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he prolems of vsso regression nd optiml design of experiments shre ritil propertyX their optiml solutions re typilly sparseD iFeFD only smll frtion of the optiml vriles re nonEzeroF hereforeD the identi(tion of the support of n optiml solution redues the dimensionlity of the prolem nd n yield sustntil simpli(tion of the lultionsF st hs reently een shown tht liner regression with squared 1 Enorm sprsityEinduing penlty is equivlent to n optiml experimentl design prolemF sn this workD we use this equivlene to derive sfe sreening rules tht n e used to disrd inessentil smplesF gompred to previously existing rulesD the new tests re muh fster to omputeD espeilly for prolems involving prmeter spe of high dimensionD nd n e used dynmilly within ny itertive solverD with negligile omputtionl overhedF woreoverD we show how n existing homotopy lgorithm to ompute the regulriztion pth of the lsso method n e reprmetrized with respet to the squred 1 EpenltyF his llows the omputtion of fyes cEoptiml design in (nite numer of steps nd n e severl orders of mgnitude fster thn stndrd (rstE order lgorithmsF he e0ieny of the new sreening rules nd of the homotopy lgorithm re demonstrted on di'erent exmples sed on rel dtF

1 Introduction istimtion or predition of unknown quntities from experimentl dt re mong the most lssil prolems in sttistis nd mhine lerningF Optimal design of experiments plys entrl role in this proessD s it questions which dt should e olleted in order to mke estimtionGpredition s urte s possileF sn regression prolemD the qulity of n experimentl design is usully mesured through the ovrine mtrix of the estimtor it produesD nd slr riterionD funtion of this mtrixD is then minimized to provide n AED cED DED EE or LEoptiml designF yne n referD eFgFD to pedorov @IWUPAY ilvey @IWVHAY ukelsheim @IWWQA for thorough exposition of the theory of optiml experiments nd disussion of optimlity riteriF imilrlyD supervised lerning in lssi(tion prolem requires lelling smples tht re originlly unlelledF his opertion my involve tking physil mesurementsD onduting pollD running omputer simultions or onsulting n expertF rereD the im of optiml design theory is to selet the best possible suset of * Institut für Mathematik, Sekr. MA 5-2, Technische Universität Berlin, Straÿe des 17. Juni 136, 10623 Berlin, Germany; sagnol@math.tu-berlin.de Université Côte d'Azur, CNRS, Laboratoire I3S 2000 route des lucioles, 06900 Sophia Antipolis, France; Luc.Pronzato@cnrs.fr I the dt to e lelledD sujet to udget onstrintF sn mhine lerningD optiml design is lso known s active learning @gohn et lFD IWWTAF sn this pperD we fous on optiml design for fyesin estimtionF he design is omputed o'E lineD efore the olletion of ny dtF roweverD we ssume tht prior informtion on the quntity to e estimted is villeD whih mens tht the pproh ould lso e used in sequentil settingX in tht seD the seletion of batches of additional samples relies on the informtion gthered through dt olletion t previous itertionsF e entrl ojetive of this work is to derive sreening rules tht n e used to sfely disrd useless samplesD nd hene speedEup the omputtion of fyesin optiml designsD y exploiting the reently disovered onnetion etween cEoptiml design nd prolem similr to vssoEregression @gnol nd uwelsD PHIWAF por most optimlity riteriD the omputtion of n optiml exact designD iFeFD multiset of smples of given rdinlity minimizing the optimlity riterionD is xEhrd @elhD IWVPY givril nd wgdonEssmilD PHHWY ern y nd rldíkD PHIPAF o irumvent this issueD stndrd pprohes rely on approximate design theoryY seeD eFgFD ilvey @IWVHAY ukelsheim @IWWQAF hen the set of dmissile experimentl onditions @the full dt set villeA is (niteD it onsists in solving ontinuous relxtion of the prolem in whih the design is represented y vetor w lying in the proility simplexD suh tht the weight w i orresponds to the frtion of experimentl resoures lloted to the iEth smpleF henD vrious rounding tehniques n e used to turn w into n ext design stisfying performne gurnteesY seeD eFgFD ukelsheim nd ieder @IWWPAY ingh nd ie @PHPHAF sn generlD only few smples ontriute to n optiml design w * Y tht isD most of the optiml weights w * i equl zeroF e sy tht smple with w * i = 0 is inessentialF sdentifying inessentil smples is ruil to lgorithms tht ompute optiml designsD sine their removl from the set of ndidtes speeds up susequent itertionsX indeedD the omplexity per itertion of design lgorithms tht operte on (nite set of smples S is typilly proportionl to the rdinlity of SF he ide originted from ronzto @PHHQA nd rrmn nd ronzto @PHHUA for DEoptiml design @nd for the onstrution of the minimumEvolume ellipsoid ontining set of pointsAF st ws further extended to uiefer9s @IWURA ϕ p Eriteri @ronztoD PHIQAD to EEoptiml design @rrmn nd osD PHIWAD nd to the elimintion of inessentil points in the smllest enlosing ll prolem @ronztoD PHIWAF e relted ide ws reently used for the omputtion of exact designsD for riteri used in the (eld of tive lerning @enstreiherD PHPHY vi et lFD PHPPAF hereD onvex relxtions of the prolem with some vriles (xed t 0 or 1 re solved t internl nodes of rnhEndEound tree to otin erti(tes tht some design points re inessentilD or must e prt of the ext optiml designF his permits to elerte the pruning of the rnhEndEound treeF he reent work of gnol nd uwels @PHIWA sheds more light on the sprsity of optiml designsD s it shows the equivlene etween cEoptiml design nd vrint of the vsso regression prolem in whih the sprsityEinduing 1 Enorm penlty is squredF enlogouslyD LEoptiml design is equivlent to groupEvsso regression with squred 1,2 Enorm penltyY see etion QFI for more detils on the preise mening of equivlentF sn the (eld of vssoEregressionD the ide of deriving sreening riteriD iFeFD inequlities stis(ed y points tht do not support ny optiml solution nd n thus e sfely elimintedD dtes k to il qhoui et lF @PHIPAF hese sreening rules hve een re(ned in susequent work @ing nd mdgeD PHIPY peroq et lFD PHISY ing et lFD PHITY xdiye et lFD PHIUAD with importnt developments onerning their usge to speed up the solution of vsso prolemX fonnefoy et lF @PHISA developed dynmil tests tht n e run during the progress of ny vsso lgorithm @rther tht only t the eginningAY ng et lF @PHISA proposed sequentil tests in whih sequene of vsso prolems re solved for deresing vlues of the regulriztion prmeter αD the optiml solution x * (α k ) of the prolem for the regulriztion prmeter α = α k P eing used to sreenEout fetures in the vsso prolem with regulriztion prmeter α k+1 < α k F Our contribution in this work is the development of e0ient sreening rules for cEnd LEoptiml designs in the ontext of fyesin estimtionF sn ontrst to the elimintion rules presented in our previous work @ronzto nd gnolD PHPIAD whih lso work in the sene of prior ut require hevy lgeri omputtions suh s tking mtrix squreErootsD the present pper leverges the equivlene with vsso prolem nd the geometry of its dulF his yields lightweight sreening rules tht only require the omputtion of mtrixEvetor produts nd n e used periodilly with ny lgorithm omputing n optiml designF hile the tehniques we use re similr to those used for exmple in @peroq et lFD PHISA for the vsso prolemD the dpttion is not strightforwrd sine the sprsityEinduing penlty is squredD whih hnges the geometri nture of the dul prolemF e lso show tht homotopy lgorithm used to ompute the regulriztion pth of lsso prolem @ysorne et lFD PHHHY ifron et lFD PHHRA n e dpted to onstrut @fyesinA cEoptiml designD sometimes muh fster thn with stteEofEthe rt lgorithmsF vst ut not lestD the ode used in our experiments hs een pulished in the form of python pkge @qlassoA nd is ville t https://gitlab.com/gsagnol/qlassoF he rest of the pper is orgnized s followsX etion P introdues the cE nd LEoptiml design prolems onsidered in this pperF etion Q presents the qudrti lsso prolem nd gives preise sttements out its equivlene with n optiml design prolemF he dul qudrti lsso proE lem is derived nd we show tht it n e interpreted s projetion over polyhedrl oneF yur min result is stted in heorem QFT in the form of generl sreening ruleD whih is delined in two orollries giving inequlities dpted for lgorithms iterting either on lsso vriles @gorolE lry QFUA or on design weights @gorollry QFVAF hese results re dpted to the se of LEoptimlity in eppendix eF he dpttion of the homotopy lgorithm for the lsso to the se of fyesin cEoptimlity is derived in etion RF pinllyD numeril exmples demonstrting the performne of the new sreening rules nd the homotopy lgorithm re presented in etion SF 2 Background on optimal designs and notation vet H = {H i , i = 1, . . . , p} denote set of m × m symmetri positive de(nite mtriesD whih we shll ll elementry informtion mtriesF por ny vetor of weights w in the proility simplex 

P p = {w ∈ R p , w ≥ 0, p i=1 w i = 1} ,
min w∈Pp φ L (w) = Φ L [M(w)] = trace[CM -1 (w)] = trace[K M -1 (w) K] . @PFQA
xote tht LEoptimlity ontins cEoptimlity @for K = cD see @PFPAAD nd AEoptimlity @for K = C = I m A s speil ses @hene LEoptimlity is lso lled A K Eoptimlity y some uthorsAF hese prolems rise in the ontext of fyesin estimtion for the liner model

Y i = a i θ + ε i ∀i ∈ [p], @PFRA
where a i ∈ R m is smple of m feturesD Y i is the @noisyA oservtion for the ith smpleD nd the errors ε i re mutully independent nd norml N (0, σ 2 )F e further ssume tht prior N (θ 0 , Σ) on the vetor of unknown prmeters θ is villeD with Σ n m×mEpositive de(nite mtrix @whih we write Σ 0AF uppose tht n oservtions re olleted ording to the design w ∈ P p D with w suh suh tht n w i ∈ Z ≥0 for ll iY tht isD for eh i we ollet

n i = n w i independent oservtions Y i,j D j ∈ [n i ]F henD the posterior vrine of c θ is σ 2 n • c i w i a i a i + σ 2 n Σ -1 -1 cF winimizing this posterior vrine is equivlent to minimizing c M -1 (w)c where c = Σ 1/2 cD M(w) = p i=1 w i H i nd H i = a i a i + λ I m for ll iD with a i = Σ 1/2 a i nd λ = σ 2 /nF e n thus ssume without ny loss of generlity tht Σ = I m nd tht H i is of the form H i = a i a i + λ I m , λ > 0 .
@PFSA pollowing the sme lines s oveD we see tht minimizing φ L (w) is equivlent to minimizing the sum of posterior vrines of the vetor K θ in the regression model with qussin priorF yne my refer to ilz @IWVQA for ookElength exposition on optiml design for fyesin estimtion @fyesin optiml designAF st is noteworthy tht LEoptimlity (nds other pplitions thn in design for prmeter estimtionF por instneD AEoptimlity n e used to onstrut speE(lling designsD y kernelEsed @quthier nd ronztoD PHIUA or geometril @ronzto nd higljvskyD PHIWA pprohesF sn @ronztoD PHIWAD LEoptiml designs re lso used to estimte ool9 indies for sensitivity nlysisF en exmple of speE(lling sed on LEoptimlity with p = 2 13 = 8 192 nd m = 50 is presented in etion SFPF sn the rest of the pper we dopt the mhinery of approximate design theory nd ignore the inE tegrlity requirements n w i ∈ Z ≥0 F e thus otin the onvex optimiztion prolems @PFPA nd @PFQA for cE nd LEoptimlityD respetivelyF rious lgorithms hve een proposed to solve these proE lemsD strting from trditionl methods suh s vertexEdiretion lgorithms @ynnD IWUHY pedorovD IWUPAD whih re dpttions of the elerted prnkEolfe methodD nd multiplitive weight upE dte lgorithms @pellmnD IWURY uD PHIHAF enother pproh is to reformulte these prolems s seondEorder one progrmsD whih n e hndled y interiorEpoint solvers @gnolD PHIIAF eent progress hs een otined through rndomiztion @rrmn et lFD PHPHAD or through reformulE tion s n unonstrined prolem with squred lsso penltyD for whih lgorithms suh s pse or lok oordinte desent n e used @gnol nd uwelsD PHIWAF he sreening rules presented in this pper n e used to speedEup ny of the forementioned lgorithmsF hese rules re in the form of inequlities tht re stis(ed y ny inessentil smple a i suh tht w * i = 0 for ll optiml designs w * F hen this oursD we lso sy tht the design point a i or the mtrix H i nnot support n optiml designF e denote respetively y x

= p i=1 x 2 i 1/2 D x 1 = p i=1 |x i | nd v ∞ = max i∈[p] |x i | the 2 ED 1 E nd ∞ Enorm of vetor x ∈ R p Y e i denotes the iEth nonil sis vetor of R p F R por p × r mtrix XD we denote y X F = [trace(X X)] 1/2 the proenius norm of X nd y X 1,2 = p i=1 X i,• = p i=1 r j=1 X 2 i,j 1/2
its 1,2 EnormD with X i,• denoting the ith row of XY B m (x, ρ) denotes the losed iuliden ll with enter x nd rdius ρ in R m F 3 Optimal design and (quadratic) Lasso

3.1 Equivalence of Optimal Design and Quadratic Lasso gnol nd uwels @PHIWA hve shown the equivlene etween cE @respetivelyD LEA optiml design nd qudrti vsso @respetivelyD groupEvssoA prolemF e present elow simpli(ed proof of this result for the se of cEoptimlityD whih lso leds to more preise sttementF he extension of this result to the se of LEoptimlity is rried out in eppendix eF Theorem 3.1. Let H i be given by @PFSA and denote by A the m × p matrix with columns (a i ) i∈ [p] . Then, the c-optimal design problem @PFPA is equivlent to the following problem, which we call qudrti vsso:

min x∈R p L λ (x) = Ax -c 2 + λ x 2 1 , @QFIA
in the following sense:

(i) the optimal value of @QFIA is equal to λ φ c (w * ), where w * is a c-optimal design;

(ii) If x * solves the quadratic Lasso problem and A c = 0, then x * = 0 and w * = w(x * ) is c-optimal, where

w i (x) = |x i | x 1 , ∀i ∈ [p] , x = 0 ; @QFPA (iii) If w * ∈ P p is c-optimal, then x * = x(w *
) is optimal for @QFIA, where

x i (w) = w i a i M -1 (w)c , ∀i ∈ [p] . @QFQA
(iv) In the pathological case A c = 0, the unique optimal solution to the quadratic lasso is x * = 0, while every design w ∈ P p is c-optimal.

Proof. e introdue the funtion v :

R p × P p → R ∪ {∞} y v(x, w) = Ax -c 2 + λ p i=1 x 2 i w i , @QFRA
where the funtion is de(ned y ontinuity when w i = 0D tht isD we ssume tht Sagnol and Pauwels (2019), v(x, w) actually represents the variance of the unbiased linear estimator ξ = x Y + (c -A x) Z for ξ = c θ, in the model with observations Y = A θ + , Z = θ + ν and errors ∼ N (0, λ Diag({w1, . . . , wp}) -1 ), ν ∼ N (0, Im), with and ν mutually independent. S e next use the ft tht tht for ll x ∈ R p \ {0}D the funtion w → i x 2 i /w i is minimized over P p for w = w(x) given y @QFPAF hereforeD it holds

x 2 i 0 = 0 if x i = 0 nd x 2 i 0 = ∞ otherwise 1 F e note tht v is onvexD s x → Ax -c is onvex nd (x i , w i ) → x 2 i w i = w i • x i w i 2 is the perspective function of x i → x 2 i Y seeD eFgFD foyd nd ndenerghe @PHHRAF 1 As shown in
min w∈Pp v(x, w) = v(x, w(x)) = Ax -c 2 + λ p i=1 x 2 i |x i | • x 1 = L λ (x), @QFSA
nd the eqution min w∈Pp v(x, w) = L λ (x) remins vlid for x = 0 @with L λ (0) = c 2 AF yn the other hndD we n lso minimize v(x, w) with respet to x for (xed w ∈ P p F sf w i = 0D then ll minimizers x of v(x, w) must stisfy x i = 0D s otherwise v(x, w) = ∞F e thus restrit to optimizing the other oordintes of x i D whih orresponds to minimizing funtion of the sme form s x → v(x, w)D ut for some w = 0F e thus ssume wFlFoFgF tht w = 0F henote y D(w) = diag{w 1 , . . . , w p }F he prolem to solve is in ft lest squre prolemD s

v(x, w) = Ax -c 2 + λx D -1 (w)x .
he unique minimizer is thus

x = A A + λD -1 (w) -1 A c = 1 λ I m -D(w)A M -1 (w)A D(w)A c = D(w)A M -1 (w)c ,
where we hve used the hermnEworrisonEoodury identity for the seond equlity nd the de(niE tion of M(w) whih gives AD(w)A = M(w)-λI for the lst oneF hereforeD x i = w i a i M -1 (w)cF xote tht this formul is lso vlid for the oordintes i ∈ [p] with w i = 0D s we set x i = 0 in this seF husD x = x(w)D s given y @QFQAF ustitution in v(x, w) yields

min x∈R p v(x, w) = v( x(w), w) = AD(w)A M -1 (w)c -c 2 + λ p i=1 w i (a i M -1 (w)c) 2 = λM -1 (w)c 2 + λ p i=1 w i • c T M -1 (w)a i a i M -1 (w)c = λ • c M -1 (w)(λI m + p i=1 w i a i a i )M -1 (w)c = λφ c (w), @QFTA
where we hve used AD(w)A + λI m = p i=1 w i a i a i + λI m = M(w)F xowD the theorem esily follows from the ove oservtionsF por (i)D we use tht

min x∈R p L λ (x) = min x∈R p ,w∈Pp v(x, w) = min w∈Pp λφ c (w), @QFUA
where the (rst equlity results from @QFSA nd the seond one from @QFTAF por (ii)D we (rst prove tht x * = 0 holds for every optiml solution to the qudrti lsso whenever A c = 0F vet i e ny index suh tht a i c = 0F henD we de(ne x = a i c a i 2 +λ e i F st holds

L λ (x) = a i c a i 2 + λ a i -c 2 + λ (a i c) 2 ( a i 2 + λ) 2 = c 2 - (a i c) 2 a i 2 + λ < c 2 = L λ (0),
T whih shows tht 0 nnot e optiml for the qudrti lssoF xowD let x * e n optiml solution to the qudrti lssoF e hveD for ny w ∈ P p D λφ c (w)

(3.6) = min x∈R p v(x, w) ≥ min x∈R p min w∈Pp v(x, w) (3.5) = min x∈R p L λ (x) = L λ (x * ) (3.5) = v(x * , w(x * )) ≥ min x ∈R p v(x , w(x * )) (3.6) = λφ c ( w(x * )) , whih shows tht w * = w(x * ) is cEoptimlF imilrlyD for (iii)D let w * e cEoptiml designF henD for ny x ∈ R p D L λ (x) (3.5) = min w∈Pp v(x, w) ≥ min w∈Pp min x∈R p v(x, w) (3.6) = min w∈Pp λφ c (w) = λφ c (w * ) (3.6) = v( x(w * ), w * ) ≥ min w ∈Pp v( x(w * ), w ) (3.5) = L λ ( x(w * )), nd x * = x(w *
) is thus n optiml solution of the qudrti lsso prolemF st only remins to hndle the pthologil se (iv)D tht isD A c = 0F por ny x = 0D we hve

L λ (x) = Ax -c 2 + λ x 2 1 = c 2 + Ax 2 + λ x 2 1 > c 2 = L λ ( 
0)D so the unique optiml solution to @QFIA is x * = 0F yn the other hndD y @QFUAD cEoptiml designs re minimizers of

w → v(x * , w) = v(0, w)D whih is the onstnt funtion w → c 2 F por ll x ∈ R p D oserve tht L λ (x) = v(x, w(x)) ≥ min x ∈R p v(x , w(x)) = λ φ c ( w(x)) , @QFVA
with equlity when x is suh tht w(x) orresponds to cEoptiml weights w * D nd therefore when

x i = x i (w * ) = w * i a i M -1 (w * )cD ∀i ∈ [p]
F sn other wordsD oth minimiztion prolems min x L λ (x) nd min x λφ c ( w(x)) shre the sme optiml vlue λφ c (w * )D ut the former ojetive funtion domintes the ltterF Remark 3.1. By alternating minimization of @QFRA with respect to w and x, with w k → x k+1 = x(w k ) → w k+1 = w(x k+1 ) → • • • , where w(x) and x(w) are respectively dened by @QFPA and @QFQA, we obtain that w k+1 = w( x(w k )) is given by

w k+1 i = w k i a i M -1 (w k )c p j=1 w k j a j M -1 (w k )c
.

Since we only consider weights that sum to one, we may rewrite φ c (w) as φ c (w

) = φ c (w) = c p i=1 w i a i a i + λI m -1 c. Denote by ∇φ c (w) the gradient of φ c (•) at w. Since its i-th com- ponent {∇φ c (w)} i is equal to -c M -1 (w)a i a i M -1 (w)c = -(a i M -1 (w)c) 2
, the alternate minimization algorithm above corresponds to

w k+1 i = w k i {∇φ c (w k )} i 1/2 p j=1 w k j |{∇φ c (w k )} j | 1/2 , @QFWA
which coincides with a variant of the multiplicative weight update algorithm of Fellman (1974) for the minimization of φ c (w); see also Yu (2010).

U 3.2 The dual quadratic Lasso he priml orresponds to @QFIAY tht isD min x∈R p L λ (x)F sntroduing n uxiliry vrile z = Ax -cD we n write this prolem s sddle point prolem

min x∈R p , z∈R m max y∈R m λ x 2 1 + z 2 + 2y (z -Ax + c) , @QFIHA
nd therefore the vgrngin dul prolem reds

max y∈R m 2y c + min z∈R m z 2 + 2y z + min x∈R p λ x 2 1 -2y Ax . @QFIIA xowD rell tht the onvex onjugte of funtion f : R p → R is f * : y → sup x x y -f (x)D so the ove prolem n e rewritten s max y∈R m 2 y c -2g * 2 (-y) -2λ g * 1 A y λ ,
where

g 1 (x) = x 2 1 /2 nd g 2 (x) = x 2 /2F he dul prolem then tkes simple formD noting tht for ny norm • D the onvex onjugte of g : x → x 2 /2 is g * : y → y 2 * /2D where • * is the dul norm of • Y see foyd nd ndenerghe @PHHRD ghpter QAF rene the expression to e mximized in @QFIIA is 2 y c -y 2 -A y 2 ∞ /λF o summrizeD sine 2y c -y 2 = c 2 -y -c 2 D the dul @qudrtiA vsso is max y∈R m D λ (y) = c 2 -y -c 2 - A y 2 ∞ λ . @QFIPA
woreoverD there is no dulity gpD sine oth the priml nd dul prolems re unonstrinedD nd lter9s onstrint quli(tion trivilly holds @seeD eFgFD foyd nd ndenerghe @PHHRAAX

min x∈R p L λ (x) = max y∈R m D λ (y) . @QFIQA

Dual-optimal solution

he following theorem gives neessry nd su0ient ondition for pir (x * , y * ) to e primlEdul optiml for the qudrti vssoF Theorem 3.2. A pair

(x * , y * ) ∈ R p × R m is primal-dual optimal, i.e., D λ (y * ) = L λ (x * ), if and only if y * = c -Ax * , A y * ∞ = λ x 1 , and ∀i ∈ [p], |a i y * | ≤ λ x * 1 if x * i = 0; a i y * = λ sign(x * i ) x * 1 otherwise. @QFIRA
In particular,

x * i ( A y * ∞ -|a i y * |) = 0 for all i ∈ [p] . @QFISA
Moreover, the dual optimal point y * is unique and satises y * = λM -1 * c, where M * = M( w(x * )), with w(x) given by @QFPA. V Proof. @iA Uniqueness of the dual optimal solutionF he dul prolem

max y∈R m D λ (y) is equivlent to min y∈R m , A y ∞≤ √ λu y -c 2 + u 2 = min y∈P λ (A) y -c 2 , @QFITA
where y = (y , u) nd c = (c , 0) elong to R m+1 nd P λ (A) is the polyhedrl one

P λ (A) = {y = (y , u) ∈ R m+1 : |a i y| ≤ √ λ u for ll i = 1, . . . , m} , @QFIUA
showing tht the optiml solution for the dul orresponds to the unique orthogonl projetion of c onto P λ (A)Y see pigure I for n illustrtionF @ii A Optimality conditionsF he optimiztion prolem is onvex nd lter9s ondition holdsD so the urushEuuhnEuker @uuA onditions re neessry nd su0ient to hrterize pir (x * , y * ) of primlEdul optiml solutionsF he priml prolem onsists of minimizing 2(λg 1 (x) + g 2 (z)) under the onstrint z = Ax -cD so the uu system redues to priml fesiilityD iFeFD z * = Ax * -cD nd sttionrity of the vgrngin @QFIHAD iFeFD

0 ∈ ∂ x, z → 2(λg 1 (x) + g 2 (z) + y (z -Ax + c)) x=x * ,z=z * . hi'erentiting with respet to z gives ∇ z ( 1 2 z 2 + y * z) |z=z * = z * + y * = 0D whih lredy shows tht y * = -z * = c -Ax * F
es the vgrngin @QFIHA is not di'erentile with respet to xD the sttionrity ondition with respet to x is slightly more omplitedF e must solve

0 ∈ ∂(x → λg 1 (x) -y * Ax) |x=x * , whih is equivlent to A y * /λ ∈ ∂g 1 (x * )F ine ∂g 1 (x) = { x 1 • u : u ∈ ∂ x 1 } @seeD eFgFD gnol nd uwels @PHIWAA nd sine u ∈ ∂ x 1 if nd only if u i ∈ [-1, 1] whenever x i = 0 nd u i = sign(x i ) otherwiseD we get the following equivlent onditionX ∃u ∈ ∂ x * 1 : A y * = λ x * 1 u ⇐⇒ ∀i ∈ [p], x * i = 0 ∧ |a i y * | ≤ λ x * 1 or x * i = 0 ∧ a i y * = λ sign(x * i ) x * 1 . @iiiA Alternative expression of y * F e prove tht M * (c -Ax * ) = λcD whih implies c -Ax * = λM -1 * cD s desiredF vet D * = D( w(x * )) = (1/ x * 1 ) diag{x * 1 , . . . , x * p }F e hve M * (c -Ax * ) -λc = (M * -λI)(c -Ax * ) -λAx * = AD * A y * -λAx * = A[D * A y * -λx * ].
pinllyD the optimlity onditions imply

|x * i | a i y * = λx i x * 1 D ∀i ∈ [p]D hene D * A y * -λx * = 0F
e lso rell well known nlogous optimlity ondition for the prolem of cEoptiml designF fsed on sttionrity onditionD the soElled Equivalence Theorem from optiml design theory sttes tht w * ∈ P p is cEoptiml if nd only if the diretionl derivtive of φ c (•) in the diretion of ny vertex of P p is nonEnegtiveY seeD eFgFD ilvey @IWVHAY ukelsheim @IWWQAF Theorem 3.3. Suppose that the H i 's in H satisfy @PFSA. Then the vector of weights w * is c-optimal if and only if 

c M -1 (w * )(a i a i + λI m )M -1 (w * )c ≤ φ c (w * ) for all i ∈ [p], with equality for all i such that w * i > 0. W pigure IX niqueness of the dul optiml solution y * F xote tht the theorem implies tht w * i (|a i M -1 (w * )c| -A M -1 (w * )c ∞ ) = 0 for ll i ∈ [p] when w * is cEoptimlF sn prtiulrD |a i M -1 (w * )c| does not depend on i ∈ [p] s soon s w * i > 0D nd the elements of x(w * ) must e of the form x i (w * ) = ±w * i A M -1 (w * )c ∞ F reneD | x i (w * )| is proportionl to w * i nd
y 1 (x) = c -Ax nd y 2 (w) = λM -1 (w)c.
@QFIVA xote tht heorem QFP implies tht y 1 (x * ) = y 2 ( w(x * )) for ny optiml solution x * of the qudrti lsso prolemF he next lemm sttes tht the eqution otined y inverting the role of w nd x holds for any design w ∈ P p F Lemma 3.4. Let w ∈ P p . Then,

y 1 ( x(w)) = y 2 (w) , @QFIWA
where x(w) is dened by @QFQA, and y 1 , y 2 are dened by @QFIVA.

Proof. henote D = D(w) = diag{w 1 , . . . , w p }F fy de(nitionD

M = M(w) = ADA + λI m nd @QFQA gives x(w) = DA M -1 cF st follows tht y 1 ( x(w)) = c -A x(w) = c -ADA M -1 c = M -ADA M -1 c = λ M -1 c = y 2 (w) .
e onlude this setion y mking expliit the onnetion etween the qudrti nd stndrd lsso prolemsF his onnetion will e exploited in etion R to derive new lgorithm for the omputtion of cEoptiml designsF he @stndrdA lsso prolem reds

min x∈R p 1 2 Ax -c 2 + α x 1 , @QFPHA
IH tht isD @QFPHA is the vgrnge relxtion of the minimiztion of 1 2 Axc 2 under the onstrint x 1 < tD or equivlently x 2 1 < t 2 D for some t > 0F he formultion @QFIA with squred penlty x 2 1 thus orresponds to the vgrngin relxtion of the sme prolemD with the preise reltionship etween t 2 nd λ depending on c nd AF @xote tht there is ftor 1 2 in front of Axc 2 in the stndrd lsso prolem @QFPHAD ut not in @QFIAX this ftor is ommonly introdued in the stndrd lsso to hve full symmetry with the dul prolemY we hve refrined from introduing suh ftor for the qudrti lsso prolem @QFIAD s this would mke the formuls of the next setion more omplexFA Theorem 3.5. Let α < A c ∞ and x * be an optimal solution to the the standard lasso problem @QFPHA. Then, x * = 0 * and x * is an optimal solution to the quadratic lasso @QFIA with λ = λ(α) = α/ x * 1 . Conversely, for all λ > 0, if A c = 0 and x * is an optimal solution to the quadratic lasso @QFIA, then x * is also an optimal solution to the standard lasso @QFPHA with α = α(λ) = λ x * 1 . Proof. his property is simple onsequene of the uu onditions of the stndrd lsso proE lem @QFPHAD whih n e foundD eFgFD in ing et lF @PHITAD nd red s followsX x * solves @QFPHA if nd only if there exists dul vetor θ * suh tht

c = Ax * + αθ * nd ∀i ∈ [p], a i θ * ∈ {sign(x * i )} if x * i = 0; [-1, 1] if x * i = 0. @QFPIA pirst note tht x * = 0 n only stisfy @QFPIA if θ * = c/αD whih implies A c ∞ = α A θ * ∞ ≤ αF xowD let α < A c ∞ nd x *
= 0 e n optiml solution to the stndrd lsso prolem @QFPHAD nd denote y θ * orresponding optiml dul vetorF he(ne λ = α

x * 1 D nd y * = αθ * = λ x * 1 θ * F glerlyD @QFPIA nd x * = 0 imply tht (x * , y * ) ful(lls the uu system @QFIRAD hene x * is n optiml solution to the qudrti lsso @QFIAF gonverselyD if A c = 0 nd x * solves the qudrti lssoD we know from heorem QFI tht x * = 0D so α = α(λ) = λ x * 1 > 0F purtherD if (x * , y * ) solves the uu equtions @QFIRAD then (x * , θ * ) solves @QFPIA with θ * = y * /αF husD x * solves the stndrd lsso with regulrizer αF 3.4 Screening rules for inessential a i 's he ojetive is to derive n inequlity tht must e stis(ed y ny a i tht my support n optiml designF o this endD we (rst use informtion out the urrent iterte x for rolem @QFIA to onstrut dul solution y(x)F henD we derive ound on y(x)-y * nd exploit the optimlity onditions of the dul prolem @QFITAF Theorem 3.6. Let y ∈ R m be an -suboptimal dual solution, i.e., D λ (y) ≥ D λ (y * ) -. Then, any a i satisfying

D 0 (a i ; y, ) = A y ∞ -|a i y| - ( a i 2 + λ) > 0
cannot support an optimal design.

Proof. e use the sme onstrution s in prt @iA of the proof of heorem QFPD nd denote 

y = (y , u) D y * = (y * , u * ) nd c = (c , 0) D with y * the optiml solution of the dul prolem @QFIPAD u = A y ∞ / √ λ nd u * = A y * ∞ / √ λF henD D λ (y) = c 2 -y -c 2 nd D λ (y * ) = c 2 -y * -c 2 F he quntity (y -y * ) (y * -c) is nonnegtiveD s y ∈ P λ (A)
* + y * -c 2 = y -y * 2 + r 2 * + 2(y -y * ) (y * -c)D hene r 2 -r 2 * ≥ y -y * 2 F sn dditionD r 2 -r 2 * = D λ (y * ) -D λ (y) ≤ . e thus otin y -y * 2 ≤ r 2 -r 2 * ≤ Y iFeF y * ∈ B m+1 (y,

√

)F hue to the uuEondition @QFIRA for rolem @QFITAD it holds x * i (|a i y * | -√ λu * ) = 0 for ll i ∈ [p]F hereforeD ny a i tht supports n optiml design orresponds to n tive onstrint t the optimumD nd thus stis(es

|a i y * | = √ λ u * F fut y * ∈ B m+1 (y, √ ) implies |a i y * | - √ λ u * ≤ |a i y| - √ λ u + ( a i 2 + λ) ,
showing tht ny a i suh tht

|a i y| < √ λ u-( a i 2 + λ) nnot support n optiml designF
peilizing the ove result for the dul solutions y 1 (x) = c-Ax nd y 2 ( w(x)) = λM -1 ( w(x))c @whih re resonle hoies y heorem QFPAD we otin the sreening riteri given in gorollrE ies QFU nd QFVF Corollary 3.7. Let x ∈ R p , and dene

D 1 (a i ; x) = D 0 a i ; y 1 , L λ (x) -D λ (y 1 ) = v ∞ -|v i | - v 2 ∞ λ + λ x 2 1 -2 x v 1/2 a i 2 + λ , @QFPPA
where

y 1 = y 1 (x) = c -Ax and v = v(x) = A y 1 (x).
Then, any a i satisfying D 1 a i ; x > 0 cannot support an optimal design.

Proof. he result diretly follows from heorem QFTF he expression

L λ (x) -D λ [y 1 (x)] is n upper ound on the dulity gp t xD s D λ (y * ) -D λ [y 1 (x)] = L λ (x * ) -D λ [y 1 (x)] ≤ L λ (x) -D λ [y 1 (x)]F hiret lultion gives L λ (x) -D λ [y 1 (x)] = v 2 ∞ λ + λ x 2 1 -2 x v ,
whih gives the expression @QFPPA for D 1 F Corollary 3.8. Let x ∈ R p \ {0}, and dene

D 2 (a i ; x) = D 0 a i ; y 2 , λ c M -1 ( w(x))c -D λ (y 2 ) = v ∞ -|v i | - v 2 ∞ λ + y 2 [y 2 -c] 1/2 a i 2 + λ , @QFPQA
where

y 2 = y 2 ( w(x)) = λ M -1 ( w(x))c and v = v (x) = A y 2 ( w(x)).
Then, any a i satisfying D 2 (a i ; x) > 0 cannot support an optimal design.

Proof. his timeD we use λφ c ( w(x)) -D λ [y 2 ( w(x))] s n upper ound on the dulity gp t xD

whih follows from D λ (y * )-D λ [y 2 ( w(x))] = λφ c (w * )-D λ [y 2 ( w(x))] ≤ λφ c ( w(x))-D λ [y 2 ( w(x))]F hiret lultion gives λ c M -1 ( w(x))c -D λ [y 2 ( w(x))] = v 2 ∞ /λ + y 2 ( w(x))[y 2 ( w(x)) -c] nd therefore @QFPQAF IP wore generllyD s λφ c ( w(x)) ≤ L λ (x)D see @QFVAD the sustitution of λφ c ( w(x)) for L λ (x) in the onstrution of D 1 (a i ; x) yields etter ound D 1 (a i ; x) = D 0 a i ; y 1 (x), λφ c ( w(x)) -D λ (y 1 (x)) ≥ D 1 (a i ; x) .
he reson for using this re(ned ound on the dulity gp in D 2 @see gorollry QFVA ut not in D 1 is omputtionl e0ienyX the lultion of D 1 is dominted y the omputtion of vD whih requires O(mp) opertionsD while the lultion of D 2 is dominted y the omputtion of y 2 ( w(x)) tht tkes O(m 2 p) opertionsF roweverD if we re willing to py this higher omputtionl ost then we might s well tke dvntge of the improved ound on the dulity gpD hene its use in D 2 F sn prtieD the ext omplexity of sreening opertion depends on the lgorithm used to solve the optimiztion prolem @QFIAF he ove disussion ssumes tht this lgorithm works diretly on the priml vriles xD suh s pse or the lok oordinte desent proposed in @gnol nd uwelsD PHIWAF en exmple ompring the e0ienies of sreening with D 1 nd D 2 is given in etion SFIF roweverD the sitution is quite di'erent when the lgorithm opertes on the design weights wD suh s the multiplitive updte lgorithm @QFWAX the vetor y 2 (w) is then redily otined from intermedite lultions when omputing the grdient ∇φ c (w)D nd there is no omputtionl inentive to use D 1 rther thn D 1 nymoreF woreoverD in this seD strting from wD we use x = x(w) in D 1 nd w(x) = w in D 2 D see @QFPA nd @QFQAF vemm QFR then implies tht y 2 (w) = y 1 (x) = λM -1 (w)cD so tht D 1 nd D 2 oinideF ewriting this ound s funtion of wD we otin

D 2 (a i ; w) = v ∞ -|v i | - v 2 ∞ λ + y (y -c) 1/2 a i 2 + λ ,
where y = y(w) = λM -1 (w)c nd v = A yF e thus hve the following propertyF Corollary 3.9. Let M be any matrix in the convex hull of H with the H i satisfying @PFSA. Then, any matrix

H i in H such that B(M, H i ) > 0,
where

B(M, H i ) = (1 + δ) Φ c (M) -λ c M -2 c 1/2 -δ Φ c (M) 1 + a i 2 λ 1/2 -|c M -1 a i | and δ = max H i ∈H c M -1 H i M -1 c/(c M -1 c) -1, does not support a c-optimal design.
Proof. e hve M = M(w) for some w

∈ P p F hiret lultion gives D 2 (a i ; w) = λ B(M, H i )F xote tht δ ≥ 0 nd Φ c (M) ≤ (1 + δ)φ c (w *
) with w * cEoptiml designD see ronzto nd gnol @PHPIAF 4 A homotopy algorithm for the quadratic Lasso sn the stndrd vsso prolem @QFPHA @with nonEsqured penlty α x 1 AD the dul prolem geometE rilly orresponds to the projetion of the point c/α onto the polytope Q = {z : A z ∞ ≤ 1}F his ws used y ysorne et lF @PHHHA to design homotopy lgorithm whih strts from lrge vlue of α @suh tht c/α ∈ Q nd the projetion is trivilA nd stores the required dt to mintin the projetion of c/α onto Q s α deresesF yne dvntge of this tehnique is tht it n e used to ompute the full regularization pathD iFeFD set of optiml solutions x * (α) to rolem @QFPHA for ll α > 0F his is prtiulrly interesting in pplitions of the vsso lgorithms for whih the vlue of IQ the regulriztion prmeter α must e tuned using rossEvlidtionD s in the lest ngle regression @veA method for model seletion @ifron et lFD PHHRAF sn this setionD we use heorem QFS to dpt the homotopy method to the se of qudrti vsso penltyD nd hene to the se of cEoptimlityF sn cEoptiml designD λ is (xed onstnt relted to the vrine of the oservtions nd the vrineEovrine mtrix of the prior @see etion PAD nd omputing the full regulriztion pth w * (λ) λ≥0 is not essentilF he exmple in etion SFI nevertheless illustrtes tht the proposed homotopy method n yield fster design onstrution thn stndrd (rstEorder lgorithmsD y severl orders of mgnitudeD lthough the ojetive is to solve rolem @PFPA for unique λ > 0F yn the negtive sideD one should notie tht pthologil ses re known for the stndrd lsso prolem @QFPHA for whih the regulriztion pth n hve up to 3 n rekpoints @wirl nd uD PHIPAF he min ide of the homotopy lgorithm is tht the projetion z * (α) of c/α over Q hs losed form solution if we know on whih fe of Q the projetion liesF fy trking the suset of equlities of the form a i z * (α) = ±1 tht hold s α is deresedD the lgorithm n detet the next rekpoint in the regulriztion pthD tht isD the lrgest vlue of α elow the urrent vlue suh tht z * (α) hnges of fe of QF woreoverD it n e seen tht z * (α) is liner etween two suessive rekpointsD nd we lso otin orresponding priml optiml solution x * (α) tht is ontinuous nd pieewise liner with respet to αF sn the endD the lgorithm produes deresing sequene of rekpoints

A c ∞ = α 1 > α 2 > . . . > α N = 0 nd of orresponding solutions x * 1 , . . . , x * N D suh tht x * (α) = x * 1 = 0 is optiml for ll α ≥ α 1 D nd for ll k nd α of the form α = (1 -θ)α k+1 + θα k ∈ [α k+1 , α k ] for some θ ∈ [0, 1]D n optiml solution is given y x * (α) = (1 -θ)x * k+1 + θx * k .
@RFIA he sitution is in ft similr for the qudrti lssoF ell the geometri interprettion of the dul prolem @QFITAX y * = (y * , u * ) is the projetion of the vetor c = (c , 0) onto the polyhedrl one P λ (A) given y @QFIUAF he projetion y * lies on fe of P λ (A)D whih n e identi(ed with the suset of equlities of the form a i y * = ± √ λu * stis(ed t y * F he sequene of fes on whih y * lies s λ dereses is in oneEtoEone orrespondene with the fes visited y the homotopy lgorithm for the stndrd lsso prolemF ther thn reEinventing the wheel y following the pth of y * on the fes of P λ (A) s λ deresesD we re going to use heorem QFS to reprmetrize the regulriztion pth etween two suessive rekpoints s funtion of λF k 1 for all k ∈ {2, . . . , N }. Then, we have λ 1 > λ 2 > . . . > λ N = 0, and for all λ ∈ [λ k+1 , λ k ), an optimal solution to the quadratic lasso @QFIA is given by

x * = (α k -λ x * k 1 )x * k+1 + (λ x * k+1 1 -α k+1 )x * k α k -α k+1 + λ( x * k+1 1 -x * k 1 )
. @RFPA and a c-optimal design is

w * = w(x * ) = (α k -λ x * k 1 ) • |x * k+1 | + (λ x * k+1 1 -α k+1 ) • |x * k | α k x * k+1 1 -α k+1 x * k 1 , @RFQA where |x * k | ∈ R p represents the coordinate-wise absolute values of x * k , that is, (|x * k |) i = |x * k,i |, ∀i ∈ [p].
In particular, λ → w * is continuous and piecewise linear.

IR Algorithm 1 romotopy lgorithm for the qudrti lssoGcEoptiml designF

1: procedure Homotopy@A = [a 1 , . . . , a n ] ∈ R m×n , c ∈ R m , λ > 0A 2: Initialization: α 1 ← A c ∞ Y x * 1 ← 0Y λ 1 ← ∞ 3: j 0 ← arg max j∈[p] |a j c|Y J ← {j 0 }Y k ← 0 4: while λ < λ k+1 do 5: k ← k + 1 6: ε ← sign(A (c -Ax * k )) ∈ {-1, 0, 1} p 7: por ll α ∈ R de(ne ξ(α) ∈ R p y ξ J (α) = (A J A J ) -1 (A J c -α • ε J ); ξ J (α) = 0. 8:
pind the lrgest α ∈ [0, α k ) suh tht eitherX 9:

• |a j (c -A J ξ J (α))| = α for some j ∈ JY sn tht se set J ← J ∪ {j} 10:

• ξ * j (α) = 0 for some j ∈ JY sn tht seD set J ← J \ {j} 11:

sf no suh α existsD set α ← 0 12:

α k+1 ← αY x * k+1 ← ξ * (α k+1 )Y λ k+1 ← α k+1 x * k+1 1
13:

end while 14: return x * given y @RFPA ndGor the cEoptiml design w * given y @RFQAF 15: end procedure

Proof. e (rst oserve tht 0 = x * 1 ≤ x * 2 ≤ . . . ≤ x * N D whih follows from the onvexity of the retoEfront for the minimiztion of the two ojetives Axc 2 nd x 1 Y see foyd nd ndenerghe @PHHRD RFUFSAF husD we hve λ 1 > . . . > λ N D nd for ll λ > 0 there exists k ∈ {1, . . . , N -1} suh tht λ k+1 ≤ λ < λ k F fy heorem QFS nd @RFIAD for ll θ ∈ [0, 1] the point

x * (1 -θ)α * k+1 + θα * k = (1 -θ)x * k+1 + θx * k solves the qudrti lsso with regulrizer λ = (1 -θ)α * k+1 + θα * k (1 -θ)x * k+1 + θx * k 1 = (1 -θ)α * k+1 + θα * k (1 -θ) x * k+1 1 + θ x * k 1
, where the seond equlity omes from the ft tht no oordinte of x * (α) hnges sign etween two onseutive rekpointsD tht isD

x * k,i • x * k+1,i ≥ 0 holds for ll i ∈ [p]F olving for θ yields θ = λ x * k+1 1 -α k+1 α k -α k+1 +λ( x * k+1 1 -x * k 1 )
. st is esy to verify tht θ lies in [0, 1]D s desiredD y using the inequlities

α k+1 ≤ λ x * k+1 1 D λ x * k 1 ≤ α k D α k > α k+1 nd x * k+1 1 ≥ x * k 1 F ustituting the vlue of θ in x * = (1 -θ)x *
k+1 + θx * k yields the formul @RFPAF pinllyD we reple x * y its vlue in w * = w(x * ) to otin @RFQAF he steps of the homotopy lgorithm for the stndrd lsso prolem re summrized in lines I! IQ of elgorithm ID following the desription of the lgorithm given y wirl nd u @PHIPAF rereD the nottion A J = [a j ] j∈J ∈ R m×|J| stnds for the sumtrix of A formed y the olumns indexed in JD nd J := [p] \ J denotes the omplement of J in [p]F xote tht prtil enhnements n esily e ddedF sn prtiulrD one n reple lines V!II y losedEform expression to (nd the next rek point αF yne n lso store the inverse mtrix (A J A J ) -1 to elerte the omputtion of the vetors (A J A J ) -1 A J c nd (A J A J ) -1 εD nd use rnkEone updte formuls t the end of eh itertionY see ysorne et lF @PHHHA for more detilsF ine y heorem RFI we hve ∞ = λ 1 > λ 2 > . . . > λ N = 0D the lgorithm exits the while loop with λ ∈ [λ k+1 , λ k )D so the vetor x * @or w * A returned y elgorithm I is n optiml solution to the qudrti lsso @respetivelyD cEoptiml designAF IS Remark 4.1. Degeneracy can occur if the polytope Q has a particular geometrical structure, which can prevent Algorithm 1 from terminating (this might happen if the largest α we are looking for at line 8 is realized for several distinct indices j ∈ J or j ∈ J). To avoid this, a typical approach consists in adding random noise to the data, so that the problem becomes non-degenerate with probability 1. Alternatively, we can choose the index entering or leaving J arbitrarily among the maximizers, and implement an anti-cycling rule to ensure that the same face of Q is not visited twice; see, e.g., Gill et al. (1989). One should note that, even for non-degenerate problems, numerical issues can occur when the decrease of α at a given iteration is less than machine precision.

Remark 4.2. The generalization of this approach to the quadratic group lasso (and thus to Loptimality) is not straightforward, as the polyhedral structure of the dual feasible region is lost when r > 1; see @eFUA. Nevertheless we point out that there have been attempts to design homotopy algorithms for more general penalty functions (Zhou and Wu, 2014), such as group-lasso (Yau and Hui, 2017), relying on the fact that the optimal solution X * (α) solves an ordinary dierential equation in the interior of the segment (α 1 , α 2 ) between two breakpoints of the regularization path.

5 Examples he exmple of etion SFI is diretly tken from the literture on vsso regressionF e seond exmpleD onerning LEoptiml designD is presented in etion SFPF 5.1 Optimal design for image classication e use the trining set of the well known wxs dtse @vegun nd gortesD PHIHAD whih ontins TH HHH PV×PV imges in grey levels of hndwritten digitsD eh ssoited with lel for the digit in {0, . . . , 9} it representsF por our purposeD we uild smller trining set of 600 imges of eh digitD whih we rrnge in mtrix A ∈ R 784×6 000 F he ith olumn a i is vetor representing the levels of grey of the m = 28 2 = 784 pixels of one imgeD nd hs een normlized so tht a i = 1F es there re THH imges for eh digit in {0, . . . , 9}D p = 6 000F e hoose n ritrry imge tht does not elong to the trining setD nd trnsform it s ove into vetor c ∈ R 784 of unit normF he cEoptiml design prolem thus ttempts to (nd whih imges should e leled to est predit the lel of the imge represented y the vetor cD nd one n legitimtely ssume tht these imges will represent the sme digitF his prolem illustrtes well the equivlene etween design prolem @where we try to selet smples tht spn the suspe c • R wellA nd vsso prolem @where the dt mtrix hs een trnsposedD so smples eome fetures nd vieEversD nd we wnt to selet fetures tht explin the trget vetor c wellAF por given vlue of λ penlizing nonEsprse solutionsD the vsso prolem @QFIA tries to express the vetor c s liner omintion of few imges a i F sf the lel of c is unknownD this n e interpreted s tsk of supervised lerningX for well hosen vlues of the penlty prmeter λD we expet tht the vst mjority of a i 9s supporting the solution x * will hve the sme lel s cD whih n e used to lssify the unknown imgeF elterntivelyD if no lels were providedD we ould use this pproh repetedly in leveEoneEout mnner @iFeFD selet one smple to e the vetor c nd use the other p -1 smples to uild the mtrix AA to perform n unsupervised lerning tsk nd onstrut lusters of imges tht re likely to shre the sme lelF he IH support points of the optiml solution for λ = 0.4 re displyed in pigure Q @leftAD together with the imge orresponding to the vetor cX s expetedD ll imges represent the sme digit @hereD sixAF pigure P shows the evolution of the dulity gp L λ (x) -D λ (y 1 (x)) for λ = 0.4D when the IT pigure PX ivolution of the dulity gp L λ (x) -D λ (y 1 (x)) @leftA nd of the proportion ρ(k) of points eliminted fter k itertions @rightA for the sreening ounds D 1 nd D 2 pplied with di'erent periodiitiesF goordinte hesent @ghA lgorithm 2 desried in @gnol nd uwelsD PHIWA is used @leftAD s well s the perentge of support points ρ(k) tht hve een eliminted fter k itertions @rightAF es m is lrge nd r = 1 @this is cEoptiml design prolemAD one itertion of the gh lgorithm is muh fster thn one itertion of the multiplitive lgorithm @QFWAX the with the onsequene tht D 2 elimintes points slightly erlier thn D 1 @we oserve no di'erene when sreening is performed every IHH itertionsD the two urves superimpose perfetlyAF eondD the urves on the left pnel show tht the omputtionl ost of the sreening test pplied to one a i is generlly higher for D 2 thn for D 1 F sndeedD the rte of onvergene is relted to the slope of the urve showing the evolution of the dulity gpF sgnore the initil prt of the plotD where the numer of remining points to e tested vries muh ording to the method nd periodiityF yne enough points hve een elimintedD the slope for D 2 dereses when the period etween two suessive sreenings deresesF yn the oppositeD the slope stys roughly onstnt for D 1 X sreening with D 1 every 5D 25 or 100 itertions yields the sme onvergene rteY the more frequent the sreeningD the erlier the elimintionD nd thus the indued elertionF he e'et of the regulriztion prmeter λ is shown on pigure Q @rightAD together with the onvergene of the homotopy lgorithmF he prolem is dly onditioned for smll λD whih slows down onvergene nd delys elimintion of nonEsupporting points @we use D 1 every IH itertionsAF xoteD howeverD tht the prolem of c-optiml design otined in the limit λ → 0 n e solved e0iently y liner progrmming @rrmn nd turíkD PHHVAF snterestinglyD we see tht the homotopy 2 Sagnol and Pauwels (2019) actually present a block CD algorithm for Bayes L-optimality. For c-optimal designs, the blocks are of size r = 1 so this is indeed a CD algorithm.

3 Calculations are in python on a PC at 2.7 GHz and 16 GB RAM.

IU le IX ime @in sA to reh n ext solution with the romotopy lgorithm nd nerEoptiml solution @tolernea10 -4 A with di'erent lgorithmsD for severl vlues of λF λ 10 0 10 -1 10 -2 10 -3 lgorithm usully requires less time to get n exact solution thn the gh lgorithm needs to get reasonable approximate solutionD for most vlues of λF he speedEup n ttin severl orders of mgnitudeX for λ = 10 -2 D the homotopy lgorithm omputes n exact solution to the prolem in less thn 4 sD while the dulity gp for the gh lgorithm with D 1 is still 10 -3 fter 67 sY for λ = 10 -4 D the homotopy lgorithm (nds n ext solution within 45 sD while the gh lgorithm with D 1 still hs dulity gp or more thn 10 -4 fter 2 000 sF por the ove experimentD the gh lgorithm ws used s referene euse it performed etE ter thn (rstEorder lgorithmsF le I ompres the running time of the homotopy lgorithm nd gh with severl (rst order lgorithms @wultiplitive weight updtes @wAD pseD prnkE olfe @pAAD s well the time required y ommeril solver @quroi @quroi yptimiztionD vvgD PHPQA used with the sgy interfe @gnol nd thlergD PHPPA in ythonA to solve two di'erE ent eondEyrder gone rogrmming @ygA formultions of the prolemF he (rst formultion @ygEIA omes from @gnolD PHIIA nd red min{c x : x 2 ≤ v, (a i x) 2 ≤ u i , u i + λv ≤ 1, ∀i ∈ [p]}F he seond one @ygEPA is diret reformultion of @QFIAX min{u + λt : Axc 2 ≤ u, x 1 ≤ v, v 2 ≤ t}D nd performs signi(ntly etterF xote tht the reported times re for the omputtion of n ext solution @up to mhine preisionA of the prolem y using the homotopy methodD while we hve used tolerne of 10 -4 for ll other lgorithmsF e used the sreening rule D 1 with τ = 10 for ghD wD pse nd pF yserve tht lthough the gh itertions re fster thn the w itertionsD this lgorithm hs slow onvergene for smll vlues of λF husD more itertions re required nd w is fster thn gh for λ = 10 -4 F elsoD due to the very slow onvergene of p nd pse for smll vlues of λD we hve not een le to reh the desired tolerne within I hour in some of the experimentsF sn ontrstD the yg solver ppers to e insensitive to the vlue of λF pinllyD in pigure R we ompre the e'et of the sreening rule D 1 on three lgorithms for n LEoptiml design prolem with r = 50F he trining set ontins p = 1 200 imges @there re 120 smples for eh digitAD the imges hve een downEsmpled to m = 20 2 = 400 pixelsD nd the mtrix K ∈ R m×r is formed y olletion of 5 imges of eh digitD rndomly hosen outside the trining setF he topEleft pnel of the (gure shows the support of the orresponding LEoptiml design @for λ = 0.4AX it ontins t lest one representtive of eh digitD nd thus ful(lls the ojetive of seleting suset of smples tht spns the suspe of ll hndwritten digits wellF he other three pnels show tht pplition of the sreening rule speeds up omputtions for the three lgorithms onsideredD withD howeverD di'erent ginsF sn this exmpleD the multiplitive weight updte lgorithm ene(ts the most from the sreening ruleD ut lok gh yields the fstest onvergeneD with n elertion ftor of out two when D 1 is used every IH itertionsF IV pigure QX veftX smge orresponding to c nd support points of the optiml solution for λ = 0.4F ightX he olored urves indite the onvergene of the gh lgorithm for di'erent vlues of the regulriztion prmeter λ @dulity gp shown on leftmost yExisAD when D 1 is used every IH itertionsF he lk urve shows the progression of λ i @rightmost yExisA long time for the homotopy lgorithmF he mrkers on this urve indite the points in time where the homotopy lgorithm hs rehed n exact solution for the orresponding vlue of λF 5.2 An example of L-optimal design: IMSE optimal design in random-eld models e onsider the frmework of @quthier nd ronztoD PHIUA for the minimiztion of the sntegrted wenEqured irror @swiA in rndomE(eld interpoltion model Z s D indexed y spe vrile s ∈ S ⊂ R d F e ssume tht Z s is qussinD enteredD with ovrine E{Z s 1 Z s 2 } = γ(s 1 , s 2 )F efter oservtion t n design points S n = {s 1 , . . . , s n } in S D the swi for given mesure of interest µ on S is

IMSE(S n ) = S γ(s, s) -γ n (s)Γ -1 n γ n (s) dµ(s),
with γ n (s) = (γ(s 1 , s), . . . , γ(s n , s)) nd (Γ n ) i,j = γ(s i , s j )D i, j = 1, . . . , nF he truntion of prtiulr urhunenEvoève expnsion of Z s yields fyesin liner modelD with the eigenfuntions s regression funtionsD nd the onstrution of n swiEoptiml design n e st s n LEoptiml design prolemF he solution is muh filitted when µ is repled y disrete mesure µ p supported on (nite set S p ⊂ S nd design points re seleted within S p F henote D p = diag{µ p (s 1 ), . . . , µ p (s p )}F e digonlize the p × p mtrix D

1/2 p Γ p D 1/2 p into U p Λ p U p D with Λ p = diag{λ 1 , . . . , λ p } nd U p U p = I p D nd de(ne V p = D -1/2 p U p F he ith olumn v i of V p
orresponds to n eigenvetor of Γ p D p for the eigenvlue λ i nd stis(es v i D p v j = δ i,j @the uroneker symolA for ll i, jF e ssume tht the λ i re ordered y deresing vluesD nd introdue spetrl truntion y using the m lrgest eigenvlues onlyF henoting y Φ m the p×m mtrix with ith olumn equl to v i D i = 1, . . . , mD we otin the fyesin liner model Z s i = φ m,i β + ε s i D where β hs the norml prior N (0 m , Λ m )D φ m,i is the ith row of Φ m D nd where the ε s i re norml rndom vrilesD independent of βD with zero men nd ovrine E{ε s i , ε s j } = γ(s i , s j ) -φ m,i Λ m φ m,j for ll i, jF pinllyD we neglet orreltions nd pproximte the swi vi the estimtion of β y its posterior men in

Z s i = φ m,i β + ε s i , @SFIA
where the errors ε s i re unorrelted ut heterosedstiD with vrine

σ 2 i = E{ε s i , ε s i } = γ(s i , s i )- IW @A @A @A @dA
pigure RX @A LEoptiml design for λ = 0.4 over the wxs dtseD with trining set of p = 1200 imges @IPH per digitA of size m = 400 = 20 × 20D with K ontining r = 50 imgesD iFeFD 5 imges of eh digit @top leftAF @EdA gonvergene of three lgorithmsD with nd without the sreening test D 1 run every IH itertionsX wultiplitive eight pdte @AY pse @AY flok gh @dAF φ m,i Λ m φ m,i Y see quthier nd ronzto @PHIUAF efter oservtions t n points s i with indies in J n ⊆ {1, . . . , p}D the pproximted swi is then

IMSE(J n ) = trace   i∈Jn 1 σ 2 i φ m,i φ m,i + Λ -1 m -1   = 1 N trace CM -1 (w(J n )) , @SFPA
where C = Λ m nd M(w) is de(ned y @PFIAD with H i given y @PFSAD λ = 1/nD a i = Λ

1/2 m φ m,i /σ i for ll iD nd w i (J n ) equl to 1/n for i ∈ J n nd zero otherwiseF e thus onsider the minimiztion of trace CM -1 (w) for the onstrution of swi optiml designsF e tke µ uniform nd µ p (s i ) = 1/p for ll iF he ovrine of the rndom (eld is given y PH wtérn QGP kernelD

γ(s 1 , s 2 ) = (1 + θ s 1 -s 2 ) exp(-θ s 1 -s 2 ) ,
where we tke θ = 10F he left pnel of pigure S shows the type of designs tht re otinedF rere S p orresponds to 33 × 33 regulr grid in S = [0, 1] 2 nd the truntion level m equls IHF he onstrution relies on pproximte design theory nd we still need to extrt n ext design @ (nite set of support pointsA one optiml weights hve een determinedF everl pprohes n e usedD see quthier nd ronzto @PHIUD PHITAD whih re eyond the sope of this pperF sn prtiulrD the method does not llow full ontrol of the size of resulting design @whih is of the order of mgnitude of mAF e strightforwrd pproh is to simply remove points with negligile weightsX on pigure SE leftD the V design points mrked y lue • hve totl weight less thn 7.14 10 -5 D the IP other points re well spred over S D with ssoited weights w i ∈ (0.0688, 0.0955)F en importnt limittion of this pproh omes from the need to digonlize p×p mtrixD with p eing neessrily lrge when d is lrgeF e possile solution when µ is uniform on X = [0, 1] d is to use seprle ovrine so tht eigenvlues @respetivelyD eigenfuntionsA re produts @respetivelyD tensor produtsA of their oneEdimensionl ounterprtsY see ronzto @PHIWAF elterntivelyD one n use sprse kernel indued y k p pointsD whih redues the size of the mtrix to e digonlized @k × k insted of p × pAY see @gnol et lFD PHITA where this pproh is used for the sequentil design of omputer experimentsF sn the rest of the exmpleD S is the hyperue [0, 1] d with d = 5D S p orresponds to the (rst p points of ool9 lowEdisrepny sequene in S D with p = 8 192F he truntion level is set t m = 50F e onsider the elimintion of inessentil H i D or equivlently of inessentil s i ∈ S p D during the onstrution of n optiml design with the lgorithm

w k+1 i = w k i a i M -1 (w k )CM -1 (w k )a i p j=1 w k j a j M -1 (w k )CM -1 (w k )a j
, @SFQA initilized t w 0 i = 1/p for ll iF es shown in @ronzto nd gnolD PHPIAD sreening is omputE tionlly more e0ient when pplied periodillyD every τ itertionsD rther thn t eh kD nd we use τ = 100 in the exmpleF hen inessentil s i re eliminted y sreening test performed with M(w k )D the weights of the remining pointsD with indies in I k D re renormlized into w k i / i∈I k w k i efore pplition of @SFQAF he lgorithm is stopped when δ < 10 -6 D with δD given y @eFWAD mesuring the @suEAoptimlity of w k F e ompre the ound D 2 of gorollry eFS @iFeFD the ound B of gorollry eFTA with the ounds B 1 to B 4 given in @ronzto nd gnolD PHPIA for elimintion of inessentil pointsD oth in terms of e0ieny nd omputtionl timeF gonsider itertion k where sreening test is performedD using the mtrix M k = M(w k )F B 1 nd B 2 re onsequenes of the iquivlene heorem @see heorem QFQ for the se of cEoptimlityA nd require the lultion of the minimum nd mxiE mum eigenvlues of

M -1/2 k H i M -1/2 k
for eh H i testedF B 3 is derived from seondEorderEoneE progrmming formultion of the design prolem @gnolD PHIIAD its lultion requires the solution of oneEdimensionl onvex minimiztion prolem for eh H i Y we use the dihotomy lineEserh lgorithm of ronzto nd gnol @PHPIA with the preision prmeter (xed t HFHIF B 4 orreE sponds to the method proposed in @ronztoD PHIQA 4 nd requires the lultion of the mximum eigenvlue of M k F he right pnel of pigure S shows the proportion ρ(k) of points eliminted long itertions for the (ve methods onsidered @note the stirse growth due to periodi sreening every τ = 100 4 The method proposed there is for A-optimality, but since the matrix C in (5.2) has full rank, the problem can be straightforwardly transformed into an A-optimal design problem. PI itertions onlyAF here is rther ler glol hierrhy in terms of elimintion e0ieny in this exmpleD with B 3 D 2 B 2 B 1 B 4 @B 1 elimintes more points thn B 2 nd D 2 in the erly itertionsD lthough this is not visile on the plotAF ine the ost of one itertion of @SFQA is roughly proportionl to the size of wD tht isD p(1 -ρ(k)) t itertion kD we resle the itertion ounter k into C(k) = k i=1 (1 -ρ(i)) to ount pseudo itertions tht onsider the deresing size of w k F he left pnel of pigure T presents δ @log sleA s funtion of C(k)X it shows the elertion provided y elimintion of inessentil points y eh one of the method onsidered @ompre with the urve with lk for whih ρ(k) ≡ 0A if one neglets the omputtionl time of the sreening testsF he hierrhy oserved on pigure SEright is on(rmedF he right pnel of pigure T shows δ s funtion of the true omputtionl time5 F he most e0ient method in terms of elimintionD B 3 @mgent +AD yields the slowest onvergene due to its high omputtionl ost6 F reening y D 2 @red ♦AD whih does not require ny eigenvlue lultion or numeril optimiztionD provides speedEup ftor of out S ompred to the diret pplition of @SFQA without sreening @lk AF hue to its resonle omputtionl ostD B 4 @lk ×A ensures signi(nt elertion too despite its low sreening e0ienyF he poor performne of sreening with B 1 @red A nd B 2 @lue A is explined y the dimension 50 × 50 of the mtries M k F xotie tht elimintion of inessentil points does not provide ny speedup in terms of numer of itertions required for given uryX 18 738 itertions re needed to reh δ ≤ 10 -6 with or without sreening @PIU points hve then positive weightD mong whih IS hve totl mss less thn 5 10 he hierrhy etween methods in terms of omputtionl time depends on m nd my vry with the hoie of the kernel γ(•, •) @in prtiulrD with its orreltion lengthAD ut in this exmple the rnking ws firly stle when vrying γ @we lso used the wtérn IGP nd SGP kernels nd the qussinD iFeFD squred exponentilD kernelA nd the numer p of ool9 points in

S p F B1 B2 B3 B4 D2 B1 B2 B3 B4 D2
pigure TX veftX ivolution of δ given y @eFWA s funtion of the pseudo itertion numer @the omputtionl ost of eh sreening test is ignoredAF ightX ivolution of δ s funtion of omputtionl time @in seondsAF 6 Conclusion e hve shown tht the reformultion of cE nd LEoptiml design prolems s liner regression prolem with squred sprsityEinduing penlty n e used to otin sfe sreening rulesF hese rules re muh fster to ompute thn those previously proposed in the optiml design ommuE nityD espeilly for prolems with high dimensionl prmeter speF heir e0ieny hs een demonstrted on severl experiments using rel dt setsF sn dditionD we hve leverged the polyE hedrl oni geometry of the dul qudrtiElsso prolem to develop new homotopy lgorithm for fyesin cEoptiml designF his lgorithm termintes fter (nite numer of steps with n optiml design nd n e severl orders of mgnitude fster thn stndrd (rstEorder lgorithmsF 

i = A i θ + ε i F Theorem A.1. Let H i = A i A i + λ I, with A i ∈ R m×q .
Then, the c-optimal design problem @PFPA is equivlent to the following problem:

min x1,...,xp∈R q L q λ (x) = p i=1 A i x i -c 2 + λ p i=1 x i 2 , @eFIA
in the following sense:

(i) the optimal value of @eFIA is equal to λ φ c (w * ), where w * is a c-optimal design;

(ii) If x * = (x * 1 , . . . , x * p ) solves @eFIA and A i c = 0 for some i ∈ [p], then x * = 0 and w * = w(x * ) is c-optimal, where

w i (x) = x i p j=1 x j , ∀i ∈ [p] , x = 0 ; @eFPA (iii) If w * ∈ P p is c-optimal, then x * = ( x 1 (w * ), . . . , x p (w * ))
is optimal for @eFIA, where

x i (w) = w i A i M -1 (w)c , ∀i ∈ [p] . @eFQA
(iv) In the pathological case A i c = 0, ∀i ∈ [p], the unique optimal solution to the quadratic lasso is x * = 0, while every design w ∈ P p is c-optimal.

Proof. he proof follows lmost the sme lines s the proof of heorem QFID with the di'erene tht we de(ne A = [A 1 , . . . , A p ] ∈ R m×(pq) nd D(w) = diag(w) ⊗ I q ∈ R pq×pq D iFeFD the digonl mtrix with p digonl loks of the form w i I q F henD we still hve M(w) = AD(w)A + λI m F e lso hnge the de(nition of the funtion v to v(x, w) =

p i=1 A i x i -c 2 + λ p i=1 x i 2 w i = Ax -c 2 + λ x D -1 (w)x.
rereD the funtion (x i , w i ) → xi 2 wi is the perspetive funtion of x i → x i 2 D hene it is onvexD nd de(ned y ontinuity in w i = 0 @iFeFD x i 2 /0 = 0 if x i = 0 nd x i 2 /0 = ∞ otherwiseAF he rest of the proof is identil to tht of heorem QFIF e otin tht @QFSA nd @QFTA holdD whih imply (i)D (ii) nd (iii)F ht x = 0 nnot e optiml whenever A c = 0 follows from

L λ ( a k c a k 2 + λ e k ) = c 2 - (a k c) 2 a k 2 + λ < c 2 = L λ (0),
if k is suh tht the kth olumn a k of A stisfy a k c = 0F he proof of point (iv) for the se A c = 0 is lso the sme s for heorem QFIF vet us return to the se where H i = a i a i + λI m F he generliztion of heorem QFI to the se of LEoptimlity is now strightforwrd following @gnolD PHIIAF vet K ∈ R m×r nd de(ne c = vec(K) ∈ R mr F henD for ll w ∈ P p we hve 

PU

nd H i = (I r ⊗ a i )(I r ⊗ a i ) + λI rm F xote tht H i hs the form A i A i + λI with A i = I r ⊗ a i ∈ R rm×r F heorem eFI n thus e pplied to LEoptimlityF trightforwrd mnipultions llows one to get rid o' uroneker produts y reshping the vetor x ∈ R pr into mtrix X ∈ R p×r D whih yields the following resultF Theorem A.2. Let H i be given by @PFSA and denote by A the m × p-matrix with columns (a i ) i∈ [p] . Consider the L-optimal design problem where we minimize φ L (w) given by @PFQA with respect to w ∈ P p with K an m × r matrix. This problem is equivlent to the following one, which we call qudrti group vsso, min X∈R p×r L λ (X) = AX -K 2 F + λ ( X 1,2 ) 2 , @eFRA in the following sense:

(i) the optimal value of @eFRA is equal to λ φ L (w * ), where w * is an L-optimal design;

(ii) If X * solves the quadratic group Lasso problem and A K = O, then w * = w(X * ) is L-optimal, where

w i (X) = X i,• X 1,2 ∀i ∈ [p] , X = O ; @eFSA
(iii) If w * ∈ P p is L-optimal, then X * = X(w * ) is optimal for @eFRA, where X i,• (w) = w i a i M -1 (w)K . @eFTA (iv) In the pathological case A K = O, the unique optimal solution to the quadratic lasso is x * = O, while every design w ∈ P p is c-optimal.

roeeding s oveD we n lso show tht the dul of the qudrti group vsso prolem n e written s 

Y ∈R m×r { Y a i : Y -Y F ≤ -(u -u ) 2 } = sup u - √ λu + Y a i + -(u -u ) 2 a i .
imple lultions show tht the supremum is ttined t u = u ± √ λ / a i 2 + λD nd sustitution yields

Y * a i - √ λu * ≤ Y a i - √ λu + ( a i 2 + λ) . hereforeD a i is inessentil if Y a i -max j∈[p] Y a j + ( a i 2 + λ) < 0F
es in etion QFRD we otin two sreening rules for LEoptimlity y onsidering the dul points Y 1 (X) = K -AX nd Y 2 ( w(X)) = λM -1 ( w(X))KD where M( w(X)) = 1 X 1,2 p i=1 X i,• a i a i + λI m .

Corollary A.5. Let X ∈ R p×r . If then a i cannot support an L-optimal design.

es in etion QFRD in design ontext one my strt with given w nd use X = X(w) in D 1 nd w(X) = w in D 2 F imilrly to vemm QFRD we hve Y 1 ( X(w)) = Y 2 (w) nd we otin the following generliztion of gorollry QFWF Corollary A.6. Let M be any matrix in the convex hull of H with the H i satisfying @PFSA. Then, any matrix H i in H such that B(M, H i ) > 0, where

B(M, H i ) = (1 + δ) Φ L (M) -λ trace(K M -2 K) 1/2 -δ Φ L (M) 1 + a i 2 λ 1/2 -|K M -1 a i | @eFVA and δ = max Hi∈H trace(K M -1 H i M -1 K) trace(K M -1 K) -1 , @eFWA
does not support a c-optimal design.

e hve δ ≥ 0 nd Φ L (M) ≤ (1 + δ)φ L (w * ) with w * n LEoptiml designF PW

  vetor in R m D cEoptiml design is solution of the optimiztion prolem min w∈Pp φ c (w) = Φ c [M(w)] = c M -1 (w)c , @PFPA where the deision vrile w de(nes proility mesure over the (nite spe [p] = {1, . . . , p} nd is lled designF e shll denote w * cEoptiml designF xote tht nor w * neither M(w * ) re neessrily uniqueD ut heorem QFP shows tht M -1 (w * )c is uniqueF wore generllyD we lso Q onsider LEoptiml designs tht minimize liner optimlity riterionX given n m × m positive semide(nite mtrix C = KK 0D n LEoptiml design solves

  we hve w( x(w * )) = w * D iFeFD w * is (xed point of the mpping w → w( x(w))F e next prove n importnt property out x(w)F por w ∈ P p nd x ∈ R p D we de(ne

  is fesile for the oni formultion of the dul prolem @QFITAD nd y optimlity of y * the grdient ∇ yc 2 | y=y * = 2(y * -c) de(nes supporting hyperplne to P λ (A)F II sf we denote r = yc nd r * = y * -c D then we n write r 2 = yy

  Theorem 4.1. Let (α 1 , x * 1 ), . . . , (α N , x * N ) with A c ∞ = α 1 > . . . > α N = 0 denotethe sequence of breakpoints and corresponding solutions to the standard lasso problem returned by the homotopy algorithm. Dene λ 1 = ∞ and λ k = α k x *

  former hs omplexity O(m • r) to updte single row of the mtrix XY when r = 1D this mens tht single oordinte of x is updted in O(m)Y n itertion yling over p i = (1 -ρ(i)) • p remining oordintes hs thus omplexity O(p i • m)F sn ontrstD the multiplitive lgorithm is dominted y the omputtion of the informtion mtrix M(w)D whih tkes O(p i • m 2 ) when p i oordintes reminF ee le I nd its presenttion elow for n empiril omprison of the running times 3 of the di'erent lgorithmsF e only ompre the ounds D 1 nd D 2 D s for lrge m the overhed of using B 1 D B 2 or B 3 is too high nd B 4 nnot e pplied for r < mF everl oservtions n e mdeF pirstD when sreening is performed every 5 or 25 itertionsD on the right pnel ρ(k) is lrger for D 2 thn for D 1 D

  hesign otined when S p is 33 × 33 regulr grid in S = [0, 1] 2 D m = 10 @the V points mrked with lue • hve negligile weightAF ightX evolution of the proportion ρ(k) of points eliminted y the (ve methods onsidered long itertions @d = 5D p = 8 192D m = 50AF

  φ L (w) = Φ L [M(w)] = trace[K M -1 (w) K] = c M -1 (w)c,whereM(w) = I r ⊗ M(w) = p i=1 w i (I r ⊗ (a i a i )) + λI rm = p i=1 w i H i ,

  following reltions etween optiml priml nd dul vriles holdX Y * = K -AX * = λM -1 (w * )K , with w * n LEoptiml designF he generliztion of heorem QFT is not ompletely strightforwrdD thoughF e (rst prove the following lemmXLemma A.3. Let Y ∈ R m×r and a ∈ R m . Then, sup Z∈R m×r { Z a : Y -Z F ≤ R} = Y a + R a , the supremum being reached for Z = Z * = Y + R aa Y/( a Y a ).Proof. henote y yi nd z i the iEth olumn of Y nd ZD respetivelyD nd de(ne u i = y i -z i D i ∈ [r]D nd u = (u 1 , . . . , u r ) F henD |z i a| ≤ |y i a| + u i a D i ∈ [r]F hereforeD a| + u i a ) 2 = Y a 2 + u 2 a 2 + 2 a r i=1 u i |y i a| ≤ Y a 2 + u 2 a 2 + 2 a u Y a ≤ Y a 2 + R 2 |a 2 + 2 R a Y a = ( Y a + R a ) 2 ,where we used the guhyEhwrz inequlity nd u 2 = Y -Z F ≤ RF he supremum is rehed whenu i = α|y i a|D i ∈ [r] for some α > 0 nd z i -y i = β i aD iFeFD Z = Y + aβ for some β = (β 1 , . . . , β r ) ∈ R r F hiret lultion shows tht it implies Z = Z * F PV Theorem A.4. Let Y ∈ R m×r be an -suboptimal dual solution, i.e., D λ (Y) ≥ D λ (Y * ) -. Then, any a i satisfying D 0 (a i ; Y, ) = max j∈[p] Y a j -Y a i -( a i 2 + λ) > 0 cannot supportan optimal design. Proof. vet u = max i∈[p] Y a i / √ λ nd u * = max i∈[p] Y * a i / √ λF pollowing the sme lines s in the proof of heorem QFTD we get Y -Y * 2 F + (u -u * ) 2 ≤ F xowD the omplementry slkness ondition of optimlity of @eFRA nd @eFUA indites tht the iEth row of X * vnishes whenever Y * a i < √ λu * D nd thus a i is inessentilF sing Y -Y * F ≤ -(u -u * ) 2 nd vemm eFQD we get Y * a i -

D 1

 1 (a i ; X) = D 0 a i ; Y 1 (X), L λ (X) -D λ [Y 1 (X)] > 0, or X = O and D 2 (a i ; X) = D 0 a i ; Y 2 ( w(X)), λ trace[K M -1 ( w(X))K] -D λ [Y 2 ( w(X))] > 0,
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Calculations are in Matlab, on a PC with a clock speed of 2.5 GHz and 32 GB RAM only the comparison between curves is of interest.

The situation is reversed when λ = 0 in (2.5) and all Hi have rank 1 (so that neither D2 nor B2 can be used): B3 has an explicit expression and due to its high eciency can provide an important acceleration factor; see Pronzato and Sagnol (2021).
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