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ABSTRACT

In this paper, we establish the existence of global-in-time weak solutions for
the Landau-Lifschitz-Gilbert equation with magnetostriction in the case of mixed
boundary conditions. From this model, we derive by asymptotic method a two-
dimensional model for thin ferromagnetic plates taking into account magnetostric-
tive effects.
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1. Introduction

Ferromagnetic materials are characterized by a spontaneous magnetization, even in the
absence of an external magnetic field. This magnetization influences the shape of the
materials, and conversely, a deformation of the material leads to a change in magneti-
zation. This phenomenon, called magnetostriction, is used for industrial applications,
for example in magnetostrictive pressure sensors or ultrasonic transducers.

In this paper, starting from the 3D model describing the time behavior of the mag-
netization of a material taking into account the magnetostriction, our goal is to obtain
and justify by asymptotic method a two-dimensional model of thin ferromagnetic plate.
We first describe the three-dimensional model coupling Landau-Lifschitz-Gilbert with
elasticity equations (see [15]).

1.1. Three dimensional model

We denote by €, the domain occupied by the ferromagnetic material, and by m(t,x) €
R? the magnetic moment at time t and at point x = (x1, X2, x3) € Q. We assume that
the material is saturated, so that m satisfies the saturation constraint |m(t,x)| = m;
a.e., where my is a constant expressed in A.m~'. The dynamics of m is described by
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the Landau-Lifschitz-Gilbert equation (see [1], [5], [8] and [14]):

ot m, Bt (1)

Opm =0 on R" x 99,

where x is the cross product in R3, 7 is the gyromagnetic ratio (expressed in A.s.kg™1),
« is the dimensionless damping coefficient and n the outward unit normal vector on
0. The effective field Heg (expressed in T = kg.s™2.A71) is given by:

A
Her = mAm + poha(m) + po¥(m) + (A™ : o)m,

s

where

A is the exchange constant (expressed in J.m~!),

o 1o = 4m.107"kg.m.s"2. A2 is the vacuum permeability,

e U is an anisotropic linear term satisfying: ¥(m) = —V®(m), where ® : R — R
is a non negative quadratic form,

e the demagnetizing field hy(m) is calculated from m solving the static Maxwell

equation coupled with the law of Faraday:

curl hy(m) =0 and div (hgy(m)+m) =0, (2)

where m is the extension of m by zero outside €2,

e in the magnetostrictive term, o is the stress tensor (2-tensor expressed in
kg.m~1.s72), A™ is a 4-tensor expressed in m?. A2, and : is the contraction
operator (see below).

Notation 1. Let A be a 4-tensor in R3. Let £ be a 3 x 3 matrix. We denote A : £ the
3 x 3 matrix which entries are given by:

3
(A:&)i; = Z ZAijkl‘Skl-

3
k=11=1

Let € and ¢ be two 3 x 3 matrices. We denote £ : ( the scalar given by:

3 3
§:0=) ) &Gy

i=1 j=1

The Landau-Lifschitz-Gilbert Equation (1) is coupled with the wave elasticity equa-
tion:
0%u

where p is the mass density (expressed in kg.m™3) and where the stress tensor o is
given by o = A€ : €€, with



e A®is a 4-tensor (expressed in kg.m~1s72),

e the total strain €® is a 3 x 3 matrix obtained from the linearized strain tensor
e(u) and the magnetostrictive strain tensor e™ by the relation e(u) = €© + ™,
with

1 8111' ou;
eij(u) = < .

— m_ Am.
5 an+8Xi> and € m ® m,

where m@m = m -?

m;m;.

m is the 3 x 3 matrix which entries are given by (m®@m);; =

The 4-tensors A® and A™ are supposed to be symmetric and positive, as defined
below:

Definition 1.1. Let A be a 4-tensor in R3. This tensor is said to be symmetric if:
Vi, g, k1) € {1,2,3, Agjir = Njirg = Nijie = M-

This tensor is said to be positive if there exists A* € R*" such that for all symmetric
matrix § of entries §;;, we have:

ZAijkl&jﬁm > A" Z 1

ijkl ij

We assume that the material is clamped on I'y C 9 and that a surface force
f (expressed in N.m?) is applied on 'y = 9Q \ I'1, so that we have the following
boundary conditions:

u=0 onlTI}y,

(4)

o-n=Ff only,

In order to obtain a dimensionless model, we write m(t,x) = msm(%, %) and

u(t,x) = Eu(%, %), where the characteristic time 7 and the exchange length ¢ are
respectively given by:

1 A
and (7 =——.
YHOM s HoTNg

T =

We denote by ¢ = t/7 the dimensionless time and by x = (z1,z2,23) = x/{ € Q = Q /4
the dimensionless position. We denote by I'y = I'1 /¢ and 'y = I's/¢. We introduce
the dimensionless tensors A™ and A° such that:

1 2
A™ = ﬁg)\m and A® = pom3i\°,
and we define the dimensionless applied force f € L?(T'y) by f = uom?2f. We denote
then by ¢ and p the dimensionless stress tensor and density given respectively by:

py*A

o(t,x) = %U(Tt,ﬁx) =\ :e(u) = A : (A" :m@m))(t,z) and p=

S



We obtain then the following dimensionless model: m(t, z) and (¢, x) are defined
for t € RT and x €  and satisfy:

T amx 2= —(1+a*)m x Hog in RT x Q,

Heg = Am + hg(m) + ¥ (m) + (A™ : o)m,
oc=A:e® with e°=¢(u)—AN":mem,

9%u

pwfdiVJ:OirllR'~'><Q7

with the following boundary conditions
Onm = 0 on RT x 09,
u(t,r) =0 on RT x I'y, (6)
o-n=fonR" xTs,

We remark that from the assumptions on A€, there exists a constant A®* > 0 such
that for all symmetric 2-tensor &:

Z Az]klgljé—kl > A7 Z |£Z] ’2 (7)

ijkl

Note that o and p are dimensionless constants whose values do not affect the math-
ematical analysis of the equations. We therefore take them equal to 1. We define the
space

V(Q) ={ve H(QR?; v=0o0nT}.

For m € HY(£;5%), v € V() and w € L*(;R3), we define the energy &(m, v, w)
by:

E(m,v,w) = /\Vm \d:r—i—/ ))dx + = / |hg(m)(z)|?dx

" ©:eo(x) : (@) + - /|w Ve — 2 [ f(s) - u(s) dr,

2 Jr,
(8)
where ¢°(z) = e(v(z)) — A™ : m(x) ® m(x).
We aim to solve the Cauchy problem coupling (5)-(6) with the following initial

>~ =

Q



conditions:

m(t =0) =mg in Q,

u(t = 0) = Uup in Q, (9)
0 .
a—?(tzO) =y in €,

where mo € H*(Q;52), ugp € V() and u; € L*(Q;R?). We define the notion of weak
solutions for the previous Cauchy problem:

Definition 1.2. We say that (m,u) is a weak solution for (5)-(6)-(9) if

(1) m € L>®(R*; H'(Q;R?)), 687;': € L*(RT; L*(;R3)) and m(0, -) = mo,

(2) m satisfies the saturation constraint

|m(t,x)| =1 for almost every (t,z) € RT x Q, (10)
(3) ue LR V(Q)), %1; € L™(RT; L*(R%)) and (0, -) = up,
(4) for all x € C°(RT; H(Q;R?)),

3

om om B om  Ox
/R+><Q (875 o at) X 2/R+><Q;m - Ox; . 0x;
—2/ m X (hg(m) + ¥ (m) + (A" : o)m) - x, (11)
R+xQ
with 0 = A :e(u) — A°: (A" : m®@m),
(5) for all x € C°(RT; V(Q2)),
ou 0
p [ S [ )i+ [ fe
rtxq Ot Ot Jrpixq R+ xT, (12)
—/ urx(0,z) = — A (A" :mem)) :e(x),
Q R+ xQ

(6) we have the following energy inequality: for all ¢ > 0,

. t
E(m(t, -),ult, -), %(t’ ) +/0 /Q

where £ is defined by (8).

2

om dr dx < E(mo,uo,u1)  (13)

E(ﬂ ZL‘)

1.2. Statement of the results

First, we establish the existence of global-in-time weak solutions for the Cauchy prob-
lem (5)-(6)-(9). Such a result is proved in [8] for homogeneous Dirichlet boundary
conditions for the deformation. With the same method, we address mixed boundary
conditions and we obtain the following theorem:



Theorem 1.3. Let mg € H'(Q;52%), up € V(2), uy € L*(Q) and f € L?*(T's). Then,
there exists a weak solution (m,w) for (5)-(6)-(9).

In a second time, we aim to obtain a reduced two-dimensional model for thin ferro-
magnetic plate. We consider a thin plate €, of the form Q, = wx] —n,n[, where w is
a smooth bounded domain of R2.

Figure 1. Q, = wx] —n,n[

We assume that this plate is clamped on I' = Cyx] — n,7[, (where C; C dw such
that the one-dimensional measure of C; is non vanishing). We denote by Co = dw \ C1,
I} = Cox] —nn, Il = @ x {4+n} and T" = @ x {—n}, so that I'{ UT] (with
'] =T)UT7 UT") is a partition of 9.

We define the spaces:

V(Q,)={ve Hl(Qn;RS) ; v=0onTI7},

Ww) = {v=(v;) € HY(w)xH (w)xH*(w); v; = 0 on C; and dyv3 = dhvz = 0 on Ci}.

Notation: for y = (y1,y2,y3) € R3, we denote yr = (y1, y2)-

Let h € L?(Co;R3) and g+ and g~ in L?(w; R3). We define the n-depending boundary
data on I'y by:

Vor €w, Va e {1,2}, fl(vr,£n) = gX(zr) and fi(zr,£n) = ng5 (z1),
v(xT7x3) € C2X] - nan[a Va € {1a 2}a fjn“(:ETvx?)) = hT('IT)?

Y (zp,z3) € Cax| —n,n|, Yo € {1,2}, fg(.TT,.CCg) = nhs(z7).
(14)

Let mg € H'(w; S?(0,1)), iig € W(w) and u; € L?(w;R3). We assume that the third



component of u; vanishes: ;3 = 0 on w. We define the 7-depending initial data by:
for x = (z7,x3) € ),

m{(zr, x3) = mo(xr),

i x5,
Va € {1,2}, uf (27, 23) = fig.a(2r) — —daiios(wr),
"
(15)
1

ugs(wr, x3) = o 3(2r),

ul(zr, x3) = w (7).

We consider (m",u") the weak solution of (5)-(6)-(9), given by Theorem 1.3, with
initial data m, u{, u] and external force f" previously defined. We rescale this solution
in order to work on the fixed domain Q; = wx] — 1, 1[: for (z7,z3) € Q1, we set:

Mn(ta xT, 33’3) = mn(t7 xT, 77333)7 Hn(tv xT, $3) = (hd(mn))(tv xT, 77333),
(16)
U’?‘(tv xT, $3) = ug“(t> xT, 771'3)7 U3T](ta xrT, l’3) = ng(ta xrr, 775173)

We obtain the following convergence result, announced in [13] in the isotropic case:

Theorem 1.4. Using the notations above, when n tends to zero, there exists a sub-
sequence still denoted (M", H",U"), such that M" tends to M in L>(0,T; H'(1))
weak *, H" tends to H in L>=(0,T; L*(Q1)) strongly, U tends to U in L>(0,T;V (£21))
weak *. In addition, M does not depend on its third variable and there exists t € VW(w)
such that:

Ua(zr, 23) = U (27) — 230003 for a € {1,2}, and Us(xp,x3) = Us(zr).

The limit (M,u) is a weak solution for the following initial and boundary value
problem:

oM oM
W—Mx§:—2M><HeH(M) in RT x w

with Heg(M) = AM — (M, é3)é3 + V(M) + (A™ : 7)) M,

1
—dive = —5(9:7: +97) in RT X w,
og=X%:¢e(ap) =X : (\": M@ M),
our

M(O, ) = mo,fLT(O, ) = ﬂo’T and W(O, ) = Ul,T,

OnM =0 on Ow, a7y =0 onCy and c.n = hy on Ca,

where X\*Y is a 4-tensor only depending on the coefficients of \° (see below), and where

2
div S is defined by (&Rf 5) =3 05Sas.
o =1



The new tensor A\°? arising in the two-dimensional model (17) is defined as follows:
we denote by G the set of symmetric real 3 x 3 matrices and by G, the set of the
matrices D = (d;;) € G such that dop = 0 for (a,8) € {1,2}%. We define the linear
operator K : G — G, by:

0 if (4,5) € {1,2}?,

(\:D)j= > Xjdn ifi=3orj=3
(k,)e{1,2,3}2

We claim that the restriction of K to G, is a bijection from G, to itself (see the proof
in subsection 3.4). We denote by T : G, — Gp, the inverse of Kg, . Then \*d is given
by:

¥Deg, A D= (D—T(K(D))). (18)

We remark that the resulting model (17) is indeed two-dimensional, but it does not
describe the behavior of the normal deformations. We remark also that in this regime,
the magnetization is not influenced by the normal deformations, so that our model is
closed.

This paper is organized as follows: Theorem 1.3 is proved in section 2. We follows
the method due to Alouges and Soyeur [2] and generalized in [9]. First, we prove
the existence of solution for a penalized system, in which the saturation constraint is
relaxed. Then, we take the limit when the penalization constant tends toward zero.
In [8], global existence for (5)-(9) is obtained in the case of a clamped sample, that is
with v = 0 on 9. Our proof is very close to the proof in [8]. We reproduce it for the
convenience of the reader in order to present a self-contained paper.

Theorem 1.4 is established in section 3. In order to avoid working on a domain
depending on 7, we perform a rescaling inspired both by [7] for the magnetization and
by [12] for the deformation. The thickness parameter 7 appears then as a stiff term in
the equations. Nevertheless, we are able to obtain a limit model thanks to the energy
inequality and by choosing convenient test functions in the rescaled weak formulation.

2. Weak solutions for the Landau-Lifschitz-Gilbert equation with
magnestostriction

Let mog € H'(Q) with values in the unit sphere S%, ug € V(Q), u; € L?() and
f € L3(Ty).

2.1. Penalized system

As in [2] and [8], we relax the saturation contraint and for ¢ > 0, we consider the
following penalized system:



oms omS ¢
TR TR

1
E(|mc\2 —1)m® =0inRT x Q,

HS = AmS + hag(mS) + ¥(mS) + (A™ : 0%)m<,
oC =2 e(ul) — A (W™ :mS @mS),

%S

W—diVUCZOiHRJ’_XQ,

mC(tZO) = my, uc(tzo)ZU(), W(t:O) = ui,

[ Oum® =0o0nRY x9Q, uS(t,r) =0o0on Rt xTy, oSn=fonRT xTy.
(19)
For a fixed penalization parameter ¢ > 0, we construct by Galerkine method a weak
solution for (19) such that

¢
(1) m¢ € L®(R*; H'(;R3)) and om® LA(RY; L2 (S RY)),

ot
¢
(2) u¢ € L®(R*T;V(Q))) and % € L®(RT; L*(;R?)),

(3) for all t > 0, we have the following energy inequality:

0+ 4 Q(\mg(t,w)!2—1>2dx+/ot/ﬂ

ul
with £9(t) = E(mS(t, - ), us(t, ')’aat(t’ ).

2
drdz < £5(0)

omS(r, )
ot

We recall that since the surface measure of I'y is positive, the Korn inequality below
is valid (see [11], Theorem 6.3-4 page 292): there exists a constant ¢(£2) such that for
all v € V(),

. 2
/Qa(v) ce(v) > C(Q)/Q lv|*. (20)

This inequality yields that |- ||y = ([, e(+) :e(- ))é is a norm on V(2) equivalent to

the norm |- ||y = (Jo |- |*+|V-[?)?, and then it is also equivalent to the norm
e = (olV- )=

-

2.1.1. First step: Galerkin approzimation
For m, we use a Galerkin basis (ej, ea,...) of eigenvectors of —A with homogeneous

Neumann conditions at the boundary.

—Ae; = o4e; in €,
One; = 0 on 0f).



We denote by Viy =span(ey,...,exn) and by Py the orthogonal projection map onto
V.

For u, we use a the Galerkin basis (¢1, @9, ...) of eigenvectors of —div (A° : ) with
homogeneous mixed conditions at the boundary:

—div (A?: &(¢;)) = bj¢; in 2,
gbj =0 on Fl, (21)
(A :e(¢))) - n=0onTs.

We denote by Wy =span(¢1,...,¢n) and by Iy the orthogonal projection map into
Wh.

We cons1der for N fixed, the following Galerkin problem: Find m§ N 10, TN[—= VN
and uN [0, Tn[— W, such that Vg1 € Vy and g2 € Wy, we have

/mNgl+/mN

Hie = AmS, + ha(mfy) + U (my) + (A" : o3 )mS,

/Heff 91+</ \mN\Q—l)mN g1 =0in RT,

O']CV =)\ E?\}C with 5?\’,4 = E(ug\,) — A m?v ® mgv,

d? :
pTo) U§v 92+/Q(/\ o%) s elga) — g fg2=0in R,
¢ ¢ dusy
my(t =0) = Py(mo), up(t=0)=1IIy(uo), W(t =0) = (u1).
(22)
By the Cauchy-Lipschitz theorem, as in subsection 2.1 in [8], there exists a unique

solution (m§V7 ug\,) for (22) whose maximal existence time is denoted by Ty .

2.1.2. Energy estimate on the Galerkin approximation

We denote by Sﬁ,(t) the following quantity:

£ (1) = 5(m§v<t D), 25, )

= /|va (t x)|2dx+/<b(m§v(t,x))dx+; |ha(mSy (¢, ) (z)|*dz
+ i/{z[)\eze‘;\’f( )] ta:da:+ /auNtde:c

- 1/ F(s)-uS, (¢, ) dTs.

2 Jr,

10



Using the symmetry of A°, we have:

dec _ /vm +/vq> +/ ha(m$;) - hd(am%)
dt N N RS ot

1 e e '85% BzuN 8uN / 6uN
+/Q<)"5N)'8t +§Qat2 T S A T

Since —hq is an orthogonal projection for the L?(R3)-inner product, we have:

/R3 hd(mN) ha( o )——/th(mN)'at-

In addition, using the symmetry of A™, we have:

0t (8u§\,)_2)\m. ®am§v
ot ot miy ot

Using that o = \°: ’C, by the symmetry of A and \™, we have:

m om§ m om§
oo (sl © S5 = [ s ofom | - =5

Therefore, we have:

d om§ om§ om§
dec C:N—/\IIC~N—/h ¢y, Omy
N /QVmN \v o ; (my) Y ; a(my) 5

om§ 1 o%uS,  Ous 1 ol
_ m. (¢ ¢ . N | * N YYN | 2 ¢ . N
/{(’\ 'UN)mN] ot +2/Q oz ot +2/QUN'€( 8t)

<
Taking g1 = %n—ti and go = 8g—tN in (22), we obtain that

i ¢ i C12 _1\2
a <5N+4C/Q<|mN| 1>)+/Q

and integrating from ¢t = 0 to t = T', we get that for all T' < T

1 ¢ 2
+4C/Q<rmN|

We establish the following lemma:

C 2
omy,

=0,
ot

amN

O+ 5 [ (Pwlmo) =12, (23

11



Lemma 2.1. There exists a constant C' such that for all w € V() and for all m €
H'(O;R?),

]' e m m Ae*
Q/QP\ He(w) = A" sm@m)] s (e(u) = A m @m) > - le(u)|7ag) = Cllml7 o).

where A** is the coercivity constant appearing in (7).
Proof. From (7), we have:
A (e(w) =A™ :m@m)]: (e(u) =A™ :m@m) > X*[e(u) — A™: m@m|*,

> 2 [le(u)] — A m@ml|?,

e+
2

v

e(u)]? — XA 1 m @ m)|?

using that (a — b)? > %a? — b%. By integrating on © and using that there exists a
constant K such that [A™ : m ® m|? < K|m|* we conclude the proof of Lemma
2.1. O

By the previous lemma, we obtain that

;/Q [)\e : (E(ugv) — . mgv ®m§v):| . (E(u%) ™. m§\7 ®m§\[)

> A le(i)F20) — CllmS 740

DN | =

Moreover, since the trace application H'(Q) — Hz(T) is linear continuous and with
the Cauchy-Schwarz inequality, there exist ¢ < 0 such that

[ e < ey 1o i

2

Thus, if ¢ is small enough, by using of (|¢|> —1)% > %\5\4 — 1, we obtain that
1 1| ous, || 1
v+ g7 [Umyl® =102 2 IVmyllfa + 5 || 55| + A le@i)ia)
¢ /g 2 || ot 4
L2 ()
i ¢ 12 1 2 20 5(Q) — ¢
+3¢ Q(|mN| ) mes(2) — |l fll L2 ro) lle(up) | 22()-

(24)

2.1.8. Limit in the Galerkin Approximation

Let us prove that the right-hand side of the energy estimate (23) is uniformly bounded
with respect to N. We will follow the calculation made in [8] section 2.3 and the
following.

12



Take the term 5};, (0), then the following calculation holds

/Q(AQ:E(HN(uO))):E(HN(ug)): —/div (A° : 2(TTy (110))) Ty (tt0)
+f9()\e : E(HN(UQ)))HN(U()) ‘n
= —jdiV (A2 e(ln (uo))) (uo),

Q

since Iy (ug) € Wi =spam(¢1,...,¢n) and ¢; satisfy (21), then ITy(ug) = 0 on I'y
and (A° : e(Ily(up)))n = 0 on I'y. Furthermore, Wy is stable by v — div (A° : €(v))
because —div (A° : e(¢;)) = —bj¢;, and Il is self-adjoint. Then, by Cauchy—Schwarz
inequality, we obtain

/Q (X eIy (u0))) : &(TIy (ug)) = /Q (X : e(TIy (ug))) : (o)
< /Q (0 e(TTy (o)) ey (u0)))* - (A° : e(uo)) - e(uo))

</Q o 8<HN(U0))>; </Q (A% : e(uo)) : €(uo)> y

This last inequality implies

N =
W=

IN

/ (X : (TIy (o)) (T (o)) < / (X : e(up)) (). (25)
Q

Q

With (25), we prove the density of NLi1WN in V(Q). For this, if v € V(Q), then Iy (v)
is also bounded in V(2) since f; = 0 on I'y. In addition,

[0 =) s elne) < [ (02w =(0)
Q

Q

so (¢(TIx(v)))y is bounded in L?(£2), hence (Il (v)) — €(v) weakly in L?(2), because
Iy (v) — v strongly in L?(Q). Then

lirn/Qs(HN(v)) ce(lIn(v)) < /Qe(v) te(v) < lirn/Qe(HN(v)) ce(lIn(v)),

then,

lim e(Mn(v)) : e(lly(v)) = / e(v) : e(v).

N—+oo Jo Q

It follows that there exists a positive constant K¢, uniformly bounded with respect
to N of the right side of (23). Hence, and from (24) together with the energy estimate

13



(23), we obtain that for ¢ small enough

2
6u§v
ot

1
[Vmillzz o) + 5

I 1
+ A lle(ui) a0y + 2= [ (Im&l” = 1)
4 8¢ Ja

L2(Q)

(26)
¢ ! 9
~clgllia el + [ [

< K¢ 4 2Cmes(Q).

The uniform bound (26) implies uniform bounds of the following quantities:
C

— in L2(0, Ty; L?(2)),

VmN in L>(0, Ty; L?(12)),

mSy in L0, Tiv; L4(2)),

[ ]

¢
. (T;V in L°(0, Ty; L*(Q)),
o c(uy) in L®(0, Tw; L2(2)).

This implies directly that Ty = +o0o. In addition, since the bounds do not de-
pend on N, we can assume that there exists a sub-sequence of (mf\,, uf\,) N, still noted
(mg\,7 ug\,)N, and there exist (m$,u¢) such that for all T > 0:

. mgv —m¢ in L>®(0,T; H(2)) weak x,
. m?v — mS in L>®(0,T; L*(Q)) strong (by applying the Aubin-Simon lemma, [3]
Theorem 11.5.16),
om _ omS
% - gz in L2(0, T; L2(R)) weak,
. u§V — S in L®(0,T;V(Q)) weak *,
gy 9
% - 67ut in L>(0,T; L*(Q)) weak x.
Let us study the limit in the initial condition. On the one hand, using Aubin-Simon

Lemma [3], we have

m?v — m¢ and u?v — u in CO([0, TT; LA()).
On the other hand, using Hilbert basis properties, we have
Pn(mg) = mg and Iy (ug) — ug in L*(Q).
Therefore, by the uniqueness of the limit,
mS(t = 0) = mg and u’(t = 0) = uo.

By the third equation of (22), at: is bounded uniformly with respect to IV in
L>(0,T; L*(R)), then (8"N) is bounded in W1°°(0, T'; L?(£2)), so there exists a sub-
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8uN ), such that

sequence, still noted (=g

8u§v ous . 9 «
W W n L (O, T, L (Q)) Weak— .

The application tr defined by

tr: WHee(0,T; L*(Q)) — L*(Q)
h —  h(0)

is linear continuous for the weak * topology, then

8u§v ou’
o =0

Additionally, we have

Therefore

Finally, taking the limit of the Galerkin approximation (22) and the lower limit in
the energy formula (23), we obtain, for a fixed ¢ small enough, that the weak limit
(m,uc) is a weak solution of the penalized system (19) and satisfies the following
energy formula

1
8(”@ (Im| ~

8”’” < £(0), (27)

¢
where &€ is defined by £(t) = E(mS(t, - ),ul(t, ), %(t, ).

2.2. Limit when { tends to zero

We remark that the right side of the estimate of energy (27) does not depend on ¢,
because the initial data mg satisfies |mg| = 1 a.e., then, by using the same arguments
as in the previous section, we obtain uniform bounds with respect to ¢ for the following
quantities:

oms

in L*(R*; L*(Q)),
Vm¢ in L®(R*; L2(Q)),
m¢ in L®°(R*; L4(Q)),
e(u) in L(RF3L3(02),
dus

v in L°(RT; L2()).

15



Therefore, there exists a subsequence still noted (mc, us )¢, such that for all T' > 0,

e m¢ —m in L>®(0,T; H'(Q)) weak *,
e mS — m in L*(0,T; L*(Q)) strong (by applying the Aubin-Simon lemma [3
y 43 g (Dy applying

Theorem I1.5.16),

oms om

2 in L%(0,T; L%(Q k
I O i £2(0,T; L2(5) weal,

e ut —uin L®(0,T; V() weak *,
ous ou

PR N S8 .72
* = 5 in L*(0,T; L*(2)) weak .

1
If we apply the same calculation as in (26) and (27), we obtain that I / (JmS|?—1)2
Q

is bounded uniformly with respect to (, so /(|mg|2 —1)%2 = 0 as ¢ tends to zero,
Q

and since m¢ — m in L>(0,T; L*(Q)) strong, then we obtain that m satisfies the
saturation constraint (10).

Now, using the strong and weak convergence and by taking the limit of (27) as
¢ — 0, we obtain that for all T'> 0

u T m 2
E(m(T),u(T),gt(t))+/0 /Q %(s,x) dx < E(mo, ug, u1). (28)

In order to show that (m,u) satisfies the Landau-Lifschitz-Gilbert equation, we
take the inner product of the first equation of (19) and the test function (¢,z) —
mS(t,x) x x(t, ), where y € C°(R*; H*(Q)) compactly supported in [0, T (as in [8],
[2] and [9]), then by making the limit as ¢ goes to zero, we obtain

om om 3 om 0x
- - =9 .
/R+x9 ( ot m X pr ) x(t, z)dt dx A+X9;m X 9z, O,
—2/ m x (ha(m) + ¥(m)) - x — 2/ m x ((Am L s(u)))m) X
Rt xQ R*X+Q

—2 /RX+Qm X (()\m (A (A m®m)))m> X

Furthermore, if we take the inner product of the third equation of (19), and a test
function x € C°(R™; V(€)), and by passing to the limit as ¢ tends to zero, we obtain

ou Ox e. . - ’
A R IR Ry R A

=— (A (A" :mem)) :e(x).
Rt xQ

Consequently, (m, u), is a global in time weak solution of (5)-(6)-(9), which concludes
the proof of Theorem 1.3 .

16



3. Asymptotic model for plates: proof of Theorem 1.4

Let w be a regular bounded domain in R%. We assume that its boundary Ow is divided
in two parts of empty intersection: dw = C;UCs, such that the one dimensional measure
of Cq is positive.

Given n > 0, we denote:

b anwx]_nan[a
° F?:Clx] _77?77[7
OFZ:CQX]—’U,?’][, FZZLUX{—’U}’ Fi:wx{nh Fg:FZUFZUFZ

We recall the definitions of the following spaces:
V(Q,) ={ve H(Q,); v=00onT7},
V() ={ve HY(Q1); v=0onT1i},
V(w)={ve H(w); v=00nC},
W(w) = {v=(v;) € H(w) x H'(w) x H*(w); v; =0 on C; and d1v3 = drv3 =0 on (1 },
V() ={¢€ H' (Q1); £ =0o0nT{ and g;3(¢) = 0in Q; for i € {1,2,3}}.

We recall without proof the following result, proved in details in [10] (of Th. 1.4.1.).

Lemma 3.1. The application I defined as follows:

I: W(UJ) — VKL(QI)
v — ((va — 2304v3),v3),
s an isomorphism.
Let mg € HY(w;5%(0,1)), 4 € W(w) and uy € L?(w;R?) such that (u;)3 = 0. We
define m{ € H'(Q,; S?), ud € V(Q,) and u] € L*(Q,; R3) by:
mg (e, 3) = mo(z7),
T

_ 34 -
Vae{1,2}, ugﬂ(ZET,l'g,) = Up,o(xT) — n o 3(2T),

ug 3(rr, 23) = ;a0s(ar),

uwl(zr, x3) = wi(ar).

Let gt and g- € L?(w) and h € L*(C2). From these data, we define on I'] the

17



n-depending boundary data f" by:

Vaor € w, Va € {1,2}, fl(zr,+n) = gf(:L‘T) and fg’(:vT,:I:n) = HQggc(:ET),

V (z7,x3) € Cox] —n,n[, Yo € {1,2}, fl(zr,x3) = hy(zr),

V (z7,23) € Cox] —n,n[, Va € {1,2}, fi(zr,x3) = nhs(zr).
We consider then the solution for the initial and boundary value problem (5)—(6)(—?63
with these initial and boundary data, and we define the rescaled variables M", U" and

H" by:

Mn(t,l'T,.’Eg) = mn(t7xT777x3)7 Hn(ta $T,1’3) - (hd(mn))(tv xT:nx3)7

Urg(t, xr,T3) = u?(t,xT,nxg), Ug(t,l‘T,iL'g) = nug(t,xT,nxg). oy
We define the 2-tensor &(n, &) for £ € C*°(RT; V(Q4)) by
ool €)= Ep(€) or B € {1.2)
ea3(1:€) = —ca3(¢) for a € {1,2}, (32)
es3(n,§) = ﬁ533(§),
So that we have:
e(u) =e(n,U"). (33)

Now we rewrite the properties satisfied by m” and u" (see Definition 1.2) for the
rescaled variables. We obtain that:

M7
o M7 c L®RT; H'(Q;RY)), oM™ LA(RY; L2(Q;R?)), and |[M"(t,z)| = 1 for

ot

a.e. (t,z) € RT x Qy,

M0, z1,z2, x3) = m(0, z1,x2,n23) = mo(z1, x2) in the trace sense,
n

U e L®°(RT; V(€)) and agt e L=(R*; LlQy)),

U"(0,x1,x2,x3) = ug(z1,z2) in the trace sense,
for all y € C°(RT; HY(Q1;R3)), we define x7 € C°(RT; H'(Q,; R?)) by:

€3
Xn(t,$717, 1"7277‘7"7?3) = X(ta X1, T2, ?)

18



Taking x" as a test function in (11), we obtain that:

2
n n
/ <8M —M"XW>X:2/ E M x 9y M" - O x
R+Xﬂl at at R+X91 a=1

2
+— M" x 93M™ -0 2/ M"x (H?"+ U (M) -
772 Rt x€y ’ sX R+xQy ( ( )) X (34)
—2 (M7 x (A= (A®: e(n, UT)))M") - x

R+><Ql
+2/ M7 (A™ (A (A M@ M™))MT) - x,
R+><Ql

e for all £ € C®°(RT;V(£1)), we define £7 € C*(RT; V(Q,)) by:

§Z(t, wl,.%'g,xg) = fa(t,l‘l,:tg, %) fOI‘ o = 1,2,
(35)
n 1 I3
’53(ta 1'1,.%'2,.%3) = 753(15755171‘27 7)
n n
We remark then that
e(€") =¢e,$). (36)

Taking £ as a test function in (12), using that the third component of u; = 0,
we obtain that:

2
UL 9 | 1 U3 D3 /
ot T2 5 A A :e(n,UM) :e(n,
/R“(Qlo; ot ot Jr172 /R+XQI ot Ot R*xﬂl( e(n,U")) :e(n,§)

+/ grE— g+-§+/ hee— [ w-€0,2)
R+t xI'L R+xTL R+xT'% [N

:/ (A (A" M@ M) e(n,§).
R+ xQ4
(37)

e for all t > 0, from (13), we have

8"(t)+/0t/91

2

OMI™ — gn(), (38)

ot
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where

1 ou"
n —_ moa,mn
ENt) - ng(m,u, Ot)
2
= /ZWM” +/ |93 M| +/ MM+ [ |H")?
M g=1 R3
1
+ o5 [ PO U) =N MT @ M) (e(n, U) = AT M7 @ M)
1 o 1aU;]2 R —
+2A;<;26t 8t>_/lglf_/f‘U

h-U,
r}

3.1. Uniform bound and limit when n tends to zero

Since M"(0) does not depend on z3, we have:

EN0) = TE(myuful)
- /[ZIﬁ mo|? +<I>(mo)] de+/ |H(0)2dz
W la=1
+ ;/ﬂ (A2 (e(n, UT(0)) — A™ : mg ® mo)] = (e(n, U"(0)) — A™ : mg @ myg)

+ /|U17T’2d$T —/ (gi +g+) dxrr - ug —/ h-ug.
w w ¥

Since €;3(U"(0)) = 0 for i € {1,2,3}, (n,U"(0)) does not depend on 7. In addition,

1 1
[H(0)2dz = ~ |mwmmWs/|mesmmmm.
R3 N JRrs nJa,

Therefore, there exists a constant C1, independent of 7, such that:
Vn >0, £7(0) < C4. (39)

Using (39) and the same arguments as in the proof of Lemma 2.1, using also the
saturation constraint satisfied by M", we obtain that there exists a constant C' such
that for all n,

1/ X (e(n, U") — A™ : M" @ M™)] : (e(n, U") — A™ : M" @ M™)
2 Jo, (40)

ex

A
> Zlle(n U2 — C-
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By continuity of the trace from H'(Q) into H %(89), we have

/g‘.Un+/ g+~U’7+/ h- U < CollU"][ 202 (41)
L Ty L

where Cs is a constant depending only on £2;.
Now, using the energy inequality (38), and inequalities (40), (41) and the fact that
®(M™) is non negative, for all ¢ > 0, we have

2 t 2
oM™
> 10 M e,y + 1M 0 + HH"H%2<R3> %
a=1 0 J
xe* azﬂ7 ? ouy |I?
+= llen, U220,y — C1 = CallU | 87153
L2(4) L2 ()
< EM7(0).
(42)
Using Definition (32) and Korn inequality (20) we can prove that
le(m 2@ 2 [1€@)lz2@) 2 cll€lla @) for all £ € V(Q1). (43)

Hence, applying Inequality (43) on (42), we obtain that, for all 7 > 0 and 7 in a
neighborhood of zero, there exists a constant C independent of 1 such that

oM
| 5 ||L o122 < C,
101 M| oo (0,7 22(020)) + 102 M| Loe 0.7522(00)) < O

1
*||33Mn|\Lw(0T~L2( o)) < C,

HU”HLM o1:22(0)) < C,

ouy ou,)
=5 HL o1z T =7 o 2 || L= (0.7:12(00)) < C,

1 aU”
o 5” o 3| o1 1200y < C

le(n, UMl 2,y < C,
[H| o O,T,LQ(R3)) <C.

So, we can extract subsequences, still denoted (M7, U") and H", such that when 7
tends to zero:

e M" — M in L>®(0,T; H*(Q1)) weak ,

M7 M .
aat oM in L2(0,T; L2(€)) weak,
e U" =~ U in L“(O,T;V(Ql)) weak *,

e(n,U") — Ain L>®(0,T; L*(1)) weak *,

oumn  oU o 9
* & o in L>°(0,T; L* (1)) weak x,
. al—>0mL°°(0 T; L*(4))

1)
ot
e H" —~ H in L*(0,T; L*(R3)) weak *.
(s

Using the Aubin-Simon lemma (see [3], Theorem I1.5.16), we can prove that M7 —
M in L>=(0,T; L™(Q1))NC°([0, T]; L?(Q4)) strong for r < 6. In addition, we can extract
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a subsequence, still denoted by (M™"),, such that M7 — M almost everywhere in
[0,7] x 1. Hence M verifies the saturation constraint

M| =1 a.e. in RT x €y,

and by continuity in time with values in L?(), M(0,z) = mo(x) in the trace sense.
Furthermore, we have d3M" — 0 in L®(0,T; L?(£)1)) strong, so M only depends
Us

0
on (t,z1,72) € RT X w and does not depend on x3. In addition, B = 0.

3.2. Limit in the Landau-Lifschitz Equation

In order to characterize H, the weak limit of H", we apply Lemma 2.A in [6] to obtain:

0
— 0 for (z,y,z2) € Oy,
H(t,x,y,z) = Ms(t, z,y) (44)
0 for x ¢ R3\ Q.

Let Y € C°(RT;D(®)), and define x in R x Q; by x(¢, 21,22, 23) = X(t, 21, 22).
Then, y € C°(RT; H(2)) and d3x = 0, so we can take y as a test function in (34).
Using the strong convergence of M" in L°°(0,T; L*(£21)) and the weak convergence of
%—Afn and VM" in L?(0, T x€21), by weak * convergence of £(n; U") in L*>(0,T; L?(Q4)),
we obtain that

oM oM &
- M _— Y — —2 M 8aM : 804 X
/R+><Ql ( 5t * at >X /R Z 8 X

X g=1
—2/ Mx(—Mgeg+\11(M))->z—2/ M x (A™: (A°: A))M -
Rt xQ, R+ %8,
+2 Mx (A" (A (A" : M @M)))M) - X.
R+><Ql

_ 1/t - ~
We denote A := 3 / Adzs, so that A is a symmetric 2-tensor. We define ¢ by:
-1
G=A:¢ withe*=A—-\": M@ M. (45)
Since y and M do not depend on x3, we obtain that:

2

oM oM\ . / -
M ox == =9 M X OuM - Oy
/R+><w < ot ot )X R+><wazz:1 X (46)
-2 M x (—Mses —i—\Il(M)) X —2 M x (A™: ()\e : 5))M-)2.

R+ xw R+ Xxw
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3.3. Limit in the elasticity wave equation

We remark that (%esag,(U”))77 for a« € {1,2} and (7]—12533(U”))77 are bounded in
L>(0,T; L*(£2)), because (e(n, U)), is bounded, this gives that e;3(U") — 0 strongly
in L>(0,T;L*Q)), for all T > 0, ie. g3(U) = 0 for i € {1,2,3}. Therefore,
U € L®(R";Vkr(1)), then by Lemma 3.1, there exist © € L®(R*";V(w)) such

that

Ua(t,x1,m0,23) = Un(t, 1, 22) — x305us for a € {1,2}, (47)
Us(t,xz1,x2,23) = Us(t,z1,22).

For abbreviation, we write 4y = (@1, U2). Using that U”7 — U in L*>(0,7;V (1))

weak *, since for all (o, 8) € {1,2}2, (e(7,U"))ag = (£(U"))ap, We obtain at the weak
limit that:

Aas = €ap(U) for (o, ) € {1,2}%. (48)
Taking the average in the variable z3 € [—1,1] and using (47), we obtain that:
Aup = eaplir)  for (o, B) € {1,2}2. (49)
For v € C*®°(RT; W(w)), we define £ € C*®°(R; V(1)) by
a1, 20,23) = vo(x1,22) — 2304v3(21,22) for a = 1,2, (50)
§3(w1, 22, 73) = v3(x1, 22).

Then, €;3(§) = 0 for i € {1,2,3}, so that e(n,&) = ¢(£). With £ as a test function in
the weak formulation (37), we obtain

2
OUd 98 | 1 oUy &3 /

ot T o o X re(n,UM))
/]Rﬁ-leoéz:1 ot ot n? /R+><Ql ot ot R+><Ql( e(n ) 1 €(€)

+/ g+-£—/ g+~£+/ hee [ w0 G
R+xI't R+ XTI} R+xTI'3 0

- (X (A™: M@ M7)) : (8).
Rt xQ,

Taking v = (v, v2,0) in (51), where v1 and vy are in C*°(R™;V(w)), we obtain:

2

oU/! Ov, /
“a, )\e:&? ’U77 ;5&'
/R+><Qlaz::1 ot ot R+x§21( (n ) = e(€)
+

+/ (9 —9_)T'UT+/ hT'vT—/ uy,r - vr(0, )
R+ xw R+ XT3 Q0

:/ ST A MY M))as : cap(v).
Rt x4 (o,B)E{1,2}2
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By taking the limit when 7 tends to zero, we obtain that, for all vy € C®(R*; V(w)):
_ 2
8uT (9’UT / - 1 / _
—_— = A A)upea = A :
/RWW o ot e > | Japeap(vr) + 3 RWW(QT +97)-vr

+xw aﬁ:l
2

+ / b vr — / wigor(0,2) = — / SO0 (X M @ M))aseas(v),
R+ XxCs R+ xw R xw af=1

and therefore, using notation (45), we have:

dir Ovr / ~ 1 / L
- Tap€ap(v) + 5 (97 +9 )'UT+/ ho -vr
/R+><w at at Rt xw az aptap 2 Rt xw T r Rt xCq

—/ ulTUT(O, :L') =0.
Rt Xw
(52)

3.4. Characterization of o

For all £ € C*°(R™; V(£;)), multiplying (37) by 7% and taking the limit when 7 tends
to zero, we obtain that

oUs 0
/R+><Ql 37,53 : 8% - (A®: A)zzess(§) = —/ (A® 2 (A™ : M ® M))szess(E).

R+x0Q, R+t %8,
(53)

ouU.
We remark that 87t3 = 0, so the first integral in (53) vanishes. For ¢ € D(RT x w),

we choose ¢ such that:

(o =0fora=1,2
§3 = x3,

then es3(€) = ¢, and (53) implies

[0 dme= [ 0csom M@ M),
R+ xw R+ Xw
since M and ¢ are independent of x3. Then
(A A)zz = (A : (A" : M ® M))s3 in L2(RT x w).
Fix a € {1,2} and choose ¢ such that &, = 3¢, and & = 0 for i # «, where

¢ € D(RT x w), then eq3(€) = 3¢ and e33(¢) = 0. Replacing ¢ by its value in (37),
multiplying the obtained equation by 1 and n — 0, we get:

/ (A°: A)ase :/ (A% (A2 M @ M))aszep.
R+><Ql R+><Q1
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This is true for all p € D(RT xw), then by using the fact that ¢ and M are independent
of x3, we obtain

(A A)pg = (N (A" M ® M))ys in LX(RT x w). (54)
Therefore, we obtain that:
Vie{1,2,3}, 03 =03 =0. (55)
We define I and J by:
I={(i,j) €{1,2}*} and J={(i,j) €{1,2,3}% i=3orj=3}.

We denote by G the set of symmetric real 3 x 3 matrices endowed with the scalar
product :. We denote by G, the set of the matrices D = (d;j) € G such that dog = 0
for (o, 8) € I, and by Gr the set of the matricies D = (d;;) € G such that d;; = 0 for
(i,7) € J, so that

g:gT@Lgn

For D € G, we define (D) € G, by:

0if (i,5) e,
A\ :D)y = D Xd if (i,5) € J.
(k,1)e{1,2,3}?

We remark that C is linear and that its restriction to G, is a bijection from G, to
itself. Indeed, if D € G,, with (D) = 0, we have:

0= Y (K(D))i;Dyj since K(D) =0,
(=

= Z ()\e . D)ijDija
(i,9)eJ

— Z (A°: D);;Dyj since Dy; = 0 if (i,5) € I,
(i,7)€{1,2,3}2

= (A\*:D):D.

So by positivity of A\¢, if (D) = 0 with D € G, then D = 0. So K is bijective from G,
into G,,. We denote by T : G,, — G,, the inverse of IC|gn. We split € as € = €7 + €,
where:

0 if (i,5) € J,

(e7)ij =
e(tr)ij — (A" : M @ M);; if (i,5) € 1,
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and

0if (4,5) € I,
(€n)ij =

Aij — (A™ M®M)ij if (i,7) € J.

By (55), K(e7- +€5) =0, so K(e5,) = —IC(€7). Since €}, € G, we obtain that:

n

Therefore,

We denote by A*? the 4-tensor defined by:
for D e G, X:D=X:(D-T(K(D))),
so that we have:
o =X (e(ar) — A" : M @M).
Remark 1. In the isotropic case, that is for A°® given by

v

1-2v

E
VS eqg, (\°: S)Z] = m <SZJ +

where E is the young modulus and v € [0, %[ is the Poisson coefficient, we obtain that

o is deduced from €7 by:

0ifi=3orj=3,

0ij = ~
1% ()i + 155 () ) if (5.4) € {1.2)2,

where tr €5 = (¢5)11 + (€5)22. This particular case was studied in [13].

4. Conclusion

We have obtained the following 2d-model for thin ferromagnetic plates with magne-
tostriction:

M
o M € L®(R*; HY(w; 5?)), % € L*(R" x w),
o Gy € L®(R*; HY(w;R?)) with @iy = 0 on RT xC; and aautT € L®(RT; L*(w; R?))
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e For all Yy € C°(R*; H(w;R?)),

2
oM oM
- M x (=2 M % 0 M - 9pX
~/R+><w<8t 8t>x /]R+><u)o[Z X0 ax

—2 M x (—Mses + U(M) + (\™ : 5)M) - X.

Rt xw

e For all vr € COO(R+§ V(Q§R2))’

8UT 81)T / 1/ + —
B vabrval TapEap(vr) (97 +97) - vr
/R‘*’Xw ot R Z o Olﬁ 2 Rt xw r T

/ hT U — / ulTvT(O, .7}) =0.
R+ xCs Rt xw

o 0 = N\ with € = e(ur) — A™: M @ M.

We remark that the equation in vy is hyperbolic since the equivalent tensor A°9 is
positive on Gr. Indeed, if D € G, then:

(X9:D):D=(\:(D-T(K(D)))):D.
We remark that A°: (D — T(K(D))) € Gr and T(K(D)) € G,. Thus,

(X9:D):D= (A*:(D-T(K(D)))):(D-T(K(D)))

Y

A“|D = T(K(D))]*

v

|| D||? since G L G,,.

It is well known that in 3d, the weak solutions for the Landau Lifschitz equation are
not unique (see [2]). The uniqueness is only proved for regular solutions (at least with
H? regularity in the space variable). For the 2D-model coupling , the uniqueness of
weak solutions remains an open problem. Although, using J L. Lions theorem, we can
show that if M is fixed, then the solution of the initial and boundary value hyperbolic
problem satisfied by @r is unique (see Theorem 10.14 in [4] and [16]).

In conclusion, the model we obtain will be easier to study and to simulate since it
is bi-dimensional and since the 2d demagnetizing field is local. It would be interesting
to characterize the normal deformations in the 2d model, even though they have no
influence on magnetization in the regime we studied.
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