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1. Introduction

Let k be a field. We recall that for noetherian rings the left and right global dimension
coincide, see [4]. Han’s conjecture (see [13]) states that for a finite dimensional algebra
A, if Hy(A, A) = 0 in large enough degrees, then A has finite global dimension. In [10]
we have included a brief account of the main advances towards proving this conjecture,
see [9,5,7,8,6,21,20,11].

An extension B C A of k-algebras is called left (resp. right) bounded if the B-bimodule
A/B is B-tensor nilpotent, its projective dimension is finite and it is left (resp. right)
B-projective. A main result of this paper is that for a left or right bounded extension
B C A, the k-algebra B satisfies Han’s conjecture if and only if A does. Notice that we
do not assume the extension to be split.

Actually the purpose of this paper is twofold. Firstly to provide results which may
be used to associate to a given algebra A an easier algebra B for which the property of
satisfying Han’s conjecture is equivalent to the same property for A. In [11,10] a theory
is developed for split extensions. Here we obtain results that allow us to deal with non
split extensions. Even if there are algebras to which we cannot apply our methods, our
guiding idea is that, starting from a given finite dimensional algebra, we can reduce
the study of Han’s conjecture about it to the same problem for an algebra where the
computation of the Hochschild homology is more tractable. The second aim of the paper
is to provide examples of this procedure. We develop a theory of extensions by arrows
and relations and we give conditions ensuring that the extension is left or right bounded.
We also show that all extensions of an algebra given by a quiver and admissible relations
are obtained through our construction in Section 5, Theorem 5.8.

We describe in what follows the structure of the paper in more detail.

Let B C A be an extension of k-algebras. G. Hochschild defined Hochschild (resp.
relative) homology with coefficients in an A-bimodule X in [14] (resp. [15]). These are
vector spaces denoted H,.(A,X) (resp. H.(A|B, X)), for x > 0. See also the books
[19,22,23] for a general account of Hochschild theory.

The proof of the above mentioned main result of this paper relies on the normalised
relative bar resolution and the Jacobi-Zariski long nearly exact sequence obtained in [12].
We give a brief account of these results in Section 2.

It is worth noting that in Sections 3 and 4 we consider extensions of algebras which may
be infinite dimensional. We first show that if an extension B C A is left or right bounded
then the Hochschild homologies of A and B are isomorphic in large enough degrees. Then
we prove in Section 4 that for a left or right bounded extension, finite global dimension
is preserved. Note that for the latter, the normalised relative bar resolution is also a
crucial tool. We end Section 4 by proving the main quoted result about Han’s conjecture
for left or right bounded extensions of finite dimensional algebras.

In Section 5 we construct explicit extensions of an algebra B = kQ/I where @ is a
quiver and [ is an admissible ideal of the path algebra kQ. A structure result is proved,
which shows that this construction provides every B-finitely generated algebra extension
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of B. In detail, we first add new arrows to @), to obtain a tensor algebra extension T of
B. Then we add new relations through an ideal J C T verifying BN J = 0 to obtain an
extension B C A = T/J. We focus on extensions B C A of this sort to give conditions
ensuring that the B-bimodule A/B is tensor nilpotent and/or projective on one side over
B. We use relative paths, they are alternate concatenations of new arrows and non-zero
paths of B. If every relative cycle contains a J-interrupter (see Definition 5.13), then
A/ B is B-tensor nilpotent. If the projection of J to the positive part of T' is generated as
a B-bimodule by relative paths ending in the same new arrow, then A/B is left projective
as a B-module.

Finally in Section 6 we consider examples of extensions by arrows and relations. The
above criteria enable to prove that they are left or right bounded, and we show that they
are not split.

We thank Konstiantyn Tusenko and John MacQuarrie for their very pertinent com-
ments on an earlier version of this article. We thank the referee for an attentive reading
and useful suggestions.

2. Normalised relative bar resolution and the Jacobi-Zariski sequence

In this section we recall some results from [12] that will be useful for the sequel. We
first recall the normalised relative bar resolution.

Proposition 2.1. [12, Proposition 2.3] Let B C A be an extension of k-algebras and let
o be a k-linear section of the canonical projection m : A — A/B. The following is a
B-relative resolution of A:

iA@B(A/B>®Bm®BAi)—d)A®BA/B®BA£>A®BAi>A—>O
where the last d is the product of A and

d(ap®@ a1 ® -+ @p_1 @ ap) = apo (1) D @+ @ Ap_1 @ Gp+

n—2
Z(*l)iao ®a; @ @m(o(a)o(ig)) @ @ ap_1 ® an+
i=1

()" tag®a; @ @ o(n_1)an.
Moreover the differential d does not depend on the choice of the section o.

The normalised relative bar resolution provides a chain complex for computing the
relative Hochschild homology as follows.

Theorem 2.2. [12, Corollary 2.4] Let B C A be an extension of k-algebras and let X
be an A-bimodule. Let o be a k-linear section of m1 : A — A/B. The homology of the
following chain complex is the relative Hochschild homology H,(A|B, X)
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B X @p (A/B)®P Y S X @pe A/BS Xp — 0 (2.1)
where

(rz@ar @ Qay) =z0() Qg ® -+ @ ap+
n—1

S (D) 2@ @ @ nlo(ai)(ain)) @ G ant

i=1

(=D)" olap)z®@ a1 ® - @ ap_1.
The coboundary b does not depend on the choice of the section o.

Definition 2.3. Let B be a k-algebra. A B-bimodule M is tensor nilpotent if there exists
n such that M®s" = (.

As usual, we write “x >> 0”7 for “large enough *”, that is “all * larger than some
positive integer”.

Corollary 2.4. Let B C A be an extension of k-algebras with A/B tensor nilpotent. Let
X be an A-bimodule. We have

H.(A|B,X) =0 for « >> 0.
Proof. The complex of Theorem 2.2 is zero in large enough degrees. ¢

Next we recall the definition of a long sequence of vector spaces which is exact twice
in three, as introduced in [12].

Definition 2.5. A long nearly eract sequence is a complex of vector spaces
AU SV B W S Uy BV = -2 U, SV, B W,

ending at a fixed n > 0 which is exact at U, and W,.
Its gap is the homology at V., namely the vector space (KerK/ImI)..

A. Kaygun has first obtained the Jacobi-Zariski long exact sequence in the non-
commutative setting for a k-algebra extension B C A where A/B is flat as a B-bimodule,
see [17,18]. Note that for commutative algebras the Jacobi-Zariski long exact sequence
has been established for André-Quillen homology in 1974, see for instance [3, p. 61] or
[16]. The reason for giving the name “Jacobi-Zariski” to this sequence is explained in |3,
p. 102].

We state now the Jacobi-Zariski long nearly exact sequence obtained in [12].
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Theorem 2.6. [12, Theorem /.4 and Theorem 5.1] Let B C A be an extension of k-
algebras. Let X be an A-bimodule. There is a long nearly exact sequence

S HL (B X) S Ho(A,X) S Hy(AB,X) S Hyp (B, X) 5 -
% Hy(B,X) 5 Hy(A, X) 5 Hi(AB, X)

which is exact at H.(B,X) and H.(A|B, X).
Moreover, there is a spectral sequence converging to its gap (KerK/ImI), for = > 2.
IfTorf(A/B, (A/B)®8™) =0 for x > 0 and for all n, its terms at page 1 are

1 _ Be
Ep7q = Tor

p+q(Xa (A/B)®Bp) fOTp,q >0

and 0 elsewhere.

Definition 2.7. An extension B C A of k-algebras is left (resp. right) bounded if

- A/B is tensor nilpotent,
- A/B is of finite projective dimension as a B°-module,
- A/B is a left (resp. right) projective B-module.

Remark 2.8. The hypothesis of Theorem 2.6 for describing the first page of the spectral
sequence is fulfilled if A/B is a left or right bounded extension.

Theorem 2.9. [12, Theorem 6.5] Let B C A be a left or right bounded extension of k-
algebras and let X be an A-bimodule.
There is a Jacobi-Zariski long exact sequence ending at some n:

o S HW (B X) D H (A X) S Ho(AIB,X) S Hy 1 (B,X) 5
S H (B, X) 5 Hy(A,X) S H,(A|B, X).
3. Hochschild homology of bounded extensions

In this section we prove that for any left or right bounded extension B C A the
Hochschild homology remains unchanged in large enough degrees.

Theorem 3.1. Let B C A be an extension of k-algebras, where the B-bimodule A/B is of
finite projective dimension and tensor nilpotent. There is a linear injection

H.(B,B) — H.(A, A) for x >> 0.
If moreover the extension is left or right bounded then

H.(B,B) ~ H.(A, A) for x >> 0.
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Proof. Firstly we assert that if A/B is of finite projective dimension as B-bimodule,
then H,(B, B) and H,(B, A) are isomorphic for * >> 0. Indeed, the exact sequence of
B-bimodules

0—-B—A—A/B—0. (3.1)
induces a long exact sequence in Hochschild homology
-++—=H,(B,B)—»H,,(B,A)—»H,,(B,A/B)—=H;,—1(B,B)—---
— Ho(B,B)—Hy(B,A)—Hy(B,A/B) — 0.

By definition for any B-bimodule M

e

H.(B,M) = Tor?" (B, M).

Since M = A/B is of finite projective dimension as a B¢-module, we infer that
H.(B,A/B) =0 for *x >> 0. The assertion follows.

Next we consider the Jacobi-Zariski long nearly exact sequence of Theorem 2.6 for
an A-bimodule X. It is exact at H.(B, X), that is Ker] = Imd. Since A/B is B-tensor
nilpotent, by Corollary 2.4 we have that H.(A|B,X) = 0 for « >> 0, thus for large
enough degrees we get 6 = 0. Hence the maps I : H.(B,X) — H,(A, X) are injective
for x >> 0. For X = A, we infer from the previous assertion that

H.(B,B) < H.(A,A) for x >> 0.
Note that the gap of the Jacobi-Zariski long nearly exact sequence is
H.(A,A)/H.(B,B) for *>> 0.

If the extension is left or right bounded then by Theorem 2.9 the Jacobi-Zariski
sequence is exact in degrees larger than some n. Hence the gap is zero in large enough
degrees and H,(A,A) ~ H.(B,B) for x >>0. o
4. Bounded extensions, finite global dimension and Han’s conjecture

4.1. Finite global dimension

We consider extensions B C A with the aim of studying the relation between the
finiteness of the global dimension B and A. For completeness we first recall the following.

Lemma 4.1. Let B C A be an extension of k-algebras, with A/B of finite projective
dimension s as a left B-module. Any left projective A-module is of projective dimension
at most s as a left B-module.
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Proof. The exact sequence (3.1) shows that A has projective dimension at most s as a
left B-module. Then the result holds with the same bound for the projective dimension
for any left projective A-module by standard arguments. ¢

We recall that for noetherian rings the left and right global dimensions coincide, see
[4].

Theorem 4.2. Let B C A be an extension of k-algebras where A has left finite global
dimension a. If A/B is of finite projective dimension r as a B-bimodule and projective
as a B-right module, then B has left global dimension at most r + a.

Proof. Let Y be a left B-module. The exact sequence of B-bimodules (3.1) is right split,
hence the sequence of left B-modules

0->BepY > A®pY - (A/B)®@gY — 0 (4.1)

is exact. Of course B ®p Y is canonically isomorphic to Y. In order to prove that Y is
of bounded projective dimension as a left B-module, we will prove that this is the case
for A®pY and (A/B)®pY.

Let P, - A®pY — 0 be a projective resolution of length a of the A-module AQpY.
It is an exact sequence of left B-modules by restricting the left actions to B.

By Lemma 4.1 each P; is of projective dimension at most 7 as a left B-module. We
infer that A ®p Y is of projective dimension at most r 4+ a as a left B-module.

For (A/B) ®p Y, let Q. — (A/B) — 0 be a finite projective resolution of the B-
bimodule A/B of length r. Each Q; is projective as a B-bimodule, then it is projective
as a right B-module. Moreover A/B is projective as a right B-module. Hence Q. ®pY —
(A/B) @Y — 0 is exact, and it is a finite projective resolution of the left B-module
(A/B)®pY of length at most r. As a consequence, the projective dimension of the left
B-module Y isat most r +a+1. ©

Theorem 4.3. Let B C A be an extension of k-algebras where B has left finite global
dimension b. Suppose that the B-bimodule A/B is tensor nilpotent and let n be the
smallest positive integer such that (A/B)®5™ = 0. Suppose that A/B is projective as a
B-right module. Then A has left global dimension at most n+b-1.

Proof. First we will consider A-modules of the form A®pgY where Y is a left B-module,
to show that they are of projective dimension at most b. Let P, — Y be a projective
resolution of Y as a B-module of length at most b. Since the exact sequence (3.1) is right
split, observe that A is projective as a right B-module. Hence A®p P, > A®pY — 0
is exact. Moreover A ® g P; is projective as a left A-module. Indeed this holds if P; is a
free left B-module, thus it holds for projectives by standard arguments. So the projective
dimension of the A-module (A®pY) is at most b.



C. Cibils et al. / Journal of Algebra 598 (2022) 48—-67 55

Let now X be an arbitrary A-module. We assert that there is an exact sequence of
A-modules of the form

0=2A®pY,1 = 2 ARYy =X =0

where the Y;’s are left B-modules. Note that the assertion shows that X is of projective
dimension at most n — 1+ .

To prove the assertion we use that the normalised bar resolution of Theorem 2.1 is
zero in degrees > n. We observe that the contracting homotopy of this resolution is given
by morphisms of right A-modules. Then the following sequence is exact:

025A®p (A/B)®" '@ A@s X 5 3 Aep (A/B)op A®s X 5

A9pA®a X 3 A4 X >0,
as well as the isomorphic sequence
0-A®p (A/B)®*" lgp X % ... 5 A0 (A/B)os X 3 Ao X 5 X 0.

The modules A ®p ((A/B)®5" ®p X) are of the form A ®p Y. By the above result
they are of projective dimension at most b as left A-modules. Hence X is of projective
dimension at most n —1+b. ©

Corollary 4.4. Let B C A be a right bounded extension of k-algebras. The algebra B has
left finite global dimension if and only if A has left finite global dimension.

Remark 4.5. Analogously, if an extension is left bounded then right finiteness of the
global dimension is preserved.

4.2. Han’s conjecture for bounded extensions

Next we use the results that we have obtained to prove the following. Recall that if a
k-algebra is finite dimensional then the left and right global dimension are equal.

Theorem 4.6. Let B C A be a left or right bounded extension of finite dimensional
k-algebras. The algebra B satisfies Han’s conjecture if and only if A satisfies Han’s con-
jecture.

Proof. Assume that B satisfies Han’s conjecture. Suppose H.(4,A) = 0 for x >> 0.
Since the extension verifies that the B-bimodule A/B is of finite projective dimension
and is tensor nilpotent, the first part of Theorem 3.1 gives that H,(B,B) = 0 for
* >> 0, and then B has finite global dimension. Moreover the B-bimodule A/B is of
finite projective dimension and also that A/B is a B-left (or right) projective module.
Hence by Theorem 4.3 If B has finite global dimension then A also have it.
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Conversely, assume that A satisfies Han’s conjecture and H.(B, B) = 0 for * >> 0.
The extension is left or right bounded, hence the second part of Theorem 3.1 gives that
H,.(A,A) =0 for x >> 0 and therefore the algebra A has finite global dimension. The
B-bimodule A/B is of finite projective dimension and A/B is projective as a left or right
projective module. Theorem 4.2 ensures that B has finite global dimension. ¢

5. Extensions by arrows and relations

In this section we define extensions of algebras given by arrows and relations, in order
to provide conditions which ensure that the extensions are left or right bounded. We also
give a structure result, showing that any finitely generated extension is obtained as an
extension by arrows and relations.

Let @ be a finite quiver, that is a finite set of vertices Qp, a finite set of arrows Q1
and two maps s,t : Q1 — Qo called source and target respectively. A path of length
n > 0 is a sequence of concatenated arrows by, ... by, that is verifying ¢(b;) = s(b;11) for
i =1,...n — 1. The paths of length zero are the vertices. Let @,, be the set of paths of
length n and consider the path algebra kQ = €,~, kQ;. Let (Q;) be the ideal generated
by Qi. An ideal I of kQ is admissible if for some n > 2 we have (Q,) C I C (Q,).
Let B = kQ/I. It is well known that if k is algebraically closed, any finite dimensional
k-algebra is Morita equivalent to an algebra of this type.

Definition 5.1. Let @) be a quiver. A set F' of new arrows for @ is a finite set with two
maps s,t: F' — Qg. The quiver QF is given by (Qr)o = Qo and (Qr); = Q1 U F with
the evident maps s,t: (Qr)1 — Qo-

Let B = kQ/I as above, let F' be a set of new arrows for @, and let (1), be the ideal
of kQF generated by I. Let T = kQp/{I)kq- Since (I)kg, NkQ = I we have B C T.
It is useful to observe that T is a tensor algebra over B of a projective B-bimodule as
follows. Let

N = @D Bt(a) ® s(a)B.

acF
We have
T=Tg(N)=B&N&(N@pN)P---
Definition 5.2. An extension by arrows and relations B C A is given by
e B=FkQ/I as above,

o F' a set of new arrows for @,
o Janideal of T = kQp/{I)kq, verifying J N B = 0.
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The extended algebra is A =T/J.

Example 5.3. Let B = kQ/I where Q is the full arrows quiver

a

/%
5 _ B
X~

3
|
4

b
_d

=

and I = (Ba). Let F' = {a} be the dashed new arrow from 2 to 1, and let J = (abed—af).
Then A = kQr/{fa, abed — af).

Example 5.4. Let Q) be a quiver and I be an admissible ideal of Q). The algebra A = kQ/I
is an extension by arrows and relations of its maximal semisimple subalgebra E = kQg,
where F'= Q7 and J = 1.

In this case the extension £ C A is split since A = E @ r where r is the Jacobson
radical of A. Moreover it is well known and easy to prove that the E-bimodule A/E =r
is F-tensor nilpotent if and only if ) has no oriented cycles.

The next example is a relation extension algebra, see [1,2]. The family of relation ex-
tension algebras is related with cluster theory. The example below consists in an algebra
B of global dimension 2, a B-bimodule M = Ext*(DB, B) with trivial multiplication
structure. The algebra A is the trivial extension B & M.

Example 5.5. See [1, Example 2.7] and [2, Example 5.3].
Let B = kQ/I where @Q is the quiver

2
1% \bS
-

and I = (ba). Let F = {d} be a new arrow d from 3 to 1. The quiver Qp is

2

I —

Let J = {(ad,db,dcd) C kQp/{ba)kg, . Then A = kQp/(ba,ad,db,dcd).

Let B C A be an extension of k-algebras. From now on, we call A a B-algebra. The
following definition is standard:
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Definition 5.6. Let A be a B-algebra. A subset G of A is a B-generating set for A if every
element of A is a sum of products of the form

bngn o b2g2blglb0 (51)

where g; € G and b; € B for all i. The extension is called B-finitely generated if there
exists a finite B-generating set for A.

Note that if G is a generating set for the B-bimodule A, then G is a B-generating set
of the algebra A. If A/B is finitely generated as a B-bimodule (for instance if A is finite
dimensional), then the extension is B-finitely generated.

Next we show that any extension of B which is finitely generated over B is an extension
by arrows and relations.

Let B be a k-algebra and N a B-bimodule. The tensor algebra T (V) has the following
universal property. A morphism of k-algebras ¢ : Tg(N) — X is uniquely determined by
a morphism of k-algebras pp : B — X (which endows X with a B-bimodule structure),
and a morphism of B-bimodules oy : N — X.

Let B be a k-algebra. Let BhB the free rank one B-bimodule B ® B whose generator
1® 1 is denoted h. Let H be a set, the free B-bimodule with basis H is denoted BHB.

The proof of the following result is clear.

Proposition 5.7. Let A be a B-algebra, G a subset of A and G’ a copy of G. Consider
the morphism of algebras ¢ : Tp(BG'B) — A determined by ¢p : B — A and by the
B-bimodule map e : BG'B — A given by ¢’ — g for all g € G. We have that G is
a B-generating set of A if and only if ¢ is surjective.

Let B = kQ/I where @ is a quiver and I an admissible ideal. Let A be a B-algebra.
The vertices )y are a complete set of orthogonal idempotents A. The corresponding
Peirce decomposition of A is A = @, yeq,yAx. A subset F' C A is called a Peirce subset

it F=U,,cqF NyAz.

Theorem 5.8. Let B = kQ/I where Q is a quiver and I is an admissible ideal. Every
finitely generated B-algebra A is an extension by arrows and relations.

Proof. Let G be a finite B-generating set of the extension B C A. We first observe that
G provides a Peirce set F' = {ygx # 0 | g € G and z,y € Qp} which B-generates A.
Note that 1®1=3" o y®x, therefore

B®B = @ By ® zB.
z,Y€Qo

Recall that G’ is a set in one-to-one correspondence with G. Hence for g € G, we have
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B¢'B = @ Byg'zB
z,y€Qo

where Byg'zB is the B-direct summand of B¢’ B which corresponds to By®xzB in B® B.
Let F’ be a copy of F. If a € F belongs to yAz, we set t(a’) =y and s(a’) = z. This
way F’ is a set of new arrows for Q. Let

N = @ Bt(a')a's(a')B = @ Bt(a") ® s(a’)B.

a’eF’ a’€F’

Clearly N is a direct summand of the B-bimodule BG’'B with complement

@ Byg'xB.

geG
ygxr=0

Let ¢ : Tg(BG'B) — A be the surjective algebra morphism given by Proposition 5.7.
Note that if ygz = 0 then by construction of ¢ we have

o(yg'z) = yo(g)r = ygx = 0.

Hence Byg'zB C Kergp. Therefore 1
surjective.

= Plry o has the same image as ¢, then ¢ is
For J = Kery we infer an isomorphism of algebras Tg(N)/J % A. The composition
B — Tg(N) % Ais the inclusion B C A, hence JN B = 0.
Recall that B = kQ/I, and that Qp- is the union of the quiver ) with the new arrows
F’. As observed before, there is a canonical isomorphism of algebras

kQp
<I>kQF’ .

Tp(N) =

We still denote by J the ideal in 7 I]ﬁg ~ corresponding to Kery). We have proven that
F/

M2 /] and A are isomorphic. Moreover the isomorphism is the identity

the algebras Thea,

on B. ¢
Let B C A be an extension by arrows and relations. In the sequel we focus on giving
a sufficient condition for A/B to be B-tensor nilpotent. First we introduce the following

definitions.

Definition 5.9. Let B C A be an extension by arrows and relations. A relative path of
F-length n > 0 is a concatenated sequence

Brany ... B2a2B1a1P0
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where the f3;’s are paths of @ not in I (that is non-zero paths of B) and the a;’s are in
F.

Remark 5.10.

- A relative path of F-length 0 is a path 5 of @) which is non-zero in B.
- The set of relative paths span T over k.
- The definition of a relative path only takes into account kQ/I and F.

Definition 5.11. A relative cycle of F-length n > 1 is a concatenated sequence
/Bnan 62a261a1
where the (;’s are paths of @ not in I, the a;’s are in F, and ¢(5,,) = s(a1).

Remark 5.12. By abuse of language, we also call a relative cycle of F-length n > 1 a
concatenated sequence

a1Bnan ... Prazfra1
where the ;’s are paths of @ not in I and the a;’s are in F'.
In Example 5.3 (resp. 5.5), the sequence a(bed)a (resp. ded) is a relative cycle of length
1

In what follows, for v € T, we denote 7 its class in A = T/J.

Definition 5.13. Let a18,a, ... B2a281a1 be a relative cycle. A J-interrupter of the
relative cycle is an arrow a; such that in case 2 < ¢ < n we have

Biaifi—1 € B,

while for 4 = 1 we have

/BlallB7L € B.

In Example 5.3 the arrow a is a J-interrupter of the relative cycle a(bed)a. Indeed

(bed)a(bed) = bedaf € B.

On the other hand, in Example 5.5 the arrow d is not a J-interrupter of the relative
cycle ded since cdc ¢ B. Moreover A/B is not tensor nilpotent over B. Indeed c¢d ® cd =
cde ® d represents a non zero element of (4/B)®#2, hence cd ® cd ® - - - @ cd represents
a non zero element of (A/B)®2™ for all n.
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Lemma 5.14. Let B C A be an extension by arrows and relations. If there is no relative
cycles then A/B is B-tensor nilpotent.

Before providing the proof, we underline that an oriented cycle in Q) r is not necessarily
a relative cycle, as in the following example.

Example 5.15. Let B = kQ/I where @ is the full arrows quiver

4b>3
4

d

—_ - N

and I = (deb). Let F = {a} be the dashed new arrow from 1 to 2. The quiver Qr has
oriented cycles but there are no relative cycles.

Proof of Lemma 5.14. Let B = kQ/I, where @ is a quiver and [ is an admissible ideal.
We observe first that A/B is spanned over k by {7}, that is by the classes modulo J
and B of relative paths v of positive F-length.
Hence the set of m-tensors over B

=%, @M

spans (A/B)®E™ over k, where v,,,...,71 are relative paths of positive F-length. Note
that since kQy C B, if the relative paths are not concatenated then I' = 0.

Recall that I is admissible, this implies that the paths £ not in I are of bounded
length. Hence there is a finite number n of relative paths of the form Sa.

Let ' = 5,11 ®p -+ ®p 71 be a k-generator of (4/B)®2" ! where v,,41,...,71 are
concatenated relative paths of positive F-length.

We consider the concatenated sequence 7,41 ...71 and we reduce it as follows. For
each occurrence

-~-a"5”®36’a’~-~

we make the product 8”3’ in the sequence.
Suppose that some path 5”3’ belongs to I. Since

a8 ®@pBd - =--d"B"8 @pd - (5.2)

we infer that the sequence containing 8”8’ is in (I)xg,. Then the corresponding tenso-
rand is zero, and I' = 0.



62 C. Cibils et al. / Journal of Algebra 598 (2022) 48—-67

On the contrary, in case none of the 8”8’ is zero in B, we infer a relative path of
F-length at least n + 1. Then there is a repetition of some relative path of the form Sa
and we obtain a relative cycle

B . .. Bra23a
for some m < n. Therefore, this case does not occur. ¢

Theorem 5.16. Let B C A be an extension by arrows and relations, where B = kQ/I and

A= <Ik>i2£ /J. If each relative cycle has a J-interrupter then A/ B is B-tensor nilpotent.
F

Proof. If there are no relative cycles then Lemma 5.14 shows that A/B is B-tensor
nilpotent.

Next we assume that each relative cycle contains a J-interrupter. As before, let I' =
il ®p - ®@p71 be a k-generator of (A/B)®5" 1 where v,,11, ...,y are concatenated
relative paths of positive F-length. By reducing the concatenated sequence vp41...71
as before we can assume that it is a relative path. Indeed, otherwise there is a product
B" 3 arising from some ---a” 3" ®p f'a’--- which is in I, and by (5.2) we have I' = 0.

Since n is the number of relative paths of the form Sa, there is a repetition of some
relative path Ba, that is we have a relative cycle

aBmbm . - . B2a28a. (5.3)

Let ¢ be a J-interrupter of it, with 3'c8 € B. If in the expression of I" we have that 3’
and /3 belong to different tensorands, for instance ---3'c ®p - -, using the equality

6IC®Bﬂ:B/05®B

we obtain an expression of I' which contains, in one of its tensorands, the relative path
B'cS. Modulo J, we replace 3¢S by a linear combination of paths of @ which are non-
zero in B. Hence I is a linear combination of n-tensors, each of the summands having
one less new arrow. If a summand has a tensorand which is in B (.e. it has no more new
arrows), then this summand is zero. For the others, we restart the process. This way we
end withI'=0. ¢

Next we will give conditions ensuring that A/B is projective as a left B-module. Of
course reversing the arguments in the following proof gives conditions ensuring that A/B
is right B-projective.

Lemma 5.17. Let C be a k-algebra and let X and Y be respectively a left and a right
C-module. Let Y’ be a right C-subbimodule of Y. The C-bimodules X ® % and ))((gg///
are isomorphic.
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Proof. Consider the exact sequence 0 — Y’ — Y — % — 0 and apply the exact functor
X®—- o

Lemma 5.18. Let B C A be an extension by arrows and relations, where A is finite
dimensional over k. There exists n > 0 such that any relative path of F-length m > n is
J-equivalent to a linear combination of paths of F-length smaller than n.

Proof. The classes of relative paths k-span A, and we extract a finite basis from it. Then
n — 1 is the maximal F-length of the relative paths in the basis. ¢

Definition 5.19. For a finite dimensional extension by arrows and relations B C A, the
length index of the extension is the smallest n as above.

Recall that for an extension by arrows and relations B C A, the algebra T is the
tensor algebra

Tp(N) = Bo P N>
1>0

where N = @qepBt(a)®s(a)B. Let T>0 = @;5oN®5? be its positive ideal, and let T
be the B-bimodule ®gc;cn NOB.

Theorem 5.20. Let B C A be an extension by arrows and relations of length index n.
Suppose that the projection Jig [ of J on 171070 is generated as a B-bimodule by relations
of the form r = a ) \yy where a € F, the v’s are relative paths concatenated with a and
Ay €E.

Then A/B is left B-projective.

Before proving the theorem, we observe that the hypothesis is verified in Example 5.3.
Indeed, the ideal J is generated by abcd — a5. Note that abeda is a relative path of F-
length two, and afa is a relative path of F-length one. In A, we have that abcda = afa.
The relative paths of F-length > 3 are zero in A. Therefore the length index of the
extension is 2. Moreover Jjg o[ is generated by abed as a B-bimodule.

Proof. Let J~( be the projection of J on T>°. Since BN.J = 0, as B-bimodules we have
that

T>O
Jso’

@l

Moreover, since the length index is n

T7>0 T]O,n[
J>0 B J]O,n[.
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The relative path a8 corresponds to t(a) ® s(a)f = t(a) ® 8 € T. The B-bimodule in T
generated by a8 is k-spanned by 3"t(a) ® 33" where 8 and 8’ are paths of @ which are
non-zero in B.

‘We observe that for 7 > 1 we have

N®»' = (P Bt(a) @ s(a)B@p N¥*'~! = @) Bt(a) @ s(a) N®»*~ 1.
acF acF
Therefore
T]On @ Bt T<n 1
a€F

For an arrow a, we consider the r’s of type a, that is of the form r = a )’ \,v. Let
7 =Y Ay € T and let Y, be the right submodule of s(a)T<"~! generated by them.
Clearly

J>0 =P Bt(a) ® Y.

a€F

This way

UU|D>

@ )T<n 1
€F ® Ya
By Lemma 5.17, we obtain finally

A s(a)T<n-t
5= EB Bt(a) @ ———.

Y.
acF @

Note that Bt(a) ®

dimy, (%) copies of Bt(a). Moreover Bt(a) is the left projective B-module corre-

sponding to the idempotent t(a). Hence A/B is a left projective B-module. ¢

s(a)T<""1 . . . .
=2 is isomorphic as left B-module to the direct sum of

6. Examples

We will use the tools that we have developed in order to consider examples of exten-
sions by arrows and relations. We will study if the extension is left or right bounded and
if it is split or not.

We recall that an extension B C A is split if there is an ideal M of A such that
A = B® M. This is of course equivalent to the fact that the algebra inclusion B — A
splits.
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Example 6.1. We recall the algebra extension provided in Example 5.3, where B = kQ/I
with @ the full arrows quiver

3

a

/%
5_p
X~

&

b
4d>4

=

and I = (Ba). Let F' = {a} be the dashed new arrow from 2 to 1, and let J = (abcd—af).
Then A = kQr/{Ba, abed — af).

As mentioned, a is a J-interrupter of the relative cycle abcda, and the same holds for
longer relative cycles such as abcdabeda. So A/B is tensor nilpotent by Theorem 5.16.
Let e; be the idempotent corresponding to the vertex 1 = t(a). The left B-module A/B
is projective by Theorem 5.20. More precisely, as noticed before, the length index of the
extension is 2. A basis of

s(a)T<'  eyB

Y,  bcdB

is {es,b,bc}. Hence by Theorem 5.20 we have that A/B ~ Be; @& Be; & Bey as left
B-modules.

The algebra B has finite global dimension, then B¢ also have it and the B-bimodules
are of finite projective dimension, in particular A/B is of finite projective dimension as
a B-bimodule. Hence this extension by arrows and relations is left bounded.

We claim it is not split. In fact we will prove that there is not even a right B-submodule
of A such that A = B @ X. Let X be a right B-submodule of A. Next we show that
BNX #0.

Let B be a basis of paths for B with Q¢ C B. The vector space A/B is k-spanned by
relative paths of F-positive length, including a. Hence we can complete B to a basis A of
A, with relative paths of positive F-length, including a. Let D be the k-vector space with
basis A\ {a}. We claim that there exists € X such that in the basis A, the coefficient
x4 of a is not 0. Indeed, otherwise X C D and since B C D we would have B® X C D.
This cannot hold since D C A. Then ¢ = z,a +y with y € D and z, # 0.

Since X is a right B-module, we have that zbcd = z,abed + ybed € X. We assert that
ybed = Abed for A € k. Indeed, y is a k-linear combination of the basis A\ {a} of D.
The only possible path of A\ {a} which concatenates with bed on its left is eq, and this
proves the assertion.

Then zbed = x,abed + Abed = z,8a + Abed. Note that Sa and bed are linearly
independent in B. Hence we obtain 0 # xbcd € X N B.
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Example 6.2. Let @Q be the full arrows quiver

and let B = kQ. Let a be the dashed new arrow from 1 to 2, let J = (da — ¢b) and let
A be the corresponding extension by arrows and relations.

We assert that the extension is right bounded and not split. There are no relative
cycles, so A/B is tensor nilpotent. Moreover the conditions are satisfied to ensure that
A/B is a right projective B-module by the dual version of Theorem 5.20. The algebra
B is hereditary, hence B® has finite global dimension and A/B is of finite projective
dimension as a B-bimodule. As in the previous example the extension B C A is not
split.
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