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Abstract

The purpose of this paper is to study the convergence of the quasi-maximum likelihood
(QML) estimator for long memory linear processes. We first establish a correspondence be-
tween the long-memory linear process representation and the long-memory AR(co) process rep-
resentation. We then establish the almost sure consistency and asymptotic normality of the
QML estimator. Numerical simulations illustrate the theoretical results and confirm the good

performance of the estimator.
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1 Introduction

Since Hurst’s (1953) introduction of long-range dependent processes, much research has focused
on estimating the long-range parameter, whether defined on the basis of the asymptotic power-law
behavior of the correlogram at infinity or that of the spectral density at zero (see the monographs
B] and ] for more details).

Two estimation frameworks have been studied extensively. The first focused on the estimation of
the long-memory parameter alone, but could be carried out in a semi-parametric framework, 1.e. if
only the asymptotic behavior of the correlation or spectral density was specified. This led to the first
methods proposed historically, such as those based on the R/S statistic, on quadratic variations, on
the log-periodogram, or more recent methods such as wavelet or local Whittle (again, see ] for
more details).

Here we are interested in a more parametric framework, and in estimating all the parameters of the
process, not just the long memory parameter. The first notable results on the asymptotic behavior
of such a parametric estimator were obtained in Fox and Taqqu (1986) (see @]) in the special case
of Gaussian long-memory processes, using the Whittle estimator. These results were extended to
linear long-memory processes with a moment of order 4 by Giraitis and Surgailis (1990) (see IE])
In both settings, the asymptotic normality of the estimator was proved, while non-central limit the-
orems were obtained for functions of Gaussian processes in [18] or for increments of the Rosenblatt

process in B] The asymptotic normality of the maximum likelihood estimator for Gaussian time



2

series was also obtained by Dahlhaus (1989, see B]) using that of the Whittle estimator obtained
in Fox and Taqqu (1986).

For weakly dependent time series, especially for conditionally heteroscedastic processes such as
GARCH processes, the quasi-maximum likelihood (QML) estimator has become the benchmark
for parametric estimation, providing very interesting convergence results where Whittle’s estima-
tor would not. This is true for GARCH or ARMA-GARCH processes (see H] and ]), but also
for many others such as ARCH(co), AR(c0), APARCH processes, etc. (see |4]). We will also
note convergence results for this modified estimator for long-memory squares processes, typically
LARCH(c0) processes, see da], or quadratic autoregressive conditional heteroscedastic processes, see
13]. But for long-memory processes, such as those defined by a non-finite sum of their autocorrela-
tions, to our knowledge only the paper by Boubacar Mainassara et al. (2021) (see dﬂ]) has shown
the normality of this QML estimator in the special case of a FARIMA (p,d, q) process with weak
white noise.

We therefore propose here to study the convergence of the QML estimator in the general framework
of long-memory one-sided linear processes. The key point of our approach is to prove that long-
memory one-sided linear processes can be written in autoregressive form with respect to their past
values, which we can call long-memory linear AR(c0). This is perfectly suited to the use of QMLE,
since this estimator is obtained from the conditional expectation and variance of the process. We
then show the almost sure convergence of QMLE for these long-memory AR(oo) processes, which
generalizes a result obtained in [4] for weakly dependent AR(co) processes. We also prove the
asymptotic normality of this estimator, which provides an alternative to the asymptotic normality
of Whittle’s estimator obtained in ]

Finally, we performed simulations of two long-memory time series and examined the performance
of the QMLE as a function of the size of the observed trajectories. This showed that the behavior
of the QMLE is consistent with theory as the size of the trajectories increases, and provides a very

accurate alternative to Whittle’s estimator.

This article is organized as follows: the section [2 below presents the AR(oco) notation of an ar-
bitrary long memory one-sided linear process, the section [Bl is devoted to the presentation of the
QMLE estimator and its asymptotic behavior, numerical applications are treated in the section [

while all proofs of the various results can be found in the section

2 Long-memory linear causal time series

Assume that & = (g;)sez is a sequence of centered independent random variables such as E[¢3] = 1

and (a;);en is a sequence of real numbers such as:
a; = Lq() i1 for i e N* and ag >0, (1)

where d € (0,1/2) and with L,() a positive slow varying function satisfying

forany t >0, lim La(at)

= 1.
00 La(x)



Now, define the causal linear process (X;)ez by
o
X = Zai g—; foranyte Z. (2)
i=0

Since 0 < d < 1/2, it is well know that (X;)icz is a second order stationary long-memory process.

Indeed, its autocovariance is

rx (k) = Cov (Xo, Xi) = Zai aisp ~ Cq L2 (k) k*1 when k — oo, (3)
=0

where Cy = [;°(u+ u?)*~! du (see for instance Wu et al., 2010).

Then, it is always possible to provide a causal affine representation for (Xi)iez, i.e . it is al-

ways possible to write (X;)iez as an AR(oco) process:

Proposition 2.1. Let (X;)tez be a causal linear process defined in (2]) where (a;) satisfies ({II). Then,

there exists a sequence of real number (u;);en+ such as:

Xy =aper + Z u; X¢—; forany t € Z, (4)
i=1
where (u;);en+ satisfies
- ap d —1 —1-d —1-d
=1 and u, ~ 0 = L, 5
;u and un o~ F@TA—a) Le () (5)

where L, is a slow varying function.

Remark 2.1. Using (I8)), the reciprocal implication of Proposition 21]is also true: if (X;) satisfies
the linear affine causal representation (@) where (u;);en satisfies (), then (X;) is a one-sided long-

memory linear process satisfying (2] where (a;) satisfies ().

Remark 2.2. 1t is also known that I'(d)['(1 — d) = for any d € (0,1), and this implies

T
sin(7 d)
apd sin(rd) _,_4

U, —_—

n—00 ™ La (n)

As a consequence, every long-memory one-sided linear process is a long-memory AR(oc0) process
with the special property that the sum of the autoregressive coefficients equals 1. This is the key

point for the use of quasi-maximum likelihood estimation in the following section.

Example of the FARIMA process: Let (X};)cz be a standard FARIMA(0, d, 0) with d € (0,1/2),
which means X = (I; — B )_ds, where B is the usual backward linear operator on R%. Then, using

the power series of (1 —z)™%, it is known that

(i + d)

_U*D  tez
TG+ @ '€

)
Xt: E AiEt—4 with a; =
1=0
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Using the Stirling expansion of the Gamma function, i.e. T'(z) ~ +2me *2*" /2 we obtain

T—> 00
ap  ~ F(ld) nd=1, which is (@) with L,(n) o~ (d)

n—o0
Moreover, the decomposition X = ¢ + (I; — (I; — B)?) X implies:

Xt_st+dz Z+1)Xt_,~ for t € Z.
. F(TL — d) —1-d . . d —1—d
The expansion m n:oo n provides X; = ¢ —I—fo:l Uy X¢—p With u, n—>Noo = " 1=d
which is equivalent to ([B) when ag =1 and L,(n) ~ ﬁ.
n—oo

3 Asymptotic behavior of the Gaussian Quasi-Maximum Likelihood

Estimator

3.1 Definition of the estimator

We will assume that (X;).ez is a long-memory one-sided linear process written as an AR (o0) process,
i.e.
Xy =0" st—l—Zuk ) Xi—p foranyteZ, (6)
k=1
where

e (g¢)1ez 1s a white noise, such that £y has an absolutely continuous probability measure with

respect to the Lebesgue measure and such that E[e2] = 1, E[¢}] = 0 and 4 = E[e§] < oo;

e for § = !(y,0%) € © a compact subset of RP~! x (0,00), (un(f))nen is a sequence of real

numbers satisfying for any 6 € ©,

un(0) = Lo(n) n~ =1 for n € N* and Z up(0) = 1. (7)

n=1

with d(#) € (0,1/2). We also assume that the sequence (u,(f)) does not depend on o?;

o 0% = t(v* 0*2), 0* is in the interior of ©, with 0* > 0 an unknown real parameter and

v* € RP~! an unknown vector of parameters.

A simple example of such a sequence (uy,(0)) is u,(0) = (((1 +d))"*n~174 for n € N*, with 6 =
(d,0%) € (0,1/2) x (0,00) where ¢(-) is the Riemann zeta function. Then © = [02,,0%,] X [dm, du],
with 0 < 02, < 02, and 0 < d,,, < dps < 1/2.

For ease of reading, denote d* = d(#*) the long-memory parameter of (X;). Denote also d* = d*+¢
where ¢ € (0,1/2 — d*) is chosen as small as possible. Since (u,(0)),en satisfies (), we know from
Remark 2.T] that there exists C, such that for any ¢t € Z,
- . y Cq .
X = Zaz(e )et—i with |a;(0")] < 5—5 for alli € N*. (8)
i=0 v



We also deduce from (B]) that there exists C. > 0 satisfying
Ce

rx (k)| = |Cov (Xp, Xp)| < ————— forall k € N. 9
rx (k)| = |Cov (Xo, X)| e 9)

In the sequel we will also denote for any 6 € O,
= Zuk(H) X foranyteZ. (10)

We want to estimate 0* from an observed trajectory (Xi,...,X,), where (X;) is defined by ({@)).
For such an autoregressive causal process, a Gaussian quasi-maximum likelihood estimator is really
appropriate, since it is built on the assumption that (g;) is Gaussian white noise, and it is well
known that an affine function of ¢; is still a Gaussian random variable (see for example Bardet and
Wintenberger, 2009). It consists in considering the log-conditional density I,,(0) of (X1,...,X,)

when (e¢) is a standard Gaussian white noise and with X; = o &, + m(6), i.e.

n —my 2
ZQt Z (log( ) + (Xta—2(9))> for any 0 € ©. (11)

t 1

However, such conditional log-likelihood is not a feasible statistic since m;(6) depends on (X%)r<o

which is unobserved. Hence it is usual to replace m;(#) by the following approximation:
= Zul(ﬁ) X;—; for any ¢t € N*, (12)

with the convention Z?:l = 0. Then, a quasi conditional log-likelihood fn(ﬁ) can be defined:

n . ﬁlt 2
I,(0) = —% > <log (o%) + (Xta—z(e))> : (13)

If © is a subset of RP such as for all § € © there exists an almost surely stationary solution of
the equation Xy = o&; + my(0) for any ¢t € Z, we define the Gaussian quasi maximum likelihood
estimator (QMLE) of 6 by

0, = Argelélgx I,(0). (14)

Note that a direct implication of the assumption that (u,(#)) does not depend on o2 is that if we
denote 6, = {(3,,,52) the QMLE, then:

R 1 n t—1 R N
Y = I(Xrg;n)lelg (X¢ — Zuk ) X k)" and &= S (X = uk(@n) X))
Y0 t=1 k=1

where by writing convention w,, () = w, (). Hence, in this case of long-memory AR(o0), 7, is also
a non-linear least square estimator of the parameter ~.
3.2 Consistency and asymptotic normality of the estimator

The consistency of the QMLE is established under additional assumptions.

Theorem 3.1. Let (X;)iez be a process defined by (@) and its assumption. Assume also:



e for any n € N*, 0 € © — u,,(0) is a continuous function on ©;
o If u,(0) = u,(¢) for all n € N* with 6 = (v,0?) and 6’ = (7/,0?), then § = ¢'.

Let 6, be the QMLE defined in (I4)). Then

This result extends the é\n consistency obtained in Bardet and Wintenberger (2009) to short-memory
time series models, including ARMA, GARCH, and APARCH, among others, including AR(c0)

processes. It also applies to long memory AR(oc0) processes.

Remark 3.1. Regarding the long-memory linear process example, 8* could also be estimated using
Whittle’s estimator, which is constructed from the spectral density and second-order moments of
the process. The consistency and asymptotic normality of this estimator were shown by Giraitis
and Surgailis (1990).

Having shown the consistency, we would like to show the asymptotic normality of the QML esti-
mator in the case of the long-memory one-sided linear processes considered above. This amounts
to proving it for linear processes whose linear filter depends on a vector of parameters. This will be
the case, for example, for FARIMA(p, d, q) processes, for which Boubacar et al. (2021) have already
shown asymptotic normality in the more general case where (g;) is weak white noise, i.e. in the
case of weak FARIMA (p, d, q) processes.

As it is typical to establish the asymptotic normality of an M-estimator, we make assumptions

about the differentiability of the sequence of functions (u,(#))nen+ with respect to 6:

(A) Differentiability of (u,(6)),en+: for any n € N*, the function u, () is a C*(0) function and
for any 6 > 0, there exists C5 > 0 such that:

ilelgzgg {n1+d(9)_6 (!un(H)‘ + ||Ooun(0)]| + H@gzun(e)H)} < Cs. (15)

Moreover we assume that:

for v € RP7L if for all k € N*, v, up(0*) =0 = ov=0. (16)

Example (called LM in the numerical applications): For the simple example where (u,()) is such
as u,(0) = (1 +d)"*n~1=% for n € N* with § = (d,0?) € (0,1/2) x (0,00), we have:

n—1-d

Oqun () = —m (C(l +d) log(n) + ¢'(1 + d))
n—1-d
Doun(0) = 301D (31 + d) log®(n) + 2¢'(1 + d)¢(1 + d) log(n) 4+ 2(¢'(1 + d))? — ¢"(1 + d)¢(1 + d)).

Therefore (I3]) of (A) is satisfied with d(f) = d (note also that § = 0 is not possible). Moreover
([I6) is also clearly satisfied.



Theorem 3.2. Consider the assumptions of Theorem BJland also that E[g] = 0 and j14 = ||go ]| < oo.
Then with 6, defined in (Id), and if (A) holds, ,

=) =i ((3)-( 1) 2o (O L)) o

n—oo M4

where M* = 25 2% Y5, 0,ui((v%,0)) ' (@yue((v",0))) rx (£ — ),

It is clear that 6, satisfies (@) in the case of the FARIMA processes or in the case of the LM
processes example. It is also worth noting that the central limit theorem is written in exactly the
same way as the one obtained in [4], although the latter dealt only with weakly dependent AR(o0)

processes.

Remark 3.2. Of course, in this specific context of linear long-memory processes, we would like
to make a comparison between the asymptotic results for the convergence of the QMLE estima-
tor and those obtained with Whittle’s estimator in dﬂ] In this paper, more precisely in Theo-
rem 4, the asymptotic covariance matrix of 7, is given by the spectral density f, and is written
as (4m)~' [T (85 1og(fy(N))) (0 log(fy(N))) dX. However, Dahlhaus in ] has shown that this
asymptotic covariance matrix is also that of the maximum likelihood estimator in the case of a
Gaussian process, the latter also being (M*)~! if (g;) is Gaussian white noise. This means that
asymptotically, the QML and Whittle estimators behave identically. However, we will see a slight
numerical advantage due to the convergence of the QMLE in the case of observed trajectories whose

size is not too large.

4 Numerical applications

In this section, we report the results of Monte Carlo experiments conducted with different long-

memory causal linear processes. More specifically, we considered:
e Two different processes generated from Gaussian standard white noises:

1. A FARIMA(0,d,0) process, denoted FARIMA, with parameters 0> = 4 and d = 0.1,
0.2, 0.3 and 0.4;

2. A long-memory causal affine process, denoted LM, defined by:

oo

Xp=aoe; +C(1+d)" D kX, forany t € Z,
k=1

with parameters 02 = 4 and d = 0.1, 0.2, 0.3 and 0.4.
e Several trajectory lengths: n = 300, 1000, 3000 and 10000.

e In the case of the FARIMA process, we compared the accuracy of the QMLE with the one
of the Whittle estimator which also satisfies a central limit theorem (see ]) We denote

Oy = C dy) this estimator.



n 02=4,d=01|0>=4,d=02|02=4,d=03|0°=4,d=04
300 0, = (Gﬁ,c/l\n) 0.327 | 0.045 || 0.317 | 0.045 || 0.318 | 0.046 || 0.327 | 0.050
§W = (5%, EW) 0.327 | 0.050 || 0.318 | 0.050 || 0.319 | 0.051 || 0.332 | 0.053
1000 b, = (3%,(%) 0.179 | 0.024 || 0.179 | 0.024 || 0.183 | 0.025 || 0.184 | 0.025
Oy = C EW) 0.179 | 0.026 || 0.179 | 0.026 || 0.183 | 0.026 | 0.185 | 0.026
3000 0, = (Gﬁ,c/l\n) 0.103 | 0.014 || 0.105 | 0.014 || 0.103 | 0.014 || 0.100 | 0.015
AW = (5%, EW) 0.103 | 0.014 || 0.106 | 0.015 || 0.103 | 0.014 || 0.100 | 0.015
10000 | 6, = (3%,(%) 0.056 | 0.007 || 0.056 | 0.007 || 0.056 | 0.008 || 0.052 | 0.008
Oy = C EW) 0.056 | 0.007 || 0.056 | 0.007 || 0.057 | 0.008 || 0.052 | 0.008
Table 1: Square roots of the MSE computed for the QMLE §n and the Whittle estimator in the

case of a FARIMA process computed from 1000 independent replications.

n 02=4,d=01|02=4,d=02|02=4,d=03|0°=4,d=04
300 0, = (2,d,) || 0.082 | 0.048 || 0.083 | 0.054 || 0.080 | 0.059 || 0.080 | 0.065
1000 | 6, = (52,d,) || 0.045 | 0.025 || 0.047 | 0.032 || 0.045 | 0.032 || 0.046 | 0.038
3000 | 6, = (52,d,) || 0.025 | 0.014 | 0.027 | 0.017 | 0.024 | 0.018 || 0.026 | 0.020
10000 | 6, = (52,d,) || 0.013 | 0.008 || 0.013 | 0.010 || 0.015 | 0.011 | 0.014 | 0.012

Table 2: Square roots of the MSE computed for the QMLE §n in the case of the LRD process

computed from 1000 independent replications.

The results are presented in tables [I] and 2]

Conclusions of the simulations:

1. The results of the simulations show that the consistency of the QML estimator §n is satisfied

and also that its 1/y/n convergence rate of the estimators almost occurs.

2. In the case of the FARIMA process, the comparison between the QML and Whittle estimators
leads to very similar results for large n, but for n = 300 the QML estimator provides slightly

more accurate estimates.

5 Proofs

5.1 Proofs of the main results

Proof of Proposition[Z1. Using B the lag or backshift linear operator on R%, we can denote X =
S(B)e, where X = (X;)1ez and € = (g¢)4ez and S(B) = > i, a; B'. We know that there exists a
linear operator denoted S~! such as ¢ = S~!(B) X. As a consequence, X = age+(S(B)—ag ;) e =
age+ (S(B) —agI)S Y (B) X = ape+ (Ig—ap S~1(B)) X which is the affine causal representation
of X.



Let Xy = apes + Z;’il u; X¢—;. Then, for any t € Z,

S
Xy = aper+ Zul X

i=1
o0 o0
= apé&t+ Z Z U Qg Et—j—j
i=1 j=0
00 k—1
= ag&t + Z (Z U—j aj> Et—k-
k=1 j=0
As a consequence, denoting ug = —1, for any k € N*,
k—1 k k
Zuk—j a; =ap = (Zuz) <Zaj) = 0. (18)
j=0 i=0 §=0

Finally, since the convergence radius of the power series » ;2 as 2! is 1 from asymptotic expansion
(@), we deduce that for any z € C, |z] < 1,

<§;0Uk zk> (gag zg) = —aqy. (19)

Now, we are going to use a Karamata Tauberian theorem as it is stated in Corollary 1.7.3 of Bing-
ham et al. (1987):

Fiz p > 0 and let L a slow varying function. Then if (an)nen S a sequence of nonnegative real
numbers and the power series A(s) = 7 oy s™ converges for any s € [0,1), then

En:ak ~ L(n)n? < A(s) ~ ML((l —s) ) ass— 17, (20)
k=0

n—o00 (1 — S)p

Note that this result is also established if there exists Ny € N such as (an)n>n, IS a sequence

of nonnegative real numbers. We first apply @0) to («,) = (an). Indeed, from (1) and with

p = d, there exists Nyg € N such as (an)n>n, 1S a sequence of nonnegative real numbers and
Y h—o Ok o~ L(n)n? with L(-) = L“T() Therefore, we deduce that
[e.9]
I'(1+4d) 1 _
nz;oans"fmea((l—s) )ass— 1. (21)

Therefore, from (I9]), the following expansion can be deduced:

iu s" o~ —M L' (1—s)") ass— 1~ (22)
n=0 ! F(d) ‘ .

On the other hand, if we consider (IJ) when s — 17, 372 as s* — oo since (a,) satisfies (). As a

consequence,

(o] (o]
Zunsn —0= Zun when s — 1.
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We deduce that w, — 0 and the sequence (U,)nen can be defined where we denote U, =
n—o0

Y heni1 k. But since Y 7 u,, = 0, for any s € [0,1],

Zuksk =(s—1) ZUksk.
k=0 k=0
Using ([22), we deduce

o 1— d—1
ZUk FLEN %L;l((l — 8)_1) as s — 17.
k=0

From (I8)), we also have for any n € N

() () = a0 )

k=0 (=0
Since (ay) satisfies (), we know that there exists Ny such as a,, > 0 and Y ;_ja, > 0 for any
n > Ny. Therefore we know from ([23) that for any n > Ny, >°)_jur < 0 and thus U, > 0 since
Y peour = 0. Thus we can apply 20) to (a,) = (Uy,) with p =1 — d and this induces

& ap -1 1-d
L — .
,;U’“ e T@TE@—a) Lo (M7

Since for n > Ny, u, > 0, we deduce that (U,) is a positive decreasing sequence for n > Ny. Using
again Bingham et al. (1987), we deduce that

ap (1 —d) L_l(n) =4 — G L_l(n) n~?,

Un e T@TE=a) 2 T(d)T(1—d) °

To finish with, since (U,,) is a positive decreasing sequence for n > Ny, we deduce:

aod 1 _1—-d
= " ] ,

and this achieves the proof. O

Proof of Theorem [l In the sequel, we will denote for any ¢t € N* and 6 € O,
m(0) = my(6) — my(0) = iukw) Xi k. (24)
k=t
For a random variable Z and r > 1, denote ||Z]|, = (E[\Z\T])l/r.
1. Firstly we prove some useful inequalities.

From the Cauchy-Schwarz Inequality, for any # € © and ¢ € Z,

m@) < (3 |u@)]) (3 [u®)] X2)

k=1 k=1

VAN

0
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= HSE@MW(@)H‘; < (SUP{iWk(H)‘})zHXoH;<oo,
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since (uy) follows (7)), © is a compact subset, § € © — uy(0) is a continuous function for any k > 1
and d(0) € (0,1/2).
Using the same inequalities we also obtain that there exists Cy > 0 such that for any ¢t > 1,

>° 2
lsngl@[15 <o s L ol < (up{ 3 @) < ot o
with 0 < d < infgee d(f) from the condition (7)) on (u,(0)).

Finally with

2
q(0) = —%<log (02) + _(Xt_?;(e)) ) 26)
~ 2 ?
a0) = —3(1ox(3) + L))
we obtain from the previous bounds and o € [02,,02,] where 0 < 02, < 02,

sup |qt(9)‘ < sup{ (Xt +m; (9)) + % | log(a]z\/[ﬂ}

0cO 0co
1
= [suwla@l], < —%1(||Xt||%+H;g@pm(e)mi)+5\1og<a%4>|
< 0. (27)

And to conclude with these preliminary bounds, using Cauchy-Schwarz and the triangular inequality,
there exists C' > 0 such as for t > 1,

IN

; H zgg |2Xt +my(0) + T?Lt(e)”L H ggg |mt )|H2

< % <2 IX5 115+ || 338 |mt(6)|H; + 338 |mt(9)w§> (€ t‘24)1/2

| supa:(0) — o)
00O 1

< Cct4 (28)

2. From its AR(co) representation (), and since || Xpll2 < oo, then (Xy)iez is a second order
ergodic stationary sequence (see Theorem 36.4 in Billingsley, 1995). But for any 6 € O, there exists
Hg : RN — R such that

q:(0) = Hy ((e1-5);>0),
with also E[|q:(0)|] < oo from @7). Then using Theorem 36.4 in Billingsley (1995), (¢:(6)))

an ergodic stationary sequence for any 6 € © and therefore

tez 18

I,(0) =% E[go(0)] for any 6 € ©,

n—oo
with I,(0) defined in (II). Moreover, since © is a compact set and since we have E[ supyeg |@:(0)|] <
oo from (27), using Theorem 2.2.1. in Straumann (2005), we deduce that (g:(6))),., also follows a

teZ
uniform ergodic theorem and we obtain

sup |1, (0) — E[qo(6)]| 25 00. (29)

0cO n—00



12

Now, using I,,(6) defined in ([3), we can write

sup | I, ( < — sup q — qi( 30

a0 50 < gl 001 <>

In Corollary 1 of Kounias and Weng (1969), it is established that for a ! sequence of r.v. (Z;); and
E[|2]

a sequence of positive real numbers (by)nen+ such as b, — oo, then > 7, —5 <X implies
n—o0

= > Z “j> 0.

Therefore, with b; =t and Z; = supyce |q¢(6) — G:(0)| for ¢ € N*, using the inequality (28),
o~ 1 ~ o~ d-
;ZE sup |¢:(0) — @(0)|] < CZt -1« o = Zsup‘qt ) — @(0)] == 0.

0O =1 n—00

Then, using ([B0) and ([29), we deduce:

sup |I —E[q0(9)]] 2500, (31)
0cO n—o00

3. Finally, the same argument already detailed in the proof of Theorem 1 of Bardet and Winten-
berger (2009) is used: 6 € © — E[go(6)] has a unique maximum reached in § = 6* € © because
it is assumed that if u, () = u,(¢) for all n € N* with § = (v,0?) and 0’ = (7/,02), then 0 = ¢'.
This property and the uniform almost sure consistency (BI]) lead to é\n 25 9. U

n—oo

Proof of Theorem[32 As a preamble to this proof, since 0, =% o by Theorem B.1], we will be

n— oo

able to reduce the © domain. Let © C © be a compact set of RP such that:

0 ={0co, 2(6") - 1/2 < inf d(9) < d(6")}.
0cO®

Note that 2d(*) — 1/2 < d(6*), so it’s still possible to determine ©.
In the spirit of (I4)), let’s define

0, = Argmax 1,.(0).
/€O

Using Theorem [B.1] it is clear that 0, L5 0. Moreover, for all z = (x4, ...

n— oo

,Tp) € RP,

P(ﬂ (én —6%) 21(—00,:@]) = P(ﬂ (én —6") € gl(—oo,:nj] | 0, € é) P(6, € ©)

J

j=1

Since §n L5 6* by Theorem Bl and therefore ]P’(én ¢ (:)) — 0 because 0* € (:), it is clear that

n—oo n—oo

the asymptotic distribution of /n (§n — 9*) is the same as the one of \/n (5n — 9*). Consequently,
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throughout the rest of the proof, ® will be replaced by O and §n by 5n

In the sequel, for § € ©, we will denote d = d(6) — ¢ and di = d* + ¢ where d* = d(6*) is

the unknown long-memory parameter, and we chose € > 0 such as ¢ < % (1 — 4d(9) + 2d(6%)).

Hence, from the definition of ©, 1 — 4d(6) + 2d(6*) > 0 and
Adt —2d—1<0. (32)

From Assumption (A), for any 6 € © and t € Z, dgmy(0) and 2my(0) a.s. exist with
Opmy(0) = Opup(0) Xo—y and Jpomny(0) = > Iorug(0) X
k=1 k=1

And the same for 9y (6), dpmy(0), 0amy(0) and J3my(0). However, note that for any 6 € o,
(m¢(0))e, (Opme(6))¢ and (97,my(6)); are stationary processes while (74(6))s, (m:(0));: and their

derivatives are not.

Due to these results, for any 6 € o:

. 8 qt(9) . ULQ 8 mt(ﬁ) (Xt — mt(H))
Opqi(0) = < a;qt(e) > = < # g(Xt —mt(H))Z pe > ; (33)

and the same for 9g;(0) by replacing my(6) by 7m,(0). Once again for any 6 € ©, (9gqi(0)); is a
stationary process, while (9yq;(0)); is not. Finally, for all 6 € (:), define

1 < ~ 1~
OoLn(0) = — > 09gi(0) and  9pLn(60) = - > 006 (0).
t=1 t=1

Following the same reasoning it can be shown that for any t € Z, 6 € © — ¢;(f) and 6 € © — §;(6)
are a.s. C2(0) functions and therefore the random matrices 0% Ly (0) and 02 L,(8) as. exist.
The proof of Theorem will be decomposed in 3 parts:

1. First, as it was already established in Bardet and Wintenberger (2009), (Jgpq:(6%)): is a sta-

tionary ergodic martingale difference since with the o-algebra F; = 0{(Xt_k)k21},
E|dya(0") | 7] =0,

because (X;) is a causal process and ¢; is independent of F; and E[Eg] =1.

Now since E [H@eqo(ﬁ*)H2] < oo from the same arguments as in the proof of the consistency of
the estimator. Then the central limit for stationary ergodic martingale difference, Theorem
18.3 of Billingsley (1968) can be applied and

VgL, (67) 55 N(0, G¥), (34)

n— o0

since E[dpqo(0*)] = 0 and where G* := E[@gqo(ﬁ*) X t(@gqo(e*))} :
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2. We are going to prove that:

E [sug H(%Enw) — OpLy( (35)

EC) H } =00

Using a line of reasoning already used in Beran and Schiitzner (2009, Lemma 1 and 2) and
Bardet (2023, Lemma 5.1 3.), and derived from Parzen (1995, Theorem 3.B), there exists
C > 0 such that:

E[SuEH%En — gLy ( H ] <C SuEE[H%En — OpLn( H }
(ISC] (ISC]

because we assumed that § — u,(6) is a CP*1(©) function and therefore 8gfn(9) — O0g Ly (0)
is a CP(©) function.
Then, for 6 € é,

~ 1 ~ - ~
0,0:(0) = 0,3(0) = = (aymt(e) (X; — ma(6)) + 0 (6) mt(0)>.
As a consequence, for 0 € (:),

nE[[06Ln(0) ~ OpLn(0)]"]

- Z E[* (010(0) (Xi—my(0)) 40,730 (0) 4 (6) ) (0774(0) (Xo—ms(0)) 0,704 (0) s (0)) |

1<s<t<n

+ZE[ (a 714(0) (X —m(0))+0,774(0) mt(o)) (aymt(o) (Xy—my(0))+0,me(0) ﬁn(@))])

= n%él(h +15). (36)

Concerning I, since X; = o*&; + my(6*) and since &, is independent to all the other terms
because s < t, we deduce that (X; —my(6)) can be replaced by ny(6,0%) = (m(6*) — mq(9)).
As a consequence, after its expansion, I; can be written as a sum of 6 expectations of products
of 4 linear combinations of (g;). Moreover, if for j = 1,...,4, Y}gj) =D s Bl(cj) §t;—k, where
t) <ty <tz <y, (ﬁ,(Lj))neN are 4 real sequences and (£;);ez is a white noise such as E[¢3] = 1
and E[¢3] = 4 < oo, then:

4
E[H X/tgj ,LL - 3 Z /8 tz t1 +k tg t1 +k/8t4 —t1+k + E [5/;(11)}/;(22)] E [X/tgg)}/;g:l)]
7=1
+ENEY Y] + B EY ).

Now, consider for example Y;(ll) = 0,ms(0), Y;(f) = (X5 — my(0)), Y;(;’) = 0ymy(0) and
th) = my(#). From Lemma [5.I] and for any used sequence (ﬁ,(f )) keN, there exists C' > 0 such
as for any k € N:

C

| C
s (k + 1)1=4%

td (k4 1) 7%

C

and max (|57, [57]) < T

18" < B <
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As a consequence, with s < t,

1 1
Ha — 3 5 5 —5 ﬁ —5 4
‘ 1 kzo k e +’€‘ sdtd Z 5 (k41— 5)* 7%

C
T sdpd(f — 5)2724

(37)
And we obtain the same bound for any quadruple products appearing in ;.

Consider now the other terms of I;. Using Lemmas and [5.4] we obtain for any 6 € O and
s <t

o EFIYPIENIY]| = (B0 0) (X, —ma(0)] E[0,7(0) 70(6)] |

= [E[075(0) ns(6,07)] | [E[0,724(60) e (0)]

1 1

< 081+d—2d1 JATd—ady
o EFIYIIENIYV]| = [B[0m.0)0,m0(0)] E[(X, — my(6)) 7u(0)] |

- E[(‘)Vms(e)amt(H))]HE[ (0,67 (9)}(

- C( 1 n 1 >< 1 n 1 >

= gdpl—2dy, " 42d—2d; ) \jidg-2di | jl+2d—2d}
o EFIOVIENDYD) = [E[0ms(0) mu0)] B[(X, - my(0) 0,7(6) |

= |E[0,m.(0) 74(0)] ( (E [0 (6, 0%) B,y ()] (

1 1
gdI2dHd (  )1-2dY

Using these inequalities as well as ([37)), we deduce from classical comparisons between sums

and integrals:

3 E[ (a 74(0) (X¢ — my(6)) 0,774 (0) m8(9)>]
1<s<t<n
g — 3 1 1 1 1
< C Z sdpd(f — 5)22d - <$dt1—2d*+ T Sl+2d—2di) <t1+ds_2di - t1+2d—2di>
1<s<t<n

1 1 1 1
gltd=2d} y1+d—2d7, T Sdtl 2d% +d (t —

1
Ly " dx Toody dy
o s [ e [ e [ e [0 [ 2
. L g2raedy [ amadt ) 2+2d a7 pl+d 1+2d Ad%,
+/” dz /m dy +/" dz /m dy +/ /x >
B A N R A A R T x1+d 27, yd(x_y)l o,

O (n2% =24 4 pddi—2d | pdd}=3d | dd5—=3d 4 dd}—dd | dd]-2d 4 ,4d}—2d)

+ 2d7,

IN

IN

We obtain exactly the same bounds if we consider the 3 others expectations, i.e.

E|*(0,10(8) (Xi=me(0)) ) 0ys(6) (Xo=my(0)) |, B[ (81 700(6) ie(6) ) D (0) (Xo=mis(0)) ) |
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or [t (a“/mt(e) mt(9)>&yﬁls(9) ﬁls(ﬁ)ﬂ . As a consequence, we finally obtain:

1 x
— L < CnAi=2=1 for any n € N*. (38)
otn

Now consider the term Iy in ([36]) and therefore the case s = t. For Y( ) = L my(0), Yt(22) =
(X —my(9)), Ytg )= ,m(0) and Y( ) = m¢(0), and the coefficient (ﬁk ) defined previously,

we obtain:

(2 5(3) 54 11 1
‘“4_ Zﬂk B By ‘SCZﬁ_dk4—4d1 <C o (39)
k=1
Moreover, using the same 1nequahtles as in the case s < t, we obtain:
(1)y-(2) (3)y(4) 1
° E[Ytl Y, ]E[Yts Vi | < Ct2+2d—4di7
(1)y-(3) (2)y-(4) 1
o [ER,YIENL Y < O
(1)y-(®) (2)y,(3) 1
o |[E[Y, Y, |E[Y, Y, ]| < Ct1—2d1+2d'

Therefore,

o g —3 1 -
ZE[ (02(6) (e = ma(0)) 0, 1e(0) e(0)) | < € o™ + s < Ot
t=1
As a consequence, we finally obtain that there exists C' > 0 such that:
1

—— 2 < Cn~2 for any n € N*, (40)

otn
Therefore, from ([B8) and [{Q), we deduce that there exists C' > 0 such that for any n € N*:

NE[||86Ln(0) — B9 Ln(8)|"] < C (n~2 4 0457241y q, (41)

n—oo

from ([32I).

. For § € © and n € N*, since o7 EH(H) is a.s. a C2(O) function, the Taylor-Lagrange expansion
implies:

V09 Lo(0%) = v/ 0gLn(0n) + 0*Ly2(0n) x V/n (0% — 0,)
where 8,, = c0,, + (1—¢)f* and 0 < ¢ < 1. But agLn(Hn) = 0 because 6, is the unique local
extremum of 6 — EH(H) Therefore,

\/Eaein(e*) = 8922En(§n) X \/ﬁ(e* - gn) (42)

Now, E[H@gg qo(H)H] < oo from the same arguments as in the proof of the consistency of the
estimator, and using Theorem 36.4 in Billingsley (1995), (9%, qt(e)))tez

sequence for any § € ©. Moreover 0,, % 6* since 6,, — #*. Hence:
n—o0 n—oo

is an ergodic stationary

OgoLn(0n) > E[072q0(0)] = F(67).

n—oo
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Moreover, using the same arguments as in Lemma 4 of M], we have:

supl|0Lu(0) — 0% L,(0)]| =5 0 = BT L5 FO7), (43)

9cO n—oo n— o0

Usual calculations show that:

F(O*) = — ( ]\é* (1) > and G(@*) = ( M Mzo_l > )

Pra 0 T
with M= —5 373 0hun((v7,0))* (Qyue(v7,0)) rx (£ k)
k=1 (=1

where G(0%) = E [0pq0(0%) '9pqo(6*)] has already been defined in (34)).

Thanks to the formula for M*, we can deduce that F™* is invertible. Indeed, M™ is invertible
if and only if E [9gqo(6*) 'dpqo(6*)] is invertible and therefore if and only if for all v € RP™1,
fWE [0,90(0%) '0pq0(0%)] v =E [(tv 87(]0(9*))2} =0 or 'vd,qo(6*) = 0 a.s. implies v = 0. Or,
pour v € RP~L,

* 1 G *
" 0,q0(0*) =0 a.s. = 2 €0 kz_ltv&yuk(e )X =0 a.s.

= Ztv Oyu(0*) X_p, =0 a.s. (go is independent to Fy)
k=1

= "wo,up(0*) =0 forall k€ N*

— v =0 from (I4]).

Now, from ([B34)) and (@I, we deduce that:

VipLa(6*) 55 N (0, G(87)),

n— o0

and since F'(6%) is a definite negative matrix, from ([#2]) we deduce that

Vi (0, —607) =5 N(0, F(6*) "1 G(6%) F(6") 7). (44)

n—oo

Finally, from the previous computations of G(6*) and F(0*), we deduce (7).

5.2 Proofs of additional lemmas

Lemma 5.1. Under the assumptions of Theorem B1] for any § € © and t € Z or t € N*, with my(0),
m¢(0) and my(0) respectively defined in (I0), (I2)) and (24]), we have:

me(0) = on(0,0") ek, Mu(0) =D (0,07 e and iy (0) =D dk(6,0%) e,
k=1 k=1 k=0

where there exists C' > 0 such as for any £ > 1 and ¢ € N*,

and |d.(0,0%)| < ¢

max(‘ak(&@*)|, ~ W

C
kl—d"‘+

ak,t(ev 9*)|) S

Moreover, under the assumptions of Theorem [3.2] the same properties also hold for 9pmy(0), Ogmm(0)
and Opm(0).
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Proof. We know that Xy = > "2 as(6*) g,y for any ¢t € Z. Then,

E
=

I
WK

u(0)ap(0) ep_p_o = Z (Zuk a1 (0 ) Et—j = Zaj(976*)€t_j

)3
k=1 ¢=0 j=1 k=1 j=1
t—1 oo oo min(j,t—1)
Mi(0) = Zuk(e)ag(e*)et_k_g_z( Zuk Yaj (6 >5t ~ _Zaﬂ 0,07 e
k=1 (=0 j=1 Jj=1
mi(0) = Zzukw)ae(e*)et_k_g—z (Zum Jaj k(07)) ey = D @50(0,0%) &1
k=t £=0 j=0 k=0 §j=0

As a consequence, using |ag(6%)| < C ¢4 ~1 and lug(8)| < C 741 for any ¢ € N*, we obtain:

1
o (0,0" < C .
‘ ]( )| k;kl-i—d (1+j—k)1_d+
1 i/2 >
= C( 1—d7, Z 1+d )i+d Z 1d*
(4/2) k J/2 ooy (L7 = k)%
C
< jl_—d*+
Using the same kind of decomposition, we obtain the other bounds. O

Lemma 5.2. For any o > 1, 8 € (0, 1), there exists C' > 0 such as for any 1 < a,

=k (k+a)* " a

> 1 C
I (a,b) = f b>a>1
0 =Y G S o

k=1
- 1 C
Jo,5(a,0) E < —
AT a B B
=k (k+a) a
= 1 C a
= < in(1,-) f >1
Jo,5(a,b) 1521 T af (hrbe = aPtod min (1, b) or any b >

Lemma 5.3. Under the assumptions of Theorem Bl there exists C' > 0 such as for any 6§ € © and
1<s<t<n,
C

|E[ms(6) me(6)] | < ] (45)
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Proof. Using the bounds of functions I, 4 and Jj 44124 defined in Lemma [B.2] we obtain

B[ (0)me(0)] = D> up(0)ue(0) rx(t —s+k—0)

IN
Q

00 00 1
ZZ S + k 1+d t—|—€)1+d (1 + |k7 _ €|)1—2d’jr
1 00

+ )
1+j12d Z(€+s+3)1+d€+t1+d ; k+31+dk+t)l+d

IA

a
N w
Mg

o0

1 - 1
+ - .
jz_:l (1+ )24 kzzl (k+ )k +t + y)1+d)

< O (Ials.) +Z 1+31 s (Iiva(s +.0) + Tisals,t + )
1 1 1
< C(Sdt1+d J1+d1 gd* Ot td+1z 1_1_]1 2d%, (S—I-j)d
1
1d Z )2 '1+d>
tjt81+‘7 +(s+7)
1 1 1 1
< O (e + e + g (6= s TP+ g o (- s1)
1 1 1 1 C
< C (Sdtl-i-d T gd1—2d% +d T sdt1—2di+d n Jitd-2ay (t =5 t)) = gdgl-2d+d

O

Lemma 5.4. Under the assumptions of Theorem [B.I] there exists C' > 0 such as for any 6§ € © and
any 1 <sand 1<t

1 (1+t—s)%H\ |
c (Sdt1—2d1 + sl+2d ) if s <t

> c <t2di (1 45— t)2di>

sl+d gl+did

ifs>¢
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Proof.
[o¢] [o¢]
(s (0)me(0)] = D> up(0)ug(0) rx(t —s+k—10)
k=s =1
o0 o0
1 1 1
< C -
>~ ;; (S + ka)l-l-d El-i—d (1 + |t—|— L — €|)1—2dJr
> 1 = 1
< C( . :
> ]Z:; (1 _’_t_’_j)l—2dJr gZ:; (€_|_ s—|—j)1+d€1+d
t [e%s}
1 1
+ * .
]Z::l (1 +t—j)l_2d+ kEZ:l (k + S)1+d(/€ +j)1+d
o0 o
1 1
+ : )
]z_: (145 —t)' 2% z_: (k + s)trd(k + j)i+d
> 1 1
s C(ZWHM(SH’ +Z o Tals: 0 =) +Z g Leals. +1)).
o)) il pucll
Then, if s <t,
~ 1
|E[ms(9)mt(9)” < C<Jl+d1 Zd* (t,5) 5d Zjl 207 (¢ — j)I+d
7=1
R~ 1 1
_ 1 1 1 1
= (sdt1—2di + s2dyl—2d7, + glt2d—2d} * Sdt1+d—2di)
1 1
< C(Sdtl—m; T S1+2d—2d1>'
And if s > ¢,
E[@m@)]] < O (Trrar-ae (5) + 7 Z i
R 1
+Sl+d Z -1—2d’jr (t—i—j Sd Z t—i—j)“’d)
Jj=1 j=s5— ¢
1 1 1 1
< ( _ _ 4 _— )
81+dt_2d+ sl+dt1_2d+ sl+2d—2d+ 31+2d_2d+
1 1
<31+dt—2d1 + Sl+2d—2di>'
O
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