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Abstract: We analyze the different flow regimes of a filament formed by extrusion of a 

material through a cylindrical die. We deduce that the elongational yield stress of a simple 

yield stress fluid (i.e., with negligible thixotropy effects) can be determined from the mass 

of the droplet after filament breakage and an estimation of the critical radius at pinch-off 

at the solid-liquid regime transition. We demonstrate that such a simple characterization 

is relevant in a relatively wide range of extrusion velocities, i.e., this velocity slightly affects 

the drop mass in this range. For the simple yield stress fluids used, Carbopol gel, clay-

water paste at different concentrations, emulsion, covering a large range of yield stress 

values (50 – 1000 Pa), the elongational yield stress appears to be equal to the simple shear 

yield stress times a factor equal to about 1.5 3 . As a consequence, this simple test may 

be used to obtain, almost instantaneously and without sophisticated apparatus (a syringe 

and a balance are sufficient), a good estimate of the shear yield stress of simple yield 

stress fluids. In that case, the main source of uncertainty (up to about 20%) is the value of 

the critical radius at the solid-liquid transition. Finally, we review the operating conditions 

(material properties, extrusion characteristics) for which we can expect this approach to 

be valid. 

 

1. Introduction 

Measuring the yield stress of a yield stress fluid is often considered as a difficult task [1-2]. It is usually 

considered that it would depend on the geometry or the procedure used [3]. In fact the point is 

essentially a matter of proper definition and controlled flow characteristics. If the flow geometry 

effectively allows to get a viscometric flow [4-5], and the procedure effectively allows to distinguish 

the transition between the solid and the liquid regime, the yield stress should be determined 

unequivocally as an intrinsic property of the fluid. The problem is more complex when the fluid does 

not keep its homogeneity during the flow. The situation is also problematic when the fluid is thixotropic 

[2], since in that case the apparent yield stress depends on the flow history, which means that any 

rheometrical procedure involving some finite flow duration may lead to a procedure-dependent yield 

stress value. Finally, for simple yield stress fluids [6-7], i.e. non-thixotropic, reasonable agreement 

between the flow characteristics under various simple shear flow conditions and the flow curve 

determined by rheometry (and thus including the yield stress value) were found [8].  

Various techniques also exist for estimating the simple shear yield stress from more or less simple and 

more or less controlled shear flows: slump test, spreading flow, inclined plane flow, squeeze test, 

object penetration, etc [5]. These techniques essentially provide reasonable estimates of the value of 

the yield stress in simple shear, which we note here 
,sheary  and simply call the yield stress.  

On the contrary, relatively few data exist concerning the rheological behavior of yield stress fluid in 

extensional flow, although such flows are involved in a number of applications For 3D printing of YSF 

for medical applications [9], ink printing [10], construction materials [11-12], metals for applications in 
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electronics [13], the extrusion then free surface flow of the filament followed by spreading and 

stoppage of the yield stress fluid determine the final shape of the object, and elongational flow can 

play a significant role in the different steps of these processes [14-16]. 

Most existing works focused on the elongational yield stress (
,elong.y ), which we will consider here as 

corresponding to the yield stress under a simple uniaxial elongational deformation. Note that 
,elong.y  

is the total critical normal stress applied along the direction of elongation and the second normal stress 

difference in the extra-stress tensor. First of all, let us remark that one generally assumes that there 

should exist some proportionality factor between the elongational yield stress and the simple shear 

yield stress. In this context, the usual reference is the prediction of the “standard” Oldroyd 3D model 

[17-19], extrapolated from the simple shear Herschel-Bulkley model expression with the help of a Von 

Mises yield stress criterion, which predicts 
,elong. ,sheary y =  with 3= .  

Various experimental values were obtained for  , say between 3  and 3, essentially through 

experiments consisting to observed the critical conditions at drop formation after extrusion through a 

die or from extension of a fluid drop between two plates [20-25]. Finally an original approach with the 

same principle of plate separation but using smooth plates allowing an almost perfect wall slip (i.e. 

with wall slip yield stress close to zero), and thus a priori a homogenous elongational flow in the whole 

sample, concluded that the ratio of the elongation yield stress to the shear yield stress is larger (i.e. 

35.1= ) than expected from the standard theory [26]. Besides, it was suggested that the pinch-off 

behavior of yield stress fluids presents nonuniversal trends that should be described with the help of 

nonlocal rheological models [27]. In parallel, more sophisticated approaches were recently developed 

either allowing a direct comparison of the detailed flow characteristics of an elongational flow with 

the predictions of a constitutive equation [28], or the deduction, without preliminary assumption, of 

the elongational flow curve from the analysis of the detailed characteristics over time of an extruded 

filament evolving as successive drops [29].  

Here we intend to test further the possibility of measuring the elongational yield stress from a simple 

practical test, as it was already proposed as a simple means for characterizing materials used in 

additive manufacturing [30]. In that aim we focus on the gravity flow of an extruded filament of yield 

stress fluid. We start by further analyzing the conditions of transition from solid to liquid regime in the 

filament. This allows to clearly define the yielding conditions, and thus the normal stress associated 

with these critical conditions. Using this approach for simple yield stress fluids of different structures 

and whose yield stress covers a range of more than one decade, we deduce a general law for   which 

appears to be close to 1.5 3 . We can thus define more properly the procedure for estimating the 

yield stress from this simple technique, which, finally, can also be used as a very simple way to estimate 

the simple shear yield stress of simple fluids.  

 

2. Materials and Methods 

2.1 Materials 

We used three model yield stress fluids of different structure types, which exhibit negligible thixotropic 
properties and whose yield stresses are relatively large. We prepared a concentrated direct emulsion 
from dodecane oil (88% of the total volume) and an aqueous solution containing 3% of TTAB 
(tetradecyltrimethylammonium bromide), an ionic surfactant (see preparation and characteristics in 
[29]). We also used kaolin (clay) (Speswhite, Imerys) suspensions at different solid volume fractions 
(here indicated in %) in demineralized water. A homogeneous suspension is rapidly obtained by mixing 
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the powder and water in a mixer at 150r/min for a few minutes. At last, we used a commercial hair gel 
(Vivelle Dop). Polymer molecules (Carbopol) are present at a few percent concentration in the water 
solution, thus creating a linked structure that confers it a yield stress fluid behavior. 

For each material type the reproducibility and stability of the fluid behavior was confirmed by 
comparison of flow curve measurements before and after each series of extrusion experiments with a 
new batch of material. 

2.2 Shear rheometry  

We characterized the mechanical behavior of the materials by shear rheometry, with a stress 
controlled Malvern Kinexus pro+ rheometer equipped with parallel disks geometry of diameter 50 mm 
with rough surfaces and a gap of 1 mm. As we suspected significant edge effects affecting data with 
this material, measurements for the gel were carried out with a Couette geometry with serrated wall 
surfaces, a gap of 4.5 mm, and inner diameter and height of 25 mm and 37.5 mm. To assess the 
behavior in the liquid regime, we imposed increasing then decreasing stress ramps over 2 min, after a 
preshear at 10 s-1 during 20 s. In the first part of the increasing ramp the material is in its solid regime, 
but then, i.e. in the liquid regime, the increasing and decreasing stress vs shear rate curves rather well 
superimpose beyond some critical stress (see Figure 1); the slight remaining differences can be due to 
some evolution of edge effects. Thus, thixotropic effects are negligible, and we retain the decreasing 
curve as fully representing the behavior in the liquid regime in steady state (see Figure 1). The validity 
of this conclusion is proved for the emulsion: the steady state flow points obtained from creep tests 
indeed superimpose to the decreasing curve (see Figure 1). Under these conditions, the material yield 
stress is a unique parameter of the material whose value may be estimated from the plateau level in 
the flow curve. Finally, in the next steps we directly determined the (simple shear) yield stress value of 
the material as the value of the parameter 

,sheary  in the Herschel-Bulkley model fitted to the down 

ramp flow curve data (see Figure 1), a model which expresses as: 

,shear ,shear  n
y y k      = +         (1) 

where k  and n  materials parameters, and   and   respectively the shear stress and shear rate 

amplitudes. The uncertainty on rheometrical tests, and thus on the rheological parameter values 
provided, which may be deduced from a repetition of similar tests, can be considered in our case to be 
about 5%. For the kaolin suspensions at other concentrations the yield stress is directly estimated from 
the level of the apparent plateau at low shear rates in the decreasing flow curve (see Appendix 1).  
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Figure 1: Apparent flow curve of each material type obtained from up and down (stress) 
ramp test (open symbols for ramp up – filled symbols for ramp down) and steady state 
flow in the liquid regime during creep tests (stars) for the emulsion. The continuous lines 
correspond to the Herschel-Bulkley model in simple shear fitted to data (see parameters 
in Table 1). 
 
 

Material/parameter 
,shear  (Pa)y  n (Pa s )k  n  

Kaolin suspension (27%) 309 78 0.33 

Carbopol gel  86 48 0.36 

Emulsion  52 10.8 0.33 

 
Table 1. Parameters of the Herschel-Bulkley model fitted to flow curve data (see Figure 1) 

 

 

2.3 Set up for extrusion 

The setup for extrusion of the pastes is a traction machine (INSTRON) that has been adapted to be 
used as an extruder (see [29]). The upper part is a piston, which can be moved vertically at a velocity 
controlled within 0.2%. This piston moves in a 12 cm diameter cylinder, with a nozzle at its bottom. 
We used three nozzle diameters: 1, 2 and 4 cm. The contact between the piston and the inner cylinder 
surface is maintained with the help of a seal, which precludes any leakage. The cylinder is initially filled 
with the material, then the piston is moved at a given velocity which extrudes the material through 
the nozzle (see Figure 2). The mean velocity of the extrudate could be varied from 0.036 mm. s−1 to 
900 mm. s−1.   

2.4 Imaging  

Each extrusion test is filmed with high resolution (1080*1920) at 60 fps with a Panasonic Lumix FZ82, 
from the beginning of the exit of the filament from the nozzle to its breakage.  The treatment of images 
allowing to get the apparent diameter all along the filament at different times during extrusion was 
described previously [29]. Here, we essentially used these data to estimate the volume of each cross-
section of the filament, assuming it is perfectly cylindrical and its radius is given from our observations 
in these videos. Note that the images shown in the present paper to illustrate the filament evolutions 
were not used for such detailed analysis (i.e. data treatment) of the filament shape. 

2.5 Weighing 

The filament breakage leads to its separation in successive portions, which we call drops. We measured 
the drop mass with the help of a balance placed at about 30 cm below the die. Each new drop thus 
reaches the balance. For such a height no splash was observed with our paste drops. A typical test 
involves a series of ten or more successive drops. The average drop mass for a given extrusion process 
could be directly deduced from the final mass divided by the number of drops having reached the 
balance during this period of time. In addition, in order to control possible fluctuations or evolutions 
of the drop mass during the test, the evolution in time of the mass on the balance was recorded by a 
computer. Due to various inertia effects in the system, it is necessary to analyze in details the signal of 
apparent mass over time to extract some information concerning individual drop mass. We found that 
under given conditions, after the first drop, the drop mass was stable, with some fluctuations around 
the mean value which can be considered as the uncertainty.   

 

3. Results and discussion 
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3.1 Flow regimes and drop formation 

Let us examine the mechanisms of drop formation during the extrusion of a yield stress fluid in air. We 
follow the evolution of the filament shape, from the formation of the previous drop, as a function of 
the position ( X ) along its axis from the filament tip (O) (see Figure 2). We consider an extremely slow 
extrusion. This assumption will in particular make it possible to more clearly distinguish the solid 
regime from the liquid regime (see below). At the very first time, i.e. just after the separation and fall 
of the previous drop, we have an inverted cone (see Fig. 2a) which results from the flow associated 
with the formation of the previous drop. As the material further extrudes, the filament diameter is 
always first imposed by the die size. We could only observe some swelling at the die exit with the 
Carbopol gel, which is somewhat viscoelastic [31], but it can be neglected as the corresponding 
filament diameter increase is in the order of 3%.  

Let us now assume for the sake of simplicity that each fluid layer, i.e. situated in a cross-section at 
some position X , is formed at the exit of the die and then moves downwards while being essentially 
elongated along the main flow axis. In other words, we assume that at each time the fluid velocity is 
uniform along a cross-section. Note that this assumption does not mean that shearing is completely 
absent, as non-diagonal components in the stress tensor can still be significant as soon as the filament 
diameter varies along X (see [29]). 

Under these conditions, the filament section tends to reduce as soon as it moves out of the die, under 
the action of the weight of material below. However, at a short distance from the die, i.e. in the region 
between C and B (see Figure 2c), the material is still partially retained by the die. This explains the 
progressive decrease of the filament diameter just below the die. Beyond some distance the filament 
shape is not anymore influenced by the die, but just subjected to gravity. We can consider that this 
occurs when the diameter decreases with X , i.e. in the region BA (see Fig. 2c). 

Let us recall that, in this region, as long as the filament is not in contact with the ground, it may be 
shown from a force balance on the filament portion situated below some cross-section (see [29]), that 
the average normal stress in this section is equal to the weight ( m ) of the filament portion per unit 
cross-section surface: 

2zz

mg

R



=            (2) 

in which R  is the radius of this cross-section. As a consequence, this normal stress, which tends to 
elongate the sample, increases with the distance from O. Moreover, it rapidly increases when the 
filament radius decreases. Note that here we use a simplified expression, neglecting inertia effects 
associated with acceleration (see [29]); these effects result in an additional term in (2), equal to the 
integral of da m  over the material volume situated below the cross-section under consideration, in 
which a  is the acceleration and d m  the mass of a (cross-sectional) layer (which depends on the 
current cross-section radius). This term is generally negligible except in the very last times of breakage 
(see [29]).  
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Figure 2: Illustration of the different flow regimes during extrusion of a filament of yield 
stress fluid (here Kaolin, 27%, die diameter 2 cm) under gravity, just after the fall of the 
previous drop. Successive images of the filament: (a) Cone formed during previous drop 
fall, (b) and (c) Development of a region deformed in the solid regime, (d) and (e) 
Development of a region in the liquid regime and flow in this region.  

 
Thus, during extrusion, a layer formed at the die exit elongates progressively as it moves downwards; 
then it reaches its minimum value in B, where the influence of the die is negligible. In that case, if the 
weight of material below the fluid layer is sufficiently small, this fluid layer, while it goes on advancing 
downwards, will keep its radius constant. This is illustrated in Figure 2 by the orange mark which moved 
downwards from (b) to (c). In this situation the material has undergone the maximum possible 
deformation in the solid regime under the action of a normal stress zz , so that it will a priori not 

deform anymore. We effectively observe that the deformation of a layer is generally fixed from its 
passage through B: the filament region between A and B negligibly deforms during the rest of the 
process (see Fig. 2b,c). In this regime the material has typically undergone a limited elastoplastic 
deformation (see [29, 31-32]). Finally, the normal stress increasing with the distance from O, the 
resulting deformation increases with X, which explains the conical shape of the sample in the solid 
region AB. Nevertheless, note that for some materials, at the approach of the yield stress, some 
residual viscous flow may be observed in the solid regime [31], which can lead to some slight further 
deformation.  

Since the filament shape around the pinch-off region is essentially cylindrical the deformation it 
undergoes is essentially a simple uniaxial elongation (see [29, 32]). Since afterwards, as above 
described, during further motion, each such layer essentially keeps its size, we deduce that the region 
AB corresponds to the solid regime of the material under these simple extensional conditions. More 
precisely, the deformation (from the initial value, i.e. the die radius 0R ) associated with each local 

( )R X  value and assuming a pure elongation, corresponds to the final deformation the material 

reached in elongation when subjected to a normal stress ( )zz X . The filament shape in region AB can 

thus be used to deduce the constitutive equation of the material in elongation. 
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This solid regime takes place only over a limited distance. Since the normal stress increases with X  
and with 1 R , there exists a time for which the layer in B is subjected to a stress equal to the yield 

stress in elongational flow. At that time, the deformation starts to increase beyond the critical 
deformation reached for a stress just below the yield stress. This reduces the filament radius in this 
region, which further increases the stress beyond the yield stress value, potentially inducing a faster 
flow. However, it would not be possible to have a liquid flow restricted to an infinitely thin layer still in 
contact with undeformed solid regions. The flow in the liquid regime in this layer in B probably induces 
a large increase of the stress around this layer, inducing a flow of some regions of finite thickness above 
and below this layer (see Fig. 2d). This results in much larger deformation than expected in the solid 
regime, in a region of finite size situated around B, which we refer to as the liquid flow region.  

Note that during this process capillary effects remain negligible. Indeed, let us recall the main lines o 
the basic approach proposed to compare the order of magnitude of viscous effects under slow flow 
conditions (i.e. when the stress is in the order of the yield stress) and surface tension effects. Then we 
compare the work associated with the main stress (i.e. the normal stress) during some elementary 

strain in a layer of initial thickness h  and radius R , i.e. RdRhR zz 2)( 2− , to the surface energy 

variation resulting from this deformation, i.e. hdRRh  2)2d( −=  (where   is the surface tension of 

the fluid, close to that of the interstitial liquid). We find that surface tension effects will be negligible 

if  Rzz . Moreover, it is valuable to remark that in the pinch off region, the left side term of this 

equation increases when the radius decreases, since the normal stress approximately increases with 
21 R  (assuming a constant weight). It follows that it is sufficient to have ,elong. 0c R   (with 0R  the 

initial radius), i.e. negligible surface tension effects, at the very beginning of the flow, for surface 
tension effects to be negligible all along the separation process.  

The study of the flow characteristics in the liquid region has been the object of our previous work [29], 
showing that the apparent deformation of the filament may be used to deduce the behavior of the 
material in an extensional flow. More precisely, the elongational rate of strain ( ) is deduced from the 
evolution of the filament radius over time ( 2dR Rdt = ) and the normal stress from (1) in addition 

taking into account the acceleration term. Finally, the flow curve for extensional flow is essentially 
deduced from the data in the pinch-off region, i.e.   and zz  are computed at the position of 

minimum R , where non-diagonal components in the stress and strain rate tensor are negligible (see 
[29]). The results of this approach for the Carbopol gel are presented in Figure 3, and the (corrected) 
results previously obtained for the emulsion and a kaolin suspension are recalled in Figure 10 in the 
Appendix. For the two latter materials the shape of the constitutive equation in extensional flow is 
close to the prediction from the standard 3D expression derived from the Herschel-Bulkley model (see 
[29]), but for the Carbopol a strong difference appears at high strain rate (see Figure 3). This difference 
is likely due to the presence of polymers in the material, which tend to induce an increase of the 
elongational viscosity when the strain rate increases, an effect (now in terms of shear viscosity) which 
is much more limited in simple shear. For all materials the yield stress in elongation is significantly 
larger than the prediction from the von Mises criterion used in the 3D model. 
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Figure 3: Flow curves in elongational flow for the Carbopol gel for different extrusion 
velocities. The blue dotted line corresponds to the prediction of the standard 3D Herschel-
Bulkley model in pure elongational flow (see Appendix 3). Note that this standard 
expression is based on the use of the rheological parameters in simple shear; we use for 
that the values determined in simple shear tests (see Table 1).  

 
 
Pinch-off and drop mass 
 
According to the above analysis we expect that the yielding will occur when the stress in the pinch-off 
layer is equal to the elongational yield stress. Here we study how the filament shape can be predicted 
or interpreted in terms of yield stress of the material. In regards to this aim, if the layer of material in 
which yielding occurs remains at the pinch-off point until breakage, then the material amount situated 
below the pinch-off remains equal to the mass associated with the critical weight inducing the yield 
stress. As a consequence, the mass of the drop finally obtained after breakage will provide the value 
of the elongational yield stress.  

In this context it is useful to look at the evolutions of the volume of filament below the pinch-off (point 
B) during all the process. From videos of the filament formation, we estimated the apparent volume (
 ) of material in the region situated below B (see Figure 4). In all cases we observe a regime during 
which the volume below pinch-off increases widely while the filament radius at the pinch-off point 
slowly decreases, followed by a regime in which this volume remains constant while the radius at 
pinch-off strongly decreases. The former regime corresponds to the formation of the solid region as 
above described, i.e. as long as the normal stress at pinch-off is below the yield stress. The latter regime 
corresponds to the liquid regime above described, when the yield stress at the pinch-off has been 
reached. Our assumption here is that as soon as the yield stress has been reached the flow will start 
around the pinch-off point, and since the extrusion velocity is extremely small, this flow will rapidly 
lead to the separation of the filament in two parts, with the volume below the initial pinch-off region 
remaining constant. 

Although it is easy to distinguish the two regimes it is not so easy to precisely determine the point of 
transition between them. Looking more precisely at the data it appears that in the liquid regime the 
volume still slightly varies, an effect which could come from some uncertainty in the data analysis or 
could be due to the complex deformations of the filament in the liquid regime. As a consequence, here 
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we will arbitrarily consider that the critical radius for which the solid to liquid transition occurs is 
situated in the range corresponding to a volume between 10% and 5% smaller than the volume 
extrapolated by fitting a straight line (dashed line in Figure 4) along the data in the second regime. This 
leads to ranges for the critical radius shown by blue rectangles in Figure 4. In that case, the resulting 
uncertainty on the value of the critical radius can then be up to 10%, which induces an uncertainty on 
the corresponding critical stress of about 20%.  

Note that the transition between the two regimes was specifically studied in a previous work [21]. In 
that case the approach consisted to follow the evolution of the apparent strain rate in the pinch-off 
region, to determine the time, and thus the tensile stress or the critical radius, for which the strain rate 
variations significantly change (from slow to fast). This makes it possible to identify a point of transition 
with a limited uncertainty. However, we cannot clearly relate this transition to the physical 
mechanisms of solid-liquid transition we describe above. As a consequence, especially in view of 
determining the yield stress from the drop mass, we think more appropriate to rely on a criterion 
consistent with both the standard characteristics of the solid-liquid transition for yield stress fluid and 
the prediction of the final volume of the drop.  

0.0 0.5 1.0

10
0

10
1

0R R

LIQUID REGIME

 SOLID

REGIME

Kaolin

Emulsion (x2)

Carbopol

3 (cm )

 

Figure 4: Volume below pinch-off during the drop formation as a function of the pinch-off 
to die radius ratio for the different materials (extrusion velocity: 0.36 mm/s, except for 
Kaolin 31%: 0.9 mm/s): (from top to bottom) kaolin, 31, 27 and 23%; Emulsion (drop 
volume multiplied by 2); Carbopol gel. The blue rectangles represent the ranges of radii 
in which the transition between the two regimes can be considered, from which we 
estimate the value of cR . The dashed line is fitted to data at small radius. 

 

Impact of extrusion velocity on the drop mass 
 
So far, we considered theoretically a vanishing extrusion velocity, and experimentally the lowest 
velocity permitted by our set up. In view of using this approach in practice for determining the 
elongational yield stress it is critical to be aware of the impact of the extrusion velocity on the 
characteristics of the process.  

Let us first consider the problem from a theoretical point of view. For a simple yield stress fluid whose 
behavior can be represented in terms of a stress equal to a constant value (i.e. the yield stress) plus a 
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term increasing with the flow rate and tending to zero when the flow rate tending to zero, the material 
flows at an increasing rate when the stress increases above the yield stress. As a consequence, for a 
finite extrusion velocity, from the time the yield stress has been reached at the pinch-off, the filament 
has time to significantly further advance and a larger normal stress is reached in a section above the 
first pinch-off section. The material may then tend to flow in its liquid regime at a higher rate in this 
section than in the initial pinch-off section. Under these conditions the radius may soon reach a smaller 
value in this section than in the first yielding section, and finally the filament breakage will occur above 
the initial pinch-off section. This effect leads to an increase of the drop mass after breakage with the 
extrusion velocity, since the breakage will occur later for higher extrusion velocity. 

Looking at the videos by comparing the filament aspect at the same moment of extrusion for different 
velocities we effectively see that the drop size increases with the extrusion velocity (see Figures 5-6). 
For all materials there is a range of extrusion velocities in which the drop size remains rather constant. 
For the emulsion and the kaolin suspensions this range is rather large, it extends over several decades, 
typically from 0.1 to about 20 mm/s (see Figures 5a and 6a,b). However, for the kaolin there is also a 
slight increase of the drop size from the lowest velocities. For the Carbopol the range of almost 
constant drop size only extends up to about 2 mm/s (see Figure 6c). Note that for this material the 
effective drop breakage is delayed by the development of a long filament. Finally, with a slight further 
increase of the extrusion velocity the filament remains continuous, i.e. no drop appears to form (see 
Figure 6). 

In order to have a better view of the phenomena occurring during the transition from a single drop of 
constant volume to a continuous jet of approximately uniform radius, we show in Figure 5b the 
pictures of the emulsion drops in a narrower range, i.e. 20 – 360 mm/s. Remarkably, for a velocity 
larger than about 120 mm/s, the next drop, of roughly similar size, starts to develop in the filament 
region above the previous drop while the latter is not detached yet. This phenomenon may appear in 
contradiction with the description of the drop formation as a result of the mass of material situated 
below the pinch-off region, since below the upper pinch-off region the mass is about twice the critical 
mass associated with the elongational yield stress. In fact, this likely comes from the fact that the 
acceleration terms (see below and [29]) play a major role in that case, thus relieving a part of the stress. 

Finally the jet becomes continuous when the time of separation of the drops is too large compared to 
the extrusion velocity, so that the successive drops which tend to form, do not have time to break (see 
360 mm/s in Figure 5b). Note that the characteristic time of breakage can in theory be computed since 
we have identified that a pure elongational flow occurs in the pinch off region and we know the 
constitutive equation of each material in elongation. In that aim one has to compute the strain rate at 
each step of the radius decrease leading to filament breakage. However, this time essentially depends 
on the flow conditions in the slowest stage, i.e. just after the transition from the solid to the liquid 
regime. This period can hardly be appreciated as the flow rate is in theory infinitely low when the stress 
tends to the yield stress, and in practice we cannot decide precisely when this transition occurs (see 
above). Future works, in the spirit of the analysis of the evolution of filaments of simple liquids in one 
or several droplets [33], might complete this basic analysis, and in particular describe the specific flow 
instabilities leading to these complex patterns with yield stress fluids. 
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Figure 5: Images of the filament for different extrusion velocities for the emulsion: (a) in 
the full range of velocities tested, (b) in a narrower range of velocities around the regime 
transition. The images presented here correspond to the first image after filament 
breakage when a breakage occurs, and to the image for which the filament is the thinner 
in the other cases (largest velocities).  
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Figure 6: Images of the filament for different extrusion velocities for kaolin suspensions 
((a) 23%, (b) 29%) and Carbopol gel (c).  

 

In order to quantify these variations with the extrusion velocity (V ) we measured the drop mass ( dm

) in these different experiments (see Materials and Methods) (see Figure 7). Generally the drop mass 
only slightly fluctuates around the mean value, the maximum fluctuation is considered as the 
uncertainty, and is represented by error bars in Figure 7. Note that the values deduced from volume 
estimations from videos are consistent with these data, which confirms the validity of the successive 
above analyses of the processes from the observation of the filament shape evolution. We obviously 
observe the same tendencies as from the series of pictures above: a long plateau for the emulsion, a 
slight increase for kaolin, and a short plateau then strong increase for the Carbopol.  

Remarkably, there is some similarity between the shape of these curves and the flow curves of the 
materials obtained from simple shear rheometrical tests (see Figure 1): the flow curves of the kaolin 
suspensions and the emulsion are much flatter than that of the Carbopol which increases more rapidly 
with the shear rate.  
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Figure 7: Drop mass as a function of the extrusion velocity for the different materials.  

 

Elongational yield stress 

With this knowledge of the filament flow and breakage mechanisms we now have the means to 
relevantly analyze the data of drop mass in terms of elongational yield stress. From the tests carried 
out at different extrusion velocities we retain the mass value ( cm ) associated with the plateau in the 

drop mass vs velocity (see Figure 7). On another side we use the curves of apparent drop volumes as 
a function of radius at pinch-off as shown in Figure 4, to estimate the value of cR  corresponding to the 

transition from the solid to the liquid regime in the pinch-off layer. The elongational yield stress is then 
determined from 

,elong. 2

c
c

c

m g

R



=            (3) 

Let us remark that since the square power of cR  is involved in this expression taking into account the 

effective critical radius at the regime transition is essential. As abovementioned the uncertainty on its 
exact value is at the origin of an uncertainty up to 10% on the yield stress determination. 

We can now plot the elongation yield stress value for the different materials, i.e. emulsion, Carbopol 
and kaolin suspension at different concentrations, in the same diagram (see Figure 8) as a function of 
the yield stress (

,shearc ) estimated from the simple shear flow curve. It appears that all data fall along 

a straight line, i.e. ,elong.c  is simply proportional to 
,shearc . More precisely we have  

,elong. ,shear1.5 3c c            (4) 

This result is in agreement with the observations during extension of similar simple yield stress fluids 
between two smooth plates allowing perfect wall slip [34]. Note however that this value of 1.5 is just 
an approximation (see Figure 8) and has no theoretical explanation for now.  
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Figure 8 : Drop mass per unit exit cross-section, i.e. the elongational yield stress according 
to our interpretation (see text and equation (2)), for different material types or 

concentrations (for kaolin) as a function of the shear yield stress times 3 .   

 

Conclusion 
 
From the analysis of the different flow regimes of a filament formed by extrusion of a material through 
a cylindrical die we were able to deduce the elongational yield stress of simple yield stress fluids. It is 
obtained from the mass of the droplet after filament breakage and an estimation of the critical radius 
at pinch-off at the solid-liquid regime transition. This elongational yield stress appears to be equal to 

the simple shear yield stress times a factor equal to about 1.5 3 . Since it is in agreement with previous 

measurements using extension between smooth surfaces ensuring a perfect slip [34], this result seems 
robust. However, there lacks some theoretical explanation of this result which is in contradiction with 
the prediction from the standard description of the constitutive equation for a Herschel-Bulkley fluid. 
In this context it is in particular remarkable that we obtain a similar factor for materials of very different 
fluid microstructures.  
These observations provide a simple means to measure the elongational yield stress. In that aim one 

just needs a balance and a syringe with a die radius 0R  of the order of 0.5 cm. The mass of a series of 

droplets extruded by the syringe at a sufficiently low extrusion velocity, say of the order of a few 

millimeters per second, should be measured. Then the elongational yield stress will be estimated from 

equation (3). Since there is no simple means to estimate cR  we suggest to refer to our results for 

different material types and use 00.8cR R=  for gels and  00.9cR R=  for other materials. Note that the 

uncertainty on the exact value of is likely the main source of uncertainty for the yield stress 

determination with this technique. This uncertainty was estimated to be smaller than 10% in our 

context, i.e. with the help of detailed observations of the filament characteristics. The uncertainy may 

be larger, say up to 20%, in the absence of such observations, e.g. when only using drop mass 

measurements and the abovementioned values.  

If we admit the generality of the result concerning the relationship between the elongational yield 

stress and the shear yield stress for simple yield stress fluids, we can even conclude that this simple 

technique could be directly used to estimate the shear yield stress of a material.  
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“Let us finally review the operating conditions of this technique in terms of material properties and 

extrusion characteristics: 

- Material type. The technique is specifically fitted to yield stress fluids. However, the technique 

is directly relevant for sufficiently simple yield stress fluids. For thixotropic yield stress fluids, 

which in general exhibit a yield stress increasing with the time of rest the approach should be 

completed by considering the yielding condition evolution during extrusion and filament flow. 

If one can consider that the material goes out of the die in a given state the separation will a 

priori start for longer drop length when decreasing the extrusion velocity, since the material 

has more time to restructure before reaching the liquid regime in the pinch-off region. As soon 

as the liquid regime has been reached, we expect a fast separation, as for simple yield stress 

fluids, since the normal stress increases for decreasing filament diameter. Thus, the apparent 

elongational yield stress should increase for decreasing velocity, and the technique will provide 

the yield stress value as a function of the time of rest (or, more precisely, the time spent in the 

solid regime) since its exit from the die. This time is roughly equal to the ratio of the length of 

the filament between the die exit and the pinch-off point to the extrusion velocity. Note that 

this length before separation seems to remain in the order of the die diameter. Finally, an 

increase of drop size for decreasing velocity might be the hallmark of a thixotropic behavior. 

We could also expect some limitations of the technique for materials with specific structure, 

such as suspensions containing polymers, which can exhibit large elongational viscosities, or 

with granular pastes, in which some jamming of solid particles may form during elongation. In 

both cases one would expect more marked effects for decreasing filament diameters. 

However, this should not impact the present approach aimed at determining the elongational 

yield stress since in any case, as soon as the material has reached the liquid regime the drop 

will eventually separate. However, for such materials, the simple relationship found between 

the elongational yield stress and the simple shear yield stress might not be valid anymore. 

Moreover, with such materials the range of extrusion velocities for which the approach is valid 

might be reduced, since if the viscosity for small filament diameter is larger, the time needed 

for separation will be larger and the range of velocities for which drops have time to form will 

reduce. Nevertheless, in this range, elongational yield stress measurements from drop size are 

relevant as long as the continuum assumption is valid, i.e. for sufficiently large filament 

diameter to particle size ratio. 

- Yield stress range. In the present work we tested materials with yield stress ranging from 50 

to 1000 Pa. It might be possible to use the technique with higher yield stress values but it is 

difficult to test this possibility as for such materials simple shear flows may easily be affected 

by shear-banding or rupture, as they are closer to pure plastic solids than to fluids. Within the 

frame of our study the lower limit of yield stress was imposed by the smallest die diameter, 

i.e. 1 cm, so that capillary effects are negligible. Moreover, following our criterion (see text) it 

would theoretically be possible to carry out tests while keeping negligible capillary effects and 

with a yield stress going down to zero, by increasing the die diameter. However, in that case 

the Rayleigh-Taylor instability may occur, leading to spontaneous gravity flow of the fluid. 

- Extrusion characteristics. As seen above, the die diameter must be sufficiently large for 

surface tension effects to be negligible. Conversely, for high yield stress materials it is possible 

to use very small die diameters. 

As for the extrusion velocity it must remain in the range for which the drops have a constant 

size. This range somewhat depends on the material behavior, for example on the importance 

of the second term in the Herschel-Bulkley representation. The typical range of velocities in 

which we can expect a constant drop size is 0-10 mm/s, so that one can recommend to carry 
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out experiments at a velocity of 1 mm/s or smaller to ensure getting the proper drop size, 

which can be directly used for determining the elongational yield stress. 

 

Appendix 1: Rheological data for kaolin suspensions at different concentrations. 

Here we present the full data (decreasing shear rate ramp) for kaolin suspensions at different 

concentrations (see Figure 9). 
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Figure 9: Flow curves in the decreasing ramp for kaolin suspensions at different 

concentrations. 

 

Appendix 2: Flow curves in elongational flow as deduced from filament extrusion and flow. 

Here we show the data (see Figures 10 a,b) obtained in a previous work by analyzing the normal stress 

and the deformation at the pinch off during the extrusion of a filament of emulsion and a kaolin paste 

[JOR]. We take this opportunity to proceed to a correction of these data. Indeed, due to a confusion in 

the software between the (normal) stress and extra-stress tensor, a coefficient 2/3 was erroneously 

applied to the stress values, leading to underestimate the effective normal stress. Here we present the 

corrected data. Note that since this factor was applied in any case in the analysis this does not affect 

the shape of the flow curve data.   
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Figure 10: Flow curves in elongational flow for the kaolin suspension (a) and the emulsion 
(b) under different conditions (see legend). The red dotted lines corresponds to the 
expression derived from the standard 3D Herschel-Bulkley model in pure elongational 
flow (i.e. equation (6)) using the rheological parameters determined in simple shear (see 
Table 1). The thick continuous blue lines correspond to the best fit of a Herschel-Bulkley 

model for the elongation flow (i.e. equation 6), with parameters: ,shear 448 Pac = , 

n157 Pa sk =  and 4.0=n  for the kaolin, and  ,shear 85 Pac = , n7.6 Pa sk =  and 

67.0=n  for the emulsion. For the emulsion this fit was done on the data for a 2 cm 
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diameter; the thin black line is this best fit with the stress times a factor 0.86 (i.e.  

,shear 73.1 Pac = , n6.5 Pa sk =  and 67.0=n ). 

 

Appendix 3: Constitutive equation in simple uniaxial elongation as deduced from the standard 3D 
expression for a Herschel-Bulkley fluid. 

The 3D form of this constitutive equation has been the subject of discussions but the simplest form 
initially proposed by Oldroyd [17] is as follows: 

,shear ,shear (1 ) 2

2
  

( )

n

II c c n
IIII

k
T p

DD
 

−

 
  = − + +  

 

D
Σ I D      (5) 

in which Σ  is the stress tensor, I  the identity tensor, 2tr
2

1
T=IIT  and 2tr

2

1
D=IID  are the second 

invariants of T  and D , where T  is the extra-stress tensor defined as TIΣ +−= ptZ ),(  with 0tr =T

. 
 

For a purely elongational flow, we have 2

4

3
=IID  and 

3

2

zz

II
T


= , where zz  is the diagonal stress 

component along the main axis of elongation, so that the constitutive equation in the liquid regime 
writes: 

,shear3 3 3
n

zz c zz c k     
  = +

  
       (6) 
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