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This paper investigates the reconstruction of turbulent mean flows around an airfoil near6
stalling conditions based on numerical or experimental wall observations at a very few (one7
or two) locations on the suction and pressure sides of the airfoil. The reconstruction procedure8
consists in using the considered wall data to determine a correction to the Reynolds-Averaged9
Navier-Stokes (RANS) equations through a variational data assimilation technique. Mean-10
flow fields obtained from Direct Numerical Simulations (DNS) around a NACA4412 airfoil at11
chord-based Reynolds number 𝑅𝑒𝑐 = 3.5 · 105 and various angles of attack (8◦, 10◦ and 11◦)12
are first used both to generate synthetic observations and to assess the quality of the full mean13
flows that are recovered through data assimilation. While the assimilation of wall skin-friction14
observations leads to poor reconstructions, relying on wall-pressure data at a single location15
allows to recover the turbulent flow separation at the trailing edge that is not captured by the16
baseline RANS model. A remarkable accuracy is achieved for most observation locations, on17
both suction and pressure sides of the airfoil. At locations where the pressure predicted by the18
baseline model is similar to the pressure data, the flow reconstruction is poor. The addition19
of a second wall-pressure observation then allows to retrieve a mean flow whose quality is20
similar to that in successful single-data cases, suggesting that multiple wall-pressure sensors21
are of interest for robustness rather than accuracy of the flow reconstruction. Finally, it is22
shown that the turbulent flow separation can also be successfully recovered through the23
assimilation of a single experimental wall-pressure measurement.24
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1. Introduction27

The characterization of complex turbulent flows as encountered in many industrial applica-28
tions often relies on both numerical simulations and experiments. For flows at high Reynolds29
numbers, the computational cost of Direct Numerical Simulations (DNS) is still nowadays too30
prohibitive. Simulation of the Reynolds-Averaged Navier-Stokes (RANS) equations, which31
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solve for the mean flow only and model the full turbulent spectrum, is therefore a popular32
numerical approach in the industry. Nevertheless, deficiencies in turbulence modelling may33
significantly alter the fidelity of such simulations, in particular for massively separated34
flows. On the other hand, wind-tunnel experiments on reduced-scale models combined35
with advanced measurements techniques may provide valuable information about flows of36
interest. The on-going development of non-intrusive optical techniques may indeed give37
detailed insight into planar or three-dimensional velocity fields and their statistics. However,38
the difficulty in implementing these techniques prevents from performing such measurements39
in complex flow configurations. More often, reduced-scale models are equipped with static40
pressure probes, yielding only wall-pressure measurements at a few locations. The objective41
of the present paper is to use such sparse wall measurements to infer accurate full mean flows42
based on RANS modelling.43
In the past decade, data assimilation methods as originally developed in meteorology44
and oceanography have been used to rigorously merge experimental results with RANS45
simulations in order to overcome their respective limitations (Xiao & Cinnella 2019). Among46
the various data assimilation studies using mean-velocity observations, Symon et al. (2017)47
investigated the reconstruction of the mean flow around an idealized airfoil from time-48
averaged two-dimensional Particle Image Velocimetry (PIV) data, while the use of pointwise49
observations was studied in Franceschini et al. (2020); Mons & Marquet (2021). Fewer studies50
have focused on flow reconstruction based on wall data only, still restricting the following51
discussion to RANS-based data assimilation, while it may be mentioned that DNS has also52
been considered for such a task (Buchta et al. 2022). Kato et al. (2015); Singh & Duraisamy53
(2016); Belligoli et al. (2019) relied on the pressure distribution at the surface of various54
airfoils to reconstruct subsonic and transonic flows around two-dimensional airfoils and three-55
dimensional wings (Kato et al. 2015). Interestingly, good convergence of the data assimilation56
procedure was obtained by Belligoli et al. (2019) using only five pressure observations, but57
the quality of the reconstructed mean flows was barely assessed on a quantitative level. Li58
et al. (2022) considered synthetic wall-pressure distributions to successfully estimate various59
turbulent flow configurations. Ben Ali et al. (2022) reconstructed the three-dimensional60
mean-flow around a high-rising building from experimental wall-pressure measurements.61
Inspired by the encouraging results obtained in these studies, we here further investigate62
the capability of data assimilation based on wall quantities to accurately estimate turbulent63
separated flows around a NACA4412 airfoil at 𝑅𝑒𝑐 = 3.5 · 105. Unlike previous studies that64
relied on a significant number of data, we will here focus on the consideration of extremely65
scarce wall data, i.e. that are available at a single or two locations on the airfoil. Moreover,66
before considering experimental data, synthetic numerical results will first be employed to67
enable a rigorous assessment of the capability of the present data assimilation approach to68
accurately reconstruct full mean-velocity fields.69
The paper is organized as follows. The flow configuration, along with the reference DNS70
and experimental results, RANS model and data assimilation approach for mean-flow71
reconstruction are introduced in §2. Data assimilation results are described in §3. Concluding72
remarks and perspectives are drawn in §4.73

2. Flow configuration and data assimilation methodology74

2.1. DNS and experimental results75

Direct Numerical Simulations (DNS) of the flow past a NACA4412 profile were recently76
performed by Gleize et al. (2022) to provide a detailed database of trailing-edge separated77
flows near stall. These simulations were carried out for a wing chord-based Reynolds number78
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Figure 1: (a) Pressure coefficient 𝐶𝑝 for experimental (triangles), DNS (solid line), and
baseline RANS results (dash-dotted line) at 𝛼 = 11◦. (b,c) Streamwise mean velocity at
the same incidence obtained with (b) DNS or (c) baseline RANS. A few streamlines are

reported in full lines to emphasize the recirculation region.

of 𝑅𝑒𝑐 = 3.5·105 and an infinite upstream Mach number of 0.117, corresponding to an almost79
incompressible flow regime. In the following, all quantities are normalized by the chord of80
the airfoil and the uniform free-stream velocity. Various angles of incidences between the81
streamwise and chordwise directions, denoted by 𝛼, were considered in the pre-stall regime82
(8◦, 10◦, 11◦). Particular attention was devoted to triggering the laminar-turbulent transition83
without significantly disturbing the flow. This was achieved through adding small cylindrical84
roughness elements on suction and pressure sides of the wing, which are equidistantly85
distributed in the spanwise direction. These roughness elements are located at chordwise86
coordinates 𝑥𝑐 = 0.05 and 𝑥𝑐 = 0.5 on suction and pressure sides, respectively. The mean87
flow field that is obtained through spanwise and time average of DNS results for the incidence88
𝛼 = 11◦ is illustrated in figure 1(b), the corresponding wall-pressure coefficient 𝐶𝑝 being89
reported in figure 1(a). Noteworthy flow features at this incidence are the turbulent separation90
and significant recirculation region close to the trailing edge.91

Wind-tunnel experiments were performed on the same airfoil in a subsonic wind tunnel92
for similar inflow conditions and positions of triggered laminar-turbulent transition. Static93
pressure measurements are available at mid-span of the wing for various locations on the94
pressure and suction sides of the airfoil, as reported with triangles in figure 1(a). Note that95
the experimental and DNS data appear in good agreement over most of the wing profile,96
discrepancies being mainly observed from the leading edge to 𝑥𝑐 = 0.4 on the suction side.97
The goal of the following data assimilation methodology is to reconstruct full mean flows98
based on such either DNS or experimental wall data.99

2.2. Baseline RANS results and data assimilation procedure100

As a much cheaper alternative to the above DNS, one could consider the use of Reynolds-101
Averaged Navier-Stokes (RANS) models to directly estimate the present mean flows of102
interest. We here rely on the Spalart-Allmaras model (Spalart & Allmaras 1994), which has103
been mainly developed for aerodynamic applications. This model relies on the Boussinesq104
hypothesis to close the here two-dimensional incompressible RANS equations for the mean-105
flow velocity ũ and pressure fields where the total viscosity is the sum of the molecular106
viscosity (𝜈 = 1/𝑅𝑒) and eddy-viscosity 𝜈̃𝑡 field. In the Spalart-Allmaras model, 𝜈̃𝑡 is107
deduced from an eddy-viscosity-like variable 𝜈̃ for which is prescribed a governing equation,108
as specified below. The RANS equations are here solved and discretized with a finite-109
element method as implemented in the software FreeFEM (Hecht 2012) using second-order110
Taylor-Hood elements. Streamline-Upwind Petrov-Galerkin and Grad-Div stabilizations111
are implemented to tackle the present convection-dominated flows. The extent of the112
computational domain corresponds to that used in the above DNS (Gleize et al. 2022).113
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The mesh is composed of 1.4 · 105 anisotropic triangles whose distribution is obtained by114
an automatic adaptation procedure based on the Hessian of the velocity, pressure and eddy-115
viscosity fields. More details are available in Franceschini et al. (2020). Results obtained116
with this numerical approach are illustrated in figure 1(a,c) for 𝛼 = 11◦. Large discrepancies117
between RANS and DNS mean-velocity fields are identified close to the trailing edge as118
RANS fails to correctly capture the recirculation region. To a lesser extent, differences also119
exist between wall-pressure coefficients of RANS and DNS (or experimental) results. To120
enhance the RANS capability to predict such a separated turbulent flow, we here investigate121
a data assimilation approach based on limited wall data extracted from DNS or experiments122
which are used to correct the RANS equations. In the case of limited observations,123
Franceschini et al. (2020) showed that better reconstruction results were obtained when124
adjusting the turbulence model compared to acting in the momentum equations. Therefore,125
a corrective spatially-dependent field 𝑔̃ is introduced in the Spalart-Allmaras equation which126
governs the eddy-viscosity-like variable 𝜈̃ according to127

ũ · ∇𝜈̃ − ∇ · (𝜂(𝜈̃)∇𝜈̃) − 𝑠(𝜈̃,∇𝜈̃,∇ũ) = 𝑔̃𝜈̃, (2.1)128

where 𝜂(𝜈̃) is a diffusion coefficient, and 𝑠(𝜈̃,∇𝜈̃,∇ũ) gathers production, destruction and129
cross-diffusion terms (Spalart & Allmaras 1994). Baseline RANS results correspond to130
𝑔̃ = 0. Note that the corrective field 𝑔̃ is here premultiplied by 𝜈̃ in (2.1) so as to naturally131
restrict model corrections to regions with non-negligible turbulence intensity, i.e. where132
𝜈̃ ≠ 0, and to favor them in regions with high turbulence levels. Other model corrections133
have been proposed in previous studies (Singh & Duraisamy 2016; Franceschini et al. 2020)134
and we refer to Cato et al. (2023) for a detailed assessment of these various approaches.135
Among them, the best results were still obtained with the multiplicative correction 𝑔̃ for the136
present flow configuration. This correction is determined so as to minimize the discrepancies137
between data m̄ and the estimation of the same quantity through the RANS model, denoted138
by m̃(𝑔̃). In a least-square variational data assimilation approach, we thus aim to identify the139
field 𝑔̃ that minimizes the following cost function140

J (𝑔̃) = ∥m̄ − m̃(𝑔̃)∥2
M , (2.2)141

where ∥ · ∥M corresponds to the norm that is associated to the observation space. In the142
following, the data m̄ will mainly correspond to a wall quantity such as the pressure coefficient143
𝐶𝑝 at a single location on the airfoil. In this case, ∥ · ∥M will simply correspond to the144
Euclidean norm for R. The minimization of J with respect to the model correction is145
performed through an iterative gradient-based descent method. The gradient of J with146
respect to 𝑔̃ that is required by such a procedure is obtained following the adjoint approach147
to take into account the equality constraint that is formed by the RANS equations. The first-148
guess of the optimization procedure corresponds to baseline RANS (i.e. 𝑔̃ = 0). More details149
about the present variational data assimilation methodology may be found in Franceschini150
et al. (2020). Contrary to previous studies (Ben Ali et al. 2022), one may emphasize the151
fact that we do not here rely on any sort of regularization, such as penalization or gradient152
smoothing, in the data assimilation procedure.153

3. Results154

The present data assimilation methodology is first applied to the reconstruction of the155
above-discussed mean flow at 𝛼 = 11◦. Before considering experimental observations,156
synthetic observations extracted from DNS are used to enable a quantitative assessment of157
the reconstructions, which will be the main focus in the following. We first show results158
using single wall data as observation in the data assimilation procedure and compare them159
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Figure 2: Evolution along the iteration 𝑛 of the data assimilation procedure of (a) the
normalized cost function J/J0 and (b) reconstruction error 𝑒𝑟 (ũ) when the considered

observation is 𝐶𝑝 at 𝑥𝑐 = 0.4 on the suction side (solid line), 𝐶 𝑓 at the same location
(dashed line) or the full DNS mean-velocity field (dash-dotted line).

to reference results obtained with the full DNS mean-velocity field ū𝑑 as observation, i.e.160
m̄ = ū𝑑 . For single wall data, the observation vector m̄ reduces to a scalar quantity that is161
either the wall-pressure 𝐶𝑝 or the wall skin-friction 𝐶 𝑓 coefficient at the chordwise position162
𝑥𝑐 = 0.4 on the suction side of the airfoil. The convergence of the data assimilation procedure163
for these different types of observations is first illustrated in figure 2(a), which reports the164
evolution of the cost function J along the optimization iteration, normalized by its initial165
value J0. When using single wall data (solid and dashed lines), the cost functions decrease by166
several order of magnitude in around 10 iterations. On the other hand, when considering the167
full mean-velocity field (dash-dotted line), more than 100 iterations are necessary to decrease168
the cost function by only 2 orders of magnitude. This improved convergence of the algorithm169
in the former cases implies a reduced computational cost, that here amounts to performing170
less than 10 RANS and adjoint computations, but is of interest only if the reconstructed171
mean flow compares well with the reference DNS results. To assess such reconstruction172
capability, figure 2(b) depicts the evolution of the relative error 𝑒𝑟 (ũ) in the estimation of173
the mean-velocity field, which is defined as174

𝑒𝑟 (ũ) =
𝑒(ũ)
𝑒(ũ𝑏)

, 𝑒(ũ) =

√√√∫
Ω𝑚

((ū𝑑 − ũ) · (ū𝑑 − ũ)) 𝑑Ω𝑚∫
Ω𝑚

(ū𝑑 · ū𝑑) 𝑑Ω𝑚

, (3.1)175

where ū𝑑 and ũ𝑏 refer to DNS and baseline RANS mean-velocity fields, respectively. The176
sub-domain Ω𝑚 is centered around the airfoil according to Ω𝑚 = {x = (𝑥, 𝑦); − 0.5 < 𝑥 <177
1.5,−0.3 < 𝑦 < 0.2}. The error 𝑒𝑟 (ũ) directly quantifies the enhancement in the estimation178
of the velocity field compared to baseline RANS, which corresponds to 𝑒𝑟 (ũ𝑏) = 1. The use179
of the single skin-friction coefficient data (dashed line) leads to very limited improvement180
in the reconstruction since 𝑒𝑟 (ũ) = 0.980 at the end of the optimization. In contrast, the use181
of the single pressure coefficient enables a remarkable decrease in the reconstruction error182
(solid line), converging towards 𝑒𝑟 (ũ) = 0.264. Interestingly, this error is very similar to183
that obtained after ∼ 10 iterations when using the full mean-velocity field as observation184
(dash-dotted line). In this latter case, a slow improvement of the reconstruction error is then185
observed since more than 90 supplementary iterations are necessary to divide the error by186
three (𝑒𝑟 (ũ) = 0.081 at the final iteration).187

Figures 3(a,c) show the streamwise velocity of the mean flows that are reconstructed based188
on the single 𝐶𝑝 and 𝐶 𝑓 data, respectively. In the latter case, the reconstructed flow is almost189
unchanged compared to the baseline RANS solution (figure 1c). On the other hand, the mean190
flow reconstructed with the single wall-pressure data exhibits a separation of the turbulent191
boundary layer leading to a recirculation region close to the trailing edge, as observed in the192
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Figure 3: (a,c) Streamwise mean velocity and (b,d) corrective field 𝑔̃𝜈̃/𝜈 at the last
iteration of the data assimilation procedure with a single observation of (a,b) 𝐶𝑝 or (c,d)

𝐶 𝑓 at position 𝑥𝑐 = 0.4 on the suction side of the airfoil, shown with black circles.

DNS results (figure 1b), thus entailing low velocity error 𝑒𝑟 (ũ). This improvement in the193
estimation of the mean velocity is also associated to better predicted aerodynamic coefficients.194
Notably, the reconstructed lift coefficient𝐶𝐿 = 1.255 compares very well with that computed195
with DNS (𝐶𝐿 = 1.259), unlike that obtained with baseline RANS (𝐶𝐿 = 1.457). To better196
understand the differences between the reconstruction performances obtained with single 𝐶𝑝197
and 𝐶 𝑓 data, the turbulent-model corrections at the final iteration of the data assimilation198
procedure are shown in figures 3(b,d), respectively. The quantity 𝑔̃𝜈̃ is displayed as it is the199
effective forcing in the turbulence model (2.1), normalized by the kinematic viscosity 𝜈. In200
both cases, the correction is distributed over a large part of the suction side, despite the local201
nature of the observation. The correction obtained with the wall-pressure data (figure 3b) is202
overall negative and therefore contributes to decrease the eddy-viscosity. This eddy-viscosity203
destruction is sufficiently large in the turbulent boundary layer to induce its separation around204
𝑥𝑐 = 0.79, while the largest magnitude of the correction is reached further downstream in205
the rear part of the recirculation region. The correction obtained with the wall skin-friction206
observation (figure 3d) is of much smaller magnitude. Moreover, being positive downstream207
of the observation, it increases the production of eddy-viscosity, thus explaining the inability208
of data assimilation to recover significant flow separation in this case (figure 3c).209

As a first step towards investigating the influence of the observation location on mean-flow210
reconstruction, figure 4 shows results obtained with single wall-pressure or skin-friction211
data at location 𝑥𝑐 = 0.2 on the pressure side. Strikingly, the velocity and corrective fields212
obtained with the present wall-pressure data (figures 4a,b) are very similar to those obtained213
with the previous pressure observation on the suction side (figure 3a,b). Clearly, despite214
the facts that the pressure observation is located at the pressure side and that discrepancies215
between baseline RANS and DNS are weaker there compared to the suction side, the data216
assimilation procedure has still identified a model correction that is spatially-distributed over217
the suction side. It is noteworthy that such a distribution of the corrective field is obtained218
for most of the observation positions that are investigated in the following and for which219
low reconstruction error is achieved (𝑒𝑟 (ũ) < 0.3). Turning now to results obtained with220
the wall skin-friction observation on the pressure side, the corrective field is also located221
on the suction side (figure 4d). Being negative unlike that obtained with the observation on222
the suction side (figure 3d), it here contributes to decrease the eddy-viscosity. However, its223
magnitude is too small to sufficiently favor an earlier separation of the turbulent boundary224
layer and to increase the size of the recirculation region (figure 4c).225

Given the capability of wall-pressure-based data assimilation in accurately reconstructing226
the reference mean flow, we will only focus on this type of observation in the following and227
assess the robustness of the above results with respect to various factors. The influence of228
the location of the single 𝐶𝑝 observation is now systematically investigated. Figures 5(a,b)229
report the reconstruction error 𝑒𝑟 (ũ) at the end of the data assimilation procedure for various230
positions on the suction and pressure sides, respectively. The low level of reconstruction231
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Figure 4: Same legend as figure 3 but for a single observation at 𝑥𝑐 = 0.2 on the pressure
side of the airfoil.

(a) (b)

Figure 5: Reconstruction error 𝑒𝑟 (ũ) at the end of the data assimilation procedure versus
the location of the single 𝐶𝑝 observation on (a) the suction side or (b) the pressure side.
The vertical dashed lines report the locations of the laminar-turbulent transition zones.
The vertical dotted lines correspond to the locations where baseline RANS predicts the
same value of 𝐶𝑝 as in DNS. For the sake of comparison, the horizontal dashed lines

report the value of 𝑒𝑟 (ũ) when the full DNS mean-velocity field is observed.

error (𝑒𝑟 (ũ) < 0.3) that was achieved for 𝑥𝑐 = 0.4 on the suction side or 𝑥𝑐 = 0.2 on the232
pressure side is reached for most of the investigated locations. This confirms the impressive233
capability of data assimilation in reconstructing the whole flow based on a single 𝐶𝑝 data.234
There are however some observation positions for which data assimilation is unsuccessful235
in improving RANS results. These locations cluster around two types of positions that are236
shown with vertical dashed and dotted lines in the figure: positions where the laminar-237
turbulent transition is triggered in the boundary layer (dashed lines) and positions where238
the value of 𝐶𝑝 predicted by baseline RANS is already equal to the reference one (dotted239
lines). The poor reconstruction performances for observations close to the laminar-turbulent240
transition points may be attributed to the particular way transition was imposed in the present241
DNS results, as detailed in §2.1. On the other hand, if baseline RANS and reference 𝐶𝑝242
values are already close, the cost function J is almost 0 from the start so that the data243
assimilation procedure can not really operate.244

To avoid the latter situation and thus improve the robustness of the mean-flow recon-245
struction, we now investigate the use of a second wall-pressure observation in the data246
assimilation procedure. Focusing on two observations located on the suction side of the247
airfoil and excluding positions close to the transition region (𝑥𝑐 < 0.2), figure 6 reports the248
reconstruction error 𝑒𝑟 (ũ) obtained when one of the observation location 𝑥𝑐 (1) is varied,249
while the second one 𝑥𝑐 (2) is kept fixed. Through figure 6(a), we first consider the fixed250
position 𝑥𝑐 (2) = 0.4 which corresponds to an already successful reconstruction in the single-251
data case as illustrated above. It appears that all observation pairs including the one at252
𝑥𝑐 (2) = 0.4 provide satisfactory reconstruction results, while the latter are not substantially253
improved compared to only considering the observation at 𝑥𝑐 (2) = 0.4 (red point) either.254
In figure 6(b), we then consider as fixed observation location 𝑥𝑐 (2) = 0.8 where among the255
poorest performances were obtained. As soon as a supplementary observation is considered256
away from that position (for instance 𝑥𝑐 (1) ⩽ 0.7), reconstruction results are enhanced and257
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Figure 6: Reconstruction error 𝑒𝑟 (ũ) obtained with two 𝐶𝑝 observations on the suction
side (full circles). The location of the first observation 𝑥𝑐 (1) is varied while the second

one 𝑥𝑐 (2) is fixed to (a) 𝑥𝑐 (2) = 0.4 or (b) 𝑥𝑐 (2) = 0.8 (red circles). Blue circles
correspond to identical combinations of observations. Results obtained with single 𝐶𝑝

observations are also reported with open circles for the sake of comparison.

𝛼 (◦) 𝑒(ũ) 𝑒𝑟 (ũ) 𝑒(ũ𝑏) 𝐿𝑟𝑐

8 0.024 0.436 0.055 0.04

10 0.025 0.283 0.088 0.14

11 0.030 0.264 0.114 0.22

Table 1: Absolute 𝑒(ũ) and relative 𝑒𝑟 (ũ) reconstruction errors obtained with a single 𝐶𝑝

observation at 𝑥𝑐 = 0.4 on the suction side for various angles of attack. The absolute error
𝑒(ũ𝑏) for baseline RANS along with the chordwise extent 𝐿𝑟𝑐 of the recirculation region

in the DNS results are also reported.

close to those obtained in successful single-data cases. This shows that using only two 𝐶𝑝258
observations instead of one significantly improves the robustness of the reconstruction as259
long as these two observations are not too close from each other. Incidentally, it was verified260
that relying on more observations is not worthwhile in the present configuration. As an261
example, the consideration of eight observations that are equally distributed on the suction262
side leads to 𝑒𝑟 (ũ) = 0.238, to be compared with the use of a single observation at 𝑥𝑐 = 0.4263
for which 𝑒𝑟 (ũ) = 0.264. Therefore, adding wall pressure observations is of interest for the264
robustness but not for the accuracy of the mean-flow reconstruction.265

To conclude the investigation based on synthetic data from DNS, we reconstruct the mean266
flow for two other angles of attack, 𝛼 = 8◦ and 10◦, again relying on a single observation of267
𝐶𝑝 at 𝑥𝑐 = 0.4 on the suction side. The corresponding reconstruction errors are reported in268
table 1. It appears that data assimilation is successful in all considered cases. The absolute269
error 𝑒(ũ), defined in (3.1), even slightly decreases when decreasing the angle of attack,270
indicating an even closer agreement with DNS at lower angles of attack. On the other hand,271
the relative error 𝑒𝑟 (ũ) (indicating an improvement compared to baseline RANS) increases272
for decreasing angles. This effect is attributed to reduced modelling errors in the baseline273
RANS prediction of attached turbulent boundary layers. Indeed, we observe that the absolute274
error 𝑒(ũ𝑏) of the baseline RANS solution decreases with the size 𝐿𝑟𝑐 of the recirculation275
region at the trailing edge, as reported in table 1. Still, for the case 𝛼 = 8◦ where the turbulent276
boundary layer flow on the suction side of the airfoil is almost fully attached, the relative277
reconstruction error 𝑒𝑟 (ũ) is less than 0.5, indicating a significant enhancement in the flow278
estimation from single wall-pressure data even in this case.279

Finally, we apply data assimilation to reconstruct the full mean flow at 𝛼 = 11◦ using single280
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Figure 7: Experimental wall-pressure data assimilation for 𝛼 = 11◦. (a) Error 𝑒𝑟 (𝐶̃𝑝)
when relying on a single pressure measurement at location 𝑥𝑐 (1) on the suction (open
triangles) or pressure (open circles) side, or on two measurements on the suction side

(filled triangles) where the location of the second measurement is kept fixed to 𝑥𝑐 (2) = 0.9
(red triangle). (b,c) Reconstructed streamwise mean velocity with the single measurements
at (b) 𝑥𝑐 = 0.9 on the suction side and (c) 𝑥𝑐 = 0.1 on the pressure side (red symbols in a).

or pairs of wall-pressure data from experiments. In this case where only 𝑁𝑚 wall-pressure281
measurements are available (triangles in figure 1a), we assess the quality of the reconstruction282
by introducing a similar metric to (3.1) but based on all the available experimental wall-283
pressure measurements according to284

𝑒𝑟 (𝐶̃𝑝) =
𝑒(𝐶̃𝑝)
𝑒(𝐶̃𝑝,𝑏)

, 𝑒(𝐶̃𝑝) =

√√√
𝑁𝑚∑︁
𝑘=1

(𝐶̄𝑝,𝑒 (𝒙𝑘) − 𝐶̃𝑝 (𝒙𝑘))2

𝐶̄𝑝,𝑒 (𝒙𝑘)2
, (3.2)285

where 𝐶̃𝑝 is the pressure coefficient of the reconstructed solution, while 𝐶̄𝑝,𝑒 and 𝐶̃𝑝,𝑏286
denote the experimental and baseline RANS wall-pressure coefficients, respectively. The287
position of the 𝑘-th sensor is denoted by 𝒙𝑘 . The error 𝑒𝑟 (𝐶̃𝑝) is reported in figure 7(a)288
for various reconstructions, and we first consider results that are obtained with a single289
pressure measurement on the pressure (open circles) or suction (open triangles) side. For most290
measurements on the pressure side, appreciable improvement over the whole 𝐶𝑝 distribution291
compared to baseline RANS is achieved. Results appear more contrasted for measurements292
at the suction side. Locations for which 𝑒𝑟 (𝐶̃𝑝) remains close to 1 seem to well coincide293
with measurement values that are close to RANS ones, as around 𝑥𝑐 = 0.2 and 𝑥𝑐 =294
0.8 (see figure 1a). Similarly as in the synthetic case, it appears that relying on pairs of295
measurements on the suction side significantly enhances the robustness of the reconstruction296
results (filled triangles). Selecting the measurement locations for which the minimum value297
of 𝑒𝑟 (𝐶̃𝑝) is reached at the suction and pressure sides respectively in the single-data case, the298
corresponding reconstructed mean-velocity fields are illustrated in figures 7(b,c). The latter299
remarkably exhibit a recirculation region at the trailing edge that is similar to that in the DNS300
results. Although one should be here cautious in relying on such a metric as the experimental301
and DNS flows are likely to differ, it is still interesting to note that the relative error with302
respect to the DNS mean-velocity field verifies 𝑒𝑟 (ũ) < 0.37 for these reconstructions, which303
is comparable to values obtained with DNS 𝐶𝑝 data. We may finally stress that considering304
a three-dimensional numerical model could here further enhance the reconstruction results305
since the experimental mean flow is likely three-dimensional, unlike that from DNS.306

4. Conclusion307

A variational data assimilation approach has been employed to reconstruct the full turbulent308
mean flow around a NACA4412 profile based on RANS modelling and extremely limited309
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wall data that are extracted from DNS or experiments. Remarkably, this approach has been310
demonstrated to dramatically improve baseline RANS results relying on observation of wall311
pressure at a single location on the airfoil. Despite the seemingly under-determined character312
of such a reconstruction problem, data assimilation has been able to accurately recover the313
full mean flow and the initially mispredicted strong separation and recirculation phenomena314
at the trailing edge in particular. This finding has appeared quite robust with respect to315
the observation location for both DNS and experimental data. Such reconstruction results316
could not be achieved when considering skin-friction observations. The present findings317
are therefore particularly encouraging concerning the potentialities of data assimilation in318
flow reconstruction for complex aerodynamic applications. On the experimental side, the319
present results suggest that the realization of a few pressure measurements is more effective320
than heavily instrumenting the studied airfoils. On the numerical and modelling sides, the321
need of reference data for machine-learning techniques as considered to obtain data-driven322
predictive turbulence models (Duraisamy 2021) seems alleviated if extremely scarce wall-323
pressure information is sufficient to satisfactorily calibrate RANS models.324
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