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ABSTRACT. We consider the stationary (time-independent) Navier-Stokes equations in the whole three-
dimensional space, under the action of a source term and with the fractional Laplacian operator (—A)O‘/ 2
in the diffusion term. In the framework of Lebesgue and Lorentz spaces, we find some natural sufficient
conditions on the external force and on the parameter « to prove the existence and in some cases nonexistence
of solutions. Secondly, we obtain sharp pointwise decay rates and asymptotic profiles of solutions, which
strongly depend on «. Finally, we also prove the global regularity of solutions. As a bi-product, we obtain
some uniqueness theorems so-called Liouville-type results. On the other hand, our regularity result yields a
new regularity criterion for the classical (i.e. with o = 2) stationary Navier-Stokes equations.
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1. INTRODUCTION

This paper considers the 3D incompressible, stationary and fractional Navier-Stokes equations in the
whole space R3:

(=A)VSid+ (@-V)i+VP=Ff  div(@)=0, a>0.
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Here, the functions % : R? — R3 and P : R? — R are the velocity and the pressure of the fluid respectively,
while f: R3 — R3 represents a given external force acting on this equation. Moreover, with a minor loss of
generality, we set the viscosity constant equal to one.

The divergence-free property of « yields to easily deduce the pressure P from the velocity « and the
external force f by the expression

1 -
(1) P= Idiv((a.vm_ﬂ.
This fact allows us to focus our study on the velocity % and to consider the equations:
(2) (~A) 2@+ P((@-V)ad) =P(f), div(@) =0, a>0,

where [P stands for the Leray’s projector.

One of the main features of equation (2) is the fractional Laplacian operator (—A)? in the diffusion term.
Recall that this operator is defined at the Fourier level by the symbol |£|*, whereas in the spatial variable
we have

A2 _ ﬁ(tv‘r) — ﬁ(tvy)
(—A)*2U(t,z) = Cy p.v. /R3 To—ypte

)

where C, > 0 is a constant depending on «a, and p.v. denotes the principal value.

Experimentally, this operator has been successfully employed to model anomalous reaction-diffusion pro-
cess in porous media models [25, 26] and in computational turbulence models [29, Chapter 13.2]. In these
last models, the term (—A)?% is used to characterize anomalous viscous diffusion effects in turbulent fluids
which are driven by the parameter «.

Mathematically, in the setting of bounded and smooth domains  C R3, linear and nonlinear fractional
elliptic equations have been extensively studied in the setting of LP-spaces, see for instance [1, 5, 9, 12, 14,
15, 27, 32] and the references therein. Motivated by these works, this article is devoted to develop a theory
for the equation (2) in the framework of Lebesgue spaces and in the more general setting of Lorentz spaces.
Our main objective is to understand the effects of the parameter « in the qualitative study of this equation,
precisely, the existence and nonexistence of LP-solutions and LP-9-solutions, pointwise decaying properties,
asymptotic profiles and regularity properties. This seems to be, to the best of our knowledge, the first
application of these functional spaces in the analysis of fractional stationary Navier-Stokes equations in the
whole three-dimensional space. Moreover, it is worth highlighting the previously cited works are not longer
valid in R? due to the lack of some of their key tools, for instance, the embedding properties of L?(£2)- spaces
and compact Sobolev embeddings. We thus use different approaches to study these qualitative properties.

In the case a = 2, equations (2) coincide with the classical stationary Navier-Stokes equations
(3) ~Ad+P((@-V)d) =P(f), div(d) =0.

The LP-theory for these equations was studied in [6], where the authors exploit powerful tools of Lorentz
spaces to study some of the aforementioned qualitative properties, mainly the existence and asymptotic
profiles of solutions.

In this paper, we generalize some of their results to the fractional case of equation (2) and we highlight
some interesting phenomenological effects, principally due to the fractional Laplacian operator. Going further,
we also develop a new approach to study the global regularity of solutions. This result has two main
consequences, on the one hand, for the classical case (when « = 2) we obtain a new regularity criterion for
weak solutions to the equation (3) and, on the other hand, for the fractional case (when 2 < a < 2) our

regularity result yields some uniqueness properties of solutions to the homogeneous (with f = 0) equation
(2). This last result is of independent interest and it is also known as the Liouwville-type problem for the
fractional Navier-Stokes equations.
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Main results. Recall that for a measurable function f : R?® — R and for a parameter A > 0 we define the
distribution function

di(N) =dz ({z e R®: |f(z)] > A}),
where dx denotes the Lebesgue measure. Then, the re-arrangement function f* is defined by the expression
frt) =inf{A>0: ds(\) <t}

By definition, for 1 < p < 400 and 1 < g < 400 the Lorentz space LP*4(R3) is the space of measure functions
[ :R3 — R such that ||f||zr.« < +00, where:

“+o00o 1/q

L[ Tarrora) L g<i
1£llzpa =S P N0

sup tYPfH(t), g = +o0.

t>0
It is worth mentioning some important properties of these spaces. The quantity | f| Lr.« is often used as
a norm, even thought it does not verify the triangle inequality. However, there exists an equivalent norm
(strictly speaking) which makes these spaces into Banach spaces. On the other hand, these spaces are
homogeneous of degree —% and for 1 < ¢; < p < g2 < +00 we have the continuous embedding

LP1(R?) C LP(R®) = LPP(R®) C LP®(R?).
Finally, for p = 400 we have the identity L°>°(R3) = L>(R3).

In our first result, we find some conditions on the external force f and a range of values of the parameter

a to construct LP-weak solutions and LP-9-weak solutions to equation (2). For this, we shall perform the
following program: at point (A) below, first we solve this equation in the Lorentz space L%’“(R?’). This

—

particular space is invariant under the natural scaling of equations (2): (@, P, f) — (ux, Pa, ﬁ), where
ix(z) = X 'a(\x), Pi(z) = A 72P(\z) and  fa(z) = A2 f(Ax), A >0,

and this fact allows us to apply the Picard iterative scheme to the fixed point problem:

(4) i =—(—A)"2P(div(@ ® 7)) + (—A) "2 P(f).

Precisely, by a sharp study of the kernel associated to the operator (—A)~%P(div(-)) we are able to prove
the estimate ||(—A)~ S P(div(d ® ﬁ))HL%m Slal? s ., provided that 1 < o < 3.
am LT
To the best of our knowledge, this well established procedure does not work for 0 < a < 1 nor % < q,
and these cases will be matter of (far from obvious) future research. Consequently, from now on, we set
l<a< i
2

Continuing with our program, at points (B) and (C) below we prove some persistence properties of Lao1.
solutions. Specifically, we find a range of values for the parameter p for which these solutions also belong to
the LP-space or the LP-9-space, as long as the external force verifies additional suitable conditions.

Theorem 1.1. Let 1 < a < 2. Assume that (~A)"5f ¢ L%"’O(H@). There exists a universal quantity
eo(a) > 0, which only depends on «, such that if

—

I(=2)"EP(Il, c2;.e < 0(),
then the following statements hold:
(A) The equation (2) has a solution U € L%"’O(RB) satisfying and uniquely defined by the condition
I, o, < 21(=2)"2P(f)

La—1'
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(B) Let 2~ < p < +o0o. Assume that (=A)~% f e LP(R?), then the solution constructed above verifies
@ € LP(R3). Moreover, this fact holds in the space LP4(R3) with 1 < q < +00.

(C) Finally, for the end point p = 12—, assume that (—A)"5f € Lﬁ’oo(R%. Then the solution

constructed at point (A) verifies U € Lﬁ’oo(R?’). Moreover, for the end point p = +oo it holds
il € L>®(R?), provided that (—A)~2P(f) € L>=(R3).

Some comments are in order. As mentioned, at point (B) we show the existence of LP-solutions and
LP"9-golutions (with 1 < ¢ < 400) for the range of values ﬁ < p < 400, while, at point (C), we prove

the existence of L~ *°-solutions and L>-solutions. The main remark is that these results are optimal, and
later in Theorem 1.3 below we prove the non-existence of LP-%-solutions for 1 < p < ﬁ and 1 < g < 4o00.

In the setting of Sobolev spaces, existence of weak solutions to equation (2) has been proven in [12] and [32].
In the first work, for a divergence-free external force f € H ' (R®*)N H~3(R?), the authors use the Schaefer
fixed point theorem to obtain a weak H % -solution as the limit of a regularized problem. This approach allow
them to consider the range 0 < o < 2, but they lose uniqueness. On the other hand, in the second work [32],
the authors perform a Galerkin-type method to construct a weak suitable H% -solution with 1 < o < 2. As
before, their uniqueness is still an open problem. Note that, the existence of a unique stationary solution
for the forced tridimensional fractional Navier-Stokes-Coriolis equations, has been recently proved in [4] by
considering Fourier-Besov spaces. This result remains for any arbitrarily large external force, whenever the
Coriolis parameter is taken large enough.

Our approach is completely different and it strongly exploits the structure of equation (4). This approach
seems to have some advantages in the study of equation (2). First, as was already mentioned, we are
able to obtain optimal results when studying the existence of LP-solutions. On the other hand, the main
assumption of the external force: (—A)~5P(f) € L%’“(H@) allows us to consider a variety of external
forces, for instance, when v = 2, one can considers a very rough external force f = (100, c200, ¢300), where
0o denotes the Dirac mass at the origin and ¢y, ¢o, c3 € R are suitable numerical constants. Moreover, when

—

a # 2, one can consider homogeneous external forces |f(z)| ~ \z\%" with x # 0 and ¢ > 0. Finally, in

contrast to [12, 32], equation (4) allows us to study sharp asymptotic profiles and pointwise decay rates of
solutions to equation (2).

In our next result, for # > 0, we use the homogeneous weighted L°°-space
LP(R?) = {f € L.(R*\{0}) = [|fllzz = ess sup,epsle|’|f (2)] < +oo},

where we have the identity L3°(R3?) = L°°(R?). Similar weighted L°°-spaces has been considered in [30]
to study the solvability and asymptotic profile of solutions for the instationary fractional incompressible
Navier—Stokes equations in R?, however, to the best of the authors knowledge, they are no been used in the
analysis of the steady case of these equations. Motivated by this, and by recalling the continuous embedding
L (R3) € L=1°(R3), we note that it is natural to solve equation (4) in the smaller scale invariant space
L% | (R?), for small external forces verifying (—A)~$P(f) € L ,(R3). Thereafter, by following the ideas
of Theorem 1.1, we find a range of values for the parameter 6 for which pointwise decaying properties on the
external force are propagated to solutions.

—

Theorem 1.2. Let 1 < o < 3. Assume that the external force f verifies (~A)SP(f) € L | (R3). There
exists a universal quantity 0 < e1(a) < eo(«), which only depends on «, such that if

—

I(=2)EP(f)lrg, < eila),
then the following statements hold:
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(A) The equation (2) has a solution @ € L ,(R3) satisfying and uniquely defined by the condition
e, <20(=A)"2P(f)llrg, -

a—1 —
(B) If0 <60 <4—a and (—A)~3P(f) € LF(R3) the solution obtained above holds @ € L (R?).

Pointwise decaying properties of solutions allow us to deduce some interesting facts, which we shall explain
in the following corollaries and propositions.

First, by point (B) above we directly obtain the following estimate, which shows an explicit decay rate of
solutions to equation (2).

—

Corollary 1.1. Within the framework of Theorem 1.2, assume that (—A)= P(f) € L=(R3) N L, (R?).
Then, there exist a numerical constant C' > 0 such that
C
5 i < —
5) 10)] < s
As noticed, this decay rate is driven by the parameter « in the fractional Laplacian operator in equation

(2). Moreover, the main remark is that this decay rate is also optimal and in Theorem 1.3 below we show
that solutions to equation (2) cannot decay at infinity faster than m%

Both non-existence results in Lebesgue and Lorentz spaces as well as the optimality of the decay rate
above are obtained by sharp asymptotic profiles of solutions to equations (2). For this, we remark that the
kernel associated to the operator (—A)~2P(div(-)) is obtained as a tensor m, = (M jx)1<ij k<3, Where
m; jk(x) is a homogeneous function of order 4 — a and smooth outside the origin (see Lemma 2.3 below for

all the details). Moreover, we recall that for i = 1,2, 3 the term mq/(x) : / (€ ® @) (y)dy is defined by

R3

©) (mot@): [ @omin) = 5 monto) ([ womo).

7,k=0

—

Proposition 1.1. Under the same hypotheses of Theorem 1.2, assume that (—A)= P(f) € L(R*) N
L5 (R®). Then, the solution i has the following asymptotic profile as |x| — +oo:

O(Wﬁ) if o #2,

O(wd) ifa=2

—

(7) i(x) = (=A)"2P(f) () + ma(z) : /Rg(ﬁ@@ﬁ)(y)dy +

This asymptotic profile will allow us to prove the next theorem.

Theorem 1.3. Let 1 < a < g There exists an external force fe S(R3), such that the associated solution
@ does not belong to LP4(R?) for all 1 < p < 72~ and 1 < q < +00. Moreover, for 1 < |z| this solution

verifies the estimate from below m% < ()]

We continue with the qualitative study of weak LP-solutions to equations (2). To introduce our next
result, first it is worth recalling that in the setting of Sobolev spaces regularity of weak H % -solutions has
been studied in [32]. Precisely, in the spirit of the celebrated Caffarelli, Kohn and Nirenberg theory [8], the
authors show a partial Holder regularity result for suitable weak H % -solutions, with 1 < a < 2. On the
other hand, very recently the authors of [12] show global regularity of weak H%-solutions to equation (2)
in the homogeneous case when f = (. Specifically, the range of values % < a < 2 and the fact that f =0
allow them to apply a bootstrap argument and to conclude that weak H % -solutions are C'*°-solutions. This
argument also holds in the range 1 < o < % as long as the (strong) supplementary hypothesis @ € L>(R?) is
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assumed. Similar results on partial regularity of suitable weak solutions for this equation in dimension four
and five has been studied in [13, 19].

In our next result, we shall perform a different approach to prove global regularity of weak LP-solutions
to fractional stationary Navier-Stokes equations. We emphasize that this theorem is independent of the
previous ones, since here we shall assume the existence of weak LP-solutions and we are mainly interested in
studying their maximum gain of regularity from an initial regularity on the external force. Of course, this
result holds for solutions constructed in Theorem 1.1.

Theorem 1.4. Let 1 < « and let max (a s o 1) <p < +oo. Let fe W—LP(R3) be an external force and

let it € LP(R®) be a weak solution of equation (2) associated to f. If the external force verifies f € WP (R3),
with 0 < s, then it holds @ € WST*P(R3) and P € WsTP(R3) + WsTLP(R3).

Let us briefly explain the general strategy of the proof. The information @ € LP(R?), with the assumption

max( g 1) < p < 400, and the framework of parabolic (time-dependent) fractional Navier-Stokes

a—1’a’

equations, allows us to prove that @ € L°°(R?). Consequently, we are able to get rid of this supplementary
hypothesis used in [12]. Thereafter, we use a sharp bootstrap argument applied to equations (4) and (1) to
obtain the regularity stated above.

In this regularity result, the assumption f e Wbe (R?) is essentially technical. On the other hand, the
parameter 0 < s measures the initial regularity of the external force f, which yields a gain of regularity of
weak LP-solutions to the order s + . This (expected) mazimum gain of regularity is given by the effects
of the fractional Laplacian operator in equation (2). See Remark 5 below for all the details. Moreover, as
pointed out in [12, 32|, the study of regularity in the case 0 < o < 1 is (to our knowledge) a hard open
problem.

When handling the fractional case (with « # 2) one of the key tools to prove this result is the fractional
Leibniz rule, so-called the Kato-Ponce inequality, which is stated in Lemma 2.2 below. To our knowledge, this
inequality is unknown for larger spaces than the LP-ones and this fact imposes our hypothesis @ € LP(R3).
However, at Appendix 7, we show that the classical case (with o = 0) allows us to prove a more general
regularity result for equation (3) in the larger setting of Morrey spaces.

As a direct corollary of Theorem 1.4, for the particular homogeneous case when f =0
(8) (=A)2d4 (@-V)Z+ VP =0, div(@)=0, a>1,

3

and for the range of values max (a I a,

1) < p < 400, we obtain that weak LP-solutions to this equation

are C*°-functions. This particular result is of interest in connection to another important problem related
to equation (8).

Regularity of weak solutions is one of the key assumptions in the study of their uniqueness. We easily
observe that @ = 0 and P = 0 is a trivial solution to (8) and we look for some functional spaces in which this
solution in the unique one. This problem is so-called the Liouville-type problem for fractional stationary
Navier-Stokes equatlons A formal energy estimate and the dlvergence free property of velocity @ heuristically
show that ||uH = 0, which yields to conjecture that the only H#-solution to this equation is the trivial
one U = 0. However, this problem is still out of reach even in the classical case when o = 2.

We thus look for some additional hypothesis on the velocity @ which yield the wished identity « = 0.
For the classical stationary Navier-Stokes equations (with o = 2) there is a large amount of literature on
the Liouville problem, see for instance [11, 20, 21, 31] and the references therein. However, Liouville-type
problems for the fractional case (with oo # 2) have been much less studied by the research community. In
[33], the authors show that smooth solutions to (8) vanish identically when @ € H% (R3) N L2 (R3), with
0 < a < 2. Recently, for the range % < «a < 2,in [34] it is proven that smooth solutions to the equation (8)
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are equal to the trivial one, only provided that they belong to the space L3 (R3). As an interesting corollary,
due to the Sobolev embedding H & (R3) C L2 (R?), for o = 2 the Liouville problem of equation (8) is solved
in the natural energy space H & (R3).

On the other hand, for the range of values % < a < 2 the authors of [12] solve the Liouville-type problem
when @ € H?% (R?) N LP(®)(R3). Here, the parameter p(a) depends on a and it is close (in some sense) to
the critical value z%~. By Sobolev embeddings we have H% (R®) C L5 (R3) and this last value is the
natural one to solve this problem. However, the identity p(a) = % cannot be reached and the information
i € LP(®)(R3) remains an additional hypothesis.

In our next result, we study the Liouville-type problem for a different range of values of p.

a—1’ «

the equation (8). Then it holds @ =0 and P = 0.

Proposition 1.2. Let 2 < a <2, let max (i 9) <p<$andletide H%(R3) N LP(R3) be a solution to

The proof is mainly based on some Caccioppoli-type estimates established in [11] and [12]. These estimates
work for smooth enough solutions and in this sense Theorem 1.4 is useful. On the other hand, for the classical
case a = 2 we recover the result proven in [11, Theorem 1] (for 3 < p < %) and this proposition can be
seen as its generalization to the fractional case. It is worth mentioning the constraint % < « ensures that
-3 < % and & < §. Finally, by following some of the ideas in [21] we think that this result can be extended

for % <p.

Organization of the rest of the paper. The Section 2 is essentially devoted to present the necessary
preliminaries to deal with the proofs of our main results. In Section 3, we prove the existence of weak
solutions solutions of the stationary fractional Navier-Stokes in the setting of Lebesgue and Lorentz spaces
stated in Theorem 1.1. In Section 4, we present the proofs of the pointwise estimates and asymptotic profiles
stated in Theorem 1.2 and Proposition 1.1, respectively. In Section 5, we prove the nonexistence result
stated in Theorem 1.3. While in Sections 6 and 7 we prove the Theorem 1.4 and Proposition 1.2, related
to the regularity of weak solutions and a Liouville-type result, respectively. At the of the paper we present
an appendix where we state a new regularity criterion for the classical stationary Navier-Stokes equations
in the setting of Morrey spaces.

Acknowledgements. The second author is supported by the ANID postdoctoral program BCH 2022 grant
No. 74220003. Moreover, the authors thank the anonymous referee for the careful reading of this work and
for accurate corrections that significantly improved the article.

Statements and Declarations. Data sharing does not apply to this article as no datasets were generated
or analyzed during the current study. In addition, the authors declare that they have no conflicts of interest
and all of them have equally contributed to this paper.

2. PRELIMINARIES

In this section, we summarize some well-known results which will be useful in the sequel. We start by the
Young inequalities in the Lorentz spaces. In particular, the involved constants are ezplicitly written since
they will play a substantial role in our study. For a proof we refer to [10, Section 1.4.3].

Proposition 2.1 (Young inequalities). Let 1 < p,p1,p2 < +00 and 1 < q,q1,q2 < +oo. There exists a
generic constant C' > 0 such that the following estimates hold:

(1) 11f * gllzos < Cillflzmar gl with 143 = L+2 L < 2L and & = Op (327) (5221)-

p1 - P2 q2’ p1—1 p2—1

2

(2) 11f * gllzrs < Callfllus llgll o, with Gy = € 27
(3) 17 # gllzw < Callfllzoa gl o, with 1= 14 2, 1<

+ & and Gy = C (25) ()

1
q q P p'—1
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Next, the key result in the proof of our theorems related to the existence of solutions is the classical Picard
fixed point scheme, which we present in the following

Theorem 2.1 (Picard’s fixed point). Let (E,| - ||g) be a Banach space and let ug € E be an initial data
such that |Juo|lp < 5. Assume that B : E x E — E is a bilinear application. Assume moreover that

|B(u,v)|e < Collullelule,
for all u,v € E. If there holds
0<46Cp <1,

then the equation @ = B(u, @)+ 1ty admits a solution @ € E, which is the unique solution verifying ||t]| g < 24.
Thereafter, when studying the regularity of weak solutions we shall use the following lemmas.

Lemma 2.1 (Lebesgue-Besov Embedding). Let 1 < p < 400. Then, for all t > 0, there exist C' > 0 such
that the following estimate holds

@

17 [l flle < Clf e
Proof. .
Recall first the continuous embedding LP(R3) C Bo”' ™ (R3) (see for instance [23, Page 171]) where the
3

Ne o)

homogeneous Besov space B;o; (R3) can be characterized as the space of temperate distributions f €

S’ (R3) such that | f]| _s.
B p

oo

t(—A)%

oo

= sup t%HetAfHLoo < +00. Thereafter, by [24, Page 9] we have equivalence
t>0

171l .~ 3.0 X SUD tas lle™ fll e, from which we obtain the wished estimate. |
Boo >0

Lemma 2.2 (Fractional Leibniz rule). Let o > 0, 1 < p < 400 and 1 < po,p1,90,q1 < +00. Then, there
exist C' > 0 such that the following estimate holds

I(=2)2(fllzr < CU=A)E fllzro lglze + [ lzeo I(=A) 2 gl Lo,

where + = L + L =L 4 1,
p Po p1 40 q1

The proof of this estimate can be consulted in [18] or [28]. Finally, given an a > 0, let p,(¢,2) the
convolution kernel of the operator e 7(=2)% and K, (t,z) = (Ka.i jx(t,%))1<i k<3 the tensor of convolution
kernels associated to the operator e *(=2) % P(div(-)).

Lemma 2.3 (Lemma 2.2 of [35]). For all t > 0, there exist a numerical constant C' > 0 depending on «
such that the following estimates hold:

(1) [pa(t. s < €.
) ||Vpalt. )], <ctE,

(3) | Ka(t, )|, < Ct =

3. EXISTENCE OF WEAK SOLUTIONS IN LEBESGUE AND LORENTZ SPACES: PROOF OF THEOREM 1.1

First recall that equation (2) can be rewritten as the (equivalent) fixed point problem (4) where, for the
sake of simplicity, we shall denote

(9) B(i,1) = —(—A)" 2 P(div(d ® @)).
In the next propositions, we shall prove each point stated in Theorem 1.1. in the next propositions.

Proposition 3.1. Let 1 < a < % Assume that (—A)*%fe L%(RB). There exists a universal quantity
no() > 0, which depends on a, such that if ||(=A)~ 2 P(f) w =0 < nola) then the equation (4) has a

solution U € L%m(ﬂ@) satisfying and uniquely defined by HQ'HL%’OO < 24.

| s
La-1°
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Proof.
Let us start by estimating the bilinear term B(u, @). For this we shall need the following technical lemma.

Lemma 3.1. For 1 < a <4 we have B(4, @) = mq * (4 @ @), where mqo = (M j k)1<i,jk<3 iS a tensor with
m; ik € C® (R3 \ {O}) N L}, .(R®) a homogeneous function of degree o — 4. Moreover, for all x # 0 we have
[ma ()] < clz|**.

Proof.
Recall that we have P(@) = @+ (R ® R)F, where R = (R;)1<i<3 with R; = \/‘9_1'—A the i-th Riesz transform.
Then we obtain
1 3 3 o,
B, @) = — g (P(div(ii @ @) = | — Z > (i + Rﬂzj)m(uj )

1<i<3

Il
3
&,
ES
*
=
<
<
z
Il
3
Q
*
=
&
&

By a simple computation we write m; ; x(§) = — <5Z—7j —

|€§|€5 > % We thus have that ;. € C(R3\ {0})

is a homogeneous function of degree 1 — a and then m; ; x € C°°(R?\ {0}) is homogeneous function of degree
oa—4.

With this information, for all 2 # 0 we can write |mq ()| < c|z|*~*. Moreover, since 1 < a we have
—3 < a — 4, which yields m, € L}, (R?). Lemma 3.1 is proven. |

Observe that the estimate |mq (z)| < cz|®~* for all z # 0 allows us to conclude that mq € LT (R3).

Then, we apply the first point of Proposition 2.1, where we set the parameters p = %, p1 = 43 and

—«
P2 = g = ﬁ, and we Obtain

|me * (4 @ @)

w SCilmall s T @ |

[ s

Remark 1. The condition 1 < py yields the constraint o < g We thus set 1 < a < %

—

Thereafter, by the Holder inequalities and by the identity B(u, @) = mq * (4 ® @) we have

(10) | B(, @) = <Cp()lld]® o .,  with Cp(a) = Cillmal o«

| s
La-1°

Thus, for the constant Cp(«) give above, now we set § small enough:

1
11 0< —— =
(11) < 105 (@) no(n),
and by Theorem 2.1 we finish the proof of Proposition 3.1. |

With this first result, now we are able to prove that this solution also belongs to the space LP(R?) with
72 < p < +o0. In the (more general) case of the Lorentz space LP%(R?) (with 1 < ¢ < 400) the proof
follows the same lines, so it is enough to focus in the case of the Lebesgue spaces.

Proposition 3.2. With the same hypothesis of Proposition 3.1, assume in addition that (—A)—%fe LP(R3)
with & < p < 4o00. There exists a universal quantity eo(a) < no(«), which only depends on «, such that

if § < eo(a) then the solution U € L%’OO(RP’) to the equation (4) constructed in Proposition 3.1 verifies
@ € LP(R?) with 2~ < p < +0o0.
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Proof. ,
The solution @ € L==1>°(R?) to the problem (4) is obtained as the limit of the sequence (i@, )nen, where
(12) liny1 = B(ip, in) + o, for n>0 and iy = (—A)"FP(f).
We shall use this sequence to prove that @ € LP(R3). For this we write
[tnt1ll e < |B(tn, @n)llze + [ dol| -

For the last expression above, we use our assumption (—A)~% f € LP(R?) to directly obtain iy € LP(R3).
On the other hand, in order to estimate the bilinear term, we recall that by Lemma 3.1 we have B(u,,, @,) =

M * (U, @1Uy) where mq, € LT (R?). Therefore, by the first point of Proposition 2.1 (with the parameters
P1= 125 P2 = grpiary and ¢ = p, g1 = +00, g2 = p) we have

[1B(tin, @n)|[ Ly < Cr(a,p)llmall | 15 o [|in @

» o =on(725) (geits).

Remark 2. The constant Cy(a,p) defined above blows-up at p = ﬁ and p = 4+o00. This fact yields the

3p
L3Fp(a=1) P’

constraint ﬁ <p < +o00o.
Thereafter, from the estimate given in (13) and by the Hélder inequalities we can write
(14) 1B(tin, @)l Ly < Cr(c, p)l|inllce Unll | o o
Moreover, recall that the sequence defined in (12) verifies the uniform estimate ||ﬁn||L 3o < 20, where
0= H(—A)’%P(f)HL%m. Then we get

1B (@, wn)llLe < 26 Cr(a, p)l[tnl|Le-
We thus have the following recursive estimate
(15) @ntillee <20 Ci(a,p)||tnllre + ||do||zr, for all m>0.

At this point, we need to find an additional constraint on the parameter § to obtain the control
1
(16) 26C1(a,p) < 3

Below we shall need this inequality. Now, in order to get this control, we need to consider the following

cases of the parameter p € (ﬁ, ~+00). First, note that since o < g we have & <2< %, and then, we

split the interval (2=, +00) = (:2=,2)U[2, =25]U (225, +00). Moreover, only for technical reasons, first we

need to consider the interval [2, %] since the estimates in the other intervals are based on the ones proven

in [2, 2]

The case p € [2, %] We get back to the expression of the quantity Cy(«, p) given in (13) and we define

0< M(a) = max () (o, p) < 400. Then, we set the additional constraint on the parameter ¢ (which
PE(2, 727 ]

1
already verifies (11)) as follows:

(17) 20M (o) < %

and for all p € [2, —2-] we have the wished control (16). Therefore, we get back to the inequality (15) to
write

|@nl| e + ||@ol|zr, for all m >0,

N =

[tn sl <
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hence we obtain the uniform control
+oo 1

(18) ||ﬁn+1||Lp S ( 2_k> H’lonLp, fOI‘ all n Z O
k=0

We conclude that the sequence (i,)nen is uniformly bounded in the space LP(R3) and then we have @ €
LP(R?). Moreover, recall that this fact holds as long as the parameter § verifies both conditions (11) and
(17), which can be jointly written as

1 1
19 ) m|———-—,—— | = .
(19) < min (4OB(a)’ 4M(a)) fo(@)
The constraint above allowed us to prove that @ € LP(R?) with p € [2, =25]. Now, we shall use this same

constraint to prove that @ € LP(R?) in the cases p € (2=,2) and p € (225, +00).

The case p € (:2-,2). We get back to equation (4). Recall that our assumption (=A)~%(f) € LP(R?)

yields that @ € LP(R?) with p € (+2=,2). On the other hand, recalling that (—A)~2 (f) e L%’(’O(R?’) we
also have @iy € LaT°°(R3) (where 2 < —3_) and by a standard interpolation argument we get iy € L*(R?).
Consequently, by the uniform control given in (18) and by the constraint (19) we obtain @ € L?(R?).

With this information at out disposal, we can prove that B(if, @) € LT+ (R?). Indeed, since i € L2(R?)
we get # ® @ € L'(R?), and moreover, since B(i, @) = my, * (@ ® @) with m, € Lﬁ’oo(R?’), by the second
point of Proposition 2.1 we have

(20) B(ii, i) € LT5®(R?).

Finally, by the estimate (10) we also have B(u, «) € L%"’O(H@) (recall that 2 < —2-) and by well-known
interpolation inequalities we get B(i, %) € LP(R?) with p € (&, 2). Consequently, by the identity (4) we
have @ € LP(R3).

The case p € (%,—i—oo). We follow similar ideas of the previous case. First remark that we have

iy € LP(R®) with p € (525, 400) (recall that 2= < p) and since @ € L=7(R3) by the interpolation
inequalities we obtain @y € La1 N L%(Rz%) where ﬁ, e 2,

control (18) and the constraint (19) we obtain @ € LN Latt (R?) and then @ € L%’Q(R%.

]. Thus, always by the uniform

With this information we can prove that B(i, @) € L=(R3). Indeed, since @ € LaT2(R3) we obtain
i ® i€ LT (R3). Moreover, since mq € LT 5°(R3) by the third point of Proposition 2.1 we have

(21) B(ii, @) € L=(R?).

Finally, as we also have B(u, %) € L%’“(H@) we use again the interpolation inequalities to obtain B(u, @) €
LP(R3) with p € (5, +00), which yields @ € L?(R?).
Proposition 3.2 in now proven. |

In order to finish the proof of Theorem 1.1, with the information obtained in the expressions (20) and
(21) we are able to prove our last proposition.

Proposition 3.3. With the same hypothesis of Proposition 3.1, the following statement holds:

@

(A) If (—=A)~5(f) € LT5°(R3) then we have il € LT ®(R3).

N

—

(B) If (—A)"2P(f) € L=(R?) then we have @ € L>(R3).
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Proof.
The proof is straightforward. For the first point, we just recall that we have (—A)~% (f) € Lﬁ"’o(RB) N

L=7°°(R3) and by interpolation we obtain iy € L2(R3). We thus have the information given in (20) which

yields @ € L&"’o(ﬂ@). The second point follows the same arguments by assuming that (—A)~$P(f) €
L°°(R3). Proposition 3.3 is proven. [ ]

Gathering together Propositions 3.1, 3.2 and 3.3 we conclude the proof of Theorem 1.1. |

4. POINTWISE ESTIMATES AND ASYMPTOTIC PROFILES
4.1. Proof of Theorem 1.2. We start this section by proving the following useful lemma.

Lemma 4.1. Let 1 < a < g and let 61, O two positive constants such that o — 1 < 61 + 65 < 3. Moreover,
let B(u, ) the bilinear form defined in (9). The following statements holds:

(1) There exists a constant 0 < Cy = Cy(a, 61, 02) such that
IB@ DI, 0. < Cullllz Il s

1-a+61+605 —

(2) There exists a constant 0 < Cy = Co(«v) such that

1B, @) < Co (umi? n ||ﬁ|iz> |
2

Proof.
The fact that B(4, @) = mq * (€ ® @) and Lemma 3.1 yield the estimate
- o S - 1
B = [ male—v): @00y < Clill s, || oo

Is easy to see that the last integral can be bounded by C|z|*~1=%1=% with 0 < C; = C;(a,61,6;). Then,
we can write

. Ch . .
|B(u, 0)| < WH“HL;‘; ]| Lgs

and thus the first result follows.
To prove the second part, for x # 0 we start by splitting the domain R? into {% > |y|} and {% < |y|},
and then

Bam= [ maa-y): @yt [ male-y) (@0 D)y
2> 1y Izl <y
=1 + Is.
To deal with the integral I;, we note that the integration domain {|y| < %} yields |z —y| > |z| — |y| >
|z| — % = % By mixing Lemma 3.1 with the last inequality we obtain
1 C C
e[, Py < oo [ Ja)Pdy < el
el py) o —y[*=e |4 Jizls j|i=a T

For the integral Is, we have

1 1
L] < Ol / Ly,
L3 yli=o |yP3

Ll <y |z —

The fact that % < |y| yields

1 1 1 1 1
4—« _de S I 4—a _Qdy
2l <)y lz -yl ] |z l2l <|y| lz -yl ]
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Is straightforward to see that the last integral can be bounded by Cs|z|*~3, with 0 < Cy = Ca(«), and thus
we can conclude

Co Lo
[I2] < WHUHL?
The lemma is then proved. |

Now, in the next propositions, we prove each point stated in Theorem 1.2.

Proposition 4.1. Let 1 < a < 5/2. Assume that (—A)~2P(f) € L2 (R®). There exists a universal
quantity 0 < n1(a) < go(a) such that if H(—A)f%ﬁb(f#)HL?il =0 < m () then the equation (2) has a solution
@ € LY | (R3) satisfying and uniquely defined by the condition ||@ pe < 2.

Proof.
From Theorem 1.1 we have a solution % of equation (2) in the space L%’OO(R?’). In view of our hypotheses
for (—A)2P(f) € L 1(R?) to conclude that @ belongs to L ;(R?), we shall to prove

1B(@, 0)[ L, < Ol ez, 19|z,

a—1 —

with C independent of # and . This fact follows directly by taking ; = 03 = o — 1 in Lemma 4.1. Now,
considering

[(=A)"2Pf|lp= , < m(a) < eola),

where £¢(«) is the constant of Theorem 1.1, by applying Picard’s fixed-point Theorem 2.1 we obtain the
existence and uniqueness of the solution @ in L (R?). |

Remark 3. The solution constructed previously also belongs to L%’OO(RP’) since L3 1 (R3) C L%’M(Rg).

—

Proposition 4.2. With the same hypotheses of Proposition 4.1, assume that (—A)~2P(f) € L(R3), with
0 <60 <4—«. There exists a universal quantity e1(a) < m(a) such that if § < e1(a) t
@ € L | (R3) constructed by Proposition 4.1 verifies @ € L3°(R?).

hen the solution

Proof.
By assumption we have (—A)"5P(f) € L(R3), then considering the sequence such that @,41 = o +

—

By, iiy,) (with @g = (—A)"2P(f)) and Lemma 4.1 with 6; = 6, 3 = a — 1 , we obtain the estimate
(22) ||B(’(In,’(7n)”[,go < Cl(a,6‘)”’[1””[,3071”’11””[/50 for 0<f0<4—a.

Remark 4. The positive constant Cy(«,0) depends continuously of 6 € (0,4 — «) and it blows-up at § =0
and 0 = 4 — «a.

On the other hand, recall that by the Picard iterative schema applied to the approximation u, we have
the uniform control
ldnllze, < 2[ldollLe, = 20.
Then, by (22) we get
(23) [tn+1llLge <26 Cr(e, 0)||dnllLge + ||tollLge, for 0<0<4—a.

As in the proof of Proposition 3.2, we need to find an additional constraint on § to get

(24) 20C1(a,0) < %,

which we will use later. To obtain this inequality, we split (0,4 —a] = (0, 251 )U[25L, 3]U (2,4 — o] (remark
that 1 < a < 5/2 yields % < 4 — «). Moreover, only for technical reasons, first we shall consider the case

0 € [251, 3] and then we will study the cases 6 € (0, 252) and 0 € (2,4 — a.
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The case 0 € [251,2]. We define the quantity 0 < N(a) = max Ci(a,0) < +00. Then, we set the
oe[*5=,3]
additional constraint on §

1
26N(Oé) < 5,

which yields (24), and by following the same arguments in (18) we obtain that @ € L3°(R?).

—

The case 0 € (2,4 — a]. Recall that (—A)"2P(f) € L ,(R3) N LF(R?) and then (—A)~2P(f) €

2
L% (R3). Thus, by the case above we get @ € L (R?).
2 2

Before going further let consider the following useful result.
Lemma 4.2. Let 61,02 >0 and p > 1 such that % <p< %. Then L®(R?) N Lg2(R?) € LP(R?).
Proof. . s
The inclusions Lg®(R?) € L7 (R?) and L2 (R?) C L?2"°°(R?) yield
(25) Ly N LE(R?) C L7 N L2 (RY).
By hypothesis and interpolation of Lorentz spaces, we can write
(26) L7 0 L7(R3) ¢ LPP(R3).

Then, by mixing (25) and (26) we conclude the proof. [ |

= =

Thus, considering Lemma 4.2 and the fact that (—A)~2P(f) € L2 ;(R3)NL°(R?), we get (—A) "2 P(f)
L?(R3). Thus, by Proposition 3.2 we have @ € L*(R?), and by Lemma 4.1 we obtain B(#@, %) € L, (R?
Recalling that we also have B(#, @) € L {(R?), and moreover, since o — 1 < 2, we get B(#, @) € L(R?
which yields @ € Lg°(R?).

S
).
)

)

The case 6 € (0,251). Similar arguments as above yield @ € L3 ; N LY, and then @ € L., (R?).
7 N

From Lemma 4.1 we obtain B(@, @) € L;°(R3), and then @ € L3°(R3). With this we conclude the proof of
Proposition 4.2. |

Gathering together Propositions 4.1 and 4.2 we finish with the proof of Theorem 1.2. |

In this point we stress the fact that Corollary 1.1 follows directly as a consequence of Proposition 4.2.

4.2. Proof of Corollary 1.1. We begin by stressing that there exist a numerical constant C' such that

and

Gathering the expressions above with the fact that @ = (—A)~2P(f) + B(i, @), we conclude the pointwise
estimate

(1 + |z[*=)]a(2)] < C,
and then we obtain (5). With this we conclude the proof of Corollary 1.1. [ |
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4.3. Proof of Proposition 1.1. With the information obtained in Propositions 4.1 and 4.2, we are able to

derive sharp asymptotic profiles of solutions.

Proof.
In the next we will prove that the bilinear term B(#, «) has the following asymptotic profile as |z| — +oo:

O(M%Q) if o #£ 2,

(27) B(ﬁ, ﬁ) = ma(x) : /]RS (ﬁ@ ﬁ)(y)dy + o (‘loﬁ\jﬂi> oo

To this end, we consider the following descomposition of the bilinear term B(u, @):

(—=A)"2Pdiv(u ® u)(x) = . me(x —y) : (€@ ) (y)dy

—mala): [ (@00
—ma(e) /|y|>|m|/2<ﬁ®ﬁ)(y)dy
" /|y|g|m|/z(m“(x — ) = male)) : (@ © @) (y)dy
" /n-yng male—y) ¢ (@9 @)(y)dy,

+ / (e —y) : (@® )(y)dy
ly|>|z|/2,|z—y|>|xz|/2
=L+ 1L+ I3+ 1+ I5,

where we must estimate the terms from Is to Is.

e Term I». In this case we have
(28) I < Cla|~O739 as |z| —» +oo.

In fact, since @ € L, (R?), we have |@ @ i(y)| < Cly|~2(*=®). Then, considering that |m,(z)| <
Clz|~=) | the change of variables p = |y| yields

I < Ja ") / 20 dy
ly|>|x|/2

<]~ / 20 dy
ly|>|x|/2

<Ja| =) / |26 dy
ly|>|x|/2

+oo 2
—(4—a p-dp
§|517| (4 )/||/2 2(4—c)

< C|.’L'|_(4_a) |.’L'|_(5_2a) _ C|$|_(9_3a)-

e Term I3. In this case we have

(29) Is < log(|]) as |z| — +oo.
o8 if o =2,

|I|5fa
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In fact, since |Vmq (z)| < Clz|~®~%) | by the main value theorem with z = 6(x —y)+ (1 —6)x (where
0 <0 < 1) we can write
[ma(a = y) = ma(z)| < C|Vma(2)|l(x —y) —a| < Clz[~CV]yl.
By mixing z =6(x —y) + (1 — )z =z — Oy with 0 < § < 1 and |y| < |z|/2, we obtain
2| = |z — byl = |z = Oly| = || = |y| = || = |a]/2 = |2|/2,

and then
[ma(e —y) —ma(@)| < Clz|~Cy| < Claf~C=y).
Thus, we get
(30) B<Cla 0 [yl
lyl<|x[/2
Since 1 < |x|, we can write
[ wlawPd= [ wlawPd [ )Py =+ e
ly|<|z|/2 lyl<1 1<ly|<|=|/2
To control the term I3 we stress the fact that u € L?(R?), then
(3) b= [ llEwP< [ )P < .
lyl<1 lyl<1

Now, to deal with I3, the fact that |u(y)| < C|y|~“~*) and the change of variables p = |y| yield

C
jol/2 2 — ifa#2

(32) Iss S/ lylla(y)*dy S/ —p7_d;; = q |zf*=2e ’
1<|y|<|zl/2 1P Clog(|z]) if =2

Gathering together the estimations (32) and (31) in (30), we obtain (29).
e Term I,. In this case the following pointwise estimate follows

(33) I < Clz|~O73) s |z| — +oc.
In fact, since |x — y| < |z]/2 we can write
lyl =z — (z —y)| > |z| — |z —y[ = |z[ — [=]/2 = |z[/2.
Then, considering |m(z — )| < Clz — y|~“=*) and |u(y)|* < Cly|~2*~*), we obtain

I < / & — |~y 2= gy
lz—y|<|z|/2

IN

of 0 | L ey

ol 0 [ =gy -y
R3
C|$|f(4fa)|x|f(572a)
= C|x|_(9_3a).
e Term I5. In this case the following pointwise estimate follows
(34) Is < Cla| =073 as || —» +oo.

In fact, since |y| > |z|/2 and |z — y| > |x|/2 we can write

= / ma (= y)| - [yl >4V dy < Claf =47 / ly| 24— gy
v lyl>lel /2

IN

IN
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Considering similar arguments as in the case of term Iy we conclude (34).

Gathering together all the estimations obtained above we deduce the asymptotic profiles (7) and (27).
With this we conclude the proof of Proposition 1.1. |

5. NONEXISTENCE RESULT: PROOF OF THEOREM 1.3

Let us explain the general strategy of the proof. The term mq () : [ps (@ ® ©@)(y)dy in the asymptotic
profile (7), the fact that the tensor m,, is a homogeneous functions of order 4 — o (see Lemma 3.1 below)
and a well-prepared external force f, will allow us to obtain the estimate from below

1 L,
(2= S ()], 1<zl

from which Theorem 1.3 directly follows.

However, one risks that the term m, (x f]R3 y)dy vanishes identically, and our starting point is
to study when this fact holds.

o

Proposition 5.1. Under the same hypotheses of Proposition 4.1, assume that (—A) = P(f) € L&(R3) N
LS (R3). Then, the term mg(x fRS y)dy vanishes Zdentzcally on R3, if and only if, there exist a
constant ¢ € R such that, for j, k= 1,2, 3 we have

(35) / Ujup = cojp =: {C = k"
R3

0 otherwise.

Proof.
Note that, by considering the term mq(z) : [5s (4 ® ©@)(y)dy (already defined in (6)), and taking the Fourier
transform on the Kernel m, (x) we can write for i = 1,2,3

3 3
UjU = i §z§g> 16 U;U
Z / =23~ (” GE |s|a/ g

(36) J=1k=1 j=1k=1
i
- Ri({)—|§|a+2 /Rs wjug,

3 3
where R;( Z > 0 j&l€* — €i&i&k |- Thus, the vanishing condition [y, ujuk = cd; 4 holds, if and
j=1k=1

only if m,(z fR3 (4 ® u@)(y)dy = 0. Note that, this last expression follows by considering the expression
above equal to 0 and the fo llowing result of L. Brandolese and F. Vigneron in [7].

Lemma 5.1. For any numerical matriz A = (a; x)1<jk<3, let define the family of homogeneous polynomials

Z (613 (8)18x + 0k&j + 0 j6k) — 5EEi&) aj, i =1,2,3.

j=1k=1
Then, the following assertions are equivalent:

(1) The matriz A is proportional to the identity matriz.
(2) Q; =0 for all indices i = 1,2, 3.

(8) There exist an index 1 <i <3 such that Q; = 0.
(4) There exist an index 1 < i < 3 such that 0;Q; = 0.

With this we conclude the proof of Proposition 5.1. |

With this proposition at our disposal, we shall construct a well-prepared external force f € S(R3), such
that its associated solution to equation (2) does not verify the condition (35).
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Proposition 5.2. Let fo be a divergence-free vector field satisfying the following assumptions:
b FO € Cgo (R3)7
* 0 ¢ supp(fo),

e the matrix (/ (foélgfo?b d{) is not a scalar multiple of the identity matriz Is.
0]

Then, there exist o >0 such that the solution u & L%’OO(R?’) N L*(R3) of the stationary Navier-Stokes
equation (2) with f= 77f0 and 0 < n <mng does not verify (35).

Proof.
Let consider the positive constant €; = €1 («) arising in Theorem 1.1 and 79 > 0 small enough satisfying

mol|(=2)EBG)|| o, < e

Thus, under the framework of Theorem 1.1, we know that for 0 < n < 79 and f = 77?0, there exist a unique
solution 7 € L7 N L2 such that
il s, <20l(-A)FBG)] s, .
We set @y = (—A)~5P(f,). By considering @ in the iteration scheme and (14) with p = 2, we can write
i@ — o[> = || B(d@, @) >
(37) < Ol el 2.

< ||| 2 2077”(—A)_%]P’(FO)HLm -

[l 2 < lltol[ 2 + ||t — to]| 2
<l (=2)"FP (o)l 2 + 200l 2| (=2)"FP(o)|, 2
By choosing 79 such that

1
o S o = )
101 (A FPR) 2,
we obtain
(38) ]2 < 2n[(—A)~ 5 P(fo)l| 2

Gathering together the previous estimation with (37) we conclude

(39) I = ol > < 40| (=A) 2B (o)l ap o (=) 2P (o) | -

To continue, note that our third assumption on fo yields

[8) ) @ (-8) #B(o) £ als, frack

This fact means that there exist different indices ¢ and j such that either:

) [l "2 [ (o) [
)/( A~ <f0)) ((— )‘ﬂ"(fo)) #0.

)
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In the following we will study both cases.

The case 7). Note that

‘/ﬁz — @2 — ((ilo)?

‘/ (i1; — (o) uz—i—/( U — (o)) (do)s

4 [ (@ = () @5+ [ (@ (@),) (@),

< Clla —dol| - (|]] > + (1ol L) -

—

Considering (38) and (39) in the previous estimate, and recalling the notation @y = n(—A)~2P(fo), we

\/af—as—nz (o) + ( B(i) |

<o |52t .o, a1

\ [(areeG)+ [ ((—A)*%MFO))?
CH <fo>\

with C' > 0 selected big enough, we conclude

/ﬁQ—ﬁf >n? /((—A)*%P(ﬂ)) .

Then, by imposing moreover

The case ii). Note that
’/ﬁz‘ﬁj - /(170)1‘(?70)]

Considering again (38) and (39) in the expression above, we obtain

‘/aiﬁj_ﬁ/((_m%ﬂv(%))_ ((—A)’%P(fo))j

2 e,
Then, setting C' > 0 big enough and by imposing moreover

| / 8)#8() (-2 #B(y).

CH P(fo) H 5 H (—A)~2P(f)

_ ’ / (@ — (0):) T + / (o) (il — (i0);)

<@ = ol L (4l 2> + [ldol| L) -

§12Cn3H(— “5P(fo) ‘

L2'

L2
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we can write

> 0.
With this we conclude the proof of Proposition 5.2. |

In our last step, we deduce the follow estimates for this solution.

Proposition 5.3. Let @ be the solution obtained in Proposition 5.2. Then, it holds:

T 1 . C
(40) 0 () i < i@l < e lal >0,

||
where Cy > 0 and C4 (ﬁ) > 0 is bounded for |x| > 1.

Proof. Let us start by proving the lower bound in (40). We come back to the asymptotic profile (7),
where for the sake of simplicity we shall denote

O(W%M) if o £ 2,

Ra() = log || . '
(0] (leg"’*"‘) if a = 2.
Then, for |z| > 1 we write
(an) mola): [ @0 D] - |8 @) + Rolo)] < o)

On the one hand, by Lemma 3.1 the Kernel m,,(z) is homogeneous of degree a@ — 4 and we obtain

ma@): [ @ | = o (12l ) [ @y
= | (1) ¢ [ @e na]

= |z

1 T
= (7|> |

At this point, recall that always by Lemma 3.1 we have ‘ma I;”—IN < C, which yields

o (Z) <c| [ @enwa),

On the other hand, by our assumptions on the external force f given in Proposition 5.2, and by the expression
R, (x) defined above, we get
1

(43) ) F R+ Rao)] = o s

With estimates (42) and (43) at hand, we get back to (41) hence we obtain the lower bound in (40).

(42)

for |x| > 1.

> , for |x|>1.
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The upper bound in (40) can be directly obtained by the estimate |m,(2)| < C—= (see again Lemma

|I|4 a

3.1) and by the good decaying propertied of f and R, already mentioned above. |

As already explained, the estimate from below in (40) yields the statements of Theorem 1.3.

6. REGULARITY OF WEAK SOLUTIONS: PROOF OF THEOREM 1.4
For the sake of clearness, we shall divide the proof of Theorem 1.4 into three main steps.

Step 1. The parabolic setting. Our starting point is to study the time-dependent fractional Navier-
Stokes equations:

QT+ (=A)ET+P(T- V)T =P(f), div(d) =0, a>1,
6(05'):1707

where 7y denotes the (divergence-free) initial datum. For a time 0 < T < 400, we denote C,([0,T], LP(R?))
the functional space of bounded and weak—x continuous functions from [0, 7] with values in the space LP(R?).
Then, we shall prove the following:

(44)

Proposition 6.1. Let 1 < « and let max (a3 52, 1) < p < +00. Moreover, let f € LP(R3) and Ty € LP(R?)

be the external force and the initial data respectively. There exists a time Ty > 0, depending on ¥y and f,
and there exists a unique solution ¥ € C,([0, Tp], LP(R3)) to equation (/4). Moreover this solution verifies:

(45) sup a8 ||T(t, )| e < +o00.
0<t<Tp

Proof.
The proof is rather standard, so we shall detail the main estimates. Mild solutions of the system (44) write
down as the integral formulation:

46) Gt )= et MEg / L= P fas / =22 pdiv(T® 7)) (5, )ds,
where we shall denote i i

(47) B(7,7) = / t e =D iy (7 @ 7))(s, )ds.

By the Picard’s fixed point argument, weowill solve the problem (46) in the Banach space

Er - {g € C.(0.T], L7 (%)) : sup ¢35 |g(t, )1~ < +oo},

o<t<T
with the norm s
lgller = sup [lg(t,-)|er + sup ter|lg(t, )| r=.
0<t<T 0<t<T

We start by studying the terms involving the data in equation (46). First, for the initial datum @ € LP(R?)
et G|l < e||@|Le, hence we obtain e ~HTA)? : oy € C.([0,T], LP(R?)). Moreover, by Lemma
Ly

ko3
e—t(—A) 2 To

we have

3
2.1 we have sup teor
0<t<T

(48) He_t(_A)% o

< || By, |r. We thus get e *=2)* 5y € Ep and it holds:
LOO

S CHUO”LP.
Er

Thereafter, for the external force f recall that it is a time-independent function. Then we write

L . ([ =)

e~ (=) (=88 (ﬂ), s<c
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to get
t o
sup / eI p(ds|| < eT Hﬂ .
o<t<T ||Jo p Lr
On the other hand, remark that by Lemma 2.1 we have
—(t=s)(-2)%p *H <elt—s) an 1
‘ A, sce-9 |,

and then we can write

t (o3
/ e~(t=(=2)F p( g
0

t
<cter / (t—s) o
0

We thus obtain

3
tar

ds

o ([ sa) e,

7

t Q —
sup tap / e~ t=IE=R 2P fds <cT Hf” .
0<t<T 0 Lo Lr
By the estimates above we get
t P
(49) / et Fgsll  <eT Hﬂ‘ .
0 Er Lr

Now, we study the bilinear form B(¥,¥) defined in (47). Our starting point is to prove the estimate

. 13 ., 1 3
(50) sup |[B(6,0)|p, <cT' o |[§]l3,, 1-—=——>0,

0<t<T o ap

where remark that 1 — é — O%) > ( as long as p > % Indeed, we have

t o
swp [BED), < s [ [0 vz n)(s.)], ds
0<t<T 0<t<T Jo Lr
|
<c swp [ (s, ) @ s, ) ds
o<t<TJo (t—s)a

t

1 3., N

<c sup / s, )55, o ds
0<t<T Jo (t —s)a sor

e L

IN

Thereafter, we shall prove the estimate:
(51) sup £ |B@, 0|, < cT' 555 |52 1—1_3 .9
P o < & ap , -2 )
ogth ’ L Er a ap

We write

t (o3
sup tar |B(7,7)| e < sup r/ Hg(t*s)(*ﬂﬂpdw(mﬁ) (3,-)H ds = (a).
0<t<T 0<t<T 0 Lee
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Then, by the third point of Lemma 2.3, and using now the information p > 2. we can write:

s [ 1 .
@< swp % [ (s, )@ s ) ds
0<t<T 0o (t—s8)a

t
d 2
<c s o5 [ (s ) ds
0<t<T o ( gap

s [f ds 2
<c| sup tor | ——— | |05, -
0<t<T 0 (t—s)asap
. 2
c sup ta_p/ _i_tap/ : G
o2 |7 Jo (t_s el W = | 141,

s 1 (Y2 ds 36 ds 2
c| sup |[ter™ @ / 5 Htor ev — T |UHET
0<t<T 0 sop t/2 (t—s)a

< T i,

IN

IN

By the inequalities (6) and (51) we can write:
1 3

. 13,
(52) IB(@,0)|| gy < cT' =" ar |73, 1——- o > 0.
Once we have the estimates (48), (49) and (52) at our disposal, the proof of Proposition 6.1 follows from
well-known arguments. |

Step 2. Global boundedness of #. With the help of the Proposition 6.1, we are able to prove the
following:

a—1'a’

Proposition 6.2. Let 1 < a, max( SE 1) <p < 4ooand 0 < s. Let fe Wt Ws’p(R?’) be the
external force and let i € LP(R3) be a weak solution to equation (2). Then we have @ € L>°(R3).

Proof.
First remark that by hypothesis on the external force and by interpolation (see [2, Chapter 5]) we have
f e LP(R3).

Then, in the initial value problem (44), we set the initial data ¥y = 4. Then, by Proposition 6.1 there
exists a time 0 < Tp, and there exists a unique solution 7 € C. ([0, Tp], L*(R?)) to equation (44), which arises
from .

On the other hand, we have the following key remark: since 4 is a time-independent function we have
Oyt = 0 and this function is also a solution of the initial value problem (44) with the same initial data .
Moreover, we have @ € C. ([0, Tp], L?(R?)).

Consequently, in the space C. ([0, Tp], LP(R?)) we have two solutions of equation (44) with the same initial
data Uy = : the solution ¥/ given by the Proposition 6.1 and the time-independent solution #. By uniqueness
we have the identity ¥ = @ and by (45) we can write

sup £ ||| < +o00.
0<t<To

But, as the solution @ does not depend on the temporal variable we finally get @ € L>(R?) and Proposition
6.2 is now proven. |

Step 3. Regularity of « and P. The global boundedness of i obtained in the last step is the key tool
to prove the following:
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Proposition 6.3. Since fe W-ern Ws’p(R?’), with 1 < a, 0 < s and max (a T 2, 1) < p < 400, and

since i@ € LP N L>®(R?), we have @ € Wst*P(R3) and P € WsT*P(R?) + Ws+LP(R3),

Proof.

Let us start by explaining the general strategy of the proof. For 0 < s and 1 < «, we consider the quantities
0 <s+aand 0 < o— 1. Then, let k& € N be such that k(o — 1) < s+ a < (k+ 1)(aw — 1). We thus
write s + @ = k(aw — 1) + &, with 0 < & < a — 1. To prove that @ € W*t*P(R3), first we shall prove that

@ € WHe=1D»(R3) and next we will verify that (—A)“Ta € WP (R3).

By an iteration process, we prove that @ € W hke=1).p (R3). For the sake of simplicity, we consider the
following cases of k.

First, if K = 0 by our hypothesis we directly have @ € LP(R3). Next, if k¥ = 1, recall that @ solves the
fixed point equation (4). Then we have

a—1

(—A) T i = (=A) "2 div(d ® @) + (—A) 2 P(f).
For the first term on the right-hand side, recall that @ € LPNL>(R?) and we get (—A)~2div(Z®ad) € LP(R?).

For the second term on the right-hand side, by our hypothesis f € W= n WeP(R3) with 1 < v and 0 < s
and by interpolation (see [2, Chapter 5]) we have (—A)~2P(f) € LP(R3). We thus get @ € W12 (R3).

Thereafter, if 2 < k, we start by applying the operator (—A)QT71 to the identity and we get
(=4)
As before, we shall prove that each term on the right-side belong to the space LP(R3). For the first term,

@ @

we write (—A)“z (=A)"2div(d ® @) = (=A)"2div((=A)"z (@ ® @)). Thereafter, since (AT @ €
LP(R3) and @ € L“(Rg) by Lemma 2.2 we write ||(=A)7 (7 @ @)||z» < ¢||(—=A) =z UHLPHUHLOO, and
we have (—A)*T (—A)~2div(i ® @) € LP(R3). For the second term we write (—A)“T (=A)~3P(f) =

(—=A)**Z*P(f). Then, as 2(a — 1) —a < k(o — 1) — a < s (recall that s + a = k(o — 1) + ¢), and
moreover, as f € W~2P N W*P(R?), we have (—A)%

2(o¢ 1)

i = (—A)"T (=A)"2div(d ® @) + (~A) T (—A)"2P(f).

“P(f) € LP(R3). We thus get @ € W2(@~1D-2(R3),
By iterating this process until k& we obtain that @ € W*@—1).» (R3).
Finally, to prove that @ € W5t*P?(R3) we must verify that (—A)?2 (—A)wu e LP(R
(~A)3(=2) 5 = (-A)F ((-2) (—8) Hdiv(@ 0 @) + (-8) T ()T HR(f)

—(—A) ESCESHEESH

3). We thus write

k(a—1) (E=1)(a—1)
2 2

et+(k—1)(a—1)—1 —
2

(—A) "2 div(i @ @) + (—A) P(f).
)

k(a—1)
2

For the first term on the right-hand side, since (—A) @ € LP(R?) and @ € L>(R3), by Lemma 2.2 we
have (—A)k(a{l) (=A)~2div(d ® @) € LP(R?®). Moreover, since (—A)W(—A)_%div(ﬁ@) @) € LP(R3)
and 0 < ¢ < a — 1, by interpolation we obtain (—A)w (—A)~2div(@ ® @) € LP(R3). On the other
hand, for the second term on the right-hand side, recall that s+« = k(a—1)+e¢, hence e+(k—1)(a—1)—1 = s.
Then, by our hypothesis F e WP(R3) we directly have (—A)= 5 =p(f) € LP(R?). We thus obtain
T € Weter(R3).

Remark 5. The initial reqularity fe W”’(Rg) stops this iterative process yielding that U € W”O"p(Rg) 18
the maximum gain of reqularity for solutions.

Now, we study the pressure term P. Recall that P is related to the velocity @ and the external force f
by the expression

—

P = (=A)"div(div(d ® @) — (—A) " div(f).
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For the first term on the right-hand side, since u € Wster(R3) and @ € L*®(R?), by Lemma 2.2 we get
(—A)~tdiv(div(d @ @) € WeT*P(R3). Moreover, for the second term on the right-hand side, we directly
have (—A)~!div(f) € W*+1P(R3). Proposition 6.3 is proven. |

With this we conclude the proof of Theorem 1.4. |

7. LIOUVILLE-TYPE RESULT: PROOF OF PROPOSITION 1.2

The proof follows some of the main estimates performed in [12] and [11]. First, we consider ¢ € C5°(R?)
a positive and radial function such that ¢(x) = 1 when |z| < 1/2 and ¢(z) = 0 when |z| > 1. Then, for
R > 1, we define the cut-off function pr(z) = ¢(z/R). Remark that supp(¢r) C Br, where we denote
Br={z€R3: |z| <R}

On the other hand, since fz 0 and since @ € LP(R3) with max (%, %) < p, by Theorem 1.4 we have
@ € C®(R3) and P € C®(R?). Therefore, we can multiply each term in equation (8) by ¢gi, then we
integrate by parts over R? to obtain the estimate proven in [12, Estimate (4.5)]:

53 . o o
o +/ (=A)5d- (pr((—A)70) — (=A) % (pri)) da

By Hélder inequalities and the fact that supp(Ver) C C(Z,R), where we denote C(£,R) = {z e R : & <
|z| < R}, the term I; was estimated in [11, Proof of Theorem 1] and we have

9_9 = . 1 3
b < CR Vel il oo my: 1= 5+ 5
and since p < % we obtain

L < Clillg, oz gy

On the other hand, for % <a; <aand 0 < as < a such that a3 + as = a < 2, and for 1 < p; < 400 such
that 1/2 =1/p1 4+ 1/p, the term Iy was estimated in [12, Page 13] as follows:

5 < Ol s (-8 % @rllin (=8 F @l + [(~A)% prllzer 7]10)
By the localization properties of pr we can write
I < Cllil g (R (=) F il o+ B ] 10 )
Then, since a1 < a we have
2

- s R a2 -
I < Clilyg B35 (I(-2)F o + filzr).

Here, remark that by hypothesis we have ||d||» < 400, and since f = 0 by Theorem 2.1 we also have
[(=A)Z || » < 400. Gathering the estimates on I; and I, we get back to (53) to obtain the following
local estimate

a - - 214 8 a2 -
/B (=A)FPde < C e gy + Clldll g B (1(=28)F oo + illze ) -
R
2

For the fist term on the right-hand side, since @ € LP(R?) we have lim Ha’”izp(c(ﬁ ry) = 0- For the second
R—+oc0 27
term on the right-hand side, we shall verify that =5+ + z% < 0. Indeed, by the relationship % = %1 + 1—17

6

a simple computation shows that the inequality Ea——

5‘1 + p% < 0 is equivalent to p < Moreover, since
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p < % this last inequality holds as long as % < 3_6a1, which is ultimately verified by the constrain % < a1.

With this we conclude the proof of Proposition 1.2. |

APPENDIX: NEW REGULARITY CRITERION FOR CLASSICAL STATIONARY NAVIER-STOKES EQUATIONS IN
MORREY SPACES

Let consider the classical stationary Navier-Stokes equations in the whole space R?:
(54) —AG+ (@-V)i+ VP =div(F), div(a) =0,
where, for the sake of simplicity, we have written the external force f as the divergence of a tensor F =
(Fiji<ij<s-

We shall name a very weak of equation (54) the couple (i, P) € L2 (R?®) x D'(R?®) which verifies this

loc
equation in the distributional sense. Note that very weak solutions have minimal conditions to guarantee

that each term in equation (54) is well-defined as distributions. In particular, we let the pressure P to be a
very general object as we only have P € D’'(R?).

As the velocity @ is a locally square integrable function, in order to improve their regularity we look for

some natural conditions on the local quantities / |ii(x)|*dx, where B(z,R) = {z € R3: |x—x0| < R}.
B(Io,R)
Thus, the Morrey spaces appear naturally.

Recall that for 2 < p < 400 the homogeneous Morrey space M2P (R?) is the space of leoc—functions such
that

1
2

3 1
fllxew =  sup  Re 7/ f@)Pdz | < oo,
£l gz R>0, gy cR3 dx(B(zo, R)) B(moyR)l )

where dz(B(zg, R)) ~ R? is the Lebesgue measure of the ball B(zg, R). Here, the parameter p measures
1 3
the decay rate of the local quantity | ————— / |f(z)]*dz | when R — 4o00. Moreover, this
dx(B(zo, R)) Jp(xo,R)
is a homogeneous space of order —%, and the following chain of continuous embeddings holds LP(R3) C

LP49(R?) ¢ M?P(R?). We thus study the regularity of very weak solutions in a general framework.

For the parameter p given above and for a regularity parameter & € N, we introduce the following
Sobolev-Morrey space

Whe = {fe M?*P(R3): 92f € M?P(R®) for all multi-indice |a| < k}.

Moreover, we denote by W% (R?) the classical Sobolev space of bounded functions with bounded weak
derivatives until the other k. Finally, for 0 < s < 1, we shall denote by C**(R?) the Hélder space of C*-
functions whose derivatives are Holder continuous functions with parameter s.

In this framework, we obtain a new regularity criterion for very weak solutions to equation (54).

Theorem 7.1. Let (i, P) € L} (R3) x D'(R3) be a very weak solution to (54), with F € D'(R3). For k>0
and 3 < p assume that
(55) F € WHFLP(R3) 0 WhHTLo(R3).
Then, if the velocity field verifies
i € M*P(R3),

it follows that @ € WF2P(R3) and P € WKTLP(R®). Moreover, we have @ € C**15(R?) and P € C**(R?)
with s =1 — 3.

P
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Recall that the external force acting on equation (54) is given by div(F). Then, by our assumption (55)
we have div(F) € WP which yields a gain of regularity of very weak solution of the order k£ + 2. As in
Theorem 1.2, this mazimum gain of regularity is given by the effects of the Laplacian operator in equation
(54).

On the other hand, in the particular homogeneous case F = 0, very weak solutions to equation (54) verify
(i, P) € C™(R?), provided that @ € M?>P(R?) with 3 < p. As explained before introducing Proposition
1.2, this particular result is of interest in connection to the Liouville-type problem for equation (54) in the
setting of Morrey spaces [11].

Proof of Theorem 7.1.
The proof follows the main ideas in the proof of Theorem 1.4 (see Section 6), so we shall only detail the
main computations.

By well-known properties of Morrey spaces, Proposition 6.1 also holds in the (larger) space M??(R?) and
we can state

Proposition 7.1. For 3 < p, let div(F) € M>*P(R3) and 0y € M>P(R3) be the external force and the
(divergence-free) initial data respectively. There exists a time Ty > 0, depending on Uy and div(FF), and there
exists a unique solution ¥ € C, ([0, To], M*P(R?)) to the Navier-Stokes equations:

00— AT+P(7- V)T =P(f), di(@)=0, ¥(0,)=7.

Moreover this solution verifies sup t3 [|T(t, )| e < +o0.
0<t<Ty

Moreover, by following the same ideas in the proof of Proposition 6.2, we obtain our key result

Proposition 7.2. Let 3 < p and 0 < k. Let F € WFHLP(R3) be the tensor let @ € M27P(R3) be a very weak
solution to equation (54). Then we have @ € L™ (R3).

Finally, global boundedness of the velocity @ allows us to study its regularity.

Proposition 7.3. Since F € WFLP 0 Wh(R3), with 3 < p, and since @ € M>P N L™(R3), we have
i € WFH2P(R3) and P € WFTLP(R3). Moreover, it holds @ € CKT15(R?) and P € C**(R3) with s = 1 — %.

Proof.

As in the proof of Proposition 6.3, we consider the fixed point equation

(56) i = —(—A)""P(div(d ® @) + (—A) "' P(div(F)).

By using this equation, we shall prove that 927 € M2?(R?) for all multi-indice |a|] < k 4 2. We shall prove

this fact by iteration respect to the order of the multi-indices a, which we will denote as |a|. For the reader’s
convenience, in the following couple of technical lemmas we prove each step in this iterative argument.

Lemma 7.1 (The initial case). With the same hypothesis of Proposition 7.3, for |a| < 2 and for 1 < o < 400
we have 924 € M?7P7 (R3).

Proof.
Let |a] = 1. By equation (56) we write
(57) Pi = —(—A)'P(divo* (4 @ @) + (—A) ' P(divo*(F)),

where we will prove that each term on the right-hand side belongs to the space M27?7(R?). For the first
term, since @ € M>P(R3) N L°(R3) by interpolation inequalities we have @ € M2 (R3) for 1 < o <
400. Then, by Holder inequalities we obtain @ ® @ € M?7??(R3). As |a] = 1 remark that the operator
(=A)7'P(divo®(-) writes down as a linear combination of Riesz transforms and by their continuity in the
Morrey spaces [22, Lemme 4.2] we get that (—A)~'P(divo?(@®@)) € M7 (R?). Similarly, by (55) we get
(=A)"'P(divoa(F)) € M2727(R?).
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Let |a| = 2. We get back to the expression (57) and following same ideas we can prove that each term on
the right-hand side belong to M?277 (R3). We just mention that for the first term we write a = a; +ay, with
|ai| = |Jag| = 1. Then, to handle the term 9*2(d®u), for ¢,j = 1,2, 3 we write 0;(u;u;) = (05u;)u; +ui(Oiu;)
and we use the information 0214 € M27P7(R?), i € L>(R®) to obtain that (—A)"'P(divo?(d ® 4)) €
M?7:77 (R3). |

Lemma 7.2 (The iterative process). With the same hypothesis of Proposition 7.3, for 1 < m < k and for
la] < m assume that 02 € M?7P°(R3) (with 1 < o < 4+00). Then it holds for |a| = k + 2.

Proof.
Let |a| = k+ 1. As before, we must verify that each term on the right-hand side of equation (57) belongs to
M?7P7(R3). To handle the first term, we split a = a; + as, with |a;| = 1 and |a,| = k, and we write

(—=A)'P(divo* (@ @ @) = (—A) P (dive™ 972 (4 @ 1)).

Then, for the term 922 (@ ® @), we shall verify that 922 (7 ® @) € M?%P?(R?) for any o > 1. Indeed, by the
classical Leibniz rule (for simplicity we omit the constants) we write

022 (ulu]) = E 6bui 832_buj = uiﬁazuj + E 8bui 8a2_buj + E 6buiuj.
|b|<k 1<|b|<k—1 |b|=Fk

Recall that by our hypothesis, for all multi-indice |a| < k we have 924 € M?72°(R3). With this information
and that fact that @ € L>(R3) we get

uia‘”uj, Z 8buiuj € MQU’pU(Rg).
|b|=k

Moreover, using again the information 92 € M2777(R?), we can write 02 € M?(27):7(29)(R3) since it holds
for any o > 1. We then obtain

> 0Pu; 0% Puy € MO (RP),
1<|b|<k—1

Once we have 0% (i ® @) € M?7*?(R%), we conclude that (—A)~'P(divo®(d ® i@)) € M?*P7(R?). For
the second term, by our assumption (55) we have (—A)~'P(divd?(F)) € M>?7(R3). We thus get 927 €
N2097 (B3 for [a] = k + 1

Let |a]| = k 4+ 2. Once we have the information above at our disposal, we just repeat again previous
arguments to conclude that 92@ € M?7P7(R3) for |a| = k + 2. |

The fact that 2P € M277 (R3) with |a| < k+ 1 is a direct consequence of identity (1) (with f = div(F))
and our assumption (55) on the tensor F.

Finally, by the continuous embedding M??(R3) ¢ M?(R?), and the following result:

Lemma 7.3 (Proposition 3.4 of [16]). Let f € S'(R3) such that Vf € M ?(R?), with p > 3. There exists a
constant C > 0 such that for all x,y € R? we have |f(z) — f(y)| < C HﬁfHMl,p |z — y|1’%.

We obtain that @ € C*+1#(R?) and P € C**(R®) with s = 1 — %. Thus, we conclude the proof of Theorem
7.1. |
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