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Conceptual study of a Compton polarimeter for the upgrade of the SuperKEKB collider with a polarized electron beam
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The physics scope of the Belle II experiment currently acquiring data at the SuperKEKB collider will expand with a polarized electron beam upgrade, as recently proposed. Among the required elements for this upgrade, a real time diagnosis of the polarization is necessary to ensure it is large for all bunches in the accelerator during its regular operation. This will be realized by inserting a Compton polarimeter in the accelerator. Its conceptual design is described and no showstopper for its integration has been identified. An estimation of the sensitivity of the polarimeter is made by means of toy Monte-Carlo studies. The proposed design accounts for the constraint to preserve the performance of the SuperKEKB accelerator and to cope with the short time separation of successive bunches. We show that the polarimeter will measure for each bunch the polarization within five minutes with a statistical precision below 1% and systematic uncertainties below 0.5%.

It has the capability of providing this information online on a similar timescale. This work paves the way towards future implementation of real-time Compton polarimetry in several future projects.

Introduction

The Belle II experiment is taking data at the 𝑒 + 𝑒 -collision point of SuperKEKB, with a wide physics program [START_REF] Kou | The Belle II Physics Book[END_REF]. The collider currently charts new territories in terms of operation luminosity [START_REF] Zhou | Simulations and experimental results of beam-beam effects in superkekb[END_REF] after having reached a world best in June 2022 [START_REF] Funakoshi | The SuperKEKB Has Broken the World Record of the Luminosity[END_REF]. Progress is being made towards reaching the design luminosity. The very high luminosity reached imposes to refresh the electron bunches circulating in the SuperKEKB ring regularly by topping up new electrons. This procedure allows to maintain high beam charge and high luminosity despite slightly perturbing the beam dynamics [START_REF] Gabriel | A time resolved study of injection backgrounds during the first commissioning phase of SuperKEKB[END_REF]. Beyond upgrades of the Belle II detector and interaction point region [START_REF] Forti | Snowmass whitepaper: The belle ii detector upgrade program[END_REF] an upgrade of the accelerator to allow storage of polarized electrons is being considered [START_REF] Accardi | white paper on upgrading superkekb with a polarized electron beam: Discovery potential and proposed implementation[END_REF]. It will extend the physics scope of the Belle II experiment with unique possibilities to probe the electroweak and dark sectors and perform unique measurements of Standard Model quantities that are sensitive to new physics as the tau-lepton anomalous magnetic moment [START_REF] Bernabeu | Tau anomalous magnetic moment form factor at super b/flavor factories[END_REF]. This upgrade involves three main components. Electron beams with high degree of polarization must be produced and transported to the main SuperKEKB ring. This will be made by means of strained GaAs lattice illuminated with a circularly polarized laser. A nearly vertical orientation of the beam polarization is needed for injection in the SuperKEKB ring, in which it will be rotated back and forth to ensure nearly longitudinal polarization at the Belle II interaction point. This will be made by means of spin rotators that will be inserted in the ring. This major modification of the SuperKEKB lattice has been carefully studied keeping in mind the goal of realizing a transparent modification such that reverting to unpolarized operation of SuperKEKB could be easily done without affecting accelerator performance. The average polarization of the electrons will be measured over the lifetime of the accelerator by exploiting the large sample of produced 𝑒 + 𝑒 -→ 𝜏 + 𝜏 -events at Belle II [START_REF] Miller | Measurement of beam polarization at an 𝑒 + 𝑒b-factory with new tau polarimetry technique[END_REF]. This measurement will be complemented by an essential, rapid and bunch per bunch measurement performed by a dedicated Compton polarimeter that will be installed in the ring. This second modification is also required to be transparent for the electron beam. It will be a critical tool during commissioning and operation to ensure a high beam polarization in the ring. It will also allow to identify bunches or runs with degraded polarization performance, and thus be used as an important data quality tool. This polarimeter must thus meet new constraints with respect to those implemented in the past [START_REF] Gustavson | A backscattered laser polarimeter 𝑒 + 𝑒storage rings[END_REF][START_REF] Bremer | The petra-polarimeter[END_REF][START_REF] Barber | A precision measurement of the 𝜐 ′ meson mass[END_REF][START_REF] Knudsen | First observation of transverse beam polarization in lep[END_REF][START_REF] Barber | The hera polarimeter and the first observation of electron spin polarization at hera[END_REF][START_REF] Baudrand | A high precision fabry-perot cavity polarimeter at hera[END_REF][START_REF] Blinov | Status of laser polarimeter at vepp-4m[END_REF][START_REF] Passchier | A compton backscattering polarimeter for measuring longitudinal electron polarization[END_REF][START_REF] Beckmann | The longitudinal polarimeter at hera[END_REF][START_REF] Escoffier | Accurate measurement of the electron beam polarization in jlab hall a using compton polarimetry[END_REF][START_REF] Narayan | Precision electron-beam polarimetry at 1 gev using diamond microstrip detectors[END_REF] or in other projects [START_REF] Bartels | Precision polarimetry at the ilc: Concepts, simulations and experiments[END_REF][START_REF] Chen | A toy monte carlo simulation for the transverse polarization of high-energy electron beams[END_REF][START_REF] Willeke | Electron ion collider conceptual design report[END_REF][START_REF] Yu | Electron beam polarimeter and energy spectrometer[END_REF]. In particular, its insertion in the ring must consist in a minor modification, and in particular we investigate the possibility to insert the laser system in the SuperKEKB ring itself, without the need for additional excavation. Another essential aspect is that all bunches are expected to have different polarizations and thus need to be measured separately typically in timescale corresponding to the refilling of the bunches. This is also a new requirement to existing polarimeters. For EIC a similar constraint holds [START_REF] Willeke | Electron ion collider conceptual design report[END_REF]. Both of these aspects are accounted for in the design of the system proposed in this paper. This paper concentrates on the conceptual design and details foreseen performance of the Compton polarimeter. In section 2, a concept for the integration of the polarimeter is described. In section 3 a detailed sensitivity study is performed, before one concludes on the remaining works that need to be done before implementation.

Compton polarimeter integration

The SuperKEKB electron-positron collider is currently delivering data to the Belle II experiment with constantly improving on performances towards design values. It consists of two rings, a high energy ring (HER) for 7 GeV electrons and a low energy ring (LER) for 4 GeV positrons. The revolution period is of 10𝜇s. The vacuum of the accelerator and beam induced backgrounds for the Belle II experiments have been subject to numerous studies [START_REF] Suetsugu | Superkekb vacuum system operation in the last 6 years operation[END_REF][START_REF] Liptak | Measurements of beam backgrounds in superkekb phase 2[END_REF]. These provide necessary inputs to the design of the Compton polarimeter for the SuperKEKB polarization upgrade.

For this upgrade, spin rotators will be implemented in the SuperKEKB ring upstream and downstream the interaction point in the HER. These are needed to ensure rotation of the beam polarization vector from nearly vertical to nearly longitudinal at the Belle II experiment. To this purpose three different solutions are being considered at this stage. They are summarized here, but more details are found elsewhere [START_REF] Accardi | white paper on upgrading superkekb with a polarized electron beam: Discovery potential and proposed implementation[END_REF].

Two of them consist in revisiting the HER lattice over approximately ±200 m around the Belle II interaction point (B2IP), mainly modifying dipole lengths to allow installation of either separated or combined quadrupole and solenoid magnets. For these two solutions, the spin rotation function is implemented about 80 meters upstream and downstream B2IP shown in Fig. 1. In this modified lattice, the region where the beam polarization is nearly longitudinal would be very limited. It would not leave space to insert a Compton polarimeter to measure a longitudinal beam polarization.

Indeed the straight section of B2IP is already extremely busy and placing a polarimeter in that region would make it subject to very high backgrounds as radiative Bhabha scattering and beam induced backgrounds. Further major modification of the lattice would be needed to consider the implementation of a Compton polarimeter. Alternatively a transverse Compton polarimeter may be inserted elsewhere in the SuperKEKB ring. This would require a modification of the lattice similar to that discussed in the rest of the text.

The third proposed solution consists in implementing combined function magnets about 210 m upstream B2IP close to the B2E dipoles, see Fig. 1. For this solution, the lattice is minimally Accelerator tune and chromaticity are matched to that of the current SuperKEKB lattice by adjusting strengths of quadrupoles located at a dispersion-free section and retuning sextupoles in arc sections.

With this proposed solution, it is found that the orientation of the polarization vector is parallel to that at B2IP in a region located about 120 to 140 meters upstream B2IP. This part of the lattice presents the advantage that there is little existing instrumentation, and thus would facilitate the installation of a Compton polarimeter with minimal modification of the existing lattice.

The Compton polarimeter consists in a laser system and a detector for scattered particles. The laser system and a related vacuum chamber must be inserted in the accelerator tunnel to allow interaction of laser and electron beams. The scattered electrons and/or photons must then be measured to infer the electron beam polarization. Design and implementation of these detectors in the SuperKEKB ring is also an important subject of study. The (Born level) cross-section for Compton scattering [START_REF] Klein | Über die Streuung von Strahlung durch freie Elektronen nach der neuen relativistischen Quantendynamik von Dirac[END_REF][START_REF] Ginzburg | Colliding 𝛾𝑒 and 𝛾𝛾 beams based on single-pass 𝑒 + 𝑒accelerators II. Polarization effects, monochromatization improvement[END_REF] reads

𝑑𝜎 𝑑𝑦 𝑐 𝑑𝜙 = 𝑟 2 𝑒 𝑥 𝑐 𝐹 0 (𝑟, 𝑦 𝑐 ) + 𝑃 𝐿 𝐹 𝐿 (𝑟, 𝑦 𝑐 , 𝜙) + 𝑃 𝐶 (𝑃 𝑧 𝐹 𝐶,𝑧 (𝑟, 𝑦 𝑐 ) + 𝑃 ⊥ cos (𝜙 -𝜙 𝑒 ) 𝐹 𝐶,⊥ (𝑟, 𝑦 𝑐 )) . (2.1)
The functions 𝐹 𝑖 are given by

𝐹 0 (𝑟, 𝑦 𝑐 ) = 1 -𝑦 𝑐 + 1 1 -𝑦 𝑐 -4𝑟 (1 -𝑟), (2.2) 
𝐹 𝐿 (𝑟, 𝑦 𝑐 , 𝜙) = -4𝑟 (1 -𝑟) cos 2(𝜙 -𝜙 𝐿 ), (2.3) 
𝐹 𝐶,𝑧 (𝑟, 𝑦 𝑐 ) = 𝑦 𝑐 (2 -𝑦 𝑐 ) (1 -2𝑟) 1 -𝑦 𝑐 , (2.4 
)

𝐹 𝐶,⊥ (𝑟, 𝑦 𝑐 ) = -2𝑦 𝑐 √︁ 𝑟 (1 -𝑟), (2.5) 
where

𝑦 𝑐 = 𝐸 𝛾
𝐸 𝑒 is the ratio of the energy of the scattered photon and the energy of the incoming electron, 𝑟 =

𝑦 𝑐 𝑥 𝑐 (1-𝑦 𝑐 ) , 𝑥 𝑐 = 2𝐸 𝑒 ℎ𝜈 0 (1+𝛽 cos 𝜃 in ) 𝑚 2 𝑒 𝑐 4
, 𝜈 0 = 𝑐/𝜆, 𝜆 is the laser wavelength, ℎ the Planck constant, 𝑐 is the speed of light in vacuum, 𝑚 𝑒 is the electron rest mass, 𝜋 -𝜃 in is the crossing angle between the two beam directions, 𝛽 = √︁ 1 -1/𝛾 2 with 𝛾 = 𝐸 𝑒 /𝑚 𝑒 𝑐 2 , 𝜙 is the azimuthal angle in the observation plane of the scattered photon, 𝜙 𝐿 is the orientation of the linear polarization of the laser beam in the laboratory frame (if any) and 𝜙 𝑒 is the orientation of the transverse component of the electron beam polarization vector with respect to the horizontal direction. The degree of linear (circular) laser polarization is denoted by 𝑃 𝐿 (𝑃 𝐶 ). The longitudinal and transverse electron beam polarization parameters are 𝑃 𝑧 and 𝑃 ⊥ , respectively. For this expression one can draw few important remarks when designing a Compton polarimeter. The laser beam polarization needs to be circular. Linear laser beam polarization does not contribute to the measurement of the electron beam polarization. Inaccuracy in measuring the degree of circular polarization of the laser will contribute at the same level to the systematic uncertainties of the electron beam polarization.

Transverse electron beam polarization can be measured provided that transverse distributions of scattered particles are measured, indeed its contribution vanishes after integration over 𝜙. On the other hand, the longitudinal part of the electron beam polarization can be obtained by measuring the energy distribution of the scattered particles. This can be done either by directly measuring photons' energies or by measuring position of scattered electrons after a bending magnet. Spatial distributions of electrons can thus be measured with pixel detectors to quantify the longitudinal and also the transverse component of the electron beam polarization [START_REF] Chen | A toy monte carlo simulation for the transverse polarization of high-energy electron beams[END_REF][START_REF] Yu | Electron beam polarimeter and energy spectrometer[END_REF]. It is foreseen to implement High Voltage -Monolithic Active Pixel Sensors (HVMAPS) for the detection of electrons [START_REF] Accardi | white paper on upgrading superkekb with a polarized electron beam: Discovery potential and proposed implementation[END_REF]. In this paper we concentrate on the design of a polarimeter based on the detection of photons uniquely, that is expected to be less invasive in terms of integration in the existing SuperKEKB ring.

Laser-electron beam interaction point

The first essential part of the Compton polarimeter consists of a laser system that impinges on the electron beam. In order to minimize modifications to the existing infrastructure of SuperKEKB and related risks, it is planned to install the laser in the accelerator tunnel rather than excavating a new dedicated room. The integrated dose has been measured at the floor of the tunnel in a representative area of the accelerator and was measured to be of 0.3mSv/h. This implies a less than 1 Gy integrated dose over 6 months of uninterrupted operations of the accelerator. This is small with respect to levels that some modern commercial laser systems have been shown to sustain [START_REF] Buchs | Radiation hard mode-locked laser suitable as a spaceborne frequency comb[END_REF][START_REF] Jang | Space radiation test of saturable absorber for femtosecond laser[END_REF][START_REF] Girard | Radiation-hard erbium optical fiber and fiber amplifier for both low-and high-dose space missions[END_REF]. Electronics nevertheless require shielding to the neutron flux. This will be made by means of Borated Polyethylene walls surrounding electronics boards.

The laser will thus be placed on an optical breadboard below the main SuperKEKB ring a bit upstream from the BLA2LE dipole, where the orientation of the electron beam polarization is expected to be parallel to that at B2IP, up to residual misalignments [START_REF] Accardi | white paper on upgrading superkekb with a polarized electron beam: Discovery potential and proposed implementation[END_REF]. The design of the vacuum chamber at the Compton interaction point follows several constraints. Crossing angle in the horizontal plane must be avoided to reduce the effect of synchrotron radiation on the laser mirrors. A vertical crossing plane is not convenient either for integration purposes. The interaction chamber is thus designed such that beams cross with some non vanishing azimuthal angle. A first design of the chamber is shown in Fig. 2. This design exploits the current beam pipe design of SuperKEKB modified to allow interaction with the laser beam. The effect on the beam impedance of this modification is found negligible and safe for the electron beam. Projected crossing angles in the horizontal and vertical planes are about 8 and 4 degrees respectively. It corresponds to a polar angle of 8.9 degrees and an azimuthal angle of 28 degrees. Drawing of the laser and electron beams interaction chamber. Boxes named laser and diag are placeholders for the laser and the diagnostics for the laser light that will be used to ensure that alignment and polarization of the laser are optimized. Not shown are electronics that will be located below the optical table and that will be shielded against the ambient radiation of the accelerator.

The laser must comply with the need of colliding bunches at 250 MHz. In the past only CW or low frequency Q-switched lasers have been implemented in Compton polarimeters [START_REF] Baudrand | A high precision fabry-perot cavity polarimeter at hera[END_REF][START_REF] Woods | and representing the SLD collaboration[END_REF].

Nowadays the modelock laser technology [START_REF] Keller | Ultrafast solid-state laser oscillators: a success story for the last 20 years with no end in sight[END_REF] is very mature and being routinely used, including in the industry, see for instance Ref. [START_REF] Michalis | High power ytterbium-doped fiber lasers -fundamentals and applications[END_REF] for an overview. This allows to consider the use of an Ytterbium oscillator locked on the reference frequency of the accelerator. In order to increase the sensitivity of the Compton polarimeter it is of interest to use second harmonic generation (SHG)

to convert infrared light into green light at a wavelength of approximately 515 nm. A telescope is then employed to adjust the laser beam size, and possibly shape it by means of cylindrical lenses, so that the luminosity of the interaction is optimized. Continuous measurement of beam position and pointing will be used in a feedback loop on motorized mounts to ensure a good stability of the laser beam at the interaction point. The goal being to control this quantity within 100𝜇m and 100𝜇rad. This would ensure a good stability of the luminosity. Polarization independent pickups will be obtained by means of holographic beam samplers to monitor intensity and polarization of the beam, that will be adjusted with good quality waveplates. The laser beam will be further monitored after its interaction with the electron beam to provide further information for calibration.

Absolute calibration of the laser polarization at the interaction point will be made thanks to optical reversibility [START_REF] Vansteenkiste | Optical reversibility theorems for polarization: application to remote control of polarization[END_REF]. To this end, it is desirable to reflect back a part of the laser light after the interaction point, and analyze this light [START_REF] Narayan | Precision electron-beam polarimetry at 1 gev using diamond microstrip detectors[END_REF]. Ideally this mirror must be placed in vacuum. This would however make maintenance more difficult and is only kept as a backup solution at this stage.

Instead we plan to implement a highly reflective mirror, placed on a motorized mount, right after the exit window of the vacuum tube. This however does not allow to qualify the laser polarization at the interaction point but rather after the exit window. Alternatively, anti-reflective coatings can be used for the optical windows except for the vacuum side of the exit window. In that case most of the light coming back to the laser from the vacuum chamber would come from the inner side of the exit window, allowing to indeed calibrate the laser beam polarization at the interaction point. It is however in practice difficult to implement to ensure a good enough autocollimation. The mirror is shown on Fig. 3, where the motorized mount is clearly visible. It is interesting to implement this in any case for alignment purposes by means of autocollimation. 

Photon detector

The photon detector aims at distinguishing photons backscattered off electrons from successive bunches, that are separated by 4 ns. Indeed, due to the top-up injection of SuperKEKB, the polarization level is expected to vary bunch per bunch. In practice it may even be beneficial to inject and store beams with opposite polarizations to allow canceling systematic uncertainties related to time varying detector efficiencies. Assuming that a single photon is impinging the detector at every bunch crossing, a yearly energy deposited by the signal of 0.4 MJ in a scintillation calorimeter is anticipated. It corresponds to a 0.2 MGy dose if this energy is supposed homogeneously distributed over a crystal of 5 × 5 × 25cm 3 size. This large dose accompanied with the short time separation of incoming photons suggests to employ a radiation tolerant scintillation crystal with a fast fluorescence.

Crystals made of BaF 2 are well suited, provided that their intrinsic slow component is reduced by Yttrium doping and/or the use of solar blind photodetectors [START_REF] Zhu | Ultrafast and radiation hard inorganic scintillators for future hep experiments[END_REF]. If some studies have already been made for such a type of detector in the past in the context of Mu2e, a specific work is required for the purpose of the SuperKEKB Compton polarimeter. The minimal length of the BaF 2 crystal has been estimated to be 25 cm (approximately 12 radiation lengths) to maintain the mean energy leakage below 10% for 1.5 GeV photons. It has been estimated using the mean longitudinal profile of the energy deposition in an electromagnetic cascade initiated by photons [START_REF] Workman | Review of Particle Physics[END_REF]. With such a length, leakage will be dominated by the transverse development of the electromagnetic shower. The final choice of the transverse size and shape of the crystal will be confirmed at a later stage of the design, based on detailed GEANT4 simulations. The readout of the scintillation light will be done thanks to a photomultiplier (PMT), the choice of which will be carefully made to preserve the temporal profile of the signal impulse. This PMT may either be placed on the ground, about one meter below the scintillation crystal by guiding the light from the crystal output to the PMT photocathode or right after the crystal with a short light guide. It will be decided at a later stage of the design based on induced energy and temporal spreads due to the light guiding. Presence of residual fringe fields from close-by magnetic elements of the SuperKEKB lattice and radiations at the beam level may require an additional careful shielding of the detector. Readout electronics will be located nearby on the ground. The analog part of the acquisition chain will be carefully studied and the signals will be treated, after digitization, by means of a FPGA (Field Programmable Gate Array) to fill histograms in for every bunch at 250 MHz. The detailed design of the detector and readout will be realized in the coming years based on experimental results obtained with a prototype detector.

The produced photon beam goes through the BLA2LE dipole without hitting the beam pipe, providing that the pumping ports integrated in the pipe structure are put on the other side. This modification is feasible and mainly consists in producing new vacuum pipes. The photon beam also goes through a quadrupolar magnet and a vertical beam position monitor without interacting with these elements. The vacuum pipe is then modified to integrate the detector. These modifications are drawn in Figure 4 where the detector is shown in green. A violet tube of diameter 6mm representing the photon beam is shown. It roughly corresponds to an emission cone of ±3/𝛾. The involved modification is not affecting the electron beam impedance, and thus acceptable with that respect.

The detector must be shielded against the synchrotron radiation generated by this deflecting dipolar field. For a given deflection angle of 𝜃 𝐵 = 20 mrad, the magnetic field of the magnet amounts to 79 mT approximately for a length of 𝐿 𝐵 = 5.9 m. The critical energy of the synchrotron energy spectrum reads [START_REF] David | Classical electrodynamics[END_REF] 

𝐸 𝑐 = 3 2 𝛾 3 ℏ𝑐𝜃 𝐵 𝐿 𝐵 ≈ 2.7 keV.
Placing a 4 mm thickness Copper window in front of the detector will cut-off most of the photons emitted by synchrotron radiation. The average number of photons impinging the detector amounts to 0.06 per 10 nC electron bunch crossing at the Compton IP, corresponding to a 3 keV average deposited energy in the calorimeter. Using a 2 mm thickness instead would induce a deposit of approximately 300 keV corresponding to approximately six photons per bunch per revolution.

Compton backscattered photons will also interact in this window, inducing mainly a smearing of the energy and angular distributions and 𝑒 + 𝑒 -pairs production. Mean energy loss for photons of more than 100 MeV is estimated to be below 1% for a 4 mm Cu thickness. Note that the current thickness of the SuperKEKB beam pipe is of 6 mm. A detailed study of this effect by means of GEANT4 simulations is beyond the scope of this paper and will be performed at the next stage of the project. It will be used to decide on the final metallic window type and thickness. The detector energy resolution will depend on several parameters as the light yield, the performance of the electronics, the fluctuation of the energy leakages (transverse and longitudinal) and the fluctuation of the energy pedestal. These detailed studies are outside the scope of this paper but are the core subject of the next stage of the development of the polarimeter. In order to assess the performance of the detector we will employ crude simplifying assumptions, only providing an estimate for the detector resolution.

Sensitivity studies

We have developed a standalone generator and fitter for the purpose of validating the proposed concept on rapid simulations. Further detailed GEANT4 simulations will be performed at a later stage of the design. At this stage of the design, the goal is to validate the fitting procedure on this rapid and simplified simulation and realize a preliminary assessment of systematic uncertainties.

Event generation

The event generation is composed of few ingredients. First electrons are sampled according to the electron beam phase space at the expected Compton IP obtained from up-to-date detailed simulations of the accelerator. Second the Compton cross-section is implemented. Thirdly backgrounds are modeled and implemented in the simulation. Finally interaction in the detector is modeled.

Simulated electrons are randomly generated using Eqs. 3.1 where one implicitly assumes that the Compton IP longitudinal extension is small with respect to the distance of which the electron beam parameters significantly vary [START_REF] Chen | CAIN: Conglomerat d'ABEL et d'interactions nonlineaires[END_REF][START_REF] Yokoya | CAIN:user manual[END_REF]. It allows to consider constant beam parameters in the interaction region.

𝑥 𝑒 = √︁ 2𝑢 𝑥 𝜖 𝑥 𝛽 𝑥 cos 𝜙 𝑥 + 𝜂 𝑥 𝛿 (3.1)
𝑦 𝑒 = √︁ 2𝑢 𝑦 𝜖 𝑦 𝛽 𝑦 cos 𝜙 𝑦 + 𝜂 𝑦 𝛿 (3.2) 𝑥 ′ 𝑒 = - √︂ 2𝑢 𝑥 𝜖 𝑥 𝛽 𝑥 (𝛼 𝑥 cos 𝜙 𝑥 + sin 𝜙 𝑥 ) + 𝜂 ′ 𝑥 𝛿 (3.3) 𝑦 ′ 𝑒 = - √︂ 2𝑢 𝑦 𝜖 𝑦 𝛽 𝑦 𝛼 𝑦 cos 𝜙 𝑦 + sin 𝜙 𝑦 + 𝜂 ′ 𝑦 𝛿 (3.4)
where 𝑢 𝑥,𝑦 , 𝜙 𝑥,𝑦 and 𝛿 are random numbers with probability density functions given by an exponential exp (-𝑢), a uniform function in the range [0, 2𝜋] and a Gaussian distribution exp

-𝛿 2 2𝜎 2

𝛿

, respectively. The Twiss parameters of the beam are represented by 𝛼 𝑥,𝑦 and 𝛽 𝑥,𝑦 , the RMS emittance by 𝜖 𝑥,𝑦 and the dispersion parameters 𝜂 𝑥,𝑦 and 𝜂 ′ 𝑥,𝑦 . The parameter 𝜎 𝛿 = 𝜎 𝐸 𝜇 𝐸 is related to the energy spread of the electron beam 𝜎 𝐸 and its mean energy 𝜇 𝐸 . The electron beam parameters used in the simulation are summarized in Table 1. Compton scattering is then simulated using Eq. 2.2 by means of a Monte-Carlo accept-reject method. The mean number of expected photons 𝑛 exp. = 𝜎 𝐶 L per bunch crossing is estimated by computing the total integrated cross-section for Compton scattering

𝜎 𝐶 = 2𝜋𝑟 2 𝑒 𝑥 𝑐 1 - 4 𝑥 𝑐 - 8 𝑥 2 𝑐 log (1 + 𝑥 𝑐 ) + 1 2 + 8 𝑥 𝑐 - 1 2(1 + 𝑥 𝑐 ) 2
(3.5)

+𝑃 𝐶 𝑃 𝑧 1 + 2 𝑥 𝑐 log (1 + 𝑥 𝑐 ) - 5 2 + 1 1 + 𝑥 𝑐 - 1 2(1 + 𝑥 𝑐 ) 2 (3.6)
and the luminosity of the interaction

L = 𝜆𝑈𝑄 𝑒 2𝜋ℎ𝑐𝑞 𝑒 √︃ 𝜎 2 𝑦,𝑙 + 𝜎 2 𝑦,𝑒 √︃ 𝜎 2 𝑥,𝑙 + 𝜎 2 𝑥,𝑒 + tan 2 𝜃 in 2 (𝜎 2 𝑧,𝑙 + 𝜎 2 𝑧,𝑒 ) , (3.7) 
where 𝑈 denotes the laser pulse energy and 𝑞 𝑒 the elementary charge. For each simulated bunch crossing the actual number of photons is taken according to a Poisson distribution with mean 𝑛 exp. ≈ 0.06 with the given nominal parameters. Random numbers 𝜙 and 𝑦 𝑐 are generated using uniform distributions in the range [0, 2𝜋] and [𝑦 min , 𝑦 max ], respectively, where

𝑦 min = 𝑥 𝑐 /(2𝛾 2 (1 -cos 𝜃 max ) + 𝑥 𝑐 ), (3.8 
)

𝑦 max = 𝑥 𝑐 /(1 + 𝑥 𝑐 ), (3.9) 
within approximations that are valid with a precision better than 10 -6 . The emission polar angle of photons is computed as

𝜃 𝛾 = arccos 1 -𝑥 𝑐 (1-𝑦 𝑐 ) 2𝛾 2 𝑦 𝑐 𝛽 .
The transverse position of the photons at the entrance plane of the detector is then computed as

𝑥 𝐷 = 𝛿 𝑥 + 𝑥 𝑒 + tan 𝛿 𝑥 ′ + 𝑥 ′ 𝑒 𝐿 + cos 𝜙 tan 𝜃 𝛾 𝐿 (3.10) 𝑦 𝐷 = 𝛿 𝑦 + 𝑦 𝑒 + tan 𝛿 𝑦 ′ + 𝑦 ′ 𝑒 𝐿 + sin 𝜙 tan 𝜃 𝛾 𝐿, (3.11) 
where 𝛿 𝑥,𝑦 and 𝛿 𝑥 ′ ,𝑦 ′ are inserted to account for spatial and angular misalignments, respectively.

Generated photons are then kept only if they fall inside the entrance plane of the photon detector.

This procedure allows to account for different geometries of the detector, as cylindrical or cuboid shapes. Parameters related to the laser are summarized in Table 2.

Main identified backgrounds for the measurement of photon's energy are synchrotron radiation, bremsstrahlung on the residual gas of the vacuum chamber and Compton radiation of electrons of the beam on the photons from the black-body radiation in the vacuum chamber [START_REF] Baudrand | A high precision fabry-perot cavity polarimeter at hera[END_REF]. Synchrotron radiation spectrum is estimated assuming that a 4 mm copper window is used in front of the photon detector. The number of photons from synchrotron radiation passing through the window without interaction is estimated using where 𝐾 5/3 (𝑥) is a modified Bessel function of the second kind [START_REF] David | Classical electrodynamics[END_REF]. Data for absorption length in copper 𝜆 𝑎,Cu (𝐸) for X-rays is taken from Ref. [START_REF] Stephen | Calculation of photon mass energy-transfer and mass energy-absorption coefficients[END_REF][START_REF]X-ray mass attenuation coefficients[END_REF]. The corresponding spectrum of the non-interacting photons is found to be roughly bell-shaped at about 60 keV with an RMS width of 10 keV approximately. The total energy deposited in the detector per bunch crossing due to synchrotron radiation is thus estimated to be about 3 keV for a 10 nC electron bunch. The related background will thus consist of a peaky distribution at very low energies with respect to that of photons originating from Compton scattering. It will correspond to a fluctuating energy pedestal that will negligibly contribute to the finite energy resolution of the measurements. A more accurate estimation is in order by means of detailed GEANT4 simulation since the window will effectively induce an electromagnetic shower that complicates this simple picture. At the conceptual design stage we decide to neglect this contribution in the simulation.

𝑁 th ≈ ∫ ∞ 𝐸=𝐸 min 𝑑𝑁 𝑑𝐸 (𝐸) exp -𝑡 Cu 𝜌 Cu /𝜆 𝑎,Cu (𝐸) 𝑑𝐸 (3.12) 𝑑𝑁 𝑑𝐸 (𝐸) = √ 3𝛼 𝜃 𝐵 2𝜋 𝛾 𝐸 𝑐 ∫ ∞ 𝑥=𝐸/𝐸 𝑐 𝐾 5/3 (𝑥)𝑑𝑥 (3.13)
The bremsstrahlung of electrons on the residual gas in the beam pipe is approximated with the differential cross-section formula [START_REF] Tsai | Pair production and bremsstrahlung of charged leptons[END_REF] 𝑑𝜎

BG 𝑑𝑦 𝑐 = 4𝛼𝑟 2 𝑒 𝑦 𝑐 4(1 -𝑦 𝑐 ) 3 + 𝑦 2 𝑐 𝑍 2 log
184.15

𝑍 1/3 + 𝑍 log 1194 𝑍 2/3 + (1 -𝑦 𝑐 ) 𝑍 + 𝑍 2 9 , (3.14)
where 𝑍 ≈ 2.5 is the average atomic charge number of atoms contained in the residual gas. It is an empirical quantity that has been estimated for SuperKEKB in previous studies [START_REF] Liptak | Measurements of beam backgrounds in superkekb phase 2[END_REF]. The expected number of photons from bremsstrahlung 𝑛 BG = 𝑄 𝑒 𝑞 𝑒 𝜎 BG 𝐿 𝑠 𝑃 𝑘 𝐵 𝑇 , where 𝐿 𝑠 = 20 m is the length of the straight section where the Compton interaction point is located, 𝑃 = 5 × 10 -8 Pa the average residual gas pressure in the same region [START_REF] Liptak | Measurements of beam backgrounds in superkekb phase 2[END_REF], 𝑇 = 300 K the temperature of the vacuum pipe and 𝑘 𝐵 the Boltzmann constant. The differential cross-section is analytically integrated in the range

[𝐸 cut-off , 𝜇 𝐸 ] to provide 𝜎 BG = 2𝑍𝛼𝑟 2 𝑒 9 -2 log (E) 1 + 𝑍 + 12 log 1194 
𝑍 2/3 -(1 -E) 2(1 + 𝑍) + (15 -9E) log 1194 𝑍 2/3 -3𝑍 5 -8E + 3E 2 + 8 log (E) log 184.
15

𝑍 1/3 , (3.15) 
where E = 𝐸 cut-off /𝜇 𝐸 . The cut-off energy for observing a photon from bremsstrahlung is taken to be 1 MeV in the simulation. Changing the value of this cut-off affects the level of background at low energies where the Compton spectrum is not sensitive to the polarization of the electron beam.

This threshold is chosen fixed in the present study but may be modified in the next stages of the development of the detector. The actual number of photons from bremsstrahlung per simulated bunch crossing is taken randomly following a Poisson distribution.

Electrons also experience Compton scattering on the thermal photons that are in the vacuum pipe of the accelerator. In order to estimate the number of scattered photons, the convolution of the thermal photon density and the Compton cross-section is computed as [START_REF] Telnov | Scattering of electrons on thermal radiation photons in electron-positron storage rings[END_REF] 𝑑𝑁

BB 𝑑𝑦 𝑐 = 𝑄 𝑒 𝐿 𝑠 2𝜋 2 𝑞 𝑒 𝑐 3 ℏ 3 ∫ 𝜋 𝜃 0 =0 ∫ ∞ 𝜔=𝜔 0 𝑑𝜎 𝑑𝑦 𝑐 (𝜃 0 , 𝜔) 𝜔 2 (1 + cos (𝜃 0 )) 𝑒 ( 𝜔/(𝑘 𝐵 𝑇 ) ) -1 𝑑𝜔𝑑 cos (𝜃 0 ), (3.16 
)

𝜔 0 = 𝑚 2 𝑒 𝑐 4 𝑦 𝑐 2(1 + cos (𝜃 0 )) (1 -𝑦 𝑐 )𝜇 𝐸 , (3.17) 
where 𝜋 -𝜃 0 denotes the angle made by thermal photons of energy 𝜔 with electrons of the beam.

Similarly as for synchrotron radiation, the thickness of the copper window in front of the detector cuts-off the lower energy part of the spectrum. The number of black-body photons is thus estimated in a similar fashion as in Eq. 3.12 to be about 0.04 in average per bunch crossing corresponding to a 700 keV average deposited energy. These may seem small but the corresponding spectrum extends towards relatively large energies, around up to 100 MeV, see Fig. 5. It would thus contribute to the very first bins in teh measured photon energy histograms where there is no sensitivity to the polarization. These bins are ignored, see following text, in the fit and the contribution from thermal photons is not included in the simulation. For Compton and background processes, photons are generated and their energies are summed up for every simulated bunch crossing, provided that they are impinging the detector. The small angle of the photon's direction with the normal of the detector entrance plane, a square with 5 mm sides located 13 m downstream the Compton interaction point, is neglected and the electromagnetic shower is assumed to be fully contained in the detector. The effect of the transverse and longitudinal extensions of the electromagnetic shower is neither simulated at this stage. These crude assumptions will be removed at a later stage of the design of the detector. In a first approximation it will induce an overall calibration factor and a degradation of the detector resolution. It will also likely induce a residual energy dependence of the calibration factor, the scale of which being assumed negligible at this stage, but will be carefully evaluated based on detector prototyping and further detailed simulations. At this stage of the study the total deposited energy is randomly smeared according to a normal distribution centered on the expected total incident energy 𝐸 in and with a width

𝜎 𝐸 in = 𝐸 in √︄ 𝐴 2 det. 𝐸 in + 𝐵 2 det. . (3.18)
Parameters related to the detector are summarized in Table 3. Accounting for conversion efficiency of photons' energy to fluorescence of 0.1, quantum efficiency of 0.1 and light collection efficiency of the photomultiplier of 0.1, one expects to collect about 1800 photo-electrons at 1 GeV which would induce a few percent energy resolution assuming that it is dominated by the contribution related to the PMT. At this stage we will rather assume for the simulations a 10 % resolution related to the stochastic term due to remaining uncertainties at this stage of the design. A constant term of 1 % is also added. Attention will be paid to this contribution during the development of the detector, since one main source is related to pedestal fluctuation that may be large due to a possibly significant pile-up related to the small time separation of the incoming photons of about 4 ns. The obtained smeared energy is then stored in a histogram that will be further analyzed to extract the polarization parameters. Measurements of the polarization of every bunch is expected to last approximately the time in between two refreshments of electron bunches i.e. a few minutes. We will assume that measurements are nominally done over 𝑇 meas. = 5 𝑚𝑖𝑛 which corresponds to 𝑇 meas. /𝑇 rev. = 30 × 10 6 bunch crossings per bunch. 𝐵 det. 0.01

Fitting procedure

Fit of the generated data with the known theoretical expressions of the differential cross-sections provides sensitivity to the a priori unknown parameters, including the electron beam polarization.

The model used for the bremsstrahlung background contribution is only an approximation, and the experimental results may differ to some extent. Thus regular dedicated background measurement runs may be considered by switching off the laser and measuring the background only, dominated by the bremsstrahlung. Periodicity of such background measurements will be determined by a study of the reproducibility and drifts in this distribution with time. It is expected to provide an empirical distribution for the background that is further used for the fit of data taken with the laser switched on. Signal is described by the Eq. 2.1 integrated over the non-observed angle 𝜙 providing

𝑑𝜎 𝑑𝑦 𝑐 = 𝑑𝜎 0 𝑑𝑦 𝑐 + 𝑃 𝐶 𝑃 𝑧 𝑑𝜎 1 𝑑𝑦 𝑐 . (3.19) 
Two terms are distinguished one independent of 𝑃 𝐶 and another proportional to 𝑃 𝐶 . Since events with two Compton photons may be observed, the three convolution terms are needed

𝑑𝜎 𝑖 𝑗 𝑑𝑦 𝑐 (𝑦 𝑐 ) = ∫ min( 𝑦 max ,𝑦 𝑐 -𝑦 min ) max( 𝑦 min ,𝑦 𝑐 -𝑦 max ) 𝑑𝜎 𝑖 𝑑𝑦 𝑐 (𝑦 0 ) 𝑑𝜎 𝑗 𝑑𝑦 𝑐 (𝑦 𝑐 -𝑦 0 )𝑑𝑦 0 . (3.20) 
The contributions corresponding to four Compton photons or more are neglected at this stage of the development. They are found small compared to statistical fluctuations of other contributions including the background level in the high-energy end of the spectrum. We are thus left with nine, signal related contributions that are stored in look up tables (LUTs). Similarly the contributions with one bremsstrahlung photon and its convolution with one or two Compton photons are computed. It makes six additional terms. These 15 contributions are each convoluted with the energy resolution function used to generate the events and the results stored in LUTs. They are then used to fill-in new LUTs with the exact size of the histograms that were filled in at generation level accounting for a possible miscalibration scale that can be fit by the algorithm without the need to compute again all previous convolutions. These 15 histograms are then summed up with five free parameters: This procedure allows to have a very fast fit, that permits to treat the 2500 stored histograms in approximately a minute on a modern commercial laptop, i.e. well before a new set of acquisitions is available. It provides an on-line measurement of the polarization. Storage of histograms would be done to permit further offline analysis of the data in case it is needed. This procedure assumes that most parameters are constant except fractions for each species and the beam polarization. Indeed the detector response, as calibration and energy resolution, is not expected to vary quickly. Regular offline calibration can be planned from time to time by performing a fit with the corresponding parameters free to vary. This has been validated by with a dedicated toy Monte Carlo study.

Background spectrum can also be regularly calibrated by taking regular laser-off acquisitions. The acquisition system and the laser control must be able to cope with the necessary flexibility. A similar procedure was employed in the past [START_REF] Baudrand | A high precision fabry-perot cavity polarimeter at hera[END_REF]. (Top) a typical example of a Monte Carlo experiment representing 25 min of data taking in the polarimeter. Black dots with error bars represent the Monte-Carlo data, the blue (dark grey line supperimposed to the data) line is the fit result that is the sum of the contributions related to Compton scattering in light blue or light-grey (one-photon in plain line, two-photons in dashed line, three-photons in dash-dotted line) and those related to Bremsstrahlung in magenta or grey (one Bremsstrahlung photon in plain line, one Bremsstrahlung photon and one Compton photon in dashed line, one Bremsstrahlung photon and two Compton photons in dash-dotted line). (Bottom) residuals of the fit normalized by the statistical uncertainty in the simulated data. The red (grey) lines materialize three standard deviations between the fit and the simulated data.

Results

A toy Monte Carlo procedure is applied to validate the fitting procedure and assess preliminary systematic uncertainties. First a signal only study is performed to assess the accuracy of the fast fitting procedure. The statistical precision for a single bunch is estimated by generating events corresponding to several data-taking duration 𝑡 𝑑𝑡 ranging from one to 25 minutes and shown on Figure 7. For that purpose a thousand toy Monte-Carlo experiments are thrown for each value of 𝑡 𝑑𝑡 . The statistical accuracy for each bunch over 𝑡 𝑑𝑡 = 5 min is about 1%, a duration similar to two successive refreshing of the given bunch population. Beside the statistical precision, the robustness of the fit model is tested assuming that 𝑡 𝑑𝑡 = 25 min, which allows to obtain a more accurate estimate of possibly biasing effects. We test the accuracy of the fit model by fitting not only signal but also letting a global calibration scale and the stochastic term of the detector resolution free.

These parameters are fit together with fraction of events and the beam polarization with a relative precision of 10 -4 and 10 -3 respectively, without significant bias. The polarization parameter 𝑃 𝑧 however exhibits a small but significant bias of 8×10 -4 in the signal only fit procedure. It is observed that when the stochastic term of the detector resolution is improved from 0.1 GeV 1/2 to 0.03 GeV 1/2 , this bias disappears. At this stage it is difficult to ensure that a resolution better than 0.1 GeV 1/2 will be obtained, and thus we assign a systematic uncertainty of 0.08% to the extraction of the polarization that we dub fit model. No observable bias is observed when generating events with a nuisance linear laser polarization of 𝑃 𝐿 = 0.05, assuming that the degree of circular polarization of the laser is 𝑃 𝐶 = √︃ 1 -𝑃 2 𝐿 ≈ 1 -0.0013. However the knowledge of the degree of circular polarization of the laser may be imperfect, as it was found in previous experiments. We assign a 0.3% systematic uncertainty, though recently a factor three better performance was demonstrated [START_REF] Narayan | Precision electron-beam polarimetry at 1 gev using diamond microstrip detectors[END_REF]. A similar procedure is applied for a nuisance transverse electron beam polarization that is not expected to affect the measured spectrum of photons due to the integration performed by the detector in the transverse plane. Again, no bias is observed within the statistical accuracy of the toy Monte Carlo procedure. We thus assign, as a systematic uncertainty 0.015% for both of these effects.

This value corresponds to the standard deviation on the determination of the average bias, that is compatible with zero. The fit procedure assumes a known energy of the electron beam, despite that beam energy spread is accounted for in the generation of the events. Unfortunately, fitting this parameter along with an overall calibration scale and the energy resolution of the detector shows strong correlations that prevent the fit to provide useful information on the actual beam energy.

We test the impact of a mis-knowledge of the beam energy by shifting it by 10𝜇 𝐸 𝜎 𝛿 ≈ 44 MeV which represents a change in energy that is larger than changes of energy observed with the Belle II detector [START_REF]Measurement of the 𝜏-lepton mass with the belle ii experiment[END_REF]. A bias of 0.05% is observed and added as a systematic uncertainty. Furthermore, the effect of a 2 mm spatial and 100 𝜇rad angular misalignments have been tested and not found to induce a bias, and thus we accordingly assign a systematic uncertainty of 0.015% for both of these.

A longitudinal misalignment, corresponding to a shift of the Compton interaction point and/or the detector along the beam direction of 1 cm has been implemented in the simulation and not found to induce a bias either. It would indeed modify slightly the size of the photon beam on the detector.

A systematic uncertainty of 0.015% is thus assigned to this possible effect. Since SuperKEKB is using a betatron injection scheme, the center of mass of each freshly injected bunch is shaken and the emittance grows and returns to equilibrium in several thousands of turns. This effect has been simulated and not found to affect the performance of the polarimeter. Indeed the induced transverse oscillations are small with respect to the previously tested misalignements, and the effect thus limits to an effective reduction of luminosity, that does not affect the performance of the polarimeter. No systematic uncertainty is thus assigned for this. A final residual systematic uncertainty lies in the knowledge of the background model. To test this hypothesis, a fit of the background model is first performed to estimate the accuracy with which one is able to extract its model parameter 𝑍. This is done by means of a toy Monte-Carlo and yields to 𝑍 = 2.47 ± 0.07 for a generated 𝑍 gen. = 2.50. In practice, since the model employed here is only an approximation, a careful study is in order to either validate the model or directly feed laser-off measured distributions in the fit of laser-on data. It is currently planned to perform this study during dedicated beam test experiments before the implementation of the Compton polarimeter, and thus remains out of the scope of this paper. In order to give an insight on the sensitivity of the fit to the background model we thus generate the background by randomly varying the parameter 𝑍 with a Gaussian distribution centered on 𝑍 = 2.50 and with a width of 𝜎 𝑍 = 0.07, for each toy Monte-Carlo experiment, and keep 𝑍 = 2.50 fixed in the fit. A bias of 0.16% is obtained, that we assign as a systematic uncertainty. An overall systematic uncertainty of 0.35% is obtained comparable to the statistical uncertainty reached over 25 minutes, and the sources are summarized in Table 4.

It must be noted that a detailed detector simulation and performance validation on a prototype detector is planned in order to confirm the systematic uncertainties assigned at this conceptual stage of the design of the polarimeter. It will also allow to understand the actual energy resolution and non linearity in the energy scale. Furthermore beam-based experiments are also needed to understand its actual influence on the detector performance, since it is one of the dominant systematic uncertainties. Finally the measurement of the longitudinal polarization of the electron at the location of the polarimeter remains to be converted to a figure at the Belle II interaction point. Fortunately the expected polarization at the Belle II interaction point is identical to that at the Compton polarimeter, and thus it provides a meaningful measurement. However systematic uncertainties in the spin transport remain to be evaluated in order to compare the Compton polarimeter measurement with a direct measurement of the electron beam polarization by use of 𝑒 + 𝑒 -→ 𝜏 + 𝜏 -data [START_REF] Miller | Measurement of Beam Polarization at an 𝑒 + 𝑒 -B-Factory with New Tau Polarimetry Technique[END_REF].

Summary

We have proposed a concept of a Compton polarimeter able to cope with the high repetition rate of the SuperKEKB ring. Integration of this polarimeter in the existing SuperKEKB lattice is found possible and the necessary modifications are not found to affect the electron beam dynamics of this high-luminosity collider. The proposed laser system will be directly integrated in the accelerator which is not found to be an issue with respect to the level of radiation in the accelerator. A concept of photon detector is proposed to diagnose the scattered photons and a first assessment of systematic uncertainties show that they amount to about 0.4%. Similar statistical uncertainty will be reached for every bunch every 25 minutes. The proposed extraction procedure for the polarization is found to allow on-line measurements of every bunch with a 1% precision on time-scales corresponding to single bunch top-up in the accelerator. Further work is now considered to realize a prototype of the photon detector to be integrated in the SuperKEKB accelerator and validate the background model with experimental data. Overall, this study paves the way to wards implementing real-time polarimetry at SuperKEKB and other future projects, as EIC for instance.

Figure 1 .

 1 Figure 1. Schematic drawing of the main SuperKEKB ring, where the current B2E dipole to be replaced by spin rotators is identified. The location of the Compton polarimeter is also shown as well as Belle II interaction point.

Figure 2 .

 2 Figure 2. Drawing of the laser and electron beams interaction chamber. Boxes named laser and diag are placeholders for the laser and the diagnostics for the laser light that will be used to ensure that alignment and polarization of the laser are optimized. Not shown are electronics that will be located below the optical table and that will be shielded against the ambient radiation of the accelerator.

Figure 3 .

 3 Figure 3. Drawing of the insertable mirror after the exit mirror that can be used for calibration of the laser polarization.

Figure 4 .

 4 Figure 4. Drawing of the modified beam pipe for the insertion of the photon calorimeter in the SuperKEKB ring.

Figure 5 .

 5 Figure 5. Spectrum of photons emitted from the interaction of electrons with thermal photons emitted by the black-body radiation related to the finite temperature of the vacuum pipe.

  photons.

  Figure 6.(Top) a typical example of a Monte Carlo experiment representing 25 min of data taking in the polarimeter. Black dots with error bars represent the Monte-Carlo data, the blue (dark grey line supperimposed to the data) line is the fit result that is the sum of the contributions related to Compton scattering in light blue or light-grey (one-photon in plain line, two-photons in dashed line, three-photons in dash-dotted line) and those related to Bremsstrahlung in magenta or grey (one Bremsstrahlung photon in plain line, one Bremsstrahlung photon and one Compton photon in dashed line, one Bremsstrahlung photon and two Compton photons in dash-dotted line). (Bottom) residuals of the fit normalized by the statistical uncertainty in the simulated data. The red (grey) lines materialize three standard deviations between the fit and the simulated data.

Figure 7 .

 7 Figure 7. Statistical precision of the Compton polarimeter as a function of the duration of the data taking𝑡 𝑑𝑡 for a single bunch. For 25 minutes of data taking, a 0.5% statistical precision is obtained. Monte Carlo uncertainties on the points are negligible and smaller than the size of the points. The orange curve is a 1/ √ 𝑡 𝑑𝑡 fit of the points, showing that the statistical precision behaves as expected.

Table 1 .

 1 Table of nominal electron beam parameters used for the simulation.

	Parameter	Value	
	𝜇 𝐸	7 GeV	
	𝜎 𝛿	6.3 × 10 -4
	𝑄 𝑒	10 nC	
	𝑇 rev	10 𝜇𝑠	
	𝑃 ⊥	0	
	𝑃 𝑧	0.7	
	𝜙 𝑒	𝜋/2	
		horizontal plane (x) vertical plane (y)
	𝜖 𝑥,𝑦	4.49 × 10 -9 m.rad 4.5 × 10 -11 m.rad
	𝛽 𝑥,𝑦	96.46 m	127.09 m
	𝛼 𝑥,𝑦	-8.72	9.45
	𝜂 𝑥,𝑦	-0.083 m	-1.1 × 10 -9 m
	𝜂 ′ 𝑥,𝑦	-0.0035	6.8 × 10 -11

Table 2 .

 2 Table of nominal laser beam parameters used for the simulation.

	Parameter	Value
	𝑃 𝐶	-1
	𝑃 𝐿	0
	𝜙 𝑙	0
	𝜎 𝑥 /𝜎 𝑦 /𝜎 𝑧 500 𝜇m/500 𝜇m/500 𝜇m
	𝜆	515 nm
	𝑓 rep.	250 MHz
	𝑈	20 nJ
	𝜃 𝑖𝑛	8.9 degrees
	𝜙 𝑖𝑛	28 degrees

Table 3 .

 3 Table of nominal parameters used to simulate the Compton interaction and the detector.

	Parameter	Value
	𝐿	13 m
	𝑇 meas.	5 min
	𝑑 det.	5 cm
	𝐴 det.	0.1 GeV 1/2

Table 4 .

 4 Systematic uncertainties on the extraction of 𝑃 𝑧 , see text for details. Background modeling and absolute knowledge of the laser polarization dominates. model with SuperKEKB data at the expected location of the polarimeter to

	Source	Uncertainty on 𝑃 𝑧 (%)
	Laser beam polarization	0.30
	Backgrounds	0.16
	Fit procedure	0.080
	Beam energy	0.050
	Spatial misalignment	0.015
	Angular misalignment	0.015
	Longitudinal misalignment	0.015
	Transverse electron beam polarization	0.015
	Total	0.35
	validate the background	
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