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alternating multiple zeta values introduced by Harada in 2021.
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1. INTRODUCTION

The present paper was initially conceived in January 2021 as an extension of
some results of [22] to the setting of alternating multiple zeta values (AMZV’s) in-
troduced by Harada [14]. At that time, we endeavored to explore Zagier-Hoffman’s
conjectures in positive characteristic for both MZV’s and AMZV’s, by establish-
ing certain results related to the linear independence of specific sets of AMZV’s.
Subsequently, in their work [17], the authors discovered a more successful approach
by substituting these sets with those of alternating Carlitz multiple polylogarithms
(ACMPL’s). For the MZV’s version of Zagier-Hoffman’s conjectures in positive
characteristic, we would like to refer the reader to the work [9] which adopts the
same approach and yields the same results. Consequently, we made the decision to
briefly reference the findings of this paper in Proposition 4.6 of the aforementioned
work (loc. cit.), deferring the complete exposition of the details to the present ar-
ticle.
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11R58.
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1.1. Background.

Let A =T,[0] be the polynomial ring in the variable 8 over a finite field F, of ¢
elements of characteristic p > 0. We denote by A, the set of monic polynomials in
A. Let K = F,(0) be the fraction field of A equipped with the rational point co. Let
K be the completion of K at co and C,, be the completion of a fixed algebraic
closure K of K at co. We denote by v, the discrete valuation on K corresponding to
the place co normalized such that v (0) = —1, and by |-|oc = ¢~ Y= the associated
absolute value on K. The unique valuation of C., which extends vs, will still be
denoted by veo.

Let N = {1,2,...} be the set of positive integers and Z=° = {0,1,2,...} be the
set of non-negative integers. In [6] Carlitz introduced the Carlitz zeta values (4(n)
for n € N given by

1
Ca(n) = — € K
aEZAJr a
which are analogues of classical special zeta values in the function field setting.
For any tuple of positive integers s = (s1,...,s,) € N", Thakur [24] defined the
characteristic p multiple zeta value (MZV for short) (4 (s) or Ca(s1,...,S) by

1
= ——— €K
Cale) Z aji'...ar" >

where the sum runs through the set of tuples (ay,...,a,) € A’ with dega; > --- >
dega,. We call r the depth of {4(s) and w(s) = s; + -+ + s, the weight of (4(s).
We note that Carlitz zeta values are exactly depth one MZV’s. Thakur [25] showed
that all the MZV’s do not vanish.

For w € N we denote by Z,, the K-vector space spanned by the MZV’s of weight
w, and by Ty, is the set of 4(s) with s = (s1,...,s;) of weight w with 1 < s; <g¢
for1 <i<r—1ands, < q. We also define ‘JBJ to be the set of MZV’s Ca(s1,-- -, $r)
such that 1 < s; < ¢ for all 1 <1 < r. We now recall two results of [22]:

Theorem 1.1 ([22, Theorems B]). Let w € N. Then the MZV’s in T2 are linearly
independent over K.

Theorem 1.2 ([22, Theorems DJ). Let w < 2q — 2. Then the MZV’s in T,, are
linearly independent over K.

1.2. Statement of the results.

In [14] Harada introduced the alternating MZV’s in positive characteristic. For
any tuple of positive integers s = (s1,...,s,) € N" and € = (e1,...,¢,) € (FX)",
the corresponding AMZV is given by

degay dega,
€\ € L€
Ca (5) o Z ait...ay € Koo
where the sum runs through the set of tuples (ay,...,a,) € A% with dega; > --- >

deg a,.. We call r the depth of (4 ; and w(s) = s1 + - - -+ s, the weight of (4(s).

We note all the AMZV’s do not vanish [14]. For w € N we denote by AZ,, the
K-vector space spanned by the MZV’s of weight w. We refer the reader to [12, 14]
for more details about these objects. Note that in the classical setting the reader
could consult [16, p. 536] for a discussion about the dimensions of the Q-vector
space spanned by all the AMZV’s of fixed weight.
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We now introduce several sets of AMZV’s. First, we denote the set AT, by

ATy = {CA (2) :Cals) € ‘Iw}.

Next, we denote by ATY the set of AMZV’s (4 (;) such that (a(s) € TY.
We also denote by ATL the subset of AMZV’s C4(s,€) of AT, such that ¢; = 1
whenever s; = ¢ (i.e., the character corresponding to ¢ is always 1). We remark
that in general,

AT C ATE C AT,
Finally, for w < 3¢ — 2, we denote by AT, the subset of AMZV’s as follows.

e For 1 <w < 2q— 2, AT, consists of (4 (;) of weight w such that if we
write s = (81,...,8,), then ¢ — 11t s;.
e For 2¢ — 1 < w < 3¢ — 2, we consider I, the set of tuples s = (s1,...,8;)
of weight w where s; # ¢q,2q — 1,2q, 3q — 2 for all ¢ satisfying
— if ;41 =qor 2¢—1 for some i =1,2,...,r — 1, then ¢ — 1]s;,
—s5,#(q—1,¢—1,q) when w =3¢ — 2,
and define

A‘Tﬁu = {CA (;) :5 € I,, and ¢; = 1 whenever s; = q} .

Here are some basic properties of these sets that are crucial for linear indepen-
dence of AMZV’s.

Proposition 1.3. We define a Fibonacci-like sequence s(w) as follows. We put

s(w) _ (q - l)qw_l Zfl <w< q,
(-1 =1) fw=q

qg—1
and for w > q, s(w) = (¢ —1) > s(w—1) + s(w — q). Then for all w € N,
i=1

AT, | = s(w).
Proposition 1.4. Let w < 3q — 2. Then
1) We have
AT, = s(w).

2) For any (s;€) = (s1,---,8/3€1,...,6) € N x (FX)", if Ca (;) € AT,
then Ca (61 6T1> belongs to AT, . .
S1 ... Sr—1 r

We are now ready to state some results for linear independence of AMZV’s which
extend Theorems 1.1 and 1.2:

Theorem 1.5. Let w € N. Then the AMZV’s in ATT?U are linearly independent
over K.

Theorem 1.6. Let w < 3q — 2. Then the AMZV’s in AT, are all linearly inde-
pendent over K. In particular,

dimg AZ, > s(w).
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We would like to mention several comments. First, Theorem 1.6 is exactly [17,
Proposition 4.6]. Second, the proofs of both previous theorems are based on the
theory of dual t-motives introduced by Anderson [1] and the Anderson-Brownawell-
Papanikolas criterion [2]. Finally, it is proved in [17] that dimgx AZ, = s(w) for
all weights w € N (see [17, Theorem A]). However, the approach given in loc. cit.
goes beyond the scope of this paper as we have mentioned in the beginning of the
introduction.

1.3. Organization of the paper.

In §2 we recall the notion of dual t-motives following Anderson and the Anderson-
Brownawell-Papanikolas criterion for linear independence. Then we state some ap-
plications for linear independence of MZV’s and AMZV’s (see Theorems 2.4 and
2.5). In §3 we prove Propositions 1.3 and 1.4. The main theorems 1.5 and 1.6 will
be shown in §4 and §5 respectively.

1.4. Acknowledgments.

B.-H. Im was supported by Basic Science Research Program through the National
Research Foundation of Korea (NRF) funded by grant funded by the Korea govern-
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fifth author (LH. P.) was supported the grant ICRTM.02-2021.05 funded by the In-
ternational Center for Research and Postgraduate Training in Mathematics (VAST,
Vietnam).

2. DUAL t-MOTIVES AND LINEAR INDEPENDENCE

We continue with the notation given in the Introduction and follow closely the
presentation given as in [17, 22] (see also [9]). In particular, a large part of this
section is line-by-line parallel to [17, §2]. Further, letting ¢ be another independent
variable, we denote by T the Tate algebra in the variable ¢ with coefficients in C
equipped with the Gauss norm ||.||oo-

2.1. Dual ¢t-motives and Anderson-Brownawell-Papanikolas (ABP) crite-
rion.
We recall the notion of dual ¢t-motives due to Anderson (see [5, §4] and [15, §5]
for more details). We refer the reader to [1] for the related notion of t-motives.
For i € Z we consider the i-fold twisting of Co.((¢)) defined by

Coo((t)) = Coo((2))
f= Zajtj N A Za‘jitj.

We extend i-fold twisting to matrices with entries in Coo ((t)) by twisting entry-wise.
Let K[t, o] be the non-commutative K [t]-algebra generated by the new variable
o subject to the relation o f = f(~Vo for all f € KJt].

Definition 2.1. An effective dual t-motive is a K[t,o]-module M’ which is free
and finitely generated over K [t] such that for £ >> 0 we have

(t — )" (M JoM') = {0}.
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We mention that effective dual ¢-motives are called Frobenius modules in [10,
12, 14, 18]. Note that Hartl and Juschka [15, §4] introduced a more general notion
of dual t-motives. In particular, effective dual t-motives are always dual t-motives.

Throughout this paper, we will always work with effective dual t-motives. There-
fore, we will sometimes drop the word “effective” where there is no confusion.

Let M and M’ be two effective dual t-motives. Then a morphism of effective dual
t-motives M — M’ is just a homomorphism of left K[t, c]-modules. We denote by
F the category of effective dual t-motives equipped with the trivial object 1.

We say that an object M of F is given by a matrix ® € Mat,(K[t]) if M is a
K|[t]-module free of rank 7 and the action of o is represented by the matrix ® on
a given K|[t]-basis for M. We say that an object M of F is uniformizable or rigid
analytically trivial if there exists a matrix ¥ € GL,(T) satisfying ¥(-1) = ®W¥. The
matrix ¥ is called a rigid analytic trivialization of M.

We now recall the Anderson-Brownawell-Papanikolas criterion which is crucial
in the sequel (see [2, Theorem 3.1.1]).

Theorem 2.2 (Anderson-Brownawell-Papanikolas). Let ® € Mat,(K[t]) be a ma-
triz such that det ® = c(t — 0)* for some c € K and s € Z=°. Let 1) € Matyx1(€)
be a vector satisfying (=Y = & and p € Matyx¢(K) such that pi(6) = 0. Then

there exists a vector P € Matix¢(K[t]) such that
Pyy=0 and P(0)=p.

2.2. First construction of dual {-motives.

We briefly review some constructions of dual ¢-motives introduced in [10] (see
also [7, 12, 14]). Let s = (s1,...,5,) € N" be a tuple of positive integers and
0 =(Q1,...,Q,) € K[t]" satisfying the condition

gt Lo i
(2.1) (1Q1lloo /1018 7)" - .- (1Qs I /1618 T) T — 0
as 0 <4, <--- <1 and 11 — oo.

We consider the dual t-motives Ms o and M{ o attached to (s,9) given by the

matrices

(t — g)srttsr 0 0 0
V(@ — gyt (f gyt g 0
Dy = 0 s =gy
: : (t —6) 0
0 0 QU YiE—0) 1

€ Mat,,-+1 (K[t])7

and & 5 € Mat, (K[t]) is the upper left 7 x r sub-matrix of ®, .

Throughout this paper, we work with the Carlitz period 7 which is a fundamental
period of the Carlitz module (see [13, 24]). We fix a choice of (¢ — 1)st root of (—6)

and set
t
(_p\—aq/(g—1) - X
Q(t) = (—9)~ Y/ H<1 W)e?f
i>1
so that .
QY =(t—-0)Q and —— =7
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Given (s,9) as above, Chang introduced the following series (see [7, Lemma 5.3.1]
and also [10, Eq. (2.3.2)])

(2.2) £(5;9) =L(s1,.--,8;Q1,...,Qy) := Z (QST‘QT)(Z'T)._.(QS1Q1)(1‘1).

11> >0, 20

If we denote & the ring of series Y, - a,t" € K[[t]] such that lim,_, 4 {/|an|cc =
0 and [K(ag, a1, ...) : Kso] < 00, then any f € € is an entire function. It is proved
that £(s,Q) € & (see [7, Lemma 5.3.1]). In the sequel, we will use the following
crucial property of this series (see [7, Lemma 5.3.5] and [10, Proposition 2.3.3]): for
all j € Z=°, we have

(2.3) £(s:9) (07) = (£(52)0)" .
Then the matrix given by
Qs+ +sr 0 0
£(31§Q1)Qs2+m+s" Qs2t ot 0
. L(s2; Qo)+ Her
\Ils,D =
’2(81"~-7ST71;Q17"'7QT71>QST £(82>~--787’7156227""@7‘71)987‘ Qe
E(Sla"'7ST;Q1a"'7QT) S(SQa"'aST;Q2a"'aQT) S(ST;QT)
€ GL,+1(T)
satisfies

U = 0,00 0.

Thus ¥, o is a rigid analytic trivialization associated to the dual ¢-motive M, .
We also denote by \I};,Q the upper r x r sub-matrix of ¥, o. It is clear that U/,
is a rigid analytic trivialization associated to the dual t-motive M;’Q.
Further, combined with Eq. (2.3), the above construction of dual ¢t-motives im-
plies that 7 £(s; Q)(0) where w = s1 + --- + s, has the MZ (multizeta) property
in the sense of [7, Definition 3.4.1]. By [7, Proposition 4.3.1], we get

Proposition 2.3 ([17, Proposition 2.3]). Let (s;;9;) as before for 1 <i < m. We
suppose that all the tuples of positive integers s; have the same weight, says w. Then
the following assertions are equivalent:

i) £(51;91)(0),. .., L(8m; Qm)(0) are K-linearly independent.

i) £(5151)(0), - -+, £(5m; Qum)(0) are K-linearly independent.

2.3. Second construction of dual t-motives.

Based on the first construction, we present another construction which will be
useful when working with linear combinations of MZV’s or related objects.

Let w € N be a positive integer and n € N. Let {(s;;Q;)}1<i<n be a collection
of pairs satisfying Condition (2.1) such that s; always has weight w. We write s; =
(8i1,---,8i,) € N4 and Q; = (Qi1,--.,Qir,) € K[t]% so that s;y + -+ + 84, = w.
We introduce the set of tuples

I(s4;9;) := {9), (8013 Qi1), - - -5 (541, - - -,Sz‘(zﬁl);Qil, - -7Qi(€i71))}a
and set
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Let a; € A\ {0} for all 1 <7 < n. For all (t;Q) € I, we set
(2.4) foa = Z ai () (Sikr1)s - - Sits5 Qithg1)s - - - Qity )
where the sum runs through the set of indices 7 such that (t; Q) = (s;1,. .., Sik; Qit, - - -, Qik)
for some 0 < k < ¢; — 1. In particular, fy = >, a;(t)L(s:; Q;).

We now construct a new matrix ®' by merging the same rows of @ o ..., ®( o
as follows. Then the matrix ®' will be a matrix indexed by elements of I, says

' = (@) 02
(t;Q),(t Bl ) (t;D),(t’;Q’)EI
the empty pair () we put

, (t—0)w if (¢;9Q) =0,
@@7“/;9/) =

€ Mat,;(Kt]). For the row which corresponds to

0 otherwise.

For the row indexed by (Q) = (s;1,...,8i;;Qi1, ..., Qsj) for some i and 1 < j <
£; — 1 we put

(t — g)w—w(t) if (;9) = (t9),
-1 w—w ! M
Play,(van = Qz('j )(t — )2 (V5Q) = (Si1, -4 Sigj—1); Qity - - - Qigi—1))5
0 otherwise.
/ _ / .
Note that (I)ﬁiv’ai o ((I)(f;ﬂ)7(t’;2'))(t;Q),(t';Q’)eI(si;Qi) for all

We define ® € Mat ;41 (K[t]) by

® 0 — —
o = (V 1) S Math(K[t]), v = (Ut7Q)(t;Q)€I S Matlx|1|(K[t]),
where

_JamQL Pt —0ye e it (69) = (sin, - sie 13 Qits - Qi)
U, = ) .
0 otherwise.

We now introduce a rigid analytic trivialization matrix ¥ for ®. We define ¥/ =
(\I’/(t;m)’(t,;nlo(t;Q),(t’;Q/)eI € GL;7(T) as follows. For the row which corresponds
to the empty pair () we define

, v it (1,9 =10,
0.(t:97) 0  otherwise.

For the row indexed by (Q) = (si1,.. ., Qi1, ..., Qij;) for some i and 1 < j <
f; — 1 we put

Viga) @) =

2(6 Q)0w O if (159) = 0,
L(Si(ht1)y -+ -5 5053 Qi(ht1)s - - Qi)™ i (V;97) = (si1,- - -, Sik; Qity - - - Qixe) for some 1 < k < 4,
0 otherwise.

Note that ¥, o = (\IJ’(tQ) (¥397) for all i.

) (69),(V;Q)€I(s:394)



8 B.-H. IM, H. KIM, K. N. LE, T. NGO DAC, AND L. H. PHAM

We define ¥ € GL|7141(T) by

0
V= <f 1) € GLj;141(T), = (fea)ier € Maty,(T).
Here we recall (see Eq. (2.4))

fea =Y ait)€(sir1)s - - Sity; Qi) - - » Qie,)
where the sum runs through the set of indices 7 such that (t; Q) = (s;1,. .., Sik; Qit, - - -, Qik)
for some 0 < k < ¢; — 1. In particular,

o= ai(t)€(si; Q).

?

By construction and by §2.2, we get ¥(—1) = ®W¥, that means U is a rigid analytic
trivialization for ®.

2.4. A result for linear independence.

We are now ready to state an application of ABP criterion for linear independence
(see [17, 22] and also [9)]).

Theorem 2.4. We keep the above notation. We suppose further that {(s;;Q;)}1<i<n
satisfies the following conditions:
(LW) For any weight w' < w, the values £(t;Q)(0) with (£, Q) € I and w(t) = w’
are all K-linearly independent. In particular, £(t;Q)(0) is always nonzero.
(LD) There exist a; € A\ {0} for 1 < i <n such that

i aiS(si; Ql)(e) =0.

Then

o fi.a(0) belongs to K where fi.q is given as in (2.4) for all (Q) € I.
o There exist b € Fy[t]\ {0} and 6 := (6¢,9)0)er € Maty 7 (K[t]) such that

a 0\ e 0\ (¥ 0\ (I 0
51 v 1)~ \o 1) s 1)

Here we note that LW stands for Lower Weights and LD for Linear Dependence.
‘We mention below some comments about the above result.

(1) In [10] Chang, Papanikolas and Yu studied zeta-like MZV’s and proved
Theorem 2.4 in the case where n = 2, s; is of weight w, and s3 = (w) (see
Theorem 2.5.2 of loc. cit.).

(2) In [18, 21], the authors apply the theorem of Chang-Papanikolas-Yu to
obtain several results concerning zeta-like MZV’s.

(3) In [8, 12], the authors generalized the aforementioned theorem of Chang-
Papanicolas-Yu and obtain some particular cases of Theorem 2.4. In all
these works, Condition (LW) is replaced by a stronger condition: one re-
quires that for any weight w’ < w, there exists at most one pair (t;Q) €
such that w(t) = w’ and further £(t; Q)() is always nonzero for all (t;Q) €
I
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(4) In [22], the author proved a version of Theorem 2.4 for MZV’s (see The-
orem 2.5) and applied it to obtain some results towards Zagier-Hoffman’s
conjectures in positive characteristic. Theorem 2.4 is a straightforward gen-
eralization of the previous result and is proved in [17, Theorem 2.4] (see
also [9]).

(5) The curious reader is invited to read the previous works for more details
and an exhaustive list of related works.

2.5. Example: dual t-motives connected to MZV’s.

2.5.1. First construction.
Following Anderson and Thakur [3, 4] we introduce dual t-motives connected to
MZV’s and AMZV’s. We briefly review Anderson-Thakur polynomials introduced

in the seminal work of Anderson and Thakur [3]. For k > 0, we set [k] := 94" — 0
and Dy, := Hif:l[ﬁ]qk%. Forn € Nwe writen—1= 3., nj¢’ with0<n; <g—1

and define
L, = H DY
j=0

We set vo(t) := 1 and v;(¢t) := szl(qu —tqz) for 7 > 1. Then Anderson-Thakur
polynomials a,(t) € A[t] are given by the generating series

Oznt n jt qj
Z F()J: = I—Z%Qx

n>1 " j>0 Y

—1

Finally, we define H,(t) by switching 6 and ¢
(2.5) Hy(t) = an(t)],_p o,
By [3, Eq. (3.7.3)] we get

(n—1)q nq

2.6 deg, H, < .
(2.6) €8p Hn = -1 <q—1

Let s = (s1,...,5:) € N” be a tuple and € = (e1,...,¢,) € (FX)". For all

1 < i < r we fix a fixed (¢ — 1)-th root 7; of ¢; € Fy and set Qs, e, == 7ViHs,.

Then we set Qg ¢ = (Qsy,e15- .-+ @s,..c,.) and put £(s;€) := £(5; Q). By (2.6) we
ng

know that || Hy|le < |0]& " for all n € N, thus 9, ¢ satisfies Condition (2.1). Thus
we can define the dual t-motives Ms e = Ms g, and Mg . = M 5 _ attached to
s whose matrices and rigid analytic trivializations will be denoted By (s, Vs e)
and (@ ., Vg ), respectively. These dual t-motives are connected to MZV’s and
AMZV’s by the following result (see [12, Proposition 2.12] for more details):

€
Y1 Y lsy o Ts.Ca (5>

(2.7) L(s;€)(0) = —

By a result of Thakur [26], one can show (see [14, Theorem 2.1]) that (4 <§> # 0.
Thus £(s;€)(0) # 0.
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2.5.2. Second construction.

Let w € N be a positive integer and n € N. Let {(s;; €;) }1<i<n be a collection of
pairs such that s; always has weight w and a; € A\ {0} for all 1 <4 < n. Recall
from §2.5 that the collection {(s;;Qs,:e;) }1<i<n satisfies Condition (2.1). We write
5= (8i1,...,8i,) €N and €; = (€51, ..., €¢,) € (F))% so that s+ +sis, = w.

We introduce the set of tuples

I(si;€) == {0, (si15€i1)5 - -+ (815 -+ -5 Si(t,—1)5 €01y - - 5 €i0,—1)) }
I't(sis€) = I(sis€) U{(s5;€)},
and set
1= UiI(Ei; Ei), I+ = UiI+(51‘; 61').
For all (t;€) € I, we set

(2.8) Jre = Z ai(t)'g(si(k+l)a sy il Ci(k+1)s e €it; ),

where the sum runs through the set of indices ¢ such that (t; €) = (si1, ..., Sik; €1, -« -5 €ik)
for some 0 < k < /; — 1. In particular,

fo= Zai(t)ﬁ(ﬁi; €)-

By §2.3 we get a new matrix ® by merging the same rows of ®¢ ..., ®[ _ .

Then we obtain ® € Mat, ;1 (K[t]) by

(2.9) ¢ = <({),/ (1)> € Mat|;+1(K[t]), v = (vee)(seyer € Matyxr(K[t]),

where

Vt,e *—

)

ai(t) g;l)ez (t—0)"="O i (t€) = (Si1,- -, Si(e—1) Eils- - - Eit—1))5
0 otherwise.

Next we get a rigid analytic trivialization matrix ¥ € GL;7/41(T) for ® which is
of the form

o0
U= <f 1> € GL‘[‘J’_l(T)

where W' = (\Ilzt;e),(t’;e’))(t;e),(t,;e/)el € GL7(T) and f = (fi.e)ier € Matyy7(T)
with f¢e given by Eq. (2.8).
2.5.3. Linear independence for MZV’s.

Theorem 2.4 applied to this case yields

Theorem 2.5. We keep the above notation. We suppose further that {(s;; €;) hi<i<n
satisfies the following conditions:
(LW) For any weight w' < w, the values £(t; €)(0) with (t;€) € I and w(t) = w’
are all K-linearly independent.
(LD) There exist a; € A\ {0} for 1 <i <n such that

Z a;£(s:; €)(0) = 0.

Then
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1) fie(0) belongs to K where fi is given as in (2.8) for all (t;€) € I.
2) There exist b € Fo[t] \ {0} and 6 := (6¢.e)(t.e)er € Matyxr|(K[t]) such that

o ENTE )Y

From now on, as we will work with MZV’s and AMZV’s, we will use freely the
notation given as in this section.

3. PROOF OF PROPOSITIONS 1.3 AND 1.4

3.1. Proof of Proposition 1.3.
The proof of Proposition 1.3 follows exactly the same line as that of [17, §1.4].

In fact, we consider the set A‘J’i consisting of positive arrays (;1 ) of
1 e
weight w such that ¢ 1 s; for all ¢ and define a map
o: AT2 — ATL

€1 €n
S1 ... Sn

as follows: for each array <§) = ( > € A‘J’fm since ¢ t s;, we can write

s; = hiqg + r; where 0 < r; < g and h; € ZZ°. The image %) (;) is the array

(6L )6

hq times h, times

Then one sees that ¢ is a bijection, hence |ATL| = [AT2|. It is easy to see that
|ATZ | = s(w) for all w € N. The proposition follows.

3.2. Proof of Proposition 1.4.

Part 2 follows immediately from the construction of AT’ . For Part 1, it is easy
to construct a bijection between AT, and .A‘.Ti). We leave it as an exercise for the
reader.

4. PROOF OF THEOREM 1.5

4.1. Preliminaries.
We begin this section by proving several auxiliary lemmas which will be useful
in the sequel. Here we can refer to the readers [17, §3].

Lemma 4.1 ([17, Lemma 3.1]). Let ¢; € FX be different elements. We denote by
vi € Fy a (g — 1)-th root of €;. Then v; are all F,-linearly independent.

Proof. We refer the reader to [17, Lemma 3.1] for a proof of this lemma. We give
here another proof using the Moore determinant (see [13, Section 1.3]). Suppose
that €1,...,¢, are distinct elements in IF;. The Moore determinant associated to
Y1, ..., Yn is defined as

24! Tn

L
A1, .oy n) = det .
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Since 4; is a (¢ — 1)-th root of ¢;, one verifies by induction that fyfk = v;ek for
0<k<n-—1.1It follows that

Y1 e Yn 1 .. 1
Y1€1 e Tn€n €1 e €n
Ay, 5m) = det : : =7 ndet
’yle?_l R T e?_l oot
=7 """ H (€ —¢€5)
1<j<i<n

The last equality follows from the Vandermonde determinant. We thus deduce that
A(v1,...,7) # 0 since €1,...,€, are distinct elements in Fy. From [13, Lemma
1.3.3], we conclude that 71, ...,7, are linearly independent over F,, as desired. O

Lemma 4.2. Let (4 (?) € AT and a; € A\ {0} satisfying

}:mm%xnwy:u

For e € T we denote by I(e) = {i : x(e;) = €} the set of pairs such that the
corresponding character equals €. Then for all e € Fy,

Z aiS(si; 61)(9) =0.
i€1(e)
Proof. See [17, Lemma 3.2]. O
Lemma 4.3. Let m € N, § € K[t] and F(t,0) € F[t,0] (resp. F(t,0) € F,[t,0])
satisfying
§ =0Vt —0)™ + FEV(,0).
Then & € F[t,0] (resp. § € Fy[t,0]) and

gm degy F(t,0) }
q—1 q '

degy 6 < max {

Proof. The proof follows the same line as that of [18, Theorem 2]. See also [17,
Lemma 3.3]. O

4.2. Proof of Theorem 1.5.
The proof of Theorem 1.5 follows the same line as that of [22, Theorem B].

By (2.7) it suffices to show that all the values £(s; €)(6) such that (4 (;) c ATY
are K-linearly independent. The proof is by induction on the weight w € N.

For w = 1 suppose that there exist 4 €i> € ATY and a; € A\ {0} such that

1
}:%uhquzo

Then

Zai%‘CA (611) =0.
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Since (4 (611) € KZ, we get a contradiction.

Now suppose that for w’ < w the values £(s; €)(6) such that (4 E € ATY, are
all linearly independent over K. We claim that the values £(s;€)(f) such that
Ca (:) € A‘J?U are all linearly independent over K. Suppose that there exist

Ca (?) € ATY and a; € A\ {0} such that
(4.1) > ail(si;€)(0) = 0.

We write §; = (si1,...,sir,) € N and € = (e1,...,€¢,) € (FX)%. Then by (2.7)
and the fact that s; has the same weight w, we get

€
Z ai¥i1 - Yie; Uy - 'Fsiéi Ca <51) =0.
- 2
K2

By Lemma 4.2 we can suppose further that €; has the same character, i.e., there
exists € € F* such that for all 4,

(42) X(Ez) = €ij1...€, = €.

We show that the relation (4.1) leads to a contradiction.

By the previous discussion, we can apply Theorem 2.5 for the above tuples
(s;;€;). With the notation of Theorem 2.5, we deduce that that for all (t;€) € I,
ft,e(8) belongs to K. Here we recall that fi . is given by

fre = Zai(t)E(Si(kH), ey 80l €k 1) - - €ily)s

%

where the sum runs through the set of indices 7 such that (t;€) = (i1, ..., Sik; €1, - - -, €ik)

for some 0 < k < ¢; — 1.
We now deduce a contradiction from this fact. For (s;; €;) we denote by m; € Z=°

the biggest index such that (si1,. .., Sim,; €1, - -, €im, ) belongs to I(s;; €;) for some
J # 1. Note that s;(m,11) # 0 since the weights of s; and s; (j # i) are the same.
For m; + 1 < k < ¢; we consider (t;€) = (S;1,...,Sik;€i1,--.,€ik). Thus (2.8) gives
Jre = @i(t)£(Si(ks1)s - - -+ ity €i(k1), - - - » €ig;) and we have seen that fi ¢ belongs to
K. By (2.7) we get
- T . Ci(k+1) -+ €ty ZSi(k1) ot Sieg
az’)/z(k+1) s ’Yl[irz(kJrl) s leiCA (Si(k+1) o 51’&‘) /71' € K.

Since a; € K*, this forces that s;41) + -+ + sig, is divisible by ¢ — 1 and
€i(k+1) - - - €¢; = 1. Since this condition holds for all m; +1 < k < 4;, it follows
that s;x41) is divisible by ¢ — 1 and €41y = 1 for all m; +1 < k < ¢;. Since
1 < sik+1) < ¢ — 1, we conclude that
Si(k+1) = ¢ — 1, €i(k+1) = 1, forall m; +1 <k < ¥4;.
Let m := max; m;. Then we can find two different tuples, says (s1; €1) and (s2; €2)
be such that m; = my = m. Thus

(slla~"751m;611;~"a€1m) = (3217~"aSQm;621a~"762m)
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and (81(m+1); €1(m+1)) 7# (S2(m+1)> €2(m+1))- The previous discussion shows that
S1(m42) = - = q — 1, €1(m+2) = = 1 and S2(m42) = 7 = ¢ — 1, €2(m+2) =
-+« = 1. Combining with the fact that s; and s, have the same weight yields
51(m+1) = S2(m+1) (mod g — 1). Since 1 < S1(m+1)> S2(m+1) < ¢ — 1, we deduce
81(m+1) = S2(m+1)- Finally, combining with the fact that €; and € have the same
character (see (4.2)), we obtain €j(n41) = €2(m+1)- Thus we get a contradiction
since (51(m+1); €1(m+1)) = (52(m+1)§62(m+1))-
The proof of Theorem 1.5 is finished.

5. PROOF OF THEOREM 1.6

5.1. Strategy of the proof.

Recall that w < 3¢ — 2. We use Proposition 1.4 and prove Theorem 1.6 by
induction on w.

For w < ¢, Theorem 1.6 follows immediately from Theorem 1.5 (see §5.2).

We suppose that for w’ < w AMZV’s in AT/, are all linearly independent over
K. We claim that AMZV’s in AT’ are all linearly independent over K.

w

By (2.7) it suffices to show that all the values £(s; €)(6) such that (4 (;) € AT,

are all linearly independent over K. Suppose that there exist (4 (§7> € AT, and
a; € A\ {0} such that
> ail(si;€)(0) = 0.

As Proposition 1.4 implies that Condition (LW) holds, we apply Theorem 2.5
for the tuples (s;;€;). Part 1 of Theorem 2.5 gives a shortlist of tuples (s;; €;) which
often contains few elements. Then we write down explicitly the system of equations
(2.10) given in Part 2 of Theorem 2.5 (we note that in this system we can suppose
that b = 1) and manage to show that it does not have a nontrivial solution § # 0.
This completes the proof.

In what follows we carry out this strategy in detail.

5.2. Weight w < q.

Proposition 5.1. Suppose that w < q. Then AMZV’s in AT, are all linearly
independent over K.

Proof. As a direct consequence of Theorem 1.5, we deduce that Theorem 1.6 holds
when w < ¢. In fact, we note that AT/, = AT, = AT? when w < q. O

5.3. Weight ¢ +1 <w <2¢g—2.

Proposition 5.2. Suppose that ¢ > 2 and g+ 1 < w < 2q — 2. Then AMZV’s in
AT’ are all linearly independent over K.

Proof. The proof is done by induction on w. For w < 2¢ — 2, we suppose that
for w' < w AMZV’s in AT, are all linearly independent over K. We claim that
AMZV’s in AT’ are all linearly independent over K.

By (2.7) it suffices to show that all the values £(s; €)(6) such that (4 (:) € AT,

€;
3 w
K2

are all linearly independent over K. Suppose that there exist (4 (5 > € AT and
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a; € A\ {0} such that
Z aiS(si; 61)(9) =0.

We write 8; = (si1,...,5¢,) € N and €; = (e;1,...,€,) € (FX)%. Then by (2.7)
and the fact that s; has the same weight w, we get

€;
E ai'yil e ’Yi&Fs“ e Fsiei §A <51) = 0
- 7
%

As before, by Lemma 4.2 we can suppose further that €; has the same character,
i.e., there exists € € F* such that for all i,

X(ei) = €j1...€p, = E.

We show that this relation leads to a contradiction.

We apply Theorem 2.5 for the above tuples (s;; €;). With the notation of Theorem
2.5, we deduce that that for all (t;€) € I, f(0) belongs to K. Here we recall that
fte is given by

fee = Z i () L(Si(kg1)s - -5 Silys €i(kt1)s - -+ 5 €ily )

where the sum runs through the set of indices ¢ such that (t;€) = (si1, ..., Sik; €1, -« -5 €ik)
for some 0 < k < ¢; — 1.
We have (g — 1)|(w — w(t)); assume not, then 7*~*® ¢ K, so

€
Z ai(t)%(k+1) e ’)/igirsi(k+1) . Fsiei CA <5) = O,
i€ J(t)

which contradicts to the induction hypothesis on A‘.T;U_w(t).

Thus, we have (g—1)|s;2, Si3, - - - , Sig,- With our assumption w < 2¢—2, it suffices
to consider either s = (w) or s = (k,q—1) where k =w—(¢g—1) with 1 < k < ¢—1.
We need to consider only (w;e) or (k,q — 1;€,1) as in the proof of Theorem 1.5.
Thus we have the following relation,

(5.1) a1¢a <;) + azCa (Z . i 1) = 0 for some aj,as € A\ {0}.

We claim that (5.1) leads to a contradiction. In fact, we put s; = k and s = g—1.
Also fix v a (¢ — 1)th root of e. By Theorem 2.5, we recall that the matrix @’ is
given by

o — t—0)" 0
(VHy) "V —0)" (t—0)
for I = {0, (k;€)}. For some 61,82 € K[t], Eq. (2.10) induces
(5:2) o= (o0 + oV GHL) Y + @) - (7HW) V) (- 0)",
(5.3) 5y = (55*” +as(t) - H§;1>) (t — 0)%=.

We know that Hs;, = Hs, = 1 and H,, = (¢9 —t) + (k — 1)(¢? — 67). So (5.3) is
reduced to

5y = (55*” + ag(t)) (t— 0)%.
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By Lemma 4.3 and the fact that degy H,, < ;2 for alln € N (see (2.6)), we deduce
that 0y € F,[t,0] and degydy < LU = ¢. We put 6, = (af + b)(t — 0)4~! with
a,b € F,[t]. This yields
0o = f(07 —t7), aq(t) = f(t? —t) for some f € F,[t] \ {0}

after calculations (twisting once and comparing the coefficients of 9~ 1-terms).

Now for &1, by Lemma 4.3 again, §; € Fy[t,0] and degyd; < %. We treat the
cases when 1 < k < ¢—1 and k = g — 1 separately.

If1 <k<q—1, we have degyd; < w+ 1, i.e., 61 = (ab + b)(t — )™ for some
a, b € F,[t]. After twisting, comparing the coefficients of *~1- and 6*- terms yields
a =b =0, and then comparing the coefficients of #9-terms gives a;(¢)(t? —¢) = 0.
Since a1 # 0, we have a contradiction.

Next consider when k = ¢ — 1, i.e., when w = 2¢ — 2. Since degy 61 < w + 2, we
let

51 = (ab* + b0 +c)(t — )"  for some a,b,c € F[t].
Then twisting once and comparing the coefficients of 629~ 1- and 629=2 terms give
ab? + b0 +c=a(t-0)>2 ie.,
At~ 07)2 = aft — 0) 4 (89— 19) + (B (11— 1) — 2(t7 — 0)).
Comparing the coefficients of 627 yields a(!) = a, which implies a € F,[t]. Hence
a(t — 09 = a(t — 0)*1 +~7f(07 — 1) + ar (t)y (17 — 1) — 2(t7 — 7))
Multiplying by (t9 —t), we get
VFOT =)t — 1) = ((t = 09)* = (t = 0)*) (a(t — 1) — a1 (t)7)

by using the identity (¢ —¢)[(t9 —t) — 2(t? — 09)] = (t — 09)% — (t7 — 07). Since the
right-hand side is not divided by ¢ — 6 unless it is zero, we have f = 0, which is a
contradiction. This completes the proof. O

5.4. Weight 2¢ — 1 < w < 3¢g — 2.

In this subsection, we consider the case when 2¢ — 1 < w < 3¢ — 2. We recall
that I, is the set of MZV’s of weight w of the form (a(s1,...,s,) where s; #
q,2q — 1,2q,3q — 2 for all i satisfying

e if s,,1 =qor2q—1forsomei=12 ...,r—1, then ¢ — 1ls;,
e 5, #(¢q—1,q—1,q) when w=3q — 2,
and that the set AT’ is defined by

ATl = {Ca <:> : Ca(s) € I, and ¢; = 1 whenever s; = ¢}.

Proposition 5.3. Suppose that ¢ > 2 and 2¢ — 1 < w < 3q — 2. Then AMZV’s in
AT’ are all linearly independent over K.
Proof. Suppose that there exist (4 <?) € AT, and a; € A\ {0} such that

€;
(54) Z @ivYil - - - %-41.1“51.1 - FSiei CA (51') =0.
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We set a;(t) = a;lg=¢ € Fy[t] \ {0}. We will proceed by induction to lead a
contradiction. We write s; = (81, ..., Si,) and €; = (€;1,. .., €ir, ), and recall
I(si;€) = {0, (si15€i1)5 -5 (Si1y - Sigei—1) €Ly - - -5 €i(0,—1)) }
I (sis€) = I(sis &) U{(si3€)},
and
I =U;1I(s;;€;),
It = U I (s €).
As done previously in (2.8) for (t;€) € I, we set

Jee = Zaz L(Si(kt1), - -+ Sil €ik+1)5 - - -5 Eity)
where the sum runs over indices i with (t;€) = (s;1,..., Sik; €1, - ., €ix) for some
Let (t; A) € I and t # ). Let J(t, A) be a set of all tuples with (4 (Zl o Z) €
1 ..
AT, such that ( X) = (Sgr1,.-.,5¢ €kr1,---,€). Then
Jre = Z @i L(Si(kt1)s - - Sily; €ikt1)s - - - » €ily)-
i€ J(t€)
By Theorem 2.5 and referring to (2.7) and (2.8),
(5.5)
_ ) ) Si(k+1) -+ Sit; ~w—w(t
ft;e(g) = Z Qi Yi(k41) - - '%51'1_‘51:<k+1) : Sie; Ca <€z(k+1) Gi&-) /7r O e K.

i€ J(t,€)

Proposition 5.3 follows from Lemma 5.4 and Propositions 5.7, 5.8, and 5.9 which
will be proved in the sequel. O

Lemma 5.4. Recall that (t;€) € I and t # (). Then for each ¢; € F) we can choose
a (g — 1) th root v;, which satisfy

e cither the tuple (t,q;€,1) or (t,2q — 1;€,¢€) belongs to I,

o orw — w(t) is divisible by ¢ — 1 and there exists a € K such that

cee €,
Z QiYi(k+1) - - .'Yi&,rsi(wrl) . Sie; Ca ( ik+D) Z >
i( e Siey

i€ J(te) k1)

+ arw—w(t)CA <’LU —1w(t)) =0.

Proof. Suppose that the tuples (t,q;€,1) and (t,2¢ — 1;€,¢) do not belong to I*
and w — w(t) is not divisible by ¢ — 1. Then 7*~*(® ¢ K_, as w — w(t) is not
divisible by ¢ — 1. Referring to (2.7) and Steps 1 and 2 above, since fi.c(0) € K
by (5.5), this implies that

€i(k+1) --- €y
5.6 @i o it Ty - Ty Ca ( ( ):0.
o0 ie%e) A e K Si(k+1)  --- Sity

Since (t,q;€,1) and (t,2¢ — 1;€,¢) do not belong to I, the AMZV’s appearing
in (5.6) belong to AT, . Then, recalling that a; # 0 for i € J(t), we obtain a
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contradiction by the induction hypothesis. Hence, we have shown that if (t,¢;€,1)
and (t,2q — 1;€,¢€) do not belong to I, then w — w(t) is divisible by ¢ — 1.

If ¢ — 1 divides w — w(t), then since (4 (;) /7w ¢ K for any integer n
such that (¢ — 1) | n, we conclude that there exists some a € K such that
€; N €il;
Z Qi%Yi(k+1) - - .’yigirsi(k+1) c. I‘Siei CA (S(IZJrl) sy >
i€ (tie) Wktl) e Pl

1
+ arwfw(t)CA (w o ’LU({)) = 0.
(]

Remark 5.5. 1) Note that if w = 2¢ — 1, then (t,2q — 1;€,¢) € It and the
condition (t,q;€,1) € I'™ forces s;; = q—1 and so (t;€) = (¢ — 1;6;1) and (s;5€;) =
(¢—1Lqen, ).
2) If 2¢ < w < 3¢ — 3, then (t,2¢ — 1;€,¢) ¢ I since w < 3¢ — 3, and the
k=1
condition (t,q;€,1) € I forces siyx =¢—1and Y sj <w—(2¢—1) <q—2.
j=1
3) If w = 3q — 2, then the condition (t,2q — 1;€,¢) € I forces s; = g — 1, so
(t;€) = (¢ —1;€;1) and (s;5€;) = (¢ —1,2q — 1;¢€;1,1). The condition (t,q;€,1) € IT
forces s;; = q— 1 or 2q — 2.
Remark 5.6. As shown in the proof of Theorem 1.5, whenever ¢ — 1 | w — w(t) for
some t = (s;1,...,8%) # 0 with k < £;, we have € = --- = €;p, = 1. This can be
also seen by successive applications of Lemma 5.4.

5.4.1. The case w =2q — 1.
Consider w = 2¢ — 1 and the set I, consisting of MZV’s of weight w of the form

e Ca(s1,...,8,) where s; # q,2q — 1 for all 4,
L4 CA(q - 1) q)a
then from our setting,

ATl = {Ca <§) :Ca(s) € I, and ¢; = 1 whenever s; = ¢}.

Proposition 5.7. Suppose that ¢ > 2 and w = 2q — 1. Then AMZV’s in AT, are
all linearly independent over K.

Proof. By Lemma 5.4, the first shortlist of tuples (s;, €;) appearing in (5.4) has the
integer tuples,

51 = (172q_ 2)752 = (176]_ 17q_ 1)753 = (q_ 17q)u54 = (q - 1717q_ 1)7
and the character tuples over ') (and characters corresponding to ¢ is 1).

As in Remark 5.6 and Lemma 4.2, we have the first shortlist as follows: for each
ecFx
q )

(1a2q - 2;671)7(17q - 17(1 - 1367171)7((]— 17(156;1)7((1_ 1713q_ 1;6176271)7

with €1, €2 € F such that €1 = €.

2
Applying Lemma 5.4 with (t;€) = (1;¢), there exists some a € K such that

1 1 1
a(1,2g—2¢,1)'2g—2Ca (2q _ 1) +ai,g-1,0-1,6,1,1)g-1Tg-1Ca <q 1 oq- 1)
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1
+ aF2q72CA <2q _ 2> = 0.

Recalling that 4(¢—1,¢—1) is not zeta-like, we can deduce that a(; g—1,g—1;,1,1) =
0. So we reduce to the second shortlist as follows:

(172q72;€71)a (Q71,q;€,1), (q71717q71;6176271)

with €1, €2 € F such that ;e = € for each given € € IFqX.

From now on, we fix € and proceed as done in the discussion preceding Theo-
rem 2.5 to examine the linear independence. We construct ®' with respect to the
following tuples in I:

Q)v (1;6)? (q - 1;61)7 (q - ]-7 1;61762)3

where € = €1€5. Note that in the following e is given, €; is free, and e; = 661_1 is

determined by €. Also 7, 71,72 are (¢ — 1)th roots of €, €1, €2, respectively as chosen
in Lemma 5.4.
Recalling the constructions of ®" and v in Theorem 2.5, we get

g = (t—0)*",
(1:0.0 = (vH) V(¢ - 0)*7,
(1i0).(1:0) = (t—)*72,
(g=1:e1).0 = (mH,1) TP (- 0)%7
(=T, (a—Tie1) = (t-0)1,
-t @-te) = (2H)TV(E=0),
(g—1.Liex e2), (gL Lierve) = (£ — 0),

others =0,

and

vy =0,
V(1;e) = a(1,2q72;6,1)H2(q At —6)22,
U(g—1;¢) = a(q—Lq;e,l)Hé V(t—0)1,
V(g—1:e1) =0, fore #e,

-1 _
U(g—1,1;€1,e2) = a(qfl,l,qfl;el,ez,l)Hé—l)(t —0)7 "

Hence, for some §;’s in K[t] for corresponding indices i, Eq. (2.10) induces

57) Gy = (55‘” + 058 (yH;) Y +Z§§;fi;el)qu_1><1>> (t—0)>"

€1

(5.8) b1 = ( 15) +ag,2q— 261)H2(q )) (t—0)%?
_ (s(=1) (=1) (=1) -
(59 5(11 Le) — (6q 1s€) 5q 1151)H1 +a(q_1vQ§571)H¢§ 1)) (tio)q
(5. 10)
1 —1 —
q Lier) (6§‘1 2,61 q i,1;61,62)(’}/2]%[1)( 1)) (t B 9)q7 for e # ¢
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(5.11)
6((1_171;61752) - (6&*;,1;61,62) + a(Q—l,l,q—l;El762,1)H<§71)> (t—0)" !
Note that if (1 <n <gq), H, =1, and if ¢+ 1 < n < ¢?, then

k . .
1) - . .
fnw=§jC” f”“”yﬁ—NﬂW—mw
— J
7=0
where k = L”T_lj (see [21]). Thus Hogq—g = 207 — ¢ — t1.
Consider (5.11). Lemma 4.3 shows that (1 1., ;) € Fy[t, 0] and degg 0(g—1,1:¢,,¢5) <
q. We can put 0(g—11.6,,6,) = (f0+ g)(t — 0)7"! with f,g € F,[t], and plug it
into (5.11). Canceling terms and twisting once yield

FOT+9=(f0+9)(t = 0)"  +aq-11,0-16,,000)-
Comparing the 077 -terms yields g = —tf, i.e., d(g_1,1,6,,e,) = (07 — t7) and
A(g—1,1,q—1ie1,e5,1) = f(t9 —t). Since f here is parametrized by €1, e, we write
feres = f € Fyt], to have
6(q71,1;51762) = f61,62 (Gq - tq)7 and A(g—1,1,q—1;€1,€2,1) = f€1,62 (tq - t)

Next, for (5.10), Lemma 4.3 shows that 6(g_1.c,) € Fg[t,0] and degg d(g—1,¢,) <

2 . . e
ﬁ =(¢+1)+ ﬁ, ie., 0g—1;e,) = (f'0 4+ g')(t — 0)7 with f',g" € F,[t]. We plug
it into (5.10), cancel terms, twist and compare the §971-terms to have f’ = 0, and
compare the #%-terms to have ¢’ = ya fe, ¢, Further, comparing the °-terms yields

g/(l) = (g/ - 72f61,52)tq - 07 i'e'a gl = f61,52 - Oa and
(5.12) dg—13,) =0 for e # e
For (5.9), we proceed similarly to have

Og—1;0) = Jen(t —=0)%,  and  ag_1,ge1)= fe,1, for some fo; € Fylt].

For (5.8), recall H2(q__1)2 = w = —t —t9+ 26. Then, Lemma 4.3 shows

that &1,y € Fylt,6] with degyd(1.c) < 2¢. Let §1) = (c? + dO + ¢)(t — 6)*172
for some c,d,e € Fy[t]; in a similar process, we have 6 = c(t — )27 for some
¢ € F,[t]. This ¢ is paramatrized by €, so we write ¢, = ¢ € F,[t] to have
O(150) = Ce(t — 0)% = ¢ (t7 — 69)%,  and a(1,2g—2:e,)= Ce(t? —t).
Finally for (5.7), Lemma 4.3 shows that Jy € F,[t] with degy < 2¢ + 1, i.e., 6y =
(0% —d'0+e")(t—0)%1 for some ¢/, d, ¢’ € F[t]. Proceeding similarly, comparing
the #2911 and the 62971~ coefficients yields ¢/ = 0 and ¢’ = d't, i.e., §p = d'(t — 0)*4
for some d’ € F,[t]. Thus, recalling (5.12),
A0 09) = (1~ 0+ et — 0+ A(t— ) fer

The right hand side is divisible by ¢ — 6, which forces d’™) = 0, i.e., d = 0. By
canceling common factors of the remaining terms, we have

fe,l - _Cg(t — 9)q
Again the right hand side of this is divisible by ¢t — 0, i.e., fe1 = c¢c = 0. Thus

we have a(1,2g-2,c,1) = Ce(t? —1) = 0, ag-1,gc,1) = fe1 = 0, Qg-1,1,9-1,61,00,1) =
fer,e(t9 — 1) = 0. This completes the proof.
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5.4.2. The case 2q < w < 3q — 3.

Proposition 5.8. Suppose that ¢ > 2 and 2q¢ < w < 3q¢—3. Then AMZV’s in AT,
are all linearly independent over K.

Proof. By Lemma 5.4, the first shortlist of tuples (s;, €;) appearing (5.4) has get
the integer tuples,

s1=(w—(2¢—2),¢g—1,¢g—1),82 = (w—(2¢ —2),29 — 2),83 = (w— (¢ —1),¢g — 1)

for 2¢ < w < 3¢ — 3, and additional s4 = (w) when w # 2¢, with characters in
Fx (and characters corresponding to ¢ is 1). With Remark 5.6 and Lemma 4.2, for
fixed € € F, the first shortlist is

lfw#qu (w_(2q_2)7q_Lq_1;67171)7(7“”_(2q_2)72q_2;€a1)7
(UJ— (q_ 1)7q_ 1;671)5(1”;6)’

ifw=2q, (2,¢g—1,¢d—1;¢1,1),(2,2¢ — 2;¢,1), (¢ + 1,4 — 1;¢,1).

Note that any component of integer parts in the above list is not ¢ when 2g < w <
3q — 3.

Applying Lemma 5.4 with (t;€) = (w — (29 — 2); €), we obtain that there exists
some a € K such that

1 1
A(w—(2g—2),g—1,g-1;e,1,1) g—11'g—1Ca <q 1 q- 1)

1 1
+ A(w—(29-2),2¢-2;¢,1)['2g—2Ca <2q _ 2> + al’2g—2Ca (Qq _ 2) =0,

Since ((¢ — 1,q — 1) is not zeta-like, we deduce that a(,—(2q—2),q—1,g—15¢,,1,1) = 0.
Thus we reduce to the following second shortlist:

if w 7é 2q, (w - (2q - 2)72(1 —2;€, 1)7 (’LU - (q - 1)?q —Lie, 1)7 (w; E)a
if w=2gq, (2,29 — 2;¢,1), (¢ + 1,9 — 1;¢,1).

First consider the cases when 2¢g +1 < w < 3¢ — 3. Note that we can assume
q > 3. (If ¢ = 3, this case is empty.) It is enough to show the linear independence
of the following linear combination for each e € F:

€ 1
a(w7(2q72),2q72;e,1)’yrw7(2q72)F2q—2CA (w _ (2(] . 2) 2(] _ 2)
€ 1
+ a(wf(qfl),qfl;e,l)’yl—‘wf(qfl)rq71<A w— (q _ 1) q— 1

€
+ a(w;e)’VPwCA <w> =0,

From this, we proceed as done in the discussion preceding Theorem 2.5 to exam-
ine the linear independence. We construct ®' with respect to the following tuples
in I:

0, (w—(2¢ = 2);€), (w = (g = 1);6).
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Then, we get
(t—o)w 0 0
O = | (YHy(2g-2) Dt - 0)" (t—6)%? 0 :
(WHuoq)0E—0)" 0 (t—6)e!
and

- -1 1
vV = (a(w;e)(’wa)( 1)7 a‘(’u)7(2q72),2Q72;6,1)HZ(q—)27 a(wf(qfl),qfl;e,l)H(g_l)> .

For some §;’s in K|[t] for corresponding indices i, Eq. (2.10) induces:
(5.13) 00 = (85 +0(, Yoy a0y T Hu—24-2) )
30 g1 P (1) T + s (VL)) (£ = 0)"
(5.14) S(w—(2g-2)¢) = (5 - “(2g-2);0) T Uw—(2¢-2),2¢-2;¢ 1)H2q )) (t— 9)2q_2

(5:15)  S(w—(g-1):0) = (5( ~(g-1); )Jra(W—(q—1)7q—1§671)H¢§:1)) (t—o)"
Recall Hy_1 = 1, Hag—o = 207 — ¢t — t%, and for 1 < k < ¢ (noting that ¢ > 3),
Hyip = (t7—t) + k(9 — 69), and

Hager = (19— 0 4 (10— 007 —07) + XED o _guye

Consider (5.15). Lemma 4.3 shows that 6, (g—1);c) € Fg[t, 0] with degg d(op—(g—1);e) <
q. Let 0(y—(g—1);e) = (al +b)(t — )7~ for some a,b € F,[t], cancel terms and twist
once to have

(a7 +b) = (ad + b)(t — 0)T" + A (g-1).—1:,1)-
Comparing the §%-coefficients yields at + b = 0, so rewriting a as fu.. € F,[t], we
have
6(11) (g—1); fw e( - t)q7 and A(w—(q—1),q—1;6,1)= fw;e (tq - t) .
Similarly for (5.14), we have 0(y—(2g—2):) € Fy[t] with degy d(p—(2g9-2);¢) < 2¢.
Let 6(w—(2g—2);e) = (a'60% +'0 4 ¢/)(t — 6)*1=2 then it is reduced to
5(w—(2q—2);e) = fq/u;e(o - t)2q7 and A(w—(29—2),2q—2;¢,1) = f{u;e(tq - t)
for some o' = f, . € F,[t].
Now for (5.13), we have &y € F[t] with degy dp < w + 3. Let 5y = (t — ) F for
some F € F[t,0] with deg, F < 3. Then by direct calculation,
( )wF + ’thlu,e(g - t)2qu—(2q—2) + P)/fw;e('g - t)qu—(q—l) + 'Ya(w;e)Hw
(t = 0)"F + 7 (0 = 1)*T + ¥ fuse (0 = )T Hs (w—2g1) + Y (w30) H2g+ (w—29)
( )wF + ’thlu;e(gq - tq)Q
+ Y fuwse(0F — 1) (7 =t 4 (w + 1)(2* — 7))
-2 -2 1
+ 0w (“q 02 4wt — (e — o)+ L q)(l; 4D g 9q)2>

It follows that that (¢ — 0)*F € F,[t, 0. We claim that F' # 0; otherwise, by
comparing the coefficients of powers of the (¢ — 0)-term, I’ = 0 implies a () = 0,
and then fy.. = f{v;é = 0, ie., Qu—(g-1),9-116,1) = OQ(w—(29—2),2q—2:c,1) = 0, SO
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@(w;e) = 0 by (5.4), which is a contradiction, so F' # 0. Thus, the only possibility
arises for w =3¢ — 3, F = v(t — 0)3g for some g € F[t]. Since w = 3¢ — 3, we have

€t — 073 g1V =(t7 — 073 + Fho 50 (67 — 197 + faya. (67— 17)(207 — ¢ — 1)
(19— 69" — (¢ = 69"

t1—¢
and by comparing the coefficients of powers of the (t?—69)-term, we have a(3;—3,) =

—(t7 —t)g, and f3q—3;e = f§q73;e = 0. Thus, A(2g—2,q—1;¢,1) = A(q—1,2q—2;¢,1) — 0, so
a(3¢—3;e) = 0, which is a contradiction. This completes this case.

When w = 2¢, there are two candidates, (4 <; 2q1— 2) and (4 <qj— 1 q i 1)

for each given e for (5.4). We construct ®' with respect to the following tuples in I:
0,(2;€), (g +1;¢).

+a(3¢-3;¢)

Then,
(t—6)% 0 0
O = | (yH)U V(-0 (t—6)*2 0 :
(YHq1) "D (t = 6)" 0 (t—0)t
and

v = Oa a(2,2q—2;e,1)H2(q__1)23 a(q+l,q—1;e71)Hz§:P) .
For some §;’s in K[t] for corresponding indices i, Eq. (2.10) induces
-1 -1 1) _
(5.16) b = (05 + 00 (YH2) D + 60 1. (7H) V) (¢ - 0)"
(5.17) 60 = (003 + 02202 HS, 13 (£ = 0272

1 -1 _
(518) 5(q+1 €) — (5Eq+i €) + a(qul,qfl;e,l)H(g—l)) (t - G)q L
Recall Hy = Hy_1 =1, Hypq = 2t7 —t — 07 and Hyyo = 209 —t — t9.
In the very same way, by analyzing (5.18) and (5.17), we obtain
5(q+1;€) = fe(g - t)qa and A(g+1,q—15€e,1) = fE (tq - t) y
6(2;6) = fe/(e - t)Qqa and a(2,2Q72;6,1) = fe/(tq - t)7
for some fe, f! € F,[t].
Next, for (5.16), we have &y € F,[t] with deg, dp < 2¢+3. Let 6y = F(t,0)-(t—0)*
with F:= F(t,0) € F,[t, 0] with deg, F' < 3. Then by direct calculation,
FO = (t = 0)'F +7f(0 = )" Hz +yfe(0 = )" Hya
— (0= 29 F + 7 f1(0 — 2 +7£.(0 — 19217 — ¢ — 6%
We claim that F # 0; if F = 0 then comparing the #9- and 0??-coefficients yield
fe=fl=0,1e., a(gi1,qg-1;e,1) = G(2,2q—2:¢,1) = 0, which is a contradiction.
Since (0 — t)7 | F() | we have F = (0 — t9)G(t,0) for some G(t,0) € F[t]. Note
that degy, G < 2. Then we have
G = (0 —19)(0 = 1)IG + 7 fL(0 — 1) + 7 fe(2t — t — 67).

Let d =degy G. Then dqg = g+ 1+d, and 0 < d < 2, which leads to that d = 2 and
q = 3. Let G(t,0) = ab? + bl + ¢ with a,b,c € Fy[t]. Then comparing the 6241~
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629-2- 9O-coefficients yields ¢V = ¢t29, ¢ = bt?, b = at?, i.e., a = b = ¢ = 0. This
leads to F' = 0, which is a contradiction, so this completes the proof. ([
5.4.3. The case w =3q — 2

Proposition 5.9. Suppose that ¢ > 2 and w = 3q — 2. Then AMZV’s in AT, are
all linearly independent over K.

Proof. By Lemma 5.4, and by considering Remark 5.6 and Lemma 4.2, the first
shortlist of tuples (s;,€;) appearing (5.4) has the integer tuples; for each given
ecFX,

a>

(29 —2,q;¢,1), (1L,g—1,g—1,g—1;¢,1,1,1),
(1, — 1,29 — 2;¢,1,1), (1,29 — 2,9 — 1;¢,1,1),

(1, 3q 3;¢,1), (q— 1 2q 161, €2),
(¢-1.1,g-1,g—1,:¢,€,1,1), (¢— — 2], €35,1),
(¢—1,q,9—1;¢,1,1), (2q — L€l ey, 1),

with €169 = 6162 — 6/1/612/ 6/1//612// —
Applying Lemma 5.4 with (t;€) = (1,¢ — 1;¢,1), there exist a € K such that

1 1 1
a(1,g-1,4g-1,g-1;6,1,1,) ' 11'1Ca <q 1 og- 1) +ag,g-1,2¢-21,1)1Ca (2q _ 2)

1
+ ang_QCA (2(] _ 2) =0.

Since {a(g—1,¢—1) is not zetalike, we deduce that a( g—1,4—1,g—1:¢,1,1,1) = 0. Simi-

larly with (t;€) = (1,q—1;¢€], €5) where €} €5 = €, we deduce that a(g 1,141, 1:¢},¢,,1,1) =

0; since the choice of €] is free, all candidates of the form are deleted.
With (t;€) = (1;¢€), Lemma 5.4 asserts that there exists b € K such that

1 1
CL(l,L1—172q—2;6>171)Fq—lr2‘1—2<‘4 <q -1 2¢-— 2)
+ Tag—al'q—1¢ 1 !
Q(1,2¢—2,g—1;¢,1,1)1 2g—21 ¢—16A 29—2 qg—1

1 1
+ a(1,3¢-3:¢,1)'3g-3Ca (Sq _ 3> + bI'sy—3Ca (3q B 3) =0,

and since Ca(q — 1,2q — 2),¢a(2q — 2,9 — 1),Ca(3¢ — 3) € T3,_3, we deduce that
A(1,q—1,2q—2;¢,1,1) = Q(1,2g—2,q—1;¢,1,1) = 0.
Next, we consider (t;€) = (¢ — 1;¢€). By (5.5), f(g—1;¢) € K, s0

1 1 1
a(q—1,2g—1;e,1)['2g—1Ca <2q B 1) + agg—1,1,2¢g-2:e,1,1)'102g—2Ca (1 2 — 2)

1 1
+ a(q*quqfl;e’l,l)rqrqflCA (q q-— 1) = 0.

Since €4(2¢ — 1) and {4(1,2q — 2) are colinear, but (4(2¢ — 1) and (4(g,q — 1) are
not colinear, and ((g,q — 1) is not zeta-like, we have a(q_1,4,g—1;c,1,1) = 0. Further,
similarly for (t;€) = (¢ — 1;€1) for arbitrary ; € F), by (5.5) f(y—1;,) € K, s0

_ 1
A(g—1,2q—1;e1,ee= )T N1 1F2q—1CA <2q o 1>
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1 1
—1
T 11.2g- 200 e, 1)V D1l'2g-2Ca (1 2 — 2) =0

Note that Fl = 17 F2q—1 = ng_g = (0’170), and CA(Q(]*l) = 7(9(170)@4(1, 2(]72)
is transcendental over K. Thus we have

(519) a(q71,1,2q72;51,ee;1,1) - a(q71,2q71;61,eef1)(tq - t) =0.

Thus we reduce to the following second shortlist:
(20 -2,¢;61), (1,3¢—-361), (¢—1,2¢— L€, ee1 ),
(q - ]-7 ]-7 2(] - 2; €2, 6651; 1)7 (2(] - 23 13 q— 17 €3, 663717 ]-)a
with each given € € IFqX and €1,€,€3 € ]qu. We note that we have reindexed the
characters for the sake of convenience.

From here, we proceed as done in the discussion preceding Theorem 2.5 to exam-
ine the linear independency. We construct ®’ with respect to the following tuples
in I. Note that € € F is given throughout the remaining part of the proof, and
€1, €2, €3, €4 € F* are free.

wa (17E)a (q - 1;61)7 (q - ]-, 1;6276651), (2(] - 2;63)’ (2(] - 27 ]-a 647664;1)~

Recalling the construction of @' and v, we get

0,0 = (t—0)172,
(10,0 = (vH) V(- 0)%72,
Dl 116),(1:0 = (t—6)*7,
Py 116),0 = (mH-) V(- 0)* 2,
I(q—l;ﬂ),(q—l;él) =(t—0)> ",
(pl(qfl,l;éz,662_1),(1171;62) = (v "H) TP (- 0)*7,
¢/((I71,1;€2,66;1),((]71,1;62,5551) =(t—0)" 172
Dl2g—2;e4),0 = (y3Haq—2) "V (t — 0)* 2,
¢22q—2;63),(2q—2;63) =(t—0)%,
,(2q72,1;64766471),(2q72;e4) = (v "H) TP (- 0)9,
22(]—271;6475621)7(2q—2,1;£476521) =(t— 6)(]—17
others =0,
and
U(13¢) = a(1,3q*3;e,1)H3(;—123(t —g)%?
U(g—15e1) = a(q71,2q71;el,ee;1)(’Y’Yle2q—1)(71)(t — )%t

= (=1 2¢—2
YL enesh) = a(q717152q72;62’662_1al)H2q72(t —0)™
V(2g—2s¢) = a(zqu,q;é’l)Hé—l)(t — )1

= (=1) —1
Y2q-2.Liesec5 ") T a(2q—2117q—1;637665171)Hq—1 (t— 9)(] )
others =0,
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where v and y; are (¢—1)th roots of unity of € and ¢, for j = 1,..., 4, respectively.
For some §;’s in K [t] for corresponding indices i, Eq. (2.10) induces: for given e € F7
and for free ¢; € F',

(520) 6@ = 6(3_1) + Z ((V1H2q—26(2q—2;61))(71) + (’YlHq—l(s(q—l;el))(il))
616]1721<
+(rE) V8L ) (- 0
5.21) 61 = (641 H{D) (8 —6)%3
( . ) (Lze) (1¢) +a(1a3Q*3;571) 3q—3 ( )
(5.22)
-1 -1 —1 —
O(2g-2¢) = (5((2«;—)2;6) + 5((2q—)2,1;e,1)H£ : + a(2q72,q;e,l)Hz§ U) (t —0)
(5.23)
_ (s(=1) (=1 -1 -1
O2g—2er) = (5(2%2;61) . 5(2q—2,1;€1,66;1)(7v1 )" )> (t-0) for e 7 ¢
(5.24)
_ (5D (=1) —1 (=1)
5(4*]461) - (6(q—1;el) +6(Q*1,1;61,661_1)(771 Hl)
+a(q—l,2q—1;61,eefl)(77;1H2q—1)(71)> (t - 0)2(171
(5.25)

_ (s(=D (=1) 2q—2
5(q71,1;61,eef1) - (5(q—1,1;51,ee;1) + a(q*1,1,2q72;61,eefl,l)H2q*2) (t—6)~
(5.26)

_ (s(=D)
6(2q—2=1§€1755;1) o (6(2(]72,1;61,661_1)

Recall again that H1 = Hy—1 = Hy =1, Hyg1 =09 —1, Hyq_o =209 —t — 19, and

oo (t—t9)2 +3(t9 — 09)(t — 09), if ¢ > 3,
ST (1 — ), if ¢ = 3.

T Q2g-2,1,g-15e1,ee71 1

—1 _
JHY) (- )1

Consider (5.26). Lemma 4.3 shows that O(2g—2, 1561, 1) € Fg [t, 0] and deg, O(2g—2,1561,cc51) <
q- Welet 050 51,0, certy = (fer 0+ ge,)(t —0)971 with f.,, gc, € F,[t]. The, we plug

it into (5.26) and compare the coefficients of powers of f-terms, to obtain
5(2(]72,1;61,661_1) = f61 (9 - t)qv and a(2q72,17q71;617661_1,1) = fel (tq — t)

Similarly for (5.25), O(g—1,156r,ce71) € F,[t, 0] and degy O(gm1,1561,ce71) < 24- We let
5(q71,1;51,56;1) = ( 6'192 +g.,0+h.)(t— 6)24=2 with JLo gL bl € Fylt]. Then, we
plug it into (5.25) and compare the coefficients of powers of #-terms, to obtain

_ g 2 Y
5(‘17171?51’“1_1) - fﬁl (9 - t) 7, and a(q7171;2q72§617€€1_171) - f61 (tq - t)‘

For (5.24), Lemma 4.3 shows that d(4_1,¢,) € F,[t, 6] with degy S(g—13e) < 2¢+1.
We let 6(g—1.e,) = (af? + b0 + ¢)(t — )27~ for a, b, ¢ € Fy[t] to obtain

aWg2e 4 pMga 4 () — (a92 400+ c) (t — )21
+ 72f€/1 (07 — tq)2 + 72a(q71,2q71;61,661_1)(0q —t).
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Here vy, = vy, '. Comparing the coefficients of the §24~1- and 629~ 2-terms yields
a=0,b="fl,c=—ytfl.
In summary,
5(q—1;€1) = 7’771_1.}05/1 (9 - t)2q7

_ 1,.gp(1) _  —1ps
a(q—lﬂq—l;q,eefl) =2 Y2l B T €6 fel'

Further, recalling (5.19), the above equations yields (t7 —t)f/ = (t9—t)ee; ' f ,
ie, (e—e)fl, =0. Thus f/ =0 for all ¢; # ¢, and

(5.27) s e - it e =e
. (g—1se1) 0, if € 5,5 .

!/ 3 —
., if € =,

a -1y =
—1,2g—1;e1, .
(g—1,2g—1;e1,e€7 ) {07 if 6 #e.

For (5.23), Lemma 4.3 shows that when €; # €, §(2g—2;¢,) € F,[t, 0] with degy d(2g—2;1) <
q + 1. Letting 0(2q—2,c) = (af + b)(t — 0)7 for a,b € F,[t],

once and comparing the #9- and #9'-terms yields a = 0, b = fy’yl_lfsl, ie.,
0(2g—25e,) = —yy1 1 fe, (0 — )7, and plugging it into (5.23) yields f., = 0, for €; # .

Note that this implies that

cancelling, twisting

(5.28) (5(2(1_2;61) =0 and a(2q72)1 1 1) =0if €1 75 €.

q—Lier,eep 7,

Similarly for (5.22), Lemma 4.3 shows that d(2q_2;) € Fy[t, 0] with degy 6(2q—2;e) <
q + 1. Letting d(2—2,c) = (af + b)(t — 0)? for a,b € Fy[t], cancelling, twisting once
and comparing the #9-and 99+ -terms yield a = 0, b = f., i.e.,

6(2(]72;6) = _fe(e - t)q7 and QA(2g—2,g;¢,1) = fe-

Now, for (5.21), Lemma 4.3 shows that (1) € Fy[t,0] with degyd,e) < 3q.
Letting 0(1,) = (af3+b0%+c0*+d)(t—0)343 with some a, b, ¢, d € F,[t], cancelling,
twisting once and comparing the #37—2- and 639~ !-terms yield b = —3at, ¢ = 3at>.
When ¢ > 3, comparing the 839 3-terms yields d = —at?, i.e., S(156) = a(f — t)34;
when ¢ = 3, comparing the 6?7~ 3-terms yield d = —at?, i.e., §,) = a(f — 1)*7.
So in any case 01, = f"(6 — t)*? for f” = a € F,[t]. Again, when ¢ > 3, one
can put this into (5.21), cancel terms, twist once and compare the 6%-terms to
have a(1,3g—3:¢,1) = f"(t —t); when ¢ = 3, one have a(; 35-3;c1) = f"(t? — t)2. In
summary,
fr@—t), ifgqg>3,

(1 —1t)? ifqg=3.

Finally, with (5.27) and (5.28), (5.20) is written as

b0 = (577 + (1207 = t =)0 20 2:0) TV + (10(g-1:0) TV + 7TV ) (6 = 0)M 2,

Lemma 4.3 shows that 6y € Fy[t, 6] with degy dp < 3g+1. Let dp = v(t —0)*>G
for some G € F,[t, 0] with degy G < 3, then by canceling and twisting,
G =(t —0)%172G — (0 — )7 (f-(207 —t —t9) + fL(0 — )9) + (6 — 1),
so (t — 0)3972G € F,[t, 09, i.e., G = (t — 0)%g with g € F,[t]. Then
(t—0)3(g— f") — e(t — 07)2gD)

S0 = f"(0— )%, and ag1 39-3.1) = {
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= (0~ )7 (fe(207 —t —19) + f1(0 — 1))
= (00907 — 1) fe+ (0 — 1)+ (0 — 1) ..

Considering the factors of powers of the (¢ — 69)- and (¢t — 6)-terms, we have
g(l) = Ov i'e'7 g = 07 fe = O? fe/ = 07 and f// = 0; SO Q(2¢—2,q;¢,1) = Q(1,3g—3;¢,1) =
U2g—2 1501 e ") = Fgo12q—Lier,eer ) = Fg—1,1,2q—2er,e01,1) = 0 for arbitrary €; €
[, which is a contradiction. This completes the proof. ([
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