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ABSTRACT According to the new condition of the pump peak power, we report a developed approach
to achieve time-frequency mapping (TFM) in the spectral Fraunhofer regime by a single all-optical time
lens using parabolic cross-phase modulation (XPM). The condition is obtained by combining the far-field
spectral Fraunhofer regime with the ability of parabolic pump pulses to induce a pure quadratic phase
modulation. The derived condition allows the tunability of the mapping by different strategies when probe
pulses with different durations are targeted. For design requirements, we show the complete family of bright
and dark parabolic pump pulses, which can be implemented depending on the shape of the probe. In order
to overcome the limits of the far-field TFM, we demonstrate as a solution the so-called near-field TFM for
narrowband mapping. We also discuss potential applications in a variety of fields to provide more insight
into the developed approach.

INDEX TERMS Spectral Fraunhofer regime, cross-phase modulation, time-to-frequency mapping.

I. INTRODUCTION
Time-to-frequency mapping (TFM) is the conversion of an
optical pulse envelope from the time domain into the fre-
quency domain. Several techniques have been reported in
order to realize the TFM; for instance, a reconfigurable opti-
cal arbitrary waveform generator has been demonstrated to
synthesize an arbitrary broadband optical spectrum starting
from a CW laser via a recirculating frequency shifting loop
(FSL). The first step consists of modulating the CW tempo-
rally in amplitude and phase with an input electrical signal
having a low-bandwidth. The resulting signal is circulated for
multiple rounds through the FSL, leading to a modification in
the amplitude and phase of the optical spectrum proportion-
ally to the temporal shape of the modulation input signal, and
as a result, the TFM is achieved [1]. Further, an accelerating
grating can induce distinct phase-matching conditions during
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the nonlinear interaction at different times. Spatiotemporal
quasi-phase-matching with specific accelerating modulations
was proposed to control the spectral and temporal profiles
of high-harmonic generation [2] and for TFM of optical
pulses [3]. Furthermore, nonlinear pulse shaping based on
self-phase modulation (SPM) can also be implemented by
controlling line-by-line the amplitude and phase of the input
pulse by using a spatial light modulator followed by a highly
nonlinear fiber (HNLF). The results show that TFM can be
precisely realized by obtaining a purely quadratic temporal
phase in the HNLF, and the scheme is suitable for any arbi-
trary input temporal profile [4].

In addition to these techniques, high-fidelity mapping has
been achieved based on the spectral Fraunhofer regime,
where the optical pulse envelope is spectrally modified by the
action of a single time lens (TL). Under specific conditions,
the temporal envelope of the optical pulse can be mapped
into the frequency domain with full energy preservation [5].
The TL process, which induces a temporal quadratic phase
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modulation, can be employed using an electro-optical phase
modulator (EO-PM) driven by a sinusoidal radio frequency
signal [6]. Unfortunately, EO-PM has limited performance,
such as the electrical modulation bandwidth that significantly
limits the processing speed and the ability to obtain a purely
quadratic phase.

Optical pulses with parabolic temporal intensity profiles
have gotten much interest for a variety of applications, start-
ing from high-power ultrashort pulse generation to optical
nonlinear signal processing [7], [8], [9], [10]. These parabolic
pump pulses can be generated with different durations rang-
ing from the sub-picosecond to a few tens of picoseconds by
linear or nonlinear pulse shaping techniques [11], [12], [13]
and birefringent filters [14], [15]. Since it is well known that
parabolic XPM can induce quadratic phase modulation on a
probe pulse [16], many works based on XPM have been done
in the last three decades in order to eliminate optical pulse
degradation [17], [18], [19], spectral compression [20], and
real-time temporal measurement of femtosecond pulses [21].
Most of these works require the presence of a dispersive
medium to create a dispersion-XPM configuration arranged
in an appropriate balance.

In this paper, based on parabolic XPM, we drive a new con-
dition of the pump peak power to achieve TFM in the far-field
spectral Fraunhofer regime by a single all-optical time lens.
This condition combines the far-field spectral Fraunhofer
regime and the XPM ability to generate quadratic phase mod-
ulation. This combination allows us to link the pump peak
powerwith the linear chirp coefficient and the prerequisites of
the XPM process. Unlike the previous techniques presented,
our proposal relies on the fact that XPM offers an intrinsic
physical property for high temporal resolution, full energy
conservation due to the nonlinear phase-onlymodulation, and
a single-time-lens. Additionally, we investigated the system’s
tunability relying on two suggested strategies, which give
options for the proposed system’s implementation.Moreover,
we introduce a complete family of pump pulses for design
purposes, depending on the symmetric and non-symmetric
target probe profiles. A solution based on the near-field
TFM regime was proposed to overcome the limitations of
the far-field TFM regime in narrowband mapping. Finally,
a discussion has been provided to significantly increase the
scope of the approach towards potential application.

II. THEORY
Before centering our attention on the new derived con-
dition and for more self-content, we briefly review the
spectral Fraunhofer regime through a time lens. Let ain(t)
and aout (t) be the temporal envelopes of the input and output
pulses from a time lens action, respectively. The relationship
between ain(t) and aout (t) is given by a simple product as
ain(t). g(t) = aout (t), where g(t) is the function of a time-lens
operator. The function g(t) is known as a temporal quadratic
phase modulator of the form,

g(t) = exp [jϕ(t)] = exp
(
j
ϕt

2
t2

)
(1)

where ϕt = [∂2ϕ(t)/ ∂t2]t=0, is the linear chirp coefficient of
the time-lens process. The Fourier transform of the function
g(t) is given as G(ω) = exp[−j(1/2ϕt )ω2], where ω is the
angular frequency. We can write the relationship between the
spectrum of the input pulse Ain(ω) and output pulse Aout (ω)
by a convolution product as,

Aout (ω) = Ain(ω) ∗ G(ω)

=

∫
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−
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)
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= exp
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where σ is the integration variable, and 1ωin is the full spec-
tral width ofAin(ω). IfAin(ω) is confined to a small bandwidth
1ωin, and if the linear chirp coefficient is sufficiently large,

|ϕt | ≫
1ω2

in

8π
(3)

then, the phase term exp[-j(1/2ϕt )σ 2] is considered negli-
gible. We could say that the inequality (3) is the far-field
spectral Fraunhofer regime, and it is valid if the linear chirp
coefficient ϕt is much greater than the square of the input
pulse bandwidth 1ωin. Therefore, Eq. (2) may be approxi-
mated as,

Aout (ω) = exp
(

−
j

2ϕt
ω2

) ∫
1ωin

Ain(σ ) exp
(
j
ϕt

ωσ

)
dσ

= exp
(

−
j

2ϕt
ω2

) {
F−1[Ain(ω)]

}
t=ω/ϕt

(4)

where F−1 denotes the inverse Fourier transform. Hence,
under inequality (3), the input temporal pulse envelope ain(t)
is mapped to the spectral domain evaluated at the instant
t = ω/ϕt . Since the output spectrum is associated with an
additional phase term, exp[−j(1/2ϕt )ω2], the TFM is per-
formed only by recovering the magnitude of the inverse
Fourier transform. In the following, we demonstrate that
the required time-lens process to induce the far-field TFM
can be obtained using XPM on a target optical pulse as a
probe signal, including symmetric and non-symmetric inten-
sity profiles, with a parabolic optical pulse as a pump signal.
This single all-optical time lens is achieved based on the exact
value of the pump peak power from the following derivative
condition.

The schematic in Fig. 1 depicts our proposed approach.
In our scheme, the parabolic pump pulse co-propagates with
the probe pulse in a highly nonlinear fiber (HNLF). We sup-
pose that the pump and probe signals are synchronized at
the input of the HNLF and have the same polarization state.
Moreover, to avoid spectra overlap, the temporal walk-off
effect, and dispersion, we assume that the wavelengths of
the pump λPump and the probe λProbe are symmetric and
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FIGURE 1. Schematic diagram of the proposed XPM-based far-field TFM
approach using a parabolic pump pulse. OC: Optical Coupler, HNLF:
Highly Nonlinear optical Fiber, BPF: Bandpass Filter.

close enough to the HNLF’s zero-dispersion wavelength.
Under these conditions, the probe pulse experiences a non-
linear phasemodulation that can bemathematically described
as [22],

φXPM = 2γLeff Ppump(t) (5)

where γ is the nonlinear coefficient at the probe wavelength
(γ = n2k0/Aeff , where n2 is the nonlinear refractive index,
k0 = 2π /λProbe is the wavenumber, and Aeff is the effective
mode area), Ppump(t) is the pump’s temporal intensity enve-
lope at the HNLF input, and Leff is the effective length of the
fiber given as,

Leff =
1 − exp (−αLHNLF )

α
(6)

where α is the loss coefficient defined as α ≈ αdB/km/4.34,
αdB/km is the attenuation coefficient in log scale, and LHNLF
is the physical length of the HNLF). Under the given circum-
stances, XPM will not affect the temporal intensity envelope
of the probe; however, it will have an effect on the power
spectral density. The maximum nonlinear induced phase can
be expressed as φXPM ,max = 2γ Leff PPu_Peak , where PPu_Peak
is the pump peak power. After the HNLF, the pump is filtered-
out by a bandpass filter centered at the probe wavelength.
On the other hand, when t= Tpump/ 2, themaximum nonlinear
induced phase is obtained, where Tpump is the total temporal
width of the pump pulse. By substituting in the phase of
Eq. (1), we find the maximum quadratic phase modulation
of the time-lens process as,

ϕmax =
ϕt

2

(
Tpump
2

)2

(7)

Based on the expression of the maximum nonlinear induced
phase, Eq. (7) can be expressed as 2γ Leff PPu_Peak =

(ϕt / 2)(Tpump/ 2)2. Thereby, the condition of the pump peak
power to achieve TFM in the far-field spectral Fraunhofer
regime is,

Ppu_peak =
ϕtT 2

pump

16γLeff
(8)

where ϕt must satisfy the inequality (3). Eq. (8) implies that
different values of the pump peak power could be attained
depending on the choice of the appropriate Tpump that must be
greater than or equal to the total time width of the input probe

Tprobe, the HNLF parameters, and the linear chirp coefficient
ϕt , which is completely independent of the system. Also,
condition (8) allows the system to be tunable for mapping any
input pulse profile having different durations by controlling
PPu_Peak or Tpump.

III. RESULTS AND DISCUSSIONS
A. FAR-FIELD TIME-TO-FREQUENCY MAPPING
In this section, we carried out a numerical proof of concept
of the parabolic XPM implementation for far-field TFM rely-
ing on the derived condition (8). We have tested different
input pulses with symmetric and non-symmetric intensity
profiles. First, an unchirped third-order super-Gaussian pro-
file (similar to a flattop pulse) with a total temporal width of
Tprobe ≈ 50 ps was assumed as the probe pulse. The probe
is fully covered by taking into account the small residual
amplitudes at the edges of the pulse. The total bandwidth
of this probe pulse was ≈ 2π×213.33 GHz (zero-to-zero
full width). Based on the inequality (3), the corresponding
linear chirp coefficient must satisfy ϕt ≫ 1ω2

in/8π = 7.14×

104 rad GHz2. In most cases, the quantity of ϕt should be a
few times (∼3-4) more than the inequality’s right-hand side
term. For simplicity, we introduce a new parameter n to set
a fixed value of ϕt so that the inequality (3) becomes ϕt =

n × 1ω2
in/8π . By putting n = 4, we found ϕt = 28.6 × 104

rad GHz2. We consider a bright parabolic pump pulse of the
form Ppump(t) = PPu_Peak [1-(t/Tpump)2], |t| ≤ Tpump, with a
total temporal width of Tpump = Tprobe = 50 ps. Note that for
the design system, prior knowledge of the probe time duration
is required to be covered by the pump pulse. In addition,
the failure to fully cover the probe by the pump leads to a
visible distortion on the mapped spectrum, specifically, the
appearance of undesirable spectral oscillations. We choose a
HNLF with an actual long-distance LHNLF = 1 km, a nonlin-
ear coefficient as high as γ = 30 W−1.km−1, a dispersion
slope of 0.019 ps/nm2/km, an attenuation coefficient of
1.3 dB/km at 1550 nm, and a zero-dispersion wavelength
at λ0 = 1563 nm [23]. The reason for choosing this type
of HNLF is related to the derived condition (8), the more
significant and reasonable values γ and LHNLF take, the lower
the PPu_Peak will be. We should mention that we use the same
HNLF parameters for all subsequent results. From Eq. (8)
and the declared parameters, the pump peak power should be
PPu_Peak = 1.72 W (32.36 dBm). Furthermore, to avoid the
group velocity mismatch and dispersion, we set the probe and
pump wavelengths to be symmetric and close enough to λ0,
λPump = 1554 nm, and λProbe = 1572 nm. Finally, to confirm
that self-phase modulation (SPM) does not play any role in
our system, we put Pprobe_peak = 6 mW, where Pprobe_peak
is the peak power of the probe pulse, and to prove this
supposition, we calculate the necessary distance Lprobe where
the SPM starts to have an important effect, as, LHNLF ≪

Lprobe = 1/ (γ . Pprobe_peak ) = 5.5 km.
By neglecting Raman scattering, the third-order nonlinear

self-steepening, and the higher terms of the second-order
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FIGURE 2. Far-field TFM for the case of a symmetric profile. (a) Input stage: the plot at the bottom shows the
third order super-Gaussian probe and the bright parabolic pump in the time domain. The plot on the left
shows the probe spectrum. The middle plot shows the spectrogram of the probe. (b) Output stage: the plot at
the bottom shows the output probe in the time domain. The plot on the left shows the output probe spectrum
after the mapping compared to the ideal case. The middle plot shows the spectrogram of the output probe.

dispersion, we performed the simulations based on the
nonlinear Schrödinger equation solved numerically by the
split-step Fourier method [22].

Fig. 2(a) and (b) show the input and output probe pulses
before and after the XPM-based time-lens separately in both
time and frequency domains, besides the two domains simul-
taneously. The plots at the bottom of the figures depict the
temporal intensity profiles, and the plots at the left represent
the spectral intensity. The middle images in the figures are
the joint time-frequency intensity distribution (spectrogram),
which gives information on the temporal location of the
pulse’s spectral components. The joint time-frequency inten-
sity distribution of the pulses provides a better understanding
of the physical processes of the XPM that determine the
performance of the proposed system and its possible applica-
tions. The 2-D intensity distribution is displayed depending
on the color brightness levels of the plot; the more lights on,
the higher the intensity. The intensity distribution has been
computed using a conventional spectrogramwith a Hann time
window of 10 ps duration. The result is compared with the
ideal case where the input probe is mapped point by point
directly to the frequency domain by scaling the time axis to
a frequency axis supposing that t = ω/ϕt , which is plotted
in Fig. 2 (b) left (purple curve). The results displayed in the
figures are in good agreement with our theoretical expecta-
tions. The output spectral intensity of the probe is identical to
the temporal intensity profile of the input probe and matches
perfectly with the ideal case. The results demonstrate the
benefit of the XPM’s intrinsic properties in providing high
time resolution in such a manner that only a single dominant
frequency term exists at a specific instant of time. It can
be seen in the spectrogram, where the probe distributes its
intensity in a linear way following the induced linear chirp.
Furthermore, since the time-lens process manipulates the

spectrum by distorting and broadening it, our system is not
restricted by the output bandwidth, unlike other methods
where the input bandwidth should be narrower than the sys-
tem’s bandwidth.

For deeper insight into the physical process, Fig. 3 shows
the evolution of the spectrum along the HNLF. The varia-
tion of the temporal phase by the XPM effect exposes the
pulse to a positive frequency chirp; the leading edge of the
probe is shifted to lower frequencies, and the trailing edge
to higher frequencies. Thus, new frequency components will
be generated along the spectrum probe, and the spectrum
will broaden when the nonlinear phase increases. Hence, the
spectrum undergoes a significant broadening until it becomes
a replica version of the input probe pulse.

FIGURE 3. Evolution of the probe spectrum in the HNLF as a function of
distance.

In order to provide a complete analysis of all possible
cases, we study the case when PPu_Peak does not satisfy
condition (8) [Fig. 4]. In particular, we violate the far-field
criterion by making the amount of the linear chirp coeffi-
cient equal to the right-hand side terms in the inequality (3)
(n = 1), ϕt = 7.14 × 104 rad GHz2, which corresponds to
a PPu_Peak of 430.3 mW (26.33 dBm). Fig. 4 represents the
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output stage, the bottom plot for the time representation, the
left plot for the frequency representation, and the spectrogram
of the resultant pulse at the system’s output. Knowing that we
maintain the same input probe pulse as in the previous case.
In this case, the nonlinear effect of the XPM is not sufficiently
strong to get an effective broadening of the pulse spectrum.
It can be observed from the spectrogram that the output pulse
energy is distributed over a wider frequency range at each
instant of time. As a consequence, the output spectrum covers
a narrower frequency range (∼600 GHz) compared to the
previous case (∼2 THz) when the inequality (3) was verified.
Additionally, the output spectrum exhibits visible distortions
compared to the temporal profile, specifically the presence
of undesirable spectral modulation in the flat-top region.
These distortions come from the non-negligible quadratic
phase term exp[-j(1/2ϕt )σ 2] in the integral of Eq. (2). These
results can be interpreted by the fact that the input probe
spectrum exhibits multiple secondary lobes, so the inequality
(3) requires a notably larger linear chirp, corresponding to a
larger PPu_Peak . There are two solutions to achieve TFM with
this specific PPu_Peak value. The first is to impose a condition
on the input total temporal width to be longer, which allows
us to get a narrow input probe spectrum to fulfill the inequal-
ity (3). Secondly, an efficient way to overcome the described
limitation of the far-field TFMmethod, without replacing the
input probe pulse, is to use a linear dispersive medium to
provide a spectral phase modulation with an opposite sign
to the quadratic phase term exp[-j(1/2ϕt )σ 2], which means
that the generated spectrum is no longer restricted by the far-
field condition in the inequality (3). This approach is known
as near-field TFM, which will be discussed in detail in the
next section.

FIGURE 4. Results of the TFM when the pump peak power does not
satisfy the necessary condition. Output stage: the plot at the bottom
shows the output probe in the time domain. The plot on the left shows
the distorted output probe spectrum after the mapping. The middle plot
shows the spectrogram of the output probe.

We now focus our attention on system tunability, which
can be achieved based on two strategies. The first one is to
cover a longer duration by the pump, and we control the pump
peak power depending on the input probe as long as Tpump ≥

Tprobe, which can be seen in Fig. 5, the first row (a). In our
example, the pump covers a 55 ps time duration to convert
input probes having different durations of 25, 35, 45, and
55 ps, equivalent to a total bandwidth of 426.7, 304.6, 237,
and 193.6 GHz, respectively. The corresponding PPu_Peak for
each of those durations is found to be 8.34, 4.25, 2.57, and
1.72 W, respectively. This strategy is more stable and easier
to implement since the reconfigurability of the pump duration
is no longer needed, but as can be seen, it requires a significant
amount of energy in relation to short input probes. One could
say that the shorter the probe, the more 1ωin (the input
bandwidth of the probe) increases, leading to a significant
needed value of ϕt and, of course, according to condition (8),
a significant amount of energy since Tpump is fixed.

The second strategy is that the total temporal width of
the pump Tpump is tuned proportionally with the probe
(Tpump = Tprobe), as illustrated in Fig. 5 in the second row
(b). For this time, the corresponding PPu_Peak is 1.72W for all
time durations. This result is quite surprising, indicating that
more power is unnecessary to tune the system for different
ranges of durations. Precisely, these results can be analyzed
based on condition (8), which consists of two variables,
Tpump and ϕt , that apparently vary in the same manner but
with different signs. In fact, as the total temporal width Tprobe
increases, 1ωin decreases as a reciprocal function, and since
ϕt is related to the square of 1ωin, we could say that the
variations of Tpump and ϕt compensate each other simply
because they vary according to a quadratic function but with
different signs. This reasoning is valid only if Tpump = Tprobe.
This strategy is more complicated compared to the first one
since the reconfigurability of the pump duration is needed for
each probe time duration, but as can be seen, it requires a low
amount of energy. The assumption of the pump’s reconfigura-
bility can bemet with state-of-the-art, and the easiest way is to
use a programmable shaper such as the WaveShaper 4000S.

The two strategies provide the same results of the mapped
spectrum regarding the shape and bandwidth, as shown in
Fig. 5 in the third row (c), knowing that the bandwidth of the
generated spectrum 1ωout is determined by,

1ωout = ϕtTprobe (9)

This reasoning implies that for a certain value of 1ωout , the
two strategies verify the same balance between Tprobe and ϕt
for any target probe duration due to condition (8), which gives
the options for the proposed system implementation, taking
into account the advantages and disadvantages discussed.

Now, we consider a non-symmetric profile (similar to
a sawtooth pulse) with a 50 ps time duration as a probe
pulse. The total bandwidth of this probe pulse was found to
be 162 GHz, which gives ϕt = 16.48 × 104 rad GHz2 and
PPu_Peak = 993.7 mW (29.97 dBm). The bright parabolic
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FIGURE 5. The system tunability using two strategies. (a) The pump duration is fixed, and the far-field TFM
is performed by controlling the pump peak power according to the probe duration. (b) The pump duration
is adjusted proportionally to the probe duration, and the pump peak power is fixed at a constant value for
all durations. (c) The output probe spectrum after the mapping using the two strategies.

pump has the same total temporal width as the probe. Fig. 6(a)
at the bottom represents the probe and the bright pump before
propagating in the HNLF; at the left is the associated probe
spectrum, and in the middle is the spectrogram of the input
probe. For this case, the output spectrum (Fig. 6(b) left) is an
inverted replica of the input temporal probe pulse compared
to what should have been obtained (ideal case, purple curve).
These results can be interpreted by the fact that the pump’s
induced chirp is positive over the central portion of the input
probe pulse since the induced chirp of a bright parabolic
profile is known to have a positive sign. We could say that
the observation of TFMdepends on the sign of the linear chirp
coefficient in the case of non-symmetric profiles.

To overcome this limitation, we use the other class of
parabolic pulses, known as dark parabolic pulses, defined as
Ppump(t) = PPu_Peak [(t/Tpump)2], |t| ≤ Tpump, which can offer
the same linear chirp but with the opposite sign. The dark
pulse has zero amplitude at its center and reaches maximum

power toward the pulse edges. We reproduce the same simu-
lation as in the previous case for the non-symmetric profile
and observe the results in Fig. 7. The pump pulse verifies
the required conditions, and the output probe’s spectrum
coincides with the input one’s temporal profile. The fact that
the spectrogram exhibits an inverse version of the previous
one confirms that a different chirp sign is implemented.
The average pump power of the dark pulse was 331.3 mW
(25.2 dBm), which is relatively low (by half) compared to the
bright pulse 662.6 mW (28.21 dBm) to induce the same chirp,
as the average power of the bright and dark pulses is given
by (2/3)PPu_Peak and (1/3)PPu_Peak , respectively. We should
mention that if we apply a dark parabolic pump to a symmet-
ric profile, the results are the same as in the case of a bright
parabolic pump since they provide the same chirp but with
different signs.

To generalize these results in terms of the required aver-
age pump power of the bright/dark pumps and the target
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FIGURE 6. The case of a non-symmetric profile with bright parabolic pump. (a) Input stage: the plot at the
bottom shows the sawtooth probe and the bright parabolic pump in the time domain. The plot on the left
shows the probe spectrum. The middle plot shows the spectrogram of the probe. (b) Output stage: the plot
at the bottom shows the output probe in the time domain. The plot on the left shows the output probe
spectrum after the mapping (inverted replica of the ideal case). The middle plot shows the spectrogram of
the output probe.

FIGURE 7. The case of a non-symmetric profile with dark parabolic pump. (a) Input stage: the plot at the
bottom shows the sawtooth probe and the dark parabolic pump in the time domain. The plot on the left
shows the probe spectrum. The middle plot shows the spectrogram of the probe. (b) Output stage: the plot
at the bottom shows the output probe in the time domain. The plot on the left shows the output probe
spectrum after the mapping (identical to the ideal case). The middle plot shows the spectrogram of the
output probe.

probes with different shapes and durations, we follow the next
steps,

- We generate three target probes with well-defined pro-
files: super-Gaussian, sawtooth, and triangular.

- Each profile is assigned a total temporal width ranging
from Tprobe = 10 to 100 ps.

- For each total temporal width, we calculate the total
input bandwidth, the corresponding linear chirp coefficient
by putting n= 4, and the required average pump power based
on condition (8) for both the bright and dark parabolic pumps.

- The whole process is divided into two main categories:
the first is to tune the total temporal width of the pump Tpump

proportionally with the probe during the simulation, and the
second is to fix the pump by putting Tpump = 100 ps.
Fig. 8 depicts the obtained results. To validate these results,

the mapped spectrum has been verified compared to the
ideal case for each profile during the simulation when Tprobe
ranged from 10 to 100 ps. For the first category (Tpump =

Tprobe), as already mentioned, the average pump power is
constant for the entire temporal range for all profiles. The
average pump power depends on the different input spec-
tra of the target probes, which impose different conditions
on ϕt . Also, as previously stated, using the dark pump signif-
icantly reduces the power by half compared to the bright one.
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The average pump power using the bright pump takes the
values 30.6, 28.17, and 29.88 dBm for the super-Gaussian,
sawtooth, and triangular, respectively, and on the other hand,
the average pump power using the dark pump takes the values
27.6, 25.16, and 26.87 dBm, respectively. For the second
category (Tpump ≥ Tprobe), when Tprobe takes a short duration
compared to Tpump, the required average pump power takes
unacceptable values due to the huge input bandwidth, which
forces the chirp coefficient to take a significant value. The
closer the duration of the probe is to the pump, the more
the average pump power is acceptable, and we get closer to
the first category.

FIGURE 8. The average power of the bright/dark parabolic pumps as a
function of the total temporal width of different target probe profiles.

B. NEAR-FIELD TIME-TO-FREQUENCY MAPPING
Until now, the TFM has been performed without any condi-
tion on the output spectral bandwidth. This section shows that
a flat spectrum with a specific bandwidth can be generated
without any condition on the input total temporal width.

In order to observe the limitation of the far field TFM
method, assuming we have an unchirped third-order super-
Gaussian profile with a time duration of Tprobe = 20 ps
(zero-to-zero full width of ∼ 533 GHz). The TFM sys-
tem is designed to target an output bandwidth of 300 GHz.
Once the output bandwidth is fixed, the linear chirp coef-
ficient is obtained from the expression (9) and must satisfy
ϕt = 94.24×103 rad GHz2. The used bright pump has a total

FIGURE 9. The limits of TFM in the far field regime. (a) The input probe
pulse in the time domain with 20 ps temporal width. (b) Input and output
probe spectrum.

temporal width of Tpump = Tprobe = 20 ps, and the HNLF
parameters are the same as in the previous section. Based
on these parameters, the pump peak power is calculated and
found to be PPu_Peak = 90.88 mW (19.58 dBm). A numerical
calculation was carried out and shown in Fig. 9. Our results
show that the output spectrum undergoes a strong distortion
due to the constraints of the far-field TFMmethod. In fact, the
output bandwidth forces the linear chirp coefficient to take
a specific value, which is not enough for the inequality (3)
and results in a not fully satisfied value of the pump peak
power. Knowing that the duration of the pulse probe restricts
the input bandwidth since it is considered fixed. We could
say that the far-field condition in inequality (3) limited the
narrowband generation by the proposed scheme.

A practical solution to overcome this limitation is to simply
propagate the probe in a dispersive medium before the XPM
process. The spectral response of a dispersive medium can be
modeled as a linear time-invariant system similar to a linear
optical phase filter with a quadratic phase term of the form
exp[−j(β2z/2)ω2], where β2 is the group-velocity dispersion
(GVD), and z is the propagation distance. We should men-
tion that the constant phase factor β0 and the average group
delay β1 are ignored in the following discussion since they
are not responsible for pulse spreading over time. Also, the
remaining higher-order dispersion terms are being ignored
since we are dealing with narrow-bandwidth optical pulses
in dielectric media. The dispersion regime in standard single-
mode fibers (SMF) at λProbe is known to be anomalous (β2 is
less than zero), so the dispersive effect will provide a positive
phase modulation of the form exp[j(82/2)ω2], where 82 is
the second-order dispersion coefficient given as 82 = β2z.
Thus, the new input spectrum Ain(ω)’ can be mathematically
described by a multiplication of the input probe pulse Ain(ω)
with the quadratic phase term of the dispersive medium
(SMF). By associating this phase term with the input probe
pulse in Eq. (2), the phase term exp[−j(1/2ϕt )σ 2] is canceled
out as long as,

ϕt82 = 1 (10)

In this case, the generated spectrum is no longer restricted
by the far-field condition in the inequality (3). In order to con-
firm this assumption, we reproduce the last simulation, noting
that the temporal width of the pumpmust be changed to cover
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a wider temporal range since the dispersion effect broadens
the new probe, and hence, the pump peak power must also
take a different value. First, we calculate the second-order
dispersion coefficient by Eq. (10),82 = 10.61 ps2. This value
can be obtained using Corning SMF-28e with a dispersion
parameter of D ≤ 18 ps /(nm.km), dispersion slope of S0 ≤

0.089 ps/(nm2.km) at 1550 nm, and zero dispersion wave-
length of 1302 nm ≤ λ0 ≤ 1322 nm. The GVD at λProbe has
been calculated and found to be β2,1572nm = −23.74 ps2/km,
indicating that to reach the desirable value of 82, we must
use a fiber of 447 m long. Secondly, we calculate the new
time duration after the broadened probe, Tprobe ≈ 50 ps.
Finally, we chose the corresponding time duration of the
pump, Tpump = 50 ps. In this case, the pump peak power
must be PPu_Peak = 568 mW (27.54 dBm). The results are
depicted in Fig. 10. By performing the proposed solution
of the near-field TFM, this time, the output probe spectrum
closely resembles the initial input probe pulse and has the tar-
geted frequency bandwidth of 300 GHz. In this way, we can
generate any narrowband spectrum with a specific shape and
bandwidth via two factors, the amount of dispersion and the
corresponding power according to condition (8).

FIGURE 10. Near-field TFM. (a) The input probe pulse in the time domain
with 20 ps temporal width. (b) The input probe spectrum with ∼533 GHz
bandwidth. (c) The probe pulse after the dispersion effect with ∼50 ps
temporal width. (d) The output probe spectrum after the XPM with third
order super-Gaussian profile and 300 GHz bandwidth.

To determine the minimum bandwidth of the generated
probe spectrum, equation (9) indicates that there are three
cases to study,

First case: Tprobe is fixed (the most common scenario).
In this case, when we target a lower 1ωout , ϕt should take
a lower value and force PPu_Peak to be low according to
condition (8). By going forward, we arrive at the point where
PPu_Peak cannot induce the nonlinear effect into the HNLF,
which determines the minimum bandwidth of the generated
probe spectrum. We could say that this limit is directly
related to the physical properties of the HNLF. It should be

noted that when ϕt takes a lower value, 82 should be high
enough to achieve the dispersion-XPM balance according to
equation 10.

Second case: ϕt is fixed. In this case, if we aim for a
lower 1ωout , Tprobe should take shorter durations. Going fur-
ther, we reach the point where Tprobe enters the femtosecond
regime, which requires specific light sources or compression
techniques. On the other hand, since we are dealing with
pulses in the femtosecond regime (large-bandwidth optical
pulses), we run the risk of generating higher-order dispersion
terms in the dielectric medium (specifically the optical fiber
used at the input for near-field TFM). We can say that the
minimum generated bandwidth depends on the minimum
reasonable duration of Tprobe.
Third case: minimum values of Tprobe and ϕt . This case

could provide the lowest possible bandwidth when we reach
the limit of the previous two cases.

This reasoning is valid only in near-field TFM, where
Tprobe and ϕt are completely independent, unlike in far-field
TFM, where ϕt is linked to the input bandwidth of the probe.

C. DISCUSSION OF POTENTIAL APPLICATIONS
In order to provide more insight into the developed approach,
a discussion of its potential application in a variety of
fields is necessary. Highly flat and narrow optical frequency
combs (OFC) generation is needed for various applications,
including coherent WDM transmission, high modulation for-
mats beyond 16-QAM, and local oscillation [24], [25], [26].
TFM has already been exploited to generate Flat-top OFC
with 27 comb lines, a 3 dB flatness, and a 10-GHz inter-
val using EO-PM driven by sinusoidal signals [27]. The
bandwidth of the EO-PM limits this last work, and the RF
linewidth of the individual modes has not been discussed.
D. Hillerkuss et al [28] propose a spectral slicing technique
based on SPM using a Waveshaper with 10 GHz channel
spacing to obtain 325 consecutive equidistant comb lines
with 4 THz bandwidth and low phase noise of 1 kHz linewidth
to obtain 325 with 4 THz bandwidth. A closer analysis of our
obtained flat spectrum reveals that TFM could be helpful for
high-quality OFC by the slicing technique with significant
advantages such as:

- Energy conservation due to the use of phase-only tempo-
ral filtering allows us to overcome the critical limitations
of direct Fourier domain techniques.

- Our approach requires an input temporal shape with a
well-defined profile to obtain the target spectrum, com-
pared to the approach in [28], where double stages are
needed to form a continuous broad output spectrum.

- Additionally, our method offers the tunability to control
the output spectral bandwidth, whether wide or narrow.

Furthermore, TFM can be used directly as a measurement
method for ultrashort optical pulses [29] by extracting the
spectral features of the mapped pulse with a spectrum ana-
lyzer and transferring them to the temporal domain. Unlike
other methods, our method offers a fast, high-resolution,
noniterative, and accurate temporal waveform measurement,
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especially suited for the measurement range from sub-
femtosecond to about a nanosecond duration.

Other applications have been reported based on TFM,
including photonic analog-to-digital conversion, optical time
division multiplexed to dense wavelength division mul-
tiplexed conversion, the enhancement of radiofrequency
photonic filters, and as a method for distortion-free opti-
cal transmission for any kind of linear perturbation such as
higher-order dispersion, time jitter, polarization-mode disper-
sion, and time-varying dispersion [30], [31], [32], [33].

IV. CONCLUSION
In conclusion, starting from the far-field spectral Fraunhofer
regime and parabolic XPM, we deduced an equation linking
the pump peak power with the linear chirp coefficient and
the prerequisites of the XPM process to realize a developed
approach for tunable all-optical time-to-frequency mapping.
Numerical simulation confirms the validity of the derived
condition, and a pure mapping was obtained by a single all-
optical time lens as long as the far-field spectral Fraunhofer
regime is respected. The developed approach can be applied
to any probe pulse profile since the derived condition is
related to the input spectral bandwidth of the probe and not
its profile. In order to optimize the results, the type of HNLF
was carefully chosen to relax the pump peak power, and the
probe and pump wavelengths were set to be symmetric and
close enough to zero dispersion wavelength to eliminate all
possible linear degradation, such as dispersion and walk-off
effects.

Additionally, we have demonstrated that system tunability
can be achieved through two strategies. The first is by fixing
the duration of the pump and modifying the power according
to the duration of the probe. This strategy is stable and
simple to implement, but it requires high energy values when
targeting short probe durations. The second is by fixing the
power and tuning the duration of the pump proportionally
to the probe. This last strategy leads us to conclude that,
in order to convert input probes with different profiles and
durations, more power is unnecessary as long as the duration
of the pump is tuned proportionally to the probe. The second
strategy is solid in terms of power but requires reconfigurable
techniques to adjust the duration of the pump.

Further, we proposed a family of bright and dark parabolic
pulses that could be employed depending on the symmetric
and non-symmetric probe pulses. We have shown that the
observation of TFM depends on the sign of the linear chirp
coefficient in the case of non-symmetric profiles, and the use
of dark parabolic pulses is considered as a solution to avoid
the invertedmapped replica of the input temporal probe pulse.
In fact, the bright and dark parabolic pulses provide the same
chirp but with different signs. The main difference is that
the average pump power of the dark pulse is relatively low
(by half) compared to the bright pulse to induce the same
chirp. This conclusion allows us to use the dark parabolic
pulses in symmetric and asymmetric cases, unlike the bright
ones, but with more complicated strategies to generate them.

We have also studied the case when the output spectral
bandwidth is restricted by the limits of the far-field TFM,
where a single all-optical time lens cannot generate a narrow
bandwidth. A solution based on near-field TFM has been
proposed by employing a dispersive medium in the system
to create a dispersion-XPM balance, and the desired spec-
trum has been successfully generated since it’s no longer
restricted by the far-field condition. However, even when we
deal with near-field TFM, the derivative condition is neces-
sary and plays an important role in achieving the balance of
dispersion-XPM.

Finally, we discussed some potential applications in var-
ious fields in order to increase the scope of the approach,
mainly in the generation of optical frequency combs and the
characterization of ultrashort pulses.
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