also, using

that n— &* < k(A := log, (¢A), we get for s = 1 — 12—
= A A /
Dae(s) K1 - ————<1—-——<1—-cAv) ",
" MO,nfR* MO’,%

where we have used Lemma 5.10 to bound M; , (note that xy < k*, at least for n large
Ko

enough since k* — o). By definition of (), we get that ['z«(s) < 1—1n for some universal
constant 1 > 0: this ensures that Step 1 is verified with £* defined above.

Step 3. For any n > 0 and any € > 0, let us define the following quantity
K(n,e) :==min{k >1,GyoGro---0Gy(1—n) <e}. (A.12)

If Steps 1-2 have been verified, Step 3 consists in showing that K (7, e) is bounded by a
universal constant, i.e. a quantity that does not depend on n; recall that the offspring
distributions (ux)o<k<n may depend on n.

Note that the order of composition in (A.12) is important and there is no easy
iteration for the quantity Ggo--- o Gg_1(1 —n). However, following a similar argument
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as in Lemma 5.2 allows us to deduce a good upper bound. Indeed, by convexity, we have
that for any u € (0,1 —n),

Gi(u) < S;u, where S; = S;(n) Gi(1—mn).

:ﬂ

Iterating, we therefore get that GgoGro---0Gi_1(1—n) < (1—1n) Hf:_ol Si, SO we obtain
an upper bound for K(n,¢):

k—1
K(n,¢) < K(n,e) = min{k> L[S < 1:7}. (A.13)
=0

One then simply needs to show that for any € > 0 there is a (universal) constant k., > 0
such that

k—1

1_
HMgg for all k > k., .
=0 1_77

This follows for instance if we prove that there exists a constant S, < 1 and a sequence k,
with lim,,_, o ky = +00 such that for n large enough

Gr(1 -
Sy = kl(—nn) < Sy, uniformly for k <k, . (A.14)
Indeed, in that case, for k., = kl)og%, we get that k., < k, for n large enough, so
kep—1
T Gr(l—
H k:( 77) < (Sn)ksm =c,
P

for n large enough. This concludes Step 3 since k. ; is a universal constant.

Step 3. Application to the pruned tree T;.  We now to prove the sufficient condi-
tion (A.14) for the pruned tree T} . A simple calculation shows that for any u € [0, 1],

|G (u) = G(u)| < drv(uf,, 1) < he” 40

where the second inequality holds for £ < k*, using Proposition 5.7. Now, if we set

ky = L1k*, which goes to +00 as n — 0o as soon as p, " — 400, we get that

=3
Gil—m) GU=n) ¢ e,
l1-n =~ 1-n " 1-nq

uniformly for k£ < k,, .

This shows (A.14), for instance with the constant S, :=1—3(1— Ggl__n") ), and concludes

the proof of Step 3. O

Remark A.7. Note that we have derived a slightly more general sufficient condition
for (A.7). Indeed, defining £ as in (A.10) and k := n — R, the bound (A.11) gives

that Iy < 1 —n with n = n,\ = ﬁ. One then simply needs to verify that for

o1



any € > 0, we have Gpo -+ 0 Gy(l — nn A) < € at least for A large, uniformly in n.
One therefore needs to show that K (47 n_ﬁ,s) < K or even K(Mo’l —,€) < K (recall

the definitions (A.12)-(A.13)), at least for A large enough. Put otherwise, a sufficient
condition for having (A.7), hence Lemma 6.11, is the following:

K— 1G )\)
lim i - Al
i e [T =50 0. (19

where k :=n — Rk, with & = k(n, \) defined in (A.10).
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