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Gas injection into a tilted rotating cylinder

The flux of CO 2 diffusing inside a new type of bioreactors has been measured experimentally. This geoinspired bioreactor consists in a partially filled cylinder rotating around its axis tilted with respect to the vertical, thus mimicking the precession motion of the Earth. The height of fluid is chosen equal to 2 radii in order for the first Kelvin mode to be resonant. The CO 2 diffuses through a membrane located at the bottom of the liquid. The partial pressure of CO 2 above the free surface is measured as a function of time. This temporal evolution is modeled by the presence of diffusive layers with no advection at the top and the bottom of the liquid. This basic model leads to an experimental value for the flux of CO 2 at the membrane, which is found to be proportional to the inverse square root of the Ekman number. This is in agreement with the presence of Ekman layers of thickness proportional to the square root of the Ekman number. At a given Ekman number the flux weakly depends on the tilt angle α with a scaling as α 1/4 .

I. INTRODUCTION

Precession is known to create very energetic flows due to resonances of inertial modes. In this paper, we quantify the flux of gas into a rotating cylinder tilted with respect to the gravity.

The inlet of oxygen and CO 2 within a bioreactor is a crucial question in biotechnologies. Indeed, the diffusive flux of gas, proportional to the surface of the bioreactor, increases less than its volume when the size increases. This strongly limits the maximal concentration of cells and leads to very slow cell growth for large scale bioreactors [START_REF] Garcia-Ochoa | Bioreactor scale-up and oxygen transfer rate in microbial processes: an overview[END_REF] . To solve this, additional convective mixing is done by introducing bubbles or using rotating blades. It partially solves the problem but also creates a strong shear that inhibits the growth of many cells and can even be lethal for fragile cells [START_REF] Cherry | Hydrodynamic effects on cells in agitated tissue culture reactors[END_REF][START_REF] Doran | Design of mixing systems for plant cell suspensions in stirred reactors[END_REF] .

Recently, Meunier (2020) [START_REF] Meunier | Geoinspired soft mixers[END_REF] proposed a new geoinspired bioreactor consisting in a cylinder rotating at Ω around an axis tilted with respect to gravity. This bioreactor generates a soft mixing, as efficient as using a Rushton turbine but with a shear 30 times smaller. The flow in such a tilted rotating cylinder or in a tilted annulus [START_REF] Xu | Inertial mode interactions in a rotating tilted cylindrical annulus with free surface[END_REF] is very close to the one inside a precessing cylinder [START_REF] Thompson | Diurnal tides and shear instabilities in a rotating cylinder[END_REF][START_REF] Mcewan | Inertial oscillations in a rotating fluid cylinder[END_REF] . For small enough velocities the free surface remains horizontal. It is thus precessing at -Ω in the rotating frame of the cylinder, with an angle equal to the angle between gravity and the cylinder's axis. This motion of the free surface creates a forcing of Kelvin modes [START_REF] Kelvin | Vibrations of a columnar vortex[END_REF] with azimuthal wavenumbers equal to m = 1. As in precessing cylinders, the amplitude of each Kelvin mode diverges when the height of fluid is equal to a multiple of the half wavelength of the mode [START_REF] Meunier | Geoinspired soft mixers[END_REF][START_REF] Thompson | Diurnal tides and shear instabilities in a rotating cylinder[END_REF] . The inertial modes are saturated at low Ekman number by surface Ekman pumping [START_REF] Meunier | Geoinspired soft mixers[END_REF][START_REF] Gans | On the precession of a resonant cylinder[END_REF][START_REF] Meunier | A rotating fluid cylinder subject to weak precession[END_REF] leading to an amplitude scaling as the inverse square root of the Ekman number.

At small Ekman numbers, the flow exhibit a triadic instability [START_REF] Kerswell | Secondary instabilities in rapidly rotating fluids: inertial wave breakdown[END_REF] due to the nonlinear coupling between the forced Kelvin mode and two free modes with azimuthal wavenumbers separated by 1 [START_REF] Meunier | Geoinspired soft mixers[END_REF][START_REF] Lagrange | Instability of a fluid inside a precessing cylinder[END_REF] . The most unstable wavenumbers and a) Aix Marseille Univ, CNRS, Centrale Marseille, IRPHE -Marseille, France the viscous growth rate can be predicted analytically, in excellent agreement with the experimental results [START_REF] Lagrange | Precessional instability of a fluid cylinder[END_REF] and the numerical results [START_REF] Albrecht | Triadic resonances in precessing rapidly rotating cylinder flows[END_REF][START_REF] Giesecke | Triadic resonances in nonlinear simulations of a fluid flow in a precessing cylinder[END_REF][START_REF] Albrecht | On triadic resonance as an instability mechanism in precessing cylinder flow[END_REF][START_REF] Lopez | Rapidly rotating precessing cylinder flows: forced triadic resonances[END_REF] .

The mixing property of this type of flows has been studied for a precessing sphere [START_REF] Goto | Turbulent mixing in a precessing sphere[END_REF] , a partly filled tilted rotating cylinder [START_REF] Meunier | Geoinspired soft mixers[END_REF] and a partly filled sphere rotating around its horizontal axis [START_REF] Watanabe | Simple bladeless mixer with liquid-gas interface[END_REF] . However, all these works are focused on the mixing within the bulk of fluid thanks to experimental injection of a dye or thanks to numerical simulations with two types of tracers. The flux of a scalar through the interface or through a diffusing boundary has never been studied. Nevertheless, it is the flux of gas which governs the growth of cells in bioreactors. The goal of this paper is to quantify the flux of CO 2 injected through a membrane at the bottom of the liquid. The experimental set-up and the governing parameters are described in Section II. Experimental and theoretical results are presented and discussed in Section III. Conclusions follow in Section IV.

II. MATERIALS AND METHODS

A. Experimental set-up for a soft mixer

The bladeless mixer under consideration in this paper consists of a circular cylinder rotating around its axis at the angular velocity Ω (see Fig 1). It is equal to 0.26, 0.52, 1.05, 2.1, 4.2 rad/s for a CO 2 partial pressure of 20 mbar and equal to 0.79, 1.6, 3.1 and 6.3 rad/s for a partial pressure of 90 mbar. The radius R of the cylinder is equal to 5.23 cm. The cylinder, made of PMMA, is filled with distilled water up to a height H = 10.45cm, which is defined for a vertical cylinder. The kinematic viscosity ν = 10 -6 m 2 /s at a temperature of 20 • is known with an accuracy of 1%. The axis of the cylinder, defined as the z-axis, is slightly tilted by an angle α with respect to the gravity g. The liquid is located above a porous membrane with a thickness of 90 microns allowing CO 2 diffusion into the liquid. Gaseous CO 2 below the membrane is obtained from a solution of K 2 CO 3 and KHCO 3 at various concentrations. To obtain a CO 2 partial pressure of 20mbar, 242ml of K 2 CO 3 at 3M and 158ml of KHCO 3 at 3M are used. To obtain a CO 2 partial pressure of 90mbar, 30ml of K 2 CO 3 at 3M and 370ml of KHCO 3 at 3M are used. In order to ensure that the partial pressure of CO 2 below the membrane is always at the desired value, the mixture of air and CO 2 is mixed with a Rushton turbine which rotates at -Ω with respect to the cylinder. This motion is obtained by keeping the Rushton turbine motionless compared to the laboratory thanks to inner and outer magnets.

The goal of the experiment is to measure the concentration of CO 2 inside the liquid as a function of time. This is done thanks to a CO 2 sensor located above the free surface which gives the partial pressure of CO 2 with an accuracy of 2%. This indirect measurement gives a value which is close to the concentration of CO 2 times the Henry's constant k H = 0.34 × 10 -3 mol/m 3 /Pa if the volume above the interface is small and if the CO 2 flux at the free surface is large. The volume above the free surface is equal to V gas = 154ml for all experiments except for a tilt angle α = 9 • where V gas = 418ml. We will show that it is sufficient to measure accurately the flux of CO 2 through the membrane.

The resistance of the membrane to the flux of CO 2 has been neglected. Indeed, the Gurley porosity of the membrane is equal to 10 seconds, which is defined as the time needed for 0.1 liter of air pushed with a pressure difference of 121 mbar to go through a surface of 1 squared inch (equal to 6.45 cm 2 ). In our experiments, for the lowest pressure difference of 20mbar and a surface of the membrane of 66 cm 2 , a volume of 0.46 liters of gas (needed to saturate the liquid that has a volume 0.61 liter) would diffuse through the membrane in 2.7 seconds. This is much faster than the time measured in the experiments (of the order of hours). It means that the membrane is not inhibiting the flux of CO 2 .

Preliminary experiments revealed the presence of daily oscillations of the measured CO 2 partial pressure. They were due to the thermal dependence of the Henry's constant and to convection that enhanced the CO 2 flux. In order to remove these experimental imperfections, the set-up was introduced in a thermally insulated box, heated with a small fan controlled by a thermometer. The temperature fluctuations were then decreased from 2 degrees to 0.1 degree, which prevented any oscillations on the partial pressure of CO 2 . Furthermore, the side of the cylinder was insulated using 1cm of foam, which prevented visualizations during the experiments.

B. Non-dimensional parameters

The fluid problem is governed by four non-dimensional parameters. The Ekman number E = ν/(ΩR 2 ) is varied from 10 -5 to 10 -3 . The tilt angle α is varied from 0.5 to 9 degrees in order to get a sufficient forcing for the instability to occur while maintaining a small amplitude of the forced Kelvin mode for the asymptotic theories to remain valid. The Froude number Fr = Ω 2 R/g is smaller than 0.2 such that the free surface remains horizontal. Finally, when a passive scalar is injected, an additional parameter arises : the Schmidt number Sc = ν/κ (κ = 1.8 × 10 -9 m 2 /s being the molecular diffusiv-FIG. 1. Set-up for the measurement of the flux of CO 2 through the membrane. The liquid (in blue) is located above a membrane (in red) inside a cylinder tilted at an angle α and rotating at Ω. The CO 2 sensor device (green) measures the CO 2 partial pressure above the interface. CO 2 is introduced below the membrane thanks to a solution of potassium carbonate (orange) and mixed with a Rushton turbine (purple). The whole set-up is located in a temperature controlled insulating box (black). ity of CO 2 in water) which is equal to 550 in our experiments. The aspect ratio h = H/R is a key parameter due to the presence of resonances, as will be shown in the next subsection. It was chosen equal to 2 within 1% in order to select the first resonance of the first mode. Finally, the volume of gas V gas above the liquid is important in order to quantify the flux of CO 2 at the free surface. The ratio V gas /V liq was chosen equal to 0.172 for small tilt angles α. It was enlarged to 0.467 for α = 9 • to prevent the liquid to touch the top cover.

C. Resonance of a Kelvin mode

The fluid height is carefully selected to create a resonant flow generating efficient mixing within the bulk. Indeed, when the cylinder is rotated about its axis, the free surface (which precesses at -Ω around the z-axis in the rotating cylinder frame of reference) forces inertial waves which reflect off the walls and interfere to give a global mode of oscillations. These Kelvin modes 8 have a vertical velocity given by w = a i sin 2πz

λ i J 1 2πr √ 3 
λ i sin (θ + Ωt) (1) 
in the frame of the cylinder (J 1 being the Bessel function of the first kind). The axial wavelength λ i is fixed by the forcing frequency -Ω which is here equal to -1 when dimensionalised by the angular velocity of the cylinder. The axial wavelength is thus equal to λ 1 = 3.98R, λ 2 = 1.91R and λ 3 = 1.24R for the first modes [START_REF] Meunier | Geoinspired soft mixers[END_REF] . At a given amplitude a i , the axial velocity of the i-th mode vanishes at λ i /2, λ i , 3λ i /2, 2λ i ... If the free surface is located at one of these nodes, the amplitude a i of the corresponding mode must be infinite in order for w to satisfy the boundary condition set by the oscillation of the free surface

w(z = H) = αΩR sin (θ + Ωt) . (2) 
This is similar to the resonance of a string with one end vibrated with a finite amplitude at the node of the mode. In order to obtain the most efficient flow with the smallest possible angle it is therefore interesting to choose the fluid height equal to one of these resonant heights. In all our experiments, we chose the first resonant height of the first mode which is very close to 2R. In that case, Meunier (2020) [START_REF] Meunier | Geoinspired soft mixers[END_REF] showed that the saturation by Ekman pumping saturates the divergence of the amplitude at a value a i = 0.31αΩRE -1/2 for weak forcing. However, at large tilt angles and/or small Ekman numbers, the flow becomes unstable with respect to a triadic resonance. The critical Ekman number is approximately equal to 4 × 10 -4 for α = 3 • and is nearly proportional to α until 9 • . It should be noted that the precession of the free surface does not excite any surface gravity waves. Indeed, their frequency ω = gk + σ k 3 /ρ (where σ = 70 mN/m is the surface tension and ρ = 1000 kg/m 3 is the density) is always larger than 25 rad/s for a wavenumber k larger than π/R. This is much larger than the excitation frequency Ω which is at most equal to 6.28 rad/s for the largest rotation speed (equal to 60rpm).

III. FLUX OF CO 2

A. Experimental measurements for α = 3 • Before each experiment, the cylinder is rotated in order for the gaseous CO 2 to be homogeneous below the membrane while the upper part above the membrane is empty. At t = 0, the cylinder is stopped, distilled water is introduced in the upper part, the top cover is fixed and the cylinder is rotated again. The total filling and spin-up stage lasts about ten minutes. This is much faster than the duration of the experiments that ranges from 1 to 5 days. Figure 2(a) shows the partial pressure of CO 2 measured above the liquid for a partial pressure of CO 2 P 0 = 20mbar below the membrane. The partial pressure increases with time and saturates at P 0 when the liquid has a concentration in CO 2 equal to k H P 0 . The curve is very similar to a law of the form 1exp(-t/τ) except for the smallest angular velocity (magenta line) which exhibits small daily oscillations probably due to a very small fluctuation of the temperature. The characteristic time is of the order of a day. This is much faster than the diffusive time H 2 /κ = 70 days that would be measured in the absence of flow.

This enhanced diffusion is due to entrainment by the flow. Indeed, Figure 2(a) clearly shows that the partial pressure increases faster when the angular velocity of the cylinder increases. It goes from about 3 days for the smallest angular velocity to about 0.5 day for the largest angular velocity. This enhancement of the diffusion by the flow has already been observed for a gas oscillating in a channel 20 . It suggests that the characteristic time may be rescaled by the advective time 1/Ω rather than the diffusive time. However, Fig. 2(b) indicates that the curves do not collapse when the partial pressure is plotted as a function of tΩ. With this temporal scaling the partial pressure increases slower when the angular velocity of the cylinder increases. Furthermore, the characteristic time is much larger than the rotation period: it is at least equal to a few thousand rotation periods. Fig. 2(c) shows the partial pressure of CO 2 with times dimensionalised by the characteristics time Ω -1 E -1/2 . Clearly, the curves seem to collapse much better, except for the smallest angular velocity (which is probably perturbed by the daily oscillations). This scaling as E -1/2 suggests that the Ekman layers may have a dominant role in the diffusion process. However, it should be noted that the time of saturation is much larger than the spin-up time by one to two orders of magnitude although they have the same scaling as E -1/2 .

B. Model with diusive layers

We assume that CO 2 is homogenized extremely fast inside the bulk of the water. Indeed, Meunier (2020) [START_REF] Meunier | Geoinspired soft mixers[END_REF] measured the characteristic time for mixing when introducing directly a passive scalar inside the liquid. The characteristic time is of the order of 10 rotation periods. This is much faster than the characteristic times measured while introducing the passive scalar through the membrane (of the order of a few thousands of rotation periods). As a consequence, the limiting process for transport of CO 2 from underneath the membrane to the liquid is simply due to the presence of an Ekman layer of thickness δ proportional to R √ E where the flow is nearly motionless. Assuming that CO 2 diffuses without advection over the lengthscale δ gives a molar flux κ∂ z c CO 2 dS above the membrane equal to

Φ membrane = κ k H P 0 -c δ πR 2 (3)
where c is the CO 2 concentration above the Ekman layer. Indeed, the CO 2 concentration at the membrane is equal to its saturated value k H P 0 if the membrane has a large enough permeability. The thickness of the diffusive layer δ at the bottom will be calculated by fitting the model to the experimental data.

In a similar way, the molar flux of CO 2 at the interface is equal to

Φ interface = κ c -k H P δ ′ πR 2 ( 4 
)
where P is the partial pressure of CO 2 in the gas above the interface. Here, we have assumed that there is a diffusive layer of thickness δ ′ below the interface which does not need to scale as E 1/2 since it may not be an Ekman layer.

The total number of moles of CO 2 inside the gas n gas = PV gas /(RT ) (with R = 8.314mol -1 K -1 and T = 293K) is governed by

dn gas dt = Φ interface . (5) 
The total number of moles n liq = cV liq of CO 2 inside the liquid is governed by

dn liq dt = Φ membrane -Φ interface . (6) 
Defining new variables x liq = c/(k H P 0 ) and x gas = P/P 0 that vary from 0 to 1, the differential equations can be written

dx liq dt = 1 -x liq τ -µ x liq -x gas τ (7) 
and

dx gas dt = β µ (x liq -x gas ) T ( 8 
)
where

τ = V liq δ πR 2 κ = Hδ κ (9)
is the characteristic time and

µ = δ δ ′ (10) 
is the ratio of the thicknesses. The parameter (11) corresponds to the ratio between the number of mole of CO 2 in the liquid and the gas at saturation. In our experiments β is large (equal to 4.8 for most tilt angles) because the volume of gas has been chosen small. Although the full solution is given in the appendix, it is interesting to study the approximate solution for large β : Eq. ( 8) indicates that the term x gasx liq must remain small. Neglecting this term in Eq. ( 7) leads to a simple solution

β = k H RT V liq V gas
x liq = 1 -exp -t τ ( 12 
)
Introducing this approximate solution in (8) gives a simple differential equation for x gas which can be solved as

x gas = 1 1 -(β µ) -1 (1 -e -t/τ ) - 1 -e -tβ µ/τ β µ (13)
This approximate law is plotted in Fig. 3. It fits extremely well the experimental data for a characteristic time τ equal to 0.24 days. It can be noted that the slope at t = 0 vanishes because the CO 2 measurement is done in the air above the free surface rather than in the liquid. Indeed, Eq.( 8) indicates that dx gas /dt vanishes since x gas and x liq are initially equal to 0. There is a very quick increase of the slope during a time τ/(µβ ). It is the time needed for the first term to become larger than the second term. After this transient time, the solution is very close to a decaying exponential 1e -t/τ . The full model is solved in the appendix and leads to a concentration of CO 2 in the gas equal to

x gas = β µ λ + -λ - e tλ + /τ -1 λ + + 1 -e tλ -/τ λ - (14) 
with

λ ± = - 1 + µ + β µ 2 ± (1 + µ + β µ) 2 4 -β µ. (15) 
This solution, plotted as a green line in Fig. 3, also fits extremely well the experimental data. However, the characteristic time τ = 0.19 day needed to fit the data is slightly smaller than the time τ = 0.24 day estimated from the approximate solution. The 25% difference is due to the fact that the coefficient β is not infinite as assumed for the approximate solution.

In the following we will thus use the full solution ( 14) to fit the experimental data for each experiment.

C. Dependence on the Ekman number

By fitting the partial pressure of CO 2 as a function of time with Eq. ( 14), we can extract the characteristic time τ = Hδ /κ and the ratio of the thicknesses µ = δ /δ ′ for each experiment. The time τ is plotted as a function of the Ekman number in Fig. 4(a). The first observation is that the characteristic time is independent of the imposed CO 2 pressure P 0 . This is simply due to the linearity of the equation with respect to the CO 2 concentration. It also means that the CO 2 concentration is sufficiently low to remain a passive scalar without buoyancy effect. When dimensionalized by Ω, the time τ is very well fitted by a law scaling as E -1/2 . From (9), it means that the layer of the diffusive thickness δ at the bottom scales as E 1/2 R (using the fact that H/R = 2 and that S = ν/κ). It suggests that the diffusive layer has the same thickness as the Ekman boundary layer.

From these measurements, it is possible to calculate the initial flux at the membrane Φ = πR 2 κk H P 0 /δ since δ is known from (9). The flux is plotted as a function of the Ekman number in Fig. 4(b). It also scales as E -1/2 , in agreement with the assumption δ ∼ E 1/2 R. It seems that the flux at the membrane is only governed by the Ekman number. It is weakly influenced by the nature of the bulk flow. Indeed, there is no difference between the laminar regime (for E > 4 × 10 -4 at this tilt angle) and the unstable regime (for E < 4 × 10 -4 ). This is very different from the homogenization of a scalar introduced in the bulk: the transition to turbulence decreases the bulk mixing time by a factor ten [START_REF] Meunier | Geoinspired soft mixers[END_REF] . This is probably due to the fact that the amplitude of the flow and of the Ekman pumping does not increase in the presence of the triadic resonance.

D. Dependence on the tilt angle

The time τ is plotted as a function of the tilt angle in Fig. 5(a). It only decreases by a factor 2 when the tilt angle increases by a factor 20. Assuming in the model that the thickness of the diffusive layer δ is exactly equal to the thickness of the Ekman boundary layer E 1/2 R would lead to a time τ independent of the tilt angle. Here, the weak dependence on the tilt angle suggests as before that the bulk flow has only a weak influence on the flux at the membrane. Experimentally, the time τ is well fitted by a law scaling as α -1/4 corresponding to a flux scaling as α 1/4 . This scaling exponent is slightly smaller than the exponent for the characteristic velocity in the bulk of the cylinder. Indeed, these experiments have been done in the turbulent regime where the amplitude of the forced Kelvin mode scales as α 1/2 , as shown by Lagrange et al. [START_REF] Lagrange | Precessional instability of a fluid cylinder[END_REF] .

From all these measurements, it is possible to give universal laws for the characteristic time

τ = 1.65S E 1/2 α 1/4 Ω -1 (16) 
and for the thickness of the bottom diffusive layer

δ = 0.83E 1/2 α 1/4 R (17) 
for this aspect ratio H/R = 2. The flux is thus equal to

Φ = 3.81Rκ E 1/2 α 1/4 (k H P 0 -c) ( 18 
)
where c is the CO 2 concentration in the bulk, P 0 is the CO 2 partial pressure below the membrane and α is the tilt angle 3) with δ measured from τ. Symbols correspond to experimental measurements obtained by fitting the model to the increase of the partial pressure of CO 2 . The solid lines correspond to scalings laws obtained for Ekman layers given by ( 16) in (a) and ( 18) in (b). α

= 3 • , H/R = 2.
in degrees. These laws have been measured only for an aspect ratio H/R = 2. The same scaling laws are expected for other resonant heights although the numerical coefficients will probably be different. Outside the resonances, it is not clear how the flux depends on H. Indeed, the amplitude of the flow strongly depends on H. But the flux seems to be weakly dependent on the amplitude of the flow, which might weaken the dependence of the flux on H.

Finally, it should be noted that these measurements have been done for the diffusion of CO 2 with S = 550. We have chosen to write the numerical coefficient for τ as 1.65S rather than 908 such that the law for δ is independent of S. Indeed, it is highly probable that the thickness of the diffusive layer is equal to the thickness of the Ekman layer, which is independent of S. However, it is possible that the numerical coefficients might still depend weakly on the Schmidt number. 

IV. CONCLUSION

In this paper, we have measured the flux of CO 2 diffusing inside a tilted rotating cylinder. The height of fluid is chosen equal to 2 radii in order for the first Kelvin mode to be resonant. The flux is inferred from the temporal evolution of the partial pressure of CO 2 above the free surface. At a constant tilt angle, the flux is proportional to E -1/2 . This is in agreement with the presence of Ekman layers of thickness proportional to E 1/2 where the CO 2 must diffuse without advection. The flux is found to be nearly independent of the nature of the flow (laminar or turbulent). It also weakly depends on the tilt angle with a scaling as α 1/4 . All these measurements have been obtained for a fixed aspect ratio and for a fixed Schmidt number. It would thus be interesting to vary these parameters in the future. The theory should also be improved by taking into account the flow above the Ekman layer, which is known analytically in the laminar regime. However, the advection-diffusion solution in the Ekman layer will probably be difficult to solve analytically.

These measurements have also been obtained for a laminar boundary layer. Indeed the boundary layer Reynolds number E -1/2 is always below the critical value of 150 given by Sous et al. 21 . It is possible that a new regime occurs in the case of a turbulent boundary layer with a larger flux at the membrane.

These measurements are extremely useful for the new generation of geoinspired bioreactors based on the principle of a tilted rotating cylinder. Indeed, these bioreactors require a maximum flux of CO 2 and oxygen while minimizing the shear stress. These quantitative results will allow the fine tuning of the partial pressure of oxygen and CO 2 for the upscaling and during the production process.
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 2 FIG.2. Partial pressure of CO 2 measured above the free surface for a partial pressure of CO 2 P 0 below the membrane equal to 20mbar. The liquid contains distilled water without CO 2 at t = 0. The tilt angle is equal to 3 • . The angular velocity of the cylinder is equal to Ω = 0.26rad/s (magenta), to Ω = 0.52rad/s (red), to Ω = 1.05rad/s (green), to Ω = 2.1rad/s (blue) and to Ω = 4.2rad/s (black). Time is dimensional in (a), dimensionalised by Ω in (b) and dimensionalised by Ω √ E in (c). H/R = 2.
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 3 FIG.3. Partial pressure of CO 2 measured above the free surface for a partial pressure of CO 2 P 0 below the membrane equal to 20mbar, a tilt angle 3 • and an angular velocity Ω = 4.2rad/. Symbols correspond to the experimental result. The red dashed line corresponds to the approximate solution(13) with τ = 0.24 days and µ = 1.2. The green solid line corresponds to the full solution (14) with τ = 0.19 days and µ = 0.8.

2 FIG. 4 .

 24 FIG. 4. (a) Characteristic diffusion time through the membrane τ = Hδ /κ as a function of the Ekman number for a diffusive bottom layer of thickness δ . (b) Initial CO 2 flux Φ through the membrane as given by (3) with δ measured from τ. Symbols correspond to experimental measurements obtained by fitting the model to the increase of the partial pressure of CO 2 . The solid lines correspond to scalings laws obtained for Ekman layers given by (16) in (a) and (18) in (b). α = 3 • , H/R = 2.
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 5 FIG. 5. (a) Characteristic diffusion time through the membrane τ = Hδ /κ as a function of the tilt angle for a diffusive bottom layer of thickness δ . (b) CO 2 flux Φ through the membrane as given by (3) with δ measured from τ. Symbols correspond to experimental measurements obtained by fitting the model to the increase of the partial pressure of CO 2 . The solid lines correspond to an empirical law(16) scaling as α -1/4 in (a) and an empirical law (18) scaling as α 1/4 in (b). E = 1.2 × 10 -4 , H/R = 2.
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We present the solution to the two coupled equations (7) and (8) for the non-dimensional concentration of CO 2 in the liquid x liq and the non-dimensional partial pressure of CO 2 x gas above the free surface. In these equations, the parameter β is known from the experiments whereas τ = Hδ /κ and µ = δ /δ ′ will be fitted to get δ and δ ′

Defining a new variable X = (x liq , x gas ) and a nondimensional time T = t/τ, the two differential equations can be combined in a single differential equation

The eigen values of the matrix M are equal to

The corresponding eigen vectors are equal to

Assuming that the solution is of the form

and introducing this form into (A1) leads to a linear system for A ′ + and A ′ -which can be solved as

Integrating and introducing into (A4) leads to the general solution

A6)

where B + and B -are two constants to be determined with the initial conditions. For x liq = x gas = 0 at t = 0, the constants should be B + = 1/λ + and B -= -1/λ -such that the concentration in the gas is finally given by

In the limit of large β , the eigen values are equivalent to λ + = -1 and λ -= -β µ such that this solution is similar to the approximate solution (13) at first order in β -1 . If the liquid is initially saturated (x liq = 1) and the gas has no CO 2 (x gas = 0), the constants should be B + = 1 + 1/λ + and B -= -1 -1/λ -such that the solution is given by

1e T λ - λ - + (e T λ +e T λ -) (A9) In the limit of large β , this solution is approximately equal to 1exp(-β µT ) at first order in β -1 .