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The temperature dependence of the phase space for electron-electron (e-e) collisions leads to a
T-square contribution to electrical resistivity of metals. Umklapp scattering are identified as the
origin of momentum loss due to e-e scattering in dense metals. However, in dilute metals like lightly
doped strontium titanate, the origin of T-square electrical resistivity in absence of Umklapp events
is yet to be pinned down. Here, by separating electron and phonon contributions to heat transport,
we extract the electronic thermal resistivity in niobium-doped strontium titanate and show that
it also displays a T-square temperature dependence. Its amplitude correlates with the T-square
electrical resistivity. The Wiedemann-Franz law strictly holds in the zero-temperature limit, but
not at finite-temperature, because the two T-square prefactors are different by a factor of =~ 3, like
in other Fermi liquids. Recalling the case of *He, we argue that T-square thermal resistivity does
not require Umklapp events. The approximate recovery of the Wiedemann-Franz law in presence of
disorder would account for a T-square electrical resistivity without Umklapp.

Landau and Pomeranchuk [I], and contemporaneously
Baber [2] postulated that electron-electron collisions
cause a quadratic temperature dependence in electrical
resistivity of metals. Subsequent experiments found that
this is prominent in metals hosting strongly-correlated
electrons (Such as UPt3 [3] or strontium titanate [4]),
but also those with a small carrier concentration (like
bismuth [5] and graphite [6]). In these cases, at suffi-
ciently low temperature, resistivity, p, can be expressed
as :

p = po+ AT? (1)

Here, pg is the residual resistivity, which depends on
disorder. The prefactor, A, on the other hand is intrinsic
to each metal. The ubiquity of equation [I| across various
families of Fermi liquids raises two questions: 1) What
makes the exchange of momentum between two colliding
electrons detrimental to the electrical conduction? 2)
What sets the amplitude of A?

The two identified answers to the first question are
Umklapp and the Baber mechanism. An Umklapp event
occurs when the momentum vector sum of the colliding
electrons gets out of the Brillouin zone, leading to a loss of
momentum equivalent to one reciprocal unit vector [7, [§].
The Baber mechanism [2] refers to the existence of two
distinct electron reservoirs whose momentum exchange
is a bottleneck in the path of momentum leak from the
electron bath to the phonon bath. The second question
was addressed first by Rice [9] and then by Kadowaki
and Woods [I0] (See also [11 [I2]) who argued that the
amplitude of A scales with the square of the T-linear
specific heat, 72, because both depend on the density of
states.

The persistence of T-square electric resistivity in
metallic strontium titanate (STO) [13, 14] to the ex-
treme dilute limit [I5] raised new questions about these

answers. The Fermi surface in this dilute metal is too
small to allow Umklapp scattering and it consists of a
single pocket in the extreme dilute limit [I6HIK]. Thus,
none of the two mechanisms can generate T-square resis-
tivity. Moreover, the proper scaling relation was found
to be between A and the Fermi energy, A « E;27 instead
of the standard Kadowaki-Woods scaling, A o 72, which
fails in STO [19].

Following this observation, transport properties of di-
lute metallic STO were studied up to temperatures well
above room temperature [20] and the effective mass was
found to increase with warming. Two theoretical stud-
ies [21], 22] showed that the temperature dependence of
electrical resistivity in STO one can be explained with a
scenario based on the scattering of electrons by two soft
transverse optical (TO) phonons. This would account for
the persistence of T-square resistivity above the degen-
eracy temperature. On the other hand, low-temperature
T-square resistivity (well below the minimum energy of
TO phonons) remained a mystery. Another development
was the discovery of T-square resistivity in dilute metal-
lic BizO2Se [23], another solid with a small Fermi sur-
face, and without any soft phonon mode. The T-square
prefactor was found to scale with the Fermi energy. This
demonstrated that STO is not an isolated case and called
for an e-e scattering scenario in absence of Umklapp.

The T-square thermal resistivity of electrons in Fermi
liquids is less known and even much less explored. Defin-
ing the electronic thermal resistivity as WT = T'/k€, one
expects:

WT = (WT)o + BT? (2)

Here, (WT)o is the residual thermal resistivity, ex-
pected to obey the Wiedemann Franz (WF) law:

Lo(WT)o = pp with Ly = T-55 = 2.44 x 105V2K 2,
On the other hand, LyB > A, because, compared to en-

ergy flow, momentum flow is less affected by small-angle



scattering [24] 25]. Experiments on various metals, in-
cluding Ni [26], Al [27], W[28], Sb [29], CeRhIns [30],
WP, [31], UPts [32]) have confirmed both these expec-
tations.

A quantitative connection between this physics and
heat transport in the normal liquid *He was recently
highlighted [33]. In normal liquid 3He , thermal conduc-
tivity becomes proportional to the inverse of temperature
[34] at very low temperatures, which means that thermal
resistivity WT = T/, is proportional to T2. The evolu-
tion of this T-square resistivity with pressure follows the
scaling seen for A and B with Er in metals [33]. There is
no Umklapp in normal liquid *He and the Fermi surface
is a single sphere. Thus, T-square thermal resistivity can
occur in a Fermi liquid without Umklapp and the am-
plitude of B is directly linked to its Landau parameters,
which also set the Fermi temperature.

Here, we present a study of electric and thermal con-
ductivity in SrTi;_,Nb,O3 at two different carrier con-
centrations (n = 3.1x10%%cm ™3 and n = 1.8x10%°cm 3).
Despite the dominance of the lattice contribution to the
heat transport in strontium titanate [35H37], we suc-
ceeded in extracting the electronic contribution to heat
transport by exploiting the differentiating effect of the
magnetic field on phonons and electrons. Such a method
was employed previously in the case of bismuth and anti-
mony [29] 38-40]. We found that WT follows Eq. [2 and
LoB > A. Thus T-square resistivity in SrTi;_,Nb,O3
cannot be distinguished from other metals in which the
e-e origin of the T-square resistivity is uncontested. This
leads us to conclude that T-square (electric and ther-
mal) resistivity can be caused without Umklapp as a
consequence of the T-square decrease in the amplitude of
the (momentum and energy) diffusivity in a Fermi liquid
caused by fermion-fermion scattering. A comprehensive
theory of this phenomenon is yet to be elaborated.

Fig [1| shows the temperature dependence of the total
thermal conductivity in two samples of SrTi;_,Nb,Os.
As discussed in the supplementary material [41], the tem-
perature dependence of electrical resistivity in our sam-
ples is comparable to what has been reported previously
for this doping level and their residual resitivity is close
to the lower end of the spectrum. In order to see the
relative share of the electronic and the phononic contri-
butions to the total heat transport, k., /T is compared
with Lgo .., which represents the upper boundary of elec-
tronic thermal conductivity according to the WF law.
With decreasing temperature, kg, /T approaches Lo .
As the temperature tends to zero (see inset), they tend
to join each other. ky,/T and Lgo,, are both modi-
fied by the presence of a perpendicular 12 T magnetic
field . To quantify longitudinal conductivity in presence
of magnetic field, we measured both the electrical and
the thermal Hall resistivities and inverted the resistivity
tensor.

The field-induced decrease in electrical conductivity
oz (i.e. the magnetoresistance) was the subject matter
of a previous study [42], which found that both longi-

tudinal and transverse conductivity follow the behavior
expected in the semi-classical picture:

ne
ne

Here, n is the carrier density, and e is the electron
charge. Mobility, u(B,T), is the only adjustable param-
eter depending on temperature and magnetic field. It
monotonically decreases with increasing magnetic field
and/or temperature. A remarkable (and poorly under-
stood) fact about metallic STO is that the field depen-
dence of mobility shows little dependence on the orien-
tation of the magnetic field [42].

The thermal conductivity tensor %, on the other hand
has an electronic k¢ and a lattice xP* component in lon-
gitudinal: k., (B) = k¢, (B) + kE".

As in previous studies on semi-metals [29, [38], [39], one
can separate the two components by assuming that the
field dependence of the lattice thermal conductivity is
negligible compared to the field dependence of electronic
thermal conductivity. In insulating strontium titanate,
thermal conductivity is purely phononic. There, at 24 K,
a magnetic field of 12 T reduces k4, at most by 7 x 1073
[43] and generates a finite thermal Hall conductivity of
ng’; ~ 0.09W/K.m. In our metallic samples, the effect
of magnetic field on kg, and the amplitude of 7, (see
below) are orders of magnitude larger.

Fig [2] shows the temperature dependence of the
transverse thermal conductivity divided by temperature
(—Kay/T). In the whole temperature range, it remains
close (but smaller than Lyoy, ), which is what is expected
for the electronic part. The measured signal is much
larger than 2" /T measured in insulating STO [43] [44].

Thus, we can safely identify the field-induced change
in thermal conductivity Ak,, with the thermal magne-
toresistance of electrons :

Akyy = Kz, (B = 0) — kg, (B) (5)

Fig 2| (a) and (c) compare Ak, /T with LoAc,,. In
both samples, these two quantities converge at low tem-
perature and their difference grows with increasing tem-
perature. This implies the validation of the WF law at
zero temperature, a departure from it at finite temper-
ature. The finite-temperature departure from the WF
law is more significant in the sample with lower carrier
density.

In order to extract the longitudinal electronic thermal
conductivity at zero magnetic field (k% (B = 0)) from
thermal magneto-conductivity (Ak,,), we need an addi-
tional assumption: At any given temperature, the field
dependence of k%, is similar to the field dependence of
the electrical conductivity (expressed by Eq. . Since
the field-induced reduction in conductivity, in both ther-
mal and electrical channels, is due to the same Lorentz
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FIG. 1. Thermal conductivity in Nb-doped SrTiOs: Thermal conductivity divided by temperature (kz-/7") at B= 0
and B= 12 T compared with the electrical conductivity multiplied by the Sommerfeld value (Looz,) in sample #1 (a) and in
sample #2 (b). kqz/T increases with warming, because of the phonon contribution, which rises faster than T'. Loozz, which is
a rough estimate of electronic contribution to kg, /T decreases with warming due to the reduction of electrical conductivity by
inelastic scattering. Note the reduction induced by magnetic field in both. The inset is a zoom on the low-temperature data,
showing that they tend to join in the zero-temperature limit.
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FIG. 2. Longitudinal and Hall conductivity: (a) The difference in longitudinal thermal conductivity divided by temperature
between zero field and 12 T. (Akez = Kaz(0T) — K22 (127)) in sample #1. Also shown is the difference in the longitudinal
electric conductivity multiplied by the Sommerfeld value (Aoze = 022(0T) — 022(12T)). (c) Same for sample #2. (b) The
transverse thermal conductivity xs, divided by temperature, compared with the transverse electric conductivity o, multiplied
by Lo (d) same for sample #2. Also shown in (b) and (d) is the k4, /T caused by phonons in undoped pure STO [37, [43].



10F #1
F (a °
; (@ o #2
— o SrTi Nb O, [18]
£ o SITiO, [36, 44]
Y1k o Sr, CaTio, [37]
= 00"
S o
01k T 3
F o« (c)
il " " PR | " "
2 10 40 2 1 10 40

T(K)

FIG. 3. Electron and phonon contributions to the thermal conductivity (a) The total thermal conductivity (k3%

T(K)

total)

and its electronic (k<) and phononic (k") components as a function of temperature in sample #1. Also shown is the electrical
conductivity multiplied by Lo. (b) same for sample #2. (¢) Comparison of the phonon thermal conductivity in the two samples
with total thermal conductivity of undoped STO [36] 45] with mgﬁ in SrTi1_xNb,O3 n = 2.6 x 10°cm ™3 just above the
superconducting transition [I§] and with Srg.991Cag.000TiO3 [37].

force, this is a reasonable assumption. It implies that
the Lorenz ratio (L = UZ“;TT) has a negligible field de-
pendence. This assumption is consistent with our field-
dependent data, which shows at a given temperature L%
is less than unity, but its amplitude does not depend
on magnetic field (See Fig. S2 in the supplement [41]).
Thus, the magnetoresistance, which is not quadratic in
magnetic field is set by the field dependence of residual
resistivity and there is no detectable field-induced change
in inetlastic scattering. This approach leads us to [41] :

Tx B =
ke, (B =0) = A,%M
A0y

(6)

Having quantified 5, from our data, we can deduce
kP by subtracting the electronic component from the to-
tal conductivity. Fig [3] shows the results. One can see
in panels (a) and (b) that, above 20 K, k2" becomes an
order of magnitude larger than .. However, since kP"
decreases faster than <2, with cooling, the electron con-
tribution becomes prominent below 10 K. It is almost
equal to LyogT at low temperature, but becomes signif-
icantly lower at higher temperatures.

The extracted xP", shown in Fig [3| (c), is significantly
lower than x2” in undoped STO [36]. As one can see in
the figure, xP" of our metallic samples, with about 1%
of Ti atoms replaced by Nb, is similar to the total x of
insulating samples of Sr;_,Ca,TiO3, with about 1% of
Sr atoms are replaced by Ca. In both cases, kP is re-
duced in comparison to pristine STO, because the substi-
tuting atoms are randomly distributed and their average
distance is comparable with the order of magnitude of
the wavelength of thermally excited phonons. The rough
similarity between Nb doping (which brings mobile elec-
trons) and Ca substitution (which does not), indicates
that scattering by mobile electrons plays a minor role.

Let us now turn our attention to the electronic ther-
mal resistivity, WT, obtained by inverting ¢, /T. Fig
shows p and LoWT as a function of T? for the two
samples. One can see that in both samples, Equations
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FIG. 4. Electronic thermal resistivity: (a) Electric and
thermal resistivity as a function of the square of the tempera-
ture for sample #1 (b) Same as in (a) for sample#2. In both
cases, p and WT have the same intercept but different slopes.
The two black solid lines show the lower and the upper limit
to the slope of thermal resistivity in the two samples.

[ and 2] hold. py and LoWTy are identical at low tem-
perature confirming the validity of the WF Law in the
zero-temperature limit. In both samples, the slope of
LoWT(T?) (B in equation [2)) is larger than the slope
of p(T?) (A in equation [2). This behavior is similar to
what has been observed in semimetals (like W, WP5, and
Sb) and heavy-fermions (like UPts, and CeRhIng) (See



Tab and corresponds to what is theoretically expected
in the e-e scattering picture [25].

The fermiology of doped strontium titanate has been
the subject of several recent studies [14], [17), (18] 46} [47].
Experiments have confirmed that, as expected by band
calculations [14], three bands associated with Ti orbitals
are successively filled, as the doping increases. In the
two samples studied here, the carrier density is such
that the Fermi surface consists of three concentric pock-
ets all three centered at the gamma point. The aver-
age radius of the outer pocket is bounded by the carrier
density: kPe* < (3w%n)'/3. This yields 2.1 (1.7) nm™!
in sample #1 (#2). The width of the Brillouin zone is
G = 2% =16.1nm ™', where a = 0.3905 nm is the lattice

parameter. Since kp** < %, Umklapp events cannot oc-
cur. This distinguishes metallic strontium titanate from
other metals displaying T-square p and WT with ampli-
tudes linked to each other by the WF law.

The other Fermi liquid with a T-square thermal resis-
tivity in absence of Umklapp is normal liquid 3He [48] [49].
The dominant contribution to thermal conductivity (in
the zero-temperature limit) is proportional to the inverse
of temperature. This kT term is strictly equivalent to
the inverse of B, the slope of WT as a function 72, and,
as first calculated by Abrikosov and Khalatnikov [50],
is proportional to the fermion-fermion scattering time,
which quadratically decreases with temperature. Ex-
tracted from thermal conductivity, this scattering time
was dubbed 7, and 7,72 was extensively measured by
Greywall [34]. Theoretically, this quantity was computed
by quantifying the Landau parameters of the Fermi lig-
uid [5IH53]. The agreement between the theoretically-
computed and the experimentally-measured £T" and 7, T
is within experimental uncertainty at saturating vapor
pressure and less than a factor of 2 near the melting pres-
sure.

Let us now see how metallic strontium titanate fits in
this picture. 7, is given by [34]:

1Cv
K= ——VpT 7
3Vm F'k ( )
Here, Cy is the molar specific heat, V,, is the molar
volume and vp the Fermi velocity. This means that,
in analogy with the case of normal liquid *He [34], B,
the prefactor of T-square thermal resistivity, is inversely

proportional to 7,,72:

2
1 v

5
=-£_'p
12 3 Vp ®

Using the reported values of «y (ranging from 1.55 to 1.9
mJ/mol. K2 [19, 35 54] at this doping level) and extract-
ing the average Fermi wave-vector from carrier density,
one can quantify the Fermi velocity and find 7,,72. The
results are listed in Tab. Unsurprisingly, 7,72 is or-
ders of magnitude larger in STO than in 3He, which has
a lower Fermi temperature and higher fermion-fermion
collision cross section.

A more instructive basis for comparison is a dimen-
sionless collision cross-section defined as [53], [E5H57]:

hEr
7. T2k%

(= (9)

The amplitude of this quantity in a Fermi liquid is set
by a combination of its Landau parameters [55] [68| [59].
As seen in table ¢ in 3He, strongly correlated and close
to both localisation and a magnetic instability [60], varies
from 35 to 60. In contrast, ¢ in STO, at this doping level
(where the effective mass is close to four times the bare
electron mass [16], 39]), is ~ 3.

Thus, not only the existence of the T-square thermal
resistivity in metallic strontium titanate, but also its am-
plitude can be accounted for by considering it as a Fermi
liquid with moderate correlations. As for T-square elec-
trical resistivity (at low temperatures, that is below the
degeneracy temperature of electrons and the minimum
energy of the soft TO phonons), it could be accounted
for, assuming a rough recovery of the Wiedemann-Franz
law in presence of disorder. However, the theory for such
a scenario is yet to be elaborated. It may require includ-
ing the gradient of momentum flow caused by disorder
and phonon scattering.
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Supplemental Material for “T-square electron thermal resistivity in metallic
strontium titanate”

S1. Materials and methods
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FIG. S1. Electrical resistivity (p): p vs. temperature in log scale from 2 K to 300 K. Our samples (#1 and #2) are
compared with those with similar carrier concentrations in previous studies of SrTh 5 Nby Os [20, [62] and Sri—z La, TiOs [13].

SrTi;_,Nb,Ogz crystals were commercially provided by SurfaceNet GmbH. The nominal Nb content for sample #1
(#2) is 1 wt% (0.5 wt%). The expected carrier concentration for #1 and #2 is 3.3 x 102°cm =2 and 1.7 x 10*°em =3,
respectively, in good agreement with the carrier concentration obtained by measuring the Hall coefficient (#1 ny =
3.1 x 10%°%cm > and #2 ny = 1.8 x 10%%cm~?). Fig[S1|compares the temperature-dependence of their resistivity with
previous data on SrTi;_,Nb,Os [13| 20, [62] and Sry_,La,TiO3 [I3] at similar carrier doping levels. Above 100 K,
the resistivity of samples with the same carrier concentration is very similar. Below 80 K, they show different residual
resistivities. Our samples tend to display a comparatively lower residual resitivity.

. E, VT, |
Tl:

Copper heat sink

FIG. S2. Sketch of the setup measurement : T; T2 and Ts are three Cernox CX-1030 thermometers. The heater is a 1
KQ chip resistor. All connections were made using silver paste. 6 tin pads (white rectangles) are soldered on the sample for
ohmic contacts. This setup allows us to obtain all transport coefficients.

Fig [S2] shows a sketch of the setup used to measure the electrical and thermal resistance reported in the main

manuscript. Longitudinal (p,, = £2) and transverse resistivity (p,, = 5£) are measured in absence of heat current

(J9=0 and J¢ #0). Longitudinal (W,, = %) and transverse (W, = %&) thermal resistivity are measured



in absence of electrical current (J°=0 and J¥ #0). In the measurement of W,, the temperature is the average
temperature between 77 and T5. In the measurement of W, the average temperature is taken between 77 and 75.
The (electric or thermal) conductivity tensor is the inverse of the (electric or thermal) resistivity tensor. Hence the
longitudinal and transverse electric and thermal conductivity are respectively equal to o, =
Wa —Way

LI “{ —
W2 AW, ey = WEAWE,

Pzx o — —Pzxy
P2 tpZ, 0 UFY T pZ +p2,

and Ky, =

S2. Field independence of the Lorenz ratio

Fig shows the field-dependent electric and thermal conductivity in sample #1. The variation of thermal and
electric conductivity caused by the magnetic field are similar. This is true for both the longitudinal and transverse
response. The Lorentz force is thus the main source for the variation of thermal conductivity. The field-dependent
Lorenz ratio in longitudinal and transverse are shown in Fig[S3| (c¢) and (f). The finite temperature departure of the
Wiedemann Franz law does not change with the magnetic field. This confirms our assumption of a field-independent
Lorenz number.

S3. Absence of phonon drag thermal Hall effect

Fig[S4] shows the Seebeck effect of sample #2 compared with a SrTiOs_, sample with a carrier density two orders
of magnitude lower n = 1.6 x 10'®em~3. While a phonon drag peak is found in the low-doped material it is absent
in sample #2. Moreover samples #1 and #2 have a much smaller Hall angle compared with low doped SrTiOs_,
(n =1 x 10'em™3). Therefore, no phonon drag contribution to Kzy 18 expected to arise in sample #2 and also #1
[37].

S4. Extracting electronic thermal conductivity from thermal and electrical magnetoresistance

Two assumptions have been done to extract the temperature dependence of the electronic thermal conductiv-
ity. First we assume that the phonon contribution is independent of the magnetic field. The change in the total
conductivity (kz,) is thus equal to the change in field of the electronic thermal conductivity :

Kar(B) = kS, (B) + kEM (S1)

T

e
Rza

Second we assume that that the Lorenz number (L=_—=%) is independent of the magnetic field. This assumption is
backed by our data (See Fig. ) in section [S2)). This implies that :

Akgy 1
L= =
Aoy, T

(52)
where AKgyy = Kz (0) — Kpe(B) and Aoy = 042(0) — 04(B). Using Eq and we can extract the electron
component of the thermal conductivity at zero magnetic field :

ARy
YANo .

Kz (0) *022(0) (S3)
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FIG. S3. Field dependence of the electric and thermal conductivity: (a) Longitudinal thermal conductivity (Akgze =
Koz (0) —Kew (B)) divided by temperature, (b) Longitudinal electric conductivity (Acez = 022(0) — 0wz (B)) and (c) Longitudinal
Lorenz ratio (Lze/Lo = Akez/TLoAos:) as a function of the magnetic field for three temperatures. (d), (e) and (f) are the
same as (a), (b), and (c) in transverse configuration. The Lorenz ratios Ly, and L, are constant in field but smaller than Lo.
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FIG. S4. Seebeck effect and Hall angle: (a) Seebeck coefficient (S), (b) Hall angle as a function of temperature for sample
#2 (n=1.8¢10*°cm™?) and in a lightly doped SrTiO3_, (n=1.6e10"%c¢m™®). No phonon drag peak is observed in sample #2.
The Hall angle in sample #1 is much lower than in lightly doped SrTiOz_.
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