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Rewriting in Gray categories with applications to coherence

Simon Forest, Samuel Mimram

Abstract

Over the recent years, the theory of rewriting has been used and extended in order to
provide systematic techniques to show coherence results for strict higher categories. Here, we
investigate a further generalization to Gray categories, which are known to be equivalent to
tricategories. This requires us to develop the theory of rewriting in the setting of precategories,
which are adapted to mechanized computations and include Gray categories as particular cases.
We show that a finite rewriting system in precategories admits a finite number of critical pairs,
which can be efficiently computed. We also extend Squier’s theorem to our context, showing
that a convergent rewriting system is coherent, which means that any two parallel 3-cells are
necessarily equal. This allows us to prove coherence results for several well-known structures
in the context of Gray categories: monoids, adjunctions, Frobenius monoids.

Introduction

Algebraic structures, such as monoids, can be defined inside arbitrary categories. In order to
generalize their definition to higher categories, the general principle is that one should look for a
coherent version of the corresponding algebraic theory: this roughly means that we should add
enough higher cells to our algebraic theory so that “all diagrams commute” up to these cells. For
instance, when generalizing the notion of monoid from monoidal categories to monoidal 2-categories,
associativity and unitality are now witnessed by 2-cells, and one should add new axioms in order
to ensure their coherence: in this case, those can be chosen to be MacLane’s unit and pentagon
equations, thus resulting in the notion of pseudomonoid. The fact that these are indeed enough to
make the structure coherent constitutes a reformulation of MacLane’s celebrated coherence theorem
for monoidal categories [22]. In this context, a natural question is: how can we systematically find
those higher coherence cells?

Rewriting theory [2, 31] provides a satisfactory answer to this question. Its starting point is the
observation that it is often useful to provide an orientation to equations in algebraic structures,
which dates back to the work of Dehn [8] and Thue [32] on presentations of groups and monoids
respectively. Namely, when the resulting rewriting system is suitably behaved (confluent and
terminating) equality can be tested efficiently (by comparing normal forms). Moreover, confluence
of the whole rewriting system can be decided algorithmically by computing critical branchings
and testing for the confluence of those only, which are always in finite number when the rewriting
system is finite. In fact, this result can be reformulated as the fact that the confluence diagrams
for critical branchings provide us precisely with enough cells to make the structure coherent. This
was first observed by Squier for monoids, first formulated in homological language [26] and then
generalized as a homotopical condition [27, 20]. These results were then extended to strict higher
categories by Guiraud and Malbos [13, 14, 15] based on a notion of rewriting system adapted to this
setting, which is provided by Burroni’s polygraphs [7] (also called computads [28]). In particular,
their work allows recovering the coherence laws for pseudomonoids in this way.

Our aim is to generalize those techniques in order to be able to define coherent algebraic
structures in weak higher categories. We actually handle here the first non-trivial case, which is
the one of dimension 3. Namely, it is well-known that tricategories are not equivalent to strict
3-categories: the “best” one can do is to show that they are equivalent to Gray categories [11, 17],
which is an intermediate structure between weak and strict 3-categories, roughly consisting in
3-categories in which the exchange law is not required to hold strictly. This means that classical
rewriting techniques cannot be used off the shelf in this context and one has to adapt those to Gray
categories, which is the object of this article.



It turns out that a slightly more general notion than Gray categories is adapted to rewriting:
precategories. The notion of precategory is a generalization of the one of sesquicategory, whose use
has already been advocated by Street in the context of rewriting [29]. The interest in those has also
been renewed recently, because they are at the heart of the graphical proof-assistant Globular [3, 4].
Gray categories are particular 3-precategories equipped with exchange 3-cells satisfying suitable
axioms. We first work out in details the definition of precategories and, based on the work of
Weber [33], show that (n+1)-precategories can be defined as categories enriched in n-precategories
equipped with the so-called funny tensor product, see Section 1. This is analogous to the well-known
fact that Gray categories are categories enriched over 2-categories equipped with the Gray tensor
product [11], that we recall in Section 2. We then define in Section 3 a notion of polygraph
adapted to precategories, called prepolygraph. It is amenable to computer implementation: there
is an efficient representation of the morphisms in free precategories, which allows for mechanized
computation of critical branchings. Moreover, it can be used to present other precategories, in
particular Gray categories (Section 2.3). In order to study these presentations, we adapt the theory
of rewriting to the context of prepolygraphs in Section 3, and we show that our notion of rewriting
system retains the classical properties. In particular, a finite rewriting system always has a finite
number of critical branchings, which contrasts with the case of strict categories [21, 13, 24]. It
moreover allows for a Squier-type coherence theorem (Theorem 3.4.5). Finally, in Section 4, we
apply our technology to several algebraic structures of interest, which allows us to recover known
coherence theorems and find new ones, such as for pseudomonoids (Section 4.1), pseudoadjunctions
(Section 4.2), self-dualities (Section 4.3), and also Frobenius pseudomonoids but up to a termination
conjecture (Section 4.4).

Acknowledgements The authors would like to thank the reviewer for their high-quality proof-
reading, and the associated numerous and useful comments.

1 Precategories

In this work, we use a variant of the notion of n-category called precategory whose 2-dimensional
version is better known as sesquicategory [29]. Many definitions of “semi-strict” higher categories
can be described as precategories with additional structures and equations, and this is in particular
the case for Gray categories. Moreover, contrarily to strict higher categories, their cells can be
easily described by normal forms, making them amenable to computations. This notion was used
to give several definitions of semi-strict higher categories [4] and is the underlying structure of
the Globular tool for higher categories [3]. Premises of it can be found in the work of Street [29]
and Makkai [23]. In what follows, we give equational and enriched definitions of precategories
(Section 1.2 and Section 1.4). Then, we define prepolygraphs as a direct adaptation of the notion of
polygraph for strict categories (Section 1.5), and we show that the cells of such a prepolygraph
admit a normal form (Section 1.8). Finally, we recall the usual construction of localization, in the
context of 3-dimensional precategories only (Section 1.9), since our subsequent results will mostly
target (3,2)-precategories.

1.1 Globular sets

Given n € N, an n-globular set C is a diagram of sets

o5 o7 o5 0,

Co 3 Cy § Cy '3 ; C,

+ + + +
o7 o5 a3 )

n—1

such that 8; 00;,, = 0; 09}, and 9; 09, =9, 00;7, for 0 <i <n—1. An element u of C;
is called an i-globe of C and, for i > 0, the globes 9;_, (u) and ;" | (u) are respectively called the
source and target and u. We write Glob,, for the category of n-globular sets, a morphism f: C — D
being a family of morphisms f;: C; — D;, for 0 < i < n, such that 9 o fi11 = f;00f for e € {—, +}.
Given m > n and C € Glob,,, we denote by 7,'(C) the n-globular set obtained from C by
removing the i-globes for n < i < m. This operation extends to a functor 77, : Glob,, — Glob,,.



For simplicity, we often implicitly suppose that, in an n-globular set C, the sets C; are pairwise
disjoint and write u € C' for u € | |, C;. For e € {—,+} and k > 0, we write

ik =0i 000007,
for the iterated source (when ¢ = —) and target (when € = +) maps. We generally omit the
index k when it is clear from the context. Also, we sometimes simply write 9°(u) for 95 ; (u). Given
i,j,k €{0,...,n} with k < i and k < j, we write C; x;, C; for the pullback
Ci Xk Cj

Ci I JC] )
a,j\ /a—
Ch k

A sequence of globes u; € Cj,, ..., u, € C; is said i-composable, for some i < min(iy,...,4,), when
0 (uj) = 0; (uj+1) for 1 < j < p. Given u,v € Cj41 with i < n, u and v are said parallel when
0°(u) = 0°(v) for e € {—, +}.

For u € C;;1, we sometimes write u: v — w to indicate that 9; (v) = v and 9;" (v) = w. In
low dimension, we use n-arrows such as =, =, S, etc. to indicate the sources and the targets of
n-globes in several dimensions. For example, given a 2-globular set C' and ¢ € C5, we sometimes
write

o f=g:x—y
to indicate that 9y (¢) = f, 9y (¢) = g, 0y (¢) = z and 97 (¢) = y. We also use these arrows
in graphical representations to picture the elements of a globular set C'. For example, given an
n-globular set C' with n > 2, the drawing

f
7 e .
T —9—y ——— 2 (1)
\\W
h

figures two 2-globes ¢, € Cy, four 1-globes f, g, h, k € C; and three O-globes x,y, z € Cy such that

o) =f () =07()=9g, W) =h,
(=09 =0 (h) =z,  Of(f)=0(9)=05(h) =08, (k)=y, I (k)=0.

1.2 n-precategories
Given n € N, an n-precategory C' is an n-globular set equipped with
— identity functions id*: C_1 — Cy, for 0 < i < n,
— composition functions *x;: Cx Xmin(k,1))—1 C1 = Cmax(k,), for 0 < k,1 < n,

satisfying the axioms below. In this context, the elements of C; are called i-cells. Since the
dimensions of the cells determine the functions to be used, we often omit the indices of id and, given
0 < k,I <nandi=min(k,l) — 1, we often write *; for %, ;. For example, in a 2-precategory which
has a configuration of cells as in (1), there are, among others, 1-cells f o k, h*o k and 2-cells ¢ #1 9
and ¥ % k given by the composition operations. The axioms of n-precategories are the following:

(i) for k <n and u € Cy,
o, (id,) = u = 9, (id,),

(ii) for i,k,l € {0,...,n} such that i = min(k,l) — 1, (u,v) € Cx x; C}, and € € {—, +},
ux; 0°(v) ifk <l

0~ (u) ifk=1land e=—,

ot (v) if k=1and e =+,

0 (u) *; v if k> 1,

O (u *; v) =



(iii) for 4,k,1 € {0,...,n} with i = min(k,l) — 1, given (u,v) € Cr_1 x; Cy,

. v if k<l
ldu * U= 3. .
idy,,, ifk>1,
and, given (u,v) € Cj x; Ci_1,
if ] <
wid, = u if I <k,
id,,,,, ifl>k,

(iv) for i,k,l,m € {0,...,n} with ¢ = min(k,l) — 1 = min(l,m) — 1, and u € Ck, v € C
and w € C, such that u, v, w are i-composable,

(w; 0) % w = u*; (V*; W),
(v) for 4,4, k, k" € {0,...,n} such that
j=min(k,k’') =1 and i<j,
given u € Ci11 and (v,v") € Cy x; Cys such that u, v are i-composable,
w; (Vs 0") = (w;v) 5 (u*;v')
and, given (u,u’) € Ck x; Cy and v € Cj4q such that u, v are i-composable,
(wsju') ;v =(uxv)*; (u *; v).

A morphism of n-precategories, called an n-prefunctor, is a morphism between the underlying
globular sets which preserves identities and compositions as expected. We write PCat,, for the
category of n-precategories. The above description exhibits n-precategories as an essentially
algebraic theory. Thus, PCat,, is a locally presentable category [1, Thm. 3.36]; consequently, it is
complete and cocomplete [1, Cor. 1.28]. In the following, we write 1 for the terminal n-precategory
for n > 0.

In dimension 2, string diagrams can be used as usual to represent compositions of 2-cells. For
example, given the 2-precategory C' freely generated on the globular set

f g
z o y Iy =2
N A4
f’ g

we can represent the two 2-cells

(¢ %0 9) *1 (f' *0 1) and (f o) *1 (P *0g")

f9 fg
and
g g
Note that these two 2-cells are different, and that the diagram

f 9
g

respectively by

makes no sense in a generic 2-precategory.



1.3 Truncation functors

Similarly to strict categories [25], the categories PCat,, for n > 0 can be related by several functors.
For m > n, we have a truncation functor

T PCat,, — PCat,

where, given an m-precategory C, T'(C) is the n-precategory obtained by forgetting all the i-cells
for n < i < m. This functor admits a left adjoint

F,': PCat,, — PCat,,

which, to an n-precategory C, associates the m-precategory F,'(C) obtained by formally adding
i-identities for n < ¢ < m, i.e., F,'(C); = C; for i <n and F,'(C); = C,, for i > n.

Proposition 1.3.1. For m > n, the functors T, and F,' admit both left and right adjoints, i.e.,
we have a sequence of adjunctions

HEAFEATTARY.
As a consequence, the functors T,' and F,' preserve both limits and colimits.

Proof. Suppose given an m-precategory C. The n-precategory H.'(C) has the same i-cells as C
for i < n and H,'(C), is obtained by quotienting C,, under the smallest congruence ~ such that
u ~ v whenever there exists an (n + 1)-cell a: w — v. The n-precategory R, (C) has the same
i-cells as C for 0 <4 < n and, for n <i < m, R, (C);t1 is defined from R, (C); as the set of pairs
(u,v) € Ry (C); x Ry, (C); with 0~ (u) = 9~ (v) and T (u) = 9T (v), with 0~ (u,v) = u as source
and 07 (u,v) = v as target. Details are left to the reader. O

Given n < m, we write (=), for the functor 7' o7}": PCat,, — PCat,, and, given an
m-precategory C, we call C,y the n-skeleton of C'. It corresponds to the m-precategory obtained
from C by removing all non-trivial i-cells with ¢ > n. We write

o) (5w = lpcat,,

for the counit of the adjunction F,' 4 7,'. Since F, and T, both preserve limits and colimits by
Proposition 1.3.1, so does the functor (—)).

1.4 The funny tensor product

We now define the funny tensor product, that we will use to give an enriched definition of
precategories. It can be thought of as a variant of the cartesian product of categories where
we restrict to morphisms where one of the components is the identity (or, more precisely, to
formal composites of such morphisms). We give a rather direct and concise definition, and we
refer the reader to the work of Weber [33] for a more abstract definition. Given n > 0 and two
n-precategories C' and D, the funny tensor product of C and D is the pushout

CoyXip

C(O) X D(O) —_— C(O) x D

ic XD(O)J re,p

C x D(O) lon »COD
Since j(_y is a natural transformation, the funny tensor product can be extended as a functor
(-)O(-): PCat,, x PCat,, — PCat,, .

We show that it equips PCat,, with a structure of monoidal category. First, we prove several
technical lemmas.



Lemma 1.4.1. Given n-precategories C and (D%);cr, the canonical morphism
[T x D) —cx((]Dp)
iel i€l

is an isomorphism.

Proof. Write F for this morphism. A morphism between n-precategories is an isomorphism if
and only if the underlying morphism of globular sets is an isomorphism. Thus, it is sufficient to
show that the isomorphism holds dimensionwise, i.e., that the images of F' under the functors
(—);: PCat,, — Set are isomorphisms for 0 < j < n. Products and coproducts are computed
dimensionwise in PCat,, so that the functors (—); preserve products and coproducts. Since
coproducts distribute over products in Set, F} is an isomorphism for 0 < j <n, and sois F. [

Lemma 1.4.2. Given an n-precategory D, the functor (—) x D gy preserves colimits.

Proof. Since, by Proposition 1.3.1, F( preserves limits and colimits, we have D) = HJ)EDU 1.
Given a diagram C(—): I — PCat,, by Lemma 1.4.1, we have

(colim C(i)) H coth’ = cohm H Ci) = cohm(C’(i) x D) - O
el 2€Dy 2€Dy
Lemma 1.4.3. Given n-precategories C, D, E, there is an isomorphism

acpp: (COD)OE = CO(DOE)

natural in C', D and E.
Proof. Given n-precategories C, D and E, the precategory (C' 0 D) O E is defined by the pushout

(CoyxDoy)Xig
_—

(C(o) X D(O)) X E(o) (C(o) X D(O)) x B

Jcop X E(o) 'cOD,E

(ODD)XE(O) >(C|:|D)|:|E

leop, e
Since, by Lemma 1.4.2, (—) x E g preserves colimits, the following diagram is also a pushout

(CoyXip) X Eo)
R

(C(O) X D(O)) X E(O) (C(O) X D) X E(O)

(e XD0y) X E(g) re,p XEqy -

(C X D(O)) X E(O) » (C (I D) X E(O)

lC,D X E(O)

Thus, (C O D) O FE is the colimit of the diagram

(jC XD(O))XE(O) (C X D(O)) X E(O)

(O(O) X D(O)) X E(O) — (C(0) Xip) X E) —> (C(o) X D) X E(O) (2)

(CoyxD0y)Xip (C(O) « D(O)) « E

The precategory CO(DOFE) admits a similar diagram, and we deduce easily, using the associativity
of x, a canonical morphism a¢ p g: (COD)OFE — CO(DOE), which admits an inverse defined
symmetrically. The morphism a¢ p g is easily checked to be natural in C, D and E. O



Given an n-precategory, there are canonical morphisms
MNo1ocS o and  ph:cO1% 0

where AL is defined by

1 .
1(0) X C(O) —>(O) e 1(0) x C

J1 XC(O)J/ lrl,c

1xC) ——— 1KC
1,C

1

jooma
and pg is defined similarly. Both are natural in C. We can conclude that:
Proposition 1.4.4. (C,0O, 1, «, )\f,pf) is a monoidal category.

Proof. The axioms of monoidal categories follow from the pushout definition of the funny tensor
product and the cartesian monoidal structure on n-precategories. O

In fact, the funny tensor product is a suitable product for an inductive enriched definition of
precategories, i.e.,

Proposition 1.4.5. There is an equivalence of categories between (n+1)-precategories and categories
enriched in n-precategories with the funny tensor product.

Proof. See Appendix A. O

1.5 Prepolygraphs

In this section, we introduce the notion of prepolygraph which generalizes in arbitrary dimension
the notion of rewriting system. This definition is an adaptation to precategories of the notion
of polygraph introduced by Burroni for strict categories [7]. Polygraphs were also generalized by
Batanin to algebras of any finitary monad on globular sets [6], and prepolygraphs are a particular
instance of this construction, for which we provide rather here an explicit construction.

For n > 0, writing U,, for the canonical forgetful functor PCat,, — Glob,,, we define the
category PCat as the pullback

.
PCatt % Glob,,;
125 aas
PCat,, - Glob,,

and write Z/{Z: PCat:lr — Glob,,; for the top arrow of the pullback and V,,: PCat:L' — PCat,,
for the left arrow. An object (C, Cy11) of PCat: consists of an n-precategory C' equipped with a
set Cypy1 of (n+1)-cells and two maps d,,,d;": C,,41 — C,, (note however that there is no notion of
composition for (n+1)-cells). There is a functor W,,: PCat,, 1 — PCat; defined as the universal

arrow
Unt1
PCat, 1 /\
ey

+
PCatt “% Glob,.,

vl L

PCat, - Glob,,

1
T

and, since categories and functors in the above diagram are induced by finite limit sketches and
morphisms of finite limit sketches, they are all right adjoints (see [5, Thm. 4.1] for instance), so
that W,, admits a left adjoint L, : PCat: — PCat, ;.



We define the category Pol,, of n-prepolygraphs together with a functor G,,: Pol,, — PCat,
by induction on n. We define Poly = Set and take Gy to be the identity functor. Now suppose
that Pol,, and G,, are defined for n > 0. We define Pol,,; as the pullback

Gl n
Pol, 4 > PCat,,
TRt Ivn

Pol,, — PCat,,

and write G : Pol,;; — PCat;} for the top arrow and 77" for the left arrow of the diagram.
Finally, we define G, 11 as L, o g;.
More explicitly, an (n+1)-prepolygraph P consists in a diagram of sets

- PP . P, Pt

2
(0] n—1
P§ 3 — P13 Py &T————— P}

such that 9; od;,, = 0; Od;:—l and ;" od 1= o odjjrl, together with a structure of n-precategory
on the globular set on the bottom row: P; is the set of ¢-generators, d; , dj: P,+1 — P} respectively
associate to each (i+1)-generator its source and target, and P! is the set of i-cells, i.e., formal
compositions of ¢-generators. In line with the latter notation, we will often write P* for the image
of an n-prepolygraph P by G.,.

By definition, an (n+1)-prepolygraph P has an underlying n-prepolygraph 77 (P), that we
will often denote by P<,. More generally, for m > n, an m-prepolygraph P has an underlying
n-prepolygraph P<,, obtained by applying successively the forgetful functors T;:H for m > i > n.

Example 1.5.1. We define the 3-prepolygraph P for pseudomonoids as follows. We put
Po = {z}, Py ={a: z — 2}, Py={u:2=1,7: 0= 1},

where, given n € N, we write n for the composite a *q - -+ g a of n copies of a, and we define P3 as
the set with the following three elements

A (o 1) s p = (1o p) %1 p
L (n*ol) 1 pu = idg

Note that we make use of the arrows —, = and = to indicate the source and target of each
i-generator for i € {1,2}: a is a 1-generator such that dy (a) = df (a) = z, p is a 2-generator such
that Ay (1) = a *o a and df () = a, and so on. In the following, we will keep using this notation to
describe the generators of other prepolygraphs.

1.6 Presentations

Given an n-precategory C with n > 0, a congruence for C' is an equivalence relation ~ on C,, such
that, for all u,u’ € C), satisfying u ~ u’,

= 05y (u) =05, () for e € {—, +},
— for v,w € C;41 with 0 < ¢ < n such that v, u, w are i-composable, we have

/
VR UKW~V kU kW,

Given such a congruence for C, there is an n-precategory C'/~ which is the n-precategory D such
that D; = C; for i < n and D,, = C,,/~ and where the identities and compositions are induced by
the ones on C.



Now, consider the composite functor

Gn nH
Pol,,; —% PCat,,; —— PCat,, .

To an (n+1)-prepolygraph P, it associates an n-precategory denoted by P. Concretely, P is
isomorphic to (P<,)*/~F where ~F is the smallest congruence such that 9, (u) ~F 9} (u) for
u € Pp41. In the following, we say that an (n+1)-prepolygraph P is a presentation of an n-precate-
gory C when C is isomorphic to P.

1.7 Freely generated cells

Given (C, Cy41) € PCat;’, we give an explicit description of the free (n+1)-precategory £,,(C, Cp11)
it generates, similar to the one given in [25] in the case of polygraphs. This (n+1)-precategory
has C' as underlying n-precategory so that we focus on the description of the (n+41)-cells, which
can be described as equivalence classes of terms, called here expressions, corresponding to formal
composites of cells. These expressions are defined inductively as follows:

— for every element u € C,, 41, there is an expression, still noted w,

— for every n-cell u € C,,, there is an expression id,,,

— for every 0 < i < n, for every u € C;;1 and every expression v, there is an expression u *; v,
— for every 0 < i < n, for every expression u and every v € C;41, there is an expression u *; v,
— for every pair of expressions u and v, there is an expression u *,, v.

We then define well-typed expressions through typing rules in a sequent calculus. We consider
judgments of the form

— F t: u — v, where t is an expression and u,v € C,, with the intended meaning that the
expression t has u as source and v as target,

—Ft=1t:u— v, where t and t' are expressions and u,v € C,,, with the intended meaning
that ¢ and ¢’ are equal expressions from u to v.

The associated typing rules are

— for every t € Cy,41 with 9;, (t) = u and 9} () = v,

Ft:u—w

— for every u € C,,
Fid,: v —u
— for every 0 < i < n, every u € C;1 and v,v’ € C,, with 9" (u) = 9 (v),

3

Ft:o—

B t: (us;v) = (us; o)

for every 0 < i < n, every u,u’ € C,, and v € C;41 with 9;" (u) = 9; (v)

K3

Ftiu—u

Ftxgv: (usv) = (u % v)

— and, for every u,v,w € C,
Fit:u—w Ftiv—w

Fts,t':u—w



The equality rules, which express different desirable properties of the equality relation, are introduced
below. The first rules enforce that equality is an equivalence relation:

Ft:u—w Ft=t:u—v Ft=t:u—w Ft'=t""u—w
Ft=t:u—v Ft'=t:u—wv Ft=t""u—wv

(3)

The next ones express that that identities are neutral elements for composition:

Ft:u—vwo Ft:u—vwo
Fid, s, t=t:u—v Ftx,id, =t:u—v
Ftru—u i<n Ft:u—d
s 1i+1 g, / il . /
Flda;(u)*zt—t.u—mi I—t*llda;r(u)—t.u%u

The next ones express that composition is associative:

}_t12U0—)U1 Fito:up — ug "tg:Ug—)’LLg

F (tl *n ﬁ2) *n t3 - tl *n (t2 *n t3): Uy — U3
Ftio—o ut,us € Cit 0 (u1) = 0; (uz) 0 (uz) = 9; (v)
H Uq *; (’U,Q *5 t) = (u1 *4 'LL2) *Zt U k5 U *; U — UL *; U *; U/

Ftiu— v1,v2 € Cipq 0 (v) = 0; (v1) O (v1) = 0; (va2)

3

B (E % v1) % Vg = tx; (V1 %; v2): U *; U1 *; Vg — Uk v K Vo
Ft:v—=dv i<n  uweCin w € Cit of (u)=0;(v) 0 (W) =0;(w)

K3 K2

B t) % w = wxg (Ex;w) 0w 0k w — w0 %k w
The next ones express that (n+1)-identities are compatible with low-dimensional compositions:

i<n u € Cit1 veC, o (u) = 0; (v)

7

Fusxgid, =id,, .0 ux v — u*v
u e Cy i<n vedl; 9 (u) = 0; (v)

Fid, v = id,,,, 0 U* v = wk v

The next ones express that n-compositions are compatible with low dimensional compositions:

Fti:vg — va Fity: vg — v3 UGCi+1 af(u) :3;(1)1)
Bk (B %5 to) = (w g t1) %y (U to): wk; U1 — U *; U3
Fiti:ug — us Fto: us — us ’UeCiJrl 8f(u1) zﬁf(v)

F(tl*ntQ)*i"U:(tl*il})*n(tg*iv)iUl*ivﬁu?)*i’l)

The next ones express the distributivity properties between the different low-dimensional composi-
tions:

Ftiw— w i<j<n u€ Cit1 0 (u) = 0; (w) veCCjm 8;?(1)):8-_(11))

Faus (Vs t) = (wsv)*; (wkit): us; (v w) = us (v

)
Ft:o— 1<j<n u € Ciy 9 (u) = 0; (v) w e Cj 8;(1)):8;(11))
)

B (B w) = (usk;t)  (uws; w): ws (v w) = us* (V' w

Ftiv—0 i<j<mn ueCip 8j(u) =0; (v) w € Ciyq 0 (v) = 0] (w)
Fo(us;t) s w= (usw)*; (Exw): (ukjv)sw— (uk;v)*kw

Ftiu— i<j<n veCCjm aj(u)zaj_(v) w € Ciqq 0 (v) = 07 (w)
Bt 0) % w = (E%; w) %5 (v w): (ukjv) % w— (U *;0) % w

Finally, the last ones express that equality is contextual:
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Ft=t:v— u € Cip1 0 (u) = 9; (v)

7

Fusit=usxt:uxv— u*v
Ft=t:u—u  veCi O (u) = 9; (v)

Ftsjo=t v uxv—u *v

}—tlzt/lzul—>u2 Fto: ug — us

}—tl*ntgztll*ntQ:ulﬁu;g

Ft1:u1—>uQ l_tQZtIQ:UQ_)U,?,

}—t1*nt2:t1*nt'2:u1—>u3

The following lemmas show that typing is unique and well-behaved regarding equality. They are
easily shown by inductions on the derivations:

Lemma 1.7.1 (Uniqueness of typing). Given an expression t such that the judgements Ft: u — v
and - t: v — v are derivable, we have u =u' and v ="'.

Lemma 1.7.2. If-t=1t":u — v is derivable then - t: u — v and - t': uw — v are derivable.

A term t is well-typed if there are u,v € C), such that F t: uw — v is derivable using the above
rules. In this case, by Lemma 1.7.1, the types v and v are uniquely determined by ¢, and we write
0, (t) = wand 9;f (t) = v. We define C}:_; to be the set of equivalence classes under = of well-typed
expressions. By Lemma 1.7.2, the operations d;, and ;" are compatible with the relation =. We
finally define £,,(C,Cy41) as the (n+1)-precategory with C' as underlying n-precategory, C;: 4
as set of (n+1)-cells, with sources and targets given by the maps 9, and d;". The compositions
and identities on the (n+1)-cells are induced in the expected way by the corresponding syntactic

constructions (this is well-defined by the axioms of =). It is routine to verify that:

Theorem 1.7.3. The above construction defines a functor L, which is left adjoint to W,,.

1.8 Normal form for cells

Suppose given (C,Cy,41) € PCat;'. The set C_, of cells of £,(C,Cy11) was described in the
previous section as a quotient of expressions modulo a congruence =. In order to conveniently work
with its equivalence classes, we introduce here a notion of normal form for those. From now on, we
adopt the convention that missing parenthesis in expressions are implicitly bracketed on the right,
i.e., we write uj %, Ug %, « -+ %, ug instead of uy %, (ug *p, (- %, ug)).

By removing the relations (3) in the definition of the congruence = and orienting from left to
right the remaining equations, we obtain a relation = which can be interpreted as a rewriting
relation on expressions:

id, *pt =1t t*,id, =1

(t1 *p t2) *p t3 = b1 %y (t2 *p t3) (ug *; t) *; U = ug *; (L *; u2)

We now study the properties of =. We recall that such a relation is said to be terminating when
there is no infinite sequence (t;);>0 such that ¢; = ¢;41 for ¢ > 0. A normal form is an expression ¢
such that there exists no ¢ with ¢ = t'. Writing =* for the reflexive transitive closure of =, the
relation = is said locally confluent when for all expressions ¢, t; and t5 such that ¢t = t; and t = to,
we have ¢t =* ¢ and to =* t’ for some expression ¢ (diagram on the left) and confluent when for
all expressions t, t; and to such that ¢t =* ¢; and t =* t9, we have t; =* ¢’ and t; =* t’ for some
expression t' (diagram on the right):

7'\ N

tq to tq ta

Those notions are introduced in more details in [2].
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Lemma 1.8.1. The relation = is terminating.

Proof. In order to show termination, we define a measure on the terms that is decreased by each
rewriting operation. To do so, we first define counting functions ¢, and [;,r; for 0 < i < n
from expressions to N that take into account the three kinds of operations in the expression: top
n-dimensional compositions, and lower i-dimensional left and right compositions. These functions
count the numbers of potential reductions in an expression ¢ with the associated operations. Since
reductions involving composition operations change value of counting functions of composition
operations of lower dimension, we will use a lexicographical ordering of the counting functions to
obtain the wanted measure. Given an expression ¢, we define ¢, (t) € N and [;(¢),;(¢) € N for

0 < i < n by induction on t as follows:
— if g € Chq1, we put ¢, (g) = l;(g) = ri(g) =0 for 0 < i < n,
- if uw € C,, we put ¢, (id,,) = ;(id,,) = r;(id,) =1,
— if t =t %, to, we put
nltr) + enlta) + 1
i(t) +1i(t2) +2,
ri(t) +rit2) +2,

/—\
~
~—

|
Nl\?

=
~+

~
| |

—ift =wux;t', we put c,(t) = cp(t') and

L;(t) if § <4, ()
Lit)=<2L;(t")+1 ifj=i, ri(t)=4""
L) +1  ifj>i,
—if t =t' %; v, we put ¢, (t) = c,(t') and

ri(t)

Li(t) = {li(t/) o ri(t) = ¢ 2r(t) +1

LAY +1 if §j >4,
z( )+ 1ng=>1 Ti(t/)+1

For each expression t, we define

N(t) = (ca(t),ln_1(t), rn_1(t),...,lo(t),ro(t)) € N>+

ri(t') + 1

if j <1,
if j =1,

if j <1,
if j =1,
if j > 1.

and consider the lexicographical ordering <o, on N?"*1 For the inductive rules of =, we observe

that

S if =ty %t and ¢ = 1, %, £ with N(t1) <jex N(#)), then N(t) <jex N(#)),

—ift=ux;tand t' = ux; ¥ with N(¥') <jex N (%), then N (') <jex N(t),

—ift=t*;vand t’ = *; v with N(f') <jex N(#), then N(t') <jex N(t

It is sufficient to prove that the other reduction rules decrease the norm N

)
)-
(=

if t =1t #p to and ¢’ =ty %, th with N(t}) <jex N(t2), then N(¥') <jex N(t),

). We only cover the

most representative cases by computing the first component of N(—) modified by the reduction

rule and showing that it is strictly decreasing:
en(id, *pn t) = cn(t) + 3 > ¢, (),
Cn((tl *n tg) *n t3) = 4Cn(t1) + 2Cn( 2) + Cn(tg

li(ul *, (’U,Q *; t)) = 411( ) + 3 > 2l; ( ) +1 Z((ul *; ’U,Q) *,; t)7
ri((ug %5 t) %5 ug) = 2r;(t) +3 > 2r;(¢) + 2 = ry(ur *; (€ *; ua)),
li(u *; (tl *p tg)) =2I; tl) + 2l,’(t2) +5

)+
> 2¢(t1) + 2¢n(t2) + cn(ts) + 2 = cn(ty *p (t2 *p t3)),
=1

(
> QZi(t1> + 2li(t2) +4 = ll((u *; tl) *n (u *; t2>),
Litus; (0;t)) =20(8) + 3> 20() +2 = L;((uv) *5 (ux; t)) for j > 4.
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Thus, if t = ¢/, we have N(t) <jx N(t). Since the lexicographical order <)o, on N2"*1 is
well-founded, the reduction rule = is terminating. O

Lemma 1.8.2. The relation = is locally confluent.

Proof. By a direct adaptation of the critical pair lemma (for example [2, Thm. 6.2.4]), it is enough
to show that all critical branchings are confluent, which can be checked by direct computation. For
example, given t1, ta, t3 and t4 suitably typed, there is a critical branching given by the reductions

(1 %p (b2 % t3)) *n ta <= (1 %5 L2) %p 13) *p ta = (b1 *n L2) %4 (I3 %, t4).

This branching is confluent since

(tl *p (tz *p tg)) sty = 11 *p ((tg *p t3) *p t4) = t1 *p, (tg *p (t3 *p t4))

and
(tl *p tg) *p (t3 *p t4) = 11 *p, (tg *p (tg *p t4))

Another critical branching is given by the reductions
(g *; ug) *; (1 % to) < uyp *; (ug *; (b1 %5 t2)) = ug *; ((ug *; t1) *p (ug *; t2))
for uy,us € C; with i < n and ¢y, to suitably typed. This branching is confluent since
(g *; ug) *; (£1 *p t2) = (w1 *; uo) *; t1) *y, ((ug *; ug) *; to)

and

ur #; ((u2 % t1) *n (U2 *; t2)) = (U1 *; (ug *; t1)) *y (ur *; (ug *; t2))

= ((ug *; ug) *; t1) *pn (U1 *; uz) *; t2).

The other cases are similar. O

Theorem 1.8.3. Any cell in u € C}, | admits a unique representative by an expression of the form
U = U *p U ¥y -+ Ky U
where each u; decomposes as
Ui = V), 1 (- kg (V5 x1 (0] g A g w]) 1 wh) g -+ ) Ky W) (4)
where A is an element of Cy 41 and v;» and w; are j-cells in C;.

Proof. We have seen in Lemma 1.8.1 and Lemma 1.8.2 that the relation = is terminating and
locally confluent. By Newman’s lemma (see, for example, [2, Lem. 2.7.2]), it is thus confluent
and every equivalence class of expressions contains a unique normal form, which can be obtained
by reducing any expression to its normal form. It can be checked that those normal forms are
in bijective correspondence with the expression of the form (4) (essentially, those expressions are
normal forms where identities have been suitably inserted). O

A cell of C} | of the form (4) is called a whisker. By the inductive definition of prepolygraphs from
Section 1.5 and Theorem 1.8.3, given an m-prepolygraph P with m > 0, an (i+1)-cell u € P},
with ¢ € {0,...,m — 1} can be uniquely written as a composite of (i+1)-dimensional whiskers
uy *; - - - *; ug for a unique k € N that is called the length of u and denoted by |u|. Moreover, each
whisker u; admits a unique decomposition of the form (4). We will extensively use this canonical
form for cells of precategories freely generated by a prepolygraph in the following, often omitting to
invoke Theorem 1.8.3.
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Example 1.8.4. Recall the 3-prepolygraph of pseudomonoids P from Example 1.5.1. Theorem 1.8.3
allows a canonical string diagram representation of the elements of P5: first, we represent the
2-generators p and n by v and ¢ respectively. Secondly, we represent the whiskers m *o a.xo n for
m,n € N and a € Py by adding m wires on the left and n wires on the right of the representation
of a. For example, 2 g %o 3 is represented by

IR NI

Finally, a 2-cell of P}, which decomposes as a composite of whiskers wy *1 - - - %1 Wy, s represented
by stacking the representation the whiskers. For example, below are shown two 2-cells with their
associated graphical representation:

(0*0/,[,*02)*1 (1*0#*00)*1[},:

(2% %0 0) %1 (0xg prxo 1) % =

Note that, contrary to 2-cells of strict 2-categories, these two 2-cells are not equal in P5. The above
graphical representation can be used in order to define unambiguously the source and target of
3-cells. Here, the 3-generators A, L, and R can be described graphically by

.

A

U

U

@4}@

1.9 (3,2)-precategories

In the following sections, we will mostly consider 3-precategories that are generated by 3-prepo-
lygraphs (as the one from Example 1.5.1), whose 3-generators should moreover be thought as
“invertible operations” (think of the 3-generators A, L, R of Example 1.5.1). Thus, we will in fact be
dealing with 3-precategories whose 3-cells are all invertible. Such 3-precategories will usually be
obtained by applying a localization construction to the 3-precategory P* for some 3-prepolygraph P,
which is a direct adaptation of the one for categories and described below.

Given a 3-precategory C, a 3-cell F': ¢ = ¢’ € Cjs is invertible when there exists G: ¢/ = ¢
such that F x2 G = id, and G #2 I' = id, . In this case, G is unique and we write it as F~L A
(3,2)-precategory is a 3-precategory where every 3-cell is invertible. The (3, 2)-precategories form a
full subcategory of PCatz denoted PCat s 3).

There is a forgetful functor

Uu: PCat(372) — PC&tg

which admits a left adjoint (=)' also called localization functor described as follows. Given a
3-precategory C, for every F': ¢ = ¢’ € C3, we write F'* for a formal element of source ¢ and
target ¢', and F'~ for a formal element of source ¢’ and target ¢. A zigzag of C is a list

(Flelv"'vFI:k)@d?’ (5)

for some k>0, Fy,...,F € Cs3 and €1, ...,€; € {—,+} such that ¢ = 9~ (F'), ¢' = 9T (F;*) and
OT(Ff') = 0~ (Fi4') for 1 < i < k (there is one empty list ()44 for each ¢ € P3, by convention).
The source and the target of a zigzag as in (5) are ¢ and ¢’ respectively. Then, we define the
truncation T5(CT) as T5(C) and (CT)3 as the quotient of the zigzags by the following equalities:

for every zigzag (Fi',..., Fi.")e.¢,
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— if F; =id,, for some i € {1,...,k} and ¢ € Cy, then

(Ffla"'vFlzk)cﬁ»W - (Ffla"'7Fz‘ei_11’Fi6rilv"'7Flzk)¢,¢’v

—if ¢, = €41 =+ for some i € {1,...,k — 1}, then

(F{'s o FR) g = (B F (Fixg Fig)) Y FLS i) g g,

— if ¢, = €41 = — for some i € {1,...,k — 1}, then

(Flela""FI:k)Gﬁ’dﬁ’ :(Fléla"'7Fz'617117(Fi+1 *2 Fi)_’F;réz?'">Fl:k)¢,¢'7
— if {e;, €41} = {—,+} and F; = F;4; for some i € {1,...,k — 1}, then

(Bt Bl e = (B B FS s )

Since the definitions of source and target of zigzags are compatible with the above equalities, they
induce source and target operations 9~,9%: (CT)3 — Cy. Given

F=(F o F o, € (CT)s and G = (G0, GY)gags € (CT)s,

we define F %o G as
F*QG: (Ffl,...,F]:kyG(lsla"'aG?l)¢ly¢3

and, given i € {0,1}, u € Cj11 and F = (F}*, ..., F*)4 ¢ with 9 (u) = 0] (¢), we define u*; F as
wwr B = ((ws; F1) oo (6 FR) )y douss o

and, finally, given ¢ € Cy, we define id, as ()4,¢4. All these operations are compatible with the
quotient equalities above, and they equip C'T with a structure of 3-precategory.

There is a canonical 3-prefunctor H: C' — CT sending F: ¢ = ¢ € C3 to (F1)4,. Moreover,
given a (3, 2)-precategory D and a 3-prefunctor G: C' — D, we can define G’: CT — D by putting
G'(u) = G(u) for w € C; with ¢ < 2 and

G'((Fi', .. F*) ) = G (FYY) %2 ... %o G'(FF)
for a zigzag (Fy',..., F5*)y,» where

F if € =
GI(FE) — G( ) 1 € +
GF)™! ife=—
for F € C5 and € € {—,+}. The definition of G’ is compatible with the quotient equalities above
so that G’ is well-defined, and G’ can be shown to uniquely factorize G through H. Hence, (—)' is
indeed a left adjoint for ¢. In the following, given a 3-precategory C and F' € C3, we often write F’
for H(F).

2 Gray categories

Strict 3-categories are categories enriched in the monoidal category Cats equipped with the cartesian
product. Similarly, Gray categories are categories enriched in the monoidal category Cats equipped
with the Gray tensor product. The latter can be seen as an “asynchronous” variant of the cartesian
product, similar to the funny tensor product, where two interleavings of the same morphisms are
related by “exchange” cells. Typically, consider the 1-categories C' and D below

C:CELQ:/ D:yi}y/
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their funny and Gray tensor products are respectively

(f,9) ()
(z,y) =% («/,y) (z,y) =% («/,y)

COD = (3,9 e CRD= gl {x lag
/ ! ! ! !/ !
(Ly)(ﬁy,)(ﬂs ) (%y)(ﬁy,)(x ')

where the exchange 2-cell x can be invertible or not, depending on whether we consider the pseudo
or lax variant of the Gray tensor product. We first recall quickly the definition of the Gray tensor
product, both in its lax and pseudo variants. We then give a more explicit description in terms of
generators and relations of categories enriched in 2-categories with the Gray tensor product. Then,
we give a way for presenting canonically a Gray category.

2.1 The Gray tensor products

We recall here the definitions of the Gray tensor products on 2-categories, in its lax and pseudo
variants. We refer the reader to [12, Sec. 1,4] for details.
A (strict) 2-category is a 2-precategory C such that, for all ¢, € Cy with 97 (¢) = 9y (v),

(& %0 01 (1)) %1 (9 (¢) %0 ¥) = (B1 (8) *0 ¥) %1 (¢ %0 O (¥)).

We denote Cats the full subcategory of PCats whose objects are 2-categories. We write 1 for the
terminal 2-category and we write * for its unique 0-cell.

Given C and D two 2-categories, we write C' X% D for the 2-category which is presented as
follows:

— the 0-cells of C' X% D are the pairs (z,y) where x € Cy and y € Dy,

— the 1-cells of C' X'** D are generated by 1-cells
(f,9): (@) = (@'y) and (2,9): (x,y) = (2,9),
for frx—a’'€Ciand g:y— 1y €y,
— the 2-cells of C' X% D are generated by the 2-cells
(@9): (f,y) = (fy) and (2,9): (2,9) = (2,9)
for ¢: f= '€ Co, ¢p: g= ¢ € Cy and z,y € Cp, and by the 2-cells

f,
(z,y) BEIN («',y)

(nzg)l J(t.9) l(x’vg)
! ! !
(.’E, Yy ) W (‘T Y )
for frx—a’'€Ciand g:y— 1y €y,
under the conditions that
(i) the 1-generators are compatible with 0-composition, meaning that

(f *0 flay) = (f7y) *0 (f/7y)
(z,9%09") = (z,9) %o (. 9)

for all z € Cy, y € Dy, 0-composable f, f' € C; and 0-composable g,g" € Dy,
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(ii) the 2-generators are compatible with 0-composition, meaning that

(ldia y) = (]J, ldi) = id%w,y)

(61 %0 P2,9) = (#1,Y) *0 (P2, Y)
(101 %0 2) = (2, 91) *o (z,92)

for all z € Cy, y € Dy, 0-composable ¢1,¢ps € Co and 0-composable 1,1s € Da, i.e.,

graphically,
(id,,y) (z,id,) id, 4y
T TN T
(.TL', y) »U(idi,y) (.’I}, y) = (xa y) ‘U(xvidg) (.TL', y) = (SC, y) ‘U’id?g;,y) (l‘7 y)
~_ ~_ ~_
(id,,y) (z,id,) id, .
(fixofz,y) (f1.9) (f2:9)
(20,y) $(s100029) (22,9) = (z0,y) Vo) (71,9) doz) (22,9)
(f1*0f3.y) (f1:v) (f3:9)
(#.91%092) (2,91) (x.92)
/\
('Tayo) ‘U’(w7w1*0'¢2) (xayZ) = (%ZJO) ‘U(wﬂl’l) (w7y1) ‘U’(wﬂp?) ($7y2)
\/ ~_ ~_ "
(%,95%095) (z,91) (z,95)

(iii) the 2-generators are compatible with 1-composition, meaning that

(ids,y) = id (7.4

(61 %1 92,9) = (¢1,Y) *1 (P2, 9)
(z,idy) =id(, 4

(2,91 %1 h2) = (2, 91) %1 (z,92)

for all ¢;: fi1 = firx — 2’ and ¢;: gi—1 = gy — y fori € {1,2} and f: z — 2’ and
g:y — 1, i.e., graphically,

(f:v) (fy)
(z,y) dadpw) (2y) = (zy) Hd,,, (2/,y)
\_/
(fy) (f:y)
(fo,y) Uo:v)
(@, y) Yormeey) (2'y) = (2,y) — (hw)— (2',y)
\/ W
(f2,y)
(f2,9)
(2,9) (z,9)
/\
(1‘, y) lL(z’idg) (33, y/) = (.13, y) llid(amg) (x’ y/)
\(_)/f \(_)/f
z,g z,g
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(%,90)

(z,90)
(z,y) Vawiae) (z,9) = (2,9) — (@) — (2,y)
(z,92)
(2,92)

(iv) the interchangers are compatible with 0-composition, meaning that

(id,, g) = id(5,g)
(f1 %0 f2,9) = ((f1,9) *0 (f2,9)) *1 ((f1,9) *0 (f2.¥))
(fidy) = idy,y)
(fagl *0 92) ((f,gl) *0 ( 792)) *1 ((1'791) *0 (fagQ))
for all f;: x;—1 — x; and g;: y;—1 — y; for i € {1,2} and f: 2 — 2/ and ¢g: y — ¢/, i.e
graphically,
z,y) (id,y) (z,y (z,9)
(zyg)l (idg.9) l(“” 9 = (z.9) <d<<;g>> (z,9)
©Y) G (®Y) (z,y)
fixo f: f1, f2,
($07y) M (an (any) % (xlvy) % (any)
|
@] Whwtng) @) = @o]  bne o o e
! / ! /
(moyy)m( x2,Y") (:Ean)W(xhy)W(xQuy)
(fy) (fv)
($7y) 4?!) (xl7y) /y\‘
(z,idy)l J(f.ad,) l(:c’,idy) = (z,y) U’id(f,y) (= y)
’ \_/’
(@,y) ——— (2",y) (fv)
(f:y)
£
(7, 90) ﬂ’ (7', 90)
(fy0) ’
(@, 90) ——— (@, %0) (wnl Hrgn) l(z 91)
(I791*092)l Y (f,91%092) l(z',gl*ogg) = (z,y1) — )= (2, 1)
(z,92) W (@', y2) ($’92)l (£.92) l(I ,92)

(%, y2) W (7', y2)

(v) the interchangers commute with the 2-generators, meaning that

((fa g) *1 ((I',g) *0 (¢’y/)))
((f,9) %1 ((@,9) %0 (f,9))) = (((f,9) %0 (2",4)) %1 (£, 9))

for¢: f= flrx— a2’ andy: g= ¢ :y— v, ie., graphically,

(f.9) (f.y)
A A
(r,y) Yo (2,y) (z,y) U(qby) (=", y)
,gﬂ () l(zﬂg) = (w,g)l J(w 9
(z,y) o) (x’,y’) (x,y) ll( ,g) (@', y")
\_/l \_/f
f ) %!
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—== (2, y) (z,y) M) (x

<$,g/)<(g>> (@g) (L9) ><z',g> = (w>g’)< () <m’,g'><<ig>> @) -
)

(I’ y/) — (xla y,)

/

The construction extends to a bifunctor Cat, x Caty — Caty by defining, for F': C — C” and
G: D — D', F K™ G as the unique functor mapping

forall x € Cy, y € Dy, p € Ca, v € Dy, f € Cy and g € D;.
For C, D, E € Cat,, there is a 2-functor

a@ pi (CK™ D)R™ E = C ¥™ (D K™ E)

which is an isomorphism natural in C, D, F and uniquely defined by the following mappings on
generators

(¢, ), 2) = (&, (y,2)) ((f,9),2) = (f,(9,2))
((z,9),2) = (z, (¥, 2)) ((f,y):h) = (f, (y,h))
(z,9),7) = (=, (y,7)) ((z,9),h) = (z,(g,h))

forg: f=frx—a'€Cop:9g=¢g y—y e€Dsandy: h=h":z2— 2 € Es.
For C' € Cat,, there are two 2-functors

AF IR C 5 C and  pE: CR™ 1 — C
which are isomorphisms, natural in C', and uniquely defined by the mappings
AP ((x,9) = and  p™((¢, %)) = ¢
for 1) € Cy. By checking coherence conditions between a'®%, M and P, we get that:

Proposition 2.1.1. The bifunctor B together with the unit 1 and the natural isomorphisms
alax A gng P equip Caty with a structure of a monoidal category.

The monoidal structure (Catg, X', 1, ol2%, Aax p'%) is called the lax Gray tensor product.

A variant of the Gray tensor is called the pseudo Gray tensor product is the monoidal structure
(Caty, X, 1, a, A, p) where, given C, D € Caty, C' K D is defined the same way as C X' D, except
that we moreover require that the 2-cells (f, g) of C'® D be invertible. The natural isomorphisms
a, A, p are uniquely defined by similar mappings than those defining o/!®*, )\lax, P, and we have:

Proposition 2.1.2. The bifunctor X together with the unit 1 and the natural isomorphisms c, A,
p equip Caty with a structure of a monoidal category.

2.2 Gray categories

For each of the two variants of Gray tensor product defined in the previous section, there is an
associated notion of 3-dimensional category as we now describe here.

A laz Gray category [12, 1,4.25] is a category enriched in the category of 2-categories equipped
with the lax Gray tensor product. A more explicit definition using generators and relations can be
given as follows. A Gray category is a 3-precategory C together with, for all every 0-composable
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pair of 2-cells ¢: f = f':x = yand : g=¢':y — 2, a 3-cell

Xpp:(dx0g)*1 (f %0 ¢) = (f *0¥) *1 (# 0 g')

which can be represented using string diagrams by

9 f 9
=
g g
called interchanger and satisfying the following sets of axioms:

(i) compatibility with compositions and identities: for ¢: f = f', ¢': f' = [, ¥: g9 = ¢,
Y g = ¢" in Cy and e, h in Cy such that e, ¢, ¥ and h are 0-composable, we have

Xid, .y = 1dj,y Xyt = (%0 9) %1 KXo ) *2 (X0 %1 (¢ %0 9))
Xgid, = idgq Xoprawr = (Xop,p x1 (f 0 9")) #2 ((f %0 1) %1 Xp,p7)
and
Xexopp = €%0 Xoy Xoproh = Xg,y %0 h.

Moreover, given ¢, € Cy and f € C such that ¢, f and ¢ are 0-composable, we have
Xosof,p = Xo, frov

(ii) exchange law for 3-cells: for all A: ¢ = ¢ € C3 and B: ¢ = ¢’ € C5 such that A and B are
1-composable, we have

(A1 9) #2 (¢ %1 B) = (¢ %1 B) #2 (A *1 1))
(iii) compatibility between interchangers and 3-cells: given
A:p=¢u=u€C3 and B:y=v¢':v=1 €C;,
such that A, B are 0-composable, we have

(Ao v) 51 (' %0 ¥)) %2 Xgrp = Xopyp 2 (w50 1) #1 (A %0 v'))
(@ %0 v) %1 (u' %0 B)) 2 Xgpr = Xop %2 (w0 B) %1 (6 %0 "))

A morphism between two lax Gray categories C and D is a 3-prefunctor F': C' — D such that
F(Xo) = Xrg),rw)-

We similarly have a notion of pseudo Gray category which is a category enriched in the category
of 2-categories equipped with the pseudo Gray tensor product. In terms of generators and relations,
a pseudo Gray category is a lax Gray category C' where the 3-cell Xy 4 is invertible for every 0-
composable 2-cells ¢, € Co. A morphism between two pseudo Gray categories C, D is a morphism
of lax Gray categories between C' and D.

In the following, a (3,2)-Gray category is a lax Gray category whose underlying 3-precategory
is a (3,2)-precategory. Note that it is then also a pseudo Gray category. As one can expect, a
localization of a lax Gray category gives a (3,2)-Gray category:

Proposition 2.2.1. If C is a lax Gray category, then C'T is canonically a (3,2)-Gray category.

Proof. Given 1-composable 3-cells F': ¢ = ¢’ and G: ¢ = ' € C3, by the exchange law for 3-cells,
we have, in Cy ,

(Fx19) %2 (¢ %1 G) = (¢ %1 G) %2 (F x19").

20



By inverting F %1 ¢ and F *; ¢, we obtain
(¢" %1 G) %2 (F~ 11 ¢') = (F~ 11 9) %2 (041 G).

Similarly,
(01 G ) wg (Frr ) = (Fg @) %o (¢ 1 G1)
and
(F7hsg @) #a (%1 G1) = (¢ %1 G ) g (751 ).

Now, given general 1-composable F': ¢ = ¢/, G: ) = ' € CJ , we have that
F:Fl *2F2_1 *2"'*2F2k—1 *2F2_kl

and
GZGl*QGz_l*Q-“*QGgl_l *2G2_l1

for some k,l > 1 and F;,G; € Cs for 1 <i <2k and 1 < j <2[. By applying the formulas above
4kl times to exchange the F;’s with the G;’s, we get

(Fx19) #2 (¢" +1 G) = (¢ %1 G) %9 (F x19").

A similar argument gives the compatibility between interchangers and 3-cells of C'T. Thus, C'T is a
(3,2)-Gray category. O

2.3 Gray presentations

Starting from a 3-prepolygraph P, such as the one of Example 2.3.1, we want to add 3-generators
to P and relations on the 3-cells of P} in order to obtain a presentation of a lax Gray category.
This can of course be achieved naively by adding, for each pair of 0-composable 2-cells ¢, ¢ in P3, a
3-generator corresponding to the interchanger “Xg ,,”, together with the relevant relations, but the
resulting presentation has a large number of generators, and we detail below a more economical
way of proceeding in order to present lax Gray categories.

A Gray presentation is a 4-prepolygraph P containing the following distinguished generators:

(i) for O-composable , g, 3 with a: f = f',5: g = ¢ € P, g € P}, a 3-generator X, 43 € P3
called interchange generator, which is of type

Xa,g,: (kg gxoh)*1 (f *0g*0B) = (f *0g*0B) *1 (a*gg*oh')

which can be represented using string diagrams by

f g h f g h

f 9 h’
ii) for every pair of 3-generators A, B € P3 and e, e’ h,h’ € P} and x € P} as in
1 2

!

AT
z o =20o” v
e T \h\
6
) Ji},x h,/,Z ()
I/]?\/\ ,

’

g
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a 4-generator of type I' = A, called independence generator, where
['= ((e*g Axoh)*1 x %1 (el *0 1 *0 h/)) *2 ((e*o ¢’ *o h) *1 x *1 (6/ *0 B *q hl))

and

A = ((e*q ¢ *o h) *1 x *1 (e' %9 Bxg h')) %2 ((e %0 A*q h) *1 x *1 (€' %9 ¢ %o 1))

and can be pictured as

(iii) for all 0-composable A, g, 8 with A € P3, g € P} and € Pg, and respectively, 0-composable
a,g’, B with o € Py, ¢’ € P} and B € P3 as on the first, resp. second line below

f h
A , 9 , TN
zol=zle s —— vy Iy
N~ A" \/‘
fl h/
f h @
R g - B N
v do 2 ——— Y l=lyy
~_ " \/‘
f/ }Ll

a 4-generator, called interchange naturality generator, respectively of type

((Axg gxoh)*1 (f %0 g%0B)) %2 Xgr geop Z Xg.geop *2 ((f ¥0 g %0 B) ¥1 (A %0 g %0 I'))
and

((OZ *0 g/ *0 h) *1 (fl *( g, *0 B)) *9 Xoé*ogl,wl % XO‘*OQ,J/J *9 ((f *Q g/ *0 B) *1 (a *0 g/ *0 h/))

where the X, ,,’s appearing in the sources and targets will be defined below for any 0-
composable x1, x2 € P3; the first kind of interchange naturality generator can be pictured

by
- .
A\m = MA
The 3-cells Xy, € P3, which are used in the above definition, generalize interchange generators to
any pair of O-composable 2-cells ¢ and 1. Their definition consists in a suitable composite of the

generators X, 4, and is detailed below. Let us give an idea of the definition of those 3-cells on an
example. Consider a Gray presentation Q with

Q={z}, Qu={l:z—2z} and Qy={r:1=1}
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where 7 is pictured by + Then, the following sequence of “moves” is an admissible definition
for Xoru,rrerr:

= B E = : (8)

Each “move” above is a 3-cell of the form ¢ %y X, ;q_ - *1 % for some ¢, € Q5 and where X7 ;q_ -
is an interchange generator provided by the definition of Gray presentation. Another admissible
sequence of moves is the following:

We see that there are multiple ways one can define the 3-cells Xy 4 based on the interchange
generators of a Gray presentation P. We will show in Proposition B.8 that, in the end, the choice
does not matter, because all the possible definitions give rise to the same 3-cell in P. Still, we need
to introduce a particular structure that allows us to represent all the possible definitions of the
3-cells Xy and reason about them. This structure consists in a graph ¢ LU 1 associated to each
pair of 0-composable 2-cells ¢ and ¢ in P3: intuitively, a vertex in this graph will correspond to
an interleaving of the 2-generators of ¢ and v, and an edge will correspond to a “move” as above,
i.e., an interchange generator X, 4 g in context that exchanges two 2-generators « from ¢ and 3
from 1, which appear consecutively in an interleaving of ¢ and 1. Given two 0-composable 2-cells

G =1 %1 %1 P € P and =1y ok -k P € P

with ¢; = fi %o a; 0 g; and P, = fJ’ * a;- *( g;- for some f;, g;, f]’-,g;- € P and ai,oz;- € Py, we define
the graph ¢ LU ¥

— whose vertices are the shuffies of the words |y ...lx and r; ...rg on the alphabet

E¢a¢:{llv"'vlkvrlv"'vrk’}v

i.e., words of length k + k' which are order-preserving interleavings of the words I; ...
and ry...r,

— whose edges are of the form Xy, v : wlirjw’ — wr;l;w’ for some ¢ € Ny, j € N}, and some
words w,w’ € X% such that wl; irjw’ € (¢ W)o, intuitively representing the local “swaps”
one can do to move a letter I; to the right of a letter r; in a word.

Given 4,5,p,q e Nwith0<i<k,0<j <K, 0<p<k—-i+1,0<¢<k —j+1,and a shuffle u
of the words
|i---|i+p—1 and Fjoo ljtqg—1,

we define [u ]¢ » € P5 (or simply [u]"7) by induction on p and ¢:

( i >"0 ( )) *1 [ /]H_l’j if u= Iiu’,
[u]? = (0] ( i) *0 ;) *1 [u /]Z’j'H if u=r;u,
07 (1) %0 OF () if w is the empty word,

where, by convention, 9] (¢9) = 9; (¢1) and 9; (9) = 9y (1). Note that the indices of [u]"
are uniquely determined if u has at least an | letter and an r letter. Intuitively, the letters I;
and r; correspond to the 2-cells ¢; ¢ (—) and (—) %o ¥; where the 1-cells (—) are most of the time
uniquely determined by the context, so that [u]*! for u € (¢LL))g is an interleaving of the ¢; ¢ (—)
and (—) %o ¥;. Now, given

Xt ulirjv — urjlv
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in (¢ W 1)1, we define the 3-cell
Xuwlp: [ulirjvlyy, = [urlvlyy,
in P3 by
Kuwlow = [l #1 (fi %0 Xaggmorsar %0 95) %1 0],
We thus obtain a functor

[=Jow: (@) — P*(0y (¢) %0 Oy (¥), 01 (¢) %0 07 (1))

where (¢ LU 1)* is the free 1-category on ¢ L 1) considered as a 1-prepolygraph, and where [—]y. 4 is
defined by the mappings
u € (¢ w)o > [ulyy, € P

Xu;u S ((/I) L 1/})1 = [X’U«,U]ti’,w € P§

For example, for Q defined as above and ¢ = 1) = 7% 7, [lilarira]g. and [lir1lars]g  are respectively
the 2-cells of Q%

and
and [X), r,]¢.w and [Xi,r, ] are respectively the 3-cells of Qf

= and =

We write Xy for the path
thv1 RS X“kk’v”kk’ € ((,25 L ’(/J)*(h B PY S TP ¢ VI TN o % P Ik)
defined by induction by
u1:|1...|k_1 and V1 =Trg... Mg
and where u;y1,v;41 are the unique words of E;’;ﬂ[) such that
83'(Xu“v7) = ui+1|prqvi+1 with Vi41 = lg41--- rk/|p+1 . lk
for some p,q € N. We can finally end the definition of Gray presentations by putting
Xow = Xoplow-

For example, for Q defined as above, X, ., r r«,+ is the composite of 3-cells of Q} given by (8).

Example 2.3.1. We define the Gray presentation of pseudomonoids as the 4-prepolygraph obtained
by extending the 3-prepolygraph for pseudomonoids P seen in Example 1.5.1. First, we add to P3
the 3-generators

Yo Y [ 2 DY ®ene Y[ o2 U]
g PG 2 LY e T 2 ]

forn € N. Second, we define P4 as a minimal set of 4-generators such that, given a configuration
of cells of (P<3)* as in (6), there is a corresponding independence generator in P4, and given a
configuration of cells of (P<3)* as in the first or the second line of (7), there is a corresponding
interchange naturality generator in Py.
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Our notion of Gray presentation is correct, in the sense that:

Theorem 2.3.2. Given a Gray presentation P, the presented precategory P is canonically a lax
Gray category.

Proof. See Appendix B. O

=T
Corollary 2.3.3. Given a Gray presentation P, P is canonically a (3,2)-Gray category.

Proof. By Theorem 2.3.2 and Proposition 2.2.1. O

3 Rewriting

In this section, we get to the heart of the matter and introduce our tools in order to show coherence
results for presented Gray categories. These are obtained as generalizations of techniques developed
in rewriting theory by rewriting morphisms in free precategories, and having a relation = on pairs of
parallel rewriting 3-cells which plays the role of witness for confluence. We first define coherence and
show how coherence can be obtained from a property of confluence on 3-precategories (Section 3.1).
Then, we adapt the elementary notions of rewriting to the setting of 3-prepolygraphs (Section 3.2)
together with classical results: a criterion for termination based on reduction orders (Section 3.3),
a critical pair lemma together with a finiteness property on the number of critical branchings
(Section 3.4). Our main result of this section is a coherence theorem for Gray presentations
(Theorem 3.4.4), together with an associated coherence criterion (Theorem 3.4.5) that will be our
main tool for the examples of the next section.

3.1 Coherence in Gray categories

The aim of this article is to provide tools to study the coherence of presented Gray categories,
by which we mean the following. A 3-precategory C' is coherent when, for every pair of parallel
3-cells F1, Fy: ¢ = ¢ € C3, we have F; = F5. By extension, a Gray presentation P is coherent

when the underlying (3, 2)-precategory of the (3,2)-Gray category P’ is coherent (remember

that P is a lax Gray category by Theorem 2.3.2, which implies that 5T is a (3,2)-Gray category
by Proposition 2.2.1). Gray presentations P with no other 4-generators than the independence
generators and the interchange naturality generators are usually not coherent. For example, in
the Gray presentation P of pseudomonoids given in Example 2.3.1, we do not expect the following
parallel 3-cells

RINTA
Wyl

to be equal in ﬁ—r. For coherence, we need to add “tiles” in P4 to fill the “holes” created by parallel
3-cells as the ones above. A trivial way to do this is to add a 4-generator R: Fy = Fy for every pair
of parallel 3-cells F; and Fs of P*. However, this method gives quite big presentations, whereas
we aim at small ones, so that the number of axioms to verify in concrete instances is as little as
possible. We expose a better method in Section 3.4, in the form of Theorem 3.4.5: we will see that
it is enough to add a tile of the form

N\
o1 ®2
N

1 2

<



for every critical branching (57, S3) of P for which we chose 3-cells Fy, Fy that make the branching
(51, S2) joinable (definitions are introduced below).

We now show how the coherence property can be obtained starting from a 3-precategory whose
3-cells satisfy a property of confluence, motivating the adaptation of rewriting theory to 3-prepo-
lygraphs in later sections in order to study the coherence of Gray presentations. In fact, we can
already prove an analogous of the Church-Rosser property coming from rewriting theory in the
context of confluent categories.

A 3-precategory C'is confluent when, for 2-cells ¢, ¢1, pa € Co and 3-cells

Fi: 9= ¢1 and Fr: ¢ = ¢
of C, there exist a 2-cell ¢ € Cy and 3-cells
Gi:p1=29e€C3 and Gi: ¢ = ¢ €C3
of C such that F] %9 G| = F5 %9 Ga:
N
6, R,
The 3-cells of a (3, 2)-precategory associated to a confluent 3-precategory admits a simple form, as

m:

Proposition 3.1.1. Given a confluent 3-precategory C, every 3-cell F: ¢ = ¢ € CT can be
written F = G 3 H™! for some G: ¢ = ¢ € C3 and H: ¢/ = 1) € Cs.

The above property says that confluent categories satisfy a “Church-Rosser property” ([2, Def. 2.1.3],
for example), and is analogous to the classical result stating that confluent rewriting systems are
Church-Rosser ([2, Thm. 2.1.5], for example).

Proof. By the definition of C'T, a 3-cell F: ¢ = ¢ € C'T can be written
F:Gl_l *2H1 *2--~*2G;1 *ng
for some k >0, G;: x; = ¢;—1 and H;: x; = ¢; for 1 <i < k with ¢9 = ¢ and ¢ = ¢/, as in
X1 Xk
G H, G Hip_1 G H
®o | bk

We prove the property by induction on k. If £ = 0, F' is an identity and the result follows. Otherwise,
since C' is confluent, there exists ¥y, G}.: ¢r—1 — ¥ and Hj,: ¢ — 1), with

Xk
a H
7 "
¢k_§ ) %¢k |
G, H
k 'I)Z)k k
By induction, the morphism

-1 -1 -1 !
Gl *9 H1 kg + v ko Gk72 *9 Hk72 *9 kal *9 (kal *9 Gk)

can be written Gxo H ~! for some ¢ in Cy and G: ¢o = ¢, H: ¢, = ¢ in C5. Since GrxoG), = HyxoHy,,
we have G} xo Hy, = G}, 2 H, . Hence,

F=Gxo H ' 5o H ' = Gy (Hj 4o H)™?

which is of the wanted form. O
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Starting from a confluent 3-precategory, we have the following simple criterion to deduce the
coherence of the associated (3, 2)-precategory:

Proposition 3.1.2. Let C be a confluent 3-precategory which moreover satisfies that, for every
FI,Fy: ¢ = ¢ € C3, we have Fy = Fy in the localization CT. Then, CT is coherent. In
particular, if C is a confluent 3-precategory satisfying that, for every Fy, Fy: ¢ = ¢’ € C3, there is
G: ¢’ = ¢ € C3 such that Fy %o G = Fy %o G in Cs, then C'T is coherent.

Proof. Let Fy, Fy: ¢ = ¢' € C4 . By Proposition 3.1.1, for i € {1,2}, we have F; = G; o H; ' for
some ; € Co, G;: ¢ = 1p; € C3 and H;: ¢’ = 1; € C3, as in

G wl H

7 N

¢ ¢ -

Z;

V2

o\ .

By confluence, there are ¢ € Cy and K;: ¢; = ¢ € C5 for i € {1,2}, such that G 9 K1 = Ga %2 K.
By the second hypothesis, we have H; x3 K1 = Hs %9 K5 so that

Gl *9 Hfl = Gl *9 Kl *9 (Hl *9 Kl)_l
= Ga x9 Ko %o (Ho %9 K5) 7!
= G2 *9 H2_1

Hence, F; = F,. For the last part, note that if F} xo G = F3 %9 G, then n(Fy) = n(F3), where 7 is
the canonical 3-prefunctor C — C'T. O

3.2 Rewriting on 3-prepolygraphs

As we have seen in the previous section, coherence can be deduced from a confluence property on the
3-cells of 3-precategories. Since confluence of classical rewriting systems is usually shown using tools
coming from rewriting theory, it motivates an adaptation of it in the context of 3-prepolygraphs for
the aim of studying the coherence of Gray presentations.

Given a 3-prepolygraph P, a rewriting step of P is a 3-cell S € P; of the form

A*l(l*oA*o’l’)*lp

for some I, € P}, A\, p € P5 and A € P3, with [, A, r O-composable and A, [ g A*y 7, p 1-composable.
For such S, we say that A is the inner 3-generator of S. A rewriting path is a 3-cell F': ¢ = ¢/
in P%. Such a rewriting path has a length |F| € N which is defined as in Section 1.8. Also, by
Theorem 1.8.3, it can be uniquely written as a composite of rewriting steps Sy *g - - - *2 S|p|, since
rewriting steps are exactly 3-dimensional whiskers. Given ¢, € P%, ¢ rewrites to ¢ when there
exists a rewriting path F': ¢ = ¢. A normal form is a 2-cell ¢ € P5 such that for all ¢ € P} and
F: ¢ = 4, we have F' = id,. P is terminating when there does not exist an infinite sequence of
rewriting steps F;: ¢; = ¢;41 for i > 0;

A branching is a pair rewriting paths Fi: ¢ = ¢, and Fr: ¢ = ¢o with the same source.
The symmetric branching of a branching (Fy, Fy) is (Fa, F1). A branching (Fy, F») is local when
both F; and Fj are rewriting steps. A branching (F1, Fy) is joinable when there exist rewriting
paths G1: ¢1 = ¥ and Ga: ¢o = ; moreover, given a congruence = on P* | if we have that
F1 *9 Gl = F2 *9 GQ, as in

np N\
01 2
A,

<

we say that the branching is confluent (for =).
A rewriting system (P, =) is the data of a 3-prepolygraph P together with a congruence = on P*.
(P, =) is (locally) confluent when every (local) branching is confluent. It is convergent when it is
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locally confluent and P is terminating. Given a 4-prepolygraph P, there is a canonical rewriting
system (P<3,~F) (recall the definition of ~F given in Section 1.6) where ~F intuitively witnesses
that the “space” between two parallel 3-cells can be filled with elementary tiles that are the elements
of P4. In the following, most of the concrete rewriting systems we study are of this form.

The analogues of several well-known properties of abstract rewriting systems can be proved in
our context. In particular, the classical proof by well-founded induction of Newman’s lemma ([2,
Lem. 2.7.2], for example), can be directly adapted in order to show that:

Theorem 3.2.1. A rewriting system which is convergent is confluent.

Proof. Let (P,=) be a rewriting system which is convergent. Let =1C P} x P} be the partial
order such that ¢ =71 1 if there exists a rewriting path F: ¢ = ¢ € P} Wlth |F| > 0. Since the
underlying rewriting system is terminating, =T is well-founded. Thus, we can prove the theorem by
induction on =7*. Suppose given a branching Fi: ¢ = ¢; € P§ and Fy: ¢ = ¢ € P5. If |F1| =0
or |F3| = 0, then the branching is confluent. Otherwise, F; = S; %o F with S;: ¢ = ¢} a rewriting
step and F!: ¢, = ¢; a rewriting path for ¢ € {1,2}. Since the rewriting system is locally confluent,
there are ¢ € P} and rewriting paths G;: ¢; = ¢ for i € {1,2} such that S; x2 G1 = S3 %2 Go. Since
the rewriting system is terminating and = is stable by composition, by composing the G;’s with a
path G: ¥ = ¢’ where 9’ is a normal form, we can suppose that 1 is a normal form. By induction
on ¢} and ¢}, there are rewriting paths H;: ¢; = ¢} and F}': ¢ = 1} such that F«o H; = G *2 F)’
for ¢ € {1,2}. Since % is in normal form, F! = idw and we have H;: ¢; = 1 for i € {1,2} as in

N

¢1 T 2
Moreover,
F1 *9 H1 = Sl *9 (Fll *9 Hl)
=51 % Gy
= 5y %9 G
= 52 *9 (FQI *9 HQ)
= F2 *9 HQ. O]

Theorem 3.2.1 implies that, up to post-composition, all the parallel paths of a convergent rewriting
system are equivalent. Later, this will allow us to apply Proposition 3.1.2 for showing the coherence
of Gray presentations.

Lemma 3.2.2. Given a convergent rewriting system (P, =) and two rewriting paths Fy, Fo: ¢ = ¢' € P}

as in s
o ( )&
/

there exists G: ¢' = ¢ € P§ such that F1 xo G = Fy %2 G, i.e.,
F% \&

Proof. Given F, F5 as above, since the rewriting system is terminating, there is a rewriting path
G: ¢’ = 1 where 9 is a normal form. By confluence, there exist G1: ¢ = 9’ and Ga: ¥ = ' such
that F %9 G %9 G1 = F3 *9 G %9 G5. Since 9 is a normal form, we have G; = Gy = id,,. Hence,
Fl*QGgFQ*QG.
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Note that, in Lemma 3.2.2, we do not necessarily have

"f=yr
@

which explains why the method we develop in this section for showing coherence will only apply to
(3, 2)-precategories, but not to general 3-precategories.

3.3 Termination

Here, we show a termination criterion for rewriting systems (P, =) based on a generalization of the
notion of reduction order in classical rewriting theory where we require a compatibility between the
order and the composition operations of cells.

A reduction order for a 3-prepolygraph P is a well-founded partial order < on P3 such that:

— given A: ¢ = ¢’ € P3, we have ¢ > ¢/,

— given [, € P} and parallel ¢, ¢’ € P} such that [, ¢, r are 0-composable and ¢ > ¢, we have
Ixgdpxgr >1xgd *gr,

— given 1-composable A, ¢, p € P}, and ¢’ € P; parallel to ¢ such that ¢ > ¢’, we have
Ax1x1p > Ak ¢ %1 p.

The termination criterion is then:

Proposition 3.3.1. If (P, =) is a rewriting system such that there exists a reduction order for P,
then (P, =) is terminating.

Proof. The definition of a reduction order implies that, given a rewriting step A %1 (I %9 Ao 7) *1 p
with I, € P}, A\, p € P5 and A: ¢ = ¢’ € P3 suitably composable, we have

Ax1 (Ixg @kom)x1 p > Axp (Lo @ x07) %1 p.

So, given a sequence of 2-composable rewriting steps (F;);<x, where k € NU{oo}, F;: ¢; = ¢iy1 € P3
for ¢ < k, we have ¢; > ¢;41 for ¢ < k. Since > is well-founded, it implies that £ € N Hence, the
rewriting sytem (P, =) is terminating. O

In order to build a reduction order for a Gray presentation P, we have to build in particular a
reduction order for the subset of P35 made of interchange generators. We introduce below a sufficient
criterion for the existence of such a reduction order. The idea is to consider the lengths of the
1-cells of the whiskers in the decompositions of 2-cells and show that they are decreasing in some
way when an interchange generator is applied.

Let N<¢ be the set of finite sequences of elements of N. We order N<% by <, where

(al,...,ak) <w (bl,...,bl>
when k = [ and there exists ¢ € N with 1 <4 < k such that a; = b; for some j < ¢ and a; < b;.
Note that <,, is well-founded. Given a 2-prepolygraph P, there is a function N, : P5 — N<¢ such
that, given ¢ € P35, decomposed uniquely (using Theorem 1.8.3) as
¢ = (I %o a1 %0 71) *1 - *1 (I %0 g *0 k)

for some k € N, l;,r; € PT and «; € Py for i € {1,...,k}, Niu(¢) is defined by

Nint(¢) = (|lk|7 |lk—1‘7 DR |ll|)

Then, Ny induces a partial order <iu; on Pj by putting ¢ <ins ¥ when 95(¢) = 95(¢) for e € {—, +}
and Niu(¢) <u Ning(¥) for ¢, v € Pj.

Given a Gray presentation P, we say that P is positive when |0} (a)| > 0 for all a € Py. Under
positiveness, the order <;,; can be considered as a reduction order for the subset of 3-generators of
a Gray presentation made of interchangers, as in
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Proposition 3.3.2. Let P be a positive Gray presentation. The partial order <in has the following
properties:

(i) for every a, 8 € Py and f € P} such that «, f, B are 0-composable,
0y (Xa,1,8) >int 05 (Xa.1.8),
(ii) for ¢,¢" € P5 and l,r € Pt such that I, ¢,r are 0-composable, if ¢ >int ¢, then
Ix0 @ x0 7 >int L0 & %07,
(@ii) for ¢, &', A, p € P5 such that \, ¢, p are 1-composable, if ¢ >in @', then
A*1 @ *1 p >ing A¥1 ¢ %1 p.
Proof. Given «, 8 € Py and f € P} with «, f, 8 are 0-composable, recall that X, g is such that
Xa,f.5: (axo [0 07 (B)) %1 (9 (@) %o f 0 B) = (97 (@) *o f 0 B) *1 (axo f 0 O (8))
Then, we have
Nint (95 (Xa,1.6)) = (107 (@) +1£1,0)  and  Nine(95 (Xa,z,)) = (0,07 ()| + | f])-

Since P is positive, we have |95 ()| > 0 so that Niu (95 (Xa.7.,8)) >int Nint (95 (Xa,r,5)). Now,
(i) and (iii) can readily be obtained by considering the whisker representations of ¢ and ¢’ and
observing the action of [ g — %o r and A %; — %1 p on these representations and the definition
of Nint~ O

The positiveness condition is required to prevent 2-cells with “floating components”, since Gray
presentations with such 2-cells might not terminate. For example, given a Gray presentation P
where Py and P; have one element and Py has two 2-generators —/ and s there are 2-cells of P*
with “floating bubbles” which induce infinite reduction sequence with interchange generators as the
following one:

83@@3@@3@@383

3.4 Ciritical branchings

In term rewriting systems, a classical result called the “critical pair lemma” states that local
confluence is a consequence of the confluence of a subset of local branchings, called critical
branchings. The latter can be described as pairs of rewrite rules that are minimally overlapping,
see [2, Sec. 6.2] for details. Note that we used this result earlier in the proof of Lemma 1.8.2.

Here, we show a similar result for rewriting on Gray presentations (introduced in Section 2.3).
For this purpose, we give a definition of critical branchings which is similar to term rewriting systems,
i.e., as minimally overlapping local branchings, where we moreover filter out some branchings
that involve interchange generators and that are automatically confluent by our definition of Gray
presentation. Then, we give a coherence theorem for Gray presentation based on the analysis
critical branchings together with an associated coherence criterion, and we finish the section by
stating a finiteness property on the critical branchings.

Let P be a 3-prepolygraph. Given a local branching (S1: ¢ = ¢1,52: ¢ = ¢2) of P, we say that
the branching (S7,.S2) is

— trivial when S; = Ss,
— minimal when for all other local branching (57, S5) such that
Si:A*l (l*osz{*oT)*lp

for i € {1,2} for some 1-cells [, and 2-cells A, p, we have that [,r, A, p are all identities,
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— independent when
Sy = ((I1 %0 A1 *0 71) *1 X *1 (I2 %0 B2 %0 72))
and
Sa = ((l1 %0 @1 *0 r1) *1 X *1 (l2 %0 A2 %0 12))
for some l;,r; € P7 and A;: ¢; = ¢, € P3 for ¢ € {1,2} and x € P3.
If moreover P = Q<3, where Q is a Gray presentation, we say that the the branching (57, S2) is

— natural when
S1 = ((Axogx*oh)*1 (f *0g*0¢))
for some A: 9= ¢': f = f' € P3,¢p: h = h' € P5 and g € P}, and

So = [Xupwlggroy With w=11... 151 and v=ra.. 1y,
and similarly for the situation on the second line of (7),

— critical when it is minimal, and both its symmetrical branching and it are neither trivial nor
independent nor natural.

In the following, we suppose given a Gray presentation Q and we write (P, =) for (Q<3,~®). Our
next goal is to show an adapted version of the critical pair lemma. We start by two technical
lemmas:

Lemma 3.4.1. For every local branching (S1,S2) of P, there is a minimal branching (S1,S%) and
1-cells I,7 € Py and 2-cells X\, p € P} such that S; = A %1 (I %9 S} g r) %1 p for i € {1,2}.

Proof. We show this by induction on N(S1) where N(S1) = |05 (S1)| + |97 (S1)|. Suppose that the
property is true for all local branchings (S7,S5) with N(S7) < N(S1). If (S1,S2) is not minimal,
then there are rewriting steps S7, S5 € P3, I, € Py and A, p € P3 such that S; = Axq (Ixg Sixor)*1p
for i € {1, 2}, such that I,r, A, p are not all identities. Since

0y (SOl =[] + 107 (SOl + |7 and |85 (S1)| = [Al + 195 (D] + o],

we have N(S7) < N(S) so there is a minimal branching (S7,S%) and I, € P5, X, p’ € P} such
that SI = X s (I' %9 SI/ xo 1") %1 p/ for i € {1,2}. By composing with A, p,,r and normalizing as in
Theorem 1.8.3, we obtain the conclusion of the lemma. O

Lemma 3.4.2. A local branching of P which is either trivial or independent or natural is confluent.

Proof. A trivial branching is, of course, confluent. Independent and natural branching are confluent
thanks respectively to the independence generators and interchange naturality generators of a Gray
presentation. O

The critical pair lemma adapted to our context is then:

Theorem 3.4.3 (Adapted critical pair lemma). The rewriting system (P,=) is locally confluent if
and only if every critical branching is confluent.

Proof. If the rewriting system is locally confluent, then, in particular, every critical branching is
confluent. For the converse implication, by Lemma 3.4.1, to check that all local branchings are
confluent, it is enough to check that all minimal local branchings are confluent. Among them, by
Lemma 3.4.2, it is enough to check the confluence of the critical branchings. O

We now state the main result of this section, namely a coherence theorem for Gray presentations
based on the analysis of the critical branchings:

Theorem 3.4.4 (Coherence). Let Q be a Gray presentation and (P,=) = (Q<3,~®) be the
associated rewriting system. If P is terminating and all the critical branchings of (P,=) are
confluent, then Q is a coherent Gray presentation.
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Proof. By Theorem 3.4.3, the rewriting system (P, =) is locally confluent, and by Theorem 3.2.1
it is confluent. Since Q = P*/=, it implies that Q is a confluent 3-precategory. To conclude, it is
sufficient to show that the criterion in the last part of Proposition 3.1.2 is satisfied. But the latter
is a consequence of Lemma 3.2.2. O

Note that Theorem 3.4.4 requires the rewriting system (P, =) to be confluent. If it is not the case,
one can try to first apply a modified version of the classical Knuth-Bendix completion procedure [18]
(see also [2, Sec. 7]) which, in addition to adding new 3-generators in order to make the system
confluent, also adds 4-generators in order to make it confluent up to =, in order to hopefully obtain
a confluent Gray presentation. Such a procedure is detailed in the closely related setting of coherent
presentations of monoids in [16], where it is called the Knuth-Bendix-Squier completion procedure.

Our coherence theorem implies a coherence criterion similar to the ones shown by Squier, Otto
and Kobayashi [27, Thm. 5.2] and Guiraud and Malbos [13, Prop. 4.3.4], which states that adding
a tile for each critical branching is enough to ensure coherence:

Theorem 3.4.5. Let Q be a Gray presentation, such that Q<s is terminating and, for every critical
branching (S1: ¢ = ¢1,52: ¢ = ¢2) of Q<s, there exist v € Qb, Fi: ¢; = ¢ € Qf fori € {1,2}
and G: Sy *9 Fy = Sy #9 Iy € Qq. Then, Q is a coherent Gray presentation.

Proof. The definition of Q4 ensures that all the critical branchings are confluent, so that Theo-
rem 3.4.4 applies. O

Note that, in Theorem 3.4.5, we do not need to add a 4-generator G as in the statement for a
critical branching (57, S2) if there is already a generator G’ for the symmetrical branching (Ss, S1),
so that a stronger statement holds.

To finish this section, we mention a finiteness property for critical branchings of Gray presenta-
tions. This property contrasts with the case of strict n-categories, where finite presentations can
have an infinite number of critical branchings [21, 13].

Theorem 3.4.6. Given a Gray presentation Q where Qz and Qg are finite and |05 (A)| > 0 for
every A € Qs, there is a finite number of local branchings (S1,S2) with rewriting steps S1,S2 € Qj
such that (S1,52) is a critical branching.

Proof. See Appendix C. O

The proof of Theorem 3.4.6 happens to be constructive, so that we can extract an algorithm to
compute the critical branchings for such Gray presentations. An implementation of this algorithm
was used to compute the critical branchings of the examples of the next section.

4 Applications

We now illustrate the techniques of the previous section and show the coherence of Gray presentations
corresponding to several well-known algebraic structures. For each structure, we introduce a Gray
presentation and study the confluence of the critical branchings of the associated rewriting system.
Then, when the rewriting system is terminating, we can directly apply Theorem 3.4.5 to deduce
the coherence of the presentation. This will be the case for pseudomonoids, pseudoadjunctions and
Frobenius pseudomonoids. We moreover study the example of self-dualities, where the associated
rewriting system is not terminating, for which we use specific techniques in order to prove a weak
coherence result.

4.1 Pseudomonoids

In Example 2.3.1, we introduced a Gray presentation P for the theory of pseudomonoids. The
set P4 of 4-generators contains only the required ones in a Gray presentation, so that we do not
expect P to be coherent (see (9) for an example). We will show that the rewriting system is
terminating and thus, Theorem 3.4.5, adding a 4-generator corresponding to each critical branching
will turn the presentation into a coherent one. Those branchings can be computed as in the proof
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of Theorem 3.4.6, which is constructive: we obtain, up to symmetrical branchings, five critical

branchings:
7\( > ;7 z =
4 4

et
:

We observe that each of these branchings is joinable, and we define formal new 4-generators
R1, Rs, R3, R4, R5 that fill the holes:

3]
EANRANIE,

&
=
=l
L
—<T<<; 1

] =

We then define PMon as the Gray presentation obtained from P of Example 2.3.1 by adding
Rl,...,R5 to P4.

As claimed above, in order to deduce coherence, we need to show the termination of PMon. For
this purpose, we use the tools of Section 3 and build a reduction order. We split the task in two
and define a first order that handles the termination of the A, L, R generators, and then a second
one that handles the termination of interchange generators. For the first task, we use a technique
similar to the one used in [19]. Given n € N, we write <!, for the partial order on N™ such that,
given a,b € N, a <! b when a; <b; for all i € {1,...,n} and there exists j € {1,...,n} such that
aj < bj. Let MFun be the 2-precategory

— which has only one 0-cell: MFung = {*},
— whose 1-cells are the natural numbers: MFun; = N,

— whose 2-cells m = n for m,n € N are the strictly monotone functions

¢ (N™, <g) = (N, <),
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Moreover, id, = 0 and composition of 1-cells is given by addition. Given m € MFun,, id,, is the
identity function on N and given m,n, k, k' € Nand x: k — k' € MFun,, the 2-cell

migx*on:m+k+n=m+k' +n

is the function y/: Nm+k+n _y Nm+K+n quch that, for = (21,..., Tmiksn) € NPTFE for
ie{l,....m+Kk +n},

X (@) = S X (Tt oy Tk )iem i m<i<m+k
Ti—k!+k ifi>m+k

and, given m,n,p € N, ¢: m = n € MFuns and ¥: n = p € MFuns, ¢ %1 9 is defined as ¥ o ¢ and
one shows readily that these operations indeed give strictly monotone functions. One easily checks
that MFun is a strict 2-category. Given m,m/,n,n’ € Nand ¢: m = n,v: m' = n’ € MFun, we
write ¢ <21 when m =m’, n =n’ and ¢(x) <., ¥(z) for all z € N™. We have that:

Proposition 4.1.1. <2_ is well-founded on MFuns.
Proof. We define a function N: MFuny — N by
N(p)=¢(z)1+ -+ ¢(2)n for ¢: m = n € MFuny

where z = (0,...,0). Now, if ¢»: m = n € MFuny is such that ¢ <2_¢, then 9(z) <l ¢(2) so that
N(¢) < N(¢). Thus, <2 on MFun, is well-founded. O

We observe that the order <2 is compatible with the structure of MFun:

Proposition 4.1.2. Givenm,n,m’,n' k¥ e N, u:m' = m,v:n=n', and ¢,¢: k = k' € MFun,
such that ¢ >2_¢', we have

(i) m*g ¢ xon >2 m*q ¢ %o n,
(ii) w1 d*1 v >2 pxy @ x1v.
Proof. Given x € N™tF+7 we have ¢(Tpmi1,. - Tmik) > &' (Tmat, .- Tmak) SO

1

(m % ¢ *on)(x) >op (M *0 ¢ *on)(T).

Thus, (i) holds. Moreover, given y € N we have ¢(u(y)) >L. ¢'(u(y)). Since v is monotone, we
have v(¢(u(y))) >ex (¢ (u(y))). Thus, (ii) holds. O

We define a 2-prefunctor F': PMon; — MFun by the universal property of the 2-prepolygraph
PMon<s, i.e., F is the unique functor such that F(x) = %, F(1) =1, F(u) = f, and F(n) = f,
where

fu: N2 — N fr: N0 N

are defined by f,(z,y) =2x+y+1 for all z,y € N and f,() = 1. The interpretation exhibits the
3-generators A, L and R of PMon as decreasing operations:

Proposition 4.1.3. The followings hold:
(i) F(0y (A) >2 F(05 (M),
(i) F(95 (L)) >2 F(3+( );
(iii) F(9; (R)) >2 F(95 (R)),
(iv) F(05 (Xa.m.p)) = F(05 (Xam.,p)) for a, 3 € PMony and m € N.
Proof. Let ¢ = F(95 (A)) and ¢ = F (95 (A)). By calculations, we get that
o(z,y,2) = (4o + 2y + 2+ 3) and  Y(z,y,2) =2z +2y+2+1)

for x,9,2 € N, so ¢(x,y,2) >L (z,y,2) for all z,y,2 € N. The cases (ii) and (iii) are shown
similarly. (iv) is a consequence of the fact that MFun is a strict 2-category. O
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We define a partial order < on PMon} by putting, for ¢, € PMon3,
(725 < 1/) when F(¢) <gx F(l/f) or [F((vb) = F(T/’) and Nint(¢) <w Nint(w)]-
Proposition 4.1.4. The partial order < on PMonj is a reduction order for PMon.

Proof. Let G € PMong. If G € {A,L,R}, then, by Proposition 4.1.3, 95 (G) < 95 (G). Otherwise,
if G = X4 4,5 for some «, 3 € PMony and u € PMon], then, by Proposition 4.1.3(iv),

F(0y(G) =F(9;(G))  and  Niug(95(G)) <w Nine(95 (G)).

So 95 (G) < 95 (G). The other requirements for < to be a reduction order are consequences of
Proposition 4.1.2 and Proposition 3.3.2(ii)(iii). O

Finally, we can use our coherence criterion to show that:
Theorem 4.1.5. PMon is a coherent Gray presentation.

Proof. By Proposition 4.1.4, PMon has a reduction order, so the rewriting system PMon is termi-

nating by Proposition 3.3.1. Since Ry,..., R € PMony, by Theorem 3.4.5, PMon—r is a coherent
(3,2)-Gray category. O

4.2 Pseudoadjunctions

We now show the coherence of the Gray presentation of pseudoadjunctions introduced below. The
way we do this is again by using Theorem 3.4.5. However, we need a specific argument to show
the termination of the interchange generators on the associated rewriting system. For this, we
introduce a notion of “connected” diagrams and we use a result of [9] stating that interchange
generators terminate on such connected diagrams.

We define the 3-prepolygraph for pseudoadjunctions as the 3-prepolygraph P such that

Po={xy} and Pi={f:x—=yg:y—=x} and Py={n:id, = f*ogec:g*f=id}
where 7 and € are pictured as —~ and \— respectively, and P3 is defined by P5 = {N, N}, where

N: (n*of)*1 (frxoe) = id; and W: (g*n)*1 (€ ¥ b) = id,

N% and UW% .

We then extend P to a Gray presentation by adding 3-generators corresponding to interchange
generators and 4-generators corresponding to independence generator and interchange naturality
generator, just like we did for pseudomonoids in Example 2.3.1. For coherence, we need to add
other 4-generators to P4. Provided that P is terminating, by Theorem 3.4.5, adding 4-generators
that fill the holes created by critical branchings is enough, just like for pseudomonoids.

Using the constructive proof of Theorem 3.4.6, we compute all the critical branchings of P. We
then obtain, up to symmetrical branchings, two critical branchings:

U=U" L=n]]
\ \

/

which can be represented by

N
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We observe that each of these branchings is joinable, and we define formal new 4-generators Ry, R
that fill the holes:

WWM

\/
N

We then define PAdj as the Gray presentation obtained from P by adding R, and Rs to Py.

We aim at showing that this rewriting system is terminating by exhibiting a reduction order.
However, we cannot use Proposition 3.3.2 to handle interchangers (as for the case of pseudomonoids)
since P is not positive. Instead, we invoke the result of [9] which states the termination of interchang-
ers on “connected diagrams”. Given a 2-prepolygraph Q, a 2-cell of Q3 is connected when, intuitively,
each 2-generator on its graphical representation is accessible by a path starting from a top or bottom
input. For example, given Q such that Qy = {*}, Q; = {1} and Qu = { ~: 0 = 2,12 = 0}, we
can build the following two 2-cells of Q3:

i Jn

where the one on the left is connected whereas the one on the right is not, since the two generators
of the “bubble” cannot be accessed from the top or bottom border.

A more formal definition can be obtained by computing the “connected components” of the
diagram, together with a map between the top and bottom inputs of the diagram to the associated
connected components. This is adequatly represented by cospans of Set. Based on this idea,
we define a 2-precategory that allows us to compute the connected components of a 2-cell of Q*.
Let Ny, be the set {1,...,m} for m > 0.

We define the 2-precategory CoSpan as the 2-precategory such that:

— it has a unique 0-cell, denoted ,

— the 1-cells are the natural numbers, with 0 as unit and addition as composition,
— the 2-cells m = n are the classes of equivalent cospans N,, i> S <~ N, in Set,

where two cospans A L5 Band AL 5" & B are said equivalent when there exists an
isomorphism h: S — S’ € Set such that f' = ho f and ¢ = hog. The unit of m € CoSpan, is

1n,
the cospan N,,, —% N,, Pl <= Ny, and, given ¢: my; = ms € CoSpan, and ¥: my = m3 € CoSpan,,
represented by the cospans

Ny, 2 8 ¢- Ny, and Ny, 2 8 & N,
respectively, their composite is represented by the cospan

S//

h ot r b

! S g f 5 g’
N N
Ny, N, Ny

where the middle square is a pushout. Given ¢: m = n € CoSpan, represented by
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and p, g € CoSpan,, the 2-cell p xg ¢ %¢ ¢ is represented by the cospan

N, USUN,
(1Np|_|fu1Nq)o(9,,_,m_,V \(1NPUgu1NQ)oepm,,q

Np+m+q Np+n+q

where 0, 4: Ny g = N, UN, UNg, for » € N, is the obvious bijection. One easily verifies that
CoSpan is in fact a 2-category (fact that will be useful when dealing with interchange generators
later).

Given a 2-prepolygraph Q, by the universal property of 2-prepolygraphs, we define a 2-prefunctor
Cong: Q* — CoSpan such that

— the image of = € Qq is *,
— the image of @ € Qq is 1,
— the image of a: f = g € Qa is represented by the unique cospan Ny = {5} & Njg|

We can now give our definition for connectedness: a 2-cell ¢ € Qb is connected when Cong(¢) is

represented by a cospan N,, RNy P N,,, with m = |9] (¢)| and n = |0} (#)|, such that f,g are
jointly epimorphic. Since the latter property is invariant by equivalences of cospan, if ¢ is connected,

then for every representative N,, NN N,, of Cong(¢), f,g are jointly epimorphic.
In the case of PAdj, as one can expect, the 3-generators N and U do not change connexity:

Lemma 4.2.1. We have
COIlpAdj((n *Q f) *1 (f *0 8)) = COnpAdj(idf)

and
Conpad;((g *0 1) *1 (€ *0 g)) = Conpag;(idg).

Proof. By calculations, we verify that

is a representative of both Conpagj((1 *o ) *1 (f %0 €)) and Conpagj(id¢), so that
Conpadj((n *0 f) *1 (f %9 €)) = Conpag;(idy)

and similarly,
COHPAdj((g *0 77) *1 (E *0 g)) = CODPAdj(idg). O

Moreover, connexity is preserved by interchangers in general:

Lemma 4.2.2. Let P be a 2-prepolygraph. Let o, € Pa and g € Py such that o, g,5 are
0-composable. Then,

Conp (v o g 0 7 (B)) *1 (8 (@) %0 g %0 8)) = Conp((8 () %0 g %o B) *1 (e xo g 0 7 (B)))
Proof. This is a direct consequence of the fact that CoSpan is a strict 2-category. O

We now prove a technical lemma that we will use to show the connexity of the 2-cells in PAdj5:

Lemma 4.2.3. Let P be a 2-prepolygraph and ¢,¢’ € Py and N, i> S N,,, be a representative
of Conp () for some ny,ne € N such that ¢, ¢’ are 1-composable and f is surjective. Then, ¢ *1 ¢’
is connected if and only if ¢' is connected.
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Proof. LetN,, N N,,, be a representative of Conp(¢’) for some nz,n3 € N. Then, Conp(¢*1¢’)

is represented by N,,, Lo g g0 N,,, where S, " and ¢" are defined by the pushout of g
and f’ as in

f 8 g I’ b. g’
NN U N
N, Ny, A\

Suppose that ¢’ is connected, i.e., f' and ¢’ are jointly surjective. Since f is surjective by
hypothesis and f” and g” are jointly surjective (by the universal property of pushout), we have
that f” o f,g" o f',g"” o g’ are jointly surjective. Moreover,

gl/of/:fllog:f/lofoh

where h is a factorization of g through f (that exists, since f is supposed surjective). Thus, we
conclude that f” o f,g"” o ¢’ are jointly surjective.

Conversely, suppose that f” o f and ¢g” o ¢’ are jointly surjective and let y € S’. We have to
show that ¥ is in the image of f’ or ¢’. Recall that

S" = (SUS)/ ~

where ~ is the equivalence relation induced by g(x) ~ f/(z) for € N,,,: either y is in the image
of f’, or we have both that y is the only preimage of ¢’ (y) by ¢’ and ¢”(y) is not in the image
of f”. In the former case, we conclude directly, and in the latter, since f” o f and g"” o ¢’ are jointly
surjective, there is ¢ € N,,, such that ¢” o ¢’(x) = ¢"(y), so that ¢’(x) = y, which is what we wanted.
Thus, f/ and ¢’ are jointly surjective, i.e., ¢’ is connected. O

We can now prove our connectedness result for pseudoadjunctions:
Proposition 4.2.4. For every ¢ € PAdj;, ¢ is connected.

Proof. Assume by contradiction that it is not true and let N € N be the smallest natural number
such that the set S = {¢ € PAdj3 | |¢| = N and ¢ is not connected} is not empty. Given ¢ € S, let

(f1 %0 a1 *0 hy) *1 -+ %1 (fn *0 an *0 hn)

be a decomposition of ¢.
Note that there is at least one ¢ € {1,..., N} such that o; = . Indeed, given f, h € PAdj] such

that f,n, h are 0-composable, a representative N,,, — T <~ N,, of Cong(f *on*oh) has the property
that v is an epimorphism. Since epimorphisms are stable by pushouts, given ¢’ € PAdj3 such that
¢ = (f1 %0 %0 hY) *1 -+ *1 (f}, %0 n %0 h},) with f/ b} € PAdj] for i € {1,...,k}, a representative
Ny 2 T & N, of Conpagj(¢’) has the property that v is an epimorphism (by induction on k),
and in particular, ¢’ is connected. Consider the minimal index 7o such that there is ¢ € S with
Qi = €.
Suppose first that i = 1. Then, given a representative N, SN P N, of Conpagj(fi*oa1*ohi ),

we easily check that u; is an epimorphism. By Lemma 4.2.3, we deduce that

(fa %0 a2 g ho) *1 - -+ #1 (fi *0 g *0 h)

is not connected, contradicting the minimality of V.
Suppose ig > 1. By the definition of ¢y, we have c;,—1 = 1. There are different cases depending
on |fi,—1| (see Figure 1):

— if | fip—1] < |fi,| — 2, then, since 8f(fio,1 %0 Qig—1 %0 Nig—1) = 07 (fiy *0 iy *0 N4y ), We have

fio = fio—1 %005 () x0g and  hiy_1 = g o 9y (€) %o hi,
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Figure 1: The different cases

for some g € PAdj]. By Lemma 4.2.2, we have
Conpagj (1 *0 g %0 91 (€)) *1 (8 (1) %0 g %0 €)) = Con((dy (1) *0 g *0 €) *1 (0 *0 g %0 I (€)))
thus, by functoriality of Conpagj, the morphism ¢’ defined by
@' = (f1 *0 a1 %0 h1) *1 -+ %1 (fig—2 *0 Qig—2 *0 Nig—2)

#1 (fig—1 *0 g %0 € *0 hig) *1 (fig—1 *0 1 %0 g *0 hiy)

1 (fio+1 *0 Qig+1 %0 Pig1) *1 -+ *1 (fi *0 ik *o hi)

satisfies that Conpagj(¢) = Conpagj(¢’). So ¢’ is not connected, and the (i9—1)-th 2-generator
in the decomposition of ¢’ is ¢, contradicting the minimality of 4g;

— if | fig—1| > | fio| + 2, then the case is similar to the previous one;
— if | fio—1] = | fiy| — 1, then, since Conpagj((1) %o ) *1 (f %0 €)) = Conpagj(id;) by Lemma 4.2.1,
the 2-cell ¢’ defined by
¢ = (f1 %0 a1 %0 ) *1 -+ %1 (fig—2 *0 Qig—2 *0 hig—2)
1 (figt+1 *0 Qigt1 %0 Pig1) *1 -+ %1 (fi %0 au %0 )

satisfies Conpadj(¢) = Conpagj(¢’) (by functoriality of Conpag;j), so that ¢’ is not connected,
contradicting the minimality of IV;

— if | fig—1] = | fis| + 1, then the situation is similar to the previous one, since, by Lemma 4.2.1,
Conpagj((g *0 ) *1 (€ %0 g)) = Conpagj(idy);
— finally, the case |f;,—1] = | fi,| is impossible since
fio—1 *0 3?_(041'0—1) %0 Nig—1 = fio *0 01 (g ) *0 Ry

and
O (vig—1) =fxog # g*o f =07 (ap). O

We are now able to prove termination:
Proposition 4.2.5. The rewriting system PAdj is terminating.

Proof. Suppose by contradiction that there is an infinite sequence S;: ¢; = ¢;41 for i > 0 with S;
a rewriting step in PAdj3. Since

0, (N)| =10, ()| =2 and |95 (N)| =195 (V)] =0,
if the inner 3-generator of S; is N or U, for some i > 0, then |¢;11]| = |¢;] — 2. Since
0y (Xa,1,8) = 03 (Xa,z,8) = 2

for 0-composable a € PAdj,, f € PAdj], B € PAdj,, it means that there is ig > 0 such that for
i > 1ip, the inner generator of S; is an interchanger. By [9, Thm. 16], there is no infinite sequence of
rewriting steps made of interchangers. Thus, by Proposition 4.2.4, there is no infinite sequence of
rewriting steps whose inner 3-generator is an interchanger of PAdj, contradicting the existence of
(Si)i>0. Thus, PAdj is terminating. O
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Finally, we can apply our coherence criterion and show that:
Theorem 4.2.6. PAdj is a coherent Gray presentation.
Proof. By Proposition 4.2.5, PAdj5 is terminating. Since Ry, Re € PAdjy, by Theorem 3.4.5, the

conclusion follows. O

4.3 Self-dualities

We consider a variant of the preceding example, by considering the theory corresponding to
pseudoadjunctions between an endofunctor and itself. This new example requires a special treatment
since the underlying rewriting system is not terminating, and, more fundamentally, the induced
(3,2)-Gray category is not expected to be fully coherent. We show instead a partial coherence
result.

We define the 3-prepolygraph for self-dualities as the 3-prepolygraph P such that

Po={x} and P;={l:x—x} and Py={n:id, = 2,e:2=1id,}
where we write 72 for 1% --- %o 1 for n € N. The 2-generators 7 and ¢ are pictured as — and /
—_———
respectively, and P3 is defined by P3 = {N, N} where

N: (nxo1) % (Ixge)=id; and W: (1xgn)x; (e%9 1) = idg

N% and M%

As before, we then extend P to a Gray presentation by adding 3-generators corresponding to
interchange generators and 4-generators corresponding to independence generators and interchange
naturality generators. We also add the same 4-generators that we added for pseudoadjunctions

N N/

/

which is pictured again by

~

to P and we denote SD the resulting Gray presentation. Here, it is not possible to apply Theorem 3.4.5
to obtain a coherence result, as in previous section. Indeed, SD is not terminating, since we have

the reduction
o-Up=lo=-gU-g

Moreover, this endomorphism 3-cell is not expected to be an identity, discarding hopes for the
presentation to be coherent. Following [10], we can still aim at showing a partial coherence result
by restricting to 2-cells which are connected, in the sense of the previous section. In this case,
termination can actually be shown by using the same arguments as for pseudoadjunctions. However,
the critical pairs are not joinable either since, for instance, we have

U‘EHS‘M
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for which there is little hope that a Knuth-Bendix completion will provide a reasonably small
presentation. However, one can obtain a rewriting system, introduced below, which is terminating
on connected 2-cells and confluent by orienting the interchangers. Using this rewriting system, we
are able to show a partial coherence result.

We define an alternate rewriting system Q where

Q; =P; forie{0,1,2} and Qz={N,UN} U Qi

where QI contains the following 3-generators, called Q-interchange generators:

e |V 2O o e [ U=
X ﬂ = Xere =

N

for n € N.
There is a morphism of 3-precategories I': Q* — P’ uniquely defined by I'(u) = u for u € Qf
with ¢ € {0,1,2} and mapping the 3-generators as follows:

N— N N—n
/ - /
XWNVIHXW”W XnneHXﬂﬁve
’ - ’
XEnﬁHXETLE XsneHXEﬁaE

for n € N. We get a rewriting system (Q, =) by putting F = F’ if and only if I'(F') = T'(F”) for
parallel F, F’ € Q3. By inspecting the 3-generators of Qs, we can show that, given F': ¢ = ¢’ € Q3,
¢ is connected if and only if ¢’ is connected. Indeed, one easily checks that for every A € Qs, we
have Cong(d; (A)) = Cong(dy (A)), so that Cong(¢) = Cong(¢’).

We first show a weak termination property for Q, stating that it is terminating on connected
2-cells:

Proposition 4.3.1. Given a connected 2-cell ¢ in Q3, there is no infinite sequence F;: ¢; = ¢it1
of rewriting steps where ¢g = ¢.

Proof. Since any rewriting step whose inner 3-generator is N or /I decreases by two the number of
2-generators in a diagram, it is enough to show that there is no infinite sequence of composable
rewriting steps made of elements of Q"*. For this purpose, we combine several counting functions:
a function Ny which counts the potential number of rules X and X! _ , Which can be applied,

and functions Ny and N§ which counts the potential number of rules X77 - and X/ _ . which can
be applied respectlvely Given a 2-cell
¢ = (M1 *o a1 *o M1) *1 - 1 (Mg %0 Quk; %o k)
of Qf, with «; € Q2 and m;,n; € N for ¢ € {1,...,k}, we define Ny(¢) € N by
Ni(¢) = {(i,j) eN? |1 <i<j<kand a; =7 and a; = £}|.
Moreover, if we write p,q € {0,...,k} and 41,...,4p, J1,. ., Jq € N for the unique integers such that

1< <<, <k 1< <--<je <Lk {it, oo yipy g1,y Jgr ={1,.. ., k}

and ;. =nand o, =cforr € {1,...,p}and s € {1,..., ¢}, we define NJ (¢) € NP and N5 (¢) € N¢
by

Ng(gb):(nipa"'vnn) and NQE(d)):(nju"'anjq)'
Finally, we define N(¢) € N1TP+4 by

N(¢) = (N1(¢), N3 (¢), N5 (¢))

and we equip NP, N9 and N'*P+¢ with the lexicographical ordering <j.x. Now, keeping ¢ as above,
let
)\*1 (Z*OA*Or)*lp: ¢:>¢I€Q§
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be a rewriting step for some I, € Qf, A\, p, ¢’ € Q3 and A € Q3 with

(]5’ = (7’7’7/1 *0 Oéll *0 ﬁ’l) LS R 3 | (’ﬁl;C *Q Oé;C *Q ﬁ;e)

for some o € Q2 and mj,n; € N for i € {1,...,k}. We distinguish the three following cases.
-~ A=X] ;. or A= X[, for some u € N, then Ni(¢') = N1(¢) — 1.

— Otherwise, if A = X,, 5, for some u € N, then we have Ni(¢) = Ni(¢') and, writing r
for |\| +1, we have n, = n/, for s € {1,...,k}\ {r,r+1}. Moreover, we have n,._ | < n,41—2,
so that N/ (¢') <iex Ny (¢). For example, consider the application of X, ; . on 95 (X, 7 )
without additional whiskering. In this case, we have that Nj (9, (X] 7)) = (n+2,0) while
N3 (95 (X] 5.,)) = (0,n), so that the value of Ny(—) is decreased with respect to <jex by the

application of X, - .

— Otherwise, A = X/ ; _ for some u € N. Then N;'(¢) = Nj(¢') and, by a similar argument as
before, N5(¢') <iex N5 ().

In any case, we get that N(¢) <jex N(¢'). Since <jex is well-founded, we conclude that there is no

infinite sequence of rewriting steps R;: ¢; = ¢;41 for i € N with ¢y connected. O

We now aim at showing the confluence of the branchings of Q. The idea is to use a critical pair
lemma and a Newman’s lemma adapted to the specific setting of Q where the notion of critical
branching is different and where we only consider connected 2-cells as sources. We say that a
branching (S1, S2) of Q is connected when 95 (S1) is connected. We say that it is Q-critical when it
is local, minimal, not trivial and not independent. We first state adapted versions of the critical
pair lemma and Newman’s lemma to the setting of Q:

Lemma 4.3.2. If all connected Q-critical branchings (S1,S2) of (Q,=) are confluent, then all
connected local branchings of (Q,=) are confluent.

Proof. By a direct adaptation of the proof of Theorem 3.4.3 to connected 2-cells and rewriting
steps between connected 2-cells. O

Lemma 4.3.3. If all connected local branchings of (Q,=) are confluent, then all connected
branchings of (Q,=) are confluent.

Proof. By a direct adaptation of Theorem 3.2.1 to connected 2-cells and rewriting steps between
connected 2-cells, using Proposition 4.3.1. O

By the above properties, in order to deduce the confluence of the branchings of Q, it is enough to
check that the critical branchings of Q are confluent, fact that we verify in the following property:

Lemma 4.3.4. The connected Q-critical branchings of (Q,=) are confluent.

Proof. We first consider the Q-critical branchings (S, S2) that are structural-structural, i.e., such
that the inner 3-generators of S and S5 are Q-interchange generators. We classify them as separated
and half-separated and non-separated. There are eight kinds of separated structural-structural
Q-critical branchings listed below:

CUTT T 2 Y TIUT S T U

ol U=l P HU = nlUL
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(8)
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D)

D)

"N

-

N

Each one can be shown confluent for = by considering the confluence of a natural branching

in (SD,~SP). For example, (5) is joinable as follows:

U

|

Up to inverses, it corresponds to the following confluent natural branching of (SD, ~°P):

U

|

|

I
U

|

U

Ik
I
Ik
1« U

|

|

SD

n =

ﬂ%‘U

%

n ¢

ﬂ<U

U
I

/

M

By the definition of =, (5) is confluent for =. The other kinds of separated structural-structural

Q-critical branchings are confluent by similar arguments.

There are four kinds of half-separated structural-structural Q-critical branchings listed below

(1)

/

=

U
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Q ﬂ . -
(V1. ~
(4) ﬂ & =
(11, ~
FEach one can be shown confluent for = by considering the confluence of a natural branching
in (SD,~°P). For example, (1) is joinable as follows

E——2
Up to inverses, it corresponds to the following confluent natural branching of (SD, ~5P):

T e

/m .SD
4
By definition of =, it implies that (1) is confluent for =.
There are two kinds of non-separated structural-structural Q-critical branchings listed below:

o+ V0 - U[J¢
(o« allo - [I°

~

They are not confluent but they are not connected branchings.

We now consider structural-operational Q-critical branchings, i.e., those Q-critical branch-
ings (S1,S52) such that the inner 3-generator of S; is a Q-interchange generator and the inner
3-generator of Sy is N or V1. We classify them as separated and half-separated. There are four kinds
of separated structural-operational Q-critical branchings listed below:

o (Ulln =nd T =1
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" U .

U ) U
As above, each one can be shown confluent by considering a natural branching of (SD, ~°P).
There are two kinds of half-separated structural-operational Q-critical branchings listed below:

ATV
o (L= nJ]=n

As above, each one of them can be proved confluent by considering the associated critical branching
in (SD,~°P).

Note that there are no operational-operational Q-critical branching, i.e., Q-critical branchings
(S1, S2) where the inner 3-generators of both S; and S are in {N, /1}. Hence, all connected Q-critical
branchings are confluent. O

We can now show our weak confluence property:
Proposition 4.3.5. All the connected branchings of (Q,=) are confluent.
Proof. By Lemma 4.3.3, Lemma 4.3.2 and Lemma 4.3.4. O

In order to obtain a weak coherence property for SD, we first adapt several properties stated in
Section 3.1.

Lemma 4.3.6. Given F: ¢ = ¢’ € QT where either ¢ or ¢' is connected, we have F = G %5 H™!
for some G: ¢ = 1 and H: ¢' = 1.

Proof. By a direct adaptation of Proposition 3.1.1 involving connected 2-cells only, and using
Proposition 4.3.5. O

Lemma 4.3.7. Given F1,F>: ¢ = ¢' € Qs, if ¢ is connected, then Fy = F, in 6;

Proof. Since ¢ is connected, ¢’ is connected. By Proposition 4.3.1, there is G: ¢/ = ¢ € Qs such
that v is a normal form for Q. By Proposition 4.3.5, there is Hy, Hy: ¥ = 9’ € Q3 such that
Fy %9 G %9 Hy = F} %9 G %9 Hy. Since v is a normal form, H; = Hy = id. So F} %9 G = Fy x5 G,

thus F1:F2 1116; O
Lemma 4.3.8. Given F1,Fy: ¢ = ¢ € 6;—, if ¢ is connected, then Fy = Fs in 6;—

Proof. By a direct adaptation of the proof of Proposition 3.1.2, using Lemma 4.3.6 and Lemma 4.3.7.
O

We can now conclude with the weak coherence property for SD:

Theorem 4.3.9. Given F1,Fy: ¢ = ¢’ € SiD:;r with ¢ or ¢’ connected, we have Fy = Fj.
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Proof. Let TV: QT — SiDiTT be the 3—prefunctor7w%1ich is the factorization of I' through the canonical
3-prefunctor (Q<3)* — Q . By definition of SD ', for ¢ € {1,2}, we have

K3

-1 -1
Fi = Gi,l *9 H<)1 k9 v v ko GL}% *9 Hi,ki

for some k; € N, 2-cells ¢;.0,.. ., Pik;s Vin,---,Vik; € Qs such that ¢; 0 = ¢ and ¢; 5, = ¢', and,
for j € {1,...,ki}, 3-cells

Gij: ¢ij—1 = vi; and Hij:¢i; = Vi

of SD3. Since either ¢ or ¢’ is connected, we have that all the ¢4,;’s and the 1; ;’s are connected.
Moreover, all the G; ;’s and the H; ;’s are in the image of I'. So, for i € {1,2}, F; = I'"(F}) for
some F/: ¢ = ¢ € Q . By Lemma 4.3.8, we have F| = F}j, so that F} = F5. O

4.4 Frobenius pseudomonoids

We now consider the example of Frobenius pseudomonoids [30], which categorifies the classical
notion of Frobenius monoids. Sadly, it is only a partial example since we were not able to handle
the units of the structure (if we add them, the critical branchings are not confluent) and to show
that our presentation is terminating, even though we believe that the latter is true. We nevertheless
give the computation of critical branchings for this example, hoping that a termination argument
will be found later.

We define the 3-prepolygraph P for (non-unitary) Frobenius pseudomonoids as follows. We put

Po={*} and P;={1} and Py={u:2—1,§:1— 2}
where we denote 72 by 1 g --- %9 1 for n € N. We picture p and § by v and A respectively, and
———

we define P3 by P3 = {N, VI,nA,AC°, M, M} where
N A M
AJBY Wy (9
" PN
A A &)=S

As before, we then extend P to a Gray presentation by adding 3-generators corresponding to
interchange generators and 4-generators corresponding to independence generators and interchange
naturality generators.

Using the constructive proof of Theorem 3.4.6, we find 19 critical branchings, and we use them
to define a set of nineteen 4-generators Ry, ..., R1g that we add to P4. These critical branchings are
shown in Figure 2. We then define PFrob as the Gray presentation obtained from P by adding the
4-generators R1,..., Rig from above. Since we were not able to show termination, we conjecture it:

Conjecture 4.4.1. PFrob is terminating.
From this assumption, we deduce that:
Theorem 4.4.2. If PFrob is terminating, then PFrob is a coherent Gray presentation.

Proof. This is a consequence of Theorem 3.4.5. O
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Figure 2b: The critical branchings for Frobenius pseudomonoids
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A Equivalence between definitions of precategories

We prove the equivalence between the equational and the enriched definition of precategories:

Proposition 1.4.5. There is an equivalence of categories between (n+1)-precategories and categories
enriched in n-precategories with the funny tensor product.

Proof. Given C € PCat, 1, we define an associated object D € (PCat,,)-Cat as follows. We put
D() = CO and D(iE, y) = CT(r,y)
where C(3 ) is the n-precategory such that
(Ci(a))i = {u € Ciqr | 8y (u) =z and 9 (u) = y}

fori € {0,...,n} and whose composition operation #; is the operation %11 ;41 on C for k,l € {1,...,n}.
Given x € Dy, we define the identity morphism

iz: 1 — D(z,x)

as the morphism which maps the unique 0-cell * of 1 to id, € Cy. Given z,y, z € Cy, we define the
composition morphism

Cay,=: D(z,y) OD(y,z) = D(x,z) € PCat,

as the unique morphism such that Iy . = ¢z 4,2 ©1p(,y),D(y,2) 15 the composite

D(e,y) x Dy, )y =[] Dlay) 10002000, py 2y
gED(y,z)o

and Tz,y,2 = Cz,y,z ©TD(z,y),D(y,z) is the composite

D@y x D) =[] Dy, 2) LU, pg ),
feD(z,y)o

We verify that the composition morphism is left unital, i.e., given x,y € Dg, the diagram

10 D(z,y) 0D @y) D(z,z) 0 D(z,y)

f \ A
AD(z.y) v

D(z,y)
commutes. We compute that
Cx,x,y © (Z;v U D(x> y)) © 11,D(a:,y) = Cg,x,y © lD(x,m),D(w,y) o(ix X D(J}, y)(O))
(by definition of OJ)
= l:c,x,y o (Zz X D(1'7y)(0))
= ID(2,y) OT2 (by unitality of id,)
£
= Ab(ay) ° 11,0 (@)
and

Cexy © (Zx O D(I, y)) OT1,D(z,y) = Cx,z,y ©'D(z,2),D(z,y) O((ix)(O) X D(x, y))
(by definition of OJ)

=Tz,zy© ((Z:L’)(O) X D($7y))
=T (by unitality of id,)

f
= )‘D(x,y) OT1,D(z,y)
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Thus, by the colimit definition of 1 0 D(z,y), the above triangle commutes. Similarly, the triangle

D(z,y) 01 — 25 p(e,y) O D(y, y)

PD(z,y) e

D(z,y)

commutes, so that the composition morphism is right unital. We now verify that it is associative,
ie., given w, x,y, z € Dy, that the diagram

cw,wDD%) D(w,y) O D(y, z) o
(D(w, ) 0 D(z,)) 0 D(y, 2) I D(w, 2)

(10)
aD(w,w),Du,y),D(y,,\/‘ /”

D(w,z) 0 (D(z,y) O D(y, z)) D(w,2)0ca D(w,z) 0 D(z,z2)

commutes. By a colimit definition analogous to (2), it is enough to show the commutation of the
diagram when precomposing with the morphisms w1, w2, w3 where

@1 = 1p(w,2)0D(2.9).D(y,2) °(ID(w.2),D(@,y) X DY 2)(0)),
@2 = 1p(w,)0D(2,y),D(y,2) ©(TD(w,x),D(z,y) X DY, 2)(0))>
W3 = ID(w,2)0D(z,y),D(y,2) -
Writing D, D?, D3 for D(w,z), D(x,y), D(y, 2), we compute that
Cwz,z © (D' Oy y,z) © apr p2 ps 0wy
= Cwa,z© (D' Ocpy.2) 0 apt p2 ps olpiap2,ps o(lp1, p2 X D)
)

:wazO(D:lDnyz OlDlDZDD3OaD1D(2)D?)
VT, Y, ) D70y P

= Cw,a,z © D1 D(,2) o(D' x (=) %0 (=))) &p1.p? D%

= () %0 (=) o (D" x (=) 0 () o @pr.02, 03,

=((=) %0 (=) o (((—) *0 (—)) x D?O)) (by associativity of )

= Cu,y,z © Lp(w,y),03 o(((=) *0 (=) x Dfy))

= Cwy.z © 1p(w,y), 08 ©(Cway X D)) © (Ip1,p2 XDfyy)

= Cwy.z © (Cwzy O D?) 0lpip2 ps o(lpr p2 XDy

= Cuy2 0 (Cwpy O D*) oy
so that the diagram (10) commutes when precomposed with ¢ and, similarly, it commutes when
precomposed with ws and ws. Thus, (10) commutes. Hence, D is a category enriched in n-precate-
gories. The operation C' +— D can easily be extended to morphisms of (n+1)-precategories, giving

a functor
F: PCat,+; — (PCat,)-Cat.

Conversely, given C' € (PCat,,)-Cat, we define an associated object D € PCat,, ;. We put

DO :CO and Di+1 = H C(ZL‘,y)l

z,y€Co

for ¢ € {0,...,n}. In the following, given z,y € Cy, we write ¢y ,: C(x,y); — D;11 for the canonical
coprojection. Given k € N with k < n, 15 ,(u) € Dyy1 and € € {—,+}, we put
T if k=0and e = —,
ai(bx,y(u)) =14y if k=0and e =+,
lay(0f_1(u)) if k>0,
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so that the operations =, 0" equips D with a structure of (n+1)-globular set. Given = € Dy, we
put
id, = tz,2(ix(*))

and, given k € N with £ <n —1 and ¢y ,(u) € D11, we put
k k
ldL:_'x (w) =t y(ldu+1>‘

Given i,k1, ke € {0,...,n} with ¢ = min(kq, k2) — 1, and u = 14,4 (%) € Dyg,,v = 1y 4 (D) € Dy,
that are ¢-composable, we put
Lo,y (T %, D) ifi>0
WiV =% gy (g (@,id5 1)) if i =0 and ky = 1

U *
(L,
Lmy(Twyy(ld =1 3)) ifi=0and ky =1

where [, , . is the composite

1 z,Y)s Y,z Cg, y z
Cla.y) x Cly, 2)0) —=2 Cla,y) O Cly, z) 45 Ca, 2)

and 74, . is the composite

C(ﬂ?,y)(o) XC(y,Z) S C(J?,y)DC(y,Z) i C(Z‘,Z)

We now have to show that the axioms of (n+1)-precategories are satisfied. Note that, by the
definition of D, it is enough to prove the axioms for the id' and %o operations. Given z € Dy
and € € {—,+}, we have

9(id,) = 95 (ta,2(ix(*))) = =
so that Axiom (i) holds. For k € {1,...,n+ 1}, given u = 1, 4 (@) € Dy and v = ¢, .(¥) € D; such
that u,v are 0-composable, if k = 1, then

0y (urov) = 0y (Lo, (L y,- (4, 0))) = ,

and, similarly, 9; (u %o v) = z. Otherwise, if & > 1, then, for € € {—, +},

1 (w0 v) = Oy (1,2 Ly, (@, 1457 )))
=ty (05 v

= tg,2 (e,
= Loy (Oh-
= Op—1(u) %o v

Analogous equalities are satisfied for 0-composable u € Dy and v € Dy, so that Axiom (ii) holds.
Given k € {1,...,n+ 1} and u = 15, (@) € Dy, we have

2l idg

2(lo,y.2(,1d571)))
0, (052 (), 1d572))
2(1) :

) %0 ty,=(0)

w0 idy, = Lz y(le,y,4 (T, 1dz G )))

(
= Lw,y(cw,y,y ( (il' y) O Zy) o 1C(m y),1 (ua ld]:_l))
= Lm,y(pfc(x v °lo.y), 1(a, 1d )) (by the axioms of enriched categories)
= Ly (11 (3, 1d57)) (by definition of pf)
=u.
Moreover, given k € {1,...,n} and O-composable u = ¢, , (&) € Dy and v = 1, ,(?) € Dy, we have

U *q idﬁ_‘—l =g,z (rz,y,z(id§7 ldg))
= 1,2 (1" (14 - (1571, )))
= 1" (1, (1,2 (15, )
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dk+1

UkQV "

Analogous equalities hold when composing with identities on the left, so that Axiom (iii) holds.
Given k € {1,...,n+1} and 0-composable u; = tyy 5 (%1) € Dg, Uz = gy (U2) € D1 and ug = ¢, ,(Us) € D1,
we have

(U1 *0 Ug) *0 U3z = Lw,z(lw,y,z(lw,x,y(ala ldg;l), ldggl))
Writing C*, C2%, C? for C(w, z),C(z,y),C(y, z), we compute that

bw,y,z © (lwey ¥ C(go))
= Cuy.z © low,y),o3 o(Cuey X Clyy) o (1,02 xCly)
= Cwy.z © (Cwzy OC?) olengez s o(lor o2 XCy)
(by definition of [J)
= Cwa,2 0 (C' Deay,z) 0 agt o2,08 0leipez,os o(lor o2 XCly)
(by the axioms of enriched categories)

= Cua,z © (C1 O gy z) 0lon o200 0aen €20

(by definition of «)

1
= Cw,e,z ©lc1,0(a,2) ©(C7 X (Cay,2)(0)) © e €203

=lwae,: (C X(vaz)(o))oac ChyCloy

Thus,

( ,yZ) )(ldqilvldk 1)))

(U1 *0 UZ) *o U3z = Lw,z( w,z,z(

= Lw,z( wz,z(a (lT v, z)(O)(u27u3)))

= w1 *0 Lo,z ((la,y,2) 0) (G2, U3))

= U7 *q Lx,z(lx,yyz (u27 ud))

= U1 *o (U2 *0 U3)
and similar equalities can be shown for (uy1, us,uz) € (D1 x0Dg XoD1)U(D1 x0D1 x9Dy), so that Ax-
iom (iv) holds. Finally, for ¢, k1, ko, k € {1,...,n+1} such that i = min(k1, ko) — 1, k = max(kq, k2),
given u = 1, (@) € D; and i-composable v1 = iy, .(01) € Dy, ,v2 = ty .(02) € Dy,, we have

U *q (’Ul *; ’UQ) = U *q Ly z(i}l *i—l 172)

= laz(Tay,z ( 0y *i1 D2))
= la,2(Ta,y,2 (1dk w1 1527 Dy g Do)
=ty 2 (T2 (IS T 01) Hig 7oy (15271, 02))
= 12 (P2 (W 1, 51)) #i o (7,2 (1321 B2))

= (u*g v1) *; (u *q v2)

and an analogous equality can be shown for ((uy,us),v) € ((Dg, X; Dg,) X0 D1), so that Axiom (v)
holds. Hence, D is an (n+1)-precategory. The construction C' — D extends naturally to enriched
functors, giving a functor G: (PCat,,)-Cat — PCat,, .

Given C € PCat,; and C' = G o F(C), there is a morphism a¢: C — C’ which is the
identity between Cy and Cj and, for k£ € N with & < n, maps u € Ck11 t0 iy (u) where x = 95 (u)
and y = 9 (u), and one can verify that it is an isomorphism which is natural in C.

Conversely, given C' € (PCat,,)-Cat and C’ = F o G(C), there is a morphism 3: C — C’ which
is the identity between Cj and Cj), and, for z,y € Cy, maps u € C(x,y) to 1y y(u) € C'(z,y), and
one can verify that it is an isomorphism which is natural in C. Hence, F' is an equivalence of
categories. O
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B Gray presentations induce Gray categories

Until the end of this section, we suppose fixed a Gray presentation P. Our goal is to prove
Theorem 2.3.2, i.e., that P is a lax Gray category. We start by the exchange law for 3-cells that we
prove first on rewriting steps:

Lemma B.1. Given rewriting steps R;: ¢; = ¢ € P3 for i € {1,2}, such that Ry, Ry are
1-composable, we have, in Ps,
(Ry*1 ¢2) *2 (¢} *1 Ra) = (¢1 %1 Ra) %2 (Ry %1 ¢)).

Proof. Let l;,r; € P1, \i,pi € P, A; € P53 such that R; = Xi %o (I; %0 Aj %0 1) *; p; for i € {1,2},
and p;, i € Py such that A;: p; = pf for i € {1,2}. In P3, we have

(R1 %1 ¢2) *2 (¢ *1 Ra)

= Al
1 [((1 *0 A1 *0 71) %1 p1 %1 A2 *1 (lg %0 p2 %0 72))
*2 ((11 *0 ,u/1 *0 7"1) *1 P1*1 A2 *1 (l2 *o Az *g ?"2))}
*1 P2 (by the axioms of precategories)
= Al
1 [(([1 %0 p1 %0 71) *1 p1 %1 Ao *1 (I2 %0 Az %o 72))
*2 ((11 *0 A1 *g 7’1) *1 P1 ¥1 A2 *1 (lz *0 /J/z *0 ?"2))}

*1 P2 (by independence generator)

= (¢1 %1 Rg) *2 (R1 %1 ¢) 0
We can now conclude that the exchange law for 3-cells holds:
Lemma B.2. Given F;: ¢; = ¢, € Py fori € {1,2} such that Fy, Fy are 1-composable, we have,
n P3,

(Fy %1 ¢2) %2 (¢ %1 Fo) = (¢1 %1 Fz) %9 (Fy %1 ¢).
Proof. As an element of P3, F; can be written F; = R; 1 %o - - %2 R; j, where
Ri,j = )\i,j *1 (li,j *0 Ai,j *0 Tz‘,j) *1 Pi,j
for some k; € N, ;5,055 € Ps, Lij,rij € P, A; ; € Pgfor 1 <j <k, forie{l,2}. Note that
Fy %1 o = (R11 %1 ¢2) %2 -+ - %2 (Ri g, *1 P2)

and

@1 %1 Fo = (¢ *1 Ro1) %2 - -+ %2 (0] *1 Rag,).
Then, by using Lemma B.1 kiko times as expected to reorder the R; ;s after the Ry j;,’s for
1< j; <k; for i € {1,2}, we obtain that

(F1 %1 ¢2) *2 (07 #1 F2) = (¢1 %1 F2) *2 (F1 1 ¢5). [
We now prove the various conditions on X_ _. First, a technical lemma:

Proposition B.3. Given f € P}, ¢, € P35 with f,¢,v¢ 0-composable, there is a canonical
isomorphism (f %o @) W = LW and for all p € (¢ W)T, we have

(D] fx00,0 = [ %0 [Plg,y

Similarly, given ¢, € P5 and h € P with ¢,1, h 0-composable, we have a canonical isomorphism
oW (Yo h) = P and for all p € (¢ (Y ¢ h))T, we have

[Pl weoh = [Plow *0 B

Finally, given ¢, € P4 and g € PY with ¢, g,v 0-composable, we have a canonical isomorphism
(¢ *0 g) W1p = dL (g*0¢) and for all p € ((¢*0 g) W )7, we have

[Plgxog,e = [Plo,grow-
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Proof. Let f € Py, ¢, € P5 with f,$,1 0-composable and let r,s > 0, fi,g; € P}, a; € Py for
i€{l,...,r} and f},g; € P], o, € Py for j € {1,...,s} such that

¢ = (fl *0 Qg kg 91) IR | (fr *0 Qo k0 gr)
and

Y = (fi %0 aj *0g1) %1 - %1 (f %0 a5 %0 g;.).-

By contemplating the definitions of (f % ¢) LW and ¢ L1, we deduce a canonical isomorphism
between them. Under this isomorphism, we easily verify that we have [w]f.,¢,4 = f *o [w]e,q for

w € ((f %0 @) W)o. Now, given ul;rjv € ((f *o ¢) L))o, we have
Xl peopw = [Ulpeopw %1 (f %0 fi *0 Xaigixossar %0 95) %1 W] propw
= [ *o0 ([ulp.w *1 (fi *0 Xay giros; .0l ¥0 95) *1 [V]g.0)
= [ *0 [Xu,v]p,p-

By functoriality of [—]f«,¢, and [—]s,, we deduce that, for all p € (f %o ¢) L ¥,

[Pl 2000 = f *0 [Plg.p-

The two other properties are shown similarly. O
We can now conclude the most simple properties of X_ _:
Lemma B.4. Given ¢: f = f' € Py and 1): g = ¢’ € Py, we have the following equalities in Ps:

(i) Xidf7¢ =1idy,,, and Xg,id, = idy,,, when ¢, are 0-composable,

(11) Xiwogw = x0 Xgp for 1l € PY such that 1, ¢, are 0-composable,

(115) Xpsogmop = Xomsow for m € Py such that ¢, m, are 0-composable,

(1) X pugr = Xopp *0 7 for r € PY such that ¢,,r are 0-composable.

Proof. (i) is clear, since both Xidf,w and X iq, are identity paths on the unique 0-cells of (idy L))
and (¢ Wid,)* respectively. (ii) is a consequence of Proposition B.3, since Xj.,¢4 is sent to X, 4
by the canonical isomorphism (f %o ¢) LW = ¢ ). (iii) and (iv) follow similarly. O

The last required properties on X_ _ are more difficult to prove. In fact, we need a proper
coherence theorem showing that, for 0-composable ¢, € Po, Xop = [Plg,w for all p € (¢ WY)}
parallel to Xy ;. We progressively introduce the necessary material to prove this fact below.

Given a word w € (¢ LU 4))g, there is a function

lindexy : {1,...,[¢[} = {1,.... [0 + [¢[}

defined such that, for i € {1,...,|¢|}, if w = w'l;w"”, then l-index,, (i) = |w’| + 1. We have that the
function I-index characterizes the existence of path in (¢ L )*, as in:

Lemma B.5. Given 0-composable ¢,1) € P} and w,w’ € (¢p1L1)o, there is a path
prw—w € (Ppuip);
if and only if l-index,, (¢) < l-index,, (¢) for 1 <i < |

Proof. Given Xy, ,: ulprsv — ursl,v € (¢ W)y, it is clear that l-indexy,.r,, (i) < lindexyr,),, (%)
for all 1 < i < |¢|, so that, given a path p: w — w’ € (¢ W)}, by induction on p, we have
l-index,, () < l-index,, (i) for 1 < i < |¢|.

Conversely, given w,w’ € (¢ W ¥)g such that l-index,, < l-index,s, we show by induction
on N(w,w") defined by

N(w,w") = Z l-index, () — l-index,, (i)
1<i<|g|
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that there is a path p: w — w' € (¢ WY);. If N(w,w') =0, then w = w’ and 1,,: w — w' is a
suitable path. Otherwise, let ipmax be the largest i < |¢| such that l-index,, (i) > |-index,,(¢). Then,
either imax = |¢| or l-indexy, (imax) + 1 < Findexy, (imax + 1) since

l-indexy, (tmax) + 1 < l-indexy (max)
< l-indexy (fmax + 1)
= l-indexy, (imax + 1)

So we can write w = ul;, rjv for some words u,v and j € {1,...,|¢|}. We have a path generator
Xup: w— W € (¢pW1Y); where 0 = urjl;, v. Then,

l-index,, (%) if 4 # dmax

Hindex () = {I—indexw(imax) F1 i = i
so l-index w < I-index w’ and N (w0, w’) < N(w,w"). Thus, by induction, we get

P —w € (o)t
and we build a path X, , % p": w — w’ € (¢ W)} as wanted. O
Given O-composable ¢,1) € P35 and w = w; ... w)g|1|4| € (¢ W 1)o, we define Inv(w) as

Inv(w) = {(¢,)) |1 <i<j<|¢|+ [¢| and w; = ry and w; = |/
for some i’ € {1,...,|¢|} and j' € {1,...,|¢[}}]-

We have that Inv characterizes the length of the paths of (¢ LU ¢)*, as in:
Lemma B.6. Given 0-composable ¢,1) € PS5 and p: w — w' € (¢ W)}, we have

Ip| = Inv(w’) — Inv(w).
In particular, given w,w’ € (¢ L), all the paths p: w — w' € (¢ W Y)% have the same length.

Proof. We show this by induction on the length of p. If p = id,,, then the conclusion holds.
Otherwise, p = Xy, %o r for some u,u’ € Ly and 7: @ — w’ € (¢ W ¢);. Then, by induction
hypothesis, |r| = Inv(w’) — Inv(@w). Note that, by the definition of X,, ,, w = ul;rju’ and @ = urjl;r
for some i € {1,...,|¢|} and j € {1,...,|¢|}. Hence,

Ip| = |r| + 1 = Inv(w’) — Inv(w@) + Inv(w) — Inv(w) = Inv(w') — Inv(w). O
Given 0-composable ¢, € P5, we now prove the following coherence property for (¢ LU )*:

Lemma B.7. Let ~ be a congruence on (¢ W )*. Suppose that, for all words ui,us,us € X4 4,
i, €{1,...,|¢|} and 7,5 € {1,...,|¥|} such that uil;rjuslyrjus € (¢ WY)o, we have

uplirjuglyrjiug

Kuy,ual i’ /V \X“Uirjug"uﬁ

’U,1FJ| u2| rriru3 ullirjUer/Ii/m,

ulr ljug, 713\‘ ‘/“L“ij/li/“g

uyrjlsuarylyus
then, for all p1,p2: v — w € (¢ LW )T, we have p; = pa.

Proof. We prove this by induction on |p;|. By Lemma B.6, we have |p;| = |pz2|. In particular, if
p1 = id,,, then ps = id,. Otherwise, p; = ¢; %o 7 with ¢;: v — v; and r;: v; - w and |¢;| = 1 for
i€ {1, 2}. If 4 = go, then we conclude with the induction hypothesis on r; and ry. Otherwise,
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up to symmetry, we have ¢1 = Xy, uslrjug a0d g2 = Xujlrus,ug for some uy, ug,ug € 33 ),
i,i' €{1,...,|¢|} and 4,7 € {1,...,|¢¥|}. Let

/ / !
ql = Xulrj|7‘,ug7u37 q2 = Xul,ugrj/li/ugy v = ulrjliUerlli/u3'

Since we have a path v % v, % w, by Lemma B.5, we have l-index,(s) < l-index,(s) for
se{l,...,|¢|}. Moreover,

l-index, (i) < l-index,, (i) < l-index,, (i) and Il-index,(i") < l-index,, (i) < l-index,, (i’).
Also, for s € {1,...,|9|},

l-index,(s) +1 if s € {i,¢'},
l-index, (s) otherwise.

l-index, (s) = {

From the preceding properties, we deduce that I-index,/(s) < l-index,,(s) for s € {1,...,|¢|}. Thus,
by Lemma B.5, there is a path »': v/ — w € (¢ LI Y)7 as in

Since |r;| = |pi| — 1 for i € {1,2}, by induction hypothesis, we have r; ~ ¢} %o v’ for i € {1, 2},
which can be extended to ¢; %o 7; & ¢; %o ¢ *¢ ', since & is a congruence. By hypothesis, we have
q1 *0 ¢ = g2 *0 ¢4, which can be extended to g1 *q ¢} *0 ' & g2 %o ¢b *o ’. By transitivity of ~, we

get that q1 %0 T1 = Q2 %o T2, that is, p1 ~ po. |
We then apply this coherence property to [—]_ _ and get that “all exchange methods are equivalent”,
as in:

Proposition B.8. Given 0-composable ¢, € Py, for all p1,pa2: u — v € (¢ L)%, we have, in Ps,

[p1]p,0 = [P2ls,y

Proof. By Lemma B.2, for all words uy,us,us € gy, 4,4 € {1,...,]¢|} and 4,5 € {1,...,|¢¥|}
such that uilirjuslirjus € (¢ LW )o, we have

[urlirjuslirjrus]e.qp

ul ugl; i’ 75 /UJ]V \[)(1:1|1']“2 u3 b,

[’U,1I’J|lUQ| /I’]I’U,g]d,)w = ’U,ll I’J’U,QI’J l; /’U,3]¢ )

[Xulr_7‘|iu2,u3]¢N Muhuzr]ﬂi/us]%w

[urrjliuarlirus]g,y

Moreover, the relation ~ defined on parallel pi,ps € (¢ W Y)] by p1 = p2 when [pi]g,p = [P2]e.
is clearly a congruence. Hence, by Lemma B.7, we have that [pi]g,y = [p2]s, for all parallel

p1,p2 € (PWY)T. 0

The preceding property says in particular that Xy, = [p]s, for all 0-composable ¢,y € P35 and
paths p € (¢ W )] parallel to X 4.
Let ¢,1 € P} be 0-composable 2-cells, and ¢’, 1’ € P} be 0-composable 2-cells such that ¢, ¢’

and 1,9’ are 1-composable. To obtain the last required properties on X_ _, we need to relate
¢ and ¢ WY to (¢ x1 @) W (Y *1 ¢'). Given w € (¢ LU ))o, there is a functor

w-(=): (@' W) = (@1 ¢') W (1 ¢"))"

59



which is uniquely defined by the mappings
u— wiu)
Kuuz 7 Xt (ur) Huz)

for u € (¢' W) and Xy, u, € (¢ WY')1 and where, for v =vy...v, € X%, ), T(v) € X
is defined by

*
P19’ px1 9y’

1(0) g+ if v =1; for some i € {1,...,[¢'|}
V)r = .
Myl4; if v = r; for some j € {1,...,[¢'[}

for r € {1,...,k}. Similarly, given w € (¢’ L 4")g, there is a functor
(=)w: (@ )" — ((p*1 ') W (P 1))
which is uniquely defined by the mappings
u = uf(w)
Xuyuz = Xug ust(w)

for uw € (¢ W h)o and Xy, 4, € (¢ LW Y)1 and where 1(—) is defined as above.

The functors w-(—) and (—)-w satisfy the following compatibility property:

Lemma B.9. Let ¢,¢ € P} be 0-composable 2-cells, and ¢',1)" € P5 be 0-composable 2-cells such
that ¢, ¢' and 1,y are 1-composable. Given w € (¢ L Y)g, we have the following equalities in P%:

(i) [w-(W)]gw, ¢ v = (W], 1 [U]gryr for u € (¢ WY )o,

(@) [w-(P)lgwr ¢ = (Wl 1 [plgrgr for p € (¢ WY)T.
Similarly, given w € (¢' W), we have:

(1) [(w)wlgw ¢ v = U] *1 [Wlgr r for u € (pLI)o,

(@) (D) Wlgws ¢ wpwrr = [Plo, #1 [wlgr g forp € (9L

Proof. We only prove the first part, since the second part is similar. We start by (i). We have
(W (W) gy ¢ s pr = [wT(u)];’*lm,)w*lw,. By a simple induction on w, we obtain

1,1 1,1 él,v
[N ges g gy = WGy gy 11 [T(“)]lmjllwl,w*lw'

and, by other simple inductions on w and u, we get

1,1 1,1 , 1,1
[w}mm/,whw/ = [w]¢ v [w]e,p [T(u)]ﬁllﬂww/ = [u](ﬁ’,w’ = [u]o,p

s

so that (i) holds.
For (ii), by induction on p, it is sufficient to prove the equality for p = X, 4, € (¢ LL1)1. Let
m = |¢|, n = ||, and

(€1 %0 a1 *q f1) *1 -+ *1 (€m *0 Qi *0 fim) (g1 %0 B1 %0 h1) #1 -+ *1 (gm *0 Bm *0 hm)

be the unique decomposition of ¢ and 1 respectively, for some e;, fi, g;, h; € P] and oy, 5; € Py for
ie€{l,...,m}and j € {1,...,n}. We then have

[+ (Kuu uz )16 s = [Ruot(u ) (un)  der o swoen w7
1,1 ki,kr
= [wT(Ul)]¢*1¢’7¢*l¢l *1 (€4 %o Xai,fi*ogj,ﬁj *0 hj) *1 [T(UQ)]¢'l*1¢"ﬂb*1w'

where ¢, j are such that ul;rjus € (¢' LW Y')o and

ki=|¢|+i+1 kr =[] +j+ 1.
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By simple inductions, we obtain

1,1 . 1,1 [¢]s]%]
[T ()]G, g pnrpr = [0 gr 0 e ¥ (00 gy
1,1 1,1
= [wlgy 1 lu]g g

1,1
= [wlg,p *1 [Ul]dy,w/
and

ki ko i+1,5+1
[Mu2)] gy s = 2l 2
so that

1,1 i+1,+1
[ (Kuiy )]s 7 prpr = (W] ¥1 [Un] gy %1 (€5 %0 X, finogy .5, %0 ) %1 [ualgr g7

= [w]¢»¢ *1 [xu1,u2]¢”¢" [
We can now conclude the last required properties on X_ _:

Lemma B.10. Given 1-composable ¢,¢’ € 52, 1-composable 1,9’ € Py such that ¢, are 0-
composable, we have the following equalities in Ps3:

Ko = (¢ %0 O () %1 Xy ) %2 (X %1 (¢ %0 07 (1))
and

Xy = (Xgp %1 (07 (9) %0 1)) *2 (05 (¢) %0 1) %1 X ).

Proof. We only prove the first equality, since the second one is similar. By definition of X4, ¢ ¢,
Wellave X¢*1¢/7¢ = [X¢*1¢/7¢}¢*1¢/7¢,. Moreover, by PI‘OpOSitiOIl B8, [X¢*1¢/7¢]¢*1¢/’w = [p]¢*1¢/’w
in P for all path p € ((¢ %1 ¢') W), parallel to Xgs, 4. In particular,

Koo wlomr o = [(w-Xgr ) %0 (Xg.p) W) 970
where

w:|1...|‘¢‘ ’LU,=|1...|‘¢/‘
are the only 0-cells of ¢’ LU idy- 4y and ¢ Widy+ (4 respectively. Thus,
Xopwror plom o = [(W-(Xgr ) %0 (Xg) W) 07,0

= [(w-(Xgr g ) grror. %2 [(Kg,0) W) pwr 07,0
(by functoriality of [—] g ¢r.0)

= ([Wlosa, *1 Korwlorw) x2 (Koplow a1 [w]pia, )
(by Lemma B.9)
= ((¢%0 01 (¥)) 1 Xor ) *2 (Xo 1 (¢ 0 01 (¥))
(by definition of [-]_ _ and X_ _).
Hence,
Koo = (60 0y (¥)) %1 Xor p) %2 (Xo 1 (¢ %0 O (1)) O

We now prove the compatibility between 3-cells and interchangers. We start by proving the
compatibility with 3-generators:

Lemma B.11. Given A: ¢ = ¢': f = f' € Py andp: g = ¢ € Py such that A, 1) are 0-composable,
we have, in P3,

(Ao g) %1 (f' *01)) %2 Xgr oy = X %2 ((f ¥090) #1 (A %0 g')).
Similarly, given ¢: f = f' € Py and B: ) = 9': g = ¢’ such that ¢, B are 0-composable, we have,

in P,

Xgp*2 ((9%0 B) *1 (9 %0 f')) = (¢ %0 9) *1 (f %0 B)) *2 Xy -
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Proof. We only prove the first part of the property, since the other one is symmetric, and we do so
by an induction on |¢|. If [¢| = 0, ¢ is an identity and the result follows. Otherwise, 1) = w %, 1
where w = (Ixgaxor) with [,7 € Py, a: h = B’ € Py and ) € Py with |¢)| = || — 1. Let § = 8} (w).
By Lemma B.10, we have

Ko = (Xopuw 1 (f %0 9)) %2 ((f o w) 1 X ) (11)

Ko = (KXo w1 (f q/1)) 2 ((f *ow) 1 Xy ). (12)

Also, by Lemma B.4(iv), we have

Xopw = Xolvga ¥0 T X w = X/ lvga ¥0 T (13)
so that
((Axo g) *1 (f %0 w)) %2 Xy
= [((A o l*0 h)*1 (f' %0 l%0 @) 2 X/ 1xgal *0 T
= [Xp1m0a *2 ((f 0 1 %0 ) %1 (A xg Lo B'))] %o 7 (14)
(by interchange naturality generator)
= Xg.w*2 ((f xow) ¥1 (Ax0 g)).
Thus,
(Ao g) *1 (f %0 9)) *2 Koy
= ((Axo g) *1 (f xow) #1 (f' %0 9))

*3 (Xorw %1 (f %0 9)) %2 ((f %o w) +1 Xy 5) (by (12))
= [((Ax0 9) #1 (f' %0 w)) %2 Xgr.w) 1 (f' %0 ¥)]
*2 ((f *o w) %1 Xy )
[(X¢> w*2 ((f *ow) *1 (A0 9))) *1 (f %0 9)]
*2 ((f *o w) %1 Xy ) (by (14))
)
(

(Xow 1 (f' %0 ¥)
xg ((f w0 w) %1 (Ao §) %1 (f %0 9)) %2 ((f xow) %1 Xy )
= (Xpw 1 (f' %0 9))
2 [(f o w) w1 (A0 §) 51 (F 0 ) %2 Xy )]
= (Xpw 1 (f' %0 9))
[(f 0 w) *1 (X 5 %2 ((f %o V) #1 (A %o g’)))} (by induction)
= (Xpw *1 (f' %0 9)) 2 ((f o w) 1 (X 7))
*2 ((f *o w) #1 (f %o T/’) 1 (Ax0 "))
= Xgypx2 (fro ) 1 (A*0g)) (by (11)). O
Next, we prove the compatibility between interchangers and rewriting steps:

Lemma B.12. Given a rewriting step R: ¢ = ¢': f = f' € P§ with R = A1 (I %9 A% 1) *1 p for
some l,r € P1, \,p € P;, A: p= 1/ € P3, and ¢: g = g’ € P3 such that R,% are 0-composable,
we have, in Pg,

(R*0 g) %1 (f" %0 ) *2 Xy o = Xgp %2 ((f %0 ) *1 (R %0 g'))- (15)

Similarly, given ¢ € P35 and a rewriting step S: ¢ = ¢': g = g' € Py with S = A1 (Ixg B*o 1) *1 p
for some A\;p € P5, I, € P¥, B: v =1 €Pj3 such that ¢, S are 0-composable, we have, in Pj,

Xgyp 2 ((fx0 B) %1 (¢ %0 ") = (¢ %0 9) *1 (f' %0 B)) %2 X -



Proof. By symmetry, we only prove the first part. Let
fo=1lxopxor h=0; (1) h =0y (1)
i =1lxop *or W' =05 (1) h' =0 (1)
We have
R0 g = (A0 g)x1 (Ix0 Axo1 %0 g)*1(p*09)
and, by Lemma B.10,
Xopp = (A1 ) %0 9) %1 Xpp)
*2 (Ao 9) 1 Xy %1 (%0 9))) (16)
*2 (X #1 ((A#1p) %0 9')))
Xy = (A1 1) %0 g) #1 X )
*2 (A0 9) 1 X w %1 (%0 9))) (17)
*2 (X #1 (B 1 p) %0 9)))-
We start the calculation of the left-hand side of (15), using (17). We get
(R0 g) #1 (f" %0 1)) *2 (A1 i) %0 9) *1 Xpp)
= (A*09)
1 [((r0 Ao w0 9) 1 (p %0 9) 1 (f %0 1)) %2 (' %0 9) 1 Xp0)]
= (A*09)
1 {((M %0 9) %1 Xpp) *2 (1o Axq 10 g) %1 (I %0 1) %1 (p %o g’))] (by Lemma B.2)
= ((Ax0 9) *1 (A *0 g) 1 Xp0)
%2 (A0 g) #1 (Lxo Axo 1 *0 ) %1 (B %0 1) %1 (p 0 g'))-
Symmetrically, we do a step of calculation for the right-hand side of (15), using (16). We get

(X *1 (%1 p) %0 g') %2 ((f %0 ) *1 (R*0 "))
= (A0 9) *1 (il %0 1) 1 (k0 Axor*0g") %1 (p*0 g'))
*2 (X #1 (7 %0 9') %1 (p*0 9'))-
Finally, we do the last step of calculation between the left-hand side and the right-hand side of (15).
Note that
((1xo Ao 1o g) %1 (W %0 ¥)) %2 Xr

=10 (((Axorx0g)*1 (B %07 %0 V) *2 Xrugrp) (by Lemma B.4(ii))

= Lo (((Axo 7 %0 g) *1 (B %07 %0 1)) %2 Xyt rugup) (by Lemma B.4(iii))

=10 (X reop %2 (R xo 7 %0 ) %1 (A% 7 %0 g))) (by Lemma B.11)

=10 (Xpnorp *2 (Mo 7 %0 P) %1 (A% 7 %0 g'))) (by Lemma B.4(iii))
(

= X %2 (o) 1 (Ixg Axor %0 ) by Lemma B.4(ii))
so that
(A0 g) %1 (Lx0 Axo 7 %0 g) *1 ( 0 1) *1 (p*0 g')) *2 (A0 9) ¥1 Xy *1 (p*0 )
= (A0 9) #1 [((Lxo Axor %0 ) %1 (R %0 9)) 2 Xr w] 1 (p %0 ¢)
= (A0 9) %1 [Xpp 2 (hxo9) 1 (Lo Axo 7 %0 ¢'))] #1 (p %0 9)
= ((A*0 g) *1 Xpp *1 (p*o ") *2 (A %0 g) 1 (h %0 ) 1 (Ix0 Axor*0g) %1 (p*0g’))

By combining the previous equations, we obtain

(R0 g) *1 (f' %0 9)) *2 Xgr
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= ((A*0g) %1 (Lxg Axo 70 g) %1 (p*0 g) *1 (f' 0 ¥))

2 (A1 i) %0 g) %1 Xp )

%2 ((A*0 9) %1 Xy %1 (p*0 9')))

*2 ((Xxp *1 (" *1 p) %0 9')))
= (((A*1 1) %0 ) *1 Xp )

*2 (A0 9) *1 Xy *1 (p*09g')))

*2 (Xng *1 ((fi %1 p) %0 g')))

2 ((f #0 ¥) *1 (A #0 g) *1 (L0 A %07 %0 g) *1 (p*0 9))
= Xgp*2 (f*0 ) ¥1 (R*0g"))

which is what we wanted. O
We can deduce the complete compatibility between interchangers and 3-cells:

Lemma B.13. Given F: ¢ = ¢': f = f' € Ps and): g = g’ € Py such that F, 1) are 0-composable,
we have

((F %0 9) *1 (f' %0 ¥)) %2 Xor oy = X %2 ((f %0 ¥0) %1 (F %0 g')).

Similarly, given ¢: f = f' € Py and G: ¢ = ': g = ¢’ € P such that ¢, G are 0-composable, we
have
Xop *2 ((f %0 G) #1 (8%0 9')) = ((¢ %0 9) 1 (f %0 G)) *2 Xg,pr-

Proof. Remember that each 3-cell P can be written as a sequence of rewriting steps of P. By
induction on the length of such a sequence defining F' or G as in the statement, we conclude using
Lemma B.12. O

We can conclude that:

Theorem 2.3.2. Given a Gray presentation P, the presented precategory P is canonically a lax
Gray category.

Proof. The axioms of lax Gray category follow from Lemma B.4, Lemma B.10, Lemma B.2 and
Lemma B.13. O

C Finiteness of critical branchings

In this section, we give a proof of Theorem 3.4.6, i.e., that Gray presentations, under some reasonable
conditions, have a finite number of critical branchings. Our proof is constructive, so that we can
extract a program to compute the critical branchings of such Gray presentations. First, we aim
at showing that there is no critical branching (S7,.52) of a Gray presentation P where both inner
3-generators of S7 and S5 are interchange generators. We begin with a technical lemma for minimal
and independent branchings:

Lemma C.1. Given a minimal local branching (S1,S52) of a Gray presentation P, with
Si = Nix1 (li %0 A %0 73) %1 pi
and l;,r; € P, N\i, pi € P5, A; € P3 for i € {1,2}, the followings hold:
(i) either \1 or Ag is an identity,
(ii) either p1 or pa is an identity,
(%) (S1,S2) is independent if and only if

|05 (A)[+105 (A2)| <10y (S1)[ and [ Ai[lpa] = |Xel[p2] = 0.

If (S1,S2) is moreover not independent:
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(iv) either 1y orly is an identity,
(v) either r1 or ro is an identity.

Proof. Suppose that neither A\; nor Ay are identities. Then, since
Al *1 (ll *Q 82_(141) *0 ’I“1) *1 pP1 = )\2 *1 (lg *0 82_(A2) *Q 7“2) *q1 P2,

we have \; = w 1 A, for some w € P} and X\, € P} for i € {1,2}, such that |w| > 1, contradicting
the minimality of (S7,52). So either A; or A is an identity and similarly for p; and ps, which
concludes (i) and (ii).

By the definition of independent branching, the first implication of (iii) is trivial. For the
converse, suppose that (S, 52) is such that

|05 (A1) + 105 (A2) <105 (S1)| and [Ar]lpr| = [Azllp2| = 0.
We can suppose by symmetry that A; is a unit. Since |95 (S1)| = [A 1| + |05 (A1)] + |p1], we have
that [0, (A2)| < |p1]-

If |p1‘ = O7 then
Sl = ll *Q Al *0 71 and |62_(A2)| = 0,

thus, since |Az2||p2| = 0, we have
either SQ = (92_ (Sl) *1 (lg *9 A2 *9 7’2) or SQ = (ZQ *9 A2 *9 Tz) *1 62_ (Sl>

In both cases, (S1,52) is independent.
Otherwise, |p1| > 0 and, by (ii), we have |pa| = 0 so that

Si=(li %0 A1 %o 7m1) *1 p1 and  So = Ay #1 (l2 %0 A2 %0 72).

Since |05 (A2)] < |p1l, we have p1 = x #1 (l2 %0 05 (Aa) *¢ r2) for some x € P} and, since
05 (S1) = 05 (S2), we get

(13 %0 05 (A1) %0 r1) *1 x *1 (I2 %0 05 (Aa) *¢ T2) = A *1 (I3 *¢ O5 (A2) *0 12).
So Ay = (I3 *¢ 05 (A1) *¢ r1) *1 x and hence (S, 52) is an independent branching, which concludes
the proof of (iii).

Finally, suppose that (S7,S2) is not independent. By (iii), it implies that

either [0 (A1)| + 05 (A2)[ > 195 (S1)[ or  [Miflpr] >0 or  [Agf[p2] > 0.

If |A1]|p1] > 0, then |A2| = |p2| = 0 by (i) and (ii), so that
A1 1 (l1 %0 A1 #0 71) *1 p1 = la %0 Az *o T2
thus there exists Aj, pj € P5 such that
A =laxg N xore and py =l *q p) *0 T2,

and we have
Iy 0 05 () %o 2 = 0F (A1) = Iy %0 O] (A1) %o 71.

Thus, I3 and I3 have the same prefix [ of size k = min(|l1|, |lz|) and we can write
5121*051 ngl*oSé

for some rewriting steps S, S2 € P%. Since (S7,52) is minimal, we have k = 0, so |l1]|l2] = 0. We
show similarly that |r1||r2| = 0. The case where |Az||p2| > 0 is handled similarly.
So suppose that

[Aillpi] =0 and - [Aaflpo| =0 and |0y (A1)] + 191 (A2)] > |85 (S1)]- (18)
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In particular, we get that |05 (A;)| > 0 for ¢ € {1,2}. Let u;,v; € Py and o; € Py fori € {1,...,7}
with r = |05 (S1)] such that

8;(51) = (’U,l *0 Q1 *q ’Ul) k1 vt kg (’U,T *0 Qi *Q Ur)-

The condition last part of (18) implies that there is iy such that {; and Iz are both prefix of u;,.
So, 1 and Iz have the same prefix [ of length k& = min(|l1], |i2]).
Now, we prove that Ay = I g A\| for some \| € P3. If || = 0, then

)\1 = l1 *Q 81’(51) *0 71,

s0 A = [ %9 A} for some X' € P5. Otherwise, if |A1| > 0, since |A\1]|p1| = 0, we have |p1] = 0 and,
by (i), |A2] = 0. Also, by the last part of (18), we have |A;| < |05 (A2)|. Thus,

A1 is a prefix of lg *g 05 (A2) *o T2,
s0 A\; =l A} for some A\; € P3. Similarly, there are p), A}, ph € Pj such that
pr =1%o p] and Ao =1Ilxg A, and py =1%g \j.

Hence S1 = 1 %¢ S} and Sy = [ %S4 for some rewriting steps S7, S5 € P%. Since (S1,52) is minimal,
we have |l1]|l2] = |I| = 0, which proves (iv). The proof of (v) is similar. O

We now have enough material to show that:

Proposition C.2. Given a Gray presentation P, there are no critical branching (S1,S2) of P such
that both the inner 3-generators of S1 and Sy are interchange generators.

Proof. Let (S1,52) be a local minimal branching such that, for ¢ € {1,2},
Si = Xi x1 (li %0 Xay,g,,8: *¥0 i) *1 Pi

for some I;, 73, i € P§, i, p; € PS5 and «;, §; € Pg, and let ¢ be 05 (S1). Since |05 (Xay,g1,8,)] = 2,
we have |¢| > 2.
If || = 2, then |\;| = |pi| = 0 for ¢ € {1,2}. Thus, since 95 (S1) = 95 (S2), we get

(I %0 a1 %0 g1 %0 Oy (B1) %0 1) #1 (I %0 9 (1) *0 g1 %0 B1 %0 71)
= (I %0 a2 %0 g2 *0 01 (B2) *0 12) *1 (2 *0 31+(C¥2) *0 g2 *0 (32 %0 T'2)-
By the unique decomposition property given by Theorem 1.8.3, we obtain
li=1ly ri=r2, ar=ay pi=pF and gi*0; (B1)*071 = g2*0 ) (B2) %o T2

So g1 %0 01 (B1) %0 11 = g2 *0 07 (B1) *0 1, which implies that g; = g2. Hence, (S1,52) is trivial.
If |¢| = 3, then |X;| + |p;| =1 for ¢ € {1,2}, and, by Lemma C.1,

either [p1| =[A2|=1 or |\]=]p2| =1

By symmetry, we can suppose that |p1| = |[A2] = 1, which implies that |[A;| = |p2| = 0. By unique
decomposition of whiskers, since 95 (S1) = 05 (S2), we have

1 % a1 *g g1 %0 07 (B1) %0 1 = A2
Iy %0 07 (1) %0 g1 *0 B1 %0 71 = la %0 Qi %0 g2 *0 O; (B2) *0 T2

p1 = la %0 O (@2) %o g2 *0 B2 *o 2

and the second line implies that I %o ) (1) %0 g1 = la, f1 = o and 11 = ga %o O] (B2) *q 7.
Since (S1,S2) is minimal, we have |l1| = |r2] = 0. So

S1= (Xay.g1.6: *0 92 %0 07 (B2)) %1 (07 (Xay 01,51 *0 g2 *0 B2)
Sy = (@1 %9 g1 *0 07 (B1) *0 g2 *0 07 (B2)) *1 (95 (1) *0 g1 *0 Xy ,g2,6,)
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thus (S7,52) is a natural branching, hence not a critical one.
Finally, if |¢| > 4, then, since |\;| +|pi| = [¢| —2 > 2 for i € {1,2}, by Lemma C.1, we have that

either [A1] =[p2| =[¢] =2 or |p1| =[Xe| = 0] — 2.
In either case,

[Aillpi] = [Aallp2] =0 and |95 (Xa,,g0.60)] + 105 (Xaz,g0,8.)| = 4 <[4
so, by Lemma C.1(iii), (S1,S2) is independent, hence not critical. O

Until the end of this section, we denote by P a Gray presentation such that P, and P3 are finite and
|05 (A)| > 0 for every A € P3, i.e., a Gray presentation satisfying the hypothesis of Theorem 3.4.6.
The next result we prove is a characterization of independent branchings among minimal ones:

Lemma C.3. Given a minimal branching (S1,S2) of P with
Si = Xix1 (li %0 Ai %0 73) *1 pi

for some l;,m; € P¥, Ny p; € PS5 and A; € P fori € {1,2}, we have that (S1,S2) is independent if
and only if

either || = 0y (A2)] or [p1| = |05 (A2)] (resp. [Az| = |05 (A1)| or |p2| = |95 (A1)])-
Proof. If (S1, S2) is independent, then, by Lemma C.1(iii),
|03 (A1)| + 105 (A2)] < M| + 105 (A1)| + |pa] = [Az| + |05 (A2)] + [p2l;

that is,
|05 (A1) < [Az] + [p2| and |95 (A2)] < [A1| + |p1l.

By hypothesis, we have |05 (A1)| > 0, so that |Az| + |p2| > 0. If [A2| > 0, then, by Lemma C.1(i),
[Ad1] = 0 so |05 (A2)| < |p1|. Similarly, if |p2| > 0, then |05 (A2)| < |A1], which proves the first
implication.

Conversely, if |A\1| > |05 (Az2)|, then, since 05 (A2) > 0 by our hypothesis on P, we have [A;| > 0.
By Lemma C.1(i), we get that |Az| = 0. Also,

IAa] 4105 (A1) + [pr] = 105 (A2)| + |p2| < |Aaf + [p2l,
S0 |p2| > 105 (A1)| + |p1|, thus |p1| < |p2|- By Lemma C.1(ii), we have |p;| = 0. Moreover,
105 (A1)| + 105 (A2)| < 105 (A)| + [M1| = 105 (S1)]
hence, by Lemma C.1(iii), (S1, S2) is independent. O

Then, we prove that minimal non-independent branchings are uniquely characterized by a small
amount of information:

Lemma C.4. Given a minimal non-independent branching (S1,S2) of P with
Si = )‘i *1 (lz *Q Ai *Q TZ‘) *1 Pi

for some l;,r; € PY, A\i,pi € P5 and A; € P3 fori € {1,2}, we have that (S1,S2) is uniquely
determined by Ay, Aa, |\1| and |A2].

Proof. Let the unique ki, ko > 0, u;, u}, v;,v; € P} and «ay, 8; € P2 such that
(95(14.1) = (u1 *0 (1 *Q u/l) k1 v kg (ukl *Q akl *Q uﬁcl)

and
05 (Az) = (w1 %0 B1 %0 V) *1 -+ %1 (Vky %0 By *0 Upy)-
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Let i3 = 14 |A1] and i3 = 1 + |A2|. Since
A1 #1 (Iy %0 Oy (A1) %o r1) #1 p1 = A2 *1 (l2 %g Oy (A2) *o r2) *1 pa2, (19)
and, by Lemma C.3, |A1] < |05 (A2)| and |A2] < |05 (A1)], we get
I %0 Wiy *0 (i %0 Us, *0 1 = lg %0 Vs, % Bi, %0 U, *0 T2

so that
! /
ll *Q ’LLZ‘2 = lg *Q 'Uil and ’U,iz X011 = Uil *p0 2.

By Lemma C.1(iv), either [y or I3 is an identity. Thus, if |u;,| < |v;, |, then [l1] > |l2| so I3 is a unit
and ls is the prefix of u;, of size |u;,| — |vi,|. Otherwise, if |u;,| < |v;, |, we obtain similarly that
Iy is the prefix of v;, of size |v;,| — |ui,| and Iz is a unit. In both cases, I3 and [y are completely
determined by Ay, Az, |A1] and |Az]. A similar argument holds for r; and rs.

Now, if [A1| > 0, by Lemma C.1(i), |A2| = 0. By (19) and since |A1] < |95 (A2)|, A1 is the prefix
of I3 ¢ 05 (Ag) %o 2 of length |\1]. Otherwise, if [A;| =0, then A\ = idll*oaf(Al)*on' In both cases,
A1 is completely determined by Ap, Ag, [A1]. A similar argument holds for Ay. Note that, if we
prove that |p1| and |ps| are completely determined by A1, As, |A1] and |Az|, the above argument
also applies to p; and py and the lemma is proved. But

[Arl+ 105 (A1) + [p1] = [Aa] + 105 (A2)[ + |p2l,
so that if |A1] + |05 (A1)] > |A2| + |05 (A2)], then, by Lemma C.1(ii), |p1| = 0 and
|p2| = M| + 105 (A1) — |Xa| — 105 (A2)]-
Otherwise, if [A1] + |05 (A1)| < [X2| + |05 (A2)|, we get similarly that
lp1l = [X2| + 05 (A2)| = || = |95 (A1)

and |p2| = 0. In both cases, |p1| and |p2| are completely determined by Ay, Az, |A1| and |Az|, which
concludes the proof. O

Given A € P3, we say that A is an operational generator if it is not an interchange generator. We
now prove that an operational generator can form a critical branching with a finite number of
interchange generators:

Lemma C.5. Given an operational A1 € Ps3, there are a finite number interchange generator
As € P5 so that there is a critical branching (S1, S2) of P with

Si = Ni*1 (li %0 Ai xo 13) *1 pi
for some l;,r; € PT, A\, p; € P5 fori € {1,2}.

Proof. Let o, 8 € Po, u € P}, Ao = Xou g, L, € PY, Xi, pi € P5 for i € {1,2}, so that (S1,52) is
a critical branching of P with

S; = \; %1 (lz *g A; %0 Ti) *1 P4 for i € {1,2}
for ¢ € {1,2}. Let the unique k > 2, v;,v; € P§, v; € Po for i € {1,...,k} such that
Oy (A1) = (v1 %0 71 %0 1) *1 -+ *1 (U *0 Y *0 V).
By Lemma C.3, since (57, 52) is non-independent,

2 = [0 (Xau,p)l > max(|Ail, [p1]).

Note that we cannot have |\1| = |p1| = 1. Indeed, otherwise, by Lemma C.1, we would have
[A2| = |p2]| = 0, so that
2 =10y (Xaup)| = M| +103 (A1)] + |p1]-
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and thus |0, (A1)| = 0, contradicting our hypothesis on the 3-generators of P. This leaves three
cases to handle.
Suppose that |A1]| = |p1| = 0. Then,

i %0 05 (A1) %0 T1 = A2 *0 ({2 %0 05 (Xa,u,8) *0 T2) *1 p2.

Thus,
p _
[ %0 V14 As] %0 V14| Aa] %0 V14 ny) %0 T1 = l2 %0 @ %o w g 01 (B) *0 12
11 %0 Va4 [A] *0 V24 |Aa| ¥0 Vnp|n,| 0 T1 = l2 %0 O () %o w o B %0 T2
s0
=« =4 lo =11 %0 ro = v, x0T
VY1i+|r2] ) Y2+ A2 ) 2 1 %0 V14| xals 2 24 |Xo| ¥0T1
and u is the suffix of Iy %o vay|r,| Of length |l %o vaya,(| — |l2 %0 87 (a)]. In particular, Xq .5 is

completely determined by A; and |Az]. And since
[A2| =105 (A1) = 107 (Xaup)| = lp2| €{0,..., 105 (A1)] — 2},

there is a finite number of possible X, ,, s which induce a critical branching (51, S2).
Suppose now that [A;| =1 and |p1]| = 0. Then, by Lemma C.1, |A2] = 0. So

A1 = g g @ *g u*o Oy (B) *o 2
and
ll *0 V1 *0 Y1 *0 ’Ui X911 = ZQ *0 3?‘(04) *0 U *Q ﬂ *p0 T'92.
In particular, we have 8 = v and ro = v} *o 71, so |r1] < |ra|. By Lemma C.1(v), we have |r1| =0
and 7o = v]. Note that we have |u| < |v1]. Indeed, otherwise u = ' % v1 for some u’ and, since
1]+ Jvi| = lia] + 107 ()] + |ul,
we get that |l3| < |l;]. By Lemma C.1(iv), it implies that |ls] = 0 and I; = 9; () %o u’, which gives
S1 = (o u' x9 07 (A1) *1 (0] (@) xo u' %o A7)
and
Sz = (Xawsovrm %0 v1) %0 (O () %0 ') xo ((v2 %0 72 %0 v3) 1+~ *1 (Uk %0 Yk *0 Vi)

so that (S7,.52) is a natural branching, contradicting the fact that (S7,.52) is a critical branching.

Hence, |u| < |v1| and w is a strict suffix of vy, thus there are |v1| such possible u. Moreover,
since Ps is finite, there are a finite number of possible o € P5. Hence, there are a finite number of
possible X, ., 3 € P2 that induces a critical branching (S1,.52) such that [A;| =1 and |p1| = 0. The
case where |A\1| =0 and |p;| = 1 is similarly handled, which concludes the proof. O

We can now conclude the finiteness property for critical branchings of Gray presentations:

Theorem 3.4.6. Given a Gray presentation Q where Qa2 and Qg are finite and |05 (A)| > 0 for
every A € Qs, there is a finite number of local branchings (S1,S2) with rewriting steps S1,Se € Q3
such that (S1,52) is a critical branching.

Proof. Let S; = A\; %1 (I; %0 A; xo1;) %1 p; with 1;, 7, € QF, A, p; € Qb and A; € Qg for i € {1,2} such
that (S1,S2) is a critical branching of Q. By Lemma C.4, such a branching is uniquely determined
by A1, As, |A1| and |Az]. By Lemma C.3,

A1 <05 (A2)] and  [Ao] < (05 (A1)l

Hence, for a given pair (A7, As), there are a finite number of tuples (l1, 12, 71,72, A1, A2, p1, p2) such
that (S1,52) is a critical branching. Moreover, by Proposition C.2, either A; or As is an operational
generator. By symmetry, we can suppose that A; is operational. Since Qg is finite, there is a finite
number of such A;. Moreover, there are a finite number of pairs (A1, A2) where A, is operational
too. If A, is an interchange generator, then, by Lemma C.5, there are a finite number of possible A,
for a given A; such that (S7,.52) is a critical branching, which concludes the finiteness analysis. [J
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