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@ Physical Context

Q Ferromagnetic Nanowires

© DW in infinite nanowire of constant cross-section

o DW in infinite nanowire with one notch
@ Without applied field
@ Pinning and depinning
@ After depinning
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Ferromagnetic materials

Properties

@ Spontaneous magnetization
@ Magnetic field generated by the

magnetization

@ Formation of domains and domain walls

e e

il

s

0 o
HIIII!IIIIII o

A. Aharoni, Introduction to the Theory of Ferromagnetism,

Oxford University Press, 1996
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Industrial Applications
Electromagnets
Transformers

Radar absorbing paints
Mobile phones

Modern Recording Devices
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3d model: static case

Magnetic Moment

@ Volume occupied by the ferromagnetic material: Q ¢ R3
@ Magnetization described by the magnetic moment m : Q, — RS

[m(x)[ =1 p. p.

@ Constitutive Relation: B = H + m
@ Static configurations: critical points of £ under the constraint |m| = 1

| \

Micromagnetism energy

em=5 [1vm+ 3 [ ha(miE+ [ wm~ [ m-Hy
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3d model: static case

Magnetic Moment

@ Volume occupied by the ferromagnetic material: Q ¢ R3
@ Magnetization described by the magnetic moment m : Qy — R3

[m(x)[ =1 p. p.

@ Constitutive Relation: B= H + m
@ Static configurations: critical points of £ under the constraint |m| = 1

| \

Micromagnetism energy

sm =2 [1vm+ 3 [ iha(miE+ [ wim) - [ m-

curl hy(m) =0, div (hg(m)+m) =20
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3d model: static case

Magnetic Moment

@ Volume occupied by the ferromagnetic material: Q ¢ R®
@ Magnetization described by the magnetic moment m : Qx — R3

[m(x)[ =1 p. p.

@ Constitutive Relation: B = H + m
@ Static configurations: critical points of £ under the constraint |m| = 1

| A\

Micromagnetism energy

em=5 [19m+ 3 [ ha(miE+ [ wim)~ [ m-Ha

Uniaxial Anisotropy: W(m) = —%(m - £)? or Planar Anisotropy: W(m) = %(m €)?

A
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3d model: static case

Magnetic Moment

@ Volume occupied by the ferromagnetic material: Q ¢ R®
@ Magnetization described by the magnetic moment m : Qx — R3

[m(x)[ =1 p. p.

@ Constitutive Relation: B = H + m
@ Static configurations: critical points of £ under the constraint |m| = 1

| A\

Micromagnetism energy

A 1
em= 5 [19mE+ 3 [ 1pamP+ [ wm)~ [ m-Ha
Q R3 Q Q
Applied magnetic field: Hz
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3d model: Dynamical Case

Magnetic Moment

@ Magnetic domain : Q C R3
@ Magnetization described by the magnetic moment m : R} x Qx — R3

[m(t, x)| =1 p. p.

@ Constitutive Relation: B= H + m

Landau-Lifschitz Equation

1
| \

om

5 = M H—mx(mxH), H = —0mE(mM) = AAm + hg(m) + VWV (m) + Ha

m(0,-) = mg on Q, %:Oon]}@xaﬂ,

em =2 [1vm 5 [ ipa(miE+ [ wim) [ m-

(e, )+ [ 1200 (s, fads = ()

N,
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3d model: Dynamical Case

Magnetic Moment

@ Magnetic domain : Q C R®
@ Magnetization described by the magnetic moment m : R} x Qx — R3

[m(t, x)| =1 p. p.

@ Constitutive Relation: B=H + m

Landau-Lifschitz-Gilberg Equation

om om
Sf = MX o = —2mxH mxAm:Z@X,(mxaxim)

H = —0mE(m) = AAm + hg(m) + (m) + Ha

em =2 [1vmz+ 3 [ iha(miE+ [ wim) [ m-

amr»+/n—4sn2$=smm
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References: Static Case

em=5 [1vm+ g [ pa(miE+ [ wim~ [ m-Ha

Visintin (1985); C. (1997); Hardt, Kinderlherer
(2000)

Desimone, Kohn, Miiller, Otto (2002)
Riviére, Serfaty (2001)
Ignat, Moser (2022)

A. Aharoni, Introduction to the Theory of -
Ferromagnetism, Oxford University Press, 1996
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References: Landau-Lifschitz equation

om

a:—m><3‘-t—m><(m><7—[)

H = —0mE(m) = AAm + hg(m) + VW (m) + Ha

Existence Results
@ Joly, Métivier, Rauch (LL-Maxwell without exchange field)
@ Visintin; Alouges, Soyeur; C., Fabrie; Ding, Guo (Global in time weak solutions)
@ C., Fabrie, Gués (Local in time strong solutions) )

Numerical Simulations

@ Joly, Haddar (without exchange field)
@ Labbé; Garcia-Cervera; Alouges; Bartels, Prohl; Praetorius;... (with exchange field)
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o Physical Context
° Ferromagnetic Nanowires

© DW in infinite nanowire of constant cross-section

o DW in infinite nanowire with one notch
@ Without applied field

@ Pinning and depinning

@ After depinning
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Data storage in ferromagnetic nanowires

Stuart S. P. Parkin, Masamitsu
Hayashi, Luc Thomas, Magnetic

Domain-Wall Racetrack Memory,
Science 320 (2008)

@ 3d devices for the storage of numerical
data

R
’W — @ Fast access

S. Parkin, M. Hayashi, L. Thomas, Magnetic Domain-Wall
Racetrack Memory, Science 320 (2008)

@ Bits encoded by the sense of the )
magnetization <

@ Stabilization of walls positions by
notches

G. Hrkac, J. Dean and D. A. Allwood, Nanowire spintronics for
storage class memories and logic, Phil. Trans. R. Soc. A (2011)
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Data Storage in Ferromagnetic nanowires: key points

For data storage:
@ DW are pinned by the notches (reliability of the storage)
@ DW depinning by magnetic field: data recording
@ DW depinning by application of an electric current: data reading
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Data Storage in Ferromagnetic nanowires: key points

For data storage:
@ DW are pinned by the notches (reliability of the storage)
@ DW depinning by magnetic field: data recording
@ DW depinning by application of an electric current: data reading

Obtention and justification of equivalent simpler 1d-models for nanowires
Description of walls configurations and walls dynamics

Effects of notches on walls stability

DW depinning
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1d-model of wire

Radius of the cross section: p

p 1= R+, Co®,
® 0 < pmin < p(x1) <1
0 s(x1) = m(p(x1))?

Q"] = {(X17X27X3)7 X1 € Ia
()2 + (x3)? < n?(p(x1))?}
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1d-model of wire

Radius of the cross section: p

TN

p:l— R, Co,
@ 0 < pmin < p(x1) <1
Q, =1{(x1, X2, X3), X1 €1,
n={(x1,%,Xs), X 5 ) = i)

()% + (x3)? < n?(p(x1))?}

Weak Formulation:
3

/ (@fmxa—m)X:Z/ meam x
[0,7]x9, \ Ot ot [0,T1x2, ox; OX;

—2/ m x Hg(m) - x
[0,T]1xQy,

@ rescaling: fix domaine Q1 = {(xy, %2, %3), x € I, (%)% + (%)% < (p(x1))?}
@ n — 0in the weak formulation with x(t, x1, X2, X3) = »(t, x1)
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1d-model of wire

Radius of the cross section: p

@ p:l— R*F, C,
® 0 < pmin < p(xq) <1

° s(x1) = m(p(x1))?

Qy = {(x1,X,x3), Xy €1,
(@)% + (x3)? < nP(p(x1))?}

m: R;“ x Iy — 82, m is constant in the cross-section
/ s(x)(a—mfmxa—m>go:2/ s(x)mxa—m-a—w
[0,TIxI ot ot [0,7]xI X Ox
-2 s(x)m x (maez + mges) - p.
[0,7T]xQy
S(X)(ZTT = —M X Heg — m x (M X Hefr)

Hetr = 9x(8(x)0xm) — s(x)(ma&z + my&3)
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1d-model of wire

Radius of the cross section: p

@ p:l— R*F, C,
0 0 < pmin < p(xq) <1

° s(x) = m(p(x))?

Q"I = {(X1,X2,X3)7 X1 €1,
()% + (x3)? < n?(p(x1))?}

Model of ferromagnetic nanowire

om

E:_mXHeﬂ_mX(mXHeﬂ)

s’ = -
Hefr = Oxxm + gé)xm = (m262 + m383)

| A\

1d Ferromagnetism Energy

E(m) = 5 [[sColamitasx+ 5 [ (Imaf? + mal?)a

N
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Plan

© DW in infinite nanowire of constant cross-section
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Exact Static Solutions

Infinite nanowire of constant Static Solutions. Walls

cross-section sin 6(x)
@ M(x)=R cos O(x
m:R?’xRx—hSZ,sETr (x) »(x) 0()
om 1 0 0
E:—mxHeff—mx(mxHeﬂ) R.=| 0 cosp —singp
. R 0 sinp cosp
Hetr = My — (Me82 + Ms&) @ 0 — +m/2 when x — too
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Exact Static Solutions

Infinite nanowire of constant Static Solutions: Walls

cross-section sin 6(x) tanh x
@ M(x) = Ry(x)| cosO(x) | = Ry 1 .
0

m:RferanZ,szw cosh x
om 1 0 0
E:—mxHeff—mX(mxHeﬂ) R.—=| 0 cosp  —sing

0 sinp cosp

Hefr = Myx — (mz€, 4+ m3és)

@ 0 — +m/2 when x — o0

@ ¢ is constant
@ 0" +cosfsinf =0
@ 0 — +m/2when x — too

T
. > //x ><
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Exact Static Solutions

Infinite nanowire of constant Static Solutions: Walls

cross-section sin 6(x) tan1h X
o M(X) = R‘P(X) COSG(X) = Fﬁp = .
0

m:Rf xRy » S2, 8= 0

om 1 0 0

E:—mxHeff—mx(mxHeﬂ) R,=[ 0 cosp —sing
0 sinp cosep

Hetr = mxx — (m282 + msés) @ 0 — +m/2 when x — 400

@ o is constant
@ 0" +cosfOsinf =0
@ 0 — +m/2when x — too

Stability for Static Profiles

G.C. S. Labbé (2006):
Stability of the constant profiles but not asymptotic stability

m(t,x) = Ry Mo(X — 0oo) When t — co
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Applied field effects

Infinite nanowire of constant

cross-section

m:]R;f><Rx—>S2
om
ot

Hefr = Myxx — (Mp€ + m3&é3) + haéy

= —m X Hegr — M x (M X Heg)

Gilles Carbou, UPPA (UPPA, LMA) DWin N

Moving DW
tanh x
Mo(x) = [ 1/coshx
1 0 0
FQO:(O cosp —sin <p)
0 sinp cosgp

m(t, x) = Rp,t (Mo(x + hat))
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Applied field effects

Infinite nanowire of constant Moving DW

cross-section tanh x
Mo(x) = [ 1/coshx

m:Rf x Ry — S2 0

e 1 0 0

E:—mxHeff—mx(mxHeﬂ) R,=[0 cos¢p —sing
0 sinp cosgp

Hefr = Myxx — (Mp€ + m3&é3) + haéy

m(t, x) = Rp,t (Mo(x + hat))

Stability results

Moving DW with constant small applied field: K. Takasao (2011)

Stability threshold for constant applied field: R. Jizzini (2011)

Controlability results: G.C., S. Labbé, E. Trélat (2008); Y. Privat, E. Trélat (2015).
Non constant applied field: R. Céte, R. Ignat
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Plan

@ DW in infinite nanowire with one notch
@ Without applied field
@ Pinning and depinning
@ After depinning
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Model of infinite wire with one notch

Radius of the section: p
@ p:R— RF,C>,

p = 1 outside [—a, a],

p(=x) = p(X),

p non decreasing on [0, g

s(x) = m(p(x))?

EESED5D) UBSESIERY)

Q= {(x,y,2), X €R, y? + 2% <n?(p(x))?}

Model of infinite wire with notch

m: Ry x Ry — S?
om
ot

s’ o o R
Hett = Oxxm + §0xm — (m2&; + m3éz) + haéy

= —m X Her — M X (M X Hefr)

Area of the cross
section: s(x)
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Plan

@ DW in infinite nanowire with one notch
@ Without applied field
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Existence of profiles

0

1 0 0
R,=| 0 cosep —sing
0 sinp cosp

@ § — +m/2when x — 400

sin O(x)
o M(x) = H(P(X)(cos 0_(X)>

2
2

1s

1o

os
,,_%
s

a0 .
2

@ ¢ is constant
_ s _ _ _
e 0"+ gaxe + cosfOsinfd =0

o ((7)2 ~ cos? 9‘)' - —2%(9")2
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Existence of profiles

0

1 0 0
R,=| 0 cosep —sing
0 sinp cosp

@ § — +m/2when x — 400

sin O(x)
o M(x) = H(P(X)(cos 0_(X)>

2
2
1s
1o
os
,,_%
s
20
2

@ ¢ is constant
!
e 0+ sg(‘?x§+ cosfsinf =0

o ((7)2 ~ cos? 9‘)' - —2%(9")2

Shooting method to reach the separatrix after the notch

Gilles Carbou, UPPA (UPPA, LMA) DWin N
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Stability

Infinite Nanowire with one notch Wall Profile

m:Rf x Ry — 2 (siné(x))
Mo(x) = | cos(x)

%—T:—mxHeff—mx(mxHe”) 0
/

= s’ - o
S N 5 17 S o . -
He,,:mxx—i-;mx—mzez_mses 0" + s@ + cosfsinf =0

m — +e; when x — oo BC:6 — +n/2 when x — o0

Thm 1 (with D. Sanchez)

Existence and stability of M;, asymptotic stability for the position of the wall
It |m(t = 0) — Mol| 41 () is small, then
o for all time, ||m(t) — Mol| 41z remains small,

@ m(t) tends to Ry__ (Mp) when t tends to +oo.
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Mobile frame

Geometrical constraint |m| = 1

We describe the perturbations in the mobile frame

m(t,x)=1/1—|r(t, x)|2Mo(x) + r1 (t, )My (x) + ra2(t, X)Mo

sin 6(x) — cos f(x) 0
Mo(x) = (cosé(x)) Mi(x) = ( sin O(x) ) My = ( 0 )
0 0 1
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Mobile frame

Geometrical constraint |[m| = 1

We describe the perturbations in the mobile frame

m(t,x)=1/1—|r(t, x)|2Mo(x) + r1 (t, )My (x) + ra2(t, X)Mo

sin 6(x) — cos f(x) 0
Mo(x) = (cosé(x)) Mi(x) = ( sin O(x) ) My = ( 0 )
0 0 1

New Equations for r

r:Rf x Ry — R?

Exact Solution

d¢ry = —Ly(ry) — La(r2) + non linear

Oiro = Ly(r1) — La(r2) + non linear Mo for LL ~ 0 for the

new system

s’ = =
L1 (I') = 78)()(" = ;axr =+ (sin2 0 — COS2 9)" Stablllty of 0 ?

!
Lo(r) = — Oyt — S;axr+ (sin20 — (8")2)r
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Properties of the linearized: L,

On L?(R), weighted scalar product:

<u’v>s = /Rs(x)u(x)v(x) dx,

Lp = —%ax(sax) 4 (sin2d — (7)?) = Ly is self-adjoint for < ‘ > .
S

<L2u’v>s = <€u‘€v>s, with £ = 9x + 0’ tan @

L, >0, KerLly=TR(cosfh)

@ Valid whatever the configurations of the wire (several pinched zones)
o for one wall, on (cos8)~+, Ly > ap > 0
@ Invariance by rotation = 0 is an eigenvalue of the linearized

Gilles Carbou, UPPA (UPPA, LMA) DW in Notched F

21/36



Properties of the linearized: L,

Ly =1Lp+(6')? —cos?d

Key point: L; >07?

Infinite nanowire without pinching: Ly = Lo, Ly > 0. Stability
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Properties of the linearized: L,

— COS2 6_

)

Ly =Lp+(0')?

-2.0 -15 -1.0 -0.5 0.0 05 1.0 15 20

(0")2 —cos?0 >0o0nKerLp =Ly >0
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Plan

@ DW in infinite nanowire with one notch

@ Pinning and depinning

Gilles Carbou, UPPA (UPPA, LMA) DW in Notched F ic N i 24/36




Small applied field

Notched Nanowire

m:IR?fox—>82
om
ot

= —m X Hey — m x (M x Hegr)

s/
Heotf = Mxx + ;mx — Mo — M3€3 + hae4

Area of the cross section: s(x)

Constant-cross-section wire: precessional regime

m(t, x) = Ryn,eMo(x + hat)
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Small applied field

Notched Nanowire

m:Rf x Ry — 2

om

§=*m><Heff*mX(m><Heff)

s’ - R -
Hefr = Mxx + s e + haé4

Area of the cross section: s(x)

Notched wire:

Thm 2, with D. Sanchez
Pinning effects: for small h,: the wall remains in the notch (static solution), its profile is planar.

7—s(0)

Depinning: for |ha| > T+s(0)

, there is no static solution with one DW
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Pinning and depinning

Notched Nanowire

m: Ry x Ry — S
om

EZ_mXHeff_mX(mXHeff)

s/
Heft = Mxx + ;mx — M€ — M3€3 + haéy

Area of the cross section: s(x)

s/
0" + ;9' + cosfsin@ + hgcosf =0

Left side: (0")2 = —sin®0 — 2hasin@ + 1 — 2ha,
Right side: (6’)2 = —sin?0 — 2h,asinf + 1 4+ 2h;,

e N0 I e NGO I s
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Plan

@ DW in infinite nanowire with one notch

@ After depinning
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Notched Nanowire

m:Rf x Ry — S2
om
ot

= —M X Hef — M X (M X Hegr)

s’ = - =
Heft = Mxx + ;mx — M€ — M3€3 — ha€y

Area of the cross section: s(x)

Solution without notch:
t
Moy (t,%) = R_pyMo(x — 00 — H(1)),  HI(t) = /0 ha(s)ds.

Thm 3 (with M. Kassan)

There exists 0 < h~ < ht such that if h, € CO(Rt) with V¢, 0 < h~ < h(t) < hT, then for all
e > 0, there exists * and n > 0 such that:

for all 59 > o*, for all m, solution of LL, with ||m(0, -) — Mg, (0, -)||y1 < 7,

vt > 07 ”m(t’ ) - MUO(L ')IIH1 S &

Jpoo, 00, Hm(t")_RwooMo'u(t7'+o—OO)||H1 —0
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First step: mobile frame

t
Moy (1) = Ao Mol = o0 = H(D). () = [ ha(s)as.
We rewrite m as:
t
m(t,X) = R_poyM(t, X — o0 — H(1)), H(t) = / ha(s)ds.
0

m(t, x) close to Mg, (t, x) <= M(t, X) close to My(X), with X = x — o9 — H(t)

Equation for M

M = —M x Hogp(M) — M x (M x Hgir(M)) + ha(t)(0xM + M x (M x &)),

- s’ oo
Hetr (M) = 0xxM + ;(x + og + H(t))OxM + (M - é1)é;.

M:RxR— &
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First step: mobile frame

m(t, x) close to Mg, (, x) <= M(t, X) close to My(X), with X = x — o9 — H(t)

Equation for M

M = —M x Hor(M) — M x (M x Hgr(M)) + ha(t)(0xM + M x (M x &)),

~ s’ e
Hett (M) = OxxM + ;(x + oo + H(1)OxM + (M - e1)éy.

M:RxR— &

Mobile frame and new unknown

M(t, %) = r(t, )M (X) + ra(t, )Mo + /1 — [r[2Mp(X)

tanh X _CO;W 0
My = cos1h)? , My=1{tanhx |, Moo= |0
0 0 1

M(t,-) close to My <= r close to 0
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First step: mobile frame
Mobile frame and new unknown

M(t, %) = r(t, )My (X) + ra(t, )Mo + /1 — |[r[2Mp(X)

tanh X _CO:W 0
My = (:O;IW , My=1tanhx |, M= 10
0 0 1

M(t,-) close to My <= r close to 0

Equation in r

Otr = Voo (t, X) + (JL + ha(t)€)r + non linear terms

1 )
S (X o0 + H()E1, [V(t,x)| < Ke~1eotHD),

coshx s
-1 -1
JZ( 1 -1 )

/
Lr= —Or — s;(x ¥ 00 + H(£))Oxr + (2tanh? x — 1)r, € = 8r + tanh(X)r

V(t, x) =
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Equivalent problem

Equation in r

Otr = Voo (t, X) + (JL + ha(t)€)r + non linear terms
g 5 (o0 H(D)
2 (x+ o0+ H(t)&E,  [V(tx)| < Ke~ (oo tHD),
coshx s
-1 -1
J:( 1 -1 )

/
Lr = —Ogr — s;(x + 00 + H(1))Oxr + (2tanh? x — 1)r,  £r = Bxr + tanh(X)r

V(t,x) =

N

To be proved

If o9 is large enough, if r(t = 0) is small enough, then r(t, -) remains small.
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Quasi invariances

Invariance by rotation and translation

— existence of a 2-parameter familly of
solutions for LL:

om
ot (t, %) 5 RyMo(x + o)
Hett = Mxx — (Mo €, + m3863)

= —m X Het — m x (M X Hgg)

— existence of a 2-parameter familly of
solutions in the mobile frame

— 0 €Ker L, with L = —9y + (2tanh? x — 1) associated to x and L = ¢* o ¢.

cosh X
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Quasi invariances

Invariance by rotation,

LL with notch and applied field quasi-invariance by translation

om 2-parameter familly of quasi-solutions
3 = M % Hor —mx (m x Her) close to Mey:

/

S = - =
Heff = Mxx + ;mx = (m262 —+ mge3) = hae1 (17 X) — R(?MUO(I‘?X + U)

2-parameter familly of quasi solutions

m close to )
for Eq. inr:

Mg—o(t, X) = R_H(,)Mo(x — o0 — H(t))

(t,x) = Ra(t,x), A=(0,0)
New unknowns: A and W

1
cosh x

dx = 0.

H(t,) = Ragy () + W(t-),  with /RW,-(t,X)
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Equations in A and W

W = Vo (1, X) + (JL + ha(t)O)W + F(t, X, 00, A, W)

dA
0 = t7 ) 7A7W
o = 9(tx00 )

Vrs(t. )l < Coxpl—cton + HOD). J=( 7' 77 ).

/
LW = 0 W — s;(x—i—ao + H(1))8x W + (2tanh® x — 1)W, (W = ;W + tanh(x)W

IFlliz < ClWlima (IAl+ [[Wl[g1) + Cexp(—c(oo + H(1)))

|G| < ClIW|[1 + Cexp(—c(ao + H(1)))

To be proved:
If W(0) and A(0) are small, then
@ W(t) and A(t) remain small
o W—0inH" and A(t) — A
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Coercivity for W

1
cosh x

>:o:> W € (KerL):, with L = —9y + 2tanh?x — 1.

(w;

IWIZ < (LwW|W) = w2, < ||Lw|i%,
We deal with:

/

LW = —9uW — S;(XJrao H(1)0x W + (2tanh? x — 1)W

We use a scalar product with time-depending weight:
{ulv) = / S(x + 00 + H(1))u(x)v(x)dx
R
for which L is self-adjoint and coercive, so that:

1
Wl ~ <LW‘W>t2 and [| Wl ~ LW 2.
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Variational estimates
W = Voo (t, X) + JLW + ha(t)EW + F(t, X, o9, A, W)
-1 -1
Vra(t )l < Ceal—ctoo+ H)). J=( 31 77 ),

!
LW = 9 W — s;(x—l—cro + H()0W + (2tanh? x — 1)W, (W = 8 W + tanh(x)W

IFlliz < ClWlimz (IAl + [[Wl[g1) + Cexp(—c(oo + H(1)))

d

(LW W) < —ILWIE; + (10l + A+ [ Wil JIEWIE; + Cexp(—cloo + DLWz
Assumption: [h| < g
While [A] < & and | W[/ < 4. then

Ey

d 1 ,
E<£W’W>t + 3 IEWIE; < Cexp(~20(o0 + H(D))

%<LW’ W>t + a<LW] W>t < Cexp(—2¢(og + H(t)))
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Comparison lemma

P 1
Assumption: clh| < 5o

While [A] < & and | W[4 < 4. then

%<£W‘ W>t + a<£W‘ W>t < Cexp(—2c(ag + H(1))),
so <zw‘ W>t < Y(t) where Y satisfies Y’ + aY = Cexp(—2c(ag + H(1))).

Y(t) = Yy exp(—at) + exp(—2coq) /Ot Cexp(—a(t — s)) exp(—2cH(s))ds.

We need:
@ Y(t) small for all time if Y(0) is small and o large enough,
e Y(t)—0
@ to control A, 4/Y(t) integrable and its integral can be as small as necessary.

Assumption on h
@ |h(t)| small enough

1
t 2
ot </ exp(—a(t —s) — 20H(s))ds> tends to zero when t — +oo and integrable on R+.
0

Example: if 0 < h~ < h(t) < o
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Conclusion

@ Static solution for small constant h,
@ Static solution for multiply notched wire
@ Dynamics far from the notch

@ Stability threshold for h;?
@ Dynamics of the walls for wires with several notches?
@ Dynamics induced by electric current?
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Thank you for your attention
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