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Abstract

The paper investigates the optimal strategy of a small open economy receiving
FDI in an optimal growth context. We prove that no domestic firm can enter
the new industry when the multinational enterprise’s productivity or the fixed
entry cost is high. Nevertheless, the host country’s investment stock converges
to a higher steady state than an economy without FDI. A domestic firm enters
the new industry if its productivity is high enough. Moreover, the domestic firm
can dominate or even eliminate its foreign counterpart.

Keywords: Optimal growth, FDI spillovers, TFP, fixed cost.
JEL Classifications: 04, O11, F43, F23, C61.

1 Introduction

Over the past few decades, opening up to the global economy and attracting foreign di-
rect investment (FDI) have been policy priorities in developing countries for promoting
their economic development. One of the main arguments is that multinational enter-
prises (MNESs) could boost investment, bring new technologies/management skills, and
generate FDI spillovers to domestic firms. However, empirical studies show ambiguous
FDI effects on the host country’s development.

At the micro-level, MNEs could generate spillovers to domestic competitors in
the same industry (horizontal spillovers) or upstream and downstream local firms
(vertical spillovers).! Empirical evidence shows positive spillovers from downstream
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substantially improve the paper.
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FDI firms (mainly joint venture FDI firms) to domestic suppliers but negative spillovers
from upstream FDI firms to downstream domestic producers.? Besides, the literature
provides evidence of mixed results regarding FDI horizontal spillovers.?

At the macro-level, the empirical literature finds that the effect of FDI on the
host country’s economic growth is relatively weak (Carkovic and Levine, 2005). More
precisely, whether this effect is significant depends on local conditions such as the
host country’s human capital (Borensztein et al., 1998; Li and Liu, 2005) and the
development of local financial markets (Alfaro et al., 2004, 2010).

The previous conflicting results on the effects of FDI raise a fundamental question
on how a host country can benefit from FDI spillovers. This research aims to answer
this question by introducing FDI in an optimal growth model to study the optimal
allocation of a host country.

We consider a small open economy. In our model, there are three goods: a physical
capital, a consumption good, and a so-called new good. The consumption good, taken
as numéraire, is to serve final consumption. In contrast, the physical capital is served
as an input in the production of consumption and new goods. These goods are freely
tradable to the rest of the world. There are two agents (a representative consumer
of the host country and an MNE) and two production sectors (a traditional sector
producing the consumption good and a new sector producing the new good). We
assume that only domestic firms in the host country produce the consumption good
using physical capital as the sole input. By contrast, producing the new good requires
physical capital and so-called specific labor (or skilled labor). In the beginning, there
was the sole MNE in the new sector. However, a domestic firm can only enter this
sector and produce the new good if it holds a critical level of specific labor. This
threshold represents a fixed setup cost. By contrast, the MNE does not have to pay
that fixed cost, thanks to its parent firm’s support.*

Our research has three significant contributions to the literature. First, by studying
the properties of equilibrium, we explore conditions under which a host country as in
our framework should (or should not) invest in the new industry. We prove that if
the host country suffers a low initial resource, a high setup cost, or a low level of FDI
spillovers, no domestic firm can enter the new industry, regardless of its total factor

2For more discussions on vertical FDI spillover, see Javorcik (2004), Newman et al. (2015), Lu
et al. (2017) for the case of Lithuania, Vietnam, China, respectively, and Gorodnichenko et al. (2014)
for 17 transition countries.

3Indeed, there are negative or nil impacts of horizontal FDI on domestic firms in developing
countries as, for example, Morocco (Haddad and Harrison, 1993), Uruguay (Kokko et al., 1996),
Eastern Europe countries (Jude, 2012), Vietnam (Newman et al., 2015). By contrast, evidence of
positive horizontal spillovers from FDI in developed countries is reported in Ruane and Ugur (2005)
for Ireland, Haskel et al. (2007) for the UK, or Keller and Yeaple (2009) for the US.

40ur assumption on the setup cost is in line with several studies in the literature. Indeed, Smith
(1987) and Markusen (1995) point out that a potential domestic firm has to pay a firm-specific fixed
cost to enter a new industry. By contrast, the MNE has a plant in its home country where it has
invested in that specific cost. Hence, this firm does not suffer such expenditure in producing in the
host country (Smith, 1987). In another context, Fosfuri et al. (2001) indicate that a domestic firm
might access new technologies thanks to worker mobility who initially worked for the MNE. To this
end, the domestic firm has to pay a fixed cost that one interprets as an absorptive capability. In
our framework, the host country must have at least a critical number of skilled workers to set up the
production process.



productivity (TFP, hereafter). Once these necessary conditions hold, productivity
plays a primordial role in determining the host country’s optimal strategies. It produces
the new good if (and only if) the domestic firm in the new industry has a high TFP.
Moreover, it can dominate or even eliminate the MNE (in the sense that the MNE
stops its production in the host country) if its TFP is high enough. These findings are
helpful in policy implications because they could help host developing countries avoid
an underdevelopment issue.?

Second, we enrich the literature of optimal growth by introducing and studying the
effects of the fixed entry cost in an optimal growth model. In such a context, some
countries may not invest in the new technology because of high fixed costs (Bruno
et al.; 2009). Nonetheless, when there is an investment to decrease fixed costs, an
underdeveloped economy could catch up with a developing one (Le Van et al., 2016).
Our added value is to explore the role of FDI spillovers and productivity.

Third, despite a rich but almost empirical literature on FDI spillovers, there is
still a lack of theoretical framework investigation. We contribute to this literature by
formalizing mechanisms explaining when, why, and under which conditions FDI can
generate positive spillovers. In our optimal growth context, we show that whether
FDI spillovers are insignificant or positive depends on the local conditions (such as
initial resources, human capital, and productivity) and time. Indeed, in the beginning,
no domestic firm could enter a new industry where an MNE has been well installed.
However, the impact could become positive after some periods. Our point about the
role of timing on the impact of FDI spillovers is consistent with empirical investigations
of Merlevede et al. (2014) and references therein. Indeed, Merlevede et al. (2014), by
using firm-level data from a panel of Romanian manufacturing firms during 1996-2005,
find that the effect of foreign entry is initially negative but will be positive for a longer
time.

The paper is structured as follows. Section 2 introduces an optimal growth model
with the presence of MNE. We then study conditions under which the host country
should invest in a new industry in Section 3. Section 4 concludes. Formal proofs are
gathered in the appendix section.

2 Benchmark model

We consider a small open economy (called hereafter host country). There are three
goods: a consumption good, a physical capital, and a new good. The consumption
good, taken as numéraire, is produced in a traditional (or old) sector. The prices of
the new good and physical capital (in terms of consumption good) are exogenous and
denoted by p,, p, respectively. We assume that the three goods are freely exchangeable
with the rest of the world.

In each period, there is an MNE in the host country. It produces the new good in
a new industry (or new sector)® by using physical capital and specific labor (here, we

5Some scholars explore the competition between foreign and domestic firms and its impact on the
host country’s economy (see Ghosh and Saha (2015), Tsai et al. (2016), Amerighi and De Feo (2017),
among others). Nonetheless, they rely on a Cournot competition in a static framework while we work
in a dynamic model with perfect competition.

6In developing countries, this sector may be Computer and Peripheral equipment



assume that the specific labor is internationally immobile).

At each date t (¢t > 0), the foreign firm (without market power) chooses K., units
of physical capital and Lgt units of specific labor in order to maximize its profit. With
these inputs, the firm produces F'*( K., Lgt) units of new good, where F°: R3 — R, is
its production function. After producing, K. units of physical capital are depreciated
and give only (1 —d.) K., units of physical capital, where . is the capital depreciation
rate of the MNE. Hence, the MNE’s maximization problem is:

(F) - max | pF(Key, LD,) + p(1 — 6.) Koy — pKey — wi LY, (1)
Ket,LP,>0 ’ ’
where w; is the wage (in terms of consumption good).
We will work under the following assumption.

Assumption 1. Assume that §. € (0,1] and F¢(K,L) = A, K* L'~ VK,L > 0,
where a, € (0,1) and A. > 0 represents the foreign firm’s TFP.

Since the new good is freely exchangeable with the rest of the world, FDI in our
framework is likely an export-platform FDI, whose production does not only serve the
host country but a global market. It differs from a horizontal FDI, whose production
purpose solely serves the local market. According to the literature on export-platform
FDI, incentive factors of such investment are access to a global market (e.g., a low
export cost to other countries) and a low production cost in the host country. In
our framework, we assume that MNEs invest in the host country to benefit from easy
access to a global market and a low cost of specific labor.”

There is a representative agent in the host country. This agent chooses the al-
location of resources to maximize the intertemporal welfare of the whole population.
If the country uses K.;+1 units of physical capital for the production process in the
traditional sector at date ¢, then it will get A.K,,; units of consumption good at
date t + 1, where a > 0 and A, > 0 represents the capital elasticity and TFP of the
old sector.® Besides, if the host country invests H;.; units of consumption good in
training specific labor at date t, there will be A, H;, units of specific labor at date
t + 1. Specific labor works for the MNE to get a salary.

Summing up, the representative agent solves the following problem:

(1) max [iﬁtu<ct>] (22)

(Ct,Kc,t+17Le,t+1yHt+l)t:()
subject to ¢, + pKeyy1 + Hypr < AKS 4+ p(1 = 0) Ky +wiLey, ¥t >0 (2b)
Le,t S Athah,\V/t Z 1 (2C)

manufacturing, Electrical Equipment manufacturing, Radio, Television and Communication
equipment manufacturing, and so forth.

"Given the purpose of this research, we skip explaining why the MNE applies an export-platform
FDI in the host country instead of exporting or a horizontal FDI. Please refer to Yeaple (2003),
Montout and Zitouna (2005), Ekholm et al. (2007), Minda and Nguyen-Huu (2012) among others, for
a more in-depth analysis of MNE strategies, including export-platform FDI.

8For the sake of simplicity, we assume that physical capital is the sole production factor of the
consumption good. Indeed, we may consider a production function as A K ftLi;“ where L. is
unskilled labor. Nonetheless, by assuming that unskilled labor supply is exogenous and normalized
by L.: = 1, we recover the production function of consumption good given in problem (P).



where ¢ is the depreciation rate of physical capital in the traditional sector, 5 is a
discount factor, and K., L. are given.?
We require standard assumptions in our paper.

Assumption 2. § € (0,1], a € (0,1), oy, € (0,1), B € (0,1).
The utility function u : Ry — Ry is in C1, strictly increasing, strictly concave, and
u'(0) = oo.

In our framework, wage w; is endogenous and determined by the market clearing
condition given in Definition 1 below.

Definition 1. Let us define the benchmark economy E° as a list of exogenous parame-

ters (p,pn,Ae,ae,ée,Ac,a,& Ah,ocmﬁ,Kc,o,Le,o) and the function u(-). An intertem-

poral equilibrium in this economy is a positive sequence (¢, Kei1, Hii1y Let11, Lgt, K£t, we) 5,
satisfying the following conditions:

(1) Given (w)2y, (cty Kepr1, Hiv1y Lets1)52g 1S a solution to the problem (Py).

(ii) For allt >0, given wy, (L?,, KP,

e,t? et

) is a solution to the problem (Fy).
(ii) Labor market clears: L, = Ley, ¥Vt > 0.
For each ¢ > 0, the solution to the MNE’s problem (F}) is determined as follows:

(a) KB, = LD, =0 if

— pnAe 1*105
wy; > w* where w* = (ao‘e 1—a)! ae—) 3
t e ( ) (5617)0‘6 ( )
Qe D . . .
(b) Any positive pair (K el,)t7 Lgt) satisfying condition ﬁ = ijf is a solution if
wy = w*. 10 "

Since Lgt = L., = A,H* > 0,Vt > 0, at equilibrium, we get that w, = w*, vVt > 0.
Wage w; depends not only on the foreign firm’s TFP and capital depreciation rate but
also on physical capital and new good prices.

We define the function F': R, — R, by:

F(x) = max {AKE +p(1= 6K +w Ao} ve > 0. (1)
(Ke,K): pKe4+H<z,K.>0,H>0

Lemma 1. The function F is strictly increasing, strictly concave, smooth, F(0) =0,
and satisfies Inada condition F'(0) = co.

Proof. See Appendix B. ]

9Constraint ¢; + pKo 1 + Hip1 < AKS +p(1 —0)Kc 441 +wiL., implies that the host country
cannot borrow from abroad.
10Tf v, < w*, then the MNE’s problem does not have a finite solution.



Denote Siy1 = pK. 11+ Hey1 the total savings of the host country at time ¢ (£ > 0).
Then, the problem (P;) can be rewritten as follows:

+oo

(P)) : max [Zﬂtu(cf/)} subject to ¢; + Si11 < F(Sy), ¢ > 0,541 > 0,Vt > 0.
(ct,9t+1):=5 - 3—p
(5)

Without the presence of the MNE, we recover an open economy without FDI. In
this case, the problem (P;) becomes the standard optimal growth model with the
budget constraint: ¢; + pKe 1 < ALK, +p(1 — 6)Key, VE > 0. In this case, we can
prove that tlim S; = S,, where

—00
aA =
So=p(r) (6)
p(5+0-1)

With the presence of the MNE, we have the following result.

Proposition 1. Under the above specifications, there is a unique equilibrium. At
equilibrium, we have wy = w*,Vt > 0, and S; converges to Sy defined by BF'(Sy) = 1,
or, equivalently,

S = p(p(% j—ilsc— 1)>11a + <ahw1*Ah> o (™)

B

Sy increases in A.,w*, Ay, and S, > S,.
Proof. See Appendix B. ]

Proposition 1 shows a positive impact of FDI on the host country’s economic
development. The property S, > S, means that the steady state savings of the
economy with FDI is higher than that of the economy without FDI. Moreover, the
steady state level S is increasing in the TFP of domestic firms, wage, and the TFP
of foreign firms. It implies that the FDI effect on the steady state output depends on
both FDI and the host country’s development characteristics. This finding is consistent
with several empirical studies mentioned in the Introduction section.

3 FDI spillovers and industrial policy

In Section 2, we assume that only the MNE produces in the new sector, and there
are no FDI spillovers. In this section, we develop the benchmark model in Section
2 by adding two elements: (i) the MNE may generate FDI spillovers through labor
turnover, and (ii) the host country may create a domestic firm in the new industry.

The problem of the MNE remains unchanged as in (1). We now describe the
maximization problem of the representative agent of the host country. At the beginning
of each period ¢ (¢t > 1), this agent supplies L., units of specific labor for the MNE
subject to the constraint (2c), i.e.,

Loy < ApH™. (8)



FDI spillovers through labor turnover occur when a domestic firm can hire the former
specific labor of the MNE. We assume that FDI spillovers through labor turnover (in
terms of specific labor) are given by:

BA,

Spillovers(Ae, Ley, St) = TStLe’t' 9)
where S; is the savings of the host country and parameter B represents either the
absorbability of specific labor or learning-by-doing effects. Our specification (9) is
motivated by two observations: (i) FDI spillovers decrease in the host country’s de-
velopment level (proxied by S; in our framework) and (ii) FDI spillovers increase in
the MNE’s productivity A., the quantity L., and the absorbability level B (with
B >0).!"

Given these different elements on the labor market (i.e., specific labor trained at
the previous period, specific labor hired by the MNE, and FDI spillovers), the amount
of specific labor available for the domestic firm becomes:

(ApHP™ — Ley) + %L&t. (10)
We now look at the choice of the representative agent. Assume that, at each date
t > 1, this agent can use Ky, units of physical capital and Lg; units of specific labor
to produce F4(Kgy, Lg;) units of new good (see Assumption 3 below). The quantity
L4, cannot exceed the amount of specific labor available for the domestic firm, i.e.,

BA

La: < (ApH™ — L, — L. 11
d,t_( hi1y ,t)+1+5t t (11)

The maximization problem of the representative agent now becomes:

(P) : max . [iﬁtu(ct)} (12)

(Ct,Kc,t+1:Kd,t+1’Ld,t+17Le,t+1,Ht+1)

t=0
subject to
0 S thaKd,taLdiaLeJaHtth Z 1 (13&)
¢+ S S AKS, +p(1 = 8) Koy + wiley + pnF (Kay, Lag) + p(1 — 04)Kqy,Vt > 0

(13b)
Str1 = P(Kepp1 + Kapi1) + Hipr, V60> 0 (13c)
Loy < ApHO Wt > 1 (13d)
Lup < (AuH™ — L)) + 22 1, vi>1 (13¢)

o — ) 1 + St N2 — J

HTndeed, Fosfuri et al. (2001) prove, through a static model, that labor turnover can be a channel
of FDI spillovers. Furthermore, the degree of such spillovers is increasing with the absorbability of
domestic firms. Evidence from Brazil supports heterogeneous impacts of spillovers through labor
mobility Poole (2013). High-skilled former foreign firms’ workers have a better ability to transfer
information, and high-skilled incumbent workers can better absorb information. However, Crespo
and Fontoura (2007), Meyer and Sinani (2009) argue that the higher the host country’s development
level, the fewer FDI spillovers level.



where K40, Lao, Ko, Lep > 0 are given, and d, represents the capital depreciation rate
in the new sector.

Notice that constraint (13b) implies two potential contributions of the new sector
to the host country’s economic growth: a payroll from the MNE, w; L., and potential
new good sales, p, F*(Kg, La;), once the domestic firm would enter the new sector.'?

The domestic firm in the new sector has the following characteristics.

Assumption 3. §, € (0,1] and the function F*: R% — R, is defined by
FUK, L) = A;K*((L — L)*)' ™™ VK, L > 0, (15)
where ag € (0,1) and L > 0 is a fived entry-cost.

Here, we assume that the domestic firm needs an initial investment to enter the
new industry. We model this investment by the fixed cost L in (15), that represents a
minimum quantity of specific labor needed to ensure the functionality of the production
process. By contrast, the MNE invested in the home country and did not pay this fixed
cost again to produce in the host country.

We now provide the definition of intertemporal equilibrium.

Definition 2. Let us define the economy £ as a list of erogenous parameters
(pap'ru Ae7 Qe, 567 B7 AC: «, 57 Ah7 O, Ad7 g, 5d7 -Z/a ﬁ) KC,07 Kd,07 Ld,07 Le,O)

and the utility function u(-). An intertemporal equilibrium in this economy is a positive
sequence (CtaKc,t—f—laKd,t-i—laLd,t—i—laLe,t-i-laHt-i—laLgt’Kel,)t;wt)?io satisfying the following
conditions:

(1) Given (w:);2,, the sequence (ct, Keii1, Kat+1, Lagr1, Lett1, Hip1)i2o 45 a solution
to the problem (P).
(i) For allt >0, given wy, (LD, KB,) is a solution to the problem (Fy).

e,t?
(i1i) LY, = Ley,Vt > 0.

In comparison to the benchmark economy £°, the economy & incorporates two
additional elements: there may be a domestic firm that produces the new good in the
host country, and there are FDI spillovers through labor turnover. If A; = 0,64 =
1, B = 0, then we recover the benchmark economy.

12Here, we assume that the consumer does not consume the new good. However, we can include the
new good in the consumption of the representative agent by modifying the problem (P) as follows:

(P'): max N [io m(ct)] (14)
t=0

(Ct,cf,KC,t+1,Kd,t+1 aLd,t+1’Le,t+l,Ht+1) o

subject to sequential constraints as in the problem (P) but constraint (13b) is replaced by ¢; + pncf +
Sir1 S AKS +p(1—06)Kep+wiLe 4 +pn F (K, Lat)+p(1—6)Ka, where Cy is a function of ¢; and
¢. Hence, under mild conditions, problems (P) and (P’) would have similar equilibrium outcomes.



3.1 Static analysis

We explore the static analysis. Let us firstly introduce the notion of equilibrium. Given
S > 0, an equilibrium in a static case is a positive list (K., Kq, Lg, L, H, L?, KP w)
satisfying the following conditions:

1. Given wage w, the allocation (LY, KP) is a solution to the MNE’s problem

max {p,F*(K,LY) +p(1 = 6) K. — pK, — wL}.

KP,LP>0

2. Given wage w, the allocation (K., Ky, Lg, L., H) is a solution to the following
maximization problem

(Gg) :max {ACKCO‘ + wle 4+ ppAaK$((Lg — E)Jr)l—ad +p(1 =6 K.+ p(1l — 5d)Kd}

16a

subject to: K., K4, Lq, L., H >0
p(Kc+ Kg)+H<S
L, < A,H

—_
5 o
o o

16d
BA,
——L..
1+ S

—~ N —~ T~~~

)
)
)
)
)

Ld < (AhHah — Le) + 16e

3. Labor market clears: LP = L..

We now study the properties of equilibrium. We wonder whether the domestic firm
or the MNE produces in the new sector.

Proposition 2. Let (K., Ky, Lq, Lo, H, LP, KP w) be an equilibrium in a static case.

1. If 24 > 1, then L = A H".

2. If max(£4 1)A,5% < L, then AJKg((Ly— L)*) ™ =0.

Proof. See Appendix B. O

The first point of Proposition 2 indicates that if FDI spillovers are high enough, all
specific labor trained by the host country will work for the foreign firm to get a high
amount of payroll. The second point shows that when the entry cost is high, the host
country is poor and unable to invest in the new industry.

The following result shows the role of productivity.

Proposition 3. Let S be given. Assume that BA, < 1 and ApS®» > L. There
exists Aq such that: for every Ay > Ay, we have Angd((Ld — E)Jr)l_ad > 0 and
A KL= =0 for any equilibrium (K., K4, Lq, Le, H, L? | KP w) in the static case.

Proof. See Appendix B. O

Proposition 3 implies that even with low FDI spillovers (i.e., BA, < 1), the host
country still enables to invest in the new sector if its resource S is high enough (A, S >

L) or the domestic firm is efficient enough (i.e., its TFP is high).



3.2 Global dynamic analysis

We now investigate the dynamic analysis of equilibrium defined in Definition 2. More
precisely, we are interested in the evolution of allocations Sy, K¢, Kayt, Hi, Let, Ly as
well as the aggregate output. First of all, we have the convergence of the optimal path

(51)-

Proposition 4. (1) There exists an equilibrium satisfying w, = w* for any t > 0.
Such an equilibrium converges.
(2) At equilibrium, (S;) does not converge to zero.

Proof. See Appendix B. O

We now focus on the transitional dynamics and the steady state of the equilibrium
path (S;). Denote Xo = A.KZy +p(1—0) Ko+ woLep. Define the sequence (z:):>1 as
71 = Xo, 441 = F(x;), where the function F is given in (4). Let 2* and S be uniquely
defined by:

F(z*) = 2" and S = max{X,,z*}. (17)

Notice that z* and S depend on the productivity A, and capital elasticity « of the
consumption good sector, the efficiency of specific labor training Ay, ay,, and wage w*.
However, they do not depend on the TFP A, of the potential domestic firm in the new

sector.!
Besides, we get that F(z) < F(z*) = 2" for every z < 2 and F(z) < z for
every x > x*.'* At equilibrium, it is easy to prove that S, < § S vt > 1.1 By

consequence, we obtain the following result:

Proposition 5 (middle income trap). Assume that max(BA.,1)A,(S)* < L, and
Kio = 0,Ls0 = 0. Then, at equilibrium, we have Yg; = 0,Vt > 1. In this case, S;
converges to Sy (tlim Sy = Sy), where Sy is defined in Proposition 1.

—00

Proof. See Appendix B. ]
Proposition 5 indicates that no domestic firm can be created in a new industry if:
(i) The host country has a low initial endowment X,.
(ii) The consumption good sector TFP A, is low.
(iii) The training sector has a low productivity Ap,.

Interestingly, this result holds whatever the level of the TFP A, of the potential
domestic firm.

The following result provides sufficient conditions under which the domestic firm
enter the new industry.

131f aj, = o and § = 1, we can explicitly compute that 2* = (AT) o + wAh)ﬁ.

UIndeed, if z < z*, then F(z) < F(z*) = z*. If z > z*, then £&) < Fi‘ﬁ*) =1 since F' is concave.

"It is obvious that S; < xy,vt > 1. We prove z; < S Vt > 1, by induction. First, we see that
xo < 5. Second, assume that x, < S Vs < t. If Xg < z* then z; < S = z*, then x4 = F(zy) <

F(z*) =x* = 8. If Xy > x*, then 7, < S = Xy and hence z;41 = F(z;) = F(z) <71 < S.

*d

10



Proposition 6 (entry of the domestic firm). Assume that K49 =0, Lgo =0 and

BA _
e ap
max (1 X 1>AhXO <L (18)
BA -
e ap
max (—1 o 1>Ath > L (19)

Then, there exists a threshold Aq > 0 satisfying the following condition: for any Agq >
Ag, for any equilibrium (Ct,Kc,t+1,Kd,t+1,Ld,t+1,Le,t+17Ht+17L£t7K£t,wt)fio (which

depends on Ag) of the economy &, there exists a date ty; > 1 such that Yy, = 0 for
every t < tg and Yy, > 0 for every t > tq, where we define Yy o = FH( Ky, Las),Vs.

Proof. See Appendix B. O

Condition (18) means that the fixed cost L is high as compared to the host country’s
initial resource X,. Consequently, the host country cannot produce in the new industry
at date to. Condition (19) implies that the host country may overcome the fixed cost
L if the steady state Sy of the country in the benchmark model is high enough.'
Proposition 6 indicates that under conditions (18) and (19), the country should invest
in the new industry if (and only if) the productivity Ay is high enough.

Propositions 5 and 6 explain the absence or insignificant impact of horizontal FDI
spillovers, as reported in several empirical studies.!” Accordingly, Propositions 5 and
6 indicate that if the local conditions are not sufficiently good, there are no horizontal
FDI spillovers (in the sense that no domestic firm can operate in the new industry).
However, positive spillovers will appear after some periods (in the sense that Y, > 0,
Vt > t4 in Proposition 6). Indeed, it takes time for the MNE to improve its involvement
in the host country by hiring more local employees (L.;) and so generating more FDI
spillovers (%Le,t).

Our point about the role of time since foreign entry in the development of domestic
firms is in line with the empirical investigation of Merlevede et al. (2014). Indeed,
Merlevede et al. (2014) use firm-level data from a panel of Romanian manufacturing
firms during 1996-2005 and find that MNEs initially negatively affect local competitors’
productivity. However, the effect becomes permanently positive for a longer time.

Besides, Proposition 6 leads to an interesting implication for a low-income country
having high productivity in both old sectors (A.) and new sectors (Ay). The new
sectors are underdeveloped owing to high fixed costs. Hence, this country could apply
the following optimal development strategy:

- First, the country attracts FDI and trains specific workers for the new sectors.

- Then, those workers work for MNEs (located in the new sectors) to get high
salaries and high-skill knowledge (through learning by doing effects or specific
training), consequently improving the country’s income.

- Once its income reaches a critical threshold that allows the country to cover the
fixed costs, new domestic firms can enter the new industries.

6Notice that (18) and (19) are satisfied if, for instance, BA, < 1 and A, X" < L < ApSon.
17See Blomstrom and Kokko (1998), Greenaway and Gorg (2004), Crespo and Fontoura (2007) for
more detailed reviews.
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Proposition 6 is consistent with Markusen and Venables (1999) since the authors
indicate that FDI may contribute to creating local industrial sectors. However, while
Markusen and Venables (1999) provide a static partial equilibrium model, we develop
an infinite-horizon growth model. Besides, we rely on a perfect competition framework
instead of an imperfect competition, as in Markusen and Venables (1999).

Notice that the domestic firm can even eliminate the MNE, as stated in the following
result.

Proposition 7 (steady state). Assume that BA. < 1 When Ay high enough, there
exists an equilibrium steady state with wage w*, L3 > 0 and L} = 0, where L, L
are respectively the associated specific labor hire by the domestic firm and the MNE.
Moreover, the steady state savings equals Ss where Ss is defined by

aA, == gt (1 — ag)%ip, Ag(anAp)' ~ N\ tapa=ay
) ) 20)

Ss=p|l 17—
<p(%+(5— 1 (L 00— 1)oa(L)is
Gt (1 — ag) ™ %p, Ag(ap Ap) '~ e
<Ah< (% +0q — 1)ad(%>1_ad A L>'

agpnA 1
+p AP ))liad

(p(% + 5,1 -1
For Ay high enough, S, is strictly higher than Sy in Proposition 5.

Proof. See Appendix B. ]

In Proposition 7, we assume that neither the domestic firm absorbability nor the
foreign firm TFP is high (in the sense that BA. < 1). Hence, the MNE can be
eliminated (i.e., Y, = 0) when the productivity A; of the domestic firm in the new
sector is high enough.'® 1In this case, the steady state savings S, and the income
G(S;) are respectively higher than the values S, and F/(S) of the economy E? (cf., the
economy described in Section 2). Notice that S is increasing in the productivity Ay
and decreasing in the depreciation rate d4 of the domestic firm in the new sector.

3.3 Illustration from Vietnamese manufacturing industries

This subsection illustrates our theoretical framework by relying on the case of Viet-
namese manufacturing industries. We rely on the data conducted from the Vietnamese
Enterprises Survey between 2000 and 2016. It is an annual and one of the most
extensive surveys organized by the General Statistics Office of Vietnam since 2000.
Each wave gathers information on firm characteristics and activities, such as tax iden-
tification, legal status, turnover, capital stock, payroll, raw materials cost, investment,
etc.

Since the data are at the firm level, we should create a new database at the industrial
level to make data compatible with our theoretical framework.!” To this end, except
for the firm TFP, we only need to sum up all related firms (all domestic firms and all
foreign firms together) in an industry to get the aggregate level.

18This is indeed complementary to Proposition 6 by justifying the dominance of the domestic entrant
firm on the MNE.

9There are a representative MNE and a potential domestic firm in the new sector in the above
framework.
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In our example, the new sector refers to “Computer and Peripheral equipment
manufacturing”, “Electrical equipment manufacturing”, or “Radio, Television, and
Communication equipment manufacturing”. Figure 1 below displays the domestic and
foreign productions in these three sectors during the period 2000-2016.

Figure 1: Domestic and foreign productions during the period 2000-2016
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Figure 1 likely supports our above theoretical findings. Indeed, taking a look at the
‘Computer and Peripheral equipment manufacturing’ in Figure la, we state that over
the period 2000-12, the domestic production (measured by its value-added) was very
small (nearly 0). However, between 2013 and 16, domestic production hugely increased.
Thus, these findings seem to support our theoretical findings in Proposition 6. The
low level of domestic production between 2000-12 seems to match with the statement
Y. = 0 for ¢ < t4 of the proposition 6. Besides, the high level of domestic production
from 2013-16 appears to connect to the case Yy, > 0 for ¢t > ¢;. Moreover, Figure 1 also
displays a decrease and convergence to zero of foreign production. Hence, domestic
firms seem to dominate and eliminate their foreign counterparts in the competition,
which is consistent with the case Y;; > 0 and Y, ; = 0 in Proposition 7.

The above findings are likely to hold in the other two industries. Figure 1b indicates
that the domestic production of ‘Radio, Television, and Communication equipment’
remained very low between 2000 and 2012. However, between 2013-16, there was
an increase in domestic production. Moreover, domestic production tended to bring
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out foreign production. Hence, these findings are what we state in Propositions 6-7.
When it comes to ‘Electrical equipment manufacturing,” Figure 1 reports the same
phenomenon: a very low domestic production in the first period and then a high and
overtaking of the former on the foreign production hereafter.

4 Conclusion

We have developed an infinite-horizon optimal growth model to investigate the nexus
between FDI spillovers and the transitional dynamics of a host country. In our model
with standard assumptions, we prove that whether the host country should (or should
not) develop a new industry where MNEs have been well installed depends on different
factors, including the setup cost, the productivity of domestic and foreign firms, FDI
spillovers, and timing.

The present paper has some limits that could open for further research. First,
in our paper, unskilled labor is assumed to be exogenous, and there is no trade-
off between unskilled and specific labor supplies. In practice, structural change in
developing countries mainly occurs through labor reallocation from the traditional
sector toward the modern one. So, it would be interesting to study the interplay
between unskilled and skilled labors as well as its impact on the structural change and
economic growth in developing countries.

Second, in our paper, we treat the productivity of firms as exogenous. It is
important to endogenize productivity by taking into account that (1) MNEs may
generate positive spillovers on the domestic firms and (2) the host country may invest
or subsidy its R&D activities (see Hu et al. (2023a), Hu et al. (2023b) for instance)
which may improve the domestic firms’ productivity. In such a framework, it would
be relevant to identify conditions under which these spillovers occur and examine their
influence on the optimal policy for the host country.

Appendix
A The optimal growth theory: a preliminary

For a pedagogical purpose, we present general results showing the property of optimal growth
paths in models without the concavity of production functions. Although there is a huge
literature on the optimal growth theory, we think that Propositions A1, A2 in this section
are new, and they are used in the present paper.?’

We now introduce a formal optimal growth model. There is one agent who maximizes

20Let us mention some papers which are very closed to ours. Dechert and Nishimura (1983) give a
complete characterization of optimal growth paths in a model with convex-concave technologies. Hung
et al. (2009) studies an optimal growth model where the aggregate production function is maximum of
concave technologies. Majumdar and Mitra (1982), Kamihigashi and Roy (2007) study non-smooth,
non-convex models. Jones and Manuelli (1990) work with increasing return to scale technologies.
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her intertemporal utility:

+0o0

(Pa):  max _ [Z ﬁtu(ct)} (A1)
(CtaStJrl)t:O t=0

subject to: ¢ + StJr]_ < f(St), Ct, StJr]_ > 07\V/t > 0, (A2)

where S is given.?! For short, we write (z;) instead of ()2, where z; is a vector.

A path (ct, Spr1)e>0 is feasible if it satisfies (A.2) for every ¢t. A capital path (S)¢>1 is
feasible if there exists a consumption path (ct):>0 such that (ct, Si41):>0 is a feasible path.
Given a real value S, we say a path (¢, St41)t>0 (or capital path (S)¢>1) is from S if Sp = S.

A path (¢, Si41)e>0 is optimal from S if it solves problem (P4) with Sy = S. A path
(ct, St+1)t>0 (resp. capital path (St)¢>1) is stationary if ¢, = ¢ and Siy1 = S for every t > 0.
A pair (¢, 5) is a steady state if the stationary path (c¢, Si1)e>0 with ¢z = c and Sy = S is
optimal. A capital stock S > 0 is a steady state if (¢, S) is a steady state for some ¢ > 0.

We require standard assumptions which are maintained throughout this appendix.
Assumption (H1): u : [0,00) — Ry is in C', strictly increasing, strictly concave and
u'(0) = oo.

Assumption (H2): f: R, — R, is strictly increasing and f(0) > 0.22
Assumption (H3): For every S > 0, there ezists a feasible path (ct, St+1)e>0 from S such
that Y 72, Blu(c) > —oo. We also have Y 12, Biu(f1(S)) < oo, where f' is defined by
L= f = (.
The last assumption require that the utility function is well defined and finite.
Let denote v(Sp) be the value function of the problem (P4). We have the Bellman

equation v(Sp) = 0<gla}>(<s ){u(f(So) — S) + Bu(S)}. By using this Bellman equation and the
>0 0

argument in Amir (1996), we obtain that:

Lemma 2. Every optimal capital path is monotonic. By consequence, if an optimal path is
bounded from above, then it converges.

Following Kamihigashi and Roy (2007), we have Euler condition in the form of inequality

Lemma 3. Let (ct, Sty1)i>0 be an optimal path. Then, we have, for every t >0,

Bu'(ct+1) D™ f(Sp41) = w'(er) = Bu(ce1) D™ f(Se41), (A.3)
f(zte)—f(z)

and
€

where the Dini derivatives of function f are defined by DT f(x) = limsup
el0

D— — lim inf f@)=f@=¢)

f(x) im in .
Proof. Since u/(0) = oo, we have ¢; > 0 for every ¢t > 0. For each ¢t > 0, we define a path
(¢}, Sip1)e>0 as follows

o= c5, Vsg{t,t+1}, S.=8;, Vs#t+1 (A.4)
C; = ¢t —E€, Slg-i-l = St+1 + € (A5)
C;—i-l = c1+ f(Sir1+€) — f(Si41). (A.6)

21Some studies replace constraint Si+1 > 0 by Sip1 > r(St). The reader is referred to Kamihigashi
and Roy (2007), Dimaria et al. (2002), Chapter 5 of Le Van and Dana (2003) for discrete time models,
and Romer (1986) for a continuous time model.

2ZWhen f(0) = 0, the function f(S) can be interpreted as a gross return of investment S. However,
in general, f(S) can contain initial endowment and/or gross interest rate. This setting is general
enough to cover concave-convex or convex-concave production functions. It will also be useful when
we consider a non-differentiable function, for example, a function in which there is a threshold.
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For € € [0,¢;), the path (¢}, Si,)i>0 is feasible. Indeed, we have ¢ > 0,S,41 > 0,Vs > 0.
Since ¢, = ¢;,Vs € {t,t + 1} and S, = Ss,Vs # t + 1, we also have ¢, + S, ; < f(S]),Vs &
{t,t + 1}. We now focus on the periods ¢ and ¢ + 1. We have

A4 Spp = (et —€) + (Spr1 4+ €) = et + Se1 < f(S)
Cro1 + Sty = ciy1 + [(Sie1+€) — f(Seg1) + Stz < f(Se1 +€) = f(Si)

where the inequality in the second line comes from the fact that ¢;41 + Sir2 < f(Si41)-
Therefore, the path (c}, Sy, ;)i>0 is feasible. By consequence, the optimality of the path
(€sy Ss+1)s>0 implies that

u(er =) + Bu(errr + F(Sir +€) = F(Sen)) < uler) + Bulernn)

U<Ct+1 + f(St1 +€) = f(Se1) —ulerta) < ule) —ulc—e)

< B

€ €

Let € tend to 0, we obtain the right inequality of (A.3). By using the similar argument, we
can prove the left inequality of (A.3). O

Corollary 1. If S > 0 is a steady state, then we have 3D~ f(S) > 1> BD™ f(S).

Let us start our exposition with the following result which provides a condition under
which the optimal capital path cannot converge to zero. The idea is that if productivity is
high enough at original, then we will produce.

Proposition A 1. Assume that there exists x > 0 such that 3DV f(S) > 1 for every 0 <
S < z, then no optimal capital path converges to zero.

Proof. Since u/(0) = oo, we have ¢; > 0 for every ¢, and so is S;. By the Euler inequality, we
get that u/(c¢) > Bu/(ci1) D™ f(Si+1). According budget constraint, we have . 1121 ¢ = f(0).
—+00

Case 1: f(0) = 0. We have lim ¢; = 0. Since lim S; = 0, there exists ¢y such that
t—+o0 t—+o0
BDT f(S¢11) > 1 for every t > ty. Consequently, ¢; < c;41 for every t > ty. Contradiction to

the fact that lim ¢ = 0.
t—4o00

/
Case 2: f(0) > 0. We have lim }L (ct) = 1. Euler inequality implies that lim sup BDV f(S;) <
t—oo U (ct-l-l) t—+o00
1, which is a contradiction! O

Proposition A 2. Assume that there exist o > x1 > 0 and a function g : Ry — Ry strictly
increasing such that

(i) $(z) < g(z) for every = < 0.
(i) x < g(x) < g(x1) = x1 for every x < x1, and g(x) < x for every x > x7.

Then, any optimal capital path of the problem (P4) with the initial value Sy, where Sp < x1,
18 bounded from above by x1.

Proof. We have co+ 51 < f(So) < f(z1) < G(x1) = x1. Thus, S1 < z7 and f(51) < f(z1) <
x1. By induction argument, we get f(S;) < x; for every t. O
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The intuition of Proposition A2 is the following: If the return function f is dominated
by a function g whose the optimal capital path is bounded from above, then the optimal
capital path associated with function f is also bounded from above. When f(z) = g(z) =
Az® + (1 — 6)x, with § is the depreciation rate, A > 0 is TFP, a € (0,1), we recover the
standard Ramsey model.

Proposition A2 also complements Proposition 4.1 in Kamihigashi and Roy (2007) because
our result covers the following function while Proposition 4.1 in Kamihigashi and Roy (2007)
does not: f(z) = Az®, ifx < aand = (A+2 —a)z®if z > a where A > 0, a > 0 and
ac (0,1).

We end this section by presenting a condition for unbounded growth with arbitrary initial
capital stock Sp. This result is a consequence of Proposition 4.6 in Kamihigashi and Roy
(2007).

Proposition A 3. Assume that 3D f(x) > 1 for every x > 0. Then every optimal capital
path goes to infinity.

B Appendix for Sections 2-3

Proof of Lemma 1. For a pedagogical reason, we present an elementary proof.
First, it is easy to see that F' is strictly increasing and F'(0) = 0.

Second, we consider the maximization problem: {ACK S4p(1—0)K.+

max
pKc+H<x,K.>0,H>0
w*AhHO‘h} with z > 0. Observe that the objective function A, K& + p(1 — ) Ky + w* A, H*"

is strictly concave, continuously differentiable, strictly increasing. Recall that o € (0,1)
and ap € (0,1). So, by using a standard argument, we can prove that: for x > 0 given,
there is a unique pair (K., H) determined by the first-order condition a A, K¢~ 4 p(1 —6) =
papw* Ay H* 1 and pK,.+ H = x such that F(x) = A.K® + p(1 — 0) K, + w* A, HY.

By the Implicit Theorem, such H, K. are differentiable in . By consequence, the function
F is differentiable. Moreover, we find that F'(z) = apw* A H*»~1, Vo > 0. Since the optimal
value H is strictly increasing in x and «ay, € (0, 1), the function F’ is strictly decreasing in z.
By consequence, F is strictly concave. We can also see that F’(0) = oc.

O
Proof of Proposition 1. The problem (P;) can be rewritten as follows
+o0o
(Py) : max [Zﬁtu(ct)} subject to ¢; + Sir1 < F(St), ¢, Si41 > 0, (B.1)
Ct,Stﬂ)t:O t=0

where Sj is given and the function F is defined by

F(S)= o max {ACKS‘ +p(1—-0)K.+ w*Le} subject to:  pK.+ H < S,L. < A, H".

We see that F' is continuous, strictly increasing (notice that if & = ap,,d = 1, then F(S) =

AS?). According to Lemma 2, S; is monotonic. Since o < 1, ay, < 1 and (1 — ) < 1, we

can prove that S; is bounded from above. Hence, as in the standard Ramsey model, there

exists the limit tlim St = Sp. We now check that S, > S,. Indeed, we have SF'(S,) =1 =
—00

ﬁ(% +1— 5). We observe that

F(S)

(67 _ * Qp,
g {ACKC 4 p(1 — 8K, + w* ApH }
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We can see that F' is differentiable on (0,00). Given S > 0, the FOCs of this maximization
problem are aA. K¢ 1 +p(1—6) = Ap and A = apw* A, H* 1. So, A is uniquely determined
by

aA. s | (0pW* AR\ =ay
Woorsmn) ()T =S
p(A+0—1) X\
We can also verify that F’(S) = A. At the steady state, we have SF’(S) = 1 which implies
that A = 1/5. So, the steady state Sy, is determined by

ale == apw* Ap\ may
P ) T () T =,
p(5+0—1) 3
It is easy to see that S, > S,.
O
Proof of Proposition 2. Point (i) Assume that that i’% > 1. If L. < Ap,H*", then
consider L, = L. + € such that L, < A,H* and L), = (A,H*» — L) + ?fng. Then,

L, > L4, L, > L.. Notice that w > w* > 0. We see that the allocation (K., K4, L}, L., H)
strictly dominates the allocation (K., K4, Lq, Le, H), which is a contradiction. Therefore, we
have L, = A, H*".

Point (ii). We consider two cases.

If ?fg <1, we have Lg < Ap,H < A,S% < L. By consequence, Yy = 0.

If ?ngl, we have
BA BA
Ly < A HO — Lo+ 22¢ 1 — A, H® ( 6—1)L
= An et 1rgre = 1 g e
BA BA BA _
< A H® ( e—l)AH“h: < an ° A,5% < L.
= AT\ g h 1+8°h" =14 gt =
This implies that Y; = 0. O

Proof of Proposition 3. Notation: If (K., K4, Ly, Le, H, L?, KP w) is an equilibrium, we
denote Yy = AgKJ4((Lq — E)Jr)l_ad and Y, = A KQe L1,

Step 1. We claim that there exists a threshold A; (depending on S) such that Y; >
0,VAg > Aq, for any equilibrium.

Given S, denote G(S,w) the maximum value of the problem (Gg) associate to the wage
w. Then, we define G(S) = sup,{G(S,w) : w is in the set of all equilibrium wages}.

Now, consider an equilibrium (K., Kg, Lq, Le, H, L?, KP  w).

If Y; = 0, then G(S) does not depend on A,;. Indeed, consider an equilibrium where
Yy = 0. There are two cases. First, if LY = 0, then the market clearing condition implies
that L. = 0. So, G(S,w) does not depend on w and then on Ay. Second, if LP > 0, then
w = w*. In this case, we also have that G(S,w) = G(S, w*) which does not depend on A,

Since A, S > L, we can find s so that s < S and A,s* > L. Consequently, we can
choose H and Ky so that 0 < H < s, AyH* > L and K4 = (s — H)/p. Then we choose
Ly = Ap,H". With these choices, we can see that Ly > L and G(S) tends continuously to
infinity when Ay tends to infinity. This contradicts the optimality of allocation.

Therefore, there exists a threshold A; such that Y; > 0 for every A; > Ai, for any
equilibrium.

Step 2. We prove that there exists Ay (depending on S) such that: for every Ag > Ay,
we have AgK 5 ((Lg — E)Jr)lfad >0 and A, K% Ll1=% = 0 for any equilibrium
(Ke,Kg,Lg, Le, H, L, KP | w).
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We consider Ay with A; > Ay (where A; is in Step 1). In this case, we have Yy > 0 for
any equilibrium. Suppose that there exists an equilibrium with Y, > 0. We can compute
that

* Qe —Qle pnAe %Dte
w=w"= (a (1 — )t G p)ae)l : (B.2)

Denote A, A1, A2 Lagrange multipliers associated to constraints (16¢), (16d), (16e), and L, > 0
respectively. We have

K.: aAKo 14 p(1—6)=Mp (B
Kg: agpnAaK3* " (Lg— L)% 4 p(1 - 64) = \p (B
Ld : (1 - ad)pnAngd(Ld - I:)—Oéd = )\2 (B
H: A=\ +X)apA,Hr 1 (B

(B

Lo : w:)\l—i—(l— BA@)A22<1—ffg)A2.

1+

From the FOC with respect to Lg, we can express Lf( L _ ((1 ad)p"Ad)ad. Then, we

substitute this in the FOC with respect to K, and notice that p(1 — 6d) > 0, to get that

PnAd o 1— 1—a w 1-aq
Pnd gt (1— ag)' ™o < AN <A ()
p I+S

where the last inequality is from (B.7). Combining this with (B.2), we obtain

BA. yi-espna . VR
2\ > (1_ 6) n Qd (] _ 1 ad< Qe (] _ 1 0467) e
B 1+ S pod @ ( O[d) O ( O[e) (5ep)ae
This implies that A > Dy, where
—aaPndl =k
Dy = [(1- BA,)! ad%a;"d(l —ag) " (0 (1 - a,)'” a(éan) k

Observe that D does not depend on S.
Condition (B.7) implies that w > (A1 + A2)(1 — ]134115) Therefore, condition (B.6) and
condition A > D imply hat

_ A1+ Ay w 1 w 1
H'= = qp A < apA — < qpldy——-—
apAp <ap hl_?ng_ah "I BA. D,

_ _ _ 1
In other words, we have H < H, where H is defined by H = (OzhAhl_wTAeD%) I=ap
Since Ap,H > L, we have L < A,(H )ah Observe that H depends on A;. We write
H = H(Aq4). We define the threshold A by L = A, (H(A))“. Notice that A does not depend
on S.
If we choose Ay > max(Ay, A), then L < Ly < Ap,H® < Ay H®, which is a contradiction
to L= A, (ﬁ)a By consequence, we get that Y, = 0. O

Remark 1. According to the definition of A, we get the following result: If A > A, then
there does not exist an equilibrium with Yg > 0 and Y, > 0.
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Proof of Proposition 4. Part 1. Let (¢;, K¢ t41, Kqt+1, Lat+1, Let+1, Hiv, Let,Ket, W)
be an equilibrium with w; = w*, vt > 0.
Then (ct, St+1)e>0 is a solution to the following problem

—+00

max [Zﬁtu(ct)} subject to ¢; + Sy11 < G(St), ¢t > 0,5 >0 (B.8)
(eesSt41);50 - =0

where the function G is defined by

G(S) = max {Ach +w* Lo+ pnAgK S (Lg — L)7)' 7 + p(1 — ) K. + p(1 — 5d)Kd}
(B.9)

subject to (K., Kq, Lq, Le, H) € G, where the set G is defined by

G= {(Kc,Kd,Ld,Le,H) ERS i p(Ke+ Kg)+ H<S, L. <AH,

BA
Lg< (A H — L)+ —=L,¢.
a < (4n )+1+S }

We have G(0) = 0. Since the function G is strictly increasing, the optimal path (S;) is
monotonic. Moreover, we have

nA Al Qgq _
G(S) < i;sa + w* A SO + pdisadsah“ @) 4 (1-§)S
p P
pnAgA) .

) (8% 4 5o 4 gentreatizen)) o (1 - §)s,

o

< max (é,w*Ah,
< o

— ad
where § = min(J,, d4). Define the real function G5 by G3(S) = max (%, w* Ap, %) (SO‘

Sh + Sah+°‘d(1_ah)) + (1 —6)S. Since ag < 1, we have aj, + ag(1 — o) < ap, + (1 — o) = 1.

So, limg_, G5(S) =1 — ¢ < 1. By consequence, there exists #1 > 0 such that z < Fy(x) <
Fy(x1) = a1 for every x < x1, and Fy(x) < x for every x > x1. So, we can apply Proposition
A2 to get that the sequence S; is bounded from above.

Moreover, Lemma 2 and the assumption Xg < S, imply that S; is increasing in ¢. Hence,
the sequence S; increasingly converges and hence (¢, K¢y, K4, Hy) converges.

Part 2. Consider an equilibrium. Assume that S; converges to zero. Then Hy, Le, Lq ¢
converge to zero. By consequence, there exists a date ¢y such that Lg; < L, vt > ty. In
this case, we have L., = ApH;"™ > 0,Vt > to. So, the wage equals w; = w*,Vt > tyo. By
consequence, the sequence (ct, St+1)e>0 is a solution to the following problem

+o0o
max [ Z Btu(ct)] subject to ¢; + Sir1 < G1(Sy) (B.10)
(Ct’st+1)t20 t=to+1

where Gy is defined by

: _ a _ * ar,
(Gs): Go(S) —KC%S%EZOACKC +p(1-06)K.+w"ApH

subject to: pK.+ H < S.

By consequence, we can apply Proposition Al in Appendix A to get that S; does not
converge to zero, which is a contraction.

O

20



Proof of Proposition 5. We assume that max(BA,,1)A, S < L.
As in the proof of Proposition 2, we have, for every t,

Ly < max (LAe, 1) ApS™ < max(BAe, 1) ApS™
’ 1+ 5,

Recall that S; < x; < S, Vt > 1. So, we have Lg; < max(BA., 1)A,S* < L, Vvt > 1.
This implies that F(Kg1,La1) = AgKS4((Lgy — L)7) 7 As Lgy < L, we get that
Ya1 = F}(Kg1,La1) = 0. By induction, we obtain that Yy, = 0, V¢ > 1. O

Proof of Proposition 6. Suppose that for any Ag, there exists an equilibrium
(Ct> Kc,t+17 Kd,t+1, Ld,t+1, Le,t+1a Ht+1, Le ) Ke 3t wt) =0

such that Yy, = Fd(Kdvt, Lg:) =0 for every t.

Denote W the welfare of the host country in this equilibrium. Observe that W is
uniformly bounded from above for any equilibrium satisfying Yy ; = FUK, dt-Lat) =0,Vt > 1.
Moreover, since Yg; = 0 for every ¢, the welfare does not depend on A; and we have that

tlggo S; = Sp. Since max (%’ 1) ApSyh > L, there exists t such that max( 1]“1’% 1) ARS >

L. We consider two cases.

1If BAe < 1. Let L., = 0and L, = Ay(H{)*. Choose Hj closed to S; such that

1+5,
max (1+§t, )Ah(Hff)ah > L. Let Ad be high enough, the new welfare of the country
(associated to this new allocation) will be higher than W. This violates the optimality
of the country’s choice.

2. If ﬁ‘% > 1. Let Ly, = = ApH/"" and Ly, = 1+S€A H". Choose Hj is closed to S;
such that max (ﬁrAS@ , 1) Ap(H))*» > L. Let Aq be high enough, the new welfare of the

country will be higher than W. This violates the optimality of the country’s choice.

The above arguments imply that there exists Ay such that: for any A; > Ay, for any
equilibrium (which depends on parameter Ag), there is a date to such that Yy, > 0. Then
tq will be determined by t4 = inf{¢ty is integer such that Yy, > 0}.

It is easy to see that tgy > 1 because max( el DARXG" < L which implies that Y;; = 0.

Remark 2. There exists A} such that for any equilibrium, there exists a date tq such that
Yot =0,Y.; >0 for anyt <tg and Yy, >0 and Y, = 0.

Proof of Remark 2. Let Ay > max(A, A), where A is defined in the proof of Proposition 3
and Ay is defined in the proof of Proposition 6. Then, for any equilibrium, there exists a date
tq such that Y;;, > 0 and Yc;, = 0. Indeed, let ¢4 be defined as in the proof of Proposition
6. It is obvious that Y;;, > 0. According to the proof of Proposition 3, condition A4 > A
implies that we cannot have Y;;, > 0 and Y, ;, > 0 at the same time. By consequence, we
get that Y, ;, = 0.

O

O

Proof of Proposition 7. Our proof consists of different steps. Let us start by the following
result.
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Lemma 4. A positive allocation (K., K4, Lq, Le, H) with Ly > L is a solution to the mazi-
mization problem (B.9) if there are positive real values \, M\, A2, \e,>> satisfying the following
conditions:

(Ko): aAKS™ 4+ p(1—68)=Xp (B.12)
(Ka)  agpnAaKS ™ (Lg — L)'7% + p(1 — 84) = Ap (B.13)
(Ld) : (1 — Ozd)pnAdK:;d(Ld — L)iad = A (B.14)
(H): A=\ +X)ap A H ™ N (AyH — L) =0 (B.15)
BA
—— — _ ¢ = > :
(L) w* + Ao = A + (1 = S))\g, AeLe=0, Ae>0 (B.16)
p(Kc+Kqg)+H=S (B.17)
BA
Lg= (ALHY — L) + —< L, B.18
d=(An )+ 1 e (B.18)

and AKS + w*Le + pnAgKg* ((La — E)+)1_ad +p(1—0)K.+ p(1 —04)Kyq > F(S), where
recall that the function F is defined by (4).

PTOOf. Denote g(KmK(deaLmH) = Ach + w*Le + pnAngd ((Ld - E)+)l_ad + p(l -
K.+ p(1 —d4)K4. The result stated in Lemma 4 is a direct consequence of the following
observations.

G(S) = max(G4(S),Gp(S)), where (B.19)
Ga(S) = {g(KC7Kd7Ld7Le7H) : (K67Kd7LdaLe7H) €Gand Ly < Ea}
Gy(S) = {9(Ke, Ka, La, Le, H) : (K¢, Kg, La, Le, H) € G and Lg > L}.

Note that G,(S) = F(S). O

We then define real functions K.(-), H(-), K4(+), La(+), fs(-) from [max(1—9,1—d4), +00)
to R by the following:

Ke(x) = (p(xj_;lc_l)) e

H(z) = (afﬁ(l - ad)l_adpnAd(ahAh)l_ad>(1—ah)l(1—%)
= pad(x + 5d _ l)adxl_ad
Qq _ 11—« 11—« ap B
Ka(z) = (L"Ad)l_lad (Ah(ad (1 — o)t~ %p, Ag(anAp) d)m _ L)
p(CC + 5(1 — 1) pad(x + 5(1 _ 1)04015(;1*0@

Ld(ac) = Ah<H($))0¢h
fs(x) p(Kc(x) + Kd(x)) + H(x).

Denote

Ss = fs(B)- (B.20)
For A, high enough, we see that K;(f) and Lg(5) are strictly positive.
Lemma 5. For Ay high enough, we have Gy(Ss) = g(KC(B),Kd(ﬁ),Ld(ﬁ),O,H(ﬁ)).

X, A1, A2, A are indeed the Lagrange multipliers associated to constraints (16¢), (16d), (16e) and
L. > 0 respectively.
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Proof. It is sufficient to check all conditions in Lemma 4. It is clear, by construction, that
Ss = p(Ke(B) + Kq(B)) + H(B) and Lq(8) = An(H(B))*". We now define the Lagrangian
multipliers. We choose A\; = 0, and non-negative multipliers A, A2, Ae by

aA (Kc(B)* ! +p(1—6) =Ap (B.21)
A= AQO&hAh(H(B))ah_l (B.22)
. BA,
W+ Ao = (1— HSs)Ag. (B.23)
Observe, by construction, that
1
A= —
g
Ny — \HE@) e (agd(l - O‘d)l_adpnAd(ahAh)l_ad)(l—lad)
anpAp Boun Ap poa( + bq — 1)%a(5)1-ed

— (affd(l - Oéd)l_“dpnAd) =)
P (g +0g — 1)

Notice that we can choose Ay high enough so that (1 — BA¢)A2 > w*. So, A\ = (1 —

ﬁfgz)Az—w* > (1 - BA)As — w* > 0. O
Lemma 6. For Ay high enough, we have G(Ss) = Gp(Ss) > F(Ss).

Proof. As in the proof of Proposition 1, F'(Ss) = A K& + p(1 — 6) K. + w*Ap,H*" . where
K, = (])(0‘7‘46)) ﬁ, H= (%Ah) ﬁ, and p is uniquely defined by

p+o—1
1 * 1
p<p(u iéc— 1)) B (ahU;}L Ah) =S

So, we have
B aA. T apw* Ay, ﬁ
Se=r(ogs—n) ()
— p(o‘iAC) a (agd(l — ) "% pp Ag(anAp)' % ) e a=a
p(g+6-1) pPa(§ + 6q — 1) (F)1
dapnAd | ag’(1 = ag)' " %ppAg(anAp)' = o
p(—1 ) d<Ah( T e Tie, ) d>_L)
p(5+64—1) pi(5 +6q — 1) (5)
We have
aA. — A, — apw* Ap\ Tk
F(Ss) = A —— 1-0)|——— A h
(55) (p(u+(5—1)> 0 )(p(u+(5—1)) + " )
G(Ss) = Ac(Ke(8) + p(1 — ) Ke(B) + pnAa(Ka(8)** ((La(B) — L)*) '™ + p(1 — da) Ka(8B)

-1 1
- Ac<p(éjfj;1)> T p(1 - 4) (}%) =

(B.24)

o (e 11—« 11—« @
T A apnia )l_gd (Ah(add(l — ag)' " %p, Ag(anAp) d)m - E)
M s S 62— a3
agpn iy L Oégd(l — Ozd)l_adpnAd(ahAh)l_ad o Oh _
+ 1 _ 5 1-ayg A (1 ah)(l O‘d) _ L
p( d>(p(%+5d_1)) (4n( ) )

pe+ 8= Do)
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Next, we find

o @ 1— 1— o

lim Gb(§8) _ n( . QdPn )PidAh(add(l — ad) Oédpn(OéhAh) ad)m
Ad—>oo Ac(ll,ad)(lfah) p(ﬁ + (Sd - 1) ( + 5d - ].)ad( )1 *d

(1 — 5d)(¢)ﬁflh( O‘d(l — ) _O‘dpn(ozhAh)l_ad)7“_%(1)?1-%)
p(5+0a—1) @0 + 0a — 1)) o
Denote oy ) .
— —Qy —Qyg
M= (Oéd (11 Oéd) pn(oléh) )m'
(5 + 64 — 1) (g)!
We have
. Gp(Ss) = AdPn o QdPn =

lm ———— = A, “P M [p ———— )" 4 p(1 =6y (—— 1*%]

Ag=>00 AW " "(p(% + 0 — 1)) (p(% + 04— 1))
1
I—a a pl o Qq Sd_ Qg 1
Bl (MR R
pl—ad B + d — B + d —

and

lim S :(agd(l ag)~%p, (OéhAh)l_ad> (1—ah)1(1—ad)
Ag—00 A(lfad)l(lfah) ( + 511 - 1)ad( )1 d

d

Qq _ 11—« 11—« a
+p( . &qPn )1_10% Ah(ad (1 ad) dpn(ahAh) d)m
p(3+(5d—1) ( —i—(sd—l)ad(ﬁ)l Qd
_1 1
:Alfah Mah |:M1_ah +p adpn W:|
" (P(% +da — 1))
We now find
hm Gb(‘lgs)
Gb(SS) Ag—00 A(lfad)(lfah)
li =
Agso F(Ss) lim 20 jim S
Ag—00 Ss AdHOOA(l cxd)(l ap)
p 71% Qg =% 1 v
n 11—« —a
1 plfid[(éﬂidl) 4+ (1= da)(3 +6 ) d]
i F(S) [ 1— QdPn %}
Adlinoo Ss M1l-an —|—p(p(%+5d71))1 d
P;*Iad [( g )lljiid—i-(l—(s )( ag )ﬁ}
1 piifg‘d %-‘ré‘d—l d %-ﬁ-(sd—l
© lim B0 [ag?-an)' " dpn(an) "y =5 apn\Tag
airee 5 | Gragasrmracyim ) PG ) T
_%d 1
1 (%féi-l)“”‘d +(1=0a)(5 +6 P
T lim G agil-anttaey e 6y
Ag—roo s ( ( +6,4— 1)°‘d(ﬁ)1h oq )1 4+ (%4.53_1) o
1 1+ (1 5‘1)(74_5 )
. F(S.) (1— :
Aldlgloo% (1 —ag)onB + %Jﬂ;dil
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We will prove that lim4, o % is strictly higher than 1.

+(1- 5d)( +§d 1)
(l O‘d)ahﬁ'i‘ “d

Let us denote M;(dq) = . We observe that

1+6d1
. 1 %+((5d—1)—(5d0éd+04d
1\0d) =
(I —ad)anf 5+ (60— 1) + =afars
B 1 5d(1*(1d)+(3*1)+ad
anfB 8a(1 — aa) + (5 — (1 — ag) + 24
] 0a(1—0aq) +(5—1) +aq

:Oéhﬁ(sd(l —Oéd)—i-(B — 1) +Oéd+ o 5(1 _ah)

It is easy to check that M;j(d4) is increasing in d4. Consequently, we get M;(d4) > M;1(0) =
1+

S —
ag)anbt %aiil > 1 because 1 > (1 — ag)apf.

Therefore, lima, o Gb((ss)) > 1 if Ahinoo gis) < 1. We now prove that Aligloo
d ) d

We observe that lim g, o0 Ss = 00, limag, oo pt =1 — 0.

F(Ss)
Ss

<1

1. 6 < 1. In this case, condition limg, yoopt = 1 — 0 > 0 and (B.24) imply that
lim 4,0 % =1 and

lim F(Ss)

=1-0<1
Ad—>OO S -

2. 0 = 1. In this case, we have lim4, oo t =1 — 6 = 0. Observe that

Ss = p(O;zC)ll“ + <ahu:‘4h)11“” (B.25)
F(S,) = Ac(oﬁc)ﬂ” + Ah<a’”:‘4h) man (B.26)

We consider three cases.

(a) o= ap. In this case, we have

1 1
(5™ o
Ss =

— (B.27)
-«
A& * o Ap(apuwtAp)TE
lim F(SSS) = lim ( d ) . CHE ) (Bas)
[e'e) —00 1—a _1 —a
B ()Tt wray T

(b) a > «aj. In this case,
1 —06 =0 imply that

171%. Condition (B.25) and lima, o pt =

1 1 1 1

ANT1T2 - 1 __1
hm Slul « :p(apc)l ‘|'Oéhw*A;1L h,LLI_a 1—ayp, :p<

Ag—o0
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By consequence, we have

1
F(S F(Ss)ut-=
lim ) gy, FIRTE (B.30)
Ag—oo Sy Ag—ro0 =
ad.\Ta L apw* A %Zh 1
AC(pf) pime +Ah< " h) pime
= lim i —=0. (B.31)
Ag—00 Ssum
(¢) When a < ap, by using the same argument as in the previous case, we get that
lim L&) — g
Ad~>oo SS

To sum up, we obtain that lim4, C;?((;;S)) > 1 which implies that G(Ss) > F(Ss) when Ay

is high enough. By combining with condition (B.19), we get that: for Ay high enough, we
have G(Ss) = Gp(Ss) > F(Ss). O

Lemma 7. For Ay high enough, the function G is differentiable at Ss and BG'(Ss) = 1.

Proof. For Ay high enough, according to Lemma 6, we have G(Ss) = Gp(Ss) > F(Ss).
Since the functions Gy, and F' are continuous, there is an open neighborhood B(Ss) of S so
that we have G,(S) > F(95) for any S € B(S;). Combining this with (B.19), we get that
G(S) = Gyp(S) > F(S) for any S € B(Ss). Therefore, G(S) is differentiable in this B(S).
Hence, we can easily obtain that G'(Ss) = A = %, where A is determined in Lemma 4. O

By summing up our above steps, the stationary sequence (¢(3), K.(8), Ka(8), La(8),0, H(5))o,
where ¢(5) = G(Ss) — S, is a solution to the problem (P) with w; = w*. Moreover, for any
t > 0, the allocation (0,0) is a solution to the problem (F}) with with w; = w*.

We can conclude, according to Definition 2 that the path (S)¢>1 with S; = S, Vt > 1, is
an equilibrium path. Moreover, Ly > 0, L, = 0, where L3, L? are respectively specific labor
hire by the domestic and the MNE at the steady state. We have just finished our proof of
Proposition 7

O
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