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Introduction

The purpose of this paper is to introduce a logic-based framework for analogical reasoning based on logic-based similarity as recently introduced in [START_REF] Antić | Logic-based similarity[END_REF]. Concretely, in Section 3, the main section of the paper, we introduce the following inference rule:

(A, B) | = a 1 ≈ b 1 . . . (A, B) | = a n ≈ b n A | = ψ(a 1 , . . . , a n ) AR n B | ≈ A ψ(b 1 , . . . , b n ).
Here we can imagine A to be a "known" source domain and B an "unknown" target domain, where the similarities a i ≈ b i are defined as in [START_REF] Antić | Logic-based similarity[END_REF] (Section 2). The rule speaks for itself: if a i is similar to b i , for every 1 ≤ i ≤ n, and if (a 1 , . . . , a n ) satisfies some property expressed in terms of a first-order formula ψ in A, then it is reasonable to expect (b 1 , . . . , b n ) to satisfy the same property ψ in B.

Analogical reasoning is "consistent" in the sense that (cf. Proposition 5)

B ̸ | ≈ A ⊥.
Of course, the approximate inference may be "incorrect" in the sense that (see below)

B | ≈ A ψ whereas B ̸ | = ψ.
In some situations, this can have the "constructive" reading indicating that we need to modify the structure B so that it does satisfy the property ψ at (b 1 , . . . , b n ). For example, if we have the structures (N, f, 0) and (N n , f, 0), n ≥ 0, given by (cf. Example 4) We have

N | = ψ(a)
, for all a ∈ N, and

N n | = ψ(0) . . . N n | = ψ(n -2)
whereas

N n ̸ | = ψ(n -1) and N n ̸ | = ψ(n).
On the other hand, by applying our inference rule AR n , we can deduce

N n | ≈ N ψ(a), for all 1 ≤ a ≤ n.
There are at least two possible ways to "repair" the structure N n to give more correct approximations, namely we can either add finitely or infinitely many elements n + 1, n + 2, . . . and extend the function f accordingly, or we can redefine f by putting f n := nk, for some 1 ≤ k ≤ n. The first possibility is the "correct" one as its limit yields the structure (N ∞ , f, 0) isomorphic to (N, f, 0) which has the maximal amount of correct approximations. However, the second possibility is more interesting from the perspective of computational creativity [START_REF] Boden | Creativity and artificial intelligence[END_REF], as it yields a "novel" target structure which is a bit more similar but not identical to the "known" source structure. This line of work of "repairing" structures is not treated in this paper as we focus here only on the approximate entailment relation | ≈. However, we do believe that it is worth exploring "repairs" in future work.

The Isomorphism Theorem 8 shows that analogical reasoning is compatible with isomorphisms which is desirable. In total, we can say that our notion of qualitative similarity-based analogical reasoning has appealing mathematical properties.

Similarity

In this section, we recall Antić's (2023) notion of logic-based similarity which will be the basis for the rest of the paper.

We assume the reader to be fluent in first-order logic as it is presented for example in Hinman (2005, §2). In what follows, L denotes a (first-order) language and all structures A, B, C, . . . have the same underlying language L. We always write A instead of (A, A).

Recall that the type of an element collects all the properties of that element in a structure. Comparing two elements from different structures can thus be achieved by comparing their respective types. For technical reasons, we need to restrict types to conjunctive formulas containing no disjunctions so that negation occurs only in front of atoms to form literals (for a discussion see Antić, 2023, §2). We denote the set of all conjunctive L-formulas by c-Fm L .

The following definition is an adaptation of the well-known model-theoretic notion of type to conjunctive formulas: Definition 1. Define the conjunctive L-type (or c-type) of an element a ∈ A by Computing all justifications of a similarity is difficult in general which fortunately can be omitted in many cases:

↑ A a := {φ(y) ∈ c-Fm L | A | = φ(a)}.
Definition 2. We call a set J of justifications a characteristic set of justifications of a ≲ b in (A, B) iff J is a sufficient set of justifications, that is, iff (1) J ⊆↑ (A,B) (a ≈ b), and (2) J ⊆↑ (A,B) (a ≲ b ′ ) implies b ′ = b, for each b ′ a ∈ B. In case J = {φ} is a singleton set satisfying both conditions, we call φ a characteristic justification of a ≲ b in (A, B).
Example 3. Take for example the natural numbers N starting at 0 and the set 2 B of all subsets of some set B with the usual operations. Then it is reasonable to expect 0 to be similar to the empty set ∅ (Antić, 2023, Example 1). Given the joint language L containing a function symbol * standing for addition and union, respectively, we see that the (conjunctive) formula

φ(y) :≡ (∀z)(z * y = z) is a characteristic justification of the similarity (N, 2 B ) | = 0 ≈ ∅ (1) since φ ∈↑ (N,2 B ) (0, B ′ ) ⇔ B ′ = ∅, and φ ∈↑ (N,2 B ) (a, ∅) ⇔ a ′ = 0.
Similarly, the (conjunctive) formula (here ⊛ stands for multiplication and intersection)

ψ(y) :≡ (∀z)(z ⊛ y = y)
is another characteristic justification of the similarity in (1).

Logic-based analogical reasoning

This is the main section of the paper. Here we introduce the following rule of analogical inference for qualitative similarity-based analogical reasoning:

(A, B) | = a ≈ b A | = ψ(a) AR. B | ≈ A ψ(b)
We call | ≈ A the analogical entailment relation with respect to A. Here we can imagine the fixed structure A to be a "known" source domain and B an "unknown" target domain which we want to explore via analogical transfer from A. We could generalize the rule by allowing multiple source structures A 1 , A 2 , . . ., which is a path we will not explore in this paper.

We can generalize rule AR to multiple elements as follows: 

  N n ) | = a ≈ a, for all 1 ≤ a ≤ n.Now define the property ψ(y) :≡ ( f y f 2 y)

  Given a ∈ A and b ∈ B, we define the similarity relation by 1(A, B) | = a ≲ b :⇔ (↑ A a) ∩ (↑ B b) is ⊆-maximal with respect to b except for a.We define (A, B) | = a ≈ b :⇔ (A, B) | = a ≲ b and (B, A) | = b ≲ a, in which case we say that a and b are similar in (A, B).

(

  A, B) | = a 1 ≈ b 1 . . . (A, B) | = a n ≈ b n A | = ψ(a 1 , . . . , a n ) AR n B | ≈ A ψ(b 1 , . . . , b n ).We will usually omit the reference to A and simply write B | ≈ ψ in case the source domain is understood from the context. We call an approximate inference B | ≈ ψ correct iff B | = ψ and incorrect otherwise.Example 4. Consider the structures N = (N, f, 0) and N n = ([n], f, 0) given respectively by

In the rest of the paper, we will abbreviate "is ⊆-maximal with respect to b except for a in case a ∈ B" by "is b-maximal".
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On the other hand, we have

. . .

That is, we make n -2 correct approximate inferences and two incorrect ones.

Moreover, if we add the relation ≤ to the structure, we can deduce from (2) (it is easily seen that these relations are preserved after adding ≤ to the structure) and

Properties

In this section, we prove some basic properties of the above inference rules. Our first observation is that we cannot analogically derive contradictions.

Proof. An immediate consequence of A ̸ | = ⊥, for every L-structure A. □ Proposition 6. The approximate entailment | ≈ relation is compatible with the logical connectives and quantifiers in the same way as | =, that is, we have

and similarly for the other connectives, and

Proof. Follows immediately from the properties of | =. □

The next result shows that the approximate inference rule AR n is "constructive" in the sense that each derivable formula is analogically derivable within a single structure.

Theorem 7. For any L-formula ψ, and elements b 1 , . . . , b n ∈ B,

Proof. The proof can be succinctly written as

where the similarities in the first line follow from the reflexivity of the similarity relation in a single structure [START_REF] Antić | Logic-based similarity[END_REF], Theorem 2). 2 □ Notice that Example 4 provides a counterexample proving that Theorem 7 may fail if A B, that is,

as expected. Moreover, for the formula ψ(y) ≡ ( f y f 2 y) of Example 4, we have

On the other hand, we have

The next result shows that similarity-based analogical reasoning is compatible with isomorphisms as expected.

Theorem 8 (Isomorphism Theorem). For any isomorphism H : B → C, L-structure A, L-formula ψ, and elements b 1 , . . . , b n ∈ B,

Proof. By definition, we have

Since B and C are isomorphic by assumption, we have by Antić (2023, Second Isomorphism Theorem) (the structure A is clearly isomorphic to itself via the identity mapping)

which is equivalent to C | ≈ A ψ(Hb 1 , . . . , Hb n ). □ 2 Notice that the similarity relation can be non-reflexive in a pair of non-identical structures (Antić, 2023, Theorem 2).
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