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Perturbation results for

distance-edge-monitoring numbers*

Chenxu Yang | Ralf Klasing ! Changxiang He § Yaping Mao I

Abstract

Foucaud et al. recently introduced and initiated the study of a new graph-theoretic
concept in the area of network monitoring. Given a graph G = (V(G), E(G)), a set
M C V(G) is a distance-edge-monitoring set if for every edge e € E(G), there is a
vertex € M and a vertex y € V(G) such that the edge e belongs to all shortest paths
between = and y. The smallest size of such a set in G is denoted by dem(G). Denoted
by G — e (resp. G\u) the subgraph of G obtained by removing the edge e from G (resp.
a vertex u together with all its incident edges from G). In this paper, we first show that
dem(G — e) — dem(G) < 2 for any graph G and edge e € E(G). Moreover, the bound is
sharp. Next, we construct two graphs G and H to show that dem(G) — dem(G \ u) and
dem(H \ v) — dem(H) can be arbitrarily large, where u € V(G) and v € V(H). We also
study the relation between dem(H) and dem(G), where H is a subgraph of G. In the
end, we give an algorithm to judge whether the distance-edge-monitoring set still remain

in the resulting graph when any edge of the graph G is deleted.
Keywords: Distance; Perturbation result; Distance-edge-monitoring set.

AMS subject classification 2020: 05C12; 11J83; 35A30; 51KO05.

1 Introduction

In 2022, Foucaud et al. [10] introduced a new graph-theoretic concept called distance-edge-
monitoring set (DEM for short), which means network monitoring using distance probes. Net-
works are naturally modeled by finite undirected simple connected graphs, whose vertices rep-

resent computers and whose edges represent connections between them. When a connection
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(an edge) fails in the network, we can detect this failure, and thus achieve the purpose of mon-
itoring the network. Probes are made up of vertices we choose in the network. At any given
moment, a probe of the network can measure its graph distance to any other vertex of the
network. Whenever an edge of the network fails, one of the measured distances changes, so the
probes are able to detect the failure of any edge. Probes that measure distances in graphs are
present in real-life networks. They are useful in the fundamental task of routing [7, 11] and are
also frequently used for problems concerning network verification [1, 3, 4].

In a network, we can put as few detectors as possible to monitor all the edges, a natural
question is whether the detectors placed in the original graph are still sufficient and need to
be supplemented or reduced when some nodes or edges in the original graph are subjected to
external interference and damage, we refer to [8, 9, 14, 15, 17]. This kind of problem is usually
called perturbation problem.

Graphs considered are finite, undirected and simple. Let G = (V(G), E(G)) be a graph
with vertex set V(G) and edge set E(G), whose cardinality are denoted by |V(G)| and e(G),
respectively. The neighborhood set of a vertex v € V(G) is Ng(v) = {u € V(G) |uwv € E(G)}.
Let Nglv] = Ng(v) U {v} be the closed neighborhood set of a vertex v. The degree of a vertex
v in G is denoted d(v) = |Ng(v)|. Let 6(G) and A(G) be the minimum and maximum degree
of a graph G, respectively. For any subset X of V(G), let G[X] denote the subgraph of G
induced by X; similarly, for any subset F' of E(G), let G[F| denote the subgraph induced by
F. We use G\ X to denote the subgraph of G obtained by removing all the vertices of X
together with the edges incident with them from G; similarly, we use G — F' to denote the
subgraph of G obtained by removing all the edges of F' from G. If X = {v} and F = {e}, we
simply write G \ v and G — e for G — {v} and G — {e}, respectively. For an edge e of G, we
denote by G + e the graph obtained by adding a edge e € E(G) to G. The Cartesian product
GUOH of two graphs G and H is the graph whose vertex set is V(G) x V(H) and whose edge
set is the set of pairs (u,v)(u’,v’) such that either uv’ € E(G) and v = v/, or v’ € E(H)
and u = /. Let GV H be a join graph of G and H with V(G V H) = V(G) UV (H) and
E(GVH)={w|ueV(G),veV(H)}UE(G)UE(H). We denote by dg(x,y) the distance
between two vertices x and y in graph G. For an edge uv and an vertex w € V(G), the distance
between them is defined as dg (uv, w) = min{dg (u,w),dg (v,w)}. A x-y path with length
dg(z,y) in G is a z-y geodesic. Let P,, C,, and K, be the path, cycle and complete graph of
order n, respectively.

1.1 DEM sets and numbers

Foucaud et al. [10] introduced a new graph-theoretic concept called DEM sets, which is relevant

to network monitoring.

Definition 1. For a set M of vertices and an edge e of a graph G, let P(M,e) be the set of
pairs (z,y) with a vertex x of M and a vertex y of V(G) such that dg(x,y) # dg—.(x,y). In
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other words, e belongs to all shortest paths between x and y in G.

Definition 2. For a vertez x, let EM (x) be the set of edges e such that there exists a vertex v in
G with (z,v) € P({x},e), thatis EM(z) = {e|e € E(G) and Jv € V(G) such that dg(x,v) #
do_o(z,0)} or EM(x) = {e|e € E(G)and P({x},e) # 0}. If e € EM(x), we say that e is

monitored by x.

Finding a particular vertex set M and placing a detector on that set to monitor all edge

sets in GG have practical applications in sensor and network systems.

Definition 3. A vertex set M of the graph G is DEM set if every edge e of G is monitored by
some vertex of M, that is, the set P(M,e) is nonempty. Equivalently, Uyepy EM (z) = E(G).

Theorem 1.1. [10] Let G be a connected graph with a vertex x of G and for any y € N(x),
then, we have xy € EM ().

One may wonder to know the existence of such an edge detection set M. The answer is
affirmative. If we take M = V(G), from Theorem 1.1, then

E(G) C Ugev(e) Uyen(z) {2y} C Ugev () EM ().
Therefore, we consider the smallest cardinality of M and give the following parameter.

Definition 4. The DEM number dem(G) of a graph G is defined as the smallest size of a

distance-edge-monitoring set of G, that is
dem(G) = min {|M|| Upens EM (2) = E(G)}.
Furthermore, for any DEM set M of G, M s called a DEM basis if |M| = dem(G).

The vertices of M represent distance probes in a network modeled by GG. The DEM sets are
very effective in network fault tolerance testing. For example, a DEM set can detect a failing
edge, and it can correctly locate the failing edge by distance from x to y, because the distance
from x to y will increases when the edge e fails.

Foucaud et al. [10] showed that 1 < dem(G) < n — 1 for any G with order n, and graphs
with dem(G) = 1,7 — 1 was characterized in [10].

Theorem 1.2. [10] Let G be a connected graph with at least one edge. Then dem(G) = 1 if

and only if G is a tree.
Theorem 1.3. [10] dem(G) =n — 1 if and only if G is the complete graph of order n.
Theorem 1.4. [10] For a vertex x of a graph G, the set of edges EM (z) induces a forest.

In a graph G, the base graph G, of a graph G is the graph obtained from G by iteratively

removing vertices of degree 1.



Observation 1.1. [10] Let G be a graph and Gy be its base graph. Then we have dem(G) =
dem(GY).

A vertex set M is called a vertex cover of G if MN{u,v} # 0 for uv € E(G). The minimum

cardinality of a vertex cover M in G is the vertex covering number of G, denoted by S(G).

Theorem 1.5. [10] In any graph G of order n, any vertex cover of G is a DEM set of G, and
thus dem(G) < B(G).

Ji et al. [12] studied the Erdés-Gallai-type problems for distance-edge-monitoring numbers.
Yang et al. [16] obtained some upper and lower bounds of P(M,e), EM(z), dem(G), respec-
tively, and characterized the graphs with dem(G) = 3, and gave some properties of the graph
G with dem(G) =n — 2.

1.2 Progress and our results

Perturbation problems in graph theory are as follows.

Problem 1. Let G be a graph, and lete € E(G) andv € V(G). Let f(G) be a graph parameter.
(1) The relation between f(G) and f(G —e);
(2) The relation between f(G) and f(G \ v).

Chartrand et al. [6] studied the perturbation problems on the metric dimension. Monson et
al. [14] studied the effects of vertex deletion and edge deletion on the clique partition number
in 1996. In 2015, Eroh et al. [9] considered the effect of vertex or edge deletion on the metric
dimension of graphs. Wei et al. [15] gave some results on the edge metric dimension of graphs.
Delen et al. [8] study the effect of vertex and edge deletion on the independence number of
graphs.

A graph H is a subgraph of a graph G if V(H) C V(G) and E(H) C E(G), in which case
we write H C G. If V(H) = V(G), then H is a spanning subgraph of G. If H is a subgraph
of a graph G, where H # G, then H is a proper subgraph of G. Therefore, if H is a proper
subgraph of G, then either V(H) C V(G) or E(H) C E(G).

We first consider the existence of graphs with given values of DEM numbers.

Problem 2. Let r,s,n be three integers with 1 < r,s <n — 1, and let G be a connected graph
of order n.

(1) Is there a connected graph G of order n such that dem(G) =r?

(2) Is there a connected subgraph H in G such that dem(H) = s and dem(G) =17

In Section 2, we give the answers to Problem 2.

Proposition 1.1. For any two integers r,n with 1 < r < n —1, there exists a connected graph
G of order n such that dem(G) = r.



Corollary 1.6. Given three integers s,t,n with 1 < s <t < n — 1, there exists a connected
graph H C G such that dem(H) = s and dem(G) = t.

In Section 3, we focus on Problem 1 (1) and study the difference between dem(G — e) and
dem(G).

Theorem 1.7. Let G be a graph. For any edge e € E(G), we have
dem(G — e) — dem(G) < 2.

Moreover, this bound is sharp.

Let G be a graph and E C E(G). Denote by G + E the graph with V(G + E) = V(G) and
E(G+ E) = E(G) U E. We construct graphs with the following properties in Section 3.

Theorem 1.8. For any positive integer k > 2, there exists a graph sequence {G*]0 < i < k},
with e(G*)—e(G°) = i and V(G*) = V(GY) for 0 <i,j < k, such that dem(G"™')—dem(G°) = 1,
where 1 < i < k — 1. Furthermore, we have dem(G°) = 1, dem(G') = 2 and dem(G") = 1,
where 2 < ¢ < k.

A feedback edge set of a graph G is a set of edges such that removing them from G leaves
a forest. The smallest size of a feedback edge set of G is denoted by fes(G) (it is sometimes

called the cyclomatic number of G).

Theorem 1.9. [10] If fes(G) < 2, then dem(G) < fes(G) + 1. Moreover, if fes(G) < 1, then
equality holds.

Theorem 1.9 implies the following corollary, and its proof will be given in Section 3.

Corollary 1.10. Let T}, be a tree of order n, where n > 6. For edges ey, es € E(Tn), we have
(1) dem(7,, + e1) = dem(T,,) + 1.
(2) dem(T,, + {e1,e2}) =2 or 3.
Furthermore, there exists a tree T! with two edges ¢\, ey € E(T¢) such that dem(T} +
{ei,et}) =i+ 1, wherei=1,2.

The following result shows that there exists a graph GG and an induced subgraph H such
that the difference dem(G) — dem(H) can be arbitrarily large; see Section 4 for proof details.

In addition, we also give an answer to the Problem 1 (2).

Theorem 1.11. For any positive integer k, there exist two graphs Gi,Gs and their non-

spanning subgraphs Hy, Hy such that
dem(G1) — dem(H;) = k and dem(Hs) — dem(Gs) = k.
Furthermore, dem(G) — dem(H) can be arbitrarily large, even for H = G \ v.
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Theorem 1.12. For any positive integer k, there exist two graphs G, H and two vertices u €
V(G), ve V(H) such that

(1) dem(G) — dem(G \ u) > k

(2) dem(H \ v) —dem(H) > k.

For a graph G of order n, where n is fixed, the difference between dem(G) and dem(G \ v)
can be bounded.

Proposition 1.2. For a graph G with order n (n > 2) andv € V(G), if G\ v contains at least
one edge, then dem(G) — dem(G \ v) < n — 2. Moreover, the equality holds if and only if G is
K.

Theorem 1.13. Let G be a connected graph with order n > 4 and dem(G) = 2. Let E C E(G).
If dem(G) = dem(G — E), then |E| < 2n — 6. Furthermore, the bound is sharp.

For H C G, the DEM set of H in G is a set M C V(H) such that E(H) C |J EM(x).

zeM

Definition 5. For H C G, the restrict-DEM number dem(G|g) of a graph G is defined as the
smallest size of a DEM set of H in G, that is,

dem(G ) = min {|M|’E(H) C Upenr EM(2), M C V(H)} .

Yo U1 Yo U1

U3 U3

V- .
Ty ? T v2

Figure 1: T} and T

Example 1. Let G = K, with V(G) = {vg, v1,v2,v3} and E(G) = {v;v; |0 <i < j <3}. Let
Ty and Ty be the subgraphs of G with E(T}) = {vgv1, vova, vovs} and E(Ty) = {vovs, v3v1, v10s}.
Then, dem(Ky4|r,) = 1 and dem(Ky|r,) = 2. The DEM set of subgraph T; (1 = 1,2) in Ky is

shown in Figure 1, where the blue vertices form the set M.

Proof. Let My = {vo}. Since wvgvy, vova, vovs € EM(vg), it follows that dem(Ky|r,) < 1.
Obviously, dem(Ky|r,) > 1, and hence dem(Ky|r,) = 1.

Then, we prove that dem(Ky|r,) = 2. Since dg(vo, V1) = dG—vyv, (Vo,v1) = 1 and dg(vo, v2) =
dG—vy0,(Vo,v2) = 1, it follows that vivy ¢ EM(vg). Similarly, vyvs ¢ EM(vg). Therefore,
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VU9, v1v3 & EM(vp). By a similar argument, we have vgvs ¢ EM (v1), v1vs, vovs & EM (vs)
and v1v9 ¢ EM (v3), and hence dem(Ky|r,) > 2. Let M = {vy,v3}. Then, vyvy, v1v3 € EM (vy),
v1v3, vz € EM(v3), and hence dem(Ky|r,) < 2. Therefore, we have dem(Ky|r,) = 2, and so
dem(Ky|r,) =i (i = 1,2). O

Theorem 1.14. Let T be a spanning tree of K,,. Then 1 < dem(K,|r) < |n/2]. Furthermore,
the bound is sharp.

In Section 5, we focus on the following problem and give an algorithm to judge whether the

DEM set is still valid in the resulting graph when any edge (or vertex) of a graph G is deleted.

Problem 3. For any graph G, if some edges or vertices in G 1is deleted, we want to know

whether the original DEM set can monitor all edges.

2 Results for Problem 2

A kite K(r,n) is a graph obtained from the complete graph K, and a path P,_, by attaching

a vertex of K1 and one end-vertex of P,_,; see an example of K(7,12) in Figure 2.

(%)

: ‘
s —e

g ug

Us

Figure 2: The graph K(7,12)
We first give the proof of Proposition 1.1.

Proof of Proposition 1.1: Let G = K(r,n) with V(G) = {u; |0 <i <n—1} and E(G) =
{wu; 10 <i < j <7} UW{tgstiypst1]0 < s <n—r—2}. From Observation 1.1 and Theorem
1.3, we have dem(G) = dem(G,) = dem(K, ;1) = r. In fact, for the above G, the path P,_,_;
can be replaced by T),_,_1, where T},_,_; is any tree of order n — r — 1. ]

Proposition 1.1 shows that Corollary 1.6 is true. For three integers s,t,n with 1 < s <
t<n-—1,let G = K(tn)and H = K(s,n) C G. From Proposition 1.1, dem(G) = t and
dem(H) = s. Therefore, there exists a connected graph H C G such that dem(H) = s and
dem(G) = t.



This gives an answer about Problem 2, see Corollary 1.6. One might guess that if H is a
subgraph of G, then dem(H) < dem(G), however we will show in the next section that there

is no monotonicity for the DEM number.

3 The effect of deleted edge

The following observation is immediate.
Observation 3.1. Let Gy, G, ..., G, be the connected components of G. Then
dem(G) = dem (Gy) + - - - + dem (G,,) .
Furthermore, we suppose that the DEM number of K is 0.

Proposition 3.1. For any uwv € E(G), uv ¢ EM(w) for w € (Ng(u) U Ng(v)) \ {u,v} if and

only if uv is only monitored by u and v.

Proof. Since w € (Ng(u)U Ng(v)) \ {u,v} and wv ¢ EM(w), it follows that dg(w,u) =
dG—w(w,u) and dg(w,v) = dg_u(w,v). For any z € V(G) — Nglu] U Ng[v], the path from
x to u must through w;, where wy € (Ng(u) U Ng(v)) \ {u,v}. Then dg(x,u) = dg(x,w) +
da(wy,u) = de(z,wr) + dg—w(w, v) = dg_uw (T, w1) + dg_wo(wi, 1) = dg_uw(x,u). Similarly,
de(z,v) = dg—u(z,v). For any z € V(G) — {u, v}, we have uwv ¢ EM (z). From Theorem 1.1,
ww € EM(u) and uv € EM (v), and hence uv is only monitored by the vertex in {u,v}.
Conversely, if uv is only monitored by v and v, then uv ¢ EM (w) for any w € V(G)\ {u, v},
Especially, since (Ng(u) U Ng(v)) \ {u,v} € V(G) \ {u,v}, it follows that uv ¢ EM(w) for
w € (Ng(u) U Ng(v)) \ {u,v}, as desired. O

Then, we give the proof of Theorem 1.7.

Proof of Theorem 1.7: If (G is a disconnected graph, then the edge e must be in some
connected component G of G for any e € F(G), and hence e can only be monitored by the
vertex in V(Gy). Therefore, we just need consider the graph G which is connected. Let M be
a DEM set of G with |M| = dem(G) and e = uv € E(G). If M is also a DEM set of G — e,
then dem(G — e) < dem(G). Otherwise, let M’ = M U {u,v}. It suffices to show that M’ is a
DEM set of G —e.

If G —e has two components, say GG; and G, then e is a cut edge of G and from Observation
3.1, we have dem(G — e) = dem (G;) + dem (G3). Without loss of generality, assume that
u eV (Gy) and v € V (Gy).

Fact 1. dem (G;) < [(M NV (Gy)) U {u}| and dem (G2) < [(M NV (Gy)) U {v}].



Proof. For any edge e; = x1y; € E(Gy), if there exists a vertex w € V (G1) N M such that
e; € EM(w), then we are done. Otherwise, there exists a vertex w € V (G3) N M such that
dG—e, (T1,w) # dg (x1,w) or dg—e, (Y1, w) # dg (y1, w). Without loss of generality, we suppose
that dg_., (v1,w) # dg (y1,w) and dg (w,e1) = dg (w,x1). Since dg (y1,w) = dg (Y1, 1) +
de (21, u) + da(u,w), do—(ee} (T1,0) = dg—e, (x1,u) and dg_(ee} (Y1,21) > dg—c (Y1, 1), it
follows that
da—{eery (U, Y1) =da—{eery (U, T1) + da—fe.er} (T1,91)

=dg_feery (U, 1) + da_e (21, Y1)

>dg-. (u,71) +dg-c (T1,91)

=dg—. (u,y1)
and hence dg_fee,} (y1,u) # dg—e, (y1,u). Therefore, e; is monitored by (M NV (Gy)) U {u}
in graph G — e. This implies that dem (G;) < |[(M NV (Gy)) U {u}|. Similarly, we can obtain
that dem (G2) < (M NV (Gy)) U {v}. O

From Fact 1, we have dem(G —e) < |M'| = |[M U{u,v}| < |M|+ 2 =dem(G) + 2.

Suppose that G — e is connected. If M is also a DEM set of G — e, then dem(G —e) <
|M| = dem(G) and we are done. Otherwise, there exists e; = zy € F(G — e) such that the edge
e1 is not monitored by M in G — e. Since M is a distance- edge-monitoring set of G, it follows
that there exists a vertex z € M such that dg_., (z, 2) # dg(z, 2) or dg_e, (Y, 2) # da(y, z). In
addition, since e; is not monitored by M in G —e, it follows that the distance from z to z or y is
not changed after removing the edge e; in G — e, which means that dg_(c .} (v, 2) = da—c (¥, 2)
and dg_{ee} (#,2) = dg—c (x,2). If dg (e1,2) = da(x, 2), then the edge e lies on every z — y
geodesic in G for z € M and xy € EM (z) in G, otherwise there exists z* € M and zy € EM(z*)
such that e does not appear in z* — y geodesic in G, that is dg_. (z,2*) = dg (z,2*) and
da—{eey (7, 2%) # dg (x,2*), which contradicts to the fact that M is not the DEM set of graph
G —e.

Claim 1. If a geodesic in G from z to y traverses the edge e in the order u,v, then each geodesic

in G from z to y traverses e in the order u,v.

Proof. Assume, to the contrary, that there exists two z — y geodesics P{ and Py, where Py =
z...uww...yand Py = z...vu...y. The z—y geodesic P} implies that d(u,v)+d(v,y) = d(u,y),
and the z — y geodesic Py implies that d(v,u) + d(u,y) = d(v,y), and hence d(u,v) = 0, a

contradiction. O

From Claim 1, without loss of generality, we may assume that every geodesic in GG from z to
y traverses the edge e in the order u,v. Thus, we have dg(z,vy) = dg(z,v) + da(v,y). We now
show that zy can be monitored by v in G — e. Note that dg_.,(2,y) # da(z,y), do—c(v,y) =
dg(v,y) and dg-c(2,y) = do(z,y). Then dg_fee} (v0,y) = do—feer} (V,7) + do—feery (2, 9)
= dg—e, (V,)+ dg—e, (x,y) > dg(v,2)+ dg (2,y) = dg—c (v, 2) + dg—e (2, y) > dg_c(v,y).
Since dg—e(v,y) > dg—fee,}(v,y), it follows that e; can be monitored by v. Since e; € EM (u)
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or e; € EM(v), it follows that M’ = M U{u,v} is a distance edge-monitoring-set of G — e, and
thus dem(G — e) < dem(G) + 2, as desired. O

Li et al. obtained the following result about DEM numbers of C,[1F;.

Theorem 3.1. [13] Let ¢ and k be two integers with ¢ > 3 and k > 2. Then

ko ifk>20+1,
20 ifk <20+ 1.

dem (OkDPg) =

To show the sharpness of Theorem 1.7, we consider the following proposition.

Proposition 3.2. There exist connected graphs Gi,Go of order n such that dem(G; — e) —
dem(G;) = 2 and dem(Gy) — dem(Gy —e) = 2.

Proof. Firstly, we consider the graph G (|[V(G1)| = n > 8) with vertex set V(G;) = {v;]1 <
i <n—8tU{wll <i< 8} and edge set E(Gh) = {wv; |1 < i < 8 U{wuiyr |1 < i <
TYU{vvigr |1 <@ < T}UA{uust U {ugus} U {vivg} U {vive} U {vvi41 |9 <@ < n—9}. Let
G% = Gy(G1). Obviously, Gf is the base graph of G, which is obtained by removing the all
edge in the edge set {vivg} U {vv41|9 < i <n—9}. The graphs G§ and G§ — uju; are shown
in Figure 3 and Figure 4, respectively.

U3

Figure 3: dem(G§) =6 Figure 4: dem(G§ — ujus) = 8

Let My = {us, uy, v3, v, u7, vg}. Note that {ujus, usvs, usva, usty, usuz} € EM (us), {viug,
gz, ugty, UgVs ) © EM (uy), {vsug, vavs, 0403, U504, Vo1 } © EM (v3), {vsv1, ugvs, vsvr} C EM (vg),
{urug, uguy, ugur, ugus, urvr} S EM (uy7) and {vsve, vevr, ugvg} € EM (vg). Therefore, E(Gg) =
Uzen, EM (z), and hence dem(G§) < |M;| = 6.

Let M be a DEM set of G with the minimum cardinality. For the edge w;v;, where
2<i¢<8andi#5,and any w € (N(u;) UN(v;)) \ {wi,vi}, we have dg_y0, (w0, u;) = da(w, u;)
and dg_y,y, (w,v;) = dg(w,v;), and hence w;v; ¢ EM(w). From Proposition 3.1, the edge u;v;
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(2 <i<8andi#5) is only monitored by {u;,v;}, and hence M N {u;,v;} # 0 for 2 <i <8
and ¢ # 5, and so dem(G§) > 6. Therefore, dem(Gj) = 6.

Since G{—ujus = CgOP,, it follows from Theorem 3.1 that dem(Gi—ujus) = dem(CsOP,) =
8. It follows from Observation 1.1 that dem(G; — ujus) — dem(Gy) = dem(G§ — uyus) —
dem(G§) = 8 — 6 = 2, as desired.

U1 V2 vy V9
U6 U3 Y6 > U3
Vs Uy Vs U4
Figure 5: dem(Gjf) =4 Figure 6: dem(G§ — vsvy) = 2

Next, we consider the graph Gy (|V(G3)| = n > 6) with vertex set V(Gs) = {v; | 1 <i < n}
and edge set E(Gg) = {v1vq, U304, UsUg, V103, U1Us5, Va4, VaUg, V35, V40 fU{v;0;11 | 6 <@ < n—1}.
Let G be the base graph of G, that is, Gy(G2) = G§. The graphs G§ and G — vyvs3, are shown
in Figure 5 and Figure 6, respectively. From Observation 1.1, dem(Gs) = dem(Gy).

Take M| = {v9,v3,v4,v5}. Note that {vivs, veva, vive} T EM(vy), {v1v3, v5v3, 0403} C
EM(vs), {vsva} © EM(v4), {vsvi,v6vs} © EM(vs), and hence E(Gg) = Uperrs EM (), it
follows that M is a DEM set of G, and hence dem(G§) < |M/| = 4. Let M’ be a DEM set of G,
with the minimum cardinality. For the edge vg; 1v9; (1 <4 < 3) and w € (N (v9;_1) U N(v9;)) \
{9102}, we have dg_yy, 0y (W, V2i—1) = da(w, v;—1) and dg_yy, vy, (W, V2;) = da(w, ve;), and
SO Vg;_1U9; ¢ EM(w). From Proposition 3.1, the edge vg;_1v9; (1 <4 < 3) is monitored by the
vertex in {vy;_1,v9;}, and hence M' N {vg;_1,v9;} # 0 (1 < i < 3). All sets M’ € V(Gf) with
|M'| = 3 are shown in Table 1. Therefore, all sets M’ with |M’| = 3 are not DEM sets of Gf,
and hence dem(Gy) > 4. Therefore, we have dem(Gy) = 4.

M' | E(GY) — Uperr EM ()
V1, U3, Ug V24
V1, U4, U5 V2Vg
V1, U4, Vg V3Us
V2, V3, Us V4Vg
V2, U3, Ug V105
V2, U4, U5 V173
V1, U3, Vs V2V, VU4, V4Vg
V2, Vg, Vg V103, U1V5, U35

11



Table 1. The edges are not monitored by M’(|M’'| = 3).

For the graph Gy — vsvy, let My = {va,v5}. Note that {vivq, vgva, v4ve, v1V3} C EM (v3)
and {vsv1, vevs, V3V, Ve } C EM (vs). Since E(Gy — v3v4) = Ugen, EM (), it follows that M;
is a DEM set of G, and hence dem(G§ — vsvg) < 2. Since G — v3vy is not a tree, it follows
from Theorem 1.2 that dem(G§ — vsvs) > 2. Therefore, dem(Gf — vsvy) = 2. It follows from
Observation 1.1 that dem(Gs) — dem(Gy — v3vy) = dem(Gf) — dem(G — v3v4) =4 —2 =2, as
desired. O

The friendship graph, Fr(n), can be constructed by joining n copies of the complete graph
K3 with a common vertex, which is called the universal vertez of Fr(n). Next, we give the

proof of Theorem 1.8.

Proof of Theorem 1.8: Let k,i be integers with 1 < ¢ < k. The graph G* is obtained by
iteratively adding an edge u;v; to the graph G*~!. Without loss of generality, let GY be the graph
with V(G?) = {c}U{u; |1 <j <k}U{v;|1 <j<k}and E(G") = {cu;,cv; |1 < j <k}, and
G" be the graph with V(G") = V(G*!) and E(G") = E(G"') U{uv;}, where 1 < i < k. Since
GY is a tree, it follows from Theorem 1.2 that dem(G°) = 1. Note that the base graph of G is a
complete graph K3. From Observation 1.1 and Theorem 1.3, we have dem(G;) = dem(K3) = 2.

Let G = G*, where 2 < i < k. Then G, = Fr(i). Let M = {us|1 <t <i}. From Theorem
1.1, we have {uvy, cuy |1 <t < i} C Upeny EM (). Since 2 = dg(uq,vy) # dg—cv, (u1,v¢) = 3
for 2 <t < 4, it follows that cvy € EM(uy) for 2 < ¢t < 4. Suppose that t = 1. Since 2 =
da(ug,v1) # dg_cv, (u2,v1) = 3, it follows that cv; € EM (us), and hence E(G) C Uzep EM (),
and so dem(G) < i. Let M be a DEM set of G with the minimum cardinality. Note that
(N(u;) UN(v;)) \ {uj,v;} = {c}. Since dg(c, u;) = dg—u,v,(c,u;) and dg(c,vj) = dg—u,v,(c, v;)
it follows that u;v; ¢ EM(c), where 1 < j < k. From Proposition 3.1, the edge u;v; is only
monitored by u; or v;, and hence M N{u;,v;} # 0 for 1 < j < k, Therefore, dem(G) > i, and so
dem(G) = i. Thus, there exists a graph sequence {G* |0 < i < k}, with e(G?) — ¢(G°) =i and
V(G") =V(G7) for 0 < 4,5 < k, such that dem(G*™!) — dem(G°) =i, where 1 <: < k—1. O

Foucaud et al. obtained the following result about DEM numbers of P, [P,,.

Theorem 3.2. [10] Let {1 and ly be two integers with ¢ > 2 and ¢y > 2. Then
dem (P, 0F,,) = max{{y, (>}

In the end of this section, we give the proof of Corollary 1.10.
Proof of Corollary 1.10: For any tree T,,, T,, + e; is an unicyclic graph and 7T, + {e;,es}
is a tricyclic graph. From Theorems 1.2 and 1.9, we have dem(7}, + ¢;) = dem(7,,) + 1 = 2
and 2 < dem(T,, + {e1,e2}) < 3. Let T} be a path with vertex set {vq, -+ ,v,} and edge

set {vivip1|1 < i < n— 1}, where n > 6. Let e = vivg and es = wvyvs. It clear that
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the base graph of T)! + {ef,e3} is P,OP;. From Observation 1.1 and Theorem 3.2, we have
dem(T! + {ef,e3}) = dem(P00P;) = 3. Let T? be a star with vertex set {vy,--- ,v,} and edge
set {v1v;|2 < i < n}. Take e? = vouz and €5 = vqvs. Then there exists a cycle vivov3v; in
graph T? + {e? e3}. From Theorem 1.2, dem(T? + {e?,e2}) > 2. Let M = {vy,v4}. For any
edge v1v;, where 6 < i < n, since dyp (2 .2y (V2,v;) = 2 and dr2 o2 24 _y,0, (V2, v;) # 2, it follows
that viv; € EM(vy). In addition, vyvq, vovs, v1v5 € EM(vy) and vyvs, v1vg, v4v5 € EM (vy),
and hence E(T2? + {e?,e2}) C UpenEM(x), and so dem(T? + {e? e2}) < 2. Therefore,
dem(T? + {€?,e3}) = 2, as desired. O

4 The effect of deleted vertex

A Fkipas I?n with n > 3 is the graph on n + 1 vertices obtained from the join of Ky and P,,
where V(K,,) = {vo,v1, -+ ,va} and E(K,) = {vov: |1 <i <n} U {vipr |1 <i<n—1}.

Proposition 4.1. For n > 7, we have dem([?n) = |n/2].

Proof. Let P, be the subgraph of [A(n with vertex set {v; |1 <i < n} and edge set {v;v;41 |1 <
i < n—1}. First, we prove that dem(K,) > |n/2|. Let M be a DEM set of K, with the

~

minimum cardinality. For any vertices v;, v; € V(K,,), we have

1, ifi=0orj=0o0r|i—j =1,

dz (vi,v;) =
Rn j 5

, ifl1<i¢,j<mnand]|i—jl >2

For any edge v;v;11 (2 < i < n—2), we have (Ng(v;) U Ng(vit1))\{vi, vit1} = {vi_1, vo, viza}. S-
ince dG('Uia Uo) = dG—viviH(Uz‘, Uo) =1, dG(Uz‘H, Uo) = deviviH(’UiH, Uo) =1, deva(Uz', Uifl) =
dG(Ui7 Ui—l) =1, dG—Uivi+1(vi+17 Ui—l) = dG’(Uz‘—H; Ui—l) =2, dG—vile(Ui-‘rl; Ui+2) = dG(Uz'—‘,-la Uz'+2) =
1, and dg—_vuv,,, (Vi; Vig2) = da(vi, vig2) = 2, it follows that v;vi .y € EM (vige) U EM (v;—1) U
EM (vg). From Proposition 3.1, the edge v;v;,1 can only be monitored by the vertex in {v;, v;11}.
Similarly, the edge v;v;41 is only monitored by the vertex in {v;, v;11}, where i = 1, n—1. There-
fore, M N {v;,v;01} # 0 for 1 <i <n—1, that is, M is a vertex cover set of P,. Note that the

~

vertex covering number of G is 5(G). Since B(P,) = |n/2], it follows that dem(K,,) > [n/2].

Next, we prove that dem(K,) < |[n/2|. Let M = {v;]i =0 (mod 2),1 < ¢ < n}. For
any edge e € E(P,) U{vov; |i =0 (mod 2),1 < i < n}, it follows from Theorem 1.1 that e is
monitored by the vertex in M. In addition, for any edge vov; € {vgv; |1 =1 (mod 2),1 < i <
n}, since n > 7, it follows that there exists j such that dg(v;,v;) = 2 and dg_yge, (vi, v;) = 3,
where j =i+3for 1 <i<n-—4and j=2forn—3<1i<n,and hence vyv; € EM(v;). Since

~ ~

any edge vov; € E(K,,) can be monitored by the vertex in M, it follows that dem(K,) < |n/2],

~

and hence dem(K,) = |n/2]. O
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Proof of Theorem 1.11 Note that [A(QHZ = K1V P9, where V(K;) = {vp}. From Theorem
1.2, we have dem(Ps42) = 1. From Lemma 4.1, we have dem(I?ngrg) = k + 1, and hence
dem(l/(\'%w) — dem(l?%w — ) = dem([/(\"%Jrg) — dem(Poyy2) = k. Let Gy = I?%H and H, =
Pyiyo. Then dem(G;) —dem(H;) = dem([A(gk+2) — dem(Pyy12) = k, where H; is not a spanning
subgraph of Gj.

Let Goxi3 be a graph with vertex set V(Gagys) = {u; |1 <i <k+1}U{v;|0<i<k+1}
and edge set F(Gogrs) = {vow; |1 < i < k+ 1} U{uw; |1 < i < k+ 1}. Obviously, we have
Gokrs \ vo = (k + 1)K,. From Observation 3.1 and Theorem 1.3, we have dem(Gagi3 — vo) =
dem((k + 1)Ky) = (k+ 1)dem(K>) = k + 1. Since Gapy3 is a tree, it follows from Theorem
1.2 that dem(Gagy3) = 1, and hence dem(Gagy1 \ vo) — dem(Gagr1) = k. Let Gy = Gagq1 and
Hy = (k+1)K,. Then dem(Hs) — dem(Gs) = dem((k + 1)K3) — dem(Gag41) = k, where Hy is

not a spanning subgraph of Gy, as desired. O]

Note that Goryz \ vo = (k + 1) K> is disconnected graph. For the connected graphs, we can
also show that there is a connected subgraph H such that dem(H) —dem(G) can be arbitrarily
large; see Theorem 4.2.

The conical graph C(¢,k) is a graph obtained by taking adjacency from a center vertex c
to the first layer of Cartesian product of P, and C}, where ¢ > 1 and k > 3.

Let the vertex set V(C(,k)) = {c} U{u/|1 < i < k,1 < j < £} and the edge set
E(C(0,k) = (Uim E(Cy) U (UL E(F,)), where B(Cy) = {ujui} U {ujuiy, |1 < j < k—1}
(1<i<?), B(P)={cul} U{ulult"|1<j<l—-1} (1 <i<k). The conical graph C(3,8) is

shown in Figure 7.

Figure 7: The conical graph C(3,8)

For ¢ = 1, the graph C(1, k) is the wheel graph W}, which is formed by connecting a single
vertex ¢ to all the vertices of cycle Cy. It is clear that |V(C(¢,k))| = kl+1 and e(C(¢, k)) = 2k¢.

Lemma 4.1. Forv € V(C,,), where n is integer, we have

-1, s odd
IEM(v) N E(Cy)| =4 ifmiso

n—2, ifn is even.
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Proof. Let G = C,, be cycle with V(G) ={v; |1 <i <n}and E(G) = {vjvip1 |1 <i<n—-1}U
{vpv1}. Without loss of generality, let v = v;. Suppose that n is odd and e; = Vn/2|+1V|n/2|+2-
Since dg (v, Vjnj2)+1) = da—e, (V1,Vnj2)4+1) and dg(vi, Vjnj2)+2) = da—e, (V1,V[n/2)+2), it follows
that ey ¢ EM(vy). For any e € {vv;41|1 <@ < |n/2]}, since dg(vi,vip1) # dg—e(v1, vig1),
it follows that e € EM(vy). For any e € {vvi41||[n/2] +2 < i < n— 1}, since dg(vi,v;) #
dG—e(v1,v;), it follows that e € EM(vy). It follows from Theorem 1.1 that v,v; € EM(vy).
Therefore, EM (v1) = {v1v2,0203, -+, Uln/2|V[n/2]+1> V1Vns UnVn—1;" "5 Uln/2|+3V|n/2)+2}, and
hence |[EM (v) N E(C,)| =n — 1. Similarly, if n is even, then |EM (v) N E(C,)| =n—2. O

Theorem 4.1. For k> 9 and ¢ > 2, we have
Soi [k/ (40 = 2)], if €< ay;
Yok Tk (4 = 2)] +2(0 —ag), if £ > a+1,

dem(C'(¢,k)) =

where ay = |k/4+ (1 + (=1)*1)/8].

Proof. Let G = C(£,k) with V(G) = {cJU{u!|1 < i < k1 < j < (} and E(G) =
(Ui E(C) U (UL, E(R), where E(C)) = {ujui} U{ujui, |1 < j < k— 1}, E(P) =
{eul} U{ulul™' |1 < j < £—1}. Let M be a DEM set of G with M = dem(C((, k)).

Fact 2. For any vertez v € V(C;), we have

4i — 2, aif 1 <0 < ayg;
|[EM () NVE(Cy)| =k —2, ifkis even and i > ay + 1;
k—1, ifkisodd andi > aj + 1.

and |[EM(v) N E(C;)| =0, where 1 < j # i < {. Furthermore, we have |EM(c) N E(C;)| = 0.

Proof. For any vertices ué,ui € V(C;), where 1 < s,t < k and 1 < i < ¢, since there exists a
path u’ ... ulcul ... ui 'ul from u! to u?, it follows that dg(ul, ul) < 2i. It is easy to see that
there are two possible types of shortest paths P, from u to uj:

Type 1: If d¢,(u?, ul) > 2i, then Pyiui = ul .. uteu) . uliT

Type 2: If dg,(ul, u}) < 2i, then the shortest path Py E C;, where C; is subgraph of G.

Therefore, dg(ul,ul) = min{2i,dc, (u’,ul)}. Suppose that 1 < i < a;. For s —2i +1 <
t < s—1, since d¢, (u',ul) < 2i, it follows that dg(ul,u!) = min{2i,dc, (u',ui)} = de, (ul, ul),
and hence dg(u, ujui,,) = do(ug,upy). Thus, de(uy, wiui ) = da_yp,, (U uiug,,) and
deuiu;'H(uiv up) > de,(ul, up, ) + 1= de(ul,uf), and so ujuj,, € EM(ul).

Similarly, for any edge ujuj,, € E(C;), where s < t < s+ 2i — 2, since dg(u,uj ,)) #
dg_uiui,, (Us; Uy,), it follows that wjuj,, € EM(uf). Therefore, {ujuj  |s —2i+1 < ¢ <
s+ 2i — 2} € EM(ul), where the subscripts are taken modulo k, that is, uj,, = u}.

For any U§U§+1 = E(Oi)_({uéui—f—l |s =20+ 1<t <s+20—2}U{ug_qu g 4, ui+2i+lué+2i})’

~ i i\ — Al i) — 9 (i ) — (i ) — 95
since d(uj,u}) = d(uy,ub,) = 2i and dg,u;u;+1(us,uj) = dg,u;uéﬂ(us,ujﬂ) = 2i, it follows
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that wlu}, , ¢ EM(uZ) In addition, let e; = ul_yu’ o, and ey = ul, o qul,,;,. Then,
dG(u ) - dG( Us, s 23— 1) = 2 and dG(u ) - dG<ué7ui+2i—l) = 2. Since deel (us7us 21)

= dg(ul,ul_y;) = 2i and dg_e, (ul, ul, ;) = da(ul, ul y;) = 2i, it follows that e, es ¢ EM (u;),
and hence |[EM (u}) N E(Cy)| = Hujuiy |s —2i +1 <t < s+ 2i —2}| = 4i — 2 for any vertex
u’ € V(C;), where the subscripts are taken modulo k.

Suppose that ¢ > ap + 1. For i > apx +1 and 1 < s,¢t < k, if u’,ul € V(C;), then
do(ul,ul) = dg,(ul,ul). For any cycle C; with length k, if k is even, then it follows from
Lemma 4.1 that |[EM(v) N E(C;)| = k — 2. If k is odd, then it follows from Lemma 4.1 that
|EM(v) N E(C;)| =k — 1, as desired.

For any vertex v’ € V(C;) and any edge e = u/,ul,., € E(C;), where 1 < j # i < ¢ and
1 <m <k, since dg_o(ul,ul,) = dg(ul,ul,) and de_.(ul, ul, . |) = da(ul,ul, ), it follows that

e ¢ EM(ul), and hence |[EM (ul) N E(C;)| = 0.
For any edge es = uiul,, € E(C;), we have dg(c,ul) = dg(e,ul,,) = i, and hence
dg—es(c,ul) = dg_e,(c,ul, ;) =1, and so e3 ¢ EM/(c). Therefore, |[EM (c) N E(C;)| = 0. O

Suppose that ¢ > a; + 1. Since e(C;) = k, it follows from Fact 2 that |M N E(C;)| > 2
for ap +1 < i < ¢ and |M N E(C)| > [k/(4i —2)] for 1 < i < ag, and so dem(G) >
3%, T (4 — 2)] + 206 — ).

Let M = U=k M;, where

M — {uj|1<j<kj=1mod (4i—2)}, ifi<a;
{uf, uhy o s ifa,+1<i<0

Therefore, e € Uyep, EM(x) C Ugeny EM (z) for any edge e € E(C;), where 1 < i < . It
suffices to prove that e € U,ep EM (z) for each edge in E(F;), where 1 < ¢ < k. For some
vertex u; € M and any uj € V(G), where 1 <i#j <k, if j € {1,2,...,1=3,i+3,... k},
where the subscripts are taken modulo n, then dg( uj,ui) # do- cul (uz,u]) and hence cuj €
EM (u}). Similarly, for 1 <t <€ —1, since dg(uj, u}) # d,_ utult~ 1(ug, uf) for j € {1 2, ..,0—
3,i+3,...,k}, it follows that uu’™" € EM (u}), and hence EM( b = {ujuly, ujul 1,cu1} U
{cul|j e {1,2,..., 3,z+3,...,k}}u{u§ WP 2<p<e-1,j€{1,2,...,i-3,i+3,... k}}.
Without loss of generality, let uy € M. Then Ujeq14, k-2 E(P;) € EM(uj). Since EM (u}) =
{uful,, Zl ulyeul U{eul|je {1,2,..i=3i+3,. kUl |2<p<t—1,5¢€
{1,2,...,i—3,i+3,...,k}} and k > 9, it follows that E(P,) C EM (u}._,), E(Ps) C EM(u}._,),
E(P,)) C EM(u;_,), E(P) C EM(u;_,), E(P,) € EM(u}) and E(Py_1) C EM (u})

For any edge e € E(P;), where i € {2,3,k, k—1}, if k is even, then e € EM (u})UEM (u}._,);
if k is odd, then e € EM (u})UEM (u},_,). Therefore, ¢ € U,epy EM () for any e € E(P;), where
1 <i <k andsodem(G) < > % [k/(4i —2)]+2({—ay). Thus, dem(G) = >_%*, [k/(4i — 2)|+
2(¢ — ag). For ¢ < ag, it is similar to the case that ¢ > aj + 1, as desired. O
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Theorem 4.2. For any positive integer k > 9, there exists a connected graph G such that such
that
dem(G \ v) —dem(G) = |k/2] — [k/6],

where v € V(G).

Proof. Let G = C(2,k), where { = 2 and k > 5. Note that G \ vy = CxOK,. From Theorem
3.1, we have dem(G \ vy) = dem(CyOK5) = k. From Theorem 4.1, we have dem(C(2,k)) =
S22 [k/(4i —2)] = [k/2] + [k/6], and hence dem(G — v) — dem(G) = k — [k/2] — [k/6] =
|k/2] — [k/6], as desired. O

Let G = C({, k) and H = C0OF,. From Theorems 4.1 and 3.1, if £ > k, then dem(G)/ dem(H) ~
1. From Theorems 4.1 and 3.1, if £ = 402 and ¢ = 100, then dem(G)/dem(H) ~ 0.561453.

Corollary 4.3. There exist two graphs H and G such that

dem(G)
dem(H)

~ 0.561453,

where H 1s an induced subgraph of G.

Proof of Theorem 1.12: Let G = IA(QHQ. From Proposition 1.11, there exists a vertex
u € V(@) such that dem(G) — dem(G \ u) = k. Note that G \ u = Py is a connected graph.
In addition, let H = C(2,t), k = |t/2] — [t/6] and v € V(H). From Theorem 4.2, we have
dem(C'(2,t) \ v) — dem(C(2,t)) = k, where C(2,t) \ v = C;JK, is a connected graph.

In fact, G'\ v is a subgraph of G. From Theorem 1.12, for any positive integer k > 3, there
exists a graph G such that dem(G \ v) — dem(G) > k. O

Let G = C(2,t) and H; = C(2,t)\v, where t > 8. From Theorem 1.12, dem(H;) > dem(G).
Note that G is not tree, it follows from Theorem 1.2 that dem(G) > 2. Let Hs be a tree
satisfying Hy C G. From Theorem 1.2, we have dem(H3) = 1, and hence dem(H,) < dem(G),
and so Corollary 4.4 holds.

Corollary 4.4. There exists a connected graph G and two non-spanning subgraphs Hy, Hy C G
such that dem(H;) > dem(G) and dem(Hs) < dem(G).

Proof of Proposition 1.2: For any graph G with order n and G \ v with at least one edge,
we have dem(G) < n — 1 and dem(G \ v) > 1, and hence dem(G) — dem(G \ v) < n — 2.
Furthermore, let G = Kj, then dem(G) — dem(G \ v) = n — 2, and hence the upper bound
is sharp. Conversely, since dem(G) — dem(G \ v) = n — 2, it follows that dem(G) = n — 1
and dem(G \ v) = 1. From Theorem 1.2, G \ v is a tree. Suppose that |V (G)| > 4. Since
dem(G) = n — 1, it follows from Theorem 1.2 that G = K,,, and hence G \ v = K,,_; which
contradicts to the fact that G \ v is a tree. Suppose that |V (G)| < 3. Since dem(G) =n — 1, it
follows that G = K,,, where n < 3. If G = K», then G \ v = K;, which contradicts to the fact
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that G \ v contains at least one edge. Therefore, G = K3, as desired. O

Next, we consider the subgraph H of G. If H is a proper subgraph of G satisfying dem(H) <
dem(G), then what is the relation between H and G?7 A natural question is what is the
maximum number of edges we can delete from G without changing the number of distance-
edge monitoring? We give a partial answer as follows.

The base graph G} is a subgraph of G with dem(G) = dem(G}). Therefore, we can obtain the
following result, which give a lower bound for the edge set E such that dem(G) = dem(G — E).

Observation 4.1. For any graph G, let Ey = E(G) — E(Gy). If dem(G) = dem(G — E) and
G — E is a connected graph with order at least 2, then |E| > |Ey|. Furthermore, the bound is
sharp.

Proof of Theorem 1.13: Let £ C F(G) satisfying dem(G) = dem(G — E) and M = {u,v}
be a DEM set of G with |M| = dem(G) = 2. From Theorem 1.4, we have |EM (u)| < n—1 and
|[EM(v)] <n—1. Ifuv € E(G), then e(G) < 2(n—1)—1. Since dem(G) = dem(G — E) = 2, it
follows from Theorem 1.2 that G — E must contain a cycle, and hence |E| <2(n—1)—1-3 =
2n — 6.

Suppose that uv ¢ E(G). If |EM(u) N EM(u)| > 1, then |E| < 2n — 6, which is similar
to the case that wv € E(G). If EM(u) N EM(v) = 0, it follows from Theorem 1.4 that
e(G) < 2(n—1). Since dem(G — E) = 2, it follows from Theorem 1.2 that G — E must contain

a cycle, and hence |E| < 2(n — 1) — 3 = 2n — 5. Furthermore, we give the following claim.
Claim 2. |E| < 2n — 6.

Proof. Assume, to the contrary, that |E| = 2n — 5. Since dem(G — E) = 2, it follows from
Theorem 1.2 that G — E = C3. Without loss of generality, let V(G — E) = {vy,v9,v3}.
In addition, from Theorem 1.4, the subgraph induced by the edge set EM(u) and EM (v)
are the spanning trees of G. If w,v € {vy,v9,v3}, then uv € E(G), a contradiction. Thus,
u ¢ {v1,ve,v3} or v & {vy,vq,v3}. Without loss generality, suppose that u ¢ {vy,va,v3}.

If dg(u) = 1, then |N(u)| = 1. Let N(u) = {w}. Since the subgraph induced by the edge
set EM(u) and EM (v) are the spanning trees of G, it follows that uw € EM(u) N EM(v),
which contradicts to the fact that EM(u) N EM(v) = (). Therefore, dg(u) > 2. Since the
subgraph induced by the edge set FM (v) is a spanning tree of G, it follows that there exists
a vertex u; € N(u) such that uu; € EM(v). From Theorem 1.1, we have uu; € EM (u), and
hence uu; € EM(u) N EM (v), which contradicts to the fact that EM(u) N EM(u) = 0. O

From Claim 2, we have |E| < 2n — 6. Furthermore, let G = (n — 2)K; V K, with ver-
tex set V(G) = {v;|]1 < ¢ < n} and edge set E(G) = {vive} U {v1v;, 09033 < i < n}.
Then, dem(G) = 2. Let E = {vv;, 0|4 < i < n} C E(G). From Observation 3.1,
dem(G — E) = dem(K3) +(n — 1)dem(K;) = 2, and hence there exists an edge set E; such
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that dem(G — E) = 2 and |E| = 2n — 6, as desired. O

In the end of this section, we give the proof of Theorem 1.14 as follows.

Proof of Theorem 1.14: Let G = K, with vertex set {v;|1 < i < n} and edge set
{viv;|]1 < i < j < n}. Let T be a spanning tree in K,. For any edge uv € E(T)
and vertex w € ((Ng(u)U Ng(v)) \ {u,v}) N V(T), we have dg(w,u) = dg(w,v) = 1 and
dg—w(w,u) = dg—yp(w,v) = 1, and hence wv ¢ EM(w). From Proposition 3.1, any edge
wv € E(T) is only monitored by u or v, and hence dem(K,|r) > B(T). From Theorem 1.5,
dem(K,|r) < B(T), and hence dem (K, |r) = B(T). Since T is tree with order n, it follows
that 7" is a bipartite graph. Without loss of generality, let V(T') = U UV (|U| < |V]), which
is a bipartite partition of V(7'). From the pigeonhole principle, we have |U| < [%]. For any
uv € E(T), we have {u,v} NU # 0, and hence §(T) < [%]. In addition, T contains at least
one edge, and hence 5(T) > 1, and so 1 < B(T) < |5].

Suppose that 7' = S, with vertex set {v;|1 < i < n} and edge set E(S,) = {viv;]|2 <
i < n}. Then {v;} is the vertex cover set of S,, and hence B(T) = 1, and so the low-
er bound is sharp. Suppose that T = P, with vertex set {v;|1 < ¢ < n} and edge set
E(P,) = {vviy1|1 <i <n—1}. Then, {v;|i =0 (mod 2),1 < i < n} is a minimum vertex
cover set of F,, and hence 3(T") = | 5], and so the upper bound is sharp. O

Similar to Theorem 1.14, we have below Corollary 4.5.

Corollary 4.5. Let H be a subgraph of G with |V (H)| = p. Then,
1 <dem(Gly) <p-—1.
Furthermore, the bounds are sharp.

Theorem 4.6. If H is an induced subgraph of graph G, then
dem(G) — dem(G|y) < |V(G)| — |V(H)|.
Moreover, If both G and H are complete graph, then the bound is sharp.

Proof. For any graph G and H, where H is an induced subgraph of G. Let M; C V(H) be a
restrict-DEM set of H in G with |M;| = dem(G|g). Let M = (V(G) — V(H)) U M;. We will
prove that dem(G) < |M|. For any edge uv € E(G), if u or v in V(G) — V(H), then it follows
from Theorem 1.1 that e is monitored by the vertex in V(G) \ V(H). For any edge e € E(H),
since M is a restrict-DEM set, it follows that e is monitored by the vertex in M, and hence
M is a DEM set in G. Since |M| = |Mi|+ (|[V(G)| — |V(H)|) = |V(G)| — |V (H)| + dem(G|x),
it follows that dem(G) < |M| = dem(G|g) + (|V(G)| — |V (H)|), and so dem(G) — dem(G|g) <
(IV(G)| = |V(H)]). Furthermore, let G = K,, and H = K,;, (3 <m < n). From Theorem 1.3,
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dem(G) = n — 1. For any wv € E(H) and w € (N(u) UN(v)) \ {u,v}, we have dg(w,u) =
dg(w,v) =1 and dg_yp(w,u) = dg_u(w,v) = 1, and hence uwv ¢ EM (w). From Proposition
3.1, any edge uv € E(H) is only monitored by u or v, and hence dem(K, |k, ) > B(K,,) = m—1.
From Theorem 1.5, dem(K,|k,,) < B(K,,) = m—1, and hence dem(K,|k,,) = m—1. Therefore,
dem(G) —dem(Glg) =(n—1) — (m —1) = |V(G)| — |V(H)|, as desired. O

5 Perturbation results for some known graphs

Firstly, we study the change of DEM numbers for some well-known graphs when any edge (or

vertex) of the graph is deleted.

5.1 Deleting one edge or vertex from some known graphs

Let NV;(G) = {v|da(v) =i,v € V(G)} and NE,;,(G) = {w |uww € E(G),de(u) = a,dg(v) =
b}. Note that E(P,) = NE5(P,) UNEys(P,). If e € NE,5(P,), then dem (P, —e) = 1,
and hence dem (P,) —dem (P, —e) = 0. If e € NE55(P,), then dem (P, —e) = 2, and hence
dem (P,) —dem (P, — e) = —1. These arguments imply that the following Corollary 5.1 holds.

Corollary 5.1. Let P, be a path of order n, where n > 2. For any e € E(P,), we have

dem(PR,), ife € NEi(P,);

dem(P, —e) =
dem(Pn) + ]_, Zf e c NEQ’Q(PTL).

Foucaud et al. obtained the following result about DEM numbers of complete bipartite

graph Ky, 4,.
Theorem 5.2. [10] Let {1 and {y be two integers with ¢ > 1 and ¢, > 1. Then
dem (K, s,) = min{ty, o}

The following corollary is immediate, which imply that there exist graphs G and edge e
such that dem(G) > dem(G — ¢) and dem(G) = dem(G — e).

Corollary 5.3. Let n > 3 be an integer. Then,
(1) for any edge e € E(C,), dem(C,, —e) = dem(C,,) — 1 =1;
(i1) for any edge e € E(K,,), dem(K, —e) = dem(K,) —1=n—2;
(i73) for any edge e € E(K,,,,), dem(K, , —e) = dem(K,, ) = n.

Proof. (i) From Theorem 1.2, we have dem(C,, — e¢) = dem(P,) = 1. Since dem(C,,) = 2, it
follows that dem(C,, — e) = dem(C,,) — 1 = 1.

(i1) Let G = K,. From Theorem 1.3, we have dem(G) = n — 1 and dem(G — uv) <
n — 2 for any edge uwv € E(G). Then, we prove that dem(G — uv) > n — 2. Suppose that
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dem(G — uv) < n—3. Let M be a DEM set of G — wv with the minimum cardinality. For any
edge zy € E(G —uv) and vertex w € (Ng(x) U Ng(y)) \ {z,y}, we have dg(w, ) = dg_zy(w, x)
and dg(w,y) = de_uy(w,y), and hence zy ¢ EM(w). From Proposition 3.1, any edge zy €
E(G—wuw) is only monitored by x and y, and hence M N{z,y} # 0. If u,v € M, then there exist
two vertices vy, ve € V(G) \ {u, v} such that vy, vy ¢ M, and hence v1vy ¢ Uyepr EM (), which
contradicts to the fact that U,epy FM (z) = E(G — uv). Suppose that u or v ¢ M. Without
loss of generality, let u ¢ M. Then there exists a vertex v; € V(G) \ {u, v} such that v; ¢ M,
and hence uvy ¢ Uzepy EM (), which contradicts to the fact that Uyepy EM (2) = E(G — uv).
Therefore, dem(G —uv) < n—2, and so dem(G —uv) = n—2. This implies that dem(K,, —e) =
dem(K,) —1=n—2.

(i13) Let G = K,,, with vertex set V(G) = {u; |1 < i < n} U{v;|1 < i < n} and edge
set E(G) = {uv;|1 < i,j < n}. From Theorem 5.2, we have dem(K,,) = n. Without
loss of generality, let Gy = G — wjv;. Firstly, we prove that dem(G;) > n. Suppose that
M is a DEM set of G; with |[M| = n — 1. Then, there exists two vertices w,,v, ¢ M with
uyvy € E(Gh). For any v € M N {u; |1 < <n}, we have dg,—u,o, (4, up) = dg, (u,u,) = 2 and
day—uyv, (U, Vg) = dg, (u,vg) = 1, and hence upv, ¢ EM(u). Similarly, u,v, ¢ EM(v) for any
ve Mn{v|l <i<n}, and hence uyv, ¢ Uzen EM (x), which contradicts to the fact that
Uzen EM (z) = E(G1). Therefore, dem(G1) > n. Then, we prove that dem(G;) < n. Let M =
{u; |1 <i<n}. Then M is a vertex cover set of Gj. From Theorem 1.5, dem(G;) < |M| = n,
and hence dem(G,) = n. Therefore, dem(kK,,, — e) = dem(K,,,) = n. O

There exists graphs G and v € V(G) such that dem(G) > dem(G —v), dem(G) = dem(G —
v), dem(G) < dem(G — v). The following corollary shows that there exist graphs G such that
dem(G) > dem(G — v).

Corollary 5.4. Let n > 3 be an integer. For any v € v(G), we have
(i) dem(C,, \ v) = dem(C,,) — 1 =1;
(17) dem(K, \ v) = dem(K,) —1=n—2;
(i19) dem (K, \ v) = dem(K,,) —1=n—1.

Proposition 5.1. Let P, be a path with vertex set {v;|1 < i < n} and edge set {v;vi1|1 <
i <n-—1}, where n >5. For any v € V(P,), we have

dem(P,), if v € {vy, V9, Un_1,0n};

dem(P, \ v) =
dem(P,) +1, ifve{v]3<i<n-—2}.

Proof. From Theorem 1.2, dem (P,) = 1. If v € {v,v,}, then dem (P, \v) = 1. If v €
{v9, U1}, then dem (P, \ v) = dem (P,_1) + dem (K;) = 1, where V(K;) = {v;} or V(K;) =
{v,}, and hence dem (P,)—dem (P, \ v) = 0. If v € {v;|3 <7 < n—2}, then dem (P, — v) = 2,
and hence dem (P,) — dem (P, \ v) = —1. O

Proposition 5.1 shows that there exists a graph G and v € V(G) such that dem(G) =
dem(G \ v) or dem(G) < dem(G \ v).
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5.2 Whether the DEM set is still applicable?

Foucaud et al. proved in [10] that the problem DEM SET is N P-complete. For any graph G, a
natural question is whether the original DEM set can monitor all edges if some edges or vertices

in G are delated. We design the Algorithm 1 and the time complexity is polynomial.

WHETHER THE DEM SET IS STILL APPLICABLE?
Instance: A graph G = (V, E), an edge e € F(G) and a DEM set M of G.
Question: Whether M is still a DEM set for the graph G — e?

Given a graph G, a DEM set M, and an edge e € F(G), our goal is to determine whether
the original DEM set M is still valid in the resulting graph G — e. The algorithm is shown in
Algorithm 1.

Algorithm 1 The algorithm for determining M is or not monitor set for G — e
Input: A graph G, M C V(G) and e € E(G);

Output: E(G —e) C Uzeny EM(z) is TRUE or FALSE;

1. My + E(G — 6)

2: for each vertex v € M do

3. M, « M, — EM(v)

4: if My = () then return E(G — e) C Uyep EM(2) is TRUE;

5: else return E(G —¢e) C Ueyy EM (z) is FALSE;

The algorithm of how to compute the edge set EM(x) from G was given by Yang et
al. in [16], and is based on the breadth-first spanning tree algorithm, which time complexity is

polynomial. Hence the time complexity of Algorithm 1 is polynomial.

6 Conclusion

In this paper, we have studied the effect of deleting edges and vertices in a graph G on the
DEM number. We obtained that dem(G — e¢) — dem(G) < 2 for any graph G and e € E(G).
Furthermore, the bound is sharp. In addition, we can find a graph H and v € V(H) such that
dem(H \ v) — dem(H) can be arbitrarily large. This fact gives an answer to the monotonicity
of the DEM number. This means that there exist two graphs H and G such that H C G and
dem(H) > dem(G).

It is interesting to consider the following problems for future work.

(1) Tt is interesting to characterize the graphs dem(H) > dem(G) if H C G.

(2) For a graph G and E C E(G), what is the maximum value of |E| such that dem(G) =
dem(G — E)?
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(3) For any € > 0, whether the ratio gs%((g)) < € holds, where H is an induced subgraph
of G.

In addition, it would be interesting to study distance-edge monitoring sets in further standard

graph classes, including pyramids, Sierpinki-type graphs, circulant graphs, graph products, or

line graphs. In addition, characterizing the graphs with dem(G) = n — 2 would be of interest,

as well as clarifying further the relation of the parameter dem(G) to other standard graph

parameters, such as arboricity, vertex cover number and feedback edge set number.
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