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a b s t r a c t

In some mallet percussion instruments, such as vibraphones and marimbas, tubular acoustic resonators
are placed beneath the tuned bars to enhance acoustic radiation at their fundamental frequency. This
work deals with the formulation of a minimal physical model describing the vibro-acoustic interaction
occurring in these instruments. The fundamental bar mode is modelled as a disk-shaped oscillator and
the resonator as a cylindrical acoustic waveguide, described in terms of its acoustic modes. The three-
dimensional effects associated with sound radiation and the interaction between the two elements are
calculated using a 2-D axisymmetric finite element (FE) model, whose numerical results are then fitted
to dimensionless analytical expressions, which encapsulate the complex physics of the vibro-acoustic
interaction in a simplified manner. This can pragmatically be used to formulate a lumped-parameter
model of the coupled system. Illustrative numerical results are presented and qualitatively validated,
demonstrating the ability of the proposed modelling approach to capture the essential features of the
coupled dynamics occurring in real instruments.

� 2022 Elsevier Ltd. All rights reserved.
1. Introduction

Mallet percussion instruments are composed of a series of
tuned bars, that radiate sound when struck by a mallet. In most
modern instruments, tuning is achieved via an undercut on the
bar’s cross-section, which typically aims to place the frequencies
of the first three vertical-bending modes in harmonic relation. A
typical tuning ratio found in traditional marimbas and vibraphones
is (1:4:10). Nevertheless, recent years have seen a number of stud-
ies [1–4] dealing with the tuning of bars via optimization proce-
dures, that illustrate the viability for heterodox tuning ratios, as
well as for the tuning of non-vertical-bending modes (torsional,
lateral) in parallel with vertical-bending modes [5,6].

Some mallet percussion instruments, like the marimba or the
vibraphone, make use of resonator tubes, that are placed beneath
the vibrating bars, to enhance the sound radiation. Generally, the
fundamental frequency of each tube is tuned near the frequency
of the first vertical-bending mode of the corresponding bar. Exper-
imental reports [7,8] demonstrate that the role of the resonator is
to enhance the sound radiation of the bar at its fundamental fre-
quency. This is important because: (1) it is the frequency of the
first mode that defines the pitch of the struck bar and (2) in gen-
eral, this mode radiates approximately as a dipole [8], i.e. a fairly
inefficient acoustic radiator, as illustrated in Fig. 1.

Most often, resonators are pipes of uniform cross-section (circu-
lar, elliptical, rectangular, etc.) with closed-open boundary condi-
tions. This set-up enables tuned resonators to have relatively
small lengths, as the fundamental frequency of a closed-open pipe
is approximately half the frequency of an open-open pipe of the
same length. The natural frequencies of pipes with closed-open
boundaries constitute a series of odd harmonics, i.e. f n ¼ f 1 ð1 :

3 : 5 : 7 . . .Þ and, due to the tuning ratios found in common bars
(1:4:10), typically only their fundamental acoustic mode has a
meaningful interaction with the bar vibration. However, we note
the work of Henrique et al. [9,10], that have used optimization
techniques to design and build resonators with frequencies tuned
to a set of pre-defined targets, such that bars and resonators can
have matching modal frequencies.

Perhaps the first elucidative study on the role of resonators in
the sound of mallet percussion instruments was the experimental
work of Bork [8]. Here, Bork reports that the presence of tuned res-
onator tubes breaks the acoustic ‘‘short-circuit” of the dipole and
increases the sound radiation of the bars at the fundamental fre-
quency. However, the increased sound radiation is most often

http://crossmark.crossref.org/dialog/?doi=10.1016/j.apacoust.2022.109049&domain=pdf
https://doi.org/10.1016/j.apacoust.2022.109049
mailto:filipe.soares@ctn.tecnico.ulisboa.pt
mailto:jantunes@ctn.tecnico.ulisboa.pt
mailto:jantunes@ctn.tecnico.ulisboa.pt
mailto:vincentdebut@ipcb.pt
https://doi.org/10.1016/j.apacoust.2022.109049
http://www.sciencedirect.com/science/journal/0003682X
http://www.elsevier.com/locate/apacoust


Fig. 1. (a) Mode shape of the first vertical bending mode of a typical bar with a (1:4:10) tuning ratio and the associated cross-sectional views of the acoustic radiation patterns
in the (b) central y� z plane and the (c) central x� z plane.

Fig. 2. Diagram of proposed 1-D model.
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accompanied by a significant decrease of the bar’s decay time. This
suggests that the role of resonators is to catalyze the conversion of
vibrational energy of the bar into radiated acoustic energy.

Despite the knowledge gained from experimental reports
[8,11], the development of models describing the acoustic-
structure coupling between the bar and resonator are relatively
rare in literature [12,13]. Here we underline the work of Chaigne
and Doutant, that have numerically simulated 1-D bar vibrations
through finite differences [14], and later extended the model to
include sound radiation in the presence of a resonator [15]. Their
modelling work deals with important aspects of the bar-
resonator interaction. However, they considered coupling to occur
only in one direction. That is, their model assumes that the back-
coupling effect of the resonator on the bar vibration is negligible.
This is in contradiction with experimental observations, which
report significant changes to bar decay time when a tuned res-
onator is present [8,13].

To the authors knowledge, the only modelling work dealing
with the two-way coupling dynamics between bars and resonators
is the one recently published by Rucz et al. [13]. Here, the authors
have used three-dimensional finite element models to describe the
vibro-acoustic interaction as well as the sound pressure radiated
into the free-field. The 3-D structural (bar) and acoustical elements
(resonator and free field) are decomposed into a modal basis,
which is then used in temporal integrations for a reduced compu-
tational cost. In general, their numerical results are in qualitative
and quantitative agreement with experiments.

In this work, we present a simple and exploitable model
describing the bar-resonator coupling dynamics. The bar is mod-
elled as a disk-shaped oscillator, representing the vibrations of
the first bending mode. The resonator is taken as a 1-D cylindrical
acoustic waveguide, which is described in terms of its acoustic
modes. The interaction between the disk and the resonator is cal-
culated numerically via 2-D axisymmetric finite element (FE) mod-
els, whose results are then fitted to semi-empirical analytic
formulas. This allows for the construction of a minimal lumped-
parameter model, which is able to encapsulate the central aspects
of the bar-resonator coupling dynamics.

In Section 2, we describe the dynamics of the two uncoupled
mechanical and acoustical elements. In Section 3, the finite ele-
ment model and ensuing numerical results are presented. Sections
4 and 5 describe the simplified coupled model and present numer-
ical validation against results from a vibro-acoustic 2-D axisym-
2

metric FE model. Sections 6 and 7 present an energy balance
formulation and numerical results from the simplified model.

2. Model description

In traditional instruments, the most important coupling effects
in bar-resonator interaction involve only the first bar mode. There-
fore, we reduce the bar motion to a single mode. Moreover, since
this mode radiates approximately as a dipole (Fig. 1), an attractive
idea in the context of simplified approaches, is to describe the bar
mode as a disk-shaped oscillator. A circular disk oscillating in free-
space also radiates as a dipole (provided that the acoustic wave-
length is much larger than the disk radius a). The disk is located
at a distance d from the termination of an unbaffled cylindrical
pipe of length L, of the same radius a, as illustrated in Fig. 2. The
pipe is assumed closed at x ¼ 0 and open at x ¼ L, with an associ-
ated acoustic radiation impedance ZR.

2.1. Acoustics of the uncoupled resonator

In a one-dimensional domain, the small oscillations of a fluid
about a state of rest can be described by the linearized Euler equa-
tions [16]. From these, we can derive the acoustic wave equation

1
c2

@2pðx; tÞ
@t2

� @2pðx; tÞ
@x2

¼ 0 ð1Þ

where pðx; tÞ is the acoustic pressure and c is the speed of sound. At
the closed end of the pipe ðx ¼ 0Þ, the particle velocity uð0; tÞ is null
and the boundary condition, in terms of acoustic pressure, becomes



Fig. 3. Acoustic pressure mode shapes of a conservative resonator-pipe with
closed-open (unbaffled) boundary conditions.
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@pðx; tÞ
@x

����
x¼0

¼ 0 ð2Þ

At the open (unbaffled) end of the pipe ðx ¼ LÞ we impose the
acoustic radiation impedance such that

Zr ¼ p ðL; tÞ
u ðL; tÞ ð3Þ

where we assume the impedance to be complex, containing both
reactive and resistive terms. In the Laplace domain it can be repre-
sented, in general, by

Zr ¼ qc s2Rr þ sXr
� � ð4Þ

where s is the complex Laplace variable, Rr and Xr are associated to
the acoustic resistance and reactance, respectively. The boundary
condition at x ¼ L becomes, in the Laplace domain,

pðL; sÞ þ c sRr þ Xrð Þ@pðx; sÞ
@x

����
x¼L

¼ 0 ð5Þ

Using the method of separation of variables, we search for a

general solution of the form pðx; tÞ ¼ /
�
ðxÞgðtÞ. Moreover, since

there is a local dissipative condition at x ¼ L we search for the gen-
eral solution in the complex space C. Hence, we assume temporal
solutions of in form gðtÞ ¼ est , where s 2 C. After some algebraic
manipulation, we arrive at the characteristic equation

cosh
sL
c

� �
þ s2Rr þ sXr
� �

sinh
sL
c

� �
¼ 0 ð6Þ

whose solutions sn are the complex eigenvalues of the uncoupled
resonator. While difficult to solve analytically for a generic case,
the solutions can be found numerically to obtain the real and imag-
inary parts of the eigenvalues sn ¼ an þ jxn. Their physical interpre-
tation is given by the following relations, in terms of the typical
modal parameters

sn ¼ �xnfn þ j �xn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2n

q
ð7Þ

where the undamped natural frequencies �xn and damping ratio fn
are given by

�xn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2
n þx2

n

q
; fn ¼ anffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2
n þx2

n

p ð8Þ

Additionally, the complex mode shapes /
�
nðxÞ are given as

/
�
nðxÞ ¼ cosh

snx
c

� 	
ð9Þ
2.1.1. Modal expansion of a conservative resonator
If we neglect the dissipative term in the radiation impedance

Rr ¼ 0, the characteristic equation is purely real (conservative sys-
tem) and reduces to

cot
xL
c

� �
�xXr ¼ 0 ð10Þ

Moreover, since in realistic scenarios xXr � 1, expression (10)
is approximately equivalent to

cot
xL
c

� �
� tan xXrð Þ ¼ 0 ð11Þ

whose solutions yield the classical ‘‘length correction” approxima-
tion of the eigenfrequencies �f n of the conservative pipe, given sim-
ply by

�f n ¼ �xn

2p
� c 2n� 1ð Þ

4 Lþ DLð Þ ð12Þ
3

where the term DL ¼ Xrc corresponds to the ‘‘length correction”
term (for an unbaffled open end, DL ¼ 0:6133a is a commonly used
low frequency approximation). In this case, replacing sn ¼ jxn in (9),
the modes shapes are purely real (Fig. 3) and given by

/nðxÞ ¼ cos
�xnx
c

� �
� cos

2n� 1ð Þp
2 Lþ DLð Þ x

� �
ð13Þ

Notice, in Fig. 3, that the mode shapes resemble that of an ideal
closed-open pipe. However, in this case, there are no pressure
nodes at x ¼ L. At this point we can proceed with the modal
decomposition of the problem. Developing the pressure field in
terms of N mode shapes

pðx; tÞ ¼
XN
n¼1

/nðxÞqnðtÞ for n ¼ 1; 2 ::: N ð14Þ

and substituting into the wave equation (1) leads to

1
c2

XN
n¼1

/nðxÞ€qnðtÞ �
XN
n¼1

/00
nðxÞqnðtÞ ¼ 0 for n ¼ 1; 2 ::: N ð15Þ

where the upper dash and dot denote differentiation with respect to
space and time, respectively. Now, spatial integration in 0 6 x 6 L
and multiplication by /mðxÞ, yields

1
c2

XN
n¼1

€qnðtÞ
Z
0

L

/nðxÞ/mðxÞdx�
XN
n¼1

qnðtÞ

�
Z
0

L

/00
nðxÞ/mðxÞdx ¼ 0 for

n ¼ 1; 2 ::: N

m ¼ 1; 2 ::: N



ð16Þ

The second order spatial derivatives of the mode shapes /00
mðxÞ are

related to the actual mode shapes by

/00
nðxÞ ¼ � �xn

c

� �2

/nðxÞ ð17Þ

For non-ideal closed-open pipes, orthogonality does not strictly
hold due to the effect of the length correction DL in the modes
shapes (13). Assuming the typical length correction approximation
DL ¼ 0:6133a, the terms stemming from the Galerkin projection, in
dimensionless form (with �x ¼ x=L), are given by

Z
0

1

/nð�xÞ/mð�xÞd�x¼
sin anð Þ
2an

þ 1
2

for m¼ n

sin ðan �amÞ=2ð Þ
an �am

þ sin ðan þamÞ=2ð Þ
ðan þamÞ for m–n

8>><
>>:

ð18Þ
where the auxiliary parameter an (or equivalent for am) is given by

an ¼ pð2n� 1Þ
1þ 0:6133 a=Lð Þ ð19Þ

However, for pipes that are not unreasonably wide a=L < 0:1ð Þ, the
contributions of off-diagonal terms are small and the following
(orthogonal) approximation is suitable
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Z L

0
/nðxÞ/mðxÞdx �

Lþ DL
2

for m ¼ n

0 for m–n

8<
: ð20Þ

It is worth mentioning that in commercial instruments, res-
onator pipes with large aspect ratios a=L > 0:1 are rare, and occur
only in highest register of some instruments (see [17] for example).
Finally, after replacing (17) and (20) into (16), we can decouple the
equations of motion into a set of N linearly independent modal
equations

mn€qnðtÞ þmn �x2
nqnðtÞ ¼ 0 for n ¼ 1; 2 . . . N ð21Þ

where the equivalent modal ‘‘inertial” coefficients are given by

mn ¼ Lþ DL
2c2

ð22Þ
2.1.2. Modal expansion including radiation damping
When we account for the radiation damping, i.e. letting the

radiation impedance have a positive real part Rr , the eigenfrequen-
cies and modes shapes become complex, as stated above. More-
over, since the dissipative term is localized, this leads to a non-
diagonal damping matrix C, in the modal space. The presence of
non-zero off-diagonal terms (inter-modal damping coefficients
fmn) formally prevents a decoupling of the equations of motion,
as done above for the conservative case. Similar behavior can be
found when modelling a string with a localized damper attached
to one end (see for example [18]). However, if (1) modal damping
is weak and (2) the eigenfrequencies are well separated, it can be
demonstrated [18] that the inter-modal damping coefficients fmn

are negligible, and the damping matrix C is approximately diago-
nal. Moreover, the same conditions can be used to demonstrate
that the first-order effect of inter-modal damping on the mode
shapes is purely imaginary and of the same order of magnitude
as the inter-modal damping coefficients. Therefore, the equations
of motion for the dissipative system can be assumed decoupled
while maintaining the real mode shapes of the equivalent conser-
vative system, as demonstrated in detail in [18]. Under these sim-
plifying, but reasonable, assumptions we get the modal equations

mn€qnðtÞ þ 2fnmnxn _qnðtÞ þmnx2
nqnðtÞ ¼ 0 ð23Þ

where the modal damping coefficients fn (associated with radiation
losses) are calculated through (8) after solving the characteristic
equation. For simplicity, we will assume only the first bar mode
radiates and only the first acoustic mode of the resonator is close
enough in frequency for significant coupling effects to occur. The
uncoupled resonator acoustics will thus be reduced to a single-
degree-of-freedom system, i.e. n ¼ r ¼ 1.

2.2. Dynamics of the disk-oscillator

As mentioned previously, the bar will be modelled as a simple
damped oscillator, describing the motion of the fundamental bar
mode. Furthermore, we assume that the oscillator is shaped like
a rigid circular disk. Its equation of motion is given by

ms
€YðtÞ þ 2fsmsxs

_YðtÞ þmsx2
s YðtÞ ¼ 0 ð24Þ

where ms, fs and xs are the modal mass, damping ratio and fre-
quency of the first vertical-bending bar mode, respectively, and
YðtÞ is the disk’s vertical displacement.

It must be noted that fluid loading on the oscillator could easily
be incorporated into the model by considering the radiation impe-
dance of a freely suspended disk oscillating vertically in free-space,
whose expressions can be found in classic acoustics textbooks like
[19] or [20]. For example, in [21] we find the following low-
4

frequency approximation (for ka < 1; where k is the wavenumber
k ¼ x=cÞ, written in the frequency domain

ZsðkaÞ ¼ PaðkaÞ
_YðkaÞ ¼ 2qc j

4
3p

� �
ðkaÞ þ 8

27p2

� �
ðkaÞ4

� �
ð25Þ

where PaðtÞ is a pressure load acting on the disk by the surrounding
fluid. Incorporation of this term, would lead to an added mass and
damping terms to the disk’s equation of motion

ma ¼ 2Sq
4
3p

� �
a ; fa ¼ 2Sqc

8
27p2

� �
xsa
c

� 	4
ð26Þ

where S ¼ pa2. The added mass term ma would lower the natural
frequency of the oscillator but, in light fluids, it is generally negligi-
ble compared to the mass of the structure. On the other hand, the
added damping term fa, which is associated with the energy dissi-
pated through acoustic radiation, could eventually be useful in con-
siderations regarding the radiated sound. However, for simplicity, in
this work we will proceed without considering the fluid loading on
the oscillator.

3. Finite element model & approximate formulae

The major difficulty in modelling the interaction between a
vibrating beam and an acoustic resonator is associated with the
three-dimensional effects of the acoustic radiation that couple the
two mechanical-acoustical elements. Here, we search for analytical
(semi-empirical) approximations that can, in a simplified manner,
describe these effects. To this end, we make use of 2-D axisymmet-
ric finite element (FE) models, whose results are then numerically
fitted to simple analytical formulae that can be used in modelling
framework described in the previous sections. In this section, FE
models are used to (1) characterize the vibro-acoustic coupling
between an oscillating disk and a cylindrical acoustic waveguide
and (2) investigate the effect of a partial circular obstruction on
the radiation impedance of a unflagged open pipe. The latter is
motivated by the well-known phenomena that the presence of
the bar above the resonator lowers its natural frequencies [8,13].

3.1. Acoustic radiation impedance of an unbaffled pipe with a partial
circular obstruction

The mathematical modeling of the acoustic radiation from an
unbaffled pipe is no trivial task. The first integral solution was
famously derived by Levine and Schwinger in [22]. Since then, sev-
eral (simpler) alternative formulations have been derived (e.g.
[23]) which give reasonably accurate results in a wide frequency
range (ka < 3). At this point is it worth noting that, in mallet per-
cussion instruments, we typically find cylindrical resonators with
radius 0:02 m < a < 0:05 m, increasing in inverse proportion to
pitch. Moreover, the highest fundamental frequency of a bar is typ-
ically around 2 kHz (musical note C7). Therefore, our range of
interest will be for relatively low frequencies ka < 1 (worst case
scenario). For most of the low and medium registers (up to
1 kHz), we will typically have ka < 0:5.

Perhaps the simplest and most commonly used form of the
acoustic radiation impedance of an unbaffled cylindrical pipe, rea-
sonable in the low frequency range (ka < 1), is given by

ZRðxÞ ¼ 1
4

kað Þ2 þ j0:6133 kað Þ ; for ka < 1 ð27Þ

where ZRðxÞ is normalized by qc. Fig. 4 shows the real and imagi-
nary parts of ZRðxÞ given by a more precise model presented in
[23] and the low-frequency approximation described above (27).

The formula presented above (27) may be a reasonable first
approximation to what occurs in the resonators of mallet percus-



Fig. 4. Real and imaginary parts of the normalized acoustic radiation impedance
from an unbaffled cylindrical pipe. The dashed lines show the low-frequency
approximation given in (27) while solid lines show results from a more accurate
model described in [23].

Fig. 5. Illustration of the 2-D axisymmetric finite element model and a typical
mesh.
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sion instruments. However, the presence of the bar above the ter-
mination of the resonator will affect its radiation impedance. This
phenomenon is well-known to builders and typically leads to a
noticeable decrease in the natural frequencies of the resonator
[8]. In [24], Rucz et al. present a study where the radiation impe-
dance of a closed-open (baffled) cylindrical resonator obstructed
by a bar was calculated numerically via 3D finite element models.
They present illustrative results underlining variations of relevant
dimensionless quantities: the bar-resonator distance d=a, the ratio
of bar width to resonator radius w=a, as well as the inclusion of
adjacent bars. However, analytical expressions for the radiation
impedance in terms of these parameters are not presented. Here,
we simplify the geometry of the problem further by assuming
the bar presence can be approximately described by a rigid circular
disk of the same radius a, with the aim of providing a simplified
expression for the radiation impedance in terms of the sole two
dimensionless parameters: the frequency ka and the disk-
resonator distance d=a. This geometric simplification is justified
by: (1) the thickness of bar has negligible effect [24]; (2) in realistic
scenarios the bar width is equal to (or very near) the resonator
diameter; and (3) the bar length is likely to have a minor effect
as the smallest dimension of the obstruction (in this case the bar
width) will typically have a dominant role.

The 3D finite-element model, illustrated in Fig. 5, consisted of a
2-D axisymmetric domain surrounded by Perfectly Matched Layers
(PML) to simulate anechoic conditions. A cylindrical pipe is termi-
nated by an unbaffled open-end and a rigid circular disk (infinitely
thin) is located at a distance d above the pipe termination. Acoustic
plane waves are forced at the termination of the pipe by a unitary
prescribed acceleration.

The meshing of the central domain consisted of unstructured
second-order triangular elements, while the PMLs are meshed in
a structured manner using second-order quadrilateral elements.
The maximum element size was set to a tenth of the smallest
wavelength considered hmax ¼ kmin=10, and the region near the
pipe termination was refined for increased accuracy at this crucial
location. The model is solved in the frequency domain (Helmholtz
equation) and the radiation impedance is calculated by the ratio of
the spatial integrals of the normal particle velocity and pressures
fields at the pipe termination surface. The estimation of the radia-
tion impedance of resonators from FE numerical results can be cal-
culated more precisely with other methods [25]. However, the
present approach is deemed adequate in the (low-frequency) con-
text of this work.
5

Fig. 6 below shows the numerical results for the real and imag-
inary parts of the calculated radiation impedance for various val-
ues of the dimensionless disk distance d=a, in the frequency
range ka < 3.

The peaks seen at the high-frequency range are associated with
radial resonances appearing when the distance d is comparable
with the wavelength k ¼ c=x. In any case, we are not interested
in this high-frequency behavior as mentioned above. In the lower
frequency range ðka < 1Þ, numerical results suggest that:

1. The acoustic resistance RR ¼ ReðZRÞ is virtually unchanged by
the presence of the disk.

2. The acoustic reactance XR ¼ ImðZRÞ remains approximately lin-
early dependent on ka, and its slope increases with decreasing
d=a.

Similar conclusions can be found in the results presented in
[24]. To formulate a low frequency approximation, we first assume
that the acoustic resistance remains unchanged. This is equivalent
to say that, in the low frequency range, the amount of radiated
acoustic energy is independent of the obstruction distance d. Sec-
ondly, the slopes of the imaginary part of the acoustic reactance
@ImðZÞ=@ðkaÞ can be approximated by a simple linear regression.
Taking as a starting point, the radiation impedance of an unob-
structed pipe (27), the resulting slopes fitted to the FE results sug-
gest that the acoustic reactance can be approximated by the
following expression in terms of the dimensionless disk distance
d=a

Im ðZRÞ ¼ b
a
d
þ 1

� 	
0:6133ðkaÞ ð28Þ

where the parameter b was fitted numerically to give b � 0:32, as
illustrated in Fig. 7. Therefore, a low frequency approximation of
the acoustic radiation impedance of a unbaffled cylindrical pipe
with a rigid circular obstruction is given by

ZRðx;dÞ ¼ 1
4
ðkaÞ2 þ j b

a
d
þ 1

� 	
0:6133ðkaÞ ð29Þ

Notice that when d ! 1 the radiation impedance converges to that
of an open unbaffled pipe (27). When d ! 0, the imaginary part
goes to infinity, as that of a closed pipe. Here, the value of b is based
on the assumption that the presence of the bar can be roughly
described by a rigid circular disk whose diameter is equal to the



Fig. 6. Real and imaginary (absolute) parts of the normalized radiation impedance of a unbaffled pipe with circular rigid obstruction, calculated with the FE model for various
values of (normalized) disk distance d=a. The left plots show the impedance in the frequency range ka < 3, in a logarithmic scale, while the plots on the right show results in
the range ka < 1 , in a linear scale.

Fig. 7. Analytical low frequency approximation of the slopes of the numerically
calculated acoustic reactance XRðkaÞ.

Fig. 8. Evolution of (normalized) resonant frequencies as a function of disk distance
d for a tube with length/radius ratio a=L ¼ 0:05. Here, f ref ¼ c=4L.
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bar’s width. However, better approximations for this value can
probably be achieved by fitting b to experimental results using real
bars. Since real bars occupy larger areas above the pipe, it is likely
that b < 0:32 in realistic scenarios.

Then, replacing the radiation impedance expression (29) in the
characteristic equation derived earlier (6) will yield the modified
modal frequencies and damping ratios. Moreover, provided that d
is not unreasonably small (d=a > 0:1), we can follow the simplifica-
tion procedure used earlier, and derive a ‘‘length correction”
approximation of the modal frequencies of the acoustic resonator
f n ¼ cð2n� 1Þ
4 Lþ b a

d þ 1
� �

0:6133a

 � ð30Þ

For illustration, Fig. 8 shows the evolution of the modal fre-
quencies f n of a pipe with a=L ¼ 0:05, as a function of the nondi-
mensional disk distance d=a. The black lines describe the
resonant frequencies calculated with the characteristic equation
while the red lines show the ‘‘length correction” approximation
6

given by (30). Notice how, when d=a is large, the frequencies tend
to those of a closed-open (unbaffled) pipe, while when d ! 0 the
frequencies converge to those of an ideal closed-closed pipe.

3.2. Vibro-acoustic coupling

In the context of mallet percussion instruments, the structural
and acoustic elements are not directly linked, since the termination
of the resonator is at x ¼ L and the disk-oscillator (beam) is located
at x ¼ Lþ d. Therefore, we will model their interaction in terms of
mutual excitations. That is, from one hand, the acoustic energy
radiating from the pipe termination ðx ¼ LÞ will induce a pressure
load on the disk and, on the other hand, the motion of the disk will
radiate acoustic energy which will excite the resonator. Therefore,
we aim to find transfer functions that relate: (1) the pressure at the



Fig. 10. Illustration of the FE model used to estimate the vibro-acoustic transfer
function HðxÞ.
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pipe termination to the induced pressure on the disk, and (2) the
motion of the disk to the equivalent acoustic excitation at the pipe
termination.

On this point, we remind the reader of the principle of vibro-
acoustical reciprocity. Nowadays, this is a well-established con-
cept, formally demonstrated by Lyamshev in 1959 [26] and devel-
oped further in the works of Wolde et al. [27,28], Fahy [29,30],
amongst others. In its simplest form, the vibro-acoustical reciproc-
ity is expressed as

pi

€Yj

¼ f j
_qi

ð31Þ

where pi is a response pressure within the acoustic domain, f j is a
force load excitation on the structure, Yj is a displacement on the
structure and qi is an acoustic excitation (in terms of volume veloc-
ity). In words, relation (31) states that the transfer function
between the motion of a structure €Yj at point j and a response pres-
sure pi in the acoustic domain at point i, is equivalent to the transfer
function between an acoustic source _qi at point i and the force load
on the structure at point j, as illustrated in Fig. 9.

The principle of vibro-acoustic reciprocity can be rearranged as
a dimensionless transfer function. In the context of our system, this
can be written in the frequency domain as

HðxÞ ¼ FrsðxÞ
pðL;xÞS ¼

_QsrðL;xÞ
€YðxÞ ð32Þ

where FrsðtÞ is a (spatially averaged) force induced on the disk by

the acoustic waves leaving the resonator and _QsrðtÞ is an acoustic
excitation (in terms of volume acceleration) induced on the res-
onator by the disk motion. Then, with the knowledge of HðxÞ, the
terms FrsðxÞ and _QsrðxÞ can be calculated and used as forcing terms
in the equations of the disk (24) and of the resonator (23),
respectively.

Using an FE model similar to the one described earlier, the
transfer function HðxÞ can easily be estimated. For simplicity, we
have considered two parallel circular surfaces (of the same radius
a) separated by a distance d=a, as illustrated in Fig. 10.

The transfer function HðxÞ was calculated numerically by relat-
ing the forced acceleration at the top surface (€YðxÞ) to the spatial
integral of the acoustic volume acceleration felt at the bottom sur-
face _QsrðxÞ. The FE numerical results for the transfer function HðxÞ
at various distances d=a are shown in Fig. 11, in term of its modulus
HðxÞj j and phase \HðxÞ .

At relatively low frequencies (ka < 1), the modulus HðxÞj j
remains approximately constant with respect to nondimensional
frequency ka. Furthermore, when d=a ! 0, HðxÞj j ! 1; and when
d=a ! 1, HðxÞj j ! 0, as one would expect. The phase \HðxÞ is
nearly linear, with slope @\HðxÞ=@ka decreasing as d=a increases.
Effectively, this nearly linear phase-shift can be regarded as a time
delay in the response associated with the travelling acoustic
waves. Therefore, at relatively low frequencies (ka < 1), the trans-
fer function HðxÞ could be approximated as simple constant gain
filter with a time delay s. Then, the mutual excitations can be cal-
culated in the time domain by

_QsrðL; t þ sÞ ¼ HðxÞj j€YðtÞ ð33Þ
Fig. 9. Illustrative diagram of the principle of vibro-acoustic reciprocity.
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Frsðt þ sÞ ¼ HðxÞj jpðL; tÞS ð34Þ
where the time delay s could be roughly approximated by s ¼ d=c.
However, since the distance d will generally be much smaller than
the considered wavelengths, d � c=x, we can neglect this time
delay in a first approximation. This simplification assumes that
the dynamics at one surface will be felt instantaneously at the other
surface. Then, neglecting the phase-shift and assuming a modulus
which is constant in frequency, we can search for an analytical
approximation which depends only on the dimensionless distance
d=a. Here, we search for an approximate function in the following
polynomial form

H d=að Þ ¼ 1

1þ a1 d=að Þ þ a2 d=að Þ2 þ . . . þ ap d=að Þp
ð35Þ

Note that the above expression is coherent with the expected
limiting values mentioned above: (1) if d=a ! 0, H ! 1; and (2)
if d=a ! 1, H ! 0. The values of Hðx ! 0Þj j obtained with the FE
model were taken as the target values and the polynomial function
(35) was numerically fitted (least-squares), to obtain the coeffi-
cients ap which better approximate the FE data. Results for the
numerical fitting are shown in Fig. 12, assuming polynomials of
various orders p. The resulting values of the polynomial coeffi-
cients ap, are shown in Table 1. In the following sections, we will
use the 5th order approximation of HðxÞ throughout. As a note,
subsequent to the conclusion of this work, an analytical formula-
tion for calculation of the self and mutual radiation impedances
of spheroids has been published [31]. This method can potentially
be used to provide additional accuracy to the model, particularly at
higher frequencies.

4. Formulation of the coupled system

Following the above estimated transfer function (35), the force
load on the disk, induced by the resonator is then given by

FrsðtÞ ¼ HpðL; tÞS ¼ H/ðLÞqðtÞS ð36Þ
The equation of motion of the disk-oscillator then becomes

ms
€YðtÞ þ 2fsmsxs

_YðtÞ þmsx2
s YðtÞ ¼ H/ðLÞqðtÞS ð37Þ

The inhomogeneous acoustic wave equation can be formulated
by adding a sound source term, in terms of a pressure gradient or

volume acceleration _QsrðtÞ [32]. After projection unto the acoustic
modes, the resonator equation becomes



Fig. 11. Finite element computation of the magnitude and phase of the transfer function HðxÞ as a function of ka, for various values of the nondimensional distance
parameter d=a. The in the top-right plot, the magnitude is represented by the function 1� HðxÞj j in a logarithmic scale, for clarity.

Fig. 12. Comparison between the low frequency approximation of the function
HðxÞ calculated by the FE model and polynomial approximations of various orders.

Table 1
Values of the best fitted polynomial coefficients ap , for various polynomial orders.

Model order a1 a2 a3 a4 a5

5th order 2.778 �1.033 3.345 �1.151 0.128
4th order 2.373 0.906 0.864 �0.088
3rd order 1.762 2.203 0.189
2nd order 0.296 3.439
1st order 11.156
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m1€qðtÞ þ 2f1m11 _qðtÞ þm1 �x2
1qðtÞ

¼ q _QsrðtÞ
Z L

0
dðx� LÞ/ðxÞdx ð38Þ

and simplifying the spatial integral and using relation (33), the
equation reduces to

m1€qðtÞ þ 2f1m1 �x1 _qðtÞ þm1 �x2
1qðtÞ ¼ qH/ðLÞ€YðtÞ ð39Þ

Finally, the coupled system can be written in matrix form as

ms 0
P1 mr

� � €YðtÞ
€qðtÞ

( )
þ cs 0

0 cr

� � _YðtÞ
_qðtÞ

( )
þ ks P2

0 kr

� �
YðtÞ
qðtÞ


 �
¼ 0

0


 �

ð40Þ
where
8

ks ¼ msx2
s ; kr ¼ m1 �x2

1

cs ¼ 2fsmsxs ; cr ¼ 2f1m1 �x1

P1 ¼ H/ðLÞq ; P2 ¼ �H/ðLÞS ð41Þ
Notice that both coupling terms depend on HðdÞ, and since

d ! 1 means H ! 0, the oscillators are effectively decoupled if
the disk is sufficiently far away. Even though the coupling is recip-
rocal, the resulting coupled system (40) is not symmetric. In fact,
this formulation is a typical result of vibro-acoustic coupling when
acoustic pressure is used as the field variable [33–36]. Neverthe-
less, a different choice of acoustic variable can lead to symmetric
formulations, which are often more practical in various applica-
tions. For example, if the acoustics are described in terms of parti-
cle displacement wðx; tÞ, the coupled system becomes symmetric
and inertially coupled. That is, expanding the particle displacement
field as

wðx; tÞ ¼
XN
n¼1

wnðxÞnnðtÞ where wnðxÞ ¼ sin
�xnx
c

� �
ð42Þ

the coupled system becomes

ms P

P mr

� � €YðtÞ
€nðtÞ

( )
þ cs 0

0 cr

� � _YðtÞ
_nðtÞ

( )
þ ks 0

0 kr

� �
YðtÞ
nðtÞ


 �
¼ 0

0


 �

ð43Þ
where, in this formulation, the symmetric coupling term P and the
‘‘modal inertia” of the acoustic mode mr are modified to

P ¼ H
c
�xr

� �
/ðLÞqS ; mr ¼ qS Lþ DLð Þ

2
ð44Þ
5. Numerical validation

Finally, we now want to numerically validate results of our sim-
plified analytical model with the use of a more detailed 2-D
axisymmetric model which includes the acoustic-structure inter-
action between the disk-oscillator and the resonator. To this end
a new FE model was formulated, similar to those described above,
where now we associate to the rigid circular disk a mass ms, a stiff-
ness ks and a damping coefficient cs, as illustrated in Fig. 13. The
disk motion is restricted to one direction.

For comparison purposes, we now solve the FE model for the
associated eigenvalue problem to assert the resulting coupled
modes between the resonator (first acoustic mode) and the disk-



Fig. 13. Illustration of the FE model describing the acoustic-structure interaction,
using a rigid disk with associated mass, stiffness and damping.
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oscillator (first beammode). These results can then be compared to
the eigenvalues resulting from our simplified analytical model.

To maintain a consistent mesh, a parametric sweep was per-
formed on the natural frequency of the disk-oscillator by modify-
ing the associated stiffness ks. The natural frequency of the disk
was swept across the region near the frequency of the first acoustic
mode of the resonator. The mass of the disk was maintained con-
Fig. 14. Eigenvalue evolution as a function of the frequency ratio f s=f 1, for the wide pipe w
model.

Fig. 15. Eigenvalue evolution as a function of the frequency ratio f s=f 1, for the medium
analytical model.
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stant at ms ¼ 0:2 kg and the associated modal damping was set
to fs ¼ 0:05%. These values are in the same order of magnitude
of those found for the first bending mode of a vibraphone bar,
made of aluminum. The length of the resonator was fixed at
L ¼ 0:5 m, and 3 different pipe radiuses were considered: (1)
a=L ¼ 0:2, (2) a=L ¼ 0:05 and (3) a=L ¼ 0:02. The resulting complex
eigenvalues from the FE model and the analytical model are repre-
sented in Fig. 14, Fig. 15 and Fig. 16, for the wide, medium and nar-
row pipes, respectively, at different disk distances d=a. The
imaginary part of the eigenvalues is represented by the damped
natural frequencies f n, while the real part as the damping ratios fn.

The behavior of the coupled system is similar to other systems
commonly found in musical acoustics. For example, the analysis in
[37] can be very instructive, where a model of the coupling
between a string and a soundboard (single-mode) yields results
very similar to those above. We notice that the two eigenvalues
cross when the frequency ratio (frequencies of the uncoupled oscil-
lators f s=f r) equals to one, i.e. when the two oscillators are per-
fectly tuned. Depending on the ‘‘coupling strength”P, the
eigenvalues can cross in their real or imaginary part. When cou-
pling is strong (low d=a), the eigenvalues cross in the real part
and the two modes vibrate at different frequencies, but with the
same damping ratio f1;2 � ðfr þ fsÞ=2. When coupling is weak (large
d=a), the eigenvalues cross in the imaginary part and the two
modes vibrate at the same frequency, with distinct damping.

Aside from some minor quantitative differences, the analytical
model is able to portrait the coupling dynamics of the two oscilla-
tors in a remarkably accurate manner.
ith a=L ¼ 0:2. Comparison between the results from the FE model and the analytical

pipe with a=L ¼ 0:05. Comparison between the results from the FE model and the



Fig. 16. Eigenvalue evolution as a function of the frequency ratio f s=f 1, for the narrow pipe with a=L ¼ 0:02. Comparison between the results from the FE model and the
analytical model.

Fig. 17. Temporal evolution of the disk displacement yðtÞ and resonator response
nðtÞ, for different beam-resonator tuning ratios f s=f r .
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6. Energy balance

To analyze the behavior of the coupled system it is useful to
have an energetic balance of the different subsystems as well as
relevant parameters like radiation efficiency or decay time. Here,
we make use of the formulation using particle displacement as
the acoustic variable. The potential and kinetic energies, UsðtÞ
and TsðtÞ, in the disk-oscillator are given by

TsðtÞ ¼ ms

2
_y2ðtÞ ; UsðtÞ ¼ ks

2
y2ðtÞ ð45Þ

while the total amount of energy dissipated by the disk via internal
losses DsðtÞ is given by

DsðtÞ ¼ cs

Z t

0
_y2ðtÞdt ð46Þ

Similarly, the potential and kinetic energies of the resonator, UrðtÞ
and TrðtÞ, are calculated by

TrðtÞ ¼ mr

2
_n
2ðtÞ ; UrðtÞ ¼ kr

2
n2ðtÞ ð47Þ

while the dissipated energy (acoustic radiation from the pipe’s open
end) is given by

DrðtÞ ¼ cr

Z t

0

_n
2ðtÞ dt ð48Þ

Then, the energy stored in the coupled system is given by

ECðtÞ ¼ TsðtÞ þ UsðtÞ þ TrðtÞ þ UrðtÞ ð49Þ
while the total dissipated energy is given by

DCðtÞ ¼ DsðtÞ þ DrðtÞ ð50Þ
By energy conservation, and under free vibration conditions, the fol-
lowing relation expressing the total energy in the system holds

ET ¼ TsðtÞ þ UsðtÞ þ TrðtÞ þ UrðtÞ þ DsðtÞ þ DrðtÞ ¼ constant ð51Þ
In the context of free vibrations, a useful indicator of the impact

of the resonator can be given by a ‘‘radiation efficiency” parameter
j, representing the percentage of energy in the system that is dis-
sipated through the acoustic radiation by the resonator

j ¼ Drðt ¼ þ1Þ
ET

� 100 ½%� ð52Þ

Similarly, we define the decay time of the coupled system, t60, as the
time it takes for its energy to decay by 60 dB (to 0.1 % of its the ini-
tial energy), that is
10
20log10
ECðt60Þ
ECð0Þ

� �
¼ �60 dB () ECðt60Þ

ECð0Þ ¼ 0:001 ð53Þ
7. Illustrative numerical results

To illustrate how the system behaves in the time-domain, we
show here temporal integrations of a system with the following
parameters: ms ¼ 0:2 kg, fs ¼ 0:02%, a ¼ 0:03 m, L=a ¼ 15,
d=a ¼ 0:5, q ¼ 1:2 kg �m�3 and c ¼ 340 m � s�1. The coupling
strength Hðd=aÞ is as defined in (35), using the 5th-order polyno-
mial approximation. The resonator radiation impedance ZR is as
defined in (29) with b ¼ 0:32, leading to: f r ¼ 181:5 Hz,
fr ¼ 0:16% and mr ¼ 0:8� 10�3 kg (using the particle displace-
ment formulation, Eq. (43)). This parameter configurations approx-
imates what would be found in the lower register of a vibraphone.

The temporal integrations were performed using Matlab’s Ordi-
nary Differential Equation (ODE) solver, ode23t [38]. Initial condi-
tions were set with the resonator at rest nð0Þ ¼ _nð0Þ ¼ 0, and the
disk-oscillator was given an initial velocity, i.e. yð0Þ ¼ 0 and
_yð0Þ ¼ 1 m � s�1. Fig. 17 shows the response of the resonator nðtÞ,



Fig. 18. Distribution of the energy in the coupled system for the three tuning cases.
All values are normalized by the initial energy, i.e. Eið0Þ ¼ Tsð0Þ ¼ ms=2.

Fig. 19. Decay time t60, and radiation efficiency j, as a function of tuning ratio, for
various values of nondimensional disk distance d=a, in a system where structural
damping is lower than the resonator damping, fs < fr .

Fig. 20. Decay time t60, and radiation efficiency j, as a function of tuning ratio, for
various values of nondimensional disk distance d=a, in a system where structural
damping is larger than the resonator damping, fs > fr .
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and the disk-oscillator displacement yðtÞ, for two different tuning
ratios f s=f r ¼ ½0:99 ; 1 �. Additionally, Fig. 18 shows the distribu-
tion of energy within the system as a function of time, for the
tuned and untuned cases.

The results in Fig. 17 illustrate clearly that a perfectly tuned
beam-resonator system leads to a stronger coupling between the
two elements, and the resonator (initially at rest) is strongly
excited, as expected. Consequently, we see a more rapid decrease
of the disk vibration, a phenomenon commonly reported in exper-
imental observations [8,13]. The same effect can be seen in the
energy distributions shown in Fig. 18. For the tuned case
ðf s=f r ¼ 1Þ, the vibrational energy in the disk-oscillator is reduced
to less than 1 % of its initial value in only 3 s, compared to about
10 s for the untuned case ðf s=f r ¼ 0:99Þ. On the other hand, notice
that in the tuned case, most of the energy is dissipated through the
acoustic radiation of the resonator, while structural dissipation is
dominant in the untuned case.

To examine in more detail the effect of tuning as well as the
effect of the distance d on the coupling dynamics, multiple tempo-
ral simulations were conducted using various pairs of tuning ratio
f s=f r and disk distance d, for the same system parameters as above.
Fig. 19 shows the variation of radiation efficiency j and the decay
time t60, as a function of the tuning ratio, for various values of the
distance d.

The results shown in Fig. 19 demonstrates the typical compro-
mise between acoustic radiation and decay time. Similar results
can be seen in the experimental and theoretical works of Bork
[8] and Rucz et al. [13]. Not surprisingly, we notice that decreasing
the distance between disk and the resonator results in a stronger
coupling, which further emphasizes this compromise. Here it must
be noted that the above-mentioned behavior is associated with a
particular bar-resonator configuration, namely, one in which the
damping ratio of the structural element is smaller than the radia-
tion damping of the resonator, i.e. fs < fr . Undoubtably, this is a
scenario often encountered in metallic instruments. However, in
some wooden instruments, it might be the case that structural
damping of the bar mode is larger than the resonator damping,
fs > fr . To illustrates the differences, we show in Fig. 20 the decay
time and radiation efficiency for a similar set-up as above, except
11
the structural damping is now set to fs ¼ 0:5%, as might be found
in marimbas or xylophones [39,8].

In this case, we notice that coupling with the resonator results
in both an increase of the radiation efficiency as well as in the
decay time of the coupled system. Results suggest that, unlike in
metallic instruments (where generally fs < fr), a compromise
between decay time and radiation efficiency might not be neces-
sary in some wooden instruments (where fs > fr) and the presence
of the resonator could serve to increase both radiation efficiency
and decay time. To the authors knowledge, this behavior has not
been validated experimentally, as available reports [8,13] deal
solely with cases where fs < fr .
8. Conclusions

In this work, we proposed a minimal model describing the bar-
resonator interaction occurring in mallet percussion instruments.
The bar is reduced to a single mode, whose motion is described
by a disk-shaped oscillator with equivalent modal parameters.
The resonator acoustics are described by the acoustic modes of a
cylindrical waveguide with closed-open boundary conditions,
including radiation damping.
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Using 2-D axisymmetric finite element models, we were able to
numerically calculate: (1) the effect of the disk presence on the
radiation impedance of the pipe and (2) the vibro-acoustic cou-
pling between the disk and the resonator. The numerical results
from the FE models were then fitted to simple analytical expres-
sions, that allowed for an approximate description of the three-
dimensional coupling effects, adaptable to the simple lumped-
parameter modelling framework.

Numerical results from the simplified analytical model were
then numerically validated against those from a 2-D vibro-
acoustic FE model, yielding similar results, both qualitatively and
quantitatively, over a wide range of configurations.

Temporal simulations and an energy balance analysis of the
simplified model, demonstrated its capacity to emulate the essen-
tial features of the two-way coupling dynamics observed in real
instruments. Tuning the disk and resonator frequencies leads to a
stronger coupling between the two elements, and increases the
radiation efficiency of the system. The model is also able to
describe the decrease in decay time of the bar, associated with
the large transfers of energy from the bar to the resonator, as
reported in previous experimental observations. Additionally, our
model suggests that this behavior occurs solely for particular con-
figurations, where the damping of the bar mode is lower than the
radiation damping of the resonator fs < fr , as will be the case for
most metallic instruments. For the opposite scenario fs > fr , our
models suggested that the presence of a tuned resonator could
increases both the radiation efficiency and the decay time of the
system. However, as of yet, no experimental reports are available
to validate this behavior.

Contrary to previous work, the simplicity of the proposed model
allows for an intuitive comprehension of the coupling dynamics
occurring in bar-resonator systems. The proposed model can also
be a useful tool in the design and optimization of real instruments,
as well as for virtual sound synthesis. Moreover, without signifi-
cant additional complexity, the general lumped-parameter frame-
work used here can be extended in several directions: (1) including
several bar modes and resonator modes, (2) including radiation
resistance of the various bar modes, (3) improve the realism of
the analytical approximations by fitting coefficients to results from
FE models or experiments pertaining to actual bars.
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