Benoît Fauqué 
  
Clément Collignon 
  
Hyeok Yoon 
  
Xiao Lin 
  
Igor I Mazin 
  
Harold Y Hwang 
  
Kamran Behnia 
  
  
  
  
An electronic band sculpted by oxygen vacancies and indispensable for dilute superconductivity

Dilute superconductivity survives in bulk strontium titanate when the Fermi temperature falls well below the Debye temperature. Here, we show that the onset of the superconducting dome is dopantdependent. When mobile electrons are introduced by removing oxygen atoms, the superconducting transition survives down to 2 × 10 17 cm -3 , but when they are brought by substituting Ti with Nb, the threshold density for superconductivity is an order of magnitude higher. Our study of quantum oscillations reveals a difference in the band dispersion between the dilute metals made by these doping routes and our band calculations demonstrate that the rigid band approximation does not hold when mobile electrons are introduced by oxygen vacancies. We identify the band sculpted by these vacancies as the exclusive locus of superconducting instability in the ultra-dilute limit.

I. Introduction

Discovered half a century ago [START_REF] Schooley | Superconductivity in semiconducting SrTiO3[END_REF], superconductivity in strontium titanate is attracting renewed attention [START_REF] Collignon | Metallicity and superconductivity in doped strontium titanate[END_REF][START_REF] Gastiasoro | Superconductivity in dilute SrTiO3: A review[END_REF]. It lies beyond the Migdal-Eliashberg [START_REF] Eliashberg | Interactions between electrons and lattice vibrations in a superconductor[END_REF] framework, since the Fermi temperature of electrons falls below the Debye temperature of phonons [START_REF] Lin | Fermi surface of the most dilute superconductor[END_REF][START_REF] Yoon | Lowdensity superconductivity in SrTiO3 bounded by the adiabatic criterion[END_REF]. The dilute metal going through this superconducting instability has non-trivial transport properties [START_REF] Collignon | Heavy nondegenerate electrons in doped strontium titanate[END_REF][START_REF] Kumar | Quasiparticle and nonquasiparticle transport in doped quantum paraelectrics[END_REF][START_REF] Nazaryan | man, Conductivity and thermoelectric coefficients of doped SrTiO3 at high temperatures[END_REF][START_REF] Collignon | Quasi-isotropic orbital mag-netoresistance in lightly doped SrTiO3[END_REF]. The insulating parent, identified as a quantum paraelectric [START_REF] Müller | Srtio3: An intrinsic quantum paraelectric below 4 k[END_REF], has a huge permittivity, displays an unusual low-temperature thermal transport [START_REF] Martelli | Thermal transport and phonon hydrodynamics in strontium titanate[END_REF] including a thermal Hall component [START_REF] Li | Phonon thermal hall effect in strontium titanate[END_REF]. Soft transverse optical phonons, hybridizing with transverse acoustic phonons at low temperatures [START_REF] He | Anharmonic eigenvectors and acoustic phonon disappearance in quantum paraelectric SrTiO3[END_REF][START_REF] Fauqué | Mesoscopic fluctuating domains in strontium titanate[END_REF], are suspected to play a major role.

The proximity to a ferroelectric instability is often invoked in explaining superconductivity [START_REF] Rowley | Ferroelectric quantum criticality[END_REF][START_REF] Edge | Quantum critical origin of the superconducting dome in SrTiO3[END_REF][START_REF] Enderlein | Superconductivity mediated by polar modes in ferroelectric metals[END_REF]. Several experimental studies have documented a constructive interplay between superconductivity and ferroelectricity [START_REF] Rischau | A ferroelectric quantum phase transition inside the superconducting dome of Sr1-xCaxTiO 3-d[END_REF][START_REF] Tomioka | Enhanced superconductivity close to a non-magnetic quantum critical point in electron-doped strontium titanate[END_REF][START_REF] Ahadi | Enhancing superconductivity in SrTiO3 films with strain[END_REF][START_REF] Rischau | Isotope tuning of the superconducting dome of strontium titanate[END_REF] and recent theoretical accounts of Cooper pairing invoke the exchange of two [START_REF] Van Der Marel | Possible mechanism for superconductivity in doped SrTiO3[END_REF][START_REF] Kiselov | Theory of superconductivity due to ngai's mechanism in lightly doped SrTiO3[END_REF][START_REF] Volkov | Superconductivity from energy fluctuations in dilute quantum critical polar metals[END_REF] or one [START_REF] Gastiasoro | Theory of superconductivity mediated by rashba coupling in incipient ferroelectrics[END_REF][START_REF] Yu | Theory of superconductivity in doped quantum paraelectrics[END_REF] soft phonons between pairing electrons. A two-phonon exchange scenario, first invoked decades ago [START_REF] Ngai | Two-phonon deformation potential and superconductivity in degenerate semiconductors[END_REF], leads to instantaneous electron-electron attraction and can explain [START_REF] Kiselov | Theory of superconductivity due to ngai's mechanism in lightly doped SrTiO3[END_REF] the experimentally-observed persistence of superconductivity at densities below 10 18 cm -3 [START_REF] Lin | Fermi surface of the most dilute superconductor[END_REF][START_REF] Lin | Critical doping for the onset of a two-band superconducting ground state in SrTiO 3-δ[END_REF].

Here, we present a study of superconducting transition and quantum oscillations in oxygen-reduced and Nbsubstituted strontium titanate in the dilute limit. We find that when n < 5 × 10 18 cm -3 , superconductivity is present in SrTiO 3-δ , but absent in SrTi 1-x Nb x O 3 , either single-crystalline or custom-made thin films. The dilute metals generated by alternative doping routes are also different. In particular, the Lifshitz transition in SrTi 1-x Nb x O 3 occurs at a lower density. We present numerical evidence that the virtual crystal approximation used in the LDA band calculations [START_REF] Van Der Marel | Common fermi-liquid origin of T 2 resistivity and superconductivity in n-typeSrTiO3[END_REF] holds for Nb doping, but not for oxygen deficiency. We conclude that while both doping routes eventually lead to a superconducting dome, dilute superconductivity (arising in a metal where e-e distance is of the order 10 nm) occurs only when the occupied band is sculpted by oxygen vacancies. A larger coupling between the electrons of the vacancy-sculpted band and soft TO phonons, or a larger electronic density of states, or a combination of both, may be the origin. SrTiO 3 can be n-doped by a variety of atomic substitutions. The focus of the present study is to compare substitution of tetravalent Ti 4+ by pentavalent Nb 5+ with creation of oxygen vacancies. While both lead to n-doping, there is no a priori reason to believe that they affect the electronic structure in the same way [START_REF] Hou | Defect states induced by oxygen vacancies in cubic SrTiO3: First-principles calculations[END_REF]. In presence of an O vacancy, the two neighboring Ti ions are left with one extra electron each. What can happen with these electrons? They can either get collectively extended over all Ti sites or both occupy the vacancy. In a recent DFT+DMFT calculation, Souto-Casares, Spaldin and Ederer [START_REF] Souto-Casares | Oxygen vacancies in strontium titanate: A DFT + DMFT study[END_REF] found that if the Hubbard repulsion on Ti and the concentration are both large, one or even two electrons will prefer to avoid the Hubbard repulsion on Ti and "hide" in the vacancy. However, the effective concentration of vacancies in that work [START_REF] Souto-Casares | Oxygen vacancies in strontium titanate: A DFT + DMFT study[END_REF] was one per four formula units, which is several orders of magnitude higher than the relevant experimental range. At very small concentrations, Hubbard correlation between the doped electrons, included in the DMFT method and not in the DFT, are much less important than geometric changes such as lattice relaxation. Keeping this in mind, we have performed full structural relaxation in the density functional theory (DFT), using an 8 × 8 × 8 supercell of 64 f.u., and either replacing one Ti with Nb or removing one O. As discussed below, we found that the resulting electronic structure near the bottom of the conduction band is dramatically different in the two cases.

II. Results

A. Dopant dependent superconductivity

Fig. 1a shows the low-temperature electrical resistivity (ρ xx ) of three samples with the same Hall carrier density. One can see that SrTiO 3-δ becomes a superconductor, ∂B 2 as function of B -1 for both samples. c) Amplitude of the Fourier transform (FT) vs frequency (F) deduced from b). The amplitude was normalized by the peak value and shift for clarity. In both samples, two frequencies (and their harmonics) can be identified, respectively labelled F1 and F2.

but not SrTi 1-x Nb x TiO 3 (at least not down to 30mK). Note that, the oxygen deficient sample has a residual resistivity lower than the thin film and larger than the crystalline SrTi 1-x Nb x TiO 3 . This rules out disorder as the driver of this dichotomy. Studying four different Nbdoped SrTiO 3 thin films [START_REF] Kozuka | Dramatic mobility enhancements in doped SrTiO3 thin films by defect management[END_REF] with a thickness of ≈ 900 nm and nominal Nb concentrations of 0.02 and 0.04 atomic percent, we found that none was superconducting (See the supplement for more details about samples and data [36]).

Fig. 1.b draws the superconducting phase diagram of SrTiO 3-δ and in SrTi 1-x Nb x TiO 3 according to the available data reported by different groups [START_REF] Collignon | Metallicity and superconductivity in doped strontium titanate[END_REF][START_REF] Rischau | Isotope tuning of the superconducting dome of strontium titanate[END_REF][START_REF] Tomioka | Superconductivity enhancement in polar metal regions of Sr0.95Ba0.05TiO3 and Sr0.985Ca0.015TiO3 revealed by systematic Nb doping[END_REF]. The critical temperature does not evolve identically. The peak in T c of the principal dome is higher in Nb-doped strontium titanate, while a lower superconducting dome is present for SrTiO 3-δ and absent in SrTi 1-x Nb x O 3 .

Evidence for superconductivity in this density range is limited to the detection of zero resistivity. The critical temperature of bulk probes of superconductivity, such as specific heat [START_REF] Lin | Multiple nodeless superconducting gaps in optimally doped SrTiO 3-δ[END_REF], thermal conductivity [START_REF] Lin | Multiple nodeless superconducting gaps in optimally doped SrTiO 3-δ[END_REF] and diamagnetism [START_REF] Collignon | Superfluid density and carrier concentration across a superconducting dome: The case of strontium titanate[END_REF] is consistently lower than the temperature at which resistivity drops to zero. Given the strong variation of critical temperature with pressure or strain [START_REF] Enderlein | Superconductivity mediated by polar modes in ferroelectric metals[END_REF], this points to the survival of filamentary superconductivity with a higher critical temperature at specific locations like dislocations or domain boundaries. Nevertheless, oxygen-reduced samples display bulk superconductivity for a carrier density as low as 4.5×10 18 cm -3 [START_REF] Rischau | A ferroelectric quantum phase transition inside the superconducting dome of Sr1-xCaxTiO 3-d[END_REF][START_REF] Rischau | Isotope tuning of the superconducting dome of strontium titanate[END_REF] and the Nb-substituted ones do not show any transition (resistive or else) at this concentration. Therefore, there is a genuine difference of the ground states, irrespective of the origin of filamentary superconductivity. 

B. Dopant dependent metallicity

Let us now compare the normal state of these two dilute metals. Structurally, the distribution of oxygen vacancies is known to be less homogeneous than the distribution of Nb atoms [START_REF] Szot | Localized metallic conductivity and self-healing during thermal reduction of SrTiO3[END_REF]. However, in both cases, electrons belong to a single Fermi sea (and not to a plurality of puddles). Since the Bohr radius is as long as several hundreds of nanometer [START_REF] Behnia | On mobility of electrons in a shallow fermi sea over a rough seafloor[END_REF], disorder is averaged over a volume containing many dopants. In both oxygenreduced and Nd-substituted strontium titanate, the carrier mean-free-path is much longer than the interdopant distance and quantum oscillations are visible at moderate (≈ 2 T) magnetic fields.

We carried out a careful examination of the Fermi surface by looking at the Shubnikov-de Haas effect in the two cases. Magnetoresistance ( ∆ρxx ρ0 ) at T = 120 mK and for B∥ [001] (See Fig. 2a)) reveals a difference. Quantum oscillations are visible on top of a monotonic background in both. As seen in Fig. 2b, however, despite the quasiequality of their Hall carrier density, the second derivative of resistivity ∂ 2 ρxx ∂B 2 shows different patterns. Two main frequencies, labelled F 1 and F 2 can be resolved, in qualitative agreement with previous studies of quantum oscillations [START_REF] Lin | Fermi surface of the most dilute superconductor[END_REF][START_REF] Allen | Conduction-band edge and shubnikov-de haas effect in low-electron-density SrTiO3[END_REF][START_REF] Uwe | Conduction band structure of SrTiO3[END_REF]. However, F 1 and F 2 are not identical in the two cases, implying a difference in the structure of the Fermi surface between superconducting SrTiO 3-δ and non-superconducting SrTi 1-x Nb x TiO 3 .

By studying three other Nb-doped thin-film samples with n H ranging from 8.6×10 17 cm -3 to 4.4×10 18 cm -3 (see [36] for sample details), we found that the evolu-tion of F 1 and F 2 in SrTi 1-x Nb x O 3 and in SrTiO 3-x [START_REF] Lin | Critical doping for the onset of a two-band superconducting ground state in SrTiO 3-δ[END_REF] are not identical (See Fig. 3.a). At a given Hall carrier density, both frequencies are larger in SrTi 1-x Nb x O 3 compared to SrTiO 3-δ (See the supplement [36] for more details on the analysis).

In the absence of an angle-dependent study, possible multiplicity of structural domains below 105 K is a source of complication. In multi-domain samples the orientation of magnetic field can be perpendicular or parallel to the caxis according to the orientation of domains. However, a simple procedure reveals a difference in Fermi surface geometry. Assuming that the two sub-bands are isotropic, the carrier density can be deduced from the frequencies of quantum oscillations: We note that F 1 and F 2 of our Nb-doped samples are in good agreement with what has been found in La-doped samples [START_REF] Allen | Conduction-band edge and shubnikov-de haas effect in low-electron-density SrTiO3[END_REF] (See Fig. 3a)). This suggests that the Fermi surface in La-doped and in Nb-doped strontium titanate are similar and both differ from the one belonging to oxygen-deficient strontium titanate. Interestingly, there is no report of a superconducting transition in single crystals [START_REF] Tomioka | Enhanced superconductivity close to a non-magnetic quantum critical point in electron-doped strontium titanate[END_REF] or thin films of Sr 1-x La x TiO 3 [START_REF] Ahadi | Enhancing superconductivity in SrTiO3 films with strain[END_REF] when the carrier density is as low as (≈ 10 18 cm -3 ).

n sphere SdH = 1 3π 2 (( 2eF1 ℏ ) 3/2 +( 2eF2 ℏ ) 3/2
By studying the temperature dependence of the quantum oscillations and using the Lifshitz-Kosevitch formalism, we extracted the cyclotron mass of electrons. Fig. 4 shows the quantum oscillations and their temperature dependence in the sample with highest carrier concentration (n H = 4.4 × 10 18 cm -3 ). The results of the analysis are shown in the upper panel of Fig. 4c). The effective mass for the lower band is m ⋆ = 1.4 ± 0.1m 0 , comparable to the value found in previous studies of Nb-doped [START_REF] Uwe | Conduction band structure of SrTiO3[END_REF] (and La-doped [START_REF] Allen | Conduction-band edge and shubnikov-de haas effect in low-electron-density SrTiO3[END_REF]) strontium titanate. The effective mass of the lower band in the oxygen-reduced case at this carrier density is m ⋆ = 1.8 m 0 [START_REF] Lin | Fermi surface of the most dilute superconductor[END_REF] [42].

C. Band calculations

Numerical emulation of a regime as dilute as the one explored experimentally requires unrealistically large supercells. Therefore, a quantitative and microscopic explanation of the observed difference is challenging. However, considerable insight can be gained from DFT calculations. To this end, we used the projected augmented wave pseudo-potential code VASP [START_REF] Kresse | Ab initio molecular dynamics for liquid metals[END_REF] to fully optimize the crystal structure, including the lattice parameters, in the 8 × 8 × 8 supercell of 64 formula units.

In the ground state, at T = 0, SrTiO 3 forms a tetragonal I4/mcm structure, characterized with alternating rotations of the TiO 6 octahedra around the c axis. This is a strong effect well captured by the standard DFT calculations (Fig. 5). Proper stacking of the rotations along c, however, is quite difficult to obtain, and requires sophisticated setups. Our calculations, using standard PBE pseudoptentials, and up to 3x3x3 mesh in the Brillouin zone, reproduce the rotations well, but form a different stacking, corresponding to a P4/mbm group. The difference is not relevant for our analysis.

Since the optimized structure is tetragonal, there are two crystallographically nonequivalent sites, one preserving the tetragonal symmetry (we shall call it v-T) and the other lowering it to an orthorhombic one (v-O). In our calculations, the former corresponds to the space group P4/m (incidentally, removal of Nb also results in the same symmetry), and the latter to Pmm2. At the level of our accuracy we could not determine with certainty which vacancy position is energetically preferable (see the supplement [36] for details). However, we were able to make one structural observation: both Nb and v-T case can be optimized with a restriction forbidding octahedra rotations (v-O cannot).

In the undoped compound these rotations decrease the total energy by 3.4 meV per formula. This energy difference increases, in our supercell, to 4.7 meV for Nb substitution. In contrast, it decreases to 0.9 meV for O vacancy. As discussed in the next section, this trend is in agreement with previous experimental findings.

The difference in the electronic structure (Fig. 6) is even more spectacular. Nb doping has little effect on the band dispersions, but the O vacancies dramatically modifies them. In case of v-T, the main effect is the relative shift between the two lower (xz and yz) bands and the upper (xy) band. This can be understood by analyzing the change of the local crystal field. As Fig. 5 shows, Nb introduces no visible additional distortion, while the vacancy alters the local environment of the two neighboring Ti from octahedral to pyramidal, and leads to a visible relaxations of the eight closest oxygen atoms.

Neglecting the small distortion of the octahedra, at the Γ point, which is the only one of interest, the hybridization of a Ti t 2g orbital with the four neighboring O atoms cancels out by symmetry (Fig. 7). However, if one apical oxygen is removed, the ligand field of the opposite one is uncompensated, so the corresponding band state is pushed up. In our case, this means that the xz and yz bands will be pushed up closer to the (unaffected) xy band at the Γ point (but not at the Z point). Of course, given the delocalization of the doped electrons, the effect on the entire band is reduced compared to the actual change of the site-local crystal field, but it still rather large on the scale of interest (i.e., ∼ 10 meV). Note that no extra electron density is found in the calculations near the vacancy site (Fig. 7).

The situation for a v-O vacancy is more complicated. Qualitatively, the perturbation of the Ti environment is the same as depicted in Fig. 7b, but the picture needs to be rotated by 90 • . Now it is not the xy orbitals that is being push down with respect to the other two, but yz. Since the xz/yz degeneracy with xy is already broken due to octahedra rotation, it leads to an interesting situation when the states at Γ are threefold split already on the nonrelativistic level, i.e., without spin-orbit.

Interestingly, the calculated threshold for the first Lifshitz transition in the pristine crystal [START_REF] Van Der Marel | Common fermi-liquid origin of T 2 resistivity and superconductivity in n-typeSrTiO3[END_REF] is n c1 = 6.4 × 10 17 cm -3 . This is in quantitative agreement with what we find experimentally for SrTi 1-x Nb x O 3 (n c1 = 6.5 ± 2 × 10 17 cm -3 ; Fig. 4a), confirming that the rigid band approximation holds in this case (but not in SrTiO 3-δ ).

III. Discussion

Pristine strontium titanate goes through a cubic-totetragonal structural phase transition [START_REF] Lytle | X-ray diffractometry of low-temperature phase transformations in strontium titanate[END_REF] at T s ≃ 105 K. This is a (remarkably) second-order [START_REF] Salje | The cubic-tetragonal phase transition in strontium titanate: excess specific heat measurements and evidence for a near-tricritical, mean field type transition mechanism[END_REF] structural phase transition driven by the softening of a Transverse Acoustic (TA) mode at the zone boundary [START_REF] Shirane | Lattice-dynamical study of the 110 • k phase transition in SrTiO3[END_REF]. Previous experiments have found that T s increases by Nb substitution and decreases by oxygen deficiency [START_REF] Bäuerle | Structural phase transitions in semiconducting SrTiO3[END_REF][START_REF] Tao | Nonmonotonic anisotropy in charge conduction induced by antiferrodistortive transition in metallic SrTiO3[END_REF]. In oxygen-reduced samples with a carrier density of 0.5% per formula unit, T s drops by ∼ 10K [START_REF] Bäuerle | Structural phase transitions in semiconducting SrTiO3[END_REF]. In Nb-doped samples with a carrier density of 1% per formula unit, T s increases by ∼ 20K [START_REF] Tao | Nonmonotonic anisotropy in charge conduction induced by antiferrodistortive transition in metallic SrTiO3[END_REF]. This implies that the effect of the two doping routes on the boundary TA mode. This trend is reproduced by our DFT calculations. They found, as reported in the previous section, that the energy difference between the cubic and the tetragonal structures is amplified by Nb substitution and diminished by oxygen removal. Given the link between T s and energy difference, our calculations provide a qualitative account of the experimental observation.

The softening of another mode, a Transverse Optical (TO) phonon located at the center of the Brillouin zone, would lead to ferroelectricity. This mode is suspected to play a prominent role in driving the superconducting instability in the dilute limit [START_REF] Van Der Marel | Possible mechanism for superconductivity in doped SrTiO3[END_REF][START_REF] Kiselov | Theory of superconductivity due to ngai's mechanism in lightly doped SrTiO3[END_REF][START_REF] Volkov | Superconductivity from energy fluctuations in dilute quantum critical polar metals[END_REF][START_REF] Gastiasoro | Theory of superconductivity mediated by rashba coupling in incipient ferroelectrics[END_REF][START_REF] Yu | Theory of superconductivity in doped quantum paraelectrics[END_REF]. Given the contrasting consequences of the two doping routes for the boundary TA phonon (see above), one may wonder what would be their effect on the zone-centered ones. The dispersion of these TO phonons has been found to evolve with doping [START_REF] Collignon | Heavy nondegenerate electrons in doped strontium titanate[END_REF][START_REF] Rehwald | Low temperature elastic moduli of strontium titanate[END_REF]. But there is no record of a comparative study of their evolution in oxygen-reduced and Nb-substituted samples. Future studies may discriminate between the fingerprints of the two doping routes.

The present study reveals the contrasting outcomes of Nb substitution and oxygen reduction for metallicity and superconductivity. As we saw, the experimental data reveals a difference in the Fermi surface geometry in the two cases near the first Lifshitz transition. This is in qualitative agreement with our DFT calculations. They show that the band dispersion is different in the two cases. This agreement constitutes a 'proof of the concept'. A quantitative confrontation between theory and experiment is beyond what can be achieved by the stateof-the-art. Indeed, the theoretical supercell is equivalent to a doping concentration of ∼ 10 -2 per formula unit. This exceeds by two orders of magnitude the experimental one and impedes a direct comparison.

Let us note that very recently, Tomioka et al. [START_REF] Tomioka | Superconductivity enhancement in polar metal regions of Sr0.95Ba0.05TiO3 and Sr0.985Ca0.015TiO3 revealed by systematic Nb doping[END_REF] have confirmed that below a threshold density of ≈ 8 × 10 18 cm -3 , SrTi 1-x Nb x O 3 and Sr 1-x La x T iO 3 do not superconduct. On the other hand, replacing Sr with either Ca or Ba makes them superconducting. This provides additional support for dopant dependent superconductivity in the dilute limit and calls for an experimental study of the fermiology in polar metals such as Nb:Sr 0.985 Ca 0.015 TiO 3 . Dopant-dependent superconductivity has been reported in other cases. Beyond a critical threshold of Tl doping, Pb 1-x Tl x Te is a superconductor, but Pb 1-x Na x Te is non-superconducting [START_REF] Matsushita | Evidence for charge kondo effect in superconducting tldoped PbTe[END_REF][START_REF] Giraldo-Gallo | Evidence of incoherent carriers associated with resonant impurity levels and their influence on superconductivity in the anomalous superconductor Pb1-xTlxTe[END_REF]. The difference has been tracked to the presence of Tl impurity states near the Fermi energy. Let us note that the concentration of dopants is two orders of magnitude lower in strontium titanate than in lead telluride. The experimental observation of dopant dependent superconductivity has motivated theoretical scenarios [START_REF] Dzero | Superconductivity in charge kondo systems[END_REF][START_REF] Kivelson | Physics of superconducting transition temperatures[END_REF], which In all cases, the structure was fully optimized within DFT. Only in the case of Nb substitution, the dispersion is virtually identical to the pristine case. In (b), the oxygen vacancy (v-T) keeps the tetragonal symmetry of the lattice. In (c) and (d), the oxygen vacancy (v-O) makes the system orthorhombic and as seen in (d) the dispersion along x-and y-axes are no more identical. The horizontal axis refers to distances the momentum space along different orientations expressed in reciprocal lattice units. may be relevant to our result. Nevertheless, large Hubbard correlations are unlikely in the extreme dilute limit. Occam's razor [START_REF] Mazin | Inverse Occam's razor[END_REF] would favor scenarios which do not require them. Thus, like lead telluride, strontium titanate demonstrate that the rigid band approximation does not capture the whole physics when a small concentration of dopants turns a solid off-stoichiometric. Future studies will tell if the breakdown of the rigid band approximation has any visible signature in the thermoelectric response [START_REF] Lee | Validity of the rigid band approximation in the study of the thermopower of narrow band gap semiconductors[END_REF], as found in the case of PbTe [START_REF] Heremans | Enhancement of thermoelectric efficiency in PbTe by distortion of the electronic density of states[END_REF], where doping by Tl has led to an amplification of the thermoelectric figure of merit.

In summary, we found that doping strontium titanate by removing oxygen leads to a dilute metal different from the one obtained by substituting Ti with Nb. The two detected differences are the band dispersion and the presence and absence of a superconducting instability. The exceptionally dilute superconductivity is an instability in a band specifically sculpted by oxygen vacancies of strontium titanate.

IV. Materials and methods

Nb-doped films were synthesized on SrTiO 3 (001) substrate in pulsed laser deposition, as detailed previously [START_REF] Kozuka | Dramatic mobility enhancements in doped SrTiO3 thin films by defect management[END_REF][START_REF] Inoue | Delta-doped SrTiO3 topgated field effect transistor[END_REF]. The films, which are listed in table I, are all sufficiently thick to host a three-dimensional Fermi surface as found in a previous study of their fermiology [START_REF] Kim | Fermi surface and superconductivity in low-density high-mobility SrTiO 3-δ[END_REF].

Oxygen-deficient SrTiO 3 single crystals were obtained by annealing commercially bought substrates in a man- ner similar to what was described in ref. [START_REF] Lin | Fermi surface of the most dilute superconductor[END_REF][START_REF] Lin | Critical doping for the onset of a two-band superconducting ground state in SrTiO 3-δ[END_REF][START_REF] Spinelli | Electronic transport in doped SrTiO3: Conduction mechanisms and potential applications[END_REF]]. Fourcontact resistivity measurements were performed in a dilution refrigerator inserted in a 17 T superconducting magnet.

Band calculations used the Projector Augmented Wave method together with the Generalized Gradient Correction to the exchange-correlation potential [START_REF] Perdew | Generalized gradient approximation made simple[END_REF], as implemented in the VASP package [START_REF] Kresse | Ab initio molecular dynamics for liquid metals[END_REF]. Fig. 5 was generated using the VESTA program [START_REF] Momma | VESTA3 for three-dimensional visualization of crystal, volumetric and morphology data[END_REF].
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FIG. 1 .

 1 FIG. 1. Different thresholds for emergence of superconductivity: a) Temperature dependence of electrical resistivity (ρxx) in SrTi1-xNbxO3 and SrTiO 3-δ (orange) sample with similar carrier density nH ≃1.6 ×10 18 cm -3 . Neither the thin film nor the single crystalline SrTi1-xNbxO3 shows a superconducting transition at this carrier density. b) Doping evolution of the superconducting critical temperature (Tc). Solid symbols represent samples studied in the present work. Open symbols represent what was reported previously [2, 22, 31].

FTFIG. 2 .

 2 FIG. 2. Distinct Fermi surfaces: a) Magnetoresistance ( ∆ρxx ρ 0 ) vs B in SrTi1-xNbxO3 (orange) and SrTiO 3-δ (blue) with the same Hall carrier density nH =1.65e18cm -3 at T = 120 mK. b) Traces of the quantum oscillations in ∂ 2 ρxx∂B 2 as function of B -1 for both samples. c) Amplitude of the Fourier transform (FT) vs frequency (F) deduced from b). The amplitude was normalized by the peak value and shift for clarity. In both samples, two frequencies (and their harmonics) can be identified, respectively labelled F1 and F2.

FIG. 3 .

 3 FIG.3. Doping evolution of the Fermi surface of SrTi1-xNbxO3 and SrTiO 3-δ : a) Frequencies of the quantum oscillations of the two sub-bands F1 (circles) and F2 (squares) vs. the Hall carrier density (nH ) in SrTi1-xNbxO3, in SrTiO 3-δ[START_REF] Lin | Critical doping for the onset of a two-band superconducting ground state in SrTiO 3-δ[END_REF] and in Sr1-xLaxTiO3[START_REF] Allen | Conduction-band edge and shubnikov-de haas effect in low-electron-density SrTiO3[END_REF]. The Lifshitz transition occurs at different threshold densities. b) Ratio of the carrier density extracted from the Hall coefficient to the carrier density deduced from quantum oscillations frequency assuming two spherical pockets. A difference persists in all samples. This implies distinct geometries for the Fermi surface in the two cases.

FIG. 4 .

 4 FIG. 4. Quantum oscillations in SrTi1-xNbxO3 with nH = 4.4×10 18 cm -3 : a) ∆ρxx ρ 0 vs B at different temperatures from 80 mK to 2.1 K. b) ∂ 2 ρxx ∂B 2 as a function of B -1 displaying quantum oscillations. c) FT of the data at T = 80 mK.

  ) and then compared to the Hall carrier density, n H . Their ratio, n H n sphere SdH , is a measure of the deviation of the pockets from perfect spheres. Fig. 3.b compares the two cases at different doping levels. The ratio is ≈ 1.2 in SrTiO 3-δ and ≈ 0.5 in SrTi 1-x Nb x O 3 . Thus, the Fermi surface of Nb-doped samples is less spherical than the Fermi surface of SrTi 1-x Nb x O 3 . Moreover, as seen in Fig. 3.a, the threshold for filling the second band, i.e. the onset of the Lifshitz transition is also lower in the Nb-doped case.

FIG. 5 .

 5 FIG. 5. Effect of impurities on the crystal structure and electron density: a) Crystal structure with a Nb impurity (green octahedron) b) Same for an O vacancy (black ball) preserving the tetragonal symmetry. c) The electron charge distribution around the vacancy; here the red balls are O, the blue-grey ones Ti and Sr are green. The black ball indicates the approximate location of the vacancy. The (yellow) isosurfaces are drawn at the level of electron density of 0.05 e/ Å3 .

FIG. 6 .

 6 FIG.6. Non-relativistic band states in Sr64Ti63NbO192 (a) and in Sr64Ti64O191 (b,c,d): In all cases, the structure was fully optimized within DFT. Only in the case of Nb substitution, the dispersion is virtually identical to the pristine case. In (b), the oxygen vacancy (v-T) keeps the tetragonal symmetry of the lattice. In (c) and (d), the oxygen vacancy (v-O) makes the system orthorhombic and as seen in (d) the dispersion along x-and y-axes are no more identical. The horizontal axis refers to distances the momentum space along different orientations expressed in reciprocal lattice units.

FIG. 7 .

 7 FIG. 7. Effect of a tetragonal" v-O vacancy on the ligand crystal field: Relevant Ti d and O p wave functions for the wave vector k corresponding to the Γ point, in the real space around a Ti site. In absence of O vacancy, the hybridization of all t2g orbitals with the O states cancels out by symmetry. Introducing a vacancy does not change this for the xy orbital (top) but the cancellation is broken by the vacancy for the xz and yz (not shown) orbitals (bottom). As a consequence, in the momentum space, the corresponding bands at the Γ point shift upward.

TABLE I .

 I 

	Sample	µH	nH	F1 F2	target used	thickness Undoped cap layer
		V.cm -2 .s -1 cm -3 T T		nm	nm
	S1	4100	4.4e18 36 137	0.04 at.% Nb	892	119
	S2	3162	1.65e18 16 72	0.02 at.% Nb	617	102
	S3	1365	1.5e18 14 58	0.02 at.% Nb	895	90
	S4	9084	8.6e17 9 33 0.02 at.% Nb +undoped	748	100
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