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Computing most general unifiers in Euclidean modal logics

Quentin Gougeon*

CNRS-INPT-UTS, Toulouse University, F-31062 Toulouse, France

Abstract

We prove that all extensions of K5 have unary unification. Our result applies to the parametric and
relative variants of unification. In addition, our proof is constructive in the sense that we can effectively
compute, in 4-exponential space, a most general unifier for any unifiable formula. We also investigate special
unification types: we show that K5 and KD35 are transparent, and characterize the projective extensions of
K5.
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1 Introduction

In propositional logics, the problem of unification asks whether an arbitrary formula can be turned
into a tautology, by uniformly replacing its variables with other formulas. Formally, given a logic
L and a formula ¢, we call a unifier of ¢ any substitution ¢ such that o(¢) is a theorem of L. A
central question in unification theory is that of determining the type of a unifiable formula ¢, a
concept that summarizes the structural information of its space of unifiers and, more specifically,
that indicates to which extent it admits a ‘compact’ representation. The different possible types
are unary, finitary, infinitary and nullary, and depend on the existence and cardinality of a minimal
complete set of unifiers of . The best of all four types is the unary one, which means that every
unifier of ¢ can be written as an instance of one specific unifier, called a most general unifier of .
Some most general unifiers have additional properties that make them easier to identify, such as
Wronski’s transparent unifiers [Wro95], and the projective unifiers introduced by Ghilardi |[Ghi97].
In all cases, the type of the logic L is defined as the worst type among all the types of the unifiable
formulas. Unification is also closely related to the problem of admissibility: an inference rule £2=#»
is said to be admissible for L if every unifier of ¢1,..., ¢, is also a unifier of ¥y — which means,
intuitively, that the rule turns theorem of L into theorems of L. If ¢1 A --- A ¢, admits a most
general unifier o, then checking that £12% is admissible amounts to check that o is a unifier of .
For details we refer to [BG11, [BSO1), (Ghi99].

Unification in modal logics is still poorly understood, despite being studied since decades, and
having witnessed a number of milestones: in [Ghi00], Ghilardi proved that many transitive logics like
K4, S4 or GL are finitary; in [GS04], Ghilardi and Sacchetti proved that all extensions of K4.2*
are filtering and, in particular, unary; in [Jerl5], Jefabek proved that K is nullary; in [Kos1§|, Kost
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proved that all the extensions of K4D1 are projective. Yet, to this day, the type of standard logics
such as KD, KT and KB remains unknown. Some variations of standard unification have also
been proposed. In parametric unification, substitutions are not allowed to affect some variables,
called parameters (or constants in [BS01]). In this setting, the logics KD, KT, KB, KDB, KTB
and many others turn out to be nullary [BGI7, Ball9, BG20]. In relative unification, recently
introduced in [BG23], standard unification is not strengthened, but weakened relatively to a modal
formula §: here, any substitution o such that ¢ b, o(p) counts as a unifier of ¢ modulo §. Note
that in the special case of § = T, unification modulo § coincides with standard unification.

While results in unification theory are usually derived via syntactic methods, semantics-driven
idea have also been applied with success. Those typically exploit a duality between modal algebras
and (general) Kripke frames, from which one can derive a correspondence between unifiers and
a certain type of bounded morphisms between canonical frames. Unification results can then be
proven by relying solely on the relational properties of these frames, thus favoring visual intuition.
This approach was used by Ghilardi for intuitionistic logic [Ghi04], and more recently by Balbiani
and Gougeon for modal logics [BG23]. In this work, we aim to apply these techniques to the
extensions of the logic K5 := K+ Qx — 0x. These logics present key strong points, listed below.

1. Their canonical frames are Euclidean, and thus have a very simple from.

2. They are popular and well understood since years, with a complete characterization worked

out by Nagel and Thomason as early as the 80’s [NT85].
3. They are all locally tabular. Duality-based techniques were found to work best for logics with
this property, as it greatly simplifies the structure of their dual frames.

Unification for these logics has already been partially investigated in recent work, though in the
non-parametric setting only. First, the associated decision problem is readily proven to be in NP,
seeing that every variable-free formula is equivalent to one of L, T, JL or QTH In [BG23], it was
proven that the projective extensions of K5 are exactly the extensions of K45. On the other hand,
the authors of [AABM23] exhibited infinitely many unary logics between K5 and K45 (including
K5 itself), but left open the question of whether all extensions of K5 are unary. In the present
paper, we answer this question in the affirmative. Even better, we exhibit an upper bound on the
number of extra variables needed to construct a unifier. More precisely, we show that if ¢ contains
n variables, then ¢ admits a complete set of unifiers that use a number of variables 2-exponential in
n. Combining this result with the fact that extensions of K5 have filtering unification [AABM23],
we show that one can effectively compute a most general unifier for ¢ in 4-exponential space.
From this, we also deduce that admissibility is decidable in 4-exponential space. Interestingly,
these results remain valid even for parametric and relative unification combined together. Finally,
we attempt to characterize the special types of compact, transparent and projective unification —
where compact means that a unifiable formula always admits a most general unifier that does not
introduce new variables. We show that the projective extensions of K5 (in the parametric case)
are exactly the extensions of the logic Kt5 := K5 +x A QT — Ox. We also exhibit infinitely many
transparent Euclidean logics that are not projective — including K5 and KD5 — as well as infinitely
many non-compact extensions of K5.

The paper is structured as follows. In Section [2] we introduce the necessary material. In

!This kind of result is folklore, and the proof sketch goes as follows. We call a ground substitution a substitution
that replaces variables by variable-free formulas only. We can see that if ¢ admits a unifier, then ¢ admits a ground
unifier, obtained by composing o on the left with any ground substitution. Hence, we can decide whether ¢ is
unifiable by non-deterministically selecting a ground substitution o, and checking whether o(¢) is valid.



Section [3] we investigate the problem dual to unification and proceed to break it down into ‘atomic’
sub-problems that are easier to address. In Section [4 we present our algorithm for computing a
most general unifier. In Section [b] we deal with compact, transparent and projective unification.
In Section [6] we discuss potential directions for future work.

2 Background

2.1 Modal logic

Let X be a countable set of variables. We fix a set P C X of parameters, such that both P and
X \ P are infinite. If X C X', we define the modal language Lx over X by the following grammar:

pu=z || (@A) | Op

where z € X. We write £ := Ly. The abbreviations L, T, ¢ V¢, — 1, p < ¢, ¢ are defined
as usual, and we follow the standard rules for omission of parentheses. Given n € N, we define
the formula 005"y inductively by 00y := ¢ and Oty := p AOO"@. If ¢ € L, we denote
by Var(p) the set of all variables occurring in ¢. The formula ¢ is said to be parameter-free if
Var(p) NP = @. The size of ¢ is the number of symbols occurring in ¢, and is denoted by
lp|. A substitution is a map o : Lx — Ly with X, Y C X finite, satisfying o(—¢) = —o(p),
o NY)=0c(p) No(y) and o(Op) =0Oo(p) for all p,p € Lx. Ifo: Lx = Ly and 7: Ly — Lz
are two substitutions, the composition 7o : Lx — Lz of ¢ and 7 is the substitution defined by
To(p) :==T1(o(p)) for all p € Lx.

A normal modal logic is a set I C L of formulas containing the axioms and closed under the
inferences rules described in Table An extension of L is any normal modal logic L’ such that
L C L' GivenI' C £, we denote by L + I' the smallest extension of L containing the elements
of I'. If ' is a singleton {0}, we write L + 6 := L + {6}. For convenience, we let -1, ¢ stand for
p € L. We then write ¢ =1, ¥ whenever 1, ¢ <> 9. Given two substitutions o : Lx — Ly and
T:Lx — Lz, we write 0 =, 7 if o(z) =g, 7(x) for all x € X. Below we also define the relation of
global consequence relatively to L, adapted from [CZ97, Ch. 3].

All propositional tautologies
O(z — y) = (Ox — Oy)

From ¢ infer o(¢p)
From ¢ and ¢ — ¥ infer ¢

From ¢ infer Oy

Table 1: Axioms and rules of normal modal logics. Here o is a substitution.

Definition 2.1. Let L be a normal modal logic. Given ¢,¢ € L, we write ¢ b, ¢ if there exist
0o, ...,0, € L such that 6, = ¢ and for all i € [0,n], one of the following holds:

° 0=,

o 61 S L,

e there exist j,k < ¢ such that 0, = 0; — 0;,



e there exists j < 7 such that §; = [J0;.

We denote by K5 the smallest modal logic containing the axiom Qx — O0xz. We will also
consider the following extensions of K5:

KD5:=K5+ T,
K45 := K5 + Oz — OOz,
Kts =K5+2AOT — O,
S5:=K5+z — Q.

The axiom =z A 0T — Oz is a weaker variation of the axiom z — Oz, traditionally named
T [BARVO1]; this explains the name Kt5.

Finally, if L is a normal modal logic, we call a substitution o : Lx — Ly parametric (with
respect to L) if for all p € X NP we have p € Y and o(p) =, pE|

2.2 Kripke frames and duality

A Kripke frame is a pair § = (W, R) with W a non-empty set of points and R C W? a binary
relation. Abusing notations, we will often identify § to the set W. We define the relation R™ on
W by induction on n as follows:

o wR% iff w = u, and

e wR™ 1y if there exists v € W such that wRv and vR™u.
We then write wR="u if wRFu for some k < n.

A generated subframe of § is a frame § = (W', R') such that W/ C W, R' = RN W', and
w € W and wRu implies u € W’. In this case § is said to be generated by W'. The frame §' is
called a closed subframe of § if in addition, w € W’ and uRw implies u € W'. If § = (W, R) and
§ = (W', R') are two Kripke frames, a bounded morphism from § to § is a map f : § — § such
that:

e if wRu then f(w)R'f(u), (forward condition)

e if f(w)Ru' then there exists u € W such that wRu and f(u) = /. (backward condition)

Definition 2.2. Let § = (W, R) be a Kripke frame. Let X C X and let V : X — 2" be a valuation
on §. Given w € W, we define §, V,w F ¢ by induction on ¢ € Lx:

o F,ViwE zifwe V(x),

e F,VwE il §,V,wFp,

e F VwEpoAYiIf§,V,wE pand §,V,w E 1,

o 5, V.wkEOypif §,V,ukE ¢ for all u € W such that wRu.
We write § F ¢ in case §,V,w F ¢ for all valuations V on § and all w € W. If ' C Lx, we write
SET in case § F ¢ for all p € T.

For the rest of the paper, we fix a normal modal logic L.

Proposition 2.3 ([BARVO01, Th. 3.14]).

2Traditionally, parametric unification requires that o(p) = p instead of o(p) =L p. This condition, however, is too
stricty syntactic to admit a dual counterpart, as in Proposition This is why we favor our version, which presents
the advantage of being invariant under equivalence of substitutions. As we will see in Remark this does not
alter unification in L in any significant way.



1. If §E L and §' is a generated subframe of §, then § E L.
2. If f is a surjective bounded morphism from § to §' and § = L, then § & L.

Definition 2.4. Let L be a normal modal logic, and X be a finite set of variables. A set ' C Lx
of formulas is said to be consistent if there are no ¢1,...,¢, € I' such that by, = A", ;. We say
that I' is maximal consistent if T is consistent, and there is no consistent set A C Ly such that
I' ¢ A. The canonical frame of L over X is then the frame §Fx = (Wx, Rx) where:

e Wx is the set of all maximal consistent sets of L over X, and

e 'RxA iff for all Op € T, we have ¢ € A.
We also introduce the canonical valuation Vx defined by Vx(z) := {I' € Wx : x € I'}. We denote
by (p)x :={I' € Wx : ¢ € I'} the extension of ¢ in Fx. We then denote by (0)F = [,,en(d"9) x
the tight extension of ¢ in Fx.

The following results are known as the Lindenbaum Lemma and Truth Lemma, respectively. In
the sequel, we will use them without justification.

Proposition 2.5 ([BARVO01, Lemma 4.17]). If I' C Lx is consistent, then there exists A € Wx
such that ' C A.

Proposition 2.6 ([BARV01, Lemma 4.21]). For all w € Wx and ¢ € Lx, we have ¢ € w iff
gXa VX7 w F @.

The logic L is said to be locally tabular if for every X C X finite, there are only finitely many
formulas in Lx up to =g. In particular, this implies that §x is finite, and that §x F L, as a
consequence of the Truth Lemma and [BARV01, Lemma 3.27]. In what follows, we assume that L
is locally tabular.

As we have seen, the canonical frame offers a bridge between logics and frames, between syntax
and semantics. Duality theory appears to further strengthens this link, by establishing a correspon-
dence between substitutions and bounded morphisms. Indeed, if ¢ : Lx — Ly is a substitution,
the dual of o is the bounded morphism o* : §y — Fx defined by o*(T') := o ![['] for all T € Wy
This correspondence is one-to-one modulo =y,, which means that (1) for every bounded morphism
f 8y — Tx there exists a substitution o : Lx — Ly such that ¢* = f, and (2) if o* = 7*
then o =g, 7 (see [BGQSJ)H It can then be specialized to a correspondence between parametric
substitutions and parametric bounded morphisms.

Definition 2.7. Let & be a generated subframe of §y and § be a generated subframe of §x. A
bounded morphism f : & — § is said to be parametric if for all p € X NP we have p € Y and

FHp)x Ng] = pyns.

Remark 2.8. Alternatively, f is parametric if and only if for all p € X NP we have p € Y, and
then for all w € & we have w € (p)y <= f(w) € (p)x. The point is that parametric bounded
morphisms ‘preserve’ parameters in a similar way as parametric substitutions do.

Proposition 2.9. Let 0 : Lx — Ly be a substitution. Then o is a parametric substitution if and
only if o* is a parametric bounded morphism.

3In the general case, one also has to endow Fx and Fy with a collection of admissible sets, and to restrict the
definition of a bounded morphism accordingly. However, when §x and Fy are finite (as this is the case here), this
condition collapses and can simply be forgotten. For details we refer to [BG23].



Proof. Suppose that o is parametric, and let p € X N'P. By assumption we have p € Y. Then
eot [(p)x] iff o*(T) € (p)x, iff o(p) € I, iff p € T’ by assumption, iff ' € (p)y. Conversely,
suppose that o is not parametric. Then there exists p € X NP such that p ¢ Y, or else o(p) #r, p.
If p ¢ Y we are done, so assume that o(p) Zr, p. Then {—(c(p) <> p)} is consistent, and so there
exists I' € Wy such that either o(p) A =p € T' or —o(p) Ap € I'. In the former case, we have
I' e 0*_1[<p)x} and I' ¢ (p)y, and in the latter case we have I' ¢ O'*_l[<p>X] and I' € (p)y. In
both cases, this proves that o* ' [(p) x| # (p)y- O

2.3 Euclidean frames

The logic K5 is known to be the logic of Fuclidean frames. A Kripke frame § = (W, R) is said
to be Fuclidean if wRu and wRv implies uRv, for all w,u,v € W [CZ97, Cor. 3.37]. It is then
widely known that § is Euclidean if and only if § F K5. From now on, we assume that L is an
extension of K5. In this is case, L is locally tabular [NT85, Cor. 5], and it follows that §x is a
finite Euclidean frame, for all X C X finite. In this section, we provide a comprehensive description
of Euclidean frames and bounded morphisms between them, as these will be of central interest in
the sequel. The following property is known under the name of 2-transitivity.

Proposition 2.10. Let § = (W, R) be an Euclidean frame. If wR=3u then wR<?u.

Proof. Suppose that wR<3u and not wR<?u. Then there exist v,v’ € W such that wRvRv'Ru.
We use the fact that § is Euclidean. First, from wRv we obtain vRv. From vRv" and vRv we then
obtain v’ Rv. Finally, from v'Rv and v’ Ru we obtain vRu. Thus wRvRu, a contradiction. This
proves the claim. O

Corollary 2.11. We have g, OS2z — O3z,

Proof. Since §(,) is Euclidean, it is 2-transitive by Proposition [2.10) - Then, using Proposition @,
it is easy to check that 7, D<2x — O3z,

Now, let § = (W, R) be an Euclidean frame. A pre-cluster in § is a non-empty set ¢ C W such
that for all w,u € ¢ we have wRu. A pre-cluster c is called a cluster if there exists no pre-cluster
c in § such that ¢ C ¢/; or alternatively, if whenever w € ¢ and wRu we have u € c. A pre-cluster
which is not a cluster is called a proper pre-cluster. If W is a cluster, the frame § itself will be
called a cluster, and typically named €.

A point w in § is reflexive if wRw, initial if there is no u such that uRw, and isolated if there
is no u such that wRu. Note that since § is Euclidean, every isolated point is also initial. Indeed,
by contraposition, if w is non-isolated then we have uRw for some u, and it follows that wRw. We
write w > ¢ whenever w is initial, ¢ is a pre-cluster and ¢ = {u € W | wRu}. In this case we call w
a predecessor of c. We call w a quasi-predecessor of ¢, and write w > ¢, if either w is a predecessor
of ¢, or ¢ is a cluster and w € ¢. A pre-cluster with no predecessor is said to be degenerated. If C
is a cluster we then write C := C U {w € W | 3u € C, wRu}.

We denote by R the smallest equivalence relation on W containing R. The frame § is said to
be primitive if for all w,u € W we have wRu. Primitive frames present a fairly simple structure.

Proposition 2.12 ([NT85, Lemma 1]). A non-empty Euclidean frame § = (W, R) is primitive if
and only if one of the following holds:



1. we have W = {w} with w isolated, R
2. there exists a cluster C' in § such that W = C.

Proof. The direction from right to left is clear. Conversely, assume that § is primitive. Since § is
non-empty, there exists w € W. First suppose that w is isolated. For all u € W, we have wRu, but
then the only possibility if w = u. Thus § falls in case [l Otherwise, there exists u € W such that
wRu. Then we also have uRu. Let C := {t € W : wR?t}, which is non-empty by assumption. First,
let t,# € C. Then wRvRt and wRv'Rt' for some v,v' € W. Since § is Euclidean, we obtain vRv’,
and then v'Rt, and finally tRt’ and t'Rt. This proves that C' is a pre-cluster. By Proposition
it is then clear that C is a cluster. Now let v € W. We have wRv, but by Proposition and the
Euclidean character of R, we see that this amounts to vR¢ for some ¢ € C. Therefore W = C, and
we are done. O

Primitive frames that fall in case [1| will be called trivial. If § falls in case [2| then it is clear
that the cluster C is the unique cluster in §. If € is the subframe of § generated by C', then we
write § = € and we call § a pinned cluster. Thus, Proposition can also be understood as
the property that every Euclidean frame is a disjoint union of trivial frames and pinned clusters.
Examples of primitive frames are depicted in Figure [T}

S GO} @

Figure 1: Some primitive Euclidean frames. From left to right: a trivial frame; a degenerated two-element
cluster; a one-element cluster with two predecessors; a non-degenerated two-element cluster, containing
both a degenerated and a non-degenerated one-element pre-cluster; a degenerated cluster containing two
overlapping two-element pre-clusters with one predecessor each.

Proposition 2.13. Let § = (W, R) and §' = (W', R) be two Fuclidean frames and f : W — W’
be a map. Then f is a bounded morphism from § to § if and only if the following four conditions
are satisfied.

1. If w is isolated in § then f(w) is isolated in F .

2. If C is a cluster in § then f[C] is a cluster in §'.

3. Suppose that c is a pre-cluster in §. If w > ¢, then f(w) > f[c].

4. Suppose that ¢ is a pre-cluster in §, and that f|c] is a proper pre-cluster in §'. If wic, then

flw)e flel.

We now prove a number of important results related to the canonical frame of L. Lemma
and Lemma[2.15]state that primitive subframes can be ‘copied’ from one canonical frame to another,
while forcing some variables to be true or false on the copy. Lemma determines the number of
predecessors of a pre-cluster. First, we set some notations. Let Y, Z C X be finite, and X C Y NZ.
Given w € §y and u € Fz, we write w ~x u if we have w € (x)y <= u € (x)z for all z € X.
Given w € §y, we also write

Puw ‘= /\ z| A /\ -

z€X and we(z)y z€X and w¢(z)y



Lemma 2.14. Let Y, Z C X be finite, and X CY NZ. Let {w} be a trivial subframe of §y. Then
there exists a trivial subframe {w'} of Fz such that w ~x w'.

Proof. By construction we have w € (L A py)y, and so {OL A py} is consistent. Hence, there
exists w’ € Fz such that w' € (OL A py)z, and {w'} is then the desired frame. O

Lemma 2.15. Let Y, Z C X be finite, and X C Y NZ. Let € be a cluster in §y, and ~ be
an equivalence relation on € such that w ~ u implies w ~x u for all w,u € €. Assume that
1€/o] < A2\XI | Then there exists a cluster ¢ in §z and a surjective map f : € — €' such that for
all w,u € €:

1. w ~w if and only if f(w) = f(u),

2. wr~x f(w)

Lemma 2.16. Let X C X be finite and € be a cluster in Tx.
1. If € is non-degenerated then € has 21X — |€| predecessors.
2. Every non-degenerated proper pre-cluster of € has 2X| predecessors.

More precisely, for all c C € and Y C X, there is exactly one quasi-predecessor w of ¢ such that
Y={zeX:we (z)x}.

2.4 The landscape of extensions of K5

Investigating unification in all Euclidean logics is an ambitious endeavor, but luckily we do not start
from scratch. In their 1985 paper [NT85], Nagel and Thomason studied these logics in depth, and
provided a complete characterization of the extensions of K5. In particular, they show that every
one of them is finitely axiomatizable, and that their axiomatization can be put in some ‘normal
form’. We briefly present their results.

Let m > 1. Given n > 0 we define the frame §, ., = (W,R) with W = {w} U AU B and
R = ({w} x A)U (AU B)?, where A and B are disjoint and |A| = m and |B| = n. We define the
frame §_1,, = (W, R) with |W| =m and R = W?2. We also introduce the set

Ny :={(n,m):n>—-1and m > 1}.

Pairs in Ny are compared coordinate-wise, that is, (n,m) < (n/,m’) stands for n < m and n’ < m/'.
Nagel and Thomason then introduced, for all (n,m) € Ny, an axiom Axy,, ,, expressing the fact that
the frame §,,,, is a ‘forbidden pattern’. To be precise, we have for all (n’,m’) € Ny,

ot E Axpm <= (n,m) £ (n',m)

and so in particular §,, ., ¥ Axp . Then every extension L of K5 admits a finite axiomatization
of the form
L = K5+ {Ax,m : (n,m) € A} + D’ (1)

where D? € {T,0T} and A C Ny is finite. Basically, the axiom D is either vacuous (in case
D’ = T), or else enforces the absence of any isolated point in the canonical frame. In the sequel, we
assume that L is presented as in |1} and consider A and D’ to be fixed from now on. Let us write
tA = {(n/,m') € Ny : I(n,m) € A, (n,m) < (n/,m’)}. In Proposition we prove that 1A
characterizes all the pre-clusters that are degenerated in the canonical frame. We give in Table
a presentation of standard Euclidean logics in terms of A of D’. We also provide a schematic
depiction of TA in Figure



L A D’
K5 %) T
KD5 %] OT
K45 | {(1,1)} | T
Kts | {(1,0)} | T
S5 (1,0)} | OT

Table 2: Standard characterizations of some logics

Proposition 2.17. Let X C X be finite.
1. Given m' > 1, there is a cluster in §x of size m’ if and only if 2X| > m’ and (=1, m') ¢ TA.
2. Let € be a cluster in §x, and ¢ C €. Let n' :=|€\ ¢| and m’ := |¢|. Then c is degenerated if
and only if (n',m’) € TA.

+A

-1 1

Figure 2: The space Ny and the set A, whose elements are identified by circles. The colored area
corresponds to TA.

2.5 Unification and admissibility

Let ¢,0 € L and X := Var(p) U Var(d). If 0 : Lx — Ly and 7: Lx — Lz are two substitutions,
we write ¢ ~s 7 in case 0 g, o(z) <> 7(x) for all z € X. We say that o is at least as general as
7, and write 0 <5 7, if there exists a substitution u : Ly — Lz such that 7 ~5 uo. A unifier of
¢ (modulo 0) is a parametric substitution o : Lx — Ly such that X C Y and § b1, o(p). If ¢
admits a unifier, then ¢ is said to be unifiable. A set ¥ of unifiers of ¢ is said to be complete if for
all unifiers 7 of ¢, there exists o € ¥ such that o <5 7. In this case, when ¥ is a singleton {o}, we



call o a most general unifier of ¢ (or MGU for short). If every unifiable formula admits a MGU
(for all §), then L is said to be unary.

Remark 2.18. Due to technical motivations, our definition of unifiers does not exactly agree with
the state of the art. Traditionally, a unifier of ¢ replaces the variables in ¢ by formulas, and should
thus have domain Ly, (,). In addition, the preservation of parameters is generally taken to be
purely syntactic (see Footnote. So let us call a standard unifier of ¢ (modulo ¢) any substitution
T ¢ Lyarp) — Ly such that § by, 7(¢), and such that for all p € X NP we have p € Y and
o(p) = p. Though the two presentations differ, we claim that they are equivalent as far as the
structural properties of the space of unifiers are concerned. Indeed, given o : Lx — Ly, we can
define F'(0) : Lyar(p) — Ly by F(o)(p) := p for all p € Var(p) NP, and F(o)(z) := o(z) for all
x € Var(e) \ P. Then F realizes a surjection from the set of unifiers of ¢ to the set of standard
unifiers of ¢, and also satisfies o <5 0/ <= F(0) <5 F(0’). In particular, this implies that o is a
MGU of ¢ iff F(0) is a standard MGU of ¢.

Unification is closely related to the problem of admissibility, which we also introduce in its
relative and parametric variant.

Definition 2.19. Let §,¢1,...,¢n,% € L. The rule ‘Pl‘q‘pﬂ is said to be admissible (modulo §)
if every unifier of ¢1 A --- A ¢, modulo ¢ is also a unifier of ¢ modulo §. The decision problem
of admissibility has inputs of the form (6, ¢1,...,¢n, %) € L2 for some n € N, and an input
(6,01, -, ¢n, ) is positive if and only if the rule Lw-% is admissible modulo §.

The traditional account of admissibility corresponds to the case where § := T and @1, ..., on, ¥
are parameter-free. Proposition below was first pointed out in [Ghi99).

Proposition 2.20. Let 4, p1,...,0n,% € L, and suppose that p1 A --- A o, admits a most general
unifier o modulo 6. Then % is admissible modulo § if and only if o is a unifier of 1 modulo 6.

In [BG23], it was proved that unifiers correspond to a certain type of bounded morphisms.

Definition 2.21. A dual unifier of ¢ (modulo §) is a parametric bounded morphism f : §y — Fx
such that X CY and f[(6)5°] C (¢)%.

Proposition 2.22 ([BG23| Th. 4.6]). A parametric substitution o : Lx — Ly 1is a unifier of ¢ if
and only if o* is a dual unifier of ¢.

We also proceed to partially dualize the relation <5, namely, if 0 and 7 are two substitutions,
we introduce a condition on ¢* and 7* that is sufficient for ¢ <5 7. Though we could figure out
a necessary and sufficient condition, only the sufficient part will be needed in this work. Hence,
we prefer to stick to a weaker but simpler characterization. So consider two bounded morphisms
g: 8y > 38x and h: §z — Fx with X C Z. We write g <5 h in case there exists a bounded

o0

morphism [ : Fz — Fy such that (gf)‘<5>ozo = hy(s)5, that is, gf and h coincide on (0)%.
Lemma 2.23. Let ¢, € L. We have ¢ by, ¢ if and only if Fy, OS2p — 1.

Proof. By the Deduction Theorem [CZ97, Th. 3.51], we have ¢ tp, v if and only if there exists
n € N such that Fr, OS¢ — 9. By Corollary we also have Fr, OS¢ « O%2¢p for all n > 2.
By combining these two facts, the conclusion follows. ]
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Lemma 2.24. Let ¢,¢ € Lx with X C X finite. We have ¢ 1, ¢ if and only if (9)S C (¥)x.

Proof. First, we observe that (p)§ = (0=%¢)x as a consequence of Corollary Then by
Lemma-we have ¢ b, 9 iff Fy, D<2<p — ), iff (O%20)x C (¥)x. O

Proposition 2.25. Leto: Lx — Ly, 7: Lx — Lz and p: Ly — Lz be three substitutions, with
X C Z. Then T ~5 po iff (0" 1)) —T|<6>Z

Proof. Suppose that 7 ~5 po. Let I' € (). We show that 7*(I') = o*p*(I"). For consider
¢ € 7(I'). Then 7(p) € I'. Since po ~5 7, we have 6 k1, pu(o(p)) < 7(p), whence (9)% C
(u(o(p)) <> 7(p))z by Lemma Since I' € (6)%, it follows that p(o(p)) <> 7(¢) € I'. Thus,
for all ¢ € Lz, we have p € 7*(') iff 7(p) € T, iff p(o()) € T, iff p € o*p*(I).

Conversely, suppose that (o*u*)|s oy = 7'| (0)2 We show that 7 ~5 po. For suppose not.
Then by Lemma there exists I' € (9)§° such that I' ¢ (u(o(yp)) <> 7(¢))z. Then either
w(o(9)) = 7(¢) ¢ T or 7(9) = (o () ¢ T. Assume that (o)) — 7() ¢ T. Then (o()) € T
and 7(p) ¢ T', whence ¢ € (o*u*)(T') and ¢ ¢ 7%(I'), and thus (oc*p*)(T") # 7%(T), contradicting
(" 1)1y = T|’25>%0. In case 7(¢) — p(o(p)) ¢ T', the reasoning is similar. O

Corollary 2.26. Let 0 : Lx — Ly and 7 : Lx — Lz be two substitutions, with X C Z. If
o* <57, then 0 <5 T.

3 Reflections

Following the preliminary work laid down in Section we now aim to study the structure of dual
unifiers. However, those are complicated objects: the domain of a dual unifier is a full canonical
frame, which consists of a large union of primitive frames. To bypass this difficulty, it will be
convenient to reason on a more granular scale, that is, to work with partial dual unifiers (in the
sense of partial functions). Such objects will be called reflections. In this section we fix X C X
finite and § € Lx.

Definition 3.1. Let § be a generated subframe of Fx. Given ¥ C X finite with X C Y, a
Y -reflection of § is a pair (&, g) such that:

e & is a closed subframe of Ty,

e ¢ is a parametric bounded morphism from & to §x,

e g[6N (0] C 3.

We call (&, g) primitive if & is primitive. We call (&, g) total if & = Fy.

For convenience, any Y-reflection of §, where Y is arbitrary, will be called a reflection of §.
Given a Y-reflection (&, g) of §, and a Z-reflection (9, h) of §, we write (&,g) < ($,h) if there
exists a parametric bounded morphism f : ) — & such that hjgns sy = (g f)‘gm . We say that
§ has Y-bounded (total, primitive) reflection if for every (total, prlmltlve) reﬂectlon ($H,h) of §,
there exists a (total, primitive) Y-reflection (&, g) of § such that (&,g) < (9,h).

If § = (¢)§ and X = Var(p) U Var(d) for some ¢ € L, it is easy to see that the total reflections
of § are exactly the dual unifiers of . In addition, the relation <, when restricted to dual unifiers,
coincides with the relation <5 defined in Section [2.5] Hence, reﬂectlons are a proper generalization
of dual unifiers. We first set a useful lemma, by Showmg that reflections can be ‘inflated’ — a process
dual to how a substitution o : Lx — Ly is extended to a substitution ¢’ : Lx — L7 with Y C Z.
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Lemma 3.2. Let § be a generated subframe of §x. Let Y, Z C X be finite with X CY NZ and
YNP=XNP. Let Yo, Y1 CY \ X and assume that YoNY, = @& and |Z| = |V \ (Yo U Y1)|. Let
($,h) be a primitive Z-reflection of §. Then there exists a primitive Y -reflection (&, g) of § such
that:

* (6,9) 2 (9,h),

« &C(y)y forallyen,

o & C (—wy)y forally €Y.

Corollary 3.3. Let Y, Z C X be finite with X CYNZ and Y NP = X NP. If § has primitive
Z-bounded reflection and |Z| < |Y|, then § has primitive Y -bounded reflection.

Proof. Since |Z| < |Y|, we can select arbitrary sets Yp,Y7 C Y so that Yo NY; = @ and |Z| =
Y\ (Yo UY7)|. Then it suffices to apply Lemma O

Now, our goal is to show that every generated subframe § of §x has bounded total Y-reflection
for a large enough set Y of variables, whose size can be computed effectively. To this end, our
strategy is to fragment §x into primitive generated subframes, and to show that each of these
subframes has primitive Y-bounded reflection. By ‘gluing’ all of these Y-reflections together, we
will then obtain the desired total Y-reflection of §. So first, let us prove that primitive frames have
bounded primitive reflection. To this end, we will distinguish the case of trivial frames from that
of pinned clusters. Observe that, by Proposition all primitive reflections of trivial frames are
trivial frames themselves, and that all primitive reflections of pinned clusters are pinned clusters.

Lemma 3.4. Let Y C X be finite and such that X CY. Then every trivial subframe of §x has
Y -bounded reflection.

Proof. Let {w} be a trivial subframe of Fx. Let ({v}, h) be a Z-reflection of §, for some Z. By
applying Lemma we obtain a trivial subframe {u} of Fy, where u ~x v. As a result, u satisfies
the same parameters in X as v (and thus also w), and u belongs to (4)$° iff v belongs to (4)% (since

d € Lx). By setting g(u) := w, we obtain a Y-reflection ({u}, g) of {w}, which obviously satisfies

({u},9) = ({v}, ). O

For the next lemma, we introduce the integers Ny, := max {n : (n,m) € A} and My, =
max {m : (n,m) € A} (see Figure [3|), with the convention that max @ = —1. We then set
K :=max {2XI, Ny, My}

Lemma 3.5. Let € be a pinned cluster in Fx, with X finite. LetY be a finite set of variables such
that X CY and Y NP = X NP and 2V\X| > 2K|€|. Then € has Y -bounded primitive reflection.

Proof. If X = & then ¢ is reduced to a reflexive point, in which case it is clear that ¢ has o-
bounded reflection, and thus Y-reflection by Corollary So we assume that X # &. Let (@1, g1)
be a primitive Z-reflection of €, for some Z. If |Z| < |Y] it suffices to apply Corollary SO we
assume that |Y| < |Z|. For all w € € we introduce the ‘w-cell’ C} := g (w) of €; — these will play
a key role in the present proof. It is then clear that the C’s cover €; and are pairwise disjoint.
The idea is that the cells of size > 2K are somehow too big, and can be safely ‘contracted” without
affecting the existence of predecessors. Hence, we will be able to map €; onto a cluster €5 whose
cells are all of size > 2K. So, let w € €. We introduce an equivalence relation ~,, over th as
follows.
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(no,m1) TA

i (no,mo) (n1,mo)

-1 1 Ny,

Figure 3: The space Ny with some subsets of interest.

1. If |CL] < 2K, then ~,, is just the identity relation over C.

2. Otherwise we have |Cl| > 2K. Let ~/x be the restriction of ~x to CJ. Then it is clear that
~'y has at most 21X equivalence classes. Since 21X < K < 2K < |C]|, we can construct an
equivalence relation ~,, finer than ~/y, so that ~,, has exactly 2K equivalence classes.

We then consider the equivalence relation ~ := (J,c¢ ~w on €1. By construction, ~ has at most
2K |€| equivalence classes, and satisfies w ~ u = w ~x u. Since 2K|¢| < 2\XI we can apply
Lemma [2.15] and obtain a cluster €y in §z and a surjective map f : €, — €y such that for all
w,u € &, w~uiff f(w)= f(u), and w ~x f(w). Then, given ug € €y, there exists u; € €; such
that f(u1) = up, and we set go(ug) := ¢1(u1). By construction of f, we see that gp : €y — € is
well-defined. We also have gyo f = g1, and f and gy preserve the parameters in X. Given w € €, we
write C9 := gy (w), and can check that f maps C), onto C9, that |CO| = |CL| in case |CL| < 2K,
and that |C0| = 2K in case |C]| > 2K. The situation is depicted in Figure

We then extend g to a parametric bounded morphism from ¢y to €. Consider a non-degenerated
pre-cluster ¢g C €y. We write myg := |¢g| and ng := |€q \ cg|. We write ¢ := golco|, and we construct
¢1 C € non-degenerated such that g1[c;] = c¢. Below we consider three cases. In case[l, €y and ¢;
are isomorphic, so this is easily solved. In case [2| the pair (ng,mg) lies in the colored horizontal
rectangle of Figure [3l When moving from (ng,mg) to the right, one is then guaranteed to stay in
this area, and to remain outside of 1A — and this roughly summarizes how we construct ¢;. Finally,
in case |3| the pair (ng, mg) lies in the vertical rectangle, and the strategy is similar.

1. Suppose that ng < K and mg < K. Then for all w € C we have |C)| < 2K, and thus
|CY9] = |CL| by construction. Hence, f is a bijection from €; to €. Then since ¢y is non-
degenerated, so is ¢ := f~![co], as a consequence of Proposition We also have g1[c1] =
go o fle1] = goleo] = c.

2. Suppose that ng > K. Let ¢; C € be such that |c;| = |co| and flc1] = co. Let ny =
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O\

Figure 4: The three clusters under examination. Here the cluster € contains three elements and,
accordingly, both €y and €; are divided into three cells.

|€1 \ c1]. Note that since |c1| = |co| and |€| < |€;], we have ng < nj. Suppose that ¢ is
degenerated. Then by Proposition there exists (n,m) € A such that (n,m) < (ng,mo).
Since ng > K > Ny, > n, it follows that (n,m) < (ng,mg), contradicting the fact that ¢g is
non-degenerated. Thus ¢; is non-degenerated. We also have g1[c1] = go © fe1] = golco] = ¢

3. Otherwise we have ng < K and mg > K. Given w € €, we are going to define A,, C C such
that |A,| = |C2\ co|. If w ¢ ¢, then we have C0 Necy = @, whence |CO| = |CY \ co| < ng < 2K.
By construction, it follows that |CL| = |CO|, and we set A, := CL. If instead w € ¢, then we
select any A, C C} such that |A,| = |CY \ ¢o| — which exists since |CL| > |CY|.

Now let ¢; := €5\ (Uw€¢ Aw) and mi = |¢1]|. By construction we have

€\ er| = [ Aw| =D [Awl = D 1C8 \ col = |€0 \ cof = mo.

wed wel wel

Suppose that c; is degenerated. Then by Proposition there exists (n,m) € A such that
(n,m) < (ng,m1). Since my > K > My, > m, it follows that (n,m) < (ng, mp), contradicting
the fact that ¢y is non-degenerated. Thus, c¢; is non-degenerated.
We prove that gi[c1] = ¢. Let w € ¢. Then CY Necy # 3, or equivalently CO \ ¢g C CY.
It follows that |A,| = [C2 \ co| < |CY| < |CL|. Hence, there exists u € C} \ A, and by
construction we have u € ¢; and g;(u;) = w. Conversely, let w € €\ ¢. Then A, = C}, and
since A, N ey = @ there exists no u € ¢; such that g1 (u) = w.

Next, let P € X NP. We write 0p := (A\,cpp) A (Apexrp\pp)- Since c¢i is non-degenerated,

so is ¢ = gi[e1] by Proposition m By Lemma it follows that ¢ has exactly 21%\FI quasi-
predecessors within (fp)x N §F, and that ¢y has at least oIY\P| _ |€o| predecessors within (p)y
We have X # @ and thus 21X > 2. We also have K > 2XI whence 2K|¢| > 2. Tt follows that
2K|€| - 21X > 2K|¢| + 21X]. From 2"\XI > 2K|¢]|, we then get

oVAPL — oAXIHXAPT — oXT 9lXAPL > o || - 2KV > 2@ + 21XVl > (g | + 2/X\ P

and thus 2\l — || > 2X\Pl. Therefore, the predecessors of ¢y within (fp)y are more numerous
than the quasi-predecessors of ¢ within (fp)x N F. We then extend gy so that to map the former
onto the latter, and by construction gy preserves the parameters in X.

Finally, we extend f to a parametric bounded morphism from €¢; to ¢y. Consider ¢; C €;
and w>c;. Let my = |c1| and ny = |€1 \ ¢1|. Let ¢o := fler], mo = |co| and ng = |€p \ col.
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Since f is surjective, we have (ng,mg) < (ni,mi). Thus, ¢y is non-degenerated. We also have
golco) = go o fle1] = g1le1], and g1 (w) > g1]c1]. So by construction of gg, there exists u > ¢y such
that go(u) = g1(w). We then set f(w) := u, and we have g o f(w) = g1(w).

It is then clear that f and gy are two parametric bounded morphisms and that gy o f = ¢;.
Since go [éo] C §, we also have that gg [éﬁo N <5>°Y°] C §. We thus obtain a primitive Y-reflection
(€, go) of € such that (€, go) = (€1,91), and we are done.

O

We will also need a number of combinatorial properties.

Lemma 3.6. Let us write n := | X]|.
1. If € is a cluster in §x, then |€| < 2™,
If € is a cluster in Fx, then |€] < 22"
There are at most 2™ isolated points in §Fx .
There are at most 22" clusters in Fx.
We have |Fx| < 22",
Let Y C X be finite with X CY. Let m :=|Y|. Then every generated subframe of Fx has at

22n+m+4 . . .
most 2 primitive Y -reflections.

S G Lo

We are now ready to prove the announced result. Below, the constant o, is defined as ay, :=
max {log(log(NL)),log(log(Mzy,))}, with the convention that log(—1) = log(0) = 0.

Proposition 3.7. Let X C X be finite, and § be a generated subframe of Fx. Let n := |X|, and
Y C X be such that X CY and Y NP =X NP and [Y|=2-22""Y" Then § has Y -bounded
total reflection.

Proof. Let F1,...,3k be the collection of all primitive closed subframes of §. Let Y’ C X be such
that X CY and Y NP = X NP and |Y'| = 3n 4+ 2° 4+ 1. We write m := |Y’/|. Then we have
Y'\X|=m—-n=(n+1)+ (n+2°) >n+1+log K, whence 2V \XI > ontl+loa K — 9. gn
So, given a cluster € in §x, the above inequalities together with Lemma |3.6| ensure that we have
2IY\X] > 2K|€|. Given 1 < i < k, the frame §; is either trivial or a pinned cluster in §x, and by
Lemma and Lemma it follows that §; has bounded primitive Y'-reflection. So the next step
is to select Y D Y’ big enough so that Fy contains every primitive Y’'-reflection of every ;. To
this end, let R be the set of pairs of the form (i, $’, h’) where 1 <i < k and (£, /') is a primitive
Y’-reflection of §;. We introduce a set Y* C X'\ (PUY’) such that [Y*| = [log ]ﬂ In this case

we have |R| < 27| and so there exists an injection Q : R — 2¥". By Lemma there are at
n n . o, . n+m+4
most 2" + 22" < 22" primitive closed subframes of §x, and each of them has at most 22*

e s . b1 gm+n+d
primitive Y’-reflections. Hence, we have |R| < 22" . 22 , and thus

’ka’ < 2n+1 + 22m+”+4 _ 2n+1 + 22 (3n+20‘L+1)+n+4 — 27“L+1 + 224n+20‘L+5'
As a result we have [Y/ UY*| < 3n + 290 4 1 4 201 4 92719117 <9 9271 0 50 we can
select Y C X such that Y UY* CY and Y NP = X NP and |Y| =2 22""L7,

Now we prove that § has Y-bounded total reflection. So let (Fz,h) be a total reflection of §.
Let $ be a primitive closed subframe $) of §z. Then there exists ¢ € [1, k] such that h[$)] C §;,
and $ induces a primitive reflection (), hg) of F;. Since §; has bounded primitive Y’-reflection,

15



there exists a Y'-reflection (§, h) of §; such that (9, hf) < (9, hg). Then, by Lemma there
is some primitive Y-reflection (B, g5y) of T such that (&g, g4) =< (9, h) and B4 C (y)y for all
y € Qi, 9, h) and By C (—y)y for all y € Y*\ Q(i, 9, h’) — since Q is injective, this last condition
ensures that all the &g’s are pairwise disjoint. The situation is depicted in Figure

Sz
hg
/N
fﬁ o*
S
: 95 T
Sy

o/

\__/

domain of ¢’

Figure 5: Construction of a total reflection

It follows that (&g, g5) = (9, hg), and so there exists a parametric bounded morphism fg : $ —
&3, such that (g5 f5) |5 = hg|(syse- The union of the fg’s induces a parametric bounded morphism
f : &z — Ty, and the union of the gg’s induces a parametric bounded morphism ¢ : & — Fx,
where & is the union of all the g’s. We then have (g’f)|<5>%o = hy(sy-

There remains to extend ¢’ to a total parametric bounded morphism ¢ : Fy — Fx. So let
o : Lz — Ly be any parametric substitution satisfying o(z) = z for all zx € X. Then o* : §y — Fz
maps (0)5° to (9)%. Next, the domain of ¢ is a closed subframe of Fy, and thus so is its complement.
So we define g : §y — Fx by g(w) := ¢'(w) if w belongs to the domain of ¢, and g(w) := h(c*(w))
otherwise. It is then clear that ¢ is a parametric bounded morphism and that g[(&)i’?] C F.
Hence, (§y,g) is a total reflection of §. It is also immediate that (gf)|sy = 5. Therefore
(Fx,9) = (§y,h), and we are done. O

4 Computing a most general unifier via filtering

Now that we have obtained the dual properties that we are looking for, we lift them to the syntactic
level, and meet our final goal by applying results from [AABM23]. In this paper, we find a technique
allowing to ‘merge’ two unifiers into a more general third unifier — a property known as filtering.
In particular, if one is given a finite non-empty complete set 3 of unifiers, then one can obtain a
MGU by iterating this operation on the elements of X, and this simple procedure will give birth to
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our algorithm. Let us set these ideas formally. We fix ¢, € £ and X := Var(¢) U Var(d).

Definition 4.1. Let 0 : Lx — Ly and 7 : Lx — Lz be two substitutions, and ¢ be a fresh variable.
The filtering of o and 7 is the substitution o M7 : Lx — Lyyzy(y) defined by

(oM7) (z):=((OOEA(EVOT)) Ao(x)) V (OO0t V (-t AOL)) A7(x))
for all z € X.

Proposition 4.2. Let o : Lx — Ly and 7 : Lx — Lz be two substitutions.
1. If o and T are parametric, then so is o T T.
2. We have c M7 <s0 and o N7 =<5 T.
8. If o and 7 are two unifiers of @, then so is oI T.

Proof. The proof of [2[ and [3| is easily adapted from [AABM23, Prop. 20]. For let us write
Y :=00tA(tVOT). If p € PN X then by assumption we have o M7(p) =1, (Y Ap)V (= Ap) =y, p,
as desired. O

Corollary 4.3. Let ¥ = {o1,...,0,} be a finite non-empty complete set of unifiers of . Then
((c1Mao)M...) Moy, is a most general unifier of .

Before moving to the main result, we will need an upper bound on the size of modal formulas,
up to equivalence in L.

Lemma 4.4. Let X C X be finite and n := | X]|.

1. For all w € Fx, there exists O, € Lx such that |0, = O(2" - n), and 0, € u implies w = u
for allu e §x.

2. For all € Lx there exists x € Lx such that ¢ =y, x and |x| = O(2

2 on ).
Theorem 4.5. If ¢ is unifiable modulo &, then @ admits a most general unifier, which can be
effectively computed in space 4-exponential in the size of ¢ and §.

Proof. First, since K5 C L, the validity problem for L is in NP [HR07], and thus also in PSPACE.
Hence, there is a procedure validy(-) which decides whether F, 7 in space polynomial in ||, for
every ¢ € L. Let § be the subframe of §x generated by (p)¥. We write n := |X|. Let Y C & be
such that X CY and Y NP=XNPand |[Y]|=2- 22" TL et 3y be the set of all parametric
substitutions from Lx to Ly, up to equivalence. Then since L is locally tabular, the set ¥ is
finite, and we consider ¥ := {0 € ¥ | o is a unifier of ¢}. By Proposition § has Y-bounded
total reflection, and by duality (Corollary it follows that % is a complete set of unifiers of
. If ¢ is unifiable, then ¥ is non-empty, and Corollary provides a MGU of ¢. We describe
this procedure precisely in Algorithm [T}, of which we now discuss the complexity. We see that the
program requires three quantities of space: one to store 7, one to store o, and one used by the
execution of validy, on 7(¢p).

1. The parametric substitution 7 can be encoded as a map from X to Ly. By Lemma [£.4] a
formula in £y can be written, up to equivalence, in size O(22m+3 2l [Y]). In addition, since
there are arbitrarily many variables to be handled by the program, they cannot be represented
by primitive symbols. Instead, they need to be encoded by (say) numbers, and each variable
will use up to log |Y'| digits. Hence, 7 has size O(n - 22" olYl Y| log|Y]).
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Input: ¢, 0

X <« Var(yp) U Var(d);

n < | X[;

select Y C X such that X C Y and |Y|=2- g2imerLte,
o &;

foreach parametric substitution 7 : Lx — Ly do

if validy (O<26 — 7(y)) then
if 0 = & then
‘ 0 T;
else
‘ o<+ ollT;
end
end
end
Output: o

Algorithm 1: returns a MGU of ¢ modulo ¢ if there is one, and returns & otherwise

2. The parametric substitution o is, in the worst case, the iteration of the operation N over
all of 3g. A formula in Lx can be identified to a subset of §Fx. By Lemma [3.6] we have

n TL+3 . .
ITx| < 22 +3, and so there at most 22 formulas in Lx, up to equivalence. It follows that
n+3\ N
20| < (222 ) . Further, the size of p My’ is polynomial in the size of u and p/. Hence, the

size of ¢ is polynomial in
n+3
o2y 92 oYl 1y 1og Y.

3. Given a parametric substitution 7 : Lx — Ly, the size of the formula 7(p) is polynomial in
|p|-max {|7(x)| : € X}. As mentioned in 7(x) is written in space O(22|Y|+3~2‘Y‘-\Y\-log 1Y)
for all z € X. Hence, the amount of space used by validy, on (052§ — 7(¢) will be polynomial

P
in [ - 22" 2V Y] dog [V + (4],
In total, the space used by Algorithm [I]is polynomial in

n+3
(n+272 o) 2272V Y dog Y] + 0]
and thus 4-exponential in the combined size of ¢ and §. O

Combining this theorem with Proposition we also obtain a complexity result for the
problem of admissibility.

Corollary 4.6. Admissibility in L is decidable in 4-exponential space.

Though the complexity of our algorithm is huge, extra assumptions on L may enable simplifi-
cations. Some logics feature what we call compact unification, which basically allows us to always
take Y = X, thus lowering the space complexity down to 3-exponential. In the next section we
investigate this condition.
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5 Compact, transparent and projective unification

In this section we investigate special types of unary unification. Let ¢,d € L and X := Var(yp) U
Var(d). A unifier 0 : Lx — Lx of ¢ modulo § is said to be transparent if we have 7o ~s 7 for all
unifiers 7 of ¢ [Wro95]. It is said to be projective if we have ¢ 1, o(z) <> x for all z € X |Ghi97].
The formula ¢ is projective (resp. transparent) if it admits a projective unifier.

The logic L is said to be transparent (resp. projective) if for all 6 € L, every unifiable formula
modulo § is projective (resp. transparent). It is said to be parameter-free projective if for all 6 € L,
every unifiable parameter-free formula modulo § is projective. Finally, the logic L has compact
unification if for all & € L, every unifiable formula ¢ modulo § admits a MGU ¢ : Lx — Lx, where
X := Var(p)UVar(d) — that is, a MGU that does not use more variables than those already present
in ¢ and 4.

Proposition 5.1. Let ¢,d € L and X := Var(p) U Var(d). Let o : Lx — Lx be a unifier of ¢
modulo §.

1. If o is transparent then o is a most general unifier of .

2. If o is projective then o is transparent.

Proof. Item([]is immediate. For Item[2] let T be a unifier of ¢ and let z € X. From ¢ b, o(z) ¢ z,
it follows that 7(p) by, 7(o(x) <> x), whence 7(¢) b, 7(o(z)) <> 7(z). Then since § Fy, 7(¢), we
obtain 0 Fr, 7(o(x)) <> 7(z). Therefore 7o ~5 . O

As a result, it is clear that all projective logics are parameter-free projective and transparent,
and that all transparent logics are unitary and have compact unification. Soon we will see that
some of these implications are proper. First, we exhibit the dual properties that correspond to
transparency and projectivity.

Definition 5.2. Let ¢,6 € L and X := Var(¢) U Var(d). A dual unifier g : §y — Fx of ¢ is said
to be:

1. transparent if for all dual unifiers f : §y — §x of ¢, we have (gf)‘@&o = f|(5)?;

2. projective if for all w € (¢)3°, we have o*(w) = w.

Proposition 5.3. Let p,0 € L and X := Var(y¢) U Var(d). Let o : Lx — Lx be a unifier of .
Then o s transparent iff o* is transparent, and o is projective iff o* is projective.

Proof. The first equivalence is a simple consequence of Proposition[2.25] For the second equivalence,
we refer to [BG23| Th. 4.6]. O

The projective extensions of K5 were characterized in [BG23], but in the parameter-free setting
only. Below we provide a similar result for projective parametric unification.

Theorem 5.4 ([BG23, Th. 5.9]). The parameter-free projective extensions of K5 are exactly the
extensions of K45. More precisely, if K45 € L, then the formula Qx — OOz is not projective.

Theorem 5.5. The projective extensions of K5 are exactly the extensions of Kt5. More precisely,
if Kt5 < L, then the formula (p AOT) — O(p V x) with parameter p is not projective.
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Proof. From right to left, suppose that Kt5 C L. Let ¢,6 € L and X := Var(yp) U Var(§), and

assume that ¢ is unifiable modulo §. Then there exists a unifier o : Lx — Ly of ¢, and we can

assume that X C Y. We also introduce a substitution 7 : Ly — Lx satisfying 7(z) = = for

all x € X. Dually, we thus have a dual unifier o* : §y — §Fx of ¢, and a parametric bounded

morphism 7* : Fx — Fy, which by construction maps (§)§ to (6)5°. Since Kt5 C L, it is easy to
e.°]

see that every point in §x is either isolated, or belongs to a cluster. In this case, (p)$ is then a
closed subframe of Fx. We now define a projective dual unifier f : Fx — Fx of ¢ by

{w if we ()%,

flw): o*t*(w) otherwise,

for all w € Fx. We first check that f is a bounded morphism. Suppose that wRxu. If w € (p)%,
then u € () as well, so f(w)Rx f(u) is immediate. Conversely, assume that w ¢ (). Then
u ¢ (o) as well. Since 7* and o* are bounded morphisms, it follows that o*7*(w)Rxo*7*(u),
whence f(w)Rx f(u). Now suppose that f(w)Rxu'. If w € ()% then w = f(w)Rxu' and so
u € (p)¥ too, whence wRxu with f(u') = /. Otherwise f(w) = o*7*(w), and since 7* and o*
are bounded morphisms, there exists u € Fx such that wRxwu and o*7*(u) = v’. Then u ¢ ()5,
whence f(u) = o*7*(u) = u'. It is also clear that f is parametric, that f[(0)¥] C (p), and that
f(w) = w for all w € (p)§. Therefore, f is a projective dual unifier of p. By Proposition it
follows that ¢ is projective.

Conversely, assume that Kt5 € L. Let ¢ :== (p AOT) — O(pV x), with p € P and = ¢ P.
We write X := {x,p}. Then we have /1, ¢, for otherwise we would obtain 1, p A 0T — Op after
substituting p for z, contradicting Kt5 € L. Further, we observe that ¢ is unifiable modulo § := T,
as it suffices to substitute T for x. Toward a contradiction, assume that ¢ is projective. Then by
Proposition [5.3| there exists a dual unifier f : §x — Fx of ¢ such that f(w) = w for all w € ().
Since F1, ¢, there exists w € (p AOT A =O(pV x))x. Since w € (p)x and f is parametric, we
then have f(w) € (p)x. Since f(w) € (¢)¥ by construction, it follows that f(w) € (O(p V ))x.
Hence, there exists u € (p) x such that f(w)Rxwu. Then by the backward condition, there is v € Fx
such that f(v) = u and wRxv. Then v belongs to a cluster, and so it is clear that v € (p)S,
whence f(v) = v. Then v = v and wRxu, contradicting w € (—=0p)x. We conclude that L is not
projective. O

Next, we exhibit infinitely many extensions of K5, including K5 and KD5 themselves, that
are transparent but not (parameter-free) projective. Given m > 1, we introduce K6W,, =
K5 + Ax_1,, and KD5W,,, := KD5 + Ax_1 ,,. The set A associated to these two logics is thus
{(—=1,m)}, which means that every cluster in their canonical frame has size < m — hence the ‘W~
which stands for ‘bounded width’. We also write KEW o, := K5 and K5W , := KD5.

Proposition 5.6. If m > 1 (including m = oc), then KEW,,, and KD5W,, are transparent.

Proof. Let L := K5W,,,. Let ¢,§ € £ and assume that ¢ is unifiable modulo §. Let X :=
Var(¢) U Var(d). Given w € Fx, we write P, :={p € PNX : w € (p)x}. A cluster € in Fx is
said to be realizable if there exists a dual unifier h : §y — §x of ¢ such that € C h[&y]ﬂ In this
case, we claim that for all non-degenerated pre-clusters ¢ C € and P C P, there exists u € (p)F

such that u > ¢ and P, = P. Indeed, let ¢ be a pre-cluster in §Fy such that h[¢'] C ¢ and || = |¢].

4Note: this amounts to say that ¢ admits a reflection.
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Then ¢ is non-degenerated (by construction of L), and by Lemma there exists w > ¢ such
that P, = P. Since h is a parametric bounded morphism it follows that h(w) & ¢ and Py, = P.
Since h is a dual unifier of ¢, we also have h(w) € ()%, as desired.

Next, since ¢ is unifiable, it admits a dual unifier g : §v — §Fx, and we can assume that X C Y.
We also introduce a substitution 7 : Ly — Lx satisfying 7(z) = x for all z € X. We construct a
transparent dual unifier f: Fx — §x of ¢ as follows.

1. First, let € be a realizable cluster in Fx. For every w € €N (p)32, we set f(w) := w. Note
that since € is realizable, we have € C (¢)§, and so this case already covers all the elements
of €. TIf instead w € €\ (¢)3, we have w ¢ for some ¢ C €. As shown earlier, there exists
u € (p)¥ such that u > ¢ and P, = P, and we set f(w) = u.

2. Next, let € be a non-realizable cluster in Fx. Then for all w € €, we set f(w) := g(7*(w)).

3. Finally, let w be isolated in Fx. We set f(w) := w in case w € (p)¥, and f(w) := g(7*(w))
otherwise.

First, it is easy to check that f is a parametric bounded morphism. Now, consider w € (§)%.
If w € € for some realizable cluster €, then we already know that f(w) € (p)¥. If w € €
for some non-realizable cluster €, then by construction of 7 we have 7*(w) € (6)5°, and then
flw) = g(t*(w)) € () by assumption on g. If w is isolated, the reasoning is the same. This
proves that f is a dual unifier of ¢, and there remains to check that f is transparent. Consider a
dual unifier h : §z — §x of p. Given w € (0)S, the element h(w) belongs to (¢)§ and is either
initial, or a member of some realizable cluster. By construction, it follows that f(h(w)) = h(w), as
desired. Finally, if L = KD5W,, then the proof is exactly the same, except that we skip step

above.
O

Corollary 5.7. There are infinitely many transparent extensions of K5 that are not parameter-free
projective.

Proof. We know that the logics KW, and KD5W,,, where m > 3 (including m = o), are
transparent by Proposition Let L be one of them, and let X C X be non-empty. Then by
Proposition there exists a cluster € = {w,u} of size 2 in Fx. There also exists v > {w},
and we have v RwRu but not v Ru. This proves that L is not an extension of K45, and thus not
parameter-free projective by Theorem [5.4] Finally, it is clear that all of these logics are pairwise
distinct, and thus in infinite number. O

These results show that compact logics are fairly abundant, but it would also be interesting to
make sure that not all logics are compact — for if this were the case, the work of section [3] would
be plain useless. To prove this, we identify a necessary condition on A for compact unification.

Proposition 5.8. Suppose that L has compact unification. Then either K45 C L, or there is no
n > —1 such that (n,1) € TA and (—1,n+ 1) ¢ TA.

Proof. Toward a contradiction, assume that K45 ¢ L and that (n,1) € TA and (—1,n+ 1) ¢ TA
for some n > —1. From K45 ¢ L it follows that (1,1) ¢ 1A (see Table [2). Hence, we also have
n > 2. Now let us fix X C X\ P such that |X| = 1. We have (—1,2) < (-1,3) < (=1,n+ 1),
o (—1,2) and (—1,3) do not belong to TA. Hence, by Proposition there exist a one-element
cluster {v1} and a two-element cluster {w,u} in Fx. In addition, since (1,1) ¢ TA, the pre-cluster
{w} is non-degenerated, so there exists wg > {w}.
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If D = 0T, we select a formula ¢ € Lx such that (p)x = {v1,wo,w,u}. Otherwise, there
exists an isolated point vy in Fx, and we choose (¢)x = {vo,v1, wo, w,u} instead. In both cases we
observe that () x is upward closed, in the sense that ¢ € () x and tRxt' implies t' € (p)x. In this
case, it is easy to check that we have (¢)¥ = (¢)x. We can then define a dual unifier f: §x — Fx
of ¢ modulo ¢ := T, by setting f(t) := vg in case t is isolated, and f(¢) := v; for any other t. So ¢
is unifiable, and by assumption it admits a MGU o : Lx — Lx. We write g := ™.

Now let us select Y C X\ P finite such that 2I¥1' > 5 4 1. Then since (=1,n+1) ¢ 1A, there
exists by Proposition a cluster € in Fx such that |€| = n + 1. Further, let v € €. Since
(n,1) € TA, the pre-cluster {v} is degenerated by Proposition Now let us define h : §y — Fx
as follows: we set h(v) := u, h(t) := wo whenever t>c C €\ {v}, and h(t) := w for every other
t € €; then we set h(t) := vp for all ¢ isolated, and h(t) := vy for every other ¢. The construction
is depicted in Figure [6] The map h is readily checked to be a dual unifier of ¢, and thus there
exists a bounded morphism f : §y — Fx such that gf = h. Then there is a cluster ¢’ in Fx such
that f[€] = ¢'. It follows that g[¢’] = gf[€] = h[€] = {w,u}, so € must have size 2 (given that
| X| =1). We write ¢ = {v/,u'} with g(v') = w and g(u’) = u. Again, there exists u(, > {u'}, and

by Proposition we must have g(ug) > {u}. But then g(uy) ¢ (¢)%, a contradiction. O
¢ Ve
e o o o o .- »>e U

OO o8

Figure 6: The bounded morphism A (in bold arrows) from §y to (¢)S. The colored area is mapped
to w. All isolated points are mapped to vy, and all clusters other than € are mapped to v;.

Corollary 5.9. There are infinitely many extensions of K5 that do not have compact unification.

Proof. For all n > 2, we consider the logic L defined by A := {(n,1)} and D’ = T (or D? = {T).
Then K45 ¢ L, since (1,1) ¢ tA (see Table [2)), and we have (n,1) € tA and (—=1,n+1) ¢ TA. So
L falsifies the condition of Proposition [5.8] and thus lacks compact unification. It is also clear that
all of these logics are pairwise distinct. O

6 Conclusion

By thoroughly exploiting the dual properties of Euclidean logics, we proved not only that they have
unary unification, but also that most general unifiers can be computed effectively. The weakness of
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our algorithm is obviously its complexity, which is so gigantic that it prevents any hope of actually
implementing it. However, one should keep in mind that our upper bounds are extremely coarse
and non-specific, in the sense that we have designed a general method for any extension of K5, and
that we have not looked at how it refines to special cases. As we have seen, logics with compact
unification are better behaved, and even in less lucky cases, there is much room for improvement.
Indeed, our complexity estimates rely on the upper bounds of Lemma which can be refined
depending on the properties of the canonical frame. For instance, if A contains the axiom (—1,m)
for some m > 1, then all clusters in Fx have size bounded by m — 1, instead of 2/XI. So anyone
interested in applying this work should carefully check how every upper bound can be optimized.

We have also provided a characterizations of projective logics, along with counter-examples
showing that the transparent and projective types are distinct, as are the compact and unary types.
It is also interesting to note that the logic K45 is parameter-free projective but not projective,
since it is not an extension of Kt5 — thus revealing a discordance between the parametric and non-
parametric settings. In spite of this advancement, the landscape of Euclidean logics is yet to be
fully described: it could be interesting to characterize exactly the transparent/compact extensions
of K5, and to determine whether the compact and transparent types coincide.
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A Proofs for Section [2| (Background)

Proof of Proposition[2.13. Suppose that f is a bounded morphism. First, [I] follows immediately
from the backward condition. For [2| let C' be a cluster in §. Let w’,u’ € f[C]. Then w' = f(w)
and v’ = f(u) for some w,u € C. Since C' is a cluster we have wRu, whence f(w)R'f(u) by the
forward condition. Now let w’ € f[C] and assume that w'R'v/. Then w' = f(w) for some w € C,
and so by the backward condition there exists u € W such that wRu and f(u) = «’. Since C' is a
cluster we have u € C, whence f(u) € f[C]. This proves that f[C] is a cluster.

Next, suppose that ¢ is a pre-cluster, and that w > c. We prove that for all ' € W’ we have
f(w)R'W iff v’ € f[e]. First suppose that v’ € f[¢]. Then v’ = f(u) for some u € ¢. Then wRu and
thus f(w)R'f(u) by the forward condition, whence f(w)R'uw’. Conversely, suppose that f(w)R'u'.
Then by the backward condition there exists u such that wRu and f(u) = «'. Since w > ¢ we have
u € c and thus v/ € flc], as desired. Hence we have either f(w) > f[c], in case f(w) is initial, or
f(w) € f[c] otherwise. This proves

Now consider the case where f[c] is a proper pre-cluster. First we have f[c] C C’ for some
cluster C’. Then there exists v’ € C'\ f[c]. Suppose that f(w) is not initial, that is, f(w) € C".
Then f(w)R'u/, and so by the backward condition there exists u € W such that f(u) = v’ and
wRu. Then u € ¢, and so v’ = f(u) € f[c], a contradiction. Therefore f(w) is initial in §', and by
it follows that f(w) > f|c].

Conversely, suppose that f satisfies and [ Assume that wRu. If w is not initial, then
w and u belong to a cluster C. By [2| f[C] is a cluster, and thus f(w)R'f(u). Otherwise we have
w > ¢ for some pre-cluster c¢. By definition we then have u € c. By |3|it follows that f(w) € f[c] or
f(w) > fe], and in both cases we obtain f(w)R'f(u).

Now assume that f(w)R'u’. By |1} w cannot be isolated. First suppose that w belongs to some
cluster C. Then f(w) € f[C], and by [2[ we obtain «' € f[C]. Thus, there exists u € C such that
f(u) = u'. We then have wRu. Now suppose that w is initial. Then w> ¢ for some pre-cluster c. By
[3] we then have f(w) € flc] or f(w)® flc]. If f(w)® fc], then in particular v’ € f[c]. Otherwise we
have f(w) € fc], and so f[c] must be a cluster according to |4l Thus v’ € f[c] as well. Therefore,
there exists u € ¢ such that v’ = f(u), and since w > ¢ we have wRu, as desired. O

Proof of Lemma[2.15 Given w € €, we will denote by [w] the equivalence class of w modulo ~.
Since |¢/N\ < 2|Z\X|, there exists an injective map 2 : ¢ — 22\X  Given w € ¢, we then define
the Boolean formula 8,, € Lz as the conjunction of the following literals:

e z where x € X and w € (z)y,

e —x where x € X and w ¢ (z)y,

e = where z € Q([w]),

e —x where x € Z\ (X UQ([w])).

We then introduce a valuation V : € — 2% so that for all w € ¢, we have &, V,w kE 6,,. Then,
let © == (Apee O0w) AD(Vypeebw) and Tg := {0¢ — ¢ : ¢ € Lz}. We can check that for all
w € €, we have €, V,w F {p} UTy. Hence, {¢} UT is consistent, and so there exists a maximal
consistent set I' € Fz such that {p}UTy C I'. Since I'y C I it follows that I' is reflexive. Therefore,
" belongs to a cluster ¢’. By construction, there exists, for every w € €, some f(w) € € N (0,)z.
This defines a map f : € — €', which we prove to be surjective. For consider w’ € €. Then there
exists w € € such that w' € (0,)z. Since f(w) € (0,)z too, it follows that w’ ~z f(w). Since w’
and f(w) belong to the same cluster and satisfy the same literals, they actually satisfy the same
formulas in £z, and thus v’ = f(w). It remains to prove that f satisfies the required properties.
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1. Suppose that w ~ u. Then by assumption, we have w ~x u. In addition, Q([w]) = Q([u]), and
so we see that 6, = 0,. Since f(w) € (0y,)z and f(u) € (0,)z, it follows that f(w) ~z f(u),

and reasoning as above we obtain f(w) = f(u). Conversely, suppose that f(w) = f(u). Then
f(w) € (0,)z, and thus Q([w]) = Q([u]). Since Q is injective, it follows that [w] = [u], that is,
w ~ U
2. The equivalence w ~x f(w) stems from the construction of 6, and f(w).
O

Proof of Lemma[2.16. For all w € Fx, we will write Y, := {z € X : w € (z)x}. Note that for all
w,u € €, we have Y, =Y, = w = u, as pointed out earlier. Given Y C X and ¢ C €, we define

Gl WA R AN A Op | AD V @

yey yey u€c and peLx and uE(p)x uec and peLx and uE(p)x

1. Let w be a predecessor of c¢. Let Y C X and assume that Y # Y, for all u € €. Let V be
a valuation on Fx such that w € V(z) <= =z € Y holds for all x € X, and V coincides
with Vy everywhere else. Then §x,V,w F 65, and so {6%} is consistent. Thus, there exists
wy € <93€/>X- Then wy > €. If wy € € then by construction Y # Y,,, =Y, a contradiction.
Hence wy > €. Conversely, if ut €, then u € <9$u> x and so u = wy, . Thus, the predecessors of
¢ are exactly the wy’s, which can be checked to be pairwise distinct. We conclude that there
are exactly 21X — |€| predecessors of €.

2. Let ¢ C € and wr>c. Given Y C X, we reason as above and obtain the existence of wy €
(65)x. Then wy is initial, because there exists u € €\ ¢, and thus some ¢ € £ such that
wy € (0Op A =0¢) x. Therefore wy, >€. Conversely, if ubc, then u € (0, ) x and so u = wy,,.

Hence, ¢ has exactly 21X predecessors.
O

Proof of Proposition[2.17. 1. Suppose that there is a cluster € in §Fx with |€| = m/. As pointed

out earlier, the relation ~x coincides with the equality on €. So the elements of € correspond
one-to-one with the equivalence classes of ~x, which can themselves be identified to subsets
of X. Hence m’ = |¢| < 2¥I. Further, ¢ is isomorphic to the frame S—1,m’», and s0 F_1 v F L.
So for all (n,m) € A we have §_1 ,,y F Axp m, whence (n,m) £ (=1, m’).
Conversely, suppose that 21X > m/ and (—1,m’) ¢ tA. Then for all (n,m) € A we have
(n,m) £ (=1,m’), whence §F_1 ,,v F L. Since 21X > 1/, there exists an injection € : Fo1m —
2%, For all w € §_1 v, let us write 0, = Nseaq) T N Neex\aw) 7% Given some arbitrary
w € F—1,m/, we then introduce ¢ := 0, A ( /\uegfl,m/ <>9u) /\D( \/uGS,Lm/ 9u) and Ty := {0y —
Y € Lz}, Clearly T'g U {¢} is satisfiable on §_; ,,, and thus consistent with L. Hence,
there exists w’ € Fx such that ToU {p} C w’, and it is then clear that w’ belongs to a cluster
of size m.

2. Suppose that c is non-degenerated. Then ¢ admits a predecessor u, and the subframe of §x
generated by w is isomorphic to §y/ . Then .y E L. Hence, for every (n,m) € A we have
Sn/m' E Axpm, and thus (n,m) £ (n/,m’).

Conversely, suppose that for all (n,m) € A we have (n,m) £ (n/,m’). Then we have F,/ s F
L. We have §,/ y = (W, R) with W = {w} U AU B defined as above, and |B| = |€\ ¢| =n’
and |A| = |¢| = m/. Thus, there exists a bijection f : € — AU B such that f[c] = A and

26



fl€\ ¢ = B. Now let V be a valuation on §,/,, defined by V(z) := f[Vx(z) N €] for all
x € X. Since Fp/py F L, the set I' := {p € Lx : Fp/ v, V,w F ¢} is maximal consistent, and
so belongs to Wx. Given u € c and ¢ € w, we have §,/ v, V, f(u) F ¢ by construction of V.
Since f(u) € A we get §p/ s, V,w E O, and thus Q¢ € I'. Hence 'Ry u. Conversely, consider
u ¢ €\ c. Then for all v € c there exists ¢, € v such that ¢, ¢ u. By setting p :=\/ . v, we
obtain ¢ ¢ u and ¢ C (¢)x. As a result we have A = f|c] C (¢)x, and thus Fp/ m, V,w E Op.
Hence Oy € T'. Since ¢ ¢ wu, it follows that not ' Rxu. This proves that I'> ¢, as desired.

O

B Proofs for Section |3| (Reflections)

Lemma B.1. Let 0 : Lx — Ly be a substitution.
e If o is injective, then o* is surjective.
o [If o is surjective, then o* is injective.

Proof. This is a direct consequence of [BARVO1, Prop. 5.52], together with the correspondence
between substitutions and modal algebra homomorphisms discussed e.g. in [BG23| Sect. 2.5]. O

Proof of Lemmal[3.9. We write Y* := Y \ (Yp UY1). Since |Z| = |[Y*|, there exists j : Y* — Z
bijective, and we can assume that j(z) = x for all x € X. We then define a parametric substitution
o:Ly — Lz by

T ify € Yy,

oly)==4L ifyeYy,

jy) ifyeyr
That o is parametric follows from the fact that Y* NP = X NP C Z. We also have a substitution
7 : Lz — Ly defined by 7(2) := j~!(2). It is then clear that o is surjective, 7 is injective, and
or =1idz,. By Lemma it follows that a := ¢* : §z — §v is an injective parametric bounded
morphism, b := 7% : Fy — §z is a surjective bounded morphism, and we have ba = idg,,.

If $ is trivial, then by Proposition m ® = q[f] is trivial as well, and b maps & to 9.
Otherwise, §) is a pinned cluster éf, and then by Proposition 6 = a[é} is a pinned cluster ¢’
Then a induces a bijection from € to ¢, and so b maps € to €. Therefore, b maps ¢’ to €.

In both cases, we have constructed a closed primitive subframe & of §y such that « maps $ to
&, and b maps & to $. By construction of a, we also have & C (y)y for all y € Y7, and & C (—y)y
for all y € Y. We introduce the bounded morphism g := hbjg : & — §, and we claim that g is
parametric. Indeed, if p € X NP and w € &, we have

g(w) € (p)y < h(m*(w)) € (p)y <= 7" (w) € (p)z <= we (T(p))z={(i""(0)z = )z

since h is parametric and p € X. In addition, b maps (6)5° on (6)%° since 6 € Lx. Therefore
gl& N (0)F] € h[H N ()] € F. We thus obtain a Y-reflection (&, g) of § satisfying ($,h) =<
(6,9). O

Proof of Lemma[3.6. 1. See Proposition [2.17]
2. By [1}, we have |€| < 2" and so € contains at most 22" pre-clusters. By Lemma every
pre-cluster has at most 2" predecessors. Therefore, we have

‘é:| — 2n + 22” . 2n S 22”+n + 22”+n — 22"+n+1 S 22n+2n — 22n+1.
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3. Given w and w isolated in §x, we have w ~x wu iff w = u. So there are at most 2" isolated
points.

4. As explained in the proof of Proposition the clusters in §x can be identified to sets of
subsets of X. Hence, there are at most 22" of them.

5. By the previous results, Fx contains at most 2" isolated points of size 1, plus at most 22"
pinned clusters of size < 22" Tt follows that

Fx| <27 422" 22T g 92 TR _gn g 9272 <9 92T g2 L £ 9270

6. Let § be a generated subframe of §Fx. A primitive Y-reflection of § is given by a primitive
subframe & of §y and a map g from & to §x. First, by |3|and 4] there are at most 2™ +22" <

m 3 . o m—+1
22" possible choices for &. Then, by and there are at most (22 H)22
for g. In total, the number of possibilities amounts to

possible choices

22m+1 ) (22n+3)22m+1 _ 22m+1+2n+3.22m+1

< 22m+1+22m+1+2n+2 < 222m+1+2n+3 < 223A2n+m+2 < 222n+m+4

O]

C Proofs for Section |4/ (Computing a most general unifier via
filtering)

Proof of Lemma[{.4.
1. Given w € Fx, we introduce

O = Pw N /\ qu A /\ <><>pu AU \/ pu | AOO \/ Pu

wRxu wR%u wRxu wR%u

By Proposition [2.10] it is then clear that 6, has the desired property. In addition, the big

conjunctions and disjunctions in 6,, quantify over the worlds reachable from w. In the worst

case, w belongs to a pinned cluster, and so there are at most 2" of them by Lemma[3.6] Since
every p, has size linear in n, it follows that |0,,| = O(2" - n).

2. Let x := \/w€<w>x 0. We prove that (¢)x = (x)x. Indeed, if w € (x)x then w € (6,)x for

some u € () x. Then w = u by construction of 6, and it follows that w € (¢) x. Conversely,

if w € (¥)x, then obviously w € (f,)x and so w € (x)x. Therefore ¢ =y, x. By Lemma [3.6]
we also have [(¢)x| < 22", and thus |y| = 0(22"7 - 27 . n).

O
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