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Abstract

Let W be a nonnegative random variable with expectation 1. For all r > 2, we consider the total mass Z;.°
of the associated Mandelbrot multiplicative cascade in the r-ary tree. For all n > 1, we also consider the
total mass Z;' of the measure at height n in the r-ary tree. Liu, Rio, Rouault [15, 16, 22] established large
deviation results for (Z;')»2 for all n € [1,00[ (resp. for n = o) in the case W has an everywhere finite
cumulant generating function Aw (resp. W is bounded). Here, we extend these results to the case that Aw
is only assumed finite on a neighborhood of zero, and even to the case that W has a stretched exponential
tail. In addition, we study deviations of all orders. It is noticeable that we obtain recursive definitions of
rate functions and that we resort to the moments bound instead of the standard Chernoff bound to establish
the upper bounds of deviation in the infinite tree.

Keywords: Mandelbrot multiplicative cascades, large deviation principles, moments bound, stretched ex-
ponential tails.
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1 Introduction

Multiplicative cascades were introduced by Mandelbrot [18, 17] in order to analyze some problems of turbulence
precisely. If r > 2 is an integer, a multiplicative cascade is a random measure x° on the unit interval, defined
as a limit of measures p;' on the sub-o-algebra generated by the r-adic intervals of level n > 1. The study of the
u?’s generated a huge literature, notably about the multifractal dimensions of u2° (see e.g. Holley and Waymire
[11] and Barral [2]). It appears that a natural and fundamental object is the total mass Z" := u?([0,1]) of the
measure u, which can be described as follows. Let W be a nonnegative random variable such that E[WW] = 1.
Now, let (Wi, i )n>1,1<i1,....in<r be a family of independent and identically distributed random variables
distributed as W indexed by all finite sequences of integers between 1 and r. Then we define, for all n > 1,

1
0 = — Z Wi Wiiio Wi i (1)

n
11,0 in ST

and we set Z? := 1. For fixed r, the properties of Z" were studied in several works. First, Kahane and Peyriére
[12] showed that (Z]),>1 is a nonnegative martingale with expectation 1 and that the properties of the limit
Z2° were characterized by the behavior of the moments of W and the quantity E[W log(WW)]. In particular,
E[Z°] < 1 and it is proved in [12, Théoréme 1] that E[Z2°] = 1 if and only if E[W log(W)] < log(r). Moreover
the distribution of Z2° is solution of the distributional equation

@ 1
79z 7 2
;W (2)

where the Z;’s are independent copies of Z, also independent of (W;)1<i<r. This equation has been studied by
Durrett and Liggett [7] and by Guivarc’h [10], and is closely related to implicit renewal theory (see [9]).

Now for n € [1,00]', the asymptotic behavior of (Z7),>2 when r goes to infinity was studied by Liu, Rio,
and Rouault [15, 16, 22]. In [15, 16], the authors studied (Z]'),>2 and obtained the law of large numbers and
the central limit theorem under minimal assumptions. They also provided large deviation results under strong
assumptions on the tail of the variable W. Let

Aw (t) :=log E[e!] € (—o0, o]
be the cumulant generating function of W and let

Ay (z) == itelﬂg[tx — Aw (¥)] € [0, o0

be the Fenchel-Legendre transform of Ay,. The following result is proved in [15, 16].

Theorem 1 (very light tail — all trees — large deviations). Letn € [1,00]. Assume that one of the two following
statements s true:

1. (finite tree) n € [1,00[ and Aw < oo everywhere;
2. (infinite tree) n = oo and esssup(W) < oo.
Then, the sequence (Z]')r>2 satisfies a large deviation principle at speed (1)r>2 with rate function Aj,.

It is worth noticing that, for unbounded random variables W, even when the cumulant generating function Ay
is finite everywhere, we did not find the large deviation principle for n = oo (infinite tree) in the literature. The
left deviations, stated in the following proposition, essentially follow from Gértner-Ellis theorem without any
assumption on W.

Hf (a,b) € EQ, la,b] := {n €Z;a<n< b} and, similarly, we define [a, b[, etc.



Proposition 2 (all tails — all trees — left large deviations). Let n € [1,00]. If n = oo, we assume that
E[W log(W)] < co. For all a € [0,1],

1 n *
- logP(Z) < a) — Ay (a).
The result is proved in [16, Theorem 1.4] for n = co and a € (0,1). It is also a consequence of [15, Theorem 6.2]
for n € [1,00] at every point of continuity a of Af;,. There is no difficulty to extend the result as stated above
(and we discuss this extension in Sections 3.2 and 4.3). The study of right deviations is more delicate. The
case esssup(W) < oo is the case where the variables Z are bounded above (by esssup(W)) and Gértner-Ellis
theorem applies. However, if esssup(W) = oo, even if Ay < co everywhere, E[e!4" | may be infinite for all ¢ > 0
and Gértner-Ellis theorem cannot provide the result in that case.

In this work, we extend these results to the case where Ay is allowed to take infinite values: not only do we
complete Theorem 1, extending item 2 to the case where Ay < oo everywhere, but also we study the case where
sup(dom(Aw)) € [0,00) and obtain results for W with an exponential or a stretched exponential tail. Besides,
in each case, we obtain, for both finite and infinite trees, deviation estimates of all orders (see Theorems 4, 5,
7, 8, and 9). In [15], the key argument to obtain the large deviation result in the finite tree and with Ay < oo
everywhere (Theorem 1 with assumption 1) is to truncate the variable and use exponential approximation. In
that case, the rate function is Ajj,: the large deviations are the same as those of the first level of the tree. In the
case Ay admits infinite values, the rate function is not A}, anymore as soon as n € [2, 0], so this argument
seems hopeless. Moreover, the cumulant generating functions of the random variables Z* are infinite on (0, 00),
hence the exponential Markov’s inequality cannot either be used here to prove the upper bounds. Note that, in
the case where Ay < oo everywhere, we do not know if the truncation argument works. Here, we use different
techniques to bypass these problems. In the case of the finite tree, we decompose the event of deviations and
control each term; this technique is standard to obtain upper bounds of large deviations for heavy-tailed random
variables (see e.g., [19, 20]). In the case of the infinite tree, bounding the moments of Z2° appears to be the
corner stone of our approach. For instance, when W has an exponential tail, the upper bound of moderate and
very large deviations follows immediately from the moment Markov’s inequality; as for the large deviations, we
prove that (see Corollary 24)
lim sup ~ log E[(Z3)"] = O(n),
r—oo T

which is the key argument to prove that the rate function is non degenerated and is indeed the limit of the rate
functions in finite trees (compare items 1 of Theorems 5 and 7).

The paper is organized as follows. The main theorems for both finite and infinite trees are stated in Section
2. Section 3 is dedicated to the proof of the deviation results for finite trees whereas the proofs for the infinite
tree are given in Section 4. Finally, Section 5 contains the proof of Theorem 6, which precises the very large
deviation estimates in the finite trees when W has a very light tail.

2 Main results

Proposition 2 easily generalizes to left deviations of all orders. The left very large deviations are trivial, since
P(Z» =1 < r%) =0 for all @ > 0, a < 0, and r large enough. As for the left moderate deviations, they are
given in the following proposition.

Proposition 3 (all tails — all trees — left moderate deviations). Assume that E[W?] < oco. Then, for all
n € [1,0], a € (-1/2,0), and a <0,

2

a
P n __ < o = ——
Ti2a logP(Z! — 1< %) —>T J(a) S Var(W)

The main purpose of the paper is to study the right deviations of (Z' — 1),>9, which strongly depend on the
right tail of W. First, we obtain the moderate deviations for light-tailed random variables W, i.e. satisfying
Aw < oo on some neighborhood of 0.

Theorem 4 (light tails — all trees — right moderate deviations). Assume that Ay < oo on some neighborhood

of 0. Then, for alln € [1,], @ € (=1/2,0), and a > 0,

logP(Z! — 1 > r%a) —— J(a).

T‘1+2a r—o0



Together with Proposition 3 and the monotonicity properties of the rate function J, Theorem 4 implies a large
deviation principle on Ry: for a € (=1/2,0), (r~*(Z — 1)),>2 satisfies a large deviation principle at speed
(r'1129),55 with rate function J. Also note that, when sup(dom(Aw ) < oo, it is easy to prove that

Vne[2,00] Vr=2 Vt>0 Elet?]= o0,

hence our proofs cannot be direct consequences of Gartner—Ellis theorem. A few days before the submission of
this paper, one of the authors talked to Q. Liu about the present work and Q. Liu brought to our attention
that he had studied the moderate deviations, using similar tools as in [15]: he obtained the same result as us
in the finite tree, but his approach only applies to bounded W in the infinite tree (his results are written in an
unpublished paper [8]).

As for the other deviation results, it appears that obtaining matching lower and upper bounds relies on a finer
estimate of the tail of W. In the sequel, we thus assume that there exists (7,¢) € (0,00) x (0,00) U {(1,00)}
such that

1
(Arc) — logP(W > w) —— —c.
wT w—00
Since it is a general result that
1
sup(dom(Aw)) = —limsup — log P(X > w) (3)
w—oo W

(see, e.g., [3, Section 9.1.1]), the case (7,¢) = (1,00) is precisely the case where Ay < oo everywhere (W
with a very light tail?), which is considered in Theorem 1, item 1. It includes the case where the variable
W is bounded, as assumed in Theorem 1, item 2, and the case where (7,¢) € (1,00) x (0,00) (W with a
compressed exponential tail) considered in Theorem 6, precising the very large deviations in this case. The
early motivation of this paper was to examine the case (7,¢) € {1} x (0,00) where W has an exponential tail.
It appears that we have obtained deviations of all orders in the general case (7,¢) € {1} x (0, 00|, essentially
corresponding to light-tailed random variables W, with a unified proof. Whereas the moderate deviations in
this case were stated above (see Proposition 3 and Theorem 4), the large and very large deviation results can
be found in Sections 2.1 (finite tree) and 2.2 (infinite tree). Eventually, our techniques can be extended to the
case (7,¢) € (0,1) x (0,00) corresponding to W with a stretched exponential tail: such W has a heavier tail
than exponential and notably satisfy Ay = oo on (0,00). All our results in this latter case are stated in Section
2.3.

2.1 Light tails — Finite tree

In this section, it is always assumed that (A, ) holds with (7,¢) € {1} x (0, 00]. Examples where ¢ € (0,c0)
include the cases where the law of W is the exponential distribution of mean 1 (¢ = 1) or any gamma distribution
of mean 1. The following theorem describes all regimes of deviations in the finite trees. Note that, in the whole
text, we use the convention oo -0 = 0.

Theorem 5 (light tails — finite tree — large and very large right deviations). Assume that (A;.c) holds with
(r,¢) € {1} x (0,00]. Letn € [1,00].

1. Large deviations. For alla > 1,
1
——1logP(Z! > a) —— I"(a)
r

r—00
where the functions I™ are defined by induction by I' = w and, for alla > 0,
I"(a) :=inf {ew +I"""(2) + Ajy(s) ; w>0, 220, s 20, wz+s=a}. (4)

2. Very large deviations. For all a € (0,00) and a > 0,

- - n e n .7 1/n

Tra/n logP(Z! > r%a) — K"(a) :== cna™'".
Theorem 5 deserves some comments. First of all, together with Proposition 2 and the monotonicity properties
of the rate functions, Theorem 5 implies large deviation principles on Ry: (1) (Z7),>2 satisfies a large deviation

principle at speed (r),>o with rate function I"™ (notice that, on [0,1], I™ = Aj}; see Proposition 11); (2)

2In the literature, this case is known as “over-exponential”, “super-exponential”, or “sub-exponential”. To avoid confusion, we
opt for the (non standard) term “very light tail”.



for a € (0,00), (r~®Z"),>2 satisfies a large deviation principle at speed (r't®/™),~, with rate function K.
Unsurprisingly, just like for the simple random walk (Z}),>2, the rate function K™ appearing in the very large
deviations depends only on the tail of W, through the constant ¢ (similarly, the rate function J in the moderate
deviations depends only on the variance Var(W) of W; see Theorem 4), whereas the rate function I™ appearing
in the large deviations depends on the entire law of W, through Ay . The large deviations (item 1) reveal a
very interesting behavior. Contrary to the moderate deviations, the cases ¢ = oo and ¢ € (0, 00) are not similar
anymore. One can easily prove, by induction in (4), that

c=00 = Vne[l,oo] I"=Aj} (5)

(see Proposition 12): this case was studied in [15] and the proof there relies on exponential approximation.
Here we provide another proof that encompasses all the cases ¢ € (0,00]. The first notable fact is that, when
¢ € (0,00) and n > 2, the rate function I™ is not Aj, anymore, as follows from the asymptotics given in
Proposition 17. (Notice, by the way, that the rate function K™ of the very large deviations coincides with
the asymptotics of the rate function I"™ of the large deviations.) Figure ?? shows some functions I™ when
W ~ £(1) and properties of the functions I"™ are gathered in Section 3.2.1. Notably, we prove that (I™),>1 is

n=1 n=2 n=3 — n=4 n=>5

16 1
14
12 1

10 - —
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a nonincreasing sequence of functions (Proposition 13). In particular, we may introduce

I°°:= lim | I™, (6)
n—oo
which appears to be the rate function of the large deviation principle in the infinite tree, as stated in Theorem
7 below. Furthermore, as Figure 77 shows, one proves (see Proposition 18) that there are successive “splitting
points” a”, for n > 1, defined by

a":=inf{a>1; I""(a) < I"(a)}. (7)

Here is a nice interpretation of this fact. For any n € [1,00[, the large deviations in the tree of height n
are explained by (i.e. have the same first order log-probability asymptotics as) the deviations of a subtree, as
illustrated in Figure 1: the larger the deviation requested, the higher the subtree deviating. Let us detail what
happens in the case n = 4. When a € (1,a'] (see Figure la), I"(a) = I'(a) = Ajy(a), so the deviation is
explained by the deviation of the first level of the tree (in red), each black subtree being typically of order 1.
When a € (a', a?] (see Figure 1b), I"(a) = I*(a) and the deviation is explained by the first two levels of the tree.
Looking deeper into the definition of I?(a) = inf {cw + I'(2) + A} (s) ; w >0, >0, s >0, wz+ s =a}, one
sees that this deviation of the first two levels is explained by: (1) the deviation of one edge in the first level
(squiggly red edge), contributing to the term cw in the definition of I?(a); (2) the deviation of the one-level
subtree below (straight red edges below), contributing to the term I'(z); (3) the deviation of the sum of the
other edges in the first level (top straight red edges), contributing to the term Aj, (s). When a € (a2, a3] (see
Figure 1c), I"(a) = I3(a) = inf {cw + I?*(2) + A}y (s) ; w=0, 220, s >0, wz+ s =a} and the deviation is
explained by the first three levels of the tree, with the same deeper interpretation. Note that the term I2(z)



(a) a € (1,a1] (b) a € [al,aQ]

(c)a € [a27a3] (d) a€ [a3,oo)

Figure 1: Typical event explaining I*(a). One observes a longer and longer “haired spine” forced to deviate.

corresponds to the deviation of the subtree below the top squiggly red edge: by induction, the picture for it is
as in Figure 1b. The same applies to a > a® (see Figure 1d). The edges explaining the deviations form what
we call a “haired spine”: the squiggly edges form a spine, each of those being of order r, and the straight red
edges attached to the spine deviate as a whole in each level.

Let us notice a last fact on the functions I"™. Even if they are continuous (see Proposition 17), they are not differ-
entiable at splitting points a™, in general. See for instance Figure 2 in the case W ~ £(1). Here is the explanation

n=1 n=2

2.5 7

2.0 1

1.5 : In

1.0

0.5 1

0.0 T T T : T T
0 1 2 3 4 5 6 7

Figure 2: Non differentiability of I? at splitting point a' for W ~ &(1).

of what we observe on Figure 2. Remember that I?(a) = inf {G'(w, z,8) ; w >0, 2>0, s >0, wz+s=a}
where Gt (w, 2, 8) = cw + I'(2) + Ay (s). One observes a transition at a = a! = 4 for the point of minimum: if
a < a', the minimum is attained at (w, z,s) = (0,1,a); if a = a!, it is attained at two points, (w, 2z, s) = (0,1, a)
and (w, z,s) = (1,2,2), the second being critical; if a > a, it is attained only at the critical point (see Figure
3). In particular, at a = a', two kinds of events explain the deviation (phase transition): either the first level of
the tree deviates globally (as in Figure la); or some edge in the first level is of order r, the one-level tree below
of order 2r, and the sum of the other edges in the first level of order 2r (as in Figure 1b).

As for the very large deviations (item 2), first notice that the deviation is explained by the deviation of all edges
along a (“bare”) spine of maximal length (each edge being of order (r®a)'/™). Also, the speed depends on 7,
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Figure 3: Level lines of G*(w, z,a — wz) = cw + I'(z) + A}y (a — wz) for different values of a (here W ~ £(1)).

which was not the case for the moderate and large deviations. Besides, for ¢ = oo, the rate function at speed
(ri+e/n), 5o is 001,50, 50 the informative speed should be o(r!*/™). It appears that this speed depends on
the precise decay of the tail of W. In the following theorem, we make explicit this speed and compute the rate
function in the particular case of assumption (A, ) with (,¢) € (1,00) x (0, 00) (this subcase of (7,¢) = (1, 00)
corresponds to compressed exponential tails). For all a € [0,00) and n € [1, co[, we set K”(a) := cna™/™

Theorem 6 (compressed exponential tails — finite tree — very large deviations). Assume that (A;c) holds with
(r,¢) € (1,00) x (0,00). For alln € [1,00[, « >0, and a > 0,

r 5 K (a) if

k(k+1)+(n7k+a)r

1<k< k(k_l) <ar< Lkﬂ), and at < k(T — ﬁ)
—logP(Z} > r®a) ~ < r K" (a) #1<k<nk<7<k+1awa7>ﬂrfﬁ%
P S K (a) ifné7anda7>”("2 b

The results of Theorems 5 and 6 are summarized in Figure 6 in the domain (7, «) € [1,00) x (—1/2, 00).

2.2 Light tails — Infinite tree

We are now ready to state deviation results for the total mass (Z2°),>2 of the Mandelbrot cascades. As the
following theorem shows, the large deviations can be seen as the natural extrapolation of the ones in the finite
tree. The very large deviations need a special treatment since the speed in the finite trees depends on the height
of the tree.

Theorem 7 (light tails — infinite tree — all right deviations). Assume that (A. ) holds with (1,¢) € {1} x (0, 0].

1. Large deviations. Recalling the definition of I°° in (6), for alla > 1,

1
——logP(Z° > ra) —— I*°(a).
,

rT—00

2. Very large deviations. For all o > 0 and a >0

T oa) logP(Z2° > r%a) — cealyso.

Note that the rate function I*° in the large deviations (item 1) depends on the distribution of W (through Ayw),
and notably on ¢. When ¢ = 0o, I = A*, as follows from (5) and (6). This extends the already known Theorem
1, item 2 for bounded random variables W to the case of all very-light-tailed random variables W. Table 1
below summarizes pre-existing results and our contribution concerning the case of large deviations (a = 0).

When ¢ € (0,00), we may add some comments to those of Section 2.1 about the splitting points a™. Not only
is the sequence (a™),>1 increasing, but it diverges to infinity (see Proposition 18). As a consequence, for all
a > 1, there exists n € [1, cof such that I°°(a) = I"(a) (any n such that a < a™) and the deviation is explained
by a subtree of finite height n, more precisely by a finite length “haired spine” (as described in Section 2.1).

Concerning the very large deviations (item 2), as in Theorem 5, item 2, in the case ¢ = 0o, the rate function at
speed (rlog(r)),>2 is 00l (g ), hence degenerated, and the informative speed should be o(rlog(r)). Moreover,
for ¢ € (0,00), the rate function at speed (rlog(r)),>2 is a finite positive constant on (0,00). We expect



c=00 c=00 ¢ € (0,00)
esssup(W) < oo esssup(W) = oo esssup(W) = oo
n € [1,00[ [15, Theorem 6.2 (a)] Theorem 5, item 1
n = 0o [16, Theorem 1.4] \ Theorem 7, item 1

Table 1: Summary of previous and new results of large deviations (o« = 0). Theorems 5 and 7 encompass the
other results on the same line.

that, for all e > 0, L(r=®Z, | r~*Z, > ¢) satisfies a large deviation principle at some speed o(rlog(r)) and
we conjecture that the speed is in fact (r),>2, by approximating the event {Z, ~ r®ea/(e — 1)} by the event
{Wh = rea'/1°8r") . Win = real/ 108 Ta)} To get such a result, one could compute the second order in the
asymptotics of the very large deviations, i.e.

P(Z, ~ r®a) = exp(—rlog(r®)ce + rL(a) + o(r)),

but it is out of the scope of this paper.

2.3 Extension to the case of stretched exponential tails

What about the case (7,¢) € (0,1) x (0,00) in (A, ), i.e. where W has a stretched exponential tail? Our proofs
adapt to this case and we have the following results. Set o, := (7 —1)/(2 — 7). For all a € (—1/2,0], set

(a) = 1+ 2« if o € (-1/2,a,]
A T(l4+a) iface(ar,0)].

For all a € [0,00), remind that J(a) = waafg(w) and, for all n > 1, K™(a) = cna™/™. For all n > 1, we define a
function I™ by induction by: for all a > 0, I!(a) = K!(a) = ca™ and
I™a) :=inf {ew” + I*'(2) ; w>0, 220, w(l+2)=a}. (8)

Theorem 8 (stretched exponential tails — finite tree — all right deviations). Assume that (A, c) holds with
(1,¢) € (0,1) x (0,00). For alln € [1,00[, @ € (—1/2,00), and a € (0,00),

J(a) ifae(—1/2,a,)
f{K} (w > >0, — fa=a,
—LIOgP(Zf—1>raa)_> lnl{ +J()’ 0, s=20, w+s a} Zfa a
TUT(Q) e KT( ) ZfOé S (017'70)
I} (a) ifa=0

and, if a € (0,00),
logP(Z! — 1> r%) —— K (a).

_r7(1+0‘/n) r—00

Theorem 8 is very similar to Theorem 5. Indeed, there are essentially three regimes: (1) when « < 0, the
deviation is explained by the deviation of the first level of the tree, with either a Gaussian behavior (with J),
or a big jump behavior (with K1), or the transition between the two (see [5]); (2) when a > 0, the deviation is
explained by the deviation of all edges along a spine of maximal length; (3) at o = 0, there is a transition between
the two previous regimes: the larger the deviation requested, the higher the subtree deviating. Concerning the
latter case o = 0, the graphs of the functions I are similar to those of the functions I" (except for the behavior
at the origin); see Figure 4. As for the explanation of the deviations, the situation is somewhat simpler than the
one of the exponential case: here, only the edges along an increasing (“bare”) spine are deviating (see Figure
5). This stems from the fact that we are here in the big jump domain, as mentioned above. Also notice that,
for a € (o, 00), the speeds of right and left deviations differ. All our results about the finite tree (Theorems 4,
5, 6, and 8) are summarized in Figure 6.

In the infinite tree, at least for v € (—1/2,0], we obtain the limit of the rate function in the finite trees, i.e. as

n — oo in the previous theorem. Let us define I2° := lim | I” (see Proposition 19).
n—oo

Theorem 9 (stretched exponential tails — infinite tree — all right deviations). Assume that (A, ) holds with
(1,¢) € (0,1) x (0,00). For all a € (—1/2,00) and a € [0, 00),

J(a) ifae(~1/2,a,)
1 f Kl > 2 - ) = T
_ IOgP(ZOO 27“0‘@) - 1n1{ +J( ) | 0, s 0, w+s a} Zfoz a
vT(a) r—oo KT( ) ifa € (Ch,—, 0)
I(a) ifa=0
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Figure 4: Graphs of I?* for n € [1,4] and ¢ = 0.9.
and, if o € (0,00),
——————logP(Z>X — 1 > r%) —— ceTalyso.
r7 log(r) r—00
3 Finite tree
By (1), we have, for all n € [1, 00,
1 T
Zr =N "w,z" 9
PP ©)
where 1
Zﬁfl = Z Wiy Wi, in

1<ig,.cyin<r

is distributed as Z"~!. All proofs in this section rely on this induction formula.

3.1 Proof of moderate deviations
The result for n = 1 stems from the moderate deviation principle for a sum of independent and identically

distributed random variables (see [6, Theorem 3.7.1]). Now, let n > 2 be such that (r=*(Z"~! —1)),>2 satisfies

a large deviation principle at speed (r'*2®),~, with rate function J: a WQ(W)

3.1.1 Left deviations — Proposition 3

Let us prove that, for all ¢t < 0,

t2 Var(W)

r—00 2

n 1 plte(gzn
A'r‘ (t) = m IOgE |:€t (z: 1):| (]‘O)

Then, applying a unilateral version of Gartner-Ellis theorem (see [21] or [5, Theorem 4]) and knowing that J is
continuous and has all points in (—oo, 0) exposed, we get, for all a < 0,

1 n o
mlogP(ZT — 1< r%) —= —J(a).

Let t < 0. Using (9), independence and identity of distributions, we have

A'(t) =772 1ogE [e”a Z:Zl(wizj;lfl)] =720 og R [/ (W2 -1



(a) a € (1,az] (b) a € [ar,a?]

(c)a€ [aﬁai] (d) a€ [aﬂoo)

Figure 5: Typical event explaining I2(a). One observes a longer and longer spine forced to deviate.

Using the Taylor expansion e = 1 + z + 22¢’(®) /2 with 0(z) < max(z,0) and the fact that E[WZr~1] =
E[WIE[ZP~1] = 1, we get

An( ) —2a log( 12 E[(Wznfl _ 1)260(tra(WZ:'—171))}> . ﬁE[(W _ 1)2]
27“_2‘1 T r—oo 2 '
Indeed,
‘E[(WZ;L—I _ 1)260(tr"‘(WZ:}’1—1))] _ E[(W _ 1)2]‘
<[B[wzt =2 (e AT )] | [B[W 2T - )2 - (W - 1))
<|E[(WZr =12 (e = 1) + [E[(WZr ™! —1)2 — (W — 1)?]] —0,
1 _ _
E[(Z" 1) K ZWZ” 2) } = T—Q(TE[Wz]IE[(Z}} 2?2+ r(r — DE[W]E[Z]?]) — 1L

Remark 10. Obuiously, the previous estimate generalizes and the multinomial expansion yields, for all n €
[1, 0o,
E[(Z)"] ——1

T—00

as soon as E[W"] < co. Controlling all moments of Z" appears to be crucial in the study of the right deviations
for m = oo (see Section 4).

3.1.2 Right deviations — Theorem 4 and Theorem 8

Let @ € (—=1/2,0). For n = 1, recall that the result is well known: it is the moderate deviation principle for a
sum of independent and identically distributed real random variables. The light-tailed case can be found in [6,
Theorem 3.7.1]; and the stretched exponential case (7 < 1 and ¢ € (0,00)) can be found in [5]. Let us denote
by L. . the rate function of ((Z} —1)/r%),>2, i.e., for all a > 0,

J(a) if e (—-1/2,a,)
Lra(a) = ¢inf {K}(w)+ J(s) |w>0, s20, wts=a} fa=a,
Kl(a) if & € (ar,0).

Note that this definition encompasses the light-tailed case, when 7 =1, since ; =0, and so Ly , = J.

For n > 2, let us prove that ((Z" — 1)/r%),>2 and ((Z} — 1)/r®),>2 are exponentially equivalent at speed
(rv7()), 5o, whence ((Z7 — 1)/r%),>2 satisfies the same large deviation principle as ((Z} — 1)/r%),>2 at speed
(T“T(a))r22. We want to prove that, for all a > 0,

logP(|Z] - Z}| = r*a) —— —o0.

r—00

1
ror(a)

10
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First, we prove that, for all a > 0,

1
—logP(Z" — Z! < —1r%a) —— —o0.
ror (@) T r r—00
This stems from Chernoff’s bound, the fact that v, () < 1+ 2a, and the fact that, for all ¢ < 0,
Ll Eletr'™(Z-2z)|
1+2a 08 ¢ r—00 ’

Following the same lines as in Section 3.1.1, this latter convergence relies on the fact that E[(Z7~ — 1)?] — 0
as r — 0o, which is a consequence of the fact that E[Z"71] = 1 and E[(Z"1)?] — 1

Second, we prove that, for all a > 0 and M > 0

lim sup —— log P(Z" — Z! >

T—00 7”'( o)

r%a) < —M. (11)
Let € > 0. Note that

q=0
with

Frurg (ZW (Zr7h=1) = rtea, Vie [lq) Z07 - 12> 1%, Vi€ [q+1,7] Z:’;i_ll<r°‘€>

For qp € [0,r] and § € (0, L, »(g)), one has by induction

- " vr(@) gy g (re_TvT(a)‘s)qo
Z (q) n,r,q \ Z ( ) Zn_l -1 >Ta6)q S Z(Te_r ) <
9=q0

S —pemrir(@s?
a=q0 a=q0

as soon as r is large enough. Hence,

lim su lo g < —0 —M, 12
r—>oopr vr ngqo( > ' o < ( )

as soon as qq is large enough. For ¢ € [0, gg — 1], one has, for all y > 0,

n—1 1+ -
@) logP(W(Z;! 1) = r ) %

This follows from the union bound

P(W(ZP Y —1) > rito%) <P(W > 7Py) + P(Z7 L —1 > 1)

5= 3212;’ if o < 2a;
B 1+ 5 if a>2an,

with

and v = 14+ a — 3, and the fact that S = v,(v) > v,(«) (note that, in the case W is light-tailed, by (3)
lim sup r~? log P(W > rPy) < —cy with ¢ = sup(dom(Ay/)) > 0). Finally, for all s > 0

1 T
TwT(a)logP( Z Wie > rs) — —00,

. r—00
i=q+1

since v, (a)) < v-(1). So, applying the contraction principle

—— —c0. (13)
r—00

1 n—1 - 1+
@ 108 Prra < — oy log]P’<ZW (Zr7t =1+ > Wirte = aa)
i=q+1
Combining (12), (13), and the principle of the largest term (see [6, Lemma 1.2.15]), (11) is proved

12



3.2 Proof of large deviations
3.2.1 About the functions I"
Remember the definition of I given in (4).
Proposition 11. For all (1,¢) € {1} x (0,00] and n € [1,00[, we have I" = A}y, on [0,1].
Proof of Proposition 11. For all n > 2, let us define the function
G N w, z,8) 1= cw + I""(2) + Ay (s). (14)
Let a € [0,1]. Obviously, I"(a) < G"1(0,1,a) = A}y (a). If (w,z,8) € | ,00)® satisfies wz + s = a, then

s <aand so G" Hw,z,8) = G"1(0,1,a), since A} is nonincreasing on [0, 1]. Hence, I"(a) > G"71(0,1,a) =
Ay (a). O

The case (7,¢) = (1,00) is very simple, as the following Proposition shows.
Proposition 12. If (7,¢) = (1, 00), then, for alln € [1,00], we have I = Aj;, on [0, 00).

Proof of Proposition 12. A straightforward induction yields the result, observing that, in (4), w has to be taken
equal to zero to ensure cw < oo. O

Until the end of this section, we assume that (7,¢) € {1} x (0,00) and provide properties of I"™ in this case.
Proposition 13. Assume that (1,¢) € {1} x (0,00). The sequence of functions (I"),>1 is nonincreasing.
Proof of Proposition 13. First, we prove that I? < I'. It is enough to take (w, z,s) = (0,1,a) in (4) to get
I%(a) < Ajy () = I'(a)
since I'(1) = 0 and A}, = I' by definition. We conclude by induction:
I"a) <inf {few + 1" (2) + Ajy(s) ; w>0, 220, s 20, wz+s=a} =I"(a). O
Proposition 14. Assume that (1,¢) € {1} x (0, 00).
1. For alln > 1, the function I™ is increasing on [1,00).
2. Foralln>2, foralla>1,
I"(a) =inf {cw+I"""(2) + Ajy(s) ; w =0, z€[l,d], s€[l,a], wz+s=a}. (15)
Remark 15. When (7,¢) = (1,00), I"™ = A}y, is increasing on the interval {A}, < oo}, which is bounded in
case W is bounded.
Proof of Proposition 1j. By Proposition 11, on [0, 1], I"~! = A}, is nonincreasing so that we have, for all a > 1,
I'(a) =inf {cw+I"""(z) + Ajy(s) ; w=>0, 2> 1, s€[l,a], wz+s=a}.

since wz > 0 and wz + s = a imply s < a. The proof of (15) is closely linked to the fact that I"~! is increasing
on [1,00), preventing the (w, z) in the minimization problem from escaping to (0,00). Let us prove the result
by induction. Obviously, I' = A}, is increasing on [1,00). Now let n > 2 and assume that I"~! is increasing
on [1,00).
1. First, we prove (15). The result is obvious for a = 1 (because I"(1) = 0 = G"1(0,1,1) where G™~! has
been defined in (14)). Assume that @ > 1. It is enough to prove that
I'(a) <inf {cw+I"""(2) + Ajy(s) ; w>0, z2>a, s€[l,a], wz+s=a}.

This stems from the fact that (here we use I"~! nondecreasing on [1,00) and I"~! > I", by Proposition

13)
I"(a) + ;EZ:; if z € (a,a+ 1] and s < 1£°
G" Nw, z,8) = S " Ya) + Ay (152) if 2 € (a,a+ 1] and s > 1£2
I"(a+1) ifz>a+1

;EZ;B if 2 € (a,a+1] and s < 2

> I"(a) + 4 Ay (132) if z € (a,a+1] and s > 12
I"Ya+1)—I1"Ya) ifz>a+1,

and the fact that A, and I"~! are increasing on [1, cc).

13



2. Finally, we prove that I" is increasing on [1,00). Let a; > ag > 1 and (w1, 21, 51) € [0,00) x [1,a1]* be
such that wyz + 51 = a1. Let (wo, 20, 50) = (((ag — 51) V 0)/21, 21,81 A ag) € [0,00) X [1,00)% (with the
convention 0/0 = 0), so that wgzg + sg = ag. Then,

G" Y wy,z1,81) — I"(ag) = G" Hwy, 21,51) — G" (wo, 20, 50)

= Z(ay — 51— (ao — 51) V 0) + Aly (1) — Afy (51 A ag)

<1
. a%% if 51 < (ap+a1)/2
Ay (5) — Ay (o) if 51> (a0 +a1)/2.

The latter expression being positive and independent of (w1, 21, s1), taking the infimum in (w1, 21, $1) €
[0,00) x [1,a1]?, we get I™(ay) — I™(ag) > 0. O

For all a > 1 and z € [1,a], let

h(a,z) := inf {M + A}},(s)}

1<s<a z

so that, using (15),

n I n—1
I'(a) = 1<122&[1 (z) + h(a, z)]. (16)
Let also
a*:==inf{s > 0; Ay (s) =a} (17)

be the convex conjugate of a through Ay. Note that, if a < Af;(¢7), then a* is the unique solution in s of
Ay (s) = a; and if @ > A (¢7), then a* = oc.

Lemma 16. Assume that (1,¢) € {1} x (0,00). For alla > 1 and z € [1,a],
by = [Nl <o
“—Aw (<) ifz>clar.

In particular, the function h is continuous.

Proof of Lemma 16. An easy computation of Legendre transform leads to

h(a,z) = “_ sup [E - A;V(s)}

z 1<s<atl %

= (e + (- a)a) e/ a
- @ — Aw(€) if ¢/z < a*.
A () if z<c/a*
2 Aw(e) i el

Let A > 1. Since the function H: (a, z,w) — cw + Ajj,(a — wz) is uniformly continuous on the compact set
{(a,z,w); 1<a< A 1<2<a 0<w< %L} and (a,2) = (a— 1)/z is continuous on

D(A) :=={(a,2); 1<a< A, 1<z<a}, (18)
h is continuous on D(A). O
Proposition 17. Assume that (7,¢) € {1} x (0,00). Let n > 1.
1. The function I™ is continuous.
2. Foralla>1, I"(a) < enal/™.
3. Asa — oo, I"(a) ~ cnal/™.

Proof of Proposition 17.

1. Let ap > 1 and € > 0. Since the function I™ is nondecreasing by Proposition 14, item 1, it suffices to
prove that there exists a; > ag such that I"(a;) < I"(ag) + ¢. By Lemma 16, h is uniformly continuous
on the compact set D(ag+ 1), where D(a) has been defined in (18). So, there exists a; € (ag, ap + 1) such
that, for all z € [1, ag], h(a1,2) < h(ag, z) + &. Then, starting from (16),

! (al) 1<1£<fao d (z)+h(a1,z) 1§1££a0 I (Z)+h(a072) +e=1 (ao)+€
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2. Let us prove the result by induction over n. First, for all a > 1, by (3),

I'(a) = Ajy(a) = sup [ta — Aw(t)] < ca — inf Aw(t) = ca.
0<t<ce o<t<Le

By induction, taking (w, z,5) = ((a — 1)"/", (a — 1)(*=D/™ 1) in (4), we get

I"(a) < en(a — 1)Y™ < enal/™.

3. We proceed again by induction over n. For all € > 0, for all a € R, for all ¢y < c,

I'(a) = A}y (a) = ilel]lg[ta — Aw ()] = toa — Aw (to),

so, since Aw (to) < oo by (3), lim inf I'(a)/a > to. Since to < c is arbitrary, we get lim inf I'(a)/a >
Together with item 2, this ylelds the result. Now, assume n > 2. For all € > 0, there ex1sts A. > 0 such

that
P =t )+ )
: Unp_ oy @ _ L _
N R Ry NCRT))

>c inf [nzl/"(l—s)—i—amin(;l—a)}—AE

1<z<a
= cmin((n + 1)a?/ "D (1 — )V (n 4 a)(1 —¢)) — A,
~ c(n+1)at/ D (1 — g)n/(nFD)

using (16), by induction, and as a — oo. Since ¢ is arbitrary, we get a minoration. Together with item 2,
we obtain the result. O

Proposition 18. Assume that (1,¢) € {1} x (0,00). The sequence (a™)n>0 defined by
a":=1 and a":=inf{a>1; I""'(a) < I"(a)}
is increasing and diverges to infinity.

Proof of Proposition 18. Let n > 2. For all a € [ a"~ 1],

["(a) = inf [I"(z)w(a,z)} — inf [I"—l(z)m(a,z)} = I"(a)

1<z<a 1<z<a

by (16). Thus a"~! < a". Now, assume by contradiction that the sequence (a"),>1 is upper bounded by some
A>0. Let ay :=inf{a > 1; aa* > ¢} where a* was defined in (17). Note that ay < a'. For all @ > ay and
€ [1,al,

h(a,z) = h(a,a) = c— Aw(c/a) = ¢ — Aw(c/aw) = Ay (aw) =: p > 0.

Since the function I™ is unlformly continuous on [1, A] (by Proposition 17, item 1), there exists n(A4) € (0, 1) such
that, for all (a,z) € [1, A+ 1)° with z € [a — n(A), d], I"(z) > I"(a) — £ (note that it implies n(A) < aw — 1).
Then, for all a € [aw, A+ 1] and z € [a — n(A), al,

S

I":) +hla2) > (@) = §) +p=1"() + § > I (a) + 5.
2 2
Hence, if a < a" ! +n(A),

I""(a) = inf [I"(z) + h(a, z)} = inf [I”(z) + h(a,z)] = inf [I”_l(z) + h(mz)] > 1"(a),

1<2<a 1<z<a—n(A) 1<z<a—n(A)
(in the third equality, we used z < a”~!) hence a < a™. So a"~! + n(A) < a™: this is in contradiction with
the fact that, for all n > 1, a® < A. The same argument with A = a®~! shows that a®~! < a™ (note that
a’ =1 < aw < a'), and the conclusion of the proposition follows. O
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3.2.2 Left deviations — Proposition 2

As mentioned after Proposition 2, this is essentially proved in [15, 16]. To complete the proof when a is a point
of continuity of A}y, or if A, (a) = oo, one may either adapt the proof in [16, Section 6] for n € [1,00[: this can
be done by showing that, for all ¢ < 0,

A (t) := %log]E[e”Z?] = logE[etWZ:}_l} — Aw (1),
which stems from the fact that Z"~! — 1 almost surely as r — oo (see [15, Theorem 3.8 (a)]) and from the
dominated convergence theorem. Or one may use [15, Theorem 6.2 (a)] and apply the contraction principle for
the total mass v — v(1) which is continuous with respect to the T-topology.
The only possible point in [0, 1] where Aj;, is not continuous is the minimum w of the support of the law of W,
in the case where W has an atom at w: in this case, the proof [16, Equation (6.4) sqq.] adapts easily.

3.2.3 Right deviations for 7 = 1 — Theorem 5, item 1

Let us turn to the large deviations on the right. Again, we proceed by induction. The case n = 1 stems from
Cramér’s theorem. In particular I' = Aj;,. Now let n > 2 and assume that (Z7~!),» satisfies a large deviation
principle at speed (r),>2 with rate function I"~!. Let a > 1 and € > 0. We have

1 1
;logIP’(Zf >a) > ;1ogP(le;f;1 + (Wo+---+W,) (1 —¢) > ra, Zf21,...,Z;f;1 >1-¢)

1 _
= DogP (W2 + (Wat -+ W) (1— ) > ra) + —— L logP (20 > 1—¢).

r :
Knowing the left deviations of Z"~!, the second term goes to 0 as r — oo. Applying the contraction principle
to the continuous map (w, z,s) — wz + (1 —¢)s and (W1 /r, Z'1 L (Wo 4 -+ W) /1) rsa, We get

lim inf — logIP’(Z”>a) —inf {ew+ 1" (2) + Ajy(s) ; w>0, 220, s>0, wz+ (1—¢)s>a}

r—oo T
> —inf {ew+I""1(2) + Ajy(s) ; w>0, z€[L,a], s€[l,a], wz+(l—¢e)s=a+e}

:_mf{c(““‘;(l‘E” I 4 Al(s) s 2 €L, s€ [m}}.

Hence, optimizing in € > 0,

e cla+e—s(l—¢g)) 4

li ffllPZ > _inf f[ " A }

iminf -logP (2 > a) > — inf inf . +IE) + Ay (s)
1<s<a

o qela=s) i
= Klrzlf@{ —— HIM (=) + A (s)
1<s<a

= 7In(a)7
where the latter equality is (15).

Now let us establish the upper bound. Let us fix M € (0,00). Let € € (0,a — 1). For all r > 2 and for ¢ € [0, r],
we define
Povq =P (2} 2a, Z)T', ... 20 21+, Z00 L, .., 20 <1+¢),
so that .
Pz >0 =3 (1) P
q=0 q
For qo € [0,7] and § € (0,1""!(1 +¢€)) (note that /"~ *(1+¢) > 0 stems from: either Proposition 12 if ¢ = oo;
or I""1(1) = 0 and by Proposition 14, item 1, if ¢ € (0, 0)), one has by induction

r r T —r5\4q0
r r n—1 —rd\4 (T@ ) —rM
S ()< X (Jrztz i e ey < T <)
9=4qo 9=4q0 9=40
as soon as god > M and r is large enough. Now, remembering that € € (0,a — 1),

floanro 10g]P’<ZWZ > 1:(15) B —A;V(ﬁ). (20)
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Finally, let ¢ € [1,qo — 1]. Write

1 1
~10g Py g < ;1ogP(le;f;1 oA WoZ A (Wopr + -+ We) (1 46) > ra

20 L 2 e, 20 20 < 1 te)

1
< ;1ogp(wlz;§;1 ot W Zl o (Wapr + -+ We) (L4 €) > ra) .

Applylng the contraction principle to the continuous map (y1,...,Y¢:S) — Y1 + -+ + yg + s(1 + &) and
(Wazy 71 ) Wqu Wt + -+ W) /7)r>2, We get

lim sup log Prrq < — inf{g"_l(yl) T+t gn_l(yq) + Ay (s) ;

r—00

Y, -5 Yg 0, y1+-+y,+(1+¢e)s >a}
= —inf {¢" ' (y) + Ay (s) ; ¥ 0, y+(1+e)s>a}
= B, (21)

where "~ ! is the rate function of (WZ"~!/r),>2 at speed (r),>2, that is the concave function defined by

g Ny) =inf {ew+I""z); w>0, 220, wz=y} = 1nf{ +I"N2) 5 2 > 1}.

Applying the principle of the largest term to (19), (20), and (21) leads to
a
li LogP < — mi (M,A* (—),B )
imsup ~logP(Z; > a) < —min wliyz) Boe
Since Ajy, is left continuous at @ and € — B, . is nonincreasing, we may let ¢ — 0 and M — oo to obtain

lim sup — 1og P(Z > a) < —min (A?jv (a), lir% Bn’e). (22)
E—r

r—oo T

Ifc=o
a
: > : * — * — n
lng e >l N () = (o) = (@
(recall that, when ¢ = oo, I"™ = A}, on R) and the upper bound is proved.

Assume now that ¢ € (0, 00). Following the same lines as in the proof of Proposition 14, item 2, we obtain that

By =inf {cw+I""1(z) + Ajy(s) ; w>0, z€[lL,a], s€[l,a/(1+¢)], wz+ (1+e)s=a}.

Then,
lim B ¢ {c(a—S) I (E) 4 A (s) ces}

n,e — S _ -
o 0<el<11<:1) 1 1<1£1<a z z wis 2

\1+
cla — S
>, S 113;2@[ I ) —eza] = i [T ) A )] = 1)
Isssa 1<s<a

(23)

by (15), and the upper bound follows from (22), (23), and the fact that Aj;, >

3.2.4 Right deviations for 7 € (0,1) — Theorem 8

First, we claim that all the propositions concerning I which are established in Section 3.2.1 have their coun-
terpart for I” defined in (8) and the proofs adapt straightforwardly.

Proposition 19. Assume that (1,¢) € (0,1) x (0,00).
1. The sequence of functions (IT)p>1 is nonincreasing.
2. For allmn > 1, the function I is increasing on [0, 00).
8. Foralln >2, for alla >0, I™(a) = inf {cw™ + I"71(2) ; w >0, z € [0,a], w(l+2z)=a}.

4. For alln > 1, the function I is continuous.
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5. Foralln>1 and a> 1, I"(a) < cna™™.
6. For alln>1, as a — oo, I?(a) ~ cna™™.

7. The sequence (a%)n>1 defined by a? = 0 and, for all n > 1, a? := inf {a >1; I"1(a) < I"(a)} is
increasing and diverges to infinity.

We are now able to adapt Section 3.2. For the lower bound, we use the fact that

Pyt ) p (NI e(Ly w2 1)

Hence, by contraction and the fact that the last probability converges to 1/2 (as a consequence of [15, Theorem
4.4 (a)] and the fact that Wi Z, 1/r — 0 in probability as r — c0), we get

Wi zr!
P(Z">1+a) > P(i

lim inf — logIP’(Z" >1) > —inf{cw” + I} " (z—1); wz > a} = I7(a).

r—oo 1T

As for the upper bound, we use a decomposition in terms of

Povg =P (2} —12a, ZIT',..., 2" 21+, 20,207 <1+¢).

Then, (19) becomes, as soon as qoI”~1(g) > M,

> (0)Para <™ (24)
q

q9=qo

for r large enough and (20) becomes, using [5, Theorem 2],

1 1+a T 1+a
li ~log Pyro < ( —1) :Kl( —1). 25
TP g B0 S T T \1+e¢ (25)

Finally, for ¢ € [1,qo — 1], the proof relies on the same contraction principle argument with
lim sup —1ogIP>( Wwzrt —1) > y) <—inf{ew™ + I} Mz —1); wz=y} = —I"(y)
T—00
and (21) becomes

1
limsup — log P, g
r—oo 17

< —inf {7 y) + -+ L (y) + K (5= 1) 5 g0 4g 20, s 2 1, g1+ +yg + (1 +)s > a}

1+a
— —min(I"(a - 7K1< —1)) 26
min(17(a - ). K} ({7 (26)
using the concavity in (y1,...,¥q,s) (note that I”(a) = inf {(a/2)" +I?"'(2—1); z > 1} is concave as an

infimum of concave functions). Putting (24), (25), and (26) together and letting & — 0 yield the result (note
that K! = 1! > I™).
3.3 Proof of very large deviations — Theorem 5, item 2, and Theorem 8

The case a = 0 is obvious. Let a > 0. Let us prove the lower bound. For all £ > 1, we introduce the notation
1¥ to represent the word 1,1,...,1 of length k. One has

logP(Z > r%a)

WV

log]P)(W]_l "'Wln

>r¢ a)
>
T.n

rT(l+a/n) rT(1+a/n)

> log P(W > r(raa)l/”) — —cna™/™.

n
r7(l+a/n) r—00

As for the upper bound, we proceed by induction. For n = 1, one has

L logP(Z! > r®a) —— —ca™. (27)

(1+0/) 7—00

Indeed, if 7 < 1, it stems from [5, Theorem 2]. And, if 7 = 1, the upper bound follows from Chernoff’s
inequality (logP(Z} > r*a) < rA},(r*a)) and Proposition 17, item 3; and the lower bound from the fact that
logP(Z! > r%a) = rlog P(W > r%a).

18



Then, for n > 2, we follow the same lines as in the upper bound for the large and moderate deviations. Let
€ > 0. For all 7 > 2 and for ¢ € [0, r], we define

Parai=P (27 2%, 2070 20t 5 0D, i Lz < el Ding)

so that

For ¢ € [0,r] and ¢’ € (0, ¢), one has by induction

" r - T
P,..< P Z;’Lfl > 7,oz(nfl)/ns q
2 (q) a2 <q) ( )

9=40 9=do

_pmQta/n) o ) T/ (n—1)
< E (re T c¢'(n—1)e )q

(Teﬂnﬂ1+a/n)c/(n71)57—/<n—1>)qo

rr(Fa/n) ¢/ (n—1)er/(n—1)

/n

)

~
1—re”

Frta/n) o
<e

as soon as (n — 1)q057/(”’1) > na™/™ and r is large enough. Hence, since ¢’ € (0, ¢) is arbitrary,

limsup ——— 1+a/n log Z ( ) g < —cna”™/™, (28)

r—oo T7
9=qo0
Now,
g P ——logP iwzz”—l > plteq, Zr7t L znt < e D/ng
rr(1+a/n) g Ln,r0 = rr(l+a/n) g L Z rl oLy
i=1
1 : a a\T
< - s plta/nZ _ (7>
< riFarm logP<§W1/7‘ 5) o elz) (29)
by (27). Hence, for € > 0 small enough, one gets
. 1 T/N
hTItILSolip m log Pn7r70 < —cna / . (30)
Finally, let ¢ € [1,g0 — 1]. One has
Pryrg < Z Wizpit+ Y Wit ing 3 plte
i=q+1
We want to apply the contraction principle to the continuous map (yi1,...,vq,5) = y1 +---+yg + s and
1 n DL n—
( — <lefll,... VAP Z Wiren=1/ )> :
1=q+1 rz2

As for the first ¢ variables, applying the contraction principle to the continuous map (w,z) — wz and
(W/pite/n zn=1 /pa(n=1)/m) -, e get by induction, for all y > 0,

lim sup
T—>00

logP(WZ!~! > r!'*toy) < —inf {ch +(n—1)ez”/ V5w >0, 2>0, wz = y}

= —cinf { (%)T + (=170 2> O}

= —cny™/" (31)

r‘r(1+o¢/n)

(the infimum is attained at z = y(»~1/"). Hence, applying the contraction principle and using (29) and (31),
we get

1 T/N T/Nn T T/Nn
limsupmloan,w < —cinf{n(yl/ + oy, /my 4 (g) YLyt s = a} = —cna™/ (32)

r—oo T

as soon as ¢ is small enough. Finally, applying the principle of the largest term to (28), (30), and (32), one gets

lim sup
r—>00

1
m 10g P(Z,:L 2 TO‘a) < —CnaT/".
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4 Infinite tree

The heart of the proofs in the finite tree is the recursion formula (9) for Z7 which allows to proceed by
induction. However, in the infinite tree, the analogue of (9) is the fixed point equation (2) and there is no more
recursion. From now on, we set Z, := Z2° for all r > 2. By [12, Théorémes 1 et 3], if esssup(WW) = co and
r > exp E[W log(W)], then

vVt >0 Ele'%] = occ.

Therefore, under assumption (A;.) and esssup(W) = oo (see Table 1), the standard exponential Markov
inequality cannot be used to prove upper bounds. Here, we bypass this problem by bounding above the
moments of Z,.

4.1 Upper bounds for the moments of Z>*°

Let us turn to the control of the moments of Z,.. Using the fact that positive martingales converge almost
surely, we may let n — oo in (9) to get

1 T
Zr = ; Z Win,i a.s.
i=1
where the random variables Z, i, ..., Z,,, Wi, ..., W, are independent, the W; (resp. Z,;) having the same
distribution as W (resp. Z,). Obviously, this equation implies (2). It is proved in [12, Théoréme 1] that, for
r > exp E[W log(W)],

Z, is the unique solution Z of (2) such that E[Z] = 1. Moreover, by [12, Théoréme 2], E[Z"] < oo if and only
if E[W"] < v"=1, which is equivalent to h < x(r) for

x(r) = sup {h € [1,00) 5 E[W"] <1}
In the sequel, we always consider values of r which satisfy r > exp E[W log(W)]. Moreover, we assume that

there exists (7,¢) € (0,1] x (0,00) U {(1,00)} such that

A 1
(Ar,c) limsup — log P(W > w) = —c.
w—oo WT

which is slightly more general than (A, c).

Proposition 20 (Moments of W). Let W be a random variable satisfying (A, ) with (,¢) € (0,1] x (0,00) U

{(1,00)}

1. One has W
T E[W
li —1 < -1 .
imsup ;- log =77 og(c)
2. One has
lim inf w > Tce.
r—oo 17T
3. For alln € (0, ce), for all r large enough,
EW"] _EW?
Sup ST T T

he2mrrt] TOT
4. Let Wy, ..., W, be independent copies of W. There exists C' > 0 such that, for allh > 1,
E[(Wl + -+ Wr)h} 1/h < Cmax(r, hl/T).
Remark 21. Under (A, ) with (1,c¢) € (0,1] x (0,00) U {(1,00)}, one even has

T E[Wh]

x(r)
> log T(h/7) == log(c) and TS Tee

Proof of Proposition 20.
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1. Let ¢ € (0,¢) and let A > 1 be such that, for all w > A,
P(W > w) < e v

Denoting k := [h/7], one has

—atm/h >~ —att/k > —ew, k—1
e dt <A+ e dt=A+k e “Yw " duw.

EW" < A +/
A Al/k

A
Then, integrating by parts,

EW" < A+ @Ak%e’ml/k + bk —1) / e wk2dw.
¢

é Al/k

By induction, we get

k—1 ,.
k' ik (GAV/F) k!

h A
E[W ]<A+—éke° E —r <A+—ék.

1=0
Letting h — oo and then ¢ — ¢ yields the upper bound

T, EWH
li —1 < -1 .
i sup 7 108 ) S T 18(©)

2. Let g € (0, ce). It suffices to prove that, for all r large enough,
E[W W"TJ]

<1
pnTrT—1

Let ¢ € (0, ¢) be such that n < ¢e. Using item 1 and Stirling bounds (see [1, Section 3])

Vh € (0, 00) (Z)h ﬁ <T(h) < (g)h ﬁ e (33)

we get, for r large enough,

E[WT NG L 7
[ _ ] < Enr ~) — < NQ r i 6127177“7' < 1. (34)
pnTrT—1 pnTrT =l ce nrr

3. Let n € (0, ce). Since the function h — E[W"]/r"~1 is log-convex (see [12, p. 132]), if nr > 2, then

E[W"] E[W?] E[W"]
sup — = max ST (-
hel2mrr] T r r

The conclusion stems from the fact that (34) yields besides

E[W7] (1)

Tm—r"’—l r

4. We apply Corollary 1 in [14] to get

h/r\1/s
E[(Wy + -+ + Wy)MHP < Qezliugh{g<ﬁ) E[Ws]l/s}.

Now by item 1 and using Stirling’s estimates, there exists D > 0 such that E[Wh]l/s < DsY7, whence

1/s
E[(W1 4 - + W,)"]" < 2¢2Dh sup {51/771 <£> }
1<s<h h

An easy computation shows that the function s — 31/7*1(%)1/8 attains its supremun at s =1 orat s=~h
whence

E[(Wy 4+ W,)"]"" < 2¢2D max(r, hl/T(%)l/h).

Finally, we prove that, for all + > 1 and h > 1, f(r,h) := hl/T(%)l/h < €'/ max(r, h'/7), whence the
result with C' = 2e2T1/(79) D Indeed, for h > 7, the expression (%)l/h attains its maximum at h = r7,
the maximum value being =7/ < (1=7)/(7¢). and for 1 < h < r7, f(r,h) < RY7rt/h L P17 L

rel/(Te), O
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Now, it is proved in [12, Equation (13)] that, for all r > exp E[W log(WW)], we have the following recursion
formula:

B! E[WhE[Z}]
Vhe [2,x(r)] E[Z}] = T EW Z H h , : (35)
r (1 T eI ) hi+4-+h,.=h, j=1
0<h; <h—1

Let us turn to bounds on the moments of Z,. First, we consider the small moments.

Proposition 22. There exists C > 0 such that, for all 6 > 0, there exists ng € (0,1 A ce) such that, for all r

large enough,
2

Vh e [1,morr™] E[Z!] < exp{M (Var(W) +d+ g) }

Proof of Proposition 22. Let 6 > 0. Let us fix some n € (0,1 A ce). By Proposition 20, item 3, there exists
ro > exp E[W log(W)] such that

E[Wh E[W?
Yr >rg sup g: [ ]g

36
he[2,nTrT] rh=1 r ( )

N | =

In particular, for all r > rg, n7r™ < x(r). Now, let us fix r > ro. For all h > 1, denote by E(h) the statement:
h2

E[Z}] < exp{w_h) (Var(w) ToF i) }

and let us prove E(h) by induction for h € [1,77r7] (note that n < 1 implies h < n7r™ < r). Since E[Z,] = 1,
E(1) is obvious. Now, in case n7r™ > 2, let h € [2,77r"] and assume that E(k) is satisfied for all k € [1,h — 1].
From (35) and the fact that h < n7r™ < x(r), one has

R Rrve D RN R }LU(E[W;F[ZV

rh—1 ) mo+--+mp_1=r,
my+e+(h—1)mp_1=h
h—1 m
hlr! 1 (E[WE[ZF\™
- (1 _ ]E[Wh]) Z H mp! ( K d (37)
AT mo+--+mp_1=r, k=0

m1+»--+(h71)mh,1:h

where my, stands for the number of h; equal to k (multiplicity of k in the composition (h1, ..., h,) of h). Then,
the latter sum above is equal to

(r = Rymo=(r=h)  p=(homa) B0 (E[W’“]JE[Zf]hk>m’“

Z m0! ml! H mk!

_ El(r — h)k—1
mo+-t+mp_1=r, k=2
mi+-+(h—=1)mp_1=h
< > ﬁ 1 (E[WHE[ZERF\ ™
= (r—n)! Al mg! \ Kk!(r — h)F-1

Mo+ fm 1=,
m1+~-+(h71)mh,1:h

1 1 (E[WFE[ZF]RF\™"
oo, 2 Mo Gemner)

ma,...,mp—120 k=2

1 2 E[WHE[ZF]| R
= —nm exp{kz_; R — h)F1 } (38)

Besides, using Stirling bounds in (33) and log(1 + z) < x — 22/2 + 23/3 for all x > 0, we have

| r—h+1/2
" < " exp h—l—L
(r—h)lrh = \r—nh 12r
<e PSP A (RIS (RN RS R I B
SEPAT o) \r=n 2\r—n) T3\r-n 12r

cop{tt (agly M, b roh
R T L 3(r—h)  3(r—h?Z  6ri2
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Combining (37), (38), (39), and (36) together with (1 —x)~! < exp(2z) for = € [0,1/2], we get

h2 13 h 2E[W?] "2 E[WHE[Z* Rk
E[Zh} eXp{2(r—h)(_1+12h+T—h>+ , +kz:2 k‘!(T—h)kfl }

h2 cC h CIEWHE[ZF) [ h \F7?
gexp{w(1+h+r_h+2kz_2 [ ]l![ ](T_h) )} (40)

with C' = 2E[W?] + 13/12. Using Proposition 20, item 1, and Stirling’s formula, there exists A > 0 such that,
forall k >3

E[W*]

o < KE=D(-1) gh-2,

Hence, for 3< k< h—1<nmr",

EWH (b NP (R RANTTE (e AN (r)F AN
k! r—nh \r—nh S\r—nh S\ 1-7 '

Note that D(7}) := (’717)

goes to zero as 77 — 0. For all 7 € (0,1), let

B(#) = exp{2(1ﬁ_ﬁ) <Var(W) . g) }

Assume now that 7 is small enough that

2B(n)*D(n)

n 2 - 1= BmDm
- +E[W JB™)” =1+ = 5aD0n

T < 0. (41)

Using (40) and noting that h/(r — h) < n/(1 —n), one gets
E[Z"] < exp G -1+ — ¢ + — + E[W?]B(n)? + 2§B(n)k[)(n)k—2
ris 2(r — h) h 1 - P

< exp{z(rhjh) (Var(W) o f) }

bounding above the finite geometric sum by the value of the infinite sum and using (41). O
The following estimate concerns the higher moments of Z,..

Proposition 23. For all n € (0, ce),

hmsup—logE[Z”” | < o0.

rooo T7

Proof of Proposition 23. Let r > expE[W log(W)]. Let n € (0,ce). Let ¢/ and ¢’ be real numbers such that
n/e < " < <c. As a consequence of Proposition 20, item 1, there exists D > 1 such that, for all h > 1,

E[W"] < D( h )h/T. (42)

Tce

Let 0 € (1/2,1). For all h € [2,n7r"]], we write the Euclidean division h = ¢ |0h] + s. Using (35), (42), and the
convexity of (hi,...,h;) = log[}_, E[Z}7], we get

h!
E[Z!] = ——————
Z) ri(1— 25T h1+-~z+;zr:h.j:1 =1
0<h;<h—1
h! Whi]
. L6h)
grh(l_E[W”])< Z E[Z'EZ H . h;! )
rph—1 Vj h;<6h j=1 k=[0h] 3] h;=k j=1 J

h! 0n18 h

< (1_IE[}I/V’L])<]E[ZT } h'E[(Wl + -+ Wr) ]
h—1
_ wk 1 _
+E[Z ) > [k'](h—k)'EK% +o W) "“]) (43)
k=[6h] ’ ’

23



: “4%

h
+1>9 T J+1:q+1,
T h

with
B = 1
0—3
and using the fact that h € [1,00) — E[Z"] is nondecreasing and greater or equal to 1.
Our strategy is to bound the moments of Z, by backward induction, finally relying on the fact that the small

moments are well bounded. Indeed, by Proposition 22, there exists 79 € (0,1 A ce) such that

1 -
limsup — log E[Z]°7" | < oo.
r—oo T7
Let us consider the first term in (43). By Proposition 20, items 3 and 4, there exists C; > 0 and ¢ > 2 such
that, for all 7 > rg and h € [2,n7r7],
1 h Cl’I”T
rh(l_E[K:])]E[(W1+~-+Wr) | <err. (44)
(45)

As for the second term in (43), let us estimate
1 (h _
(B AIELOV: - i

h,k) = —
f( ? ) rh k
First, using Stirling’s bounds,
h h
h < h o1/(12h) h < h
k kF(h — k)h—F 2rk(h — k) = kF(h — k)h—F
as soon as h > 2 and 1 < k < h — 1. Using this bound together with (42) and Proposition 20, item 4, we get
1 h" k \Fk/T 1/ h—k
£ 1) < gD (feg) (Cmax(rnt))
k(1/7-1) —(h—k) 1/7\\ h—k
D eh) T el (L () )
T’T

= (rch’e)k/T(ﬁ
l)k/‘r (1 B &)7(h7k)éhik
h

Now, for k < h < nrr’”,
<
fhk) < (5
where C' := DC'max(1, (n7)*/7). Now, there exists 6 € (1/2, 1) such that, if k/h > 0, then (C(1 —k/h))'~*/" <
(46)

Ui

f(hk) < (c”e)h/T'

(¢ /Y7, leading to
)h/‘l’

EW"] \ ¢e

Now, putting together (43), (44), (45), and (46), we get, for all h € [2,n7r7],
. 1—-0)h

E(2H] < B{z0)ec +B{zp- IOk (1

1- rh—1

Hence, for all r large enough, for all h € [no7r™,nrr7],
- 1
E[Z] < <O E[Z0P + SE(Z0Y)
<eP B2 + %(ecﬂ’E[Zle)]B + %E[Zﬁ*])

h-loh]-1 )

C1r7 1 70hB oh

< e E[Z7] Z 27]€+WE[ZT J;
k=0

(47)

by induction and the monotonicity of h + E[Z%"]. Since 8 > 1, C; > 0, and E[Z"] > 1, we obtain
h—|0h]
1 CW]E[Z‘%]B.

ik<2e

B[Z0] < O RIZM Y
k=0
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Let K := min {k >1; 6k < 7)0}. Applying (47) recursively, we get

log E[Z7""] < log(2) 4+ Cir™ + Blog E[Z07)
<

(log(2) + Cvr7)(1+ B) + B2 log E[Z87 |
K—-1

< (log(2) + Crr7) Y B5 + B log E[Z0 7).
k=0

Finally,

K
—1
hmsup—logIE[Z"” ] < C’1ﬂ +p5 llmSUP*IOgE[ZWOTT ] < oo.

r—00 B 1 r—00

Propositions 22 and 23 immediately entail the following result.

Corollary 24.

1. Forallvy € [0,%/\7’) and ¢ >0,
lim E[Z5"] =1

700

2. For all vy € [%/\T,T) and ¢ > 0,

o 2 Var(W
lim sup r logE[ZCT] Cair().

T—00 2

3. For alln € (0, ce),
k(n) = hmsup—logE[Z"” ] <o

r—00

and r(n) = O(n?) asm — 0 (if T < 1, k even vanishes on a neighborhood of zero).

4.2 Proof of moderate deviations
4.2.1 Left deviations — Proposition 3
The proof of Section 3.1.1 adapts straightforwardly to Z, instead of Z", noting that (2) implies

14+«

Ar(t) == e log Bl (D) = HmlogE[eXP(r Z<W¢Zm1>)]rhlogE[ewwzrn]‘

i=1

1+2a

4.2.2 Right deviations for W light-tailed — Theorem 4
Let o € (—1/2,0) and a > 0. Using the fixed point equation (2), one gets

Let us prove the lower bound. For all € > 0,

r

1 (0%
pwsry log }P’(Z(Win,i —1) >t a)
i=1
> 1+2alogIP’(Z L — “a, Vi€ [1,r] Z”/l—ro‘zs)
1 - —Zx «
> Tr2a log]P’(Z(Wi(l —r%)—1)> r1+aa> +r72%logP(Z, > 1 —r%).
i=1

Since Ay is finite on a neighborhood of 0, we can apply Gértner-Ellis theorem and get

1i2a 10g]P’<Z(Wi(1 —r%)—1) > r1+“a> —— —J(a+e). (48)

¢ r—00
i=1
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The left deviations for Z,. yield

1 «
mlOgP(Zr —1<—r%) —— —J(-¢) <0,
hence
r?*logP(Z, > 1—1r%) —— 0.

rT—00

Letting € — 0, one finally gets

1
liminf ———logP(Z, — 1 > r%a) = —J(a).

r—oo rlt2a

Now, let us turn to the upper bound. By assumption, m := sup(dom(Aw)) € (0, cc]; therefore, using (3), (AT,C)
is satisfied with (7,¢) = (1,m). Using Markov’s inequality and Corollary 24, item 2, for any ¢ > 0,

1 1 1+a 2Var(W
1i£1i>s;ip Ti%a logP(Z, — 1> r%) < liqrﬂrisotip(w log E[Z5" i | = ¢r~%log(1l + ro‘a)> < C+m — Ca.
Optimizing in ¢, we conclude to the required upper bound.
4.2.3 Right deviations for 7 € (0,1) — Theorem 9
We are to study the deviations of Z, — 1 = %2;1(Wizr,i — 1) which can be seen as a mean of centered

variables in a triangular array. We resort to [13] to establish that these deviations behave like those of Z! —1 =
157 (W; —1). Hence, we will check that assumptions (H1), (H2’), and (H2+) in [13] hold, with n = r,
Np=r,Y,=WZ,—1,e=1—-1,q=c, 0> = Var(W), and « there equal to 1 + « here. First,
E[(WZ, —1)?] = E[W?E[Z?] — 1 —— Var(W),
by Corollary 24, item 1; hence (H2’) is satisfied. As for (H2+), applying Holder’s inequality and then expanding,
we get
E[|W Z, — 1]*] <E[(WZ, — 1)4]3/4 —— (W] — 4E[W°] + 6E[W?] - 3)3/4 = o(r=).
T [ee]
Finally, let us turn to (H1). Take any sequence (y,),>2 such that there exists C' > 0 such that C~'r(1+e)1-7) ¢
yr < Crite. First,

1 1 1
710gP(WZr -1= yr) z — IOgP(W 2 Yr + 1) +—= IOgP(ZT > 1) — ¢
T T T T—+00

by (A;c) and the fact that P(Z, > 1) — 1/2 as r — oo, by the central limit theorem stated in [16, Theorem
1.2]. As for the upper bound, let h, = c¢Ty! and apply Markov’s inequality:

1 1
limsup — logP(WZ, — 1 > y,) < limsup — logP(WZ,. > y,)

r—oo  Yp r—oo  Yp

1 1
< limsup — (log E[W"] - h, log(yr)) + lim sup — log E[Z"]

r—oo  Yp r—oo  Yr
2.2, T
. A1y
< —c+ limsup T
r—00 r

using Proposition 20, item 1, and Proposition 22 (note that h, = o(r7), since a < 0). Eventually, y7 <
Cr+e)7 = o(r), so the last limit superior in the display is 0. Applying Theorems 2.1, 2.2, and 2.3 of [13], we
get the result.

Remark 25. In view of the counterpart in the finite tree (see Section 3.1.2), it seems natural to ask whether
there is exponential equivalence between (1®(Z. —1)),>2 and (r*(Z} —1)),>2. Using our control of the moments
of Z,. (see Section 4.1), we can prove this exponential equivalence for a < 7 — 1, but we do not know how to
prove it for « € (—=1/2,0) N [T — 1,0).

4.3 Proof of large deviations

4.3.1 Left deviations — Proposition 2

As mentioned after Proposition 2, the result is essentially a consequence of [15, 16]. It remains to examine the
case when a = w = 0, where w is the minimum of the support of the law of W: the proof [16, Equation (6.4)
sqq.] adapts easily.
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4.3.2 Right deviations for 7 =1 — Theorem 7, item 1
Remind that, by (6),
I° = lim | I™

n—oo

Proposition 26 (Lower bound). For alla > 1, hm mf LlogP(Z, > a) = —I°°(a).

Proof of Proposition 26. Let a > 1 and assume that I°°(a) < co (otherwise the result is trivial). Remind that,
for all k > 0, 1% represents the word 1,1,...,1 of length k. Forallr >2,n > 1,k >0, and i € [1,7], let

1
rkg = ’)"7 Wlk izlwlk,i i1,02 Wlk,i,il,.‘.,i" (49)

1<it,eyin ST

and let Z, 1 ; be the limit of the martlngale (Z7 1k ;)nz1 (by convention, Z, 10 ; = Z, ;). Note that all random

r,1k 4
variables Wlm (with £ > 0 and 1 <4 <7) and Z,1»,; (with £ > 0 and 2 < i < r) are independent. Now let
n > 1, e >0, and consider a tuple ((sl, wi), (81,1, W1,1)s-- -, (S1n—2,1,win—21),2) € (R?)"~! x R such that

s1(l—¢) +wy (51’1(1 —€) 4 Fwin-s (sln_zJ(l —&)+win—272(1— E))) > a. (50)

Then

P(Z. >a) > IP( ﬂ {Wlk,l Wik 4T, ZWlki sy, Vi€ [2,r] Zy gk, >1— 5}
ke[0,n—2]

{ZWln 11-/ V’LE[[l 7‘]] Z, in—1; 2 1—5})
= P( ﬂ {Wlk 12 Wik 1T, ZWlk = Sk 17"} N {innflﬂ‘ = 127"5}>
ke[0,n—2] i=1

X P(Z, >1—¢e)nr=D+L,

Remind that P(Z, > 1 —¢) — 1 as r — o0, so by independence,

lim 1nf logP(Z, > a)

r—oo T

o1 4 2r
2 hﬂg}f ; log]P)(kE[[p . {Wlk,l Z Wik 1T ZWlk i = S1k 1T} N { 2; Wln—l)i 2 1_ g})
sn— =

—(cwy + Ajy(s1) + cwin + Ajp(s1,1) + - + cwyn—2 g + Ay (s10-21) + Ajp(2))-

Optimizing in ((s1,w1), (51,1, W1,1)s---, (Sin-21, win-2 1), 2) € (R?)"~! x R satisfying (50) and using (4), we get

1
liminf - log P(Z, > a) > 71”( a )

r—oo T 1—e¢

If I™ is continuous (from the right) at a, then, taking the limit as € — 0 and then as n — oo, we conclude that

lim inf — logIP’(Z a) > — lim I"(a) = —1%(a).

r—oo r n—oo

As follows from Proposition 12 and Proposition 17, item 1, the only case where I™ is not continuous (from the
right) at a is the case when W is bounded and a is the maximum of the support of the law of W. This case is
dealt with in [16, Equation (6.4) sqq.]. O

Proposition 27 (Upper bound). For all a > 1, limsup - LlogP(Z, > a) < —1°(a).

r—00

Before proving Proposition 27, let us introduce the notation

77 (a) := —limsup - logP(Z a).

=00

Lemma 28. For alla> 1,1 (a) > 0.
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Proof of Lemma 28. Using Markov’s inequality and Corollary 24, item 3, for all a > 1, for all n € (0, ce),

—o0 1 1
—1 " (a) =limsup - logP(Z, > a) < limsup — logE[Z)"] — nlog(a) < k(n) — nlog(a), (51)
r—oo T r—oo T
Hence T~ (a) > 0, since x(n) = O(n?) as 7 — 0, and Lemma 28 is proved. O

To prove the upper bound, we follow the same lines as in the proof of the upper bound of large deviations for
Z" (see Section 3.2). Let ¢ > 1 and € € (0,a — 1). For all » > 2 and for ¢ € [0,7], we define

Pr,q = ]P’(ZT = a, Zr,la-“aZT,q >1+4c¢, Zr,q+1a~~~7Zr,r < 1+€),

so that

P(Z >a) = Z <;> Py

q=0
For all g9 € [0,7] and § € (0,700(1 + 5)) (recall that T~ (1 +¢) > 0 by Lemma 28),

T T

5 (a5 (s S

P—— a=q a=q0
Then, for all M € (0,00), choosing ¢q such that ¢od > M, we have, for all r large enough,
S (Vp T
> (q)Pm S]T emse (52)
9=q0

Besides, remembering that € € (0,a — 1),

T

o1 o1 ra \ N a
rlggo;l()gpr’o < rhanolorlogp(; Wi 2 1—|—5> o _AW(l —|—<€)' (53)

Finally, let ¢ € [1,qo — 1]. Write

1 1
- log P, 4 < - logP(W1Zp1+ -+ WoZpg+ Wes1 +---+ W) (1 +¢) > ra,
Z7',17 ceey Zr,q = 1+ &, Z7'7q+17 L) Z7',7‘ <1+ 6)

1
< ;logP(WlZm +o AWz g+ Wopr +---+ W) (14¢) 2 ra).

Using the upper bound in the contraction principle for the continuous map (y1, ..., yq,8) — y1+- - +yg+(1+¢)s
and ((ler,lv L) Wqu,qv Wq+1 + o+ Wr)/"‘)r}% we get

1
limsup ~log Prq < —inf{g(y1)+-~+g(yq)+A’€v(8) YL ey Yg 20, 820, y1+~~-+yq+(1+6)82a}

r—00
= —inf{g(y) + Ajy(s) ; y 20, s 20, y+ (1 +¢)s > a}
=: —B,, (54)

where g is the concave function defined by
g(y) := inf {cw +T5(2); w>=0, 2>0, wz = y} = inf{% +T7(2) ; 2> 1}
z

and satisfying the upper bound of large deviations for (W Z,/r),>2 at speed (r),>2. Applying the principle of
the largest term to (52), (53), and (54) leads to

—o00 1
-1 (a) = 1i£ris;}p;logP(Zr >a) < —min(M,A%(i),Bs).

Since Ajy is left continuous at a and ¢ — B. is nonincreasing, we may let ¢ = 0 and M — oo and obtain

T7(a) > min (Ajy (a), gli% B.). (55)
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Proof of Proposition 27 for ¢ = oo. In this case,

a

i
tiy B >l N (752

) = A}y (a) = I°(a).
Combining this inequality with (55), we conclude that
I° > Ay, =1,
so Proposition 27 is proved for ¢ = oo. O

Now we turn to the proof of Proposition 27 in the case ¢ € (0, 00).

Lemma 29. If c € (0,00), then, for all a > 1,
() = inf{cw—i—foo(z) + A (s); w=0, z€[l,a], s€l,a], wz+s= a}.
Proof of Lemma 29. First, we claim that, for all € € (0,a — 1),
B, = inf{cw—i—foo(z) +AW(s); w=0, z€[l,a], s€[l,a/(1+¢)], wz+ (1+¢)s= a}.
Indeed, let us see how we may adapt the proof of Proposition 14, item 2. Since ¢ € (0,00), we know that

T7(a) < I*(a) < oo. Hence, by (51), there exists 29(a) such that T7(20(a)) > T (a). So, introducing
G(w,z,8) = cw+ 1 (2) + Al (s), we have

Oy if 2 € (6 20(a)] and 5 < LI
G(w,z,5) =T (a) + { Ay (FFell+e)) if 2 € (a,20(a)] and s > LIS

I (z0(a ))—Tm(a) if z > zo(a),

and the claim follows. Now we have

cla—8) =0 ces

lim B. = £ { T A} f—}

IyBe= o, o8, T PTG =
<SS

1+5

> sup it [T T 4 Ay (s) — eed]
O<e<a—11<z<a, z
1<s<a

:inf{cw—i—foo(z)—i—A’{/V(s) ;w>=0, z€([1,a], s€(l,al, wz—i—S:a}.

Noting that the latter infimum is bounded above by Aj, (a) (taking (w,z,s) = (0,1,a)) and combining this
inequality with (55) yields

77 (a) >inf{cw+7w(z)+A*W(s); w>=0, z€[l,a], s€[l,a], wz—l—sZa}.

Second, by definition and since P(Z,. > 1 —¢) — 1 as r — oo (by the left deviations proved at the beginning of
the section), one has, for all e > 0, z > 1, and s € [1, a],

—T7(a) = lim sup — log P(Z,. > a)

T—00

-1
> lim sup - loglP’(Wl Zoi+ (Wot -+ W) (1—e)>ra) + ——logP(Z, > 1—¢)

T—>00
Wy _a—s(l- 1
> lim sup — log]P’( L a4 5( 6), Zynzz, —-Wo+---+W,) 2 S)
r—oo T r r
_ 7(c(a;s) FT() 4+ Al (s css)

from which we deduce that

—o0 . ) cla—8) =0 . cse
< -
(@ <inf it S5 T7) + A (s) + 7
1<s< 2
:inf{cw—&-jm(z)—i-/\%(s) ; w20, z€[1,a], s€ll,q], wz+3:a}. O
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Lemma 30. If c € (0,00), then the nondecreasing function I7° is continuous.

Proof of Lemma 30. Let ag > 1 and € > 0. Since 77 is nondecreasing, it suffices to prove that there exists
=00 =00

ay > ag such that I~ (a1) < I (ag) +&. This follows the same lines as in the proof of Proposition 17, item

1. O

For all ¢ > 1, we may define
z(a) := inf argmin {Too(z) +h(a,z) ; z €1, a]} .
Recall that aw = inf {a > 1 ; aa* > ¢}, where a* was defined in (17). Now if a € [1,aw] and z € [1,a], then
z < ¢/a*, so h(a,z) = A}y, (a), whence z(a) = 1 and
T7(a) = Ay (a) = I°(a). (56)
Lemma 31. For all A > aw, there exists n(A) > 0 such that, for all a € [aw, A], z(a) < a —n(A).

Proof of Lemma 381. For all a > aw and z € [1,al,
h(a,z) = h(a,a) = c— Aw(c/a) = ¢ — Aw(c/aw) = A}y (aw) =: p > 0.

Now let A > ayy. Since the function T is uniformly continuous on [1, A], there exists 7(A) > 0 such that, for
all (a,2) € [1, A, with a — n(A) <z <a, I (2) > 1 (a)— p (note that it implies (A) < ay — 1). Then, for
all a € [aw, A] and z € [a — n(A4), al,

I(2) + h(a,2) > (T (a) = p)+p =T (a),
whence the conclusion of the lemma. O
Proof of Proposition 27 for ¢ € (0,00). Let E := {a >1;Vze(l,d Too(z) > Ioo(z)} and let as, = sup(FE).
By (56), we know that as > aw. The aim is to prove that a, = co0. Assume that as, € [aw,0). Let

A =ac +1>aw and n(A) be defined as in Lemma 31. Let a be such that ao < a < aoo +min(1,7(A4)). One
has

@)= inf [Too(z)—i—h(a,z)} > if {JOO(Z)Jrh(a,z)} > inf [IOO(z)Jrh(a,z)} = I°(a),

1<z<a—n(A) 1<z<a—n(A) 1<z<a
so a € F which is a contradiction, and we conclude that a., = oo. O
Proposition 32. As a — oo, I*°(a) ~ celog(a).
Proof of Proposition 32. It follows from Proposition 17, item 2, that, for all a > e,
1°(a) < T°5@) () < ¢ [log(a)) exp(m) ~ celog(a).
I1®(a

Besides, by (51), for all n € (0, ce), lim inf ﬁ = lim inf %((aa)) > n, whence the conclusion letting n — ce. O
a— o0

a— o0

4.3.3 Right deviations for 7 € (0,1) — Theorem 9

Remind that, by definition,
I = lim | I".

n—oo
Let us prove the lower bound. Recall the notation introduced at the beginning of the proof of Proposition 26.
Let a>1,n > 1, e >0, and consider (wy,w11,...,win-21),2) € R""! x R such that

(I—-e)+wi((1—e)+ - +win-s,1((1—¢) Fwin-272(1 —¢))) > a. (57)
Then
]P)(Zr = a) > ]P( m {Wlk,l > wlk,lr, Zwlk,i = r, Vi € [[2,7']] ZT,lk,’i 2 1-— 5}
i=2

kel0,n—2]

T

n {ZWlnfl,i > 127_: Vi [Lr] Zpyo,; > 1 5})

i=1
T
zr
2]?( ﬂ W1k1>wlk1’l", ZWlk’i>r}ﬂ{ZW11Lll/1_s}>
k}EIIO,TL*2]] 1=2 i=1
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Remind that ]P’(ZT >1—¢)— 1asr — oo, so by independence,

—lim 1nf —logP(Z, > a)

r—oo 17T

r " zr
—hrnig.}frlogﬂp< m {Wlk,l Z Wik 1T, ;Wl’“,i 2 7’} N {;Wlnl,i 2 1_ E})

kel0,n—2]

1
= cwi + cwyj + -+ W2y + 1-(2).

Optimizing in (wy, w11, ..., wia-21,2) € R"! x R satisfying (57) and using (8), we get

—hmlnf—logP( >a) < I”( a )

r—oco 17T 1—¢

Since I” is continuous (see Proposition 19, item 4), taking the limit as ¢ — 0 and then as n — oo, we conclude
that

hmlnf—logIP’( >a) 2 — lim I'(a) = —I(a).

r—00 ’r n—oo

As for the upper bound, let us define, for all a > 0,
1. (a) :—hmbup—logP(Z —1>a).
r—00
Note that, for all a > 0, applying Markov’s inequality and Corollary 24, item 3,

, (a) = —lim sup — log P(Z,>1+a) > —1lim sup — log E[Z707" ] + no7 log(1 + a) = no7 log(1 +a).  (58)

r—00 r—00

~l

Now, let a > 0 and € > 0. We use the decomposition
Poog=PZ —1>2a, Zy1,...,Zvqg21+4¢, Zrgi1,--, Zry < 1+¢).
The terms P, 4 for ¢ large do not contribute as
hmsup — log Z ( > hmsup —log Z ( > (Zr 2 1+e)" = —qol, () < =1, (a) (59)
ree g=a0 N a=a0

as soon as qo > 1. (a)/T. (¢) (note that (58) implies that T.. > 0 on (0, 00)). Moreover, using [5, Theorem 2],

(20) becomes
1 14+a T 14+a
limsup — log Pro < —¢( 7 —1) =K} (7= — 1), 60
e 7 lom Pro < {7 (1 o

Finally, for ¢ € [1, go — 1], the proof relies on the same contraction principle argument. From

Prg <P((W1Zey = 1) 4 (WylZyg = 1)+ (Wor(L42) = 1) 4+ (Wy(14€) — 1) > ra),
we are lead to

hmsuprOgPrq —inf{g(n) + -+ 9(e) + Kr(s —1) 3y1,...,yg =20, s 21, yr+ - +yg+ (L +&)s > a}

r—00

where

WV

g(y):inf{ch—i—T:o(z—l) ;w=0, 221, wz:y} :inf{c<%)T+T:O(z—l); z

'}

is a concave function, as an infimum of concave functions. Hence,

hmsup—logPrq —inf{g(y) +ec(s—1)"; y>0, s=>1, y+(1+¢e)s>a}
r—00
:—inf{ch—i-Tio(z—1)+c(s—1)T ;s w=0,2z21, s>1, wz—l—(l—i—s)s}a}
:—min(Ki(%),inf {ch—l—Tio(z—l); w>=0, z>1, wz}a—a}), (61)
€

using the concavity in (w, s). Putting together (59), (60), (61), and letting ¢ — 0, we get the following result
(adapting the proof of Lemma 29).
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Lemma 33. For alla > 0,
T(a) = inf {ew” +T7(2) s w20, 2 € [0,0], w(l+2)>a}.

Then, (56) adapts as follows.
Lemma 34. There exists ag > 0 such that T, = I on [0, aq].

Proof of Lemma 34. We already know by the lower bound that Tio < I everywhere. Moreover, an easy study
of the functions I shows that I>° = K! on some interval [0,b;] with b; > 0 (adapt Proposition 18). So, we
only need to prove that there exists ag > 0 such that 7, > K2 on [0, ag]. By (58), we have I (z) > norz/2 for
z €[0,1] (since log(1 + z) > z/2). Hence, using Lemma 33,

NoTz

17 (a) >inf{cw7+ ;w>=0, z€[0,a], w(l+z) 2@} =ca”

as soon as a < (10/(2c))Y/7 =: ay. O
Lemma 35. T.. = I on [0,00).
Proof of Lemma 35. Lemmas 30 and 31, and the end of the proof of Proposition 27 adapt easily, with function

h replaced by
a T
o= of 1)

which is continuous on D := {(a,z); a >0, z € [0,a]} and, moreover, bounded below by p, := c(ar1/(1 +
ar1))” >0foralla > a,; and z € [0,a]. 0

Proposition 36. As a — oo, I2°(a) ~ cer log(a).
Proof of Proposition 32. It follows from Proposition 19, item 5, that, for all a > e,

7log(a)

1=(a) < [TLT log(a)] (a) < c|7log(a)] eXp(m

) ~ cetlog(a).
Besides, by Corollary 24, item 3, for all n € (0, ce), lim inf % > 1, whence the conclusion letting n — ce. [
a—r 00

4.4 Proof of very large deviations — Theorem 7, item 2, and Theorem 9

The case a = 0 is obvious. Assume a > 0. Let us prove the upper bound. Recall the definition of Z, 1» given
after (49). One has

logP(Z, > r%a) > logIP’(M
,r-n

Wit - Win

2 r%a, Zyin 2 1) > logIF’(
Tn

> ro‘a> +1logP(Z, = 1).

By [16, Theorem 1.2],

———logP(Z, > 1) —— 0.
r7 log(r) og B( ) r—o0

Now, taking n = n, := |[Talog(r) ], we get

Wll e WlnT

1 T
r7 log(r) logIP’( o > Ta“) > log P(W = r(r®a)'/™r) —— —cera.

r7 log(r) r—00

Remark 37. Recall that, in the finite tree, logP(Z > r%a) ~ —cr™n(r®a)™/™. The minimum of n(r®a)™™ is
attained at n = 7log(r“a). Hence the choice of n, above.

As for the upper bound, by Markov’s inequality and Corollary 24, item 3, for all n € (0,ce), there exists
k(1) € (0,00) such that, for all r > 1,

logP(Z, = r%a) < logE[Z7™" ] — nrr7 log(r®a) < k(n)r™ — nrrTalog(r) — nrr™ log(a) ~ —r™ log(r)nra,

as r — 0o, and we conclude letting n — ce.
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5 Proof of very large deviations for 7 € (1,00) — Theorem 6

Here, we assume that (A, ¢) holds with (7, ¢) € (1,00) x (0, 00). The proof proceeds by induction and essentially
relies on Laplace’s method. Because there are many different cases to deal with, we only expose the step from
n =1 to n = 2 which gives all the ideas. Here is a sketch of proof. As soon asn < 7, we can apply Gértner—Ellis
theorem to get

logP(Z! = r%a) ~ _TAWZ" 1(r%a).
To do this, we have to compute the asymptotic as r — oo of
1 por (@) gn pe 1 por(@)—a—lypy Zn—1
A.T-*CYZ;LL (t) = or (a) lOgE[ U ] = mlOgE[e ’" }

This relies on Varadhan’s lemma, that requires to know a priori that this sequence is bounded from above, and
eventually relies on an upper bound for P(WZ"~1 > rite=v-(@)g) uniform in a. Due to the fact that many
different regimes appear, we are lead to manage different cases separately for which we obtain automatically
sharp upper bounds. Therefore, we prefer another equivalent exposition of the proof, by showing separately
the lower bound and the upper bound. For n > 7, the Laplace transform of Z is infinite on (0, c0), so neither
Gértner—Ellis theorem nor the Chernoff bound may be used directly. We proceed by truncating the variables,
decomposing
P(Zvn = y) = Pn,r(y) + Rn,?“(y)

where .
= P(Z WiZ;fZ-_l >ry, Vi€ [l,r] WiZ;fi_l < Ty)

and

y) = IP’(Z Wizt =y, Jie [1,r] Wizl > ry) <nP(WZE > ry).

This latter inequality allows to upper bound R, ,(y) properly. As for P, ,-(y), one uses

log(Py.r(y)) < TAWZ" Ywzr- 1<ry(y)

5.1 Properties of 7!
Proposition 38. Assume that (1,¢) € (1,00) x (0,00).
1. Ast — oo, Aw(t) ~ tﬁ(CT)_T T(1-1).
2. As w — oo, Ajy (w) ~ cw”.
Proof of Proposition 38. The proof of item 2 can be found in [4]. As for item 1, let ¢/ € (0,¢). Let wp > 0 be

such that, for all w > wo, P(W > w) < e~¢'w" Then, for all ¢ > 0,

E[eY] =1 +/ te"™P(W > w)dw —|—/ te"P(W > w)dw

0 wo

o0 ’oT T o 7T 'u”

wo u=wot 71

The maximum of the function f(u) = u—cu” is attained at ug = (C/T)iﬁ and is equal to f(ug) = uo(1— 2).
Hence, applying Laplace’s method, one gets,

. 1
limsupt 7T Aw () < (1) 71 (1 - 7>

t—00 T

and the upper bound follows, letting ¢’ — ¢. Following the same lines and using the fact that, for all ¢ > c,
there exists w; > 0 such that, for all w > wy, P(W > w) > e~ ¢ w"we get the lower bound. O

Proposition 39. For all a >0 and a > 0, logP(Z}! > r®a) ~ —r1T%7ca™ as r — oc.

Proof of Proposition 39. Gértner—Ellis theorem entails that, for all a > 0, logP(Z} > r%a) ~ —rA*(r®a) and
the result follows from Proposition 38, item 2. O

Proposition 40 (Uniform upper bound). For all z > 1, logP(Z} > 2z) < —rA*(2).

Proof of Proposition /0. Tt is a standard consequence of Markov’s inequality (see [6, Equation (2.2.12)]). O

33



5.2 Asymptotics of WZ!

Proposition 41. For all o > 0 and a > 0,

r%Tca’ if o < %

log P(WZ} > r%a) ~ — ¢ 7 Inf (b7 + Ajy(d) i a = 1
o T . 1
r—z 2caz if a > =

Proof of Proposition 41. The result easily stems from the contraction principle. Estimating P(W > r®b) and
P(Z} > r°d) for (B,6,b d) [0, 00)" thanks to assumption (A;c), Theorem 1, item 1, and Proposition 39, we
conclude that: (1) if o < =, we shall take (5,6,b,d) = («,0,a,1); (2) if @ = 1 we shall take (3,9) = (o, 0),

hence the result; (3) if a > L, we shall take (3,8) = (3(+ 1), (v — 1)), hence the speed is r°™ = r3 and

the rate function is inf {ch + cd™ ; bd = a} = 2caz. O

Proposition 42 (Uniform upper bound). For all § € (0,1), there exists (rg,yo, C1,C2) € (O,oo)4 such that,
for allr > 1y and y = yo,

1
cy’ ify < Cirr
log BOWZ} > y) < —(1—8) x 47 b (@7 +Aj(d)) i Cirt <y < Cor?
—yr—1/7
QCT%Q% if Cors < y
—(1-9¢ inf b” + Ay (d)).
( )rbd:g:—l/f(c w(d))

Proof of Proposition 42. Remember that, for all z > 1, P(Z! >
let w(¢) > 0 be such that, for all w > w(c), P(W > w) < e
(I1-0)c<d =" <’ <ec. Let M > 1. Notice that

z) < e~ AT (2) , by Pr0p051t10n 40. For all ¢ < ¢,
—ew’ Letn > 1 and ¢,¢” > 0 be such that

M-—1
{2 e swez1hc{wzyyulzznbu |Jfwzy ™ 220"}
m=1

So, for all y > 0,

M-1
PWZ2y) SPW Zyn )+ P(Z = 0™)+ > PW =y ™ HP(Z > n™).
m=1
Now, if yn=™ > w(c"), then
M-1
PWZ >y)<e " ¥V +e —rAy (™) 4 Z e (e (un™ ™ T T AL (™))
m=1

Bounding from above each of the M 4+ 1 terms in the latter sum by the maximum of them, we get
/! —m—1\T A* m
ogmmsMﬂ[C (yn )"+ 1A (™))

= log(M +1) —min(rAjy (n"), | _min  [¢'(yn~™)" +rAjy (n™)])-

logP(WZ} > y) < log(M + 1) — min(rAjy, (n™),

e To handle small values of y, we may take M = 1:
log P(WZ; > y) < log(2) — min(rAjy (1), c'y").
If yr=Y7 < (A3 (n) /)™ =: Cy, then, a fortiori, yr— /7 < (A¥,(n)/c/)Y/™ and
min (rAyy, (n),cdy") =y’
Finally, there exists 3o > nw(c”) (independent of ) such that, if yo <y < C17r'/7, then
logP(WZ} > y) < —(1—8)ey”.
¢ Otherwise, we have

log P(WZ; > y) <log(M + 1) +¢/(yn™™)" = min_[¢'(yn~"™)" +rAj, (n™)

<log(M + 1) + ¢ (yn ™)™ — bidnf [T + rAyy (d)].
=y
d>1
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We take M such that w(c”) < yn=™™ < nqw(c"), i.e. M = |log(y/w(c"))/log(n)]. So, for y > y; > 1, there
exists C' > 0 such that
logP(WZ} > y) < Cloglog(y) — b&nf (D™ + rAyy (d)].
=y

1. To handle large values of y, we use Proposition 38, item 2, providing some w; such that
Vw > wy Ay (w) = dw”
If yr=Y/7 > 4w} =: Cy, then
bidnf [T +rAy (d)] = 2dr2y®.
=y

Indeed,

d>wy dZ>wy
the infimum being attained at (b, d) = y/2(r1/27) r=1/27)) and
inf (67 +rAjy (d)] > ¢ (y/w)T > 2 2yE
=y

d<wiy
Finally, there exists ro > 1 such that, for all » > ry and y > Cyr!/

logP(WZ! > y) < —(1— 5)2cr5y%.
2. For y in the middle, i.e. y = r'/7a with a € [C}, 3], we have

Cloglog(r+Cy)

1
—logP(WZ}! > y) <
T T

+ (= )CF — inf [eb” + Ay (d)).

The function ¢: a € [C1,Ca] — infpg=q[ch™ + Afy (d)] is bounded from below by ¢(Cq) > 0. Choosing
" < cand n > 1 such that ¢ = ¢’'n~7 satisfies (¢ — ¢)C3 < dp(C1)/2, and ro > 1 such that, for all

C'log log(rl/T Cy
T

T =T, ) < 5p(C1)/2, one gets, for all 7 > ro and for all a € [Cy, Cs],

1logIP’(VVZ >r7a) < —(1-9) bidnf [eb™ + Ay (d)].
r —=a

Finally, for the last upper bound, obviously inf (ch +rAf(d)) < cy” (taking (b,d) = (y,1)). As for the third
line, for all é > ¢, by the remark after Proposmon 38, there exists wy(¢) such that

Yw 2 wa(€) Ay (w) < éw’

Hence,
inf (cb” 4+ A%y (d)) < inf (cb” + A5 (d)) < inf (cb™ +red™) < 2(cé) Pt/ 22,
bd=y bd=y bd=y
d>w2(¢) d>w2(¢)
Now, letting ¢ — ¢, we get
bldnfy(ch + rAly (d) < 2ert/2y7/2, (62)
The proof is now complete. O

5.3 Proof for Z? when 7 > 2

Proposition 43. Assume that 7 > 2. For all « > 0 and a > 0,

o)~ - {TH‘”caT fo<a<i
’

logP(Z2 > r ar . x
e P2 7 9ca ifa>%.

Moreover, defining, for a >0, T'(a) := bidn_f (cb™ + Ay (d)), one has, for a = %,

—T(a) < lim mf— logP(Z% > r'/7a) < hmsup — log‘IP’(Z2 > rY7a) < =T**(a).

T—00 r—00
In particular, if T is convex and lower semicontinuous, then

—logP(Z% > r'/7a) ~ r*T(a).
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Remark 44. There are examples where T is nonconvex. For instance, one can show numerically that it is the
case when W = B|Z| JE[B |Z|] where B ~ Ber(p) for some p € (0,1) (for instance p=0.1) and Z ~ N(0,1).

Proof of Proposition /3. Lower bound — Notice that

ritateqm ifo <2
logP(Z2 > r%a) > rlogP(WZ}! > r®a) ~ — { 12 bldn_f (cb™ + Ajy(d) ifa=1
r* 5 2ca® if a > %,

applying Proposition 41.
Upper bound for « # 1/7 — Markov’s inequality yields, for all t = K" > 0,
logP(Z? > r®a) < —tr't®a + rlog E[ethi].

Integrating by parts, we get
N (o) o0
E[e!WZr] = / VP(WZEedy) =1+ / teVP(WZ} > y)dy.
0 0

Let 6 € (0,1) and let (yo, o, C1, Ca) € (0,00)* given by Proposition 42. Let ¢/ = (1 — 6)c.
o First,
Yo Yo
I :=1 —|—/ te"P(WZ}! > y)dy < 1 —|—/ te'dy = e'¥°.
0 0

o Using Proposition 42,

Clrl/T Clrl/T
I = / teVP(WZ} > y)dy < / tetV=Y dy =: I,

Yo Yo

The concave function fo: y — ty — ¢’y has a unique critical point yo = (i)ﬁ and

= ()71 1),

Note that yo > yo for r large enough and that yo < Cyr= if and only if ¢t < C’TCflT =, which is true for r
large enough if and only if v < %1, or y= %71 and K < c'TC’lT_l. In this case,

log(L5) ~ fa(y2),

otherwise 3 . .
log(I3) ~ f2(Cir7) =tCir7 — 'Cr.
o Since the tail is nonincreasing,
027_1/7

027,,1/7
Iy = / teVP(WZ! > y)dy < P(WZ! > Cyrt/7) / teVdy < P(WZL > Ot/ 7)eC=tr
Cl,r.l/T Cl'fl/"

1/7

= fg.

Using Proposition 41, we get
log(l3) ~ —r inf (b + Ajy (d)) + CoKr7 ™7,

¢ Finally, using Proposition 42,

oo

oo
I := / tetyIP’(WZ,} > y)dy < / tetv—2cr
027,1/7 CQTI/T

1/ZyT/zdy =: I~4.

Let us find the maximum of the concave function f: y +— ty — 2¢'r'/2y7/2. If 7 = 2, this function is affine and
the integral converges if and only if ¢ < 2¢/71/2, in which case

log(Iy) ~ fa(Cort/?) = —(2¢'71/2 — 1) Cyrt/2,

If 7 > 2, f4 has a unique critical point y4 := (W)ﬁ and

- (252) = 0-2)

36



Now, yq > Cor7 if and only if t > c’q—CQ%_lr%l7 which is true for r large enough if and only if v > 77—1’ or
v = TT_l and K > c’TCf_l. In this case,
log(14) ~ fa(ya),

otherwise,

log(Iy) ~ fi(Cor/T) = tCor= — 26/02%7‘.
To conclude : (1) if @ < %, we shall take v = a(r — 1) < =% and K = /7a”~! and only I, counts ; (2) if
a > %: either 7 > 2 in which case we shall take v = W > %1 and K = ¢/Ta® ! and only I, counts; or
7 =2 in which case we shall take y = 3 and K = 2¢” with ¢ < ¢/ and log E[e!"Z:] = O(r).

Upper bound for a = 1/7 — Markov’s inequality yields, for all ¢t = Kri=1/7 >0,
logP(Z% > rl/Ta) < —tr'*V7q 4+ rlog ]E[etWZi}.
Integrating by parts, we get
1 [ee] (oo}
E[e!W 7] = / VP(WZEedy) =1+ / teVP(WZ}! > y)dy.
0 0
Let 6 € (0,1) and let (yo,70) € (0, 00)2 given by Proposition 42. Then, for r > rg,
Z} v > 1=8)rT(yr— /™ Krl=t/T % (Ku—(1-8)T
E[et"Zr] < 1+/ tetydy—i-/ tety= (=0T gy < K Yo —i—Kr/ er(Ku=(=T (W) gy,
0 0

Yo

Hence 1 X
limsup - log E[e!"W 2] < sup(Ku — (1 — 6)T(u)) < (1 — 6)T* (7)
T

r—00 uz=0 1-0

Finally,

1 1 K
lim sup — logP(Z? > r'/7a) < —Ka + limsup — logE[etWZi] <—Ka+ (1-6)T" (—)

r—oo T rooo T 1 - 5

Optimizing in K > 0, we get

1
lim sup 2 logIP’(Z,? - Tl/TCb) < —(1-8)T"(a),

=00
and the conclusion follows, letting 6 — 0. O
To go on in the induction (for Z2), we need the following analogue of Proposition 40 for Z2.

Proposition 45 (Uniform upper bound). Assume that 7 > 2. For all ¢ > 0 and § € (0,1), there exists
(ro,C, C1,Cs) € (0, 00)4 such that, for all r > ro and z > r¢,

crz” ifre <z < Cirs
logP(Z2 > 2) < —(1 = 8) x { r2T**(2r=7) if Cir7 < 2 < Caor+
2cr3 2% if CQT% < z.

Proof of Proposition 45. Markov’s inequality yields, for all ¢ > 0,

logP(Z? > 2) < —trz +rlog ]E[etWZi}.
Integrating by parts, we get

N (o) oo
E[eWZr] = / VP(WZEedy) =1+ / teVP(WZ! > y)dy.

0 0

In the sequel, we decompose the latter integral as the sum of four integrals and get
logP(Z% > 2) < r(—tz +log(Iy + I + I3 + 1)) < 7(—tz + log(4) + log(I1) + log(Iy) + log(I3) + log(I4)).

Let & € (0,1) and let (rq, 40, C1, C2) € (0,00)* given by Proposition 42.
o First,

Yo Yo
I =1 +/ tety]P’(WZi >y)dy <1 —|—/ teVdy = etvo.
0 0
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o Using Proposition 42,
Cyrt/7 Cyrt/7 .
I ::/ te"P(WZ}! > y)dy < / tety=(1=0)ey™ gy

Yo Yo

We find the minimum of the convex function fy: y — —ty + (1 — 0)cy™ and get

log(I2) < log(C1r/™¢) + (L) = (1 - l) .

(1 ="90)er T
=:Lo
e Now, using Proposition 42 again,
Cng/T CQTl/T
I3 ::/ teVP(WZ! > y)dy < / tety= (=T yr™ /T)dy.
Cl,’,,l/r ClTl/T
Hence,
log(I3) < log(Cor/Tt) + sup (ty — (1 —8)rT(yr=2/7)).
yE[Clrl/TchTI/T]
=:L3

o Finally, using Proposition 42,

9] 9]
I4 = / tety]P)(WZg. > y)dy < / tety72(176)cr1/2yr/2dy.
Cle/T Cle/T

Let us define the convex function fy: y — —ty 4+ 2(1 — 8)er'/?y™/2. If 7 = 2, f4 is an affine function and, for
t < 2(1—0d)ert/?,

t
2(1 —8)ert/2 —t

log(14) < 10g< ) —(2(1 = &)ert/? — 1) Cyrt/7.

If 7 > 2, we set

. t+1 % 1/7
Yo = ((1—5)07”1/27> v (Cor'/7),

so that, for all y > yg, fi(y) > 1 (and, moreover, fy(y) > 0). Then, Iy < I4; + I4o with
yO
Iy = / t67f4(y)dy < tyDe*f4(y4)
Corl/™

where y4 = (¢t/((1 — 5)cr1/27))£ is the point of minimum of the function f;, and

< tfily) e_f4(y)dy < te~f1lvo),

Iyo =
2 e fiuo)
Hence,
log(141) < log(tyn) — fa(ya)
and
log(I2) < log(t) — fa(yo) < log(t) — fa(ys),
SO

< log(2) + max(log(1s1),1og(142))
< log(2) + log(tyn) — falya)

1% T2 2
= log(2) + log(tyo) + (MW> (1 - *> '

:ZL4

log(1y) < log(I41 + I42)

First consider the case 7 = 2.
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(small z) We introduce C] € (0,1 — §) small enough so that n := —2¢C]Cy + (1 —6)T(Cy) > 0. Then, for
z < Cjr'/? and t = 2cz, using the fact that 7' is nondecreasing on [0, cc),

Ls < tCort/? — (1 = 8)rT(Cy) < —npr
and t < 2(1 — &§)er/? — 1 as soon as r is large enough. Hence, absorbing everything in Ly, we get, for r
large enough,

t? 1446
logP(Z% > 2) < —r(tz —(1+ 5)m) = —T(Z - ﬁ)czQ,

and the conclusion follows for z < C}r'/2, since }—fg —1lasd—0.

(large z) Here, we set t = 2(1 — 28)cr/?, so Ly < r and Lz < 2¢Cyr. Bounding above the logarithmic
terms by 7 and choosing C% > 0 large enough that (2¢Cy + 2)/(2¢(1 — 6)C%) < 6, we get

logP(Z7 > z) < —r(tz — (2¢Ca + 2)r)
2602 + 2

< —T3/22C(1 — 25)2(1 — m
L= 0)by

) < —1%/22¢(1 — 26)2(1 — §),

and the conclusion follows for z > C%r'/2, since (1 —28)(1 — ) — 1 as § — 0.
(middle z) Here, we merge I and I3 and use the last upper bound in Proposition 42. We get, for all
t<2(1 = 8)ert/? — 1,
t
2 1/2 *
logP(ZZ > 2) < r(—tz + log(3) + tyo + log(Cor/?t) + (1 — &)rT (m) + 10g(t)>.

Optimizing in ¢, one gets

t z t
logP(Z2 > 2)<r(-r(1=146 S B o
ogP(Z} > 2) < (=1 )tgz(lfgljrl/Q,l((1 B SVERSYP ((1 - 5)7&/2))

+1og(3) + (2¢r'/2)yo + log(2cCyr) + 10g(207°1/2))

= r(—r(l —9) sup (fé -7 (f)) +1log(3) + (2er'/?)yo + log(2cCor) + 10g(2cr1/2)),
1<2c—(1-6)—1r—1/2

noting # = zr~/2. Note that T*(f) = oo for t > 2¢ (using the fact that, for all a, T(a) < 2ca by (62)).
Hence, for all € > 0, there exists o > 2 such that, for all r > rg, for all Z € [C], CY],

sup (2 =T*(t)) =T (%) —e.
t<2c—(1-8)"1r—1/2

Indeed, since pointwise convergence of convex functions implies uniform convergence on compact subsets,
this amounts to show that, for all Z € [C1, C4],

sup (t2 — T* (1)) — sup (2 — T* (1)),
t~<2c777( ( )) n—0 ngC( ( ))

which stems from the continuity of # — ¢z and the fact that 7* is nondecreasing. Finally, T**(C}) > 0.
Indeed,

0 for a € [0,C1/2)
T(a) > T(a) = T(C1/2) forac[C]/2,a0)
2ca for a > ag

for ag > C] large enough, whence T**(C1) > I (C]) =T(C}/2) - C;/(2a0 — C}) > 0.

Eventually, all terms may be absorbed in the term —r2(1 — §)T**(2) up to an additional (1 — ) factor
and the conclusion follows, since (1 —§)% — 1 as § — 0.

Now we turn to the case 7 > 2.

(small z) We introduce C € (0,1 — §) small enough that 1 := —2¢(C7)""1Cy + (1 — §)T(C1) > 0. Then,
for z < C’irl/T and t = T7cz" !, proceeding as for Lz when 7 = 2 and z small,

Ly < tCyr/™ — (1 = 6)rT(Cy) < —npr.
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Furthermore, L, is bounded above by Lo for z < Cjr'/7 and C} small enough (note that (tT/r)ﬁ <t
is equivalent to t71 < r). Hence, absorbing everything in Ls, we get, for r large enough,

logP(Z] > z) < —r(tz -(1 +5)((1_t:5)07_>:1(1 — %)) = *T’CTZT(l — (112)5711(1 — %))

and the conclusion follows for z < C{rl/Q, since (1_61)1% —lasd — 0.

172531 50 Ly is bounded above by Ly for z > C4r'/™ and C} large enough

o (large z) Here, we set t = crr
(remind that (tT/r)ﬁ > t77 is equivalent to t7=1 > r); moreover, L3 < tCyr!/™ is also bounded above

1 ,
by Ly for z > Chr'/7 and C} large enough (note that tr'/™ < (¢7/r)72 is equivalent to r= < t).

Bounding above the logarithmic terms by r and choosing C% > 0 large enough, we get

logP(Z? > 2) < —7“<t2’ —(1 +6)<(1—i55)M'7“5)T2_2(1 — i)) = —T3/227/207'<1 - (11_:;)6722(1 — %)),

and the conclusion follows for z > C4r!/2, since (1 + 6)(1 — 6)" 72 — 1 as § — 0.

o (middle z) Here, we merge I, I3, and I4; and use the last upper bound in Proposition 42. We get, for all
t>0,

t
log P(Z; > 2) < 7=tz + 108(3) + tyo + log(tyo) + (1= 8)rT* (577 ) +1ostt).
And, for r large, t > /2, and z > Cirl/T,

logP(Z% > 2) < r(ftz(l —0)+ (1= 6)rT™" (W))

1/2

Optimizing in ¢t > 2r*/=, one gets

t (1-9)z t
logP(Z% > 2) < —r?(1 -6 T —r——
og ( r Z) r ( )t;;’?/Q((l _ 5),,4—1/7 rl/T ((1 _ 5)T1—1/r))

=210 sw (E2-7"0),

. 1_1
tzrT 2

as soon as § < % and noting Z = (1 — §)zr~'/7. For all ¢ > 0, there exists ro > 2 such that, for all r > 7,
for all Z € (1 —9)[C],CY],

sup (tz—-T*(1) > s{ug(fé —T* (1)) —e=T*(3) —¢,

D=

i>r7 ™

since pointwise convergence of convex functions implies uniform convergence on compact subsets. Using
the uniform continuity of 7** on [(1 — §)C], C4] (note that T** is convex and T** < T < oo on [0,00)),
for § small enough, for all 7 and for all z € r¥/7 [C}, Ch], T**(2) = T**((1 — 8)2r=Y7) = T** (2r=1/7) —¢.
Finally, we absorb the term 2¢ in T%*(zr~/7) as before, because T**(C?) > 0. Hence the result. O

5.4 Proof for Z? when 7 < 2
Proposition 46. Assume that 7 € (1,2). Then,

14+at T . —1
T ca ifa< —
. z . -1
—logP(Z2 > r%a) ~ Tchigia(%z +d7) ifa=77
14+(1+a)T - . _
r— 2 2caz ZfOl > Ll

Proof of Proposition /6. Lower bound for a < %‘1 — Let € € (0,1). We have
logP(Z% > r%a) > rlogP(WZ! > r%a) ~ _7~1+a70(1L) 7
—€

using Proposition 41 and the fact that o < % We conclude letting e — 0.
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Lower bound for a = 7= — Let (bg, do) be such that

T

WE +df = Jnf (2% +d7).

+d=a

Then, using Proposition 41,

1 1
—logP(Z% > r'*®a) > ~logP(W1 Z} | = r'Ty, Vi € [2,7] WiZ}, = r®dy)
T T ’ ’

r—

1 1 x
== logP(WZ}! = r' %) + logP(WZ} > r%dy) —— 2bg +dj.

r
Lower bound for o > 7771 — Applying Proposition 41, we get

1+(14+a)T
2

logP(Z% > r®a) > logP(WZ} > r'T®a) ~ —r ca?.

Upper bound for a < 77;1 — Let us define, for all g € [0, r],
Prq= P(Z Winl,z‘ = 7“1+0éa,, Vi € [1,4] WiZ}‘,i > rl‘ma, Vie[g+1,7] Winl,i < T1+aa).
i=1

First, we have

r r L(4a)r
2

Z (r) Pr,q < Z(TIP(WZ,} 2 7‘1+O‘a))q < Z(T exp(—rMC))q < exp(—r @v)

q=1 q q=1 q=1 1- exp(—r C)

1+(14a)T
2

Since a < %‘1, we have > 1+ ar, hence

1 " (r
TTrar long <q> Fra 550 =0
-

Secondly, let us turn to P, o. Let ¢ > 0. Using the fact that 1,50 < e”, we have

T

—trltag tWZ?t T
PT,O—E[nzr WI_%MI|1Wizl,<rl+aa]<e E[e™W 2 Ly 73 i) -
i=1 i T
=1

Integrating by parts, we get

14a 1+o¢a

E[etWZiﬂwzmuaa} = / VP(WZy € dy) <1+ / teB(WZ, > y)dy.
0 0
We choose t = KrY with K >0and v =«a(r — 1) (sothat 1 + a«+~v =14 ar). Let € € (0, ).
o First,
I =1 +/ teVP(WZ} > y)dy < '™ = o),
0
o Now, for ¢’ € (0,¢),
clrl/T

clrl/T
I = / teVP(WZ} > y)dy < / tetV=Y dy =: I,

e re

The concave function fo: y — ty — ¢'y” has a unique critical point y, 1= (= )ﬁ and

pw = ()7 (1),

T
Now, g9 = @(r%) = O(r*) = o(r'/7), since a < =1 <1 So,

_ 1
log(I2) ~ fa(yz) = K7 1r®" ——
(r)
hence

ay 3 . 1-1
log(e_t’“1+ )y ~ritet( —Ka4+ K= ——7— ).
C/T)ﬁ
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T—1

Taking K = c'ta™ !, we get
10g(67tr1+aaf£) ~ —pltaT T
o Besides,
Cle/T Cz’l‘l/T oor 1
I3 = / teP(WZ) > y)dy <P(WZ} > Clrl/T)/ tedy < em @ TN
Cyrl/T Cyrt/T
and (—c/'CTr + Cytr'/™)* = o(rot).
¢ Finally,
riteg riteg
1/2 roT/2 ~
Iy = / teYP(WZ > y)dy < / tety=r"2v gy o T
C27n1/r CQTI/T

Since 7 < 2, we find the maximum of the convex function fy: y — ty — r/22¢'y™/2. We have
f4(C’2r1/T) = Cutr'/7 — 20/0;/2?" ~ 726/0;/27"

and
1+(1;»a)r 7_/2 ’ 1+(1;a)r

~ =2cr

fa(rtt®a) = Kar*to™ —2cr a™'? = o(rot),

a

w >1+ar =1+ a+7. Hence log(Iy) = o(r®t7).

since o < 77_1 implies
Upper bound for a > % — Following the same lines and using the same notation as in the proof for
a < 77—17 we have

1+(14a)T

T 2 q7/? a)r
Z (T) Prg < p(r lj(1+a)276 ) < exp(*?"lﬂl‘é‘+ : 2c"a"/?)
q 1 —exp(—r— 2 2da™/?)

q=1

for 0 < ¢” < ¢ < c. Letting ¢ — ¢ leads to a good upper bound for this term. Then, we turn to P.o. For

t > 0, we still have

14+a

T
— z1
PT,O < e tr a]E |:€tW r]lWZ,}<T1+“a] .

We choose t = Kr” with K > 0 and v = % (so that 1+a+~ = W) and we want to show that

(I4a)r—1
2

log* B[ 2 iy 23 e = o(r 7 ) = o(r™ ).

Let € € (0, a A ﬂ and consider the same integrals as before.
o We still have
Il < etrs _ eo(Taer).

e As for I, we find that, as soon as o > gf’i, y2 = o(1) and
log(ly) ~ fo(r€) = Kr'*e — 9™ ~ =1 < 0.

If a < =2, we have y = o(r+) (using a > =1) and

J. K™\#7 ar 1

log(I2) ~ fa(y2) = (,*) P71 (1 - 7) = o(rot).
cr

o As before, I < e~ CIr+Catr''™ and (—¢/CTr + Catr¥/7)+ = o(ro+7).

« Finally, to bound above Iy, taking K < 2¢/a™/?~1,

14+(14a)T
2

fa(r'Ta) = Kar'™o™ — 2y a™/? = 1T (Ka — 2¢a™/?) < 0.

Thus 1
lim sup ey log(Pro) < —Ka

r—r00

T/2—1

and we conclude letting K — 2c’a and ¢ — c.

Upper bound for a = ==L — Let £ > 0 (to be chosen later) and let us define, for all ¢ € [0, 7],

T

II,, = ]P’(Z WiZ, > r'ta, Vie [Lq) Wiz}, >r"T%, Vie[qg+1,r] WiZ},; < 7“1+°‘6>.
i=1
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First, we have, for ¢’ € (0, ¢),

14+ (14a)T
2

1 1
—logIl, , < —logP(WZ} > r'tee)d < —r “T2qde™/? = —2¢c/e/?
rT ’ rT

so that

. 1 " r
lim sup Trar log Z ( >Hr,q < —ca’.

e g=a0
as soon as ¢ > a” /(2e7/?) =: qq.

Secondly, let us turn to Il . Let ¢ > 0. Using the fact that 1,>0 < e*, we get

7tr1+“aE [etWZ1 "

T
o =E IS~ wizi >rvea H IWiZi,i<r1+”E} Se "lwzicrtos
- : xl

We choose t = Kr*("=1) with K > 0. Following the very same lines as in the first two cases, we get:
e log(I1) < tyo = o(r™1);
Yo < ClTl/T, SO

log(I2) ~ fa(ya) < (%) = (1 _ E)Tr—l

T

o~ KT\ 7= 1
1+ ajg)gr‘"(KaJr(/) (1));
TC T

° IS < e-c’C;T-’rCztrl/T al’ld (—C/C{’l" + CQtTl/T)Jr _ 0(’{‘7—_1);
« finally, as soon as K < 2ce™/2~1,

hence

—tir

log(e

fa(rttee) = (Ke — 2¢e™/?)r™ < 0.

T _

Since Z — 1 < 0, we may choose ¢ > 0 such that ¢’Ta”* < 2ce7/271. Hence, for K = ¢'Ta” !, we get

1 KT\ 1
limsup — logI,. o < —Ka + ( ) ' (1 - 7) =—ca’. (63)
rT ’

r—00 ; T
Thirdly,

I, = P(zf >, WiZ), =t Vie [2,0] WiZ), < r1+%>

— IP’(WlZi,l +Y Wizl = rtta, W2k =it Vie [2,0] WiZ), < r1+%)
=2

< T inf (2 /2 T
exp{—r cb_gil}a( b/c4+d")}

using the contraction principle, Proposition 41, and the previous upper bound for II, o in (63). The remaining

terms II,. 4, for ¢ € [2,q0 — 1], can be handled similarly using the contraction principle and the fact that the
function b — b7/2 is concave since T < 2. O

Proposition 47 (Uniform upper bound). Assume that 7 < 2. For all e > 0 and 6 € (0,1), there exists
(ro,C, C1,Cs) € (0, oo)4 such that, for all r > rg and z > r¢,
crz” ifre <z<Cyr =
) e Sdr) i Gt =
logP(Z2 > 2) < —(1—08) x4 Cb+d:z1rrlf(f—1)/T(2b2 +d7) ifCir = <z<Cor

147 1 . T—1
2er~z 22 if Cor—= < z.

Proof of Proposition 47. Completely analogous to that of Proposition 45. O
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