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A NOTE ON THE SPECTRUM OF LIPSCHITZ OPERATORS AND COMPOSITION

OPERATORS ON LIPSCHITZ SPACES

ARAFAT ABBAR, CLÉMENT COINE, AND COLIN PETITJEAN

Abstract. Fix a metric space M and let Lip0(M) be the Banach space of complex-valued Lipschitz functions

defined on M . A weighted composition operator on Lip0(M) is an operator of the kind wCf : g 7→ w · g ◦ f ,

where w : M → C and f : M → M are any map. When such an operator is bounded, it is actually the adjoint

operator of a so-called weighted Lipschitz operator wf̂ acting on the Lipschitz-free space F(M). In this note,

we study the spectrum of such operators, with a special emphasize when they are compact. Notably, we
obtain a precise description in the non-weighted w ≡ 1 case: the spectrum is finite and made of roots of

unity.

1. Introduction

If (M,d) is a pointed metric space, 0 ∈ M denoting the distinguished point, Lip0(M) stands for the vector
space of Lipschitz functions f : M → C which vanish at the base point. This space naturally becomes a
Banach space when equipped with the Lipschitz norm Lip(f) which is simply the best Lipschitz constant of
the map f , in other words:

∥f∥L := Lip(f) = sup
x ̸=y∈M

|f(x)− f(y)|
d(x, y)

.

It turns out that this space has a (topological) predual which we describe now. For x ∈ M , we let δ(x) ∈
Lip0(M)∗ be the evaluation functional defined by ⟨δ(x), f⟩ = f(x), ∀f ∈ Lip0(M). It is rather easy to see
that the map δ : M → Lip0(M)∗ is actually an isometry. Now the Lipschitz free space over M is defined as
follows:

F(M) := span∥·∥δ(M) = span∥·∥ {δ(x) : x ∈ M} ⊂ Lip0(M)∗.

A fundamental property of F(M) is the next canonical “extension” property: For any Lipschitz map f from
M to a complex Banach spaceX (again vanishing at the base point), there is a unique bounded linear operator
f from F(M) to X such that ∥f∥ = Lip(f) and f = f ◦ δ. One then obtain as a straightforward consequence
that F(M)∗ is linearly isometric to Lip0(M). We refer the reader to [11, 16] for general information about
Lipschitz spaces and Lipschitz free spaces.

Thanks to the extension property described above, one also readily deduce that any base point preserving

Lipschitz map f : M → M can be associated with a bounded linear operator f̂ : F(M) → F(M), in such a

way ∥f̂∥ = Lip(f) and the following diagram commutes:

M
f //

δ

��

M

δ

��
F(M)

f̂

// F(M).

Operators of the kind f̂ are often referred to as Lipschitz operators (or linearized Lipschitz operators). In
fact, we will study weighted versions of these operators: For any two maps f : M → M and w : M → C, we
consider the linear map wf̂ : span (δ(M)) → F(M) given by the formula

wf̂
( n∑

i=1

aiδ(xi)
)
=

n∑
i=1

aiw(xi)δ(f(xi)).
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When this linear map is continuous, it has a unique extension still denoted by wf̂ : F(M) → F(M). Such
a bounded operator is named weighted Lipschitz operator and it turns out that its adjoint corresponds to a
weighted composition operator on Lip0(M). Indeed, one has for every g ∈ Lip0(N) and x ∈ M :

⟨(wf̂)∗(g), δ(x)⟩ = ⟨g, wf̂(δ(x))⟩ = ⟨g, w(x)δ(f(x))⟩ = w(x)g(f(x)) = w(x)g ◦ f(x).
In the sequel, we will write wCf : Lip0(N) → CM for the weighed composition operator defined by:

∀g ∈ Lip0(N),∀x ∈ M, wCf (g)(x) = w(x)g ◦ f(x).
A complete description of bounded weighted composition operators on Lip0(M) (and as a by-product of
bounded weighted Lipschitz operators on F(M)) has recently been given in [8]; see also [3] and the references
therein. For convenience of the reader, let us state some of the content of [3, Theorem 3.3]: Let w : M → C
and f : M → M be any maps such that f(0) = 0 or w(0) = 0. Then the following assertions are equivalent:

(i) wf̂ extends to a bounded operator from F(M) to F(M);

(ii) wCf defines a bounded operator from Lip0(M) to Lip0(M) (and wCf = (wf̂)∗);

(iii) φ : x ∈ M 7→ w(x)δ(f(x)) ∈ F(M) is Lipschitz (and φ = wf̂);

(iv) A := sup
x ̸=y

A(x, y) < ∞ and B := sup
x ̸=y

B(x, y) < ∞, where

A(x, y) =
1

d(x, y)
|w(x)d(f(x), 0)− w(y)d(f(y), 0)|,

B(x, y) =
1

d(x, y)
|w(x)d(f(x), 0)− w(y)(d(f(x), 0)− d(f(x), f(y))|.

The goal of this paper is to explore the spectrum σ(wf̂) (and the point spectrum σp(wf̂)) of weighted
Lipschitz operators, with clear consequences on the spectrum of weighted composition operators via the usual

identification σ(wCf ) = σ(wf̂). Precisely, a special attention is paid to the case when wf̂ is compact. As
a consequence of our investigation, we obtain the next result for the non-weighted case, which comes as a
by-product of Theorem 2.5 and Theorem 3.9.

Theorem A. Let M be a pointed metric space and let f̂ : F(M) → F(M) be a compact Lipschitz operator.
If M is bounded, or if f is flat at infinity, then

σ(f̂) \ {0} =
⋃
n∈A

Un,

where Un = {z ∈ C : zn = 1} and A is the set of all natural numbers n such that f has a periodic point of
order n.

A full characterization of compact Lipschitz operators (w ≡ 1) is provided in [2]; it is the natural con-
tinuation of the works in [9, 15]. For compactness results in the weighted case, we refer the reader to [3, 8]
(and references therein). Notably, [3, Corollary 4.2] states that a weighted Lipschitz operator is compact if
and only if it is weakly compact. For the sake of readability, we postpone the presentation of the precise
characterizations of compactness to later in the sequel. Let us point out that there is not much work on
the spectrum of these operators in the literature. With respect to the spectrum of composition operators on
Lipschitz spaces, we wish to mention the early work of H. Kamowitz [12], H. Kamowitz and S. Scheinberg
[13] and also the more recent work of A. Jiménez-Vargas and M. Villegas-Vallecillos in [15]. In the aforemen-
tioned papers, the authors work with Lip(M), the Banach space of bounded Lipschitz functions g : M → C,
equipped with the norm ∥g∥Lip := max{∥g∥∞,Lip(g)}. Recall that every Lip space is, in every meaningful
sense, a Lip0 space (see [16, Section 2.2]). So it is in fact more general to work with Lip0 spaces as one can
derive the corresponding results for Lip spaces; see [3, Section 1.2] for more details. On the other hand, if M
is bounded then Lip0(M) is isomorphic to a codimension one ideal of Lip(M).

Notations and background.

- For roots of unity, we will use the notation Un = {z ∈ C : zn = 1}.
- If w : M → C is a weight map, we let

coz(w) := w−1(C∗) = {x ∈ M | w(x) ̸= 0}.
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- If g : M → C is a bounded map, we let ∥g∥∞ := supx∈M |g(x)|.
- If X is a Banach space over C, we let X∗ be its topological dual and BX (resp. SX) be its unit ball

(resp. its unit sphere). If Y is another Banach space, we let L(X,Y ) be the space of bounded linear operators
T : X → Y . If X = Y , we simply write L(X).

- If T ∈ L(X) then the spectrum of T , denoted σ(T ), is the set of all λ ∈ C for which the operator
T − λId is not bijective. Next, the point spectrum of T , σp(T ), is the set of all eigenvalues of T . That is,
the set of all λ ∈ C such that ker(T − λId) ̸= {0}. It is clear that σp(T ) ⊂ σ(T ), and it is well-known that
σ(T ) \ {0} ⊂ σp(T ) when T is compact. Moreover, if T is compact, its spectrum is countable and zero is the
only possible accumulation point. Moreover, if T ∗ : X∗ → X∗ is the adjoint of T , then σ(T ∗) = σ(T ).

- We will only consider complete pointed metric spaces (M,d). There is not much loss of generality since
the Lipschitz free space over M is always isometrically isomorphic to the free space over its completion. As
usual, B(x, r) (respectively B(x, r)) denotes the open ball (respectively closed ball) centered at x ∈ M and
of radius r ≥ 0.

- A map f : M → M is said to be uniformly locally flat if for every ε > 0, there exists δ > 0 such that for
all x, y ∈ M :

d(x, y) ≤ δ =⇒ d(f(x), f(y)) ≤ εd(x, y).

- If N is a subset of M , then F(N ∪ {0}) is naturally (isometrically) identified with the subspace

FM (N) := span{δ(x) : x ∈ N} ⊂ F(M).

- Finally, if γ ∈ F(M) then supp(γ) stands for the support of γ, that is the smallest closed subset N ⊂ M
such that γ ∈ FM (N). In particular, 0 is never an isolated point in supp(γ). More information about
supports in Lipschitz-free spaces can be found in [4, 6] (see also [3, Section 2.3] for a discussion around the
complex scalar case).

2. Periodic points and point spectrum of weighted operators

Throughout this section, we assume that wf̂ : F(M) → F(M) and wCf : Lip0(M) → Lip0(M) are

bounded operators. In fact, we will mainly deal with wf̂ , and state some consequences later on the spectrum
of composition operators.

Definition 2.1. A point x ∈ M is a periodic point of order n ∈ N (or equivalently with period n) of a map
f : M → M if fn(x) = x and fk(x) ̸= x for 1 ≤ k ≤ n− 1. We denote by Pern(f) the set of periodic points
of order n of f .

Lemma 2.2. Assume that f has a periodic point x of order n and that w(fk(x)) ̸= 0 for every 0 ≤ k ≤ n−1.

If λ ∈ C is such that λn =
∏n−1

k=0 w(f
k(x)), then λ ∈ σp(wf̂). In particular, if w ≡ 1 then Un ⊂ σp(f̂).

Proof. For simplicity, we will write xi = f i(x) for every i ∈ N. Since x is periodic point of order n, xn = x
and the set S = {xi ∈ M : 0 ≤ i ≤ n − 1} contains exactly n distinct points of M . Let us fix λ ∈ C such

that λn =
∏n−1

k=0 w(xk). Define (ak)
n
k=0 recursively by a0 = 1 and ai+1 = (λ−1)w(xi)ai. Note that

an = (λ−1)an−1w(xn−1) = · · · = (λ−n)

n−1∏
k=0

w(xk) = 1.

Next, we consider γ =

n−1∑
i=0

aiδ(xi) ∈ F(M). Some direct computations show that

wf̂(γ) =

n−1∑
i=0

aiw(xi)δ(f(xi)) =

n−1∑
i=0

aiw(xi)δ(xi+1) =

n∑
i=1

ai−1w(xi−1)δ(xi) =

n∑
i=1

λaiδ(xi) = λγ.

□

The next result can be seen as a partial converse of the previous lemma.
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Lemma 2.3. Assume that there exist λ ∈ C, n ∈ N and γ ∈ F(M) such that | supp(γ)| = n and wf̂(γ) = λγ.
We write supp γ = {x1, . . . , xn}.

• If λ ̸= 0, then each xi is a periodic point of f whose order mi is smaller than n. Moreover, λmi =∏mi−1
j=0 w(f j(xi)).

• If f is injective, n ≥ 2 or f(x1) ̸= 0, and w(xi) ̸= 0 for every i ∈ {1, . . . , n}, then λ ̸= 0.

In particular if w ≡ 1 then λ ∈ Un ∪ {0} and λ ̸= 0 whenever f is injective.

Proof. There exist ax1
, . . . , axn

∈ C∗ such that γ =
∑n

i=1 axi
δ(xi). By assumption, wf̂(γ) = λγ, which reads

(1)

n∑
i=1

axi
w(xi)δ(f(xi)) = λ

n∑
i=1

axi
δ(xi).

This yields that supp(wf̂(γ)) = supp(γ), unless λ = 0. Therefore, if λ ̸= 0 then w(xi) ̸= 0 for every
i ∈ {1, . . . , n} and {f(xi) : 1 ≤ i ≤ n} = {xi : 1 ≤ i ≤ n}. Thus f is a permutation of the set
{xi : 1 ≤ i ≤ n}, and so we can decompose f as a product of cycles with disjoint supports. Hence
there exist y1, . . . , yk ∈ M and positive integers n1, . . . , nk such that n = n1 + . . .+ nk, each yi is a periodic
point of order ni, and

{xi : 1 ≤ i ≤ n} =

k⊔
i=1

{f j(yi) : 0 ≤ j ≤ ni − 1}.

Now if xi is any point of supp(γ), its orbit by f is included in the orbit of some yj . In particular, xi is a
periodic point of f and its order, denoted by mi, divides nj . It follows from (1) that

λ

mi−1∑
j=0

afj(xi)δ(f
j(xi)) =

mi−1∑
j=0

afj(xi)w(f
j(xi))δ(f

j+1(xi)) =

mi∑
j=1

afj−1(xi)w(f
j−1(xi))δ(f

j(xi)),

which in turn yields

λafj(xi) = afj−1(xi)w(f
j−1(xi)).

Finally, denoting pi =
∏mi−1

j=0 afj(xi), by taking the product over j in the last equality, we obtain:

λmipi = pi

mi−1∏
j=0

w(f j(xi)).

We deduce that λmi =
∏mi−1

j=0 w(f j(xi)).

Finally, if f is injective and w(xi) ̸= 0 for every i ∈ {1, . . . , n}, we prove that λ ̸= 0. Arguing by
contradiction, assume that λ = 0. By equation (1), we obtain

n∑
i=1

axi
w(xi)δ(f(xi)) = 0.

Since f is injective, the family {δ(f(xi)) : 1 ≤ i ≤ n} is linearly independent. We deduce that axi
= 0 for

every i ∈ {1, . . . , n}, that is γ = 0, a contradiction. □

The following lemma concerns preservation of supports under weighted Lipschitz operators. It is the
straightforward extension of Proposition 2.1 in [10].

Lemma 2.4. For any γ ∈ F(M),

supp
(
wf̂(γ)

)
⊂ f (supp(γ) ∩ coz w).

Proof. Let K ⊂ M . It is clear that wf̂(span δ(K)) ⊂ span δ(f(K ∩ coz w)). On the one hand, span δ(f(K ∩
coz w)) is dense in the closed space F

(
f(K ∩ coz w)

)
. On the other hand, wf̂(span δ(K)) is dense into the

closure of wf̂(F(K)), which implies that

(2) wf̂(F(K)) ⊂ F
(
f(K ∩ coz w)

)
.
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Let γ ∈ F(M). By the very definition of the support, γ ∈ F(supp(γ)) and so wf̂(γ) ∈ wf̂
(
F(supp(γ))

)
.

Now the inclusion (2) implies that wf̂(γ) ∈ F
(
f (supp(γ) ∩ coz w)

)
. We deduce that

supp
(
wf̂(γ)

)
⊂ f (supp(γ) ∩ coz w).

□

We are now ready to prove the main result of this section, which we shall apply later to some compact
Lipschitz operators. Recall that a map f : M → M is (r, ε)-flat, where ε, r > 0, if

∀x ̸= y ∈ M, d(x, y) ≤ r =⇒ d(f(x), f(y))

d(x, y)
≤ ε.

In the next theroem, A denotes the set of all natural numbers n such that f has a nonzero periodic point of
order n. Recall that Pern(f) ⊂ M stands for the set of nonzero periodic points of order n.

Theorem 2.5. Assume that f(M) is totally bounded and that f is (r, ε)-flat for some ε ∈ (0, 1) and r > 0.

Then any eigenvector of wf̂ associated with a nonzero eigenvalue has finite support, and

σp(wf̂) \ {0} =
⋃
n∈A

{
λ ∈ C : ∃x ∈ Pern(f), λ

n =

n∏
i=1

w
(
f i(x)

)}
.

In particular, if w ≡ 1 then σp(f̂) \ {0} =
⋃

n∈A Un.

Proof. The inclusion “⊃” follows from Lemma 2.2. Conversely, let λ ∈ σp(wf̂) \ {0} and fix γ ∈ F(M) \ {0}
such that wf̂(γ) = λγ. If γ is finitely supported, then we simply apply Lemma 2.3 to obtain the desired

conclusion. If the support of γ is infinite, we will prove that wf̂(γ) = λγ cannot hold with λ ̸= 0. By

assumption, f(M) is totally bounded so there exists x1, . . . , xN ∈ M such that f(M) ⊂
⋃N

i=1 B(xi,
r
2 ). As f

is (r, ε)-flat, it is readily seen that fn(B(xi,
r
2 )) ⊂ B(fn(xi), ε

n r
2 ) for n ∈ N and i ∈ {1, . . . , N}. Since f(M)

is compact, there exists an infinite subset M of N such that the sequences (fn(xi))n∈M, 1 ≤ i ≤ N , converge

to some yi ∈ M . Now the equality (wf̂)n(γ) = λnγ, with λ ̸= 0, yields that supp((wf̂)n(γ)) = supp(γ) for
every n. Consequently, thanks to Lemma 2.4, we have the following inclusions for every n ∈ M:

supp(γ) = supp((wf̂)n(γ)) ⊂ fn(supp(γ)) ⊂ fn
( N⋃

i=1

B(xi,
r

2
)
)
⊂

N⋃
i=1

B(fn(xi), ε
n r

2
)

⊂
N⋃
i=1

B
(
yi, ε

n r

2
+ d(yi, f

n(xi))
)
.

Since ε ∈ (0, 1) we have that:

lim
n→∞
n∈M

εn
r

2
+ d(yi, f

n(xi)) = 0.

Therefore, we deduce that supp(γ) ⊂ {y1, . . . , yN}, which is a contradiction. So if supp(γ) is infinite and

f̂(γ) = λγ, then λ = 0. □

Remark 2.6. Under the assumptions of the previous theorem, one can describe the eigenspace associated to
an eigenvalue λ ̸= 0 as follows. For every n ∈ N, let Sn = {x ∈ Pern(f) : λ

n =
∏n−1

i=0 w
(
f i(x)

)
}. Note that

Sn might be empty for some but not all values of n ∈ N. Then the eigenspace associated to λ is the sum (for
n ∈ N) of the vector spaces generated by the elements of the form:

n−1∑
i=0

aiδ(f
i(x)) where x ∈ Sn, a0 = 1 and ai+1 = (λ−1)w(xi)ai.

Remark 2.7. On the one hand, it is straightforward to see that if w(x) = 0 or f(x) = 0 for some x ̸= 0 ∈ M ,

then 0 ∈ σp(wf̂). On the other hand, to our knowledge, there is no characterization of injective (nor
surjective) weighted Lipschitz operators in terms of properties of w and f . In [10, Corollary 2.7], it is proved



6 A. ABBAR, C. COINE, AND C. PETITJEAN

that, for a bounded M , a Lipschitz operator f̂ : F(M) → F(N) is injective if and only if f preserves supports
in the following sense:

∀µ ∈ F(M), supp(f̂(µ)) = f(supp(µ)).

This is satisfied by some Lipschitz maps which are locally bi-Lipschitz [10, Proposition 3.5]. In particular,

this provides metric conditions which ensures that 0 is not in the point spectrum of f̂ .

3. Consequences when w ≡ 1

3.1. For bounded M . We recall that, if M is bounded, then f̂ : F(M) → F(M) is compact if and only f
is uniformly locally flat and f(M) is totally bounded (see [2, Theorem A]). In particular, the next corollary
can be applied to these compact Lipschitz operators.

Corollary 3.1. Let M be a complete metric space and f : M → M be a base point preserving Lipschitz
map. Let A be the set of all natural numbers n such that f has a periodic point of order n. If f(M) is totally
bounded and f is uniformly locally flat, then A is finite and moreover

σ(Cf ) \ {0} = σ(f̂) \ {0} =
⋃
n∈A

Un.

Proof. Since f is uniformly locally flat, for every ε ∈ (0, 1) there exists r > 0 such that f is (r, ε)-flat. Next,
for every compact operator T , we have

• σp(T ) \ {0} = σ(T ) \ {0},
• if σ(T ) \ {0} is infinite then it must be a sequence converging to 0.

By Theorem 2.5, this implies that A is finite and σ(f̂) \ {0} =
⋃

n∈A Un. □

Not surprisingly, if f̂ is not compact, then its spectrum can contain any point in C.

Example 3.2. Let λ ∈ C \ {0} and M = N ∪ {0} equipped with the metric dλ defined by

dλ(k, 0) =
1

2k|λ|k
, and dλ(k, k

′) = dλ(k, 0) + dλ(k
′, 0).

Let f : M → M be the map given by f(0) = 0 and f(n) = n− 1 if n ∈ N. It is clear that f is Lipschitz. Let

γ =

+∞∑
k=1

λkδ(k). One has ∥γ∥ ≤
+∞∑
k=1

1

2k
, and f̂(γ) =

+∞∑
k=1

λkδ(k − 1) = λγ. Hence λ ∈ σp(f̂).

Let us point out that if M is infinite and connected, then the spectrum of a compact Lipschitz operators

f̂ is actually reduced to {0}. This should be compared to [13, Theorem 2] (when M is compact) and to
[15, Theorem 1.4] where it is proved that σ(Cf ) = {0, 1} whenever M is infinite and connected and Cf is a
compact composition operator acting on Lip(M).

Corollary 3.3. Let M be a connected bounded metric space and let f : M → M be a base point preserving

Lipschitz map such that f̂ is compact. Then σ(Cf ) = σ(f̂) = {0}.

Proof. Following [12], we consider the set K := ∩n≥1fn(M). Note that since f(0) = 0, we have 0 ∈ K. Since

f(M) is totally bounded, the subsets fn(M) ⊂ M,n ≥ 1, are compact. Then, by a similar reasoning than

the one in the proof of Theorem 2.5, we get that K is finite. But notice that (fn(M))n≥1 is a decreasing
sequence of connected compact sets, so their intersection is connected and it follows that K = {0}. Finally,

assume that there exists λ ∈ σp(f̂) \ {0}. Then, according to the previous theorem, λ ∈ Un for some n ∈ A.
Next, if γ is an eigenvector associated to λ, then γ is finitely supported by Theorem 2.5. Moreover, the

proof of Lemma 2.3 shows that supp(γ) can be written as
⊔k

i=1{f j(yi) : 0 ≤ j ≤ ni − 1} where each yi is a
periodic point with period ni. Consequently, supp (γ) ⊂ K and so γ = 0, a contradiction. This shows that

σ(f̂) = {0}. □

Notice that the discrepancy between {0, 1} and {0} is explained by the fact that Lip(M) contains constant
functions whereas the only constant function in Lip0(M) is 0. For instance, in [13, Theorem 2], the authors
show that for the composition operator Cf : g ∈ Lip(M) 7→ g ◦ f ∈ Lip(M) on a compact connected metric
space M , the eigenspace associated to the eigenvalue 1 consists only in the constant Lipschitz functions.
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Therefore 1 is not an eigenvalue of Cf when restricted to Lip0(M), and hence is not an eigenvalue of f̂ .

Finally, we identify different conditions under which the point spectrum is reduced to {0} (but without

assuming that f̂ is compact). Recall that the spectral radius of a bounded operator T : X → X is defined
by r(T ) := supλ∈σ(T ) |λ|. Now Gelfand’s formula, also known as the spectral radius formula, gives that

r(T ) = lim
n→+∞

∥Tn∥ 1
n = infn∈N ∥Tn∥ 1

n .

Proposition 3.4. Let M be a bounded complete metric space and let f : M → M be a base point preserving

Lipschitz map such that r(f̂) < 1 (e.g. Lip(f) < 1). Then σp(f̂) ⊂ {0}.

Proof. Suppose that f̂(γ) = λγ with λ ̸= 0 and γ ̸= 0. Since r(f̂) < 1, there exists N ∈ N such that

Lip(fN ) < 1. Moreover f̂k(γ) = λkγ for every integer k, therefore:

∀k ∈ N, supp(γ) = supp(f̂Nk)(γ)) ⊂ fNk(M) ⊂ B(0,Lip(fN )k diam(M)).

We deduce that supp(γ) ⊂
⋂

k∈N B
(
0,Lip(fN )k diam(M)

)
= {0}. This implies that γ = 0, a contradiction.

□

Example 3.5. The previous result does not hold true for unbounded metric spaces. Indeed, let M = N∪{0}
equipped with the following metric: if n ̸= m ∈ N, d(0, n) = 2n and d(n,m) = 2n + 2m. It follows from
[1, Proposition 1.6] that F(M) is linearly isometric to ℓ1(N) via en 7→ 2−nδ(n), where (en)n is the usual

Schauder basis of ℓ1(N). Let f : M → M be given by f(0) = 0 and f(n) = n − 1 for n ∈ N. Then, f̂ is
conjugate to the operator T : ℓ1 → ℓ1 given by

∀n ∈ N, T en =
1

2
en−1,

that is, T = 1
2S where S is the backward shift operator. It is well known that σp(S) = D(0, 1) and

σ(S) = D(0, 1). Thus σp(f̂) = σp(T ) = D(0, 1/2) and σ(f̂) = σ(T ) = D(0, 1/2). In particular, if the metric
space is unbounded and Lip(f) < 1, the point spectrum can contain nonzero elements.

3.2. For unbounded M . In the case when the metric space M is unbounded, we do not know whether
Corollary 3.1 holds true. However, partial answers are given below.

Proposition 3.6. Let M be a complete unbounded metric space and f : M → M be a base point preserving
Lipschitz map. Assume that f satisfies the following properties:

(i) f is uniformly locally flat;

(ii) lim
d(x,y)→+∞

d(f(x), f(y))

d(x, y)
= 0;

(iii) The spectral radius of f̂ satisfies r(f̂) < 1.

Then σ(f̂) = {0}.

Proof. Assume first that α := Lip(f) < 1. Proving that σ(f̂) = {0} is equivalent to proving that r(f̂) = 0.
By the spectral radius formula, we have

r(f̂) = lim
n

∥f̂n∥ 1
n = lim

n
Lip(fn)

1
n .

Fix ε ∈ (0, 1) and let us prove that r(f̂) ≤ ε. We can assume that fn ̸= 0 for every n, otherwise the result is
trivial. For every n ∈ N, there exist xn ̸= yn ∈ M such that

Lip(fn) ≤ d(fn(xn), f
n(yn))

d(xn, yn)
+ εn.

By the property (ii), there exists R > 0 such that

∀(u, v) ∈ M2, d(u, v) > R =⇒ d(f(u), f(v))

d(u, v)
< ε.

Next, since f is uniformly locally flat, there exists r ∈ (0, R) such that

∀(u, v) ∈ M2, d(u, v) < r =⇒ d(f(u), f(v))

d(u, v)
< ε.
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We now need the following three observations. Fix n ∈ N and let, for k ∈ N,

Fk =
d(fk+1(xn), f

k+1(yn))

d(fk(xn), fk(yn))
.

• If, for some k ∈ N, d(fk(xn), f
k(yn)) > R, then for every k′ ∈ {0, . . . , k}:

d(fk′
(xn), f

k′
(yn)) ≥

d(fk(xn), f
k(yn))

αk−k′ > R and Fk′ < ε.

• If for some k ∈ N, d(fk(xn), f
k(yn)) < r, then for every k′ ≥ k,

d(fk′
(xn), f

k′
(yn)) ≤ αk′−kd(fk(xn), f

k(yn)) < r and Fk′ < ε.

• Let us fix N ∈ N such that αN < r
R . Notice that N does not depend on n. Then, there are at most

N integer k’s such that d(fk(xn), f
k(yn)) ∈ [r,R]. Indeed, if r ≤ d(fk(xn), f

k(yn)) ≤ R, then for every
k′ ≥ N :

d(fk+k′
(xn), f

k+k′
(yn)) ≤ αk′

d(fk(xn), f
k(yn)) < r.

We now consider n > N and I = {k ∈ {0, . . . , n−1} : d(fk(xn), f
k(yn)) ∈ [r,R]}. According to the latter

observations, |I| ≤ N and we have

Lip(fn) ≤
n−1∏
k=0

Fk + εn ≤
(n−1∏
k=0
k∈I

Fk

)(n−1∏
k=0
k ̸∈I

Fk

)
+ εn ≤ αN × εn−N + εn ≤ 2εn−N .

Hence

Lip(fn)1/n ≤ 21/nε1−N/n.

This yields lim supn Lip(f
n)1/n ≤ ε, and gives the result when Lip(f) < 1.

In the general case, the spectral radius formula r(f̂) = limn Lip(f
n)1/n < 1 gives the existence of n0 ∈ N

such that Lip(fn0)1/n0 < 1 and hence Lip(fn0) < 1. Next, the inequality

∀(u, v) ∈ M2,
d(fn0(u), fn0(v))

d(u, v)
≤ Lip(f)n0−1 d(f(u), f(v))

d(u, v)

shows that fn0 satisfies the properties (i) and (ii). Hence, by the first part of the proof, σ(f̂n0) = {0}. But
this readily implies that σ(f̂) = {0}. □

Remark 3.7. In particular, if f̂ is compact with r(f̂) < 1, then σ(f̂) = {0}. Indeed, in that case, by [2,
Theorem A] and [2, Remark 2.7], f satisfies properties (i) and (ii) in Proposition 3.6.

Our next aim is to obtain a structural result identical to Corollary 3.1, for a general M , but under a
stronger assumption on f . Recall that f : M → M is said to be radially flat whenever

lim
d(x,0)→∞

d(f(x), 0)

d(x, 0)
= 0.

Lemma 3.8. If f : M → M is radially flat then there exists R0 > 0 such that for every R ≥ R0, f(B(0, R)) ⊂
B(0, R

2 ).

Proof. By the very definition of radially flat, there exists r0 > 0 such that one has for every x ∈ M :

d(x, 0) ≥ r0 =⇒ d(f(x), 0) ≤ 1

2
d(x, 0).

Now let r1 = max(r0 Lip(f), r0). Notice that f(B(0, r1)) ⊂ B(0, r1). Indeed, if d(x, 0) ≤ r0 then d(f(x), 0) ≤
Lip(f)d(x, 0) ≤ r1. At the same time, if r0 < d(x, 0) ≤ r1 then d(f(x), 0) ≤ 1

2d(x, 0) < r1. Now let R0 = 2r1
and R ≥ R0. In order to deduce that f(B(0, R)) ⊂ B(0, R

2 ), we distinguish two cases again:

• If r1 < d(x, 0) ≤ R, then d(x, 0) > r0 so that d(f(x), 0) ≤ 1
2d(x, 0) ≤

R
2 ;

• If d(x, 0) ≤ r1, then d(f(x), 0) ≤ r1 = R0

2 ≤ R
2 .

□
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Now recall that f is flat at infinity whenever

lim
d(x,0)→∞
d(y,0)→∞

d(f(x), f(y))

d(x, y)
= 0.

It is rather easy to see that flateness at infinity is stronger that Property (ii) from Proposition 3.6, which in
turn is stronger than radial flateness. For more details we refer the reader to [2, Remark 2.7].

Theorem 3.9. Suppose that f is flat at infinity. If f̂(γ) = λγ for some λ ∈ C \ {0} and γ ∈ F(M) \ {0},
then supp(γ) is bounded.

Proof. For n ∈ N, we define the map wn : M → R+ by

wn(x) =


0 if d(x, 0) < 2n

2−nd(x, 0)− 1 if 2n ≤ d(x, 0) ≤ 2n+1

1 if d(x, 0) > 2n+1.

This map is 2−n-Lipschitz. Moreover Tn := wnÎd defines a bounded operator on F(M) with ∥Tn∥ ≤ 4. A
proof of the latter fact can be found in [5, Section 2.2]. It is rather easy to see that supp (Tn(γ)) ⊂ M\B(0, 2n)
for any γ ∈ F(M). Therefore we can see Tn as a bouded operator from F(M) to FM (M \B(0, 2n)).

Let λ ∈ C be an eigenvalue of f̂ associated to an eigenvector γ with unbounded support. Let us fix
ε > 0. Since f is flat at infinity, f is also radially flat. Hence, by Lemma 3.8, there exists R0 > 0 such that
Lip(f↾{0}∪M\B(0,R0)) < ε and f(B(0, R)) ⊂ B(0, R

2 ) for every R ≥ R0. We fix n ∈ N such that 2n ≥ R0. For

simplicity, we will write Cn = M \ B(0, 2n). We have Tnγ ∈ FM (Cn) and since the support is unbounded,
Tnγ ̸= 0. We let gn ∈ Lip0({0} ∪ Cn) of norm 1 be norming for Tnγ. The function hn = T ∗

ngn = wngn is

supported in Cn. Next, write f̂(γ) = f̂(Tnγ) + f̂((I − Tn)γ) and notice that (I − Tn)(γ) = (1− wn)Îd(γ) is

supported in B(0, 2n+1) (because (1 − wn) is). In particular f̂((I − Tn)γ) is supported in f(B(0, 2n+1)) ⊂
B(0, 2n). Hence, ⟨hn, f̂((I − Tn)γ)⟩ = 0 which implies that ⟨hn, f̂(γ)⟩ = ⟨hn, f̂(Tn(γ))⟩.

To conclude, we note that

|λ|∥Tnγ∥ = |λ⟨gn, Tnγ⟩| = |⟨hn, f̂(γ)⟩| = |⟨hn, f̂(Tn(γ))⟩|
≤ ∥hn∥L ∥f↾{0}∪Cn

∥L∥Tnγ∥
≤ 4ε∥Tnγ∥.

This implies that |λ| ≤ 4ε. Since ε was arbitrary, we obtain λ = 0. □

Since when f̂ : F(M) → F(M) is compact, f is automatically radially flat (see Lemma 2.4 in [2]), we
obtain the following corollary.

Corollary 3.10. Let M be a complete metric space and f : M → M be a base point preserving Lipschitz
map. Let A be the set of all natural numbers n such that f has a periodic point of order n. If f is flat at

infinity and f̂ : F(M) → F(M) is compact, then A is finite and moreover

σ(f̂) \ {0} =
⋃
n∈A

Un.

Proof. If f̂(γ) = λγ for some λ ∈ C \ {0} and γ ∈ F(M) \ {0}, then supp(γ) is bounded by the previous
theorem. Now, thanks to Lemma 3.8, we may choose R > 0 large enough so that B(0, R) contains supp(γ)

and f(B(0, R)) ⊂ B(0, R). Now apply Corollary 3.1 to ̂f↾B(0,R) in order to get the desired conclusion. □

4. Final remarks and open questions

4.1. When the metric space is uniformly discrete and bounded. Recall that a metric space M is said
to be uniformly discrete if there exists δ > 0 such that, ∀x ̸= y ∈ M , d(x, y) > δ. If M is moreover bounded
and separable (that is countable), then the sequence (δ(x))x∈M\{0} is a Schauder basis for F(M) (which is
equivalent to the ℓ1-basis). On such a space, any map f : M → M is Lipschitz. If w : M → C is a weight

map and f(0) = 0 or w(0) = 0, then, it is readily seen that wf̂ is bounded if and only if w is bounded.
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In this setting, it is easy to check whether an element γ ∈ F(M) is zero by simply looking at its coefficients
in the Schauder basis. In particular, contrary to the general case (see Remark 2.7), it is much simpler to
describe precisely when 0 belongs to the point spectrum:

Proposition 4.1. Let M = {0}∪{xi : i ∈ N} be uniformly discrete, bounded and separable. Let f : M → M
be any map and w : M → C be a bounded weight such that either f(0) = 0 or w(0) = 0. Then

0 ∈ σp(wf̂) ⇐⇒ f is not injective or there exists x ∈ M \ {0} such that either f(x) = 0 or w(x) = 0.

Proof. “ ⇐= ” If x ̸= 0M is such that f(x) = 0 or w(x) = 0 then δ(x) is obviously an eigenvector associated
with the eigenvalue 0. Assume now that f and w do not vanish outside of {0} and that f is not injective.

Then, there exist x ̸= y, y ̸= 0, such that f(x) = f(y). Let γ = w(x)
w(y)δ(y) − δ(x). Then γ is nonzero and

satisfies

wf̂(γ) =
w(x)

w(y)
w(y)δ(f(y))− w(x)δ(f(x)) = w(x)δ(f(x))− w(x)δ(f(x)) = 0, that is 0 ∈ σp(wf̂).

“ =⇒ ” Assume that 0 ∈ σp(ωf̂) and that f is injective. Let γ =
∑+∞

i=1 aiδ(xi) ∈ ker(wf̂) with γ ̸= 0.

Then wf̂(γ) =
∑+∞

i=1 aiw(xi)δ(f(xi)) = 0. Since the f(xi), i ∈ N, are pairwise distinct, we deduce that
aiw(xi)δ(f(xi)) = 0 for every i ∈ N. Since γ ̸= 0, there is k such that ak ̸= 0 which implies that f(xk) = 0
or w(xk) = 0. □

Let us point out that, in this setting, if w ≡ 1 then f̂ is injective if and only if f is so. The similar
statement for surjectivity is true; More information can be found in [10]. Characterizing the surjectivity in
the weighted case is slightly more intricate. Notice first that the weighted version of [1, Proposition 2.1] holds
true (in full generality), that is:

wf̂ has dense range ⇐⇒ f(coz(w)) ∪ {0} is dense in M.

When the metric space M is uniformly discrete, the statement on the right-hand side naturally becomes

f(coz(w)) ∩ M \ {0} = M \ {0}. In particular, if f(0) = 0 and wf̂ is surjective then f is also surjective.
Furthermore, one has the next characterization of surjective weighted Lipschitz operators.

Proposition 4.2. Let M = {0}∪{xi : i ∈ N} be uniformly discrete, bounded and separable. Let f : M → M
be any map and w : M → C be a bounded weight such that either f(0) = 0 or w(0) = 0. Then the following
are equivalent:

(1) wf̂ is surjective.
(2) M \ {0} ⊂ f(M) and: ∃c > 0, ∀y ∈ M \ {0}, ∃x ∈ f−1({y}) such that |w(x)| > c.

Proof. (1) ⇐= (2). Let γ ∈ F(M). Then there exists (a unique) (bn)n ∈ ℓ1 such that γ =
∑

n bnδ(xn). By
assumption, for every n ∈ N, f−1({xn}) ̸= ∅ and there exists yn ∈ f−1({xn}) such that |w(yn)| > c. Define,

for every n, an = bn
w(yn)

. The inequality |an| ≤ |bn|
c implies that (an)n ∈ ℓ1 so that µ :=

∑
n anδ(yn) ∈ F(M).

This element clearly satisfies wf̂(µ) = γ, which proves the surjectivity of wf̂ .

(1) =⇒ (2). Assume that wf̂ : F(M) → F(M) is surjective. It is a classical fact that in such case,
its adjoint operator wCf Lip0(M) → Lip0(M) is an isomorphism onto its range, see [14, Theorem 4.15]. In
particular, there exists a constant C > 0 such that, for every g ∈ Lip0(M), ∥g∥L ≤ C∥wCf (g)∥L. Note that
on such metric space, any bounded function is Lipschitz and ∥ · ∥L is equivalent to ∥ · ∥∞. Hence, the latter
inequality reads ∥g∥∞ ≤ C ′∥wCf (g)∥∞ for some constant C ′ > 0. Let n ∈ N and define gn on M by setting
gn(0) = 0, gn(xn) = 1 and gn(xi) = 0 if i ̸= n. Then one has wCf (gn)(x) = w(x) if x ∈ f−1({xn}), and 0
otherwise. In particular, we have

1 ≤ C ′
(

sup
x∈f−1({xn})

|w(x)|
)
,

which yields the existence of x ∈ f−1({xn}) such that |w(x)| > 1
2C′ =: c, and concludes the proof. □

As a direct consequence of Proposition 4.1 and Proposition 4.2, we can characterize the belonging of 0 to

the spectrum of wf̂ . In what follows, ρ(wf̂) denotes the resolvent set of wf̂ .

Corollary 4.3. Let M = {0} ∪ {xi : i ∈ N} be uniformly discrete, bounded and separable. Let f : M → M
be any map and w : M → C be a bounded weight such that either f(0) = 0 or w(0) = 0. Then the following
are equivalent:
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(1) 0 ∈ ρ(wf̂), that is wf̂ is an isomorphism;
(2) f is injective, f(M \ {0}) = M \ {0}, w(M \ {0}) ⊂ C \ {0} and inf

x∈M\{0}
|w(x)| > 0.

Remark 4.4. In fact, we can derive from Proposition 3.9 and Proposition 3.10 from [3] the following charac-
terization, which holds true for any pointed metric space M . The following are equivalent:

(1) wf̂ is an isomorphism;
(2) wCf is an isomorphism;
(3) w does not vanish on M \ {0}, f(M) ∪ {0} is dense in M , f is injective and the operator defined by

T : F(f(M)) −→ F(M)

δ(f(x)) 7−→ 1

w(x)
δ(x)

is bounded.

Note that if f(M) ∪ {0} is dense in M , the space F(f(M)) is dense in F(M) so that, when T is bounded,

it extends to a bounded operator on F(M) which is precisely the inverse of wf̂ . Of course, when M
uniformly discrete, bounded and separable, T is bounded if and only if 1

w is bounded on M \ {0}, that is
inf

x∈M\{0}
|w(x)| > 0, so we retrieve the result of Corollary 4.3.

When M = N
⋃
{0} (respectively M = Z) with an appropriate metric d, by setting f(0) = 0 and f(n) =

n − 1 one obtains that f̂ is conjugate to a unilateral weighted shift on ℓ1 (respectively a bilateral weighted
shift on ℓ1); See Example 3.5 and, more generally [1, Proposition 1.6]. In fact, the class of weighted Lipschitz

operators wf̂ : F(M) → F(M), for M uniformly discrete bounded and separable, includes all kind of
unilateral or bilateral weighted shifts on ℓ1. For such operators, a lot is known about the spectrum. We refer
for instance to [7] and the references therein for results on the spectrum of unilateral and bilateral weighted
shifts. In particular, [7, Proposition 3.4] gives a precise localization of the point spectrum in the unilateral
case.

The next result can be viewed as a localization of the point spectrum of wf̂ . In what follows, D is the
open unit disc in C, and D its closure.

Proposition 4.5. Let M = {0}∪{xi : i ∈ N} be uniformly discrete, bounded and separable. Let f : M → M
be a map, let w : M → C be a bounded weight and assume that f(0) = 0 or w(0) = 0. Then the point spectrum

of wf̂ satisfies the following properties:

1. σp(wf̂) ⊂ B
(
0, ∥w∥∞

)
.

2. If λ ∈ σp(wf̂)\{0} admits an associated eigenvector with finite support, then |λ| ≥ infx∈supp(γ) |w(x)|.
3. If f is injective and λ ∈ σp(wf̂) \ {0} is an eigenvalue with no finitely supported eigenvector, then

infx∈supp(γ) |w(x)| < |λ| < supx∈supp(γ) |w(x)|, for any eigenvector γ associated with λ.
In particular, if w ≡ 1 then there must be a finitely supported eigenvector associated with λ, and λ is
a root of unity.

Proof. First of all, notice that if γ is an eigenvector of finite support associated with an eigenvalue λ ̸= 0,
then Lemma 2.3 readily implies that

inf
x∈supp(γ)

|w(x)| ≤ |λ| ≤ sup
x∈supp(γ)

|w(x)|,

which proves 2.
1. Assume that λ ̸= 0 is an eigenvalue and γ =

∑+∞
i=1 aiδ(xi) is an associated eigenvector with infinite

support. Without loss of generality, we may assume that ai ̸= 0 for every i ∈ N. Then wf̂(γ) = λγ reads as
follows:

λ

+∞∑
i=1

aiδ(xi) =

+∞∑
i=1

aiw(xi)δ(f(xi)).

Since (δ(xi))i is a Schauder basis, if we let Ei := {j ∈ N : f(xj) = xi} then we may write

λaiδ(xi) =
∑
j∈Ei

ajw(xj)δ(f(xj)) =
( ∑

j∈Ei

ajw(xj)
)
δ(xi).
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Therefore

|λ| |ai| = |
∑
j∈Ei

ajw(xj)| ≤
( ∑

j∈Ei

|aj |
)
∥w∥∞.

Summing the latter over i ∈ N yields

|λ|
+∞∑
i=1

|ai| ≤
+∞∑
i=1

( ∑
j∈Ei

|aj |
)
∥w∥∞ =

( +∞∑
k=1

|ak|
)
∥w∥∞ which implies |λ| ≤ ∥w∥∞.

3. Next, suppose that λ ̸= 0 is an eigenvalue with no finitely supported eigenvector. Let us fix an
eigenvector γ =

∑+∞
i=1 aiδ(xi) ∈ F(M) with infinite support. Again, we can assume that ai ̸= 0 for every

i ∈ N, thus supp(γ) = M . Since f is injective, each Ej defined above is reduced to a point, so there exists
σ : N → N bijective such that aσ(i)w(xσ(i)) = λai and f(xσ(i)) = xi. Applying this identity recursively, we
obtain that for every n ∈ N,

(3) aσn(1)w(xσn(1))w(xσn−1(1)) · · ·w(xσ(1)) = λna1.

Note that {σn(1) | n ∈ N ∪ {0}} is infinite, otherwise, choosing N ∈ N minimal such that σN (1) = 1, the

vector γ̃ =
∑N

k=1 aσk(1)δ(xσk(1)) would satisfy

wf̂(γ) =

N∑
k=1

aσk(1)w(xσk(1))δ(f(xσk(1))) =

N∑
k=1

λaσk−1(1)δ(xσk−1(1)) = λ

N−1∑
j=0

λaσj(1)δ(xσj(1)) = λγ.

That is, γ̃ is a finitely supported eigenvector associated with λ, which contradicts our assumption. Hence,
{σn(1) | n ∈ N ∪ {0}} is infinite (which forces its elements to be pairwise distinct) so, since (aσn(1))n ∈ ℓ1,
we must have limn aσn(1) = 0. To conclude, we use (3) to get |λ|n|a1| ≤ ∥w∥n∞|aσn(1)|. In other words:(

|λ|
∥w∥∞

)n

≤
|aσn(1)|
|a1|

−→
n→+∞

0, which implies that |λ| < ∥w∥∞.

For the other inequality, there is nothing to prove if infx∈M |w(x)| = 0 since λ ̸= 0. Assume that
infx∈M |w(x)| > 0. Let µ = σ−1 : N → N be the inverse of the bijecton σ defined above. The equality
aσ(i)w(xσ(i)) = λai can be rewritten aiw(xi) = λaµ(i) for every i, which implies that for any n,

a1w(x1)w(xµ(1)) · · ·w(xµn−1(1)) = λnaµn(1).

We deduce that (
infx∈M |w(x)|

|λ|

)n

≤
|aµn(1)|
|a1|

−→
n→+∞

0,

which yields the desired inequality and concludes the proof.

In particular, if w ≡ 1 and λ ∈ σp(f̂) \ {0}, the inequality infx∈supp(γ) |w(x)| < |λ| < supx∈supp(γ) |w(x)|
becomes 1 < |λ| < 1, which is impossible, so there must be a finitely supported eigenvector for λ. By
Lemma 2.3, this implies that λ is a root of unity. □

4.2. Open questions. We conclude this note with two open questions.

Question 1. Does Corollary 3.1 still hold when M is unbounded? That is, if f̂ : F(M) → F(M) is compact,
then is it true that the set A, of all natural numbers n such that f has a periodic point of order n, is finite,
and moreover

σ(f̂) \ {0} =
⋃
n∈A

Un?

Question 2. Similarly, can one obtain a similar description of the the spectrum of compact weighed Lipschitz

operators wf̂ with weaker assumptions on f than in Theorem 2.5?
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