
HAL Id: hal-04240067
https://hal.science/hal-04240067v1

Submitted on 10 Jan 2025

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

An Information-Theoretic Approach to Collaborative
Integrated Sensing and Communication for

Two-Transmitter Systems
Mehrasa Ahmadipour, Michèle Wigger

To cite this version:
Mehrasa Ahmadipour, Michèle Wigger. An Information-Theoretic Approach to Collaborative Inte-
grated Sensing and Communication for Two-Transmitter Systems. IEEE Journal on Selected Areas
in Information Theory, 2023, 4, pp.112-127. �10.1109/JSAIT.2023.3286932�. �hal-04240067�

https://hal.science/hal-04240067v1
https://hal.archives-ouvertes.fr


1

An Information-Theoretic Approach to

Collaborative Integrated Sensing and

Communication for Two-Transmitter Systems

Mehrasa Ahmadipour and Michèle Wigger
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Abstract

This paper considers information-theoretic models for integrated sensing and communication (ISAC)

over multi-access channels (MAC) and device-to-device (D2D) communication. The models are general

and include as special cases scenarios with and without perfect or imperfect state-information at the

MAC receiver as well as causal state-information at the D2D terminals. For both setups, we propose

collaborative sensing ISAC schemes where terminals not only convey data to the other terminals but

also state-information that they extract from their previous observations. This state-information can be

exploited at the other terminals to improve their sensing performances. Indeed, as we show through

examples, our schemes improve over previous non-collaborative schemes in terms of their achievable

rate-distortion tradeoffs. For D2D we propose two schemes, one where compression of state information

is separated from channel coding and one where it is integrated via a hybrid coding approach.

I. INTRODUCTION

Next-generation wireless networks are expected to support several autonomous and intelligent

applications that rely heavily on accurate sensing and localization techniques [1]. Important

examples are intelligent transport systems, where vehicles continuously sense environmental

changes and simultaneously exchange sensing-information and data with already detected

vehicles, base stations, or central servers. Such simultaneous sensing and data-communication

applications are also the focus of this work. More specifically, we are interested in multi-terminal
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scenarios where different terminals communicate data with each other and simultaneously exploit

the backscattered signals for sensing purposes.

A common but naive approach to address sensing and communication is to separate the

two tasks in independent systems and split the available resources such as bandwidth and

power between the two systems. In our information-theoretic model, such a system corresponds

to resource-sharing (e.g., time-sharing) between communication and sensing. However, the

high cost of spectrum and hardware encourages integrating the sensing and communications

tasks via a single waveform and a single hardware platform [2], [3]. A large body of

works studied integrated sensing and communication (ISAC) scenarios from a communication-

theoretic or signal-processing perspective (see, e.g., [4], [5] and references therein), mostly

investigating appropriate choices for the employed waveform that in ISAC applications has to

serve both the sensing and the communication tasks. Interestingly, different tradeoffs between the

communication and sensing performances can be obtained by changing the employed waveform.

The fundamental performance limits of integrated sensing and communication systems were

first considered in [6]. Specifically, [6] introduced an information-theoretic model for integrated

sensing and communication based on a generalized-feedback model, which captures two

underlying assumptions used in radar signal processing. On the one hand, generalized feedback

captures the inherently passive nature of the backscattered signal observed at the transmitter

(Tx), which cannot be controlled but is determined by its surrounding environment. On the other

hand, it models the fact that the backscattered signal depends on the waveform employed by the

Tx. It was proposed to use the classical average per-letter block-distortion to measure the Tx’s

sensing performance on the i.i.d. state-sequence. The authors of [6], see also [7] characterized

the exact capacity-distortion tradeoff of arbitrary discrete memoryless channels (DMCs) with

generalized feedback. This quantity naturally measures the inherent tradeoff between increasing

data rate and reducing sensing distortion in such integrated systems. Interestingly, the results

show that the optimal tradeoff is achieved by standard random code constructions as used

for traditional data communication, where the statistics of the channel inputs (and thus of the

codewords) however has to be adapted to meet the desired sensing performance. Notice that this
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observation is consistent with the signal-processing literature on the search for adequate channel

input waveforms which allow to meet the desired sensing performance while still achieving

high communication rates. Similar results were also derived for discrete memoryless broadcast

channels (DMBCs) [7] where a single transmitter communicates with two receivers. Both the

DMC and the DMBC are thus single-Tx networks, and the optimal sensing is a simple per-symbol

estimation of the hidden state given the channel inputs and outputs at the sensing terminal. The

optimality of such a simple symbol-by-symbol estimator stems from the fact that for a fixed input

sequence the generalized feedback channels and the state-sequence both behave in a memoryless

manner.

The sensing situation becomes more interesting and challenging when the sensing terminal is

not the only terminal feeding inputs to the channel. In this case, the effective disturbance for

the sensing is not necessarily memoryless since the inputs from the other terminals also create

disturbances and can have memory. In this case, a strategy that first attempts to guess the other

Txs’ codewords followed by a symbol-wise estimator based on the observations and the guessed

codewords can lead to a smaller (and thus better) distortion. This has also been observed in [8],

where communication is over a DMC and state estimation is performed at the receiver (Rx) side.

In this case, the optimal sensing strategy is first to decode the Tx’s codeword and then apply

an optimal symbol-by-symbol estimator to this codeword and the observed channel outputs. A

similar strategy was applied in the two-transmitter single-Rx multi-access channel (MAC) ISAC

scenario of [9] where through the generalized feedback each Tx first decodes part of the data

sent by the other Tx and then applies a symbol-by-symbol estimator to the decoded codeword as

well as its own channel inputs and outputs. In fact, the ISAC scheme of [9] is based on Willems’

scheme for the MAC with generalized feedback, where each Tx encodes its data into two super-

positioned codewords, whereof the lower data-layer is decoded by the other Tx. This data is then

repeated by both Txs in the next block as part of a third lowest-layer codeword, allowing the two

Txs to transmit data cooperatively Somewhat naturally, [9] suggests to use this decoded lower

data-layer also for sensing purposes in the sense that each Tx applies the symbol-by-symbol

estimator not only to its inputs and outputs but also to this decoded codeword. In this article,
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which is based on the conference paper [10], we suggest to use this decoded codeword not only

to exchange data,but also to exchange sensing information. The concept of exchanging sensing

information for ISAC has been studied in the signal processing literature under the paradigm of

collaborative sensing.

In this sense, we introduce the concept of collaborative sensing for ISAC also to the

information-theoretic literature, where we focus on the MAC and the related device-to-device

(D2D) communication, i.e., the two-way channel. For the MAC, we naturally extend Willem’s

coding scheme so as to convey also state-information from one Tx to the other over the

communication path that is built over the generalized feedback link. The proposed scheme

can be considered as a separate source-channel coding scheme in the sense that each Tx

first compresses the obtained outputs and inputs so as to extract state information, and then

transmits the compression index using a pure channel code (here Willems’ coding scheme)

to the other Tx. The proposed scheme obtains a better sensing performance than a previous

ISAC scheme [9] without collaborative sensing, and thus a better distortion-capacity tradeoff.

For D2D communication, we present a similar collaborative sensing ISAC scheme based on

source-channel separation and using Han’s two-way channel scheme. Furthermore, we present

an improved scheme that is based on joint source-channel coding (JSCC), more specifically on

hybrid coding. We show enhanced performances of both simple collaborative sensing schemes.

In both the MAC and the D2D scenario, the maximum rates achieved by our proposed scheme

for given sensing distortions are strictly concave functions of the distortion pairs, and thus also

improve over classical time- or resource-sharing strategies.

Recently, various other information-theoretic works have analyzed the fundamental limits of

ISAC systems, such as [11]–[14]. For example, [14] analyzes systems with secrecy constraints,

while [11]–[13] study channels that depend on a single fixed parameter and transmitters or sensor

nodes wish to estimate this parameter based on backscatter signals. Their model is thus suited for

scenarios where the estimation parameters change at a much slower time scale compared to the

channel symbol period. Specifically, while in [12] sensing (parameter estimation) is performed

at the transmitter, in [11] it is performed at a sensor that is close but not collocated with the
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transmitter. The study in [13] analyzes the detection-error exponents of open-loop and close-loop

coding strategies.

Summary of Contributions and Outline of this Article:

• In Section II we introduce our information-theoretic ISAC MAC model with state-sensing

at the Txs. We also show that it is of general nature and in particular can model scenarios

with partial or perfect channel state information at the Rx as well as scenarios where the

Txs wish to reconstruct functions or distorted versions of the actual state that is governing

the channel.

• In Section III we describe our collaborative-sensing ISAC MAC scheme and show at hand of

examples that it improves both over simple time-sharing as well as over previous schemes.

Notice that our scheme does not employ Wyner-Ziv compression, but the equally strong

implicit binning technique, as used for example in [15].

• Section IV describes our information-theoretic ISAC D2D model with state-sensing at both

terminals. Again, we show that our model is rather general and includes scenarios with

strictly-causal perfect or imperfect state-information at the terminals.

• In Section V we propose two collaborative-sensing ISAC D2D schemes. The first is based on

a separate source-channel coding approach and the second on an improved JSCC approach

using hybrid coding. In both schemes, the transmitted codeword carries not only data

but also compression information that the other terminal can exploit for sensing. While

the separation-based scheme employs Wyner-Ziv compression to account for the side-

information at the other Tx, the JSCC based scheme uses implicity binning as in standard

hybrid coding.

Notations: We use calligraphic letters to denote sets, e.g., X . Random variables are denoted

by uppercase letters, e.g., X , and their realizations by lowercase letters, e.g., x. For positive

integers n, we use [1 : n] to denote the set {1, · · · , n}, Xn for the tuple of random variables

(X1, · · · , Xn) and xn for (x1, . . . , xn). We abbreviate independent and identically distributed

as i.i.d. and probability mass function as pmf. Logarithms are taken with respect to base 2. We

shall use T Nε (PXY ) to indicate the of strongly jointly-typical sequences {(xn, yn)} with respect
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Fig. 1. State-dependent discrete memoryless multiaccess channel with sensing at the transmitters.

to the distribution PXY as defined in [16]. For an index k ∈ {1, 2}, we define k̄ := 3 − k and

for an event A we denote its complement by Ā. Moreover, 1{·} denotes the indicator function.

II. TWO-USER MULTIPLE-ACCESS CHANNEL WITH GENERALIZED FEEDBACK: SYSTEM

MODEL

In this section we consider the two-user multi-access channel (MAC) with generalized

feedback, where two Txs wish to convey independent data to a common Rx and through the

generalized feedback link they estimate the respective state sequences Sn1 and Sn2 governing the

transition law over the MAC and the generalized feedback.

A. System Model

Consider the two-Tx single-Rx MAC scenario in Fig. 1. The model consists of a two-

dimensional memoryless state sequence {(S1,i, S2,i)}i≥1 whose samples at any given time i are

distributed according to a given joint law PS1S2 over the state alphabets S1 × S2. Given that at

time-i Tx 1 sends input X1,i = x1 and Tx 2 input X2,i = x2 and given state realizations S1,i = s1

and S2,i = s2, the Rx’s time-i output Yi and the Txs’ feedback signals Z1,i and Z2,i are distributed

according to the time-invariant channel transition law PY Z1Z2|S1S2X1X2(·, ·, ·|s1, s2, x1, x2). Input

and output alphabets X1,X2,Y ,Z1,Z2,S1,S2 are assumed finite.1 A (2nR1 , 2nR2 , n)-code consists

of

1) two message sets W1 = [1 : 2nR1 ] and W2 = [1 : 2nR2 ];

1Notice that our results can also be extended to well-behaved continuous channels.



7

2) a sequence of encoding functions Ωk,i : Wk×Z i−1
k → Xk, for i = 1, 2, . . . , n and k = 1, 2;

3) a decoding function g : Yn →W1 ×W2;

4) for each k = 1, 2 a state estimator φk : X n
k × Znk → Ŝnk , where Ŝ1 and Ŝ2 are given

reconstruction alphabets.

Fix a blocklength n, rates R1, R2 ≥ 0, and a (2nR1 , 2nR2 , n)-code ({Ω1,i}, {Ω2,i}, g, φ1, φ2).

Let then the random message Wk be uniformly distributed over the message set Wk, for each

k = 1, 2, and the generate the inputs according to the encoding function Xk,i = Ωk,i(Wk, Z
i−1
k ),

for i = 1, . . . , n. The Txs’ state estimates are obtained as Ŝnk := (Ŝk,1, · · · , Ŝk,n) = φk(X
n
k , Z

n
k )

and the Rx’s guess of the messages as (Ŵ1, Ŵ2) = g(Y n). We shall measure the quality of

the state estimates Ŝnk by bounded per-symbol distortion functions dk : Sk × Ŝk 7→ [0,∞), and

consider expected average block distortions

∆
(n)
k :=

1

n

n∑

i=1

E[dk(Sk,i, Ŝk,i)], k = 1, 2. (1)

The probability of decoding error is defined as:

P (n)
e := Pr

(
Ŵ1 6= W1 or Ŵ2 6= W2

)
. (2)

Definition 1. A rate-distortion tuple (R1,R2,D1,D2) is achievable if there exists a sequence

(in n) of (2nR1 , 2nR2 , n) codes that simultaneously satisfy

lim
n→∞

P (n)
e = 0 (3a)

lim
n→∞

∆
(n)
k ≤ Dk, for k = 1, 2. (3b)

Definition 2. The capacity-distortion region CD is the closure of the set of all achievable tuples

(R1,R2,D1,D2).

Remark 1 (On the States). Notice that the general law PS1S2 governing the states Sn1 and Sn2

allows to model various types of situations including scenarios where the state sequences are

highly correlated (even identical) or scenarios where the state-sequences are independent.

Our model also includes a scenario where the channel is governed by an internal i.i.d. state



8

sequence Sn of pmf PS and the states Sn1 , S
n
2 are related to Sn over an independent memoryless

channel PS1S2|S . For example, the states Sn1 and Sn2 can be imperfect or noisy versions of the

actual state sequence Sn. To see that this scenario can be included in our model, notice that

since no terminal observes Sn nor attempts to reconstruct Sn, both the distortions and the error

probabilities only depend on the conditional law

PY Z1Z2|X1X2S1S2(y, z1, z2|x1, x2, s1, s2) =

∑

s

PY Z1Z2|X1X2S(y, z1, z2|x1, x2, s)
PS(s)PS1S2|S(s1, s2|s)

PS1S2(s1, s2)
, (4)

where PS1S2(s1, s2) =
∑

s PS(s)PS1S2|S(s1, s2|s) denotes the joint pmf of the two states.

Computing the channel law in (4) and plugging it into our results in the next section, thus

immediately also provides results for the described setup where the actual state is Sn and the

states Sn1 and Sn2 are noisy versions thereof.

Remark 2 (State-Information). Our model also includes scenarios with perfect or imperfect

state-information at the Rx. In fact, considering our model with an output

Y = (T, Y ′) (5)

where Y ′ denotes the actual MAC output and T the Rx’s imperfect channel state-information

about the states Sn1 and Sn2 . Notice that in our model, the Rx observes the state-information T n

only in a causal manner. Causality is however irrelevant here since the Rx only has to decode

the messages at the end of the entire transmission. Therefore, plugging the choice (5) into our

results for T the Rx state-information and Y ′ the actual MAC output, our results in the following

section directly lead to results for this related setup with Rx state-information.

Remark 3 (The Relay-Channel). The MAC with generalized-feedback model includes the relay-

channel as a special case. It suffices to restrict R2 = 0, in which case Tx 2 degenerates to a

relay terminal. The results we elaborate in the following section does immediately apply also to

the relay channel.
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III. A COLLABORATIVE ISAC SCHEME FOR THE MAC

Before describing our collaborative ISAC scheme for the MAC, we review literature on the

MAC and in particular Willem’s scheme for the MAC with generalized feedback, which acts as

a building block for our scheme.

While the capacity region of the MAC without feedback was determined in [17], [18], single-

letter expressions for the capacity are only known in special cases such as the two-user Gaussian

MAC with perfect feedback [19] or a class of semi-deterministic MACs [20] with one-sided

perfect feedback. In [21], Kramer derived a multi-letter characterization of the capacity region

of a general MAC with perfect feedback. For most channels it seems however challenging to

evaluate this multi-letter characterization even numerically. In contrast, various inner and outer

bounds on the capacity region of the MAC with generalized or perfect feedback are known. Outer

bounds are typically based on the dependence balance bound idea by Hekstra and Willems [22],

see also [23]. Various inner bounds were proposed based on schemes that each Tx decodes part

of the data sent by the other Tx, which allows the two Txs to cooperatively resend these data

parts in the next block using a more efficient coding scheme, see [22], [24]–[27]. The one most

relevant to our work is Willems’s inner bound [25], which we explain in more detail in the

following subsection.

A. Willems’ Coding Scheme with Generalized Feedback and the ISAC extension

Willems’ scheme splits the blocklength n into B + 1 blocks of length N = n/(B + 1) each.

Accordingly, throughout, we let XN
1,(b), X

N
2,(b), S

N
1,(b), S

N
2,(b), Z

N
1,(b), Z

N
2,(b), Y

N
(b) denote the block-b

inputs, states and outputs, e.g., SN1,(b) := (S1(b−1)N+1, . . . , S1,bN). We also represent the two

messages W1 and W2 in a one-to-one way as the 2B-length tuples

Wk = (Wk,c,(1), . . . ,Wk,c,(B),Wk,p,(1), . . . ,Wk,p,(B)), k ∈ {1, 2}, (6)

where all pairs (Wk,c,(b),Wk,p,(b)) are independent and uniformly distributed over
[
2NR̄k,c

]
×

[
2NR̄k,p

]
for R̄k,c , B+1

B
Rk,c and R̄k,p , B+1

B
Rk,p and Rk,c +Rk,p = Rk.

An independent superposition code is constructed for each block b (see also Figure 2):
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ep uN1,(1)(w1,c,(1) | 1, 1)

xN1,(1)
(
w1,p,(1) | ·, ·, ·

)

uN1,(1)(w1,c,(2) | w1,c,(1), ŵ2,c,(1))

xN1,(2)
(
w1,p,(2) | ·, ·, ·

)

uN1,(3)

(
w1,c,(3) | w1,c,(2), w2,c,(2)

)

xN1,(3)

(
w1,p,(3) | ·, ·, ·

)
W1

b = 1 b = 2 b = 3

- uN0,(2)
(
w1,c,(1), ŵ2,c,(1)

)
uN0,(3)

(
w1,c,(2), ŵ2,c,(2)

)

ûN2,(1)
(
ŵ2,c,(1) | 1, 1

)
ûN2,(2)

(
ŵ2,c,(2) | ·, ·

)
ûN2,(3)

(
ŵ2,c,(3) | ·, ·

)

Fig. 2. Operations at Tx 1 in Willems’ scheme during the first three blocks. After each block b Tx 1 decodes message W2,c,(b)

based on its generalized feedback output ZN
1,(b). The decoded message is then retransmitted in block b+1 jointly with W1,c,(b).

• A lowest-level code C0,(b) consisting of 2NR̄1,c · 2NR̄2,c codewords u0,(b)(w1,c, w2,c) is

constructed by drawing all entries i.i.d. according to a auxiliary pmf PU0 .

• At the lowest level of encoding, we apply superposition coding to combine two codebooks

{uNk,(b)(w′k,c | w1,c, w2,c)} onto each codeword uN0,(b)(w1,c, w2,c), for k ∈ {1, 2} and w′k,c ∈
[2NRk,c ], by drawing the i-th entry of each codeword according to PUk|U0(· | u0) where u0

denotes the i-th entry of uN0 (w1,c, w2,c).

• For each second-layer codeword uNk,(b)(w
′
k,c|w1,c, w2,c), we apply superposition coding by

drawing the i-th entry of a codebook xNk,(b)(w
′
k,p|w′k,c, w1,c, w2,c) according to PXk|U0Uk

(· |
u0, uk), where k ∈ 1, 2 and w′k,p ∈ [2NRk,p ] and uk represents the i-th entry of uNk,(b)(w

′
k,c |

w1,c, w2,c).

As depicted in Figure 2, in Willems’ scheme, Tx 1 sends the following block-b channel inputs

xN1,(b) = xN1,(b)

(
W1,p,(b)

∣∣∣W1,c,(b),W1,c,(b−1), Ŵ2,c,(b−1)

)
, b ∈ {1, . . . , B + 1}, (7)

where Ŵ2,c,(b−1) denotes the message part that Tx 1 decodes after reception of the block-(b− 1)

generalized feedback signal ZN
1,(b−1), e.g., through a joint typicality decoding rule. Also, we set

throughout Wk,c,(0) = Ŵk,c,(0) = Wk,p,(B+1) = 1, for k ∈ {1, 2}.
Decoding at the Rx is performed backwards, starting with the last block B+1 based on which

the Rx decodes the pair of common messages (W1,c,(B),W2,c,(B)) using for example a joint-
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typicality decoder. It then uses knowledge of these common messages and the outputs in block

B to decode the block-B private messages (W1,p,(B),W2,p,(B)) and the block (B − 1) common

messages (W1,c,(B−1),W2,c,(B−1)), etc. The backward decoding procedure is also depicted in

Figure 3.
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uN
1,(B−1)(w1,c,(B−1) |, )

XN
1,(B−1)

(
w1,p,(B−1) | ·, ·, ·

)

uN
2,(B−1)(w2,c,(B−1) |, )

XN
2,(B−1)

(
w2,p,(B−1) | ·, ·, ·

)

uN
1,(B)(w1,c,(B) | w1,c,(B−1), ŵ2,c,(B−1))

XN
1,(B)

(
w1,p,(B) | ·, ·, ·

)

uN
2,(B)(w2,c,(B) | w1,c,(B−1), ŵ2,c,(B−1))

XN
2,(B)

(
w2,p,(B) | ·, ·, ·

)

uN
1,(B+1)

(
1 | ŵ1,c,(B), ŵ2,c,(2)

)

uN
2,(B+1)

(
1 | ŵ1,c,(B), ŵ2,c,(B)

)

XN
1,(B+1)

(
1 | ·, ·, ·

)

XN
2,(B+1)

(
1 | ·, ·, ·

)

uN
0,(B−1)

(
w1,c,(B−2), ŵ2,c,(B−2)

)
uN
0,(B)

(
w1,c,(B−1), ŵ2,c,(B−1)

)
uN
0,(B+1)

(
ŵ1,c,(B), ŵ2,c,(B)

)

w2,p,(B−1)

w1,p,(B−1)

w1,p,(B)

w2,p,(B)

ŵ1,c,(B), ŵ2,c,(B)ŵ1,c,(B−1), ŵ2,c,(B−1)

Fig. 3. Backward decoding procedure at the Rx in Willems’ scheme. The pair of common messages (W1,c,(b−1),W2,c,(b−1))
and private messages (W1,p,(b),W2,p,(b)) are jointly decoded based on the block-b outputs Y N

(b) and using the previously decoded
(Ŵ1,c,(b), Ŵ2,c,(b)).

As Willems showed, his scheme can achieve the following rate-region.

Theorem 1 (Willems’ Achievable Region [25]). Any nonnegative rate-pair (R1, R2) is achievable

over the MAC with generalized feedback if it satisfies the following inequalities

Rk ≤ I(Xk;Y | Xk̄UkU0) + I(Uk;Zk̄ | Xk̄U0), k ∈ {1, 2}, (8)

R1 +R2 ≤ I(X1X2;Y ), (9)

R1 +R2 ≤ I(X1X2;Y | U0U1U2) + I(U1;Z2 | X2U0) + I(U2;Z1 | X1U0), (10)

for some choice of pmfs PU0 , PU1|U0 , PU2|U0 , PX1|U0U1 , PX2|U0U2 , and where above mutual

informations are calculated according to the pmf PU0PU1|U0PU2|U0PX1|U0U1PX2|U0U2PS1S2

PY Z1Z2|S1S2X1X2 . One hereby can restrict to auxiliary variables over alphabets of sizes |Uk| ≤
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(|Xk|+ 1)|U0|, for k = 1, 2, and |U0| ≤ |X1||X2|+ 1.

Kobayashi et al. [9] extended Willems’ scheme to a ISAC scenario by adding a state estimator

at the two Txs. Specifically, for any block b each Tx k applies the symbol-per-symbol estimation

ŝNk,(b) = φ̃∗⊗Nk

(
xNk,(b), z

N
k,(b), u

N
k̄,(b)

(
Wk̄,c,(b)

∣∣∣ Wk,c,(b−1), Ŵk̄,c,(b−1)

))
, b ∈ {1, . . . , B}, (11)

where φ̃∗k denotes the optimal estimator of Sk based on the tuple (Xk, Zk, Uk̄):

φ̃∗k(xk, zk, uk̄) := arg min
s′k∈Ŝk

∑

sk∈Sk
PSk|XkZkUk̄

(sk|xk, zk, uk̄) dk(sk, s′k). (12)

Thus, any of the two Txs bases its state-estimation not only on its inputs and outputs of a given

block but also on the codeword that it decoded from the other Tx.

For the last block B + 1, Tx k can produce any trivial estimate, e.g., ŝNk,(B+1) because its

influence on the average distortion vanishes as the number of blocks grows, B →∞.

Combining the described state-estimation with Willems’ scheme, the following rate-distortion

region can be shown to be achievable.

Theorem 2. [Kobayashi et al.’s ISAC region [9]] A rate-distortion tuple (R1, R2, D1, D2) is

achievable if it satisfies (8)–(10) and

E
[
dk

(
Sk, φ̃

∗
k (Xk, Zk, Uk̄)

) ]
≤ Dk, k = 1, 2, (13)

for some choice of pmfs PU0 , PU1|U0 , PU2|U0 , PX1|U1U0 , PX2|U2U0 .

B. Our Proposed Collaborative ISAC Scheme

We present our collaborative ISAC scheme. It extends the scheme in [9] in that the second-layer

codeword of Willems’ code construction is not only used to transmit data but also compression

information useful for state sensing. Each Tx generates compression information, which is

primarily intended to be used by the other Tx to improve its sensing performance. In our scheme,

the Rx however also decodes this information and uses it to improve its decoding performance.
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uN1,(1)(w1,c,(1), 1 | 1, 1)

xN1,(1)

(
w1,p,(1) | ·, ·, ·, ·

)

uN1,(1)(w1,c,(2), j
∗
1,(1) | ·, ·)

xN1,(2)

(
w1,p,(2) | ·, ·, ·, ·

)

uN1,(3)

(
w1,c,(3), j

∗
1,(2) | ·, ·

)
xN1,(3)

(
w1,p,(3) | ·, ·, ·, ·

)

W1

b = 1 b = 2 b = 3

- uN0,(2)

(
w1,c,(1), ŵ2,c,(1)

)
uN0,(3)

(
w1,c,(2), ŵ2,c,(2)

)

ûN2,(1)

(
ŵ2,c,(1), 1 | 1, 1

)
ûN2,(2)

(
ŵ2,c,(2), ĵ2,(2) | ·, ·

)
ûN2,(3)

(
ŵ2,c,(3), ĵ2,(3) | ·, ·

)

j∗1,(1) j∗1,(2) j∗1,(3)

Fig. 4. Our proposed scheme at Tx 1 during the firts three blocks

1) Code construction: Choose pmfs PU0 , PU1|U0PU2|U0 , PX1|U1U0 , PX2|U2U0 , and define the pmf

PU0U1U2X1X2S1S2Y Z1Z2V1V2 = PU0PU1|U0PU2|U0PX1|U1U0PX2|U2U0PS1S2PY Z1Z2|X1X2S1S2

PV1|X1Z1U2U0PV2|X2Z2U1U0 . (14)

Employ Willems’ three-level superposition code construction for the given choice of pmfs,

except that each second-layer codeword is indexed by a pair of indices. We thus denote

the second-layer codewords by uNk,(b)(w
′
1,c, j1 | w1,c, w2,c) and uN2,(b)(w

′
2,c, j2 | w1,c, w2,c)

and accordingly the corresponding third-layer codewords by xN1,(b)(w
′
1,p|w′1,c, j1, w1,c, w2,c) and

xN1,(b)(w
′
2,p|w′2,c, j2, w1,c, w2,c), where the indices j1 and j2 take value in the sets [2nR

′
1 ] and [2nR

′
2 ]

for some positive auxiliary rates R1,v and R2,v.

We further construct a compression codebook for each block and each of the two Txs, For each

b ∈ {1, . . . , B} and each sixtuple (w1,c, w2,c, w
′
1,c, j1w

′
2,c, j2) ∈ [2NR1,c ] × [2NR2,c ] × [2NR1,c ] ×

[2NR1,v ] × [2NR2,c ] × [2NR2,v ] we generate a sequence vN1,(b)(j
′
1 | w′1,c, j1, w′2,c, j2, w1,c, w2,c) for

each j′1 ∈ [2NR1,v ] and a sequence vN2,(b)(j
′
2 | w′1,c, j1, w′2,c, j2, w1,c, w2,c) for each j′2 ∈ [2NR2,v ].

The sequences vN1,(b)(j
′
1 | w′1,c, j1, w′2,c, j2, w1,c, w2,c) and vN2,(b)(j

′
2 | w′1,c, j1, w′2,c, j2, w1,c, w2,c) are

obtained by drawing their i-th entries according to PV1|U0U1U2(· | u0, u1, u2) and PV2|U0U1U2(· |
u0, u1, u2), respectively, for u0, u1, u2 denoting the i-th entries of the sequences uN0,(b)(w1,c, w2,c),
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(
uN0,(b−1)

(
W1,c,(b−2), Ŵ

(1)
2,c,(b−2)

)
, uN1,(b−1)

(
W1,c,(b−1), J

∗
1,(b−2)

∣∣∣ W1,c,(b−2), Ŵ
(1)
2,c,(b−2)

)

uN2,(b−1)

(
ŵ2, ĵ2

∣∣∣ W1,c,(b−2), Ŵ
(1)
2,c,(b−2)

)
,

xN1,(b−1)

(
W1,p,(b−1)

∣∣∣ W1,c,(b−1), J
∗
1,(b−2),W1,c,(b−2), Ŵ

(1)
2,c,(b−2)

)
,

vN1,(b−1)

(
j∗1

∣∣∣ J∗1,(b−2),W1,c,(b−1), ŵ2, ĵ2,W1,c,(b−2), Ŵ
(1)
2,c,(b−2)

)
, ZN

1,(b−1)

)
∈ T Nε (PU0U1U2X1V1Z1)(16)

(
uN0,(b−2)

(
W1,c,(b−3), Ŵ

(1)
2,c,(b−3)

)
, uN1,(b−2)

(
W1,c,(b−2), J

∗
1,(b−2)

∣∣∣ W1,c,(b−3), Ŵ
(1)
2,c,(b−3)

)
,

uN2,(b−2)

(
Ŵ

(1)
2,c,(b−2), Ĵ

(1)
2,(b−3)

∣∣∣ W1,c,(b−3), Ŵ
(1)
2,c,(b−3)

)
,

xN1,(b−2)

(
W1,p,(b−2)

∣∣∣ W1,c,(b−2), J
∗
1,(b−3),W1,c,(b−3), Ŵ

(1)
2,c,(b−3)

)
,

vN2,(b−2)

(
ĵ2

∣∣∣ W1,c,(b−2), J
∗
1,(b−3), Ŵ

(1)
2,c,(b−2), Ĵ

(1)
2,(b−3),W1,c,(b−3), Ŵ

(1)
2,c,(b−3)

)
,

ZN
1,(b−2)

)
∈ T Nε (PU0U1U2X1V2Z1). (17)

uN1,(b)(w
′
1,c, j1 | w1,c, w2,c), and uN2,(b)(w

′
2,c, j2 | w1,c, w2,c).

2) Operations at the Txs: In each block b, Tx k sends the block-b sequence

XN
k,(b) = xNk,(b)

(
Wk,p,(b)

∣∣∣Wk,c,(b), J
∗
k,(b−1),Wk,c,(b−1), Ŵ

(k)

k̄,c,(b−1)

)
, (15)

where Tx k generates the indices J∗k,(b−1) and Ŵk̄,c,(b−1) during a joint decoding and compression

step at the end of block b− 1 as follows. (For convenience we again set Wk,p,(B+1) = Wk,c,(0) =

Ŵ k
k̄,c,(0)

= J k̄k,(B+1) = 1.)

After receiving the generalized feedback signal ZN
k,(b−1), Tx k looks for a triple of indices j∗k ,

ŵk̄, and ĵk̄ satisfying the joint typicality check (16),

and if b > 2 also the typicality check (17), which are displayed on top of the page. It randomly

picks one of these triples and sets

J∗1,(b−1) = j∗1 , Ŵ
(1)
2,(b−1) = ŵ2, Ĵ

(1)
2,(b−2) = ĵ2. (18)

Tx k also produces the block-b state estimate

ŝnk,(b) = φ∗⊗Nk

(
xNk,(b)

(
Wk,p,(b)|Wk,c,(b), Jk,(b−1),Wk,c,(b−1), Ŵ

(k)

k̄,c,(b−1)

)
,
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zNk,(b), u
N
k̄,(b)

(
Wk,c,(b) | Jk,(b−1),Wk,c,(b−1), Ŵ

(k)

k̄,c,(b−1)

)
,

vNk̄,(b)

(
Jk,(b) | Wk,c,(b), Jk,(b−1),Wk,c,(b−1), Ŵ

(k)

k̄,c,(b−1)

))
(19)

where

φ∗k(xk, zk, uk̄, vk̄) := arg min
s′k∈Ŝk

∑

sk∈Sk
PSk|XkZkUk̄Vk̄

(sk|xk, zk, uk̄, vk̄) dk(sk, s′k). (20)

Without loss in performance as B →∞, the estimate in the last block B + 1 can again be set

to a dummy sequence.

3) Decoding at the Rx: Decoding at the Rx is similar to Willems’ scheme and uses

backward decoding. The difference is that the Rx in block b not only decodes the mes-

sage tuple (W1,p,(b),W2,p,(b),W1,c,(b−1),W2,c,(b−1)) but also the compression indices J∗1,(b−1) and

J∗2,(b−2). Specifically, in a generic block b ∈ {2, . . . , B}, the Rx looks for a unique sixtuple

(w1,p, w2,p, w1,c, w2,c, j1, j2) ∈ [2NR1,p ]×[2NR2,p ]×[2NR1,c ]×[2NR2,c ]×[2NR1,v ]×[2NR2,v ] satisfying
(
uN0,b(w1,c, w2,c), u

N
1,(b)

(
Ŵ1,c,(b), j1

∣∣∣ w1,c, w2,c

)
, uN2,(b)

(
Ŵ2,c,(b), j2

∣∣∣ w1,c, w2,c

)
,

xN1,(b)

(
w1,p

∣∣∣ Ŵ1,c,(b), j1, w1,c, w2,c

)
, xN2,(b)

(
w2,p

∣∣∣ Ŵ2,c,(b), j2, w1,c, w2,c

)
,

vN1,(b)

(
Ĵ1,(b)

∣∣∣ Ŵ1,c,(b), j1, Ŵ2,c,(b), j2, w1,c, w2,c

)
,

vN2,(b)

(
Ĵ2,(b)

∣∣∣ Ŵ1,c,(b), j1, Ŵ2,c,(b), j2, w1,c, w2,c

)
, Y N

(b)

)
∈ T N2ε (PU0U1U2X1X2Y ).(21)

If such a unique sixtuple exists, it sets Ŵ1,c,(b−1) = w1,c, Ŵ1,p,(b) = w1,p, Ŵ2,c,(b−1) = w2,c,

Ŵ2,p,(b) = w2,p, Ĵ1,(b−1) = j1, and Ĵ2,(b−1) = j2. Otherwise it declares an error.

The Rx finally declares the messages Ŵ1 and Ŵ2 that correspond to the produced guesses

{(Ŵk,p,(b), Ŵk,c,(b))}.
In Appendix B we show that as N → ∞ and B → ∞, the described scheme achieves

vanishing probabilities of error, the compressions are successful with probability 1, and the

asymptotic expected distortions are bounded by D1 and D2 whenever B is sufficiently large and
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Rk,v > I(Vk;XkZk | U) (22a)

Rk̄,v+Rk,c < I(UkVk̄;Xk̄Zk̄ | U0Uk̄) (22b)

R1,v+R2,v +Rk,c < I(UkVk̄;Xk̄Zk̄ | U0Uk̄) + I(Vk;Xk̄Zk̄ | U) (22c)

Rk,p < I(Xk;Y V1V2 | UXk̄) (22d)

Rk,v +Rk,p < I(Xk;Y | U0Xk̄) + I(V2;X1X2Y V1 | U) + I(V1;X1X2Y | U)(22e)

Rk,v +Rk,p +Rk̄,p < I(X1X2;Y | U0Uk̄) + I(V2;X1X2Y V1 | U)

+I(V1;X1X2Y | U) (22f)

R1,p +R2,p < I(X1X2;Y V1V2 | U) (22g)

R1,v +R1,p +R2,v +R2,p < I(X1X2;Y | U0) + I(V1;X1X2Y | U) + I(V2;X1X2Y V1 | U)(22h)

R1,v +R1 +R2,v +R2 < I(X1X2;Y ) + I(V1;X1X2Y | U) + I(V2;X1X2Y V1 | U), (22i)

where U , (U0, U1, U2) and

E[dk(Sk, φ
∗
k(Xk, Zk, Uk̄, Vk̄)] ≤ Dk, k = 1, 2, (22j)

for φ∗k defined in (20).

Using the Fourier-Motzkin Elimination (FME) algorithm it can be shown, see Appendix C,

that such a choice of rates is possible under the rate-constraints (23).

Theorem 3. The capacity-distortion region CD includes any rate-distortion tuple

(R1, R2, D1, D2) that for some choice of pmfs PU0 , PU1|U0 , PU2|U0 , PX1|U0U1 , PX2|U0U2 ,

PV1|U0U2X1Z1 , PV2|U0U1X2Z2 and pmf PU0U1U2X1X2S1S2Y Z1Z2V1V2 as defined in (14), satisfies In-

equalities (23) on top of the next page (where U := (U0, U1, U2)) as well as the distortion

constraints (22j). It suffices to consider auxiliary random variables with alphabets of sizes

|U0| ≤ |X1||X2|+ 9 and for k = 1, 2: |Uk| ≤ (|Xk|+ 9)|U0| and |Vk| ≤ (|Xk||Zk||Uk̄||U0|+ 9).

Notice that Theorem 3 recovers the previous achievable region in Theorem 2 through the

choice V1 = V2 =constants, which removes the collaborative sensing between the two Txs.
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Rk ≤ I(Uk;Xk̄Zk̄ | U0Uk̄) + I(Vk;Xk̄Zk̄ | U)− I(Vk;XkZk | U) + min{
I(Xk;Y | U0Xk̄) + I(Vk;X1X2Y | U) + I(Vk̄;X1X2Y Vk | U)

−I(Vk;XkZk | U),

I(X1X2;Y | U0Uk) + I(Vk;X1X2Y | U) + I(Vk̄;X1X2Y Vk | U)

−I(Vk̄;Xk̄Zk̄ | U),

I(X1X2;Y | U0) + I(Vk;X1X2Y | U) + I(Vk̄;X1X2Y Vk | U)

−I(Vk;XkZk | U)− I(Vk̄;Xk̄Zk̄ | U), I(Xk;Y V1V2 | UXk̄)}, k = 1, 2, (23a)

R1 +R2 ≤ I(U2;X1Z1 | U0U1) + I(V2;X1Z1 | U)− I(V2;X2Z2 | U)

+I(U1;X2Z2 | U0U2) + I(V1;X2Z2 | U)− I(V1;X1Z1 | U) + min{
I(X1X2;Y | U0U2) + I(V1;X1X2Y | U) + I(V2;X1X2Y V1 | U)− I(V1;X1Z1 | U),

I(X1X2;Y | U0U1) + I(V1;X1X2Y | U) + I(V2;X1X2Y V1 | U)− I(V2;X2Z2 | U),

I(X1X2;Y | U0) + I(V1;X1X2Y | U) + I(V2;X1X2Y V1 | U)

−I(V1;X1Z1 | U)− I(V2;X2Z2 | U),

I(X1X2;Y V1V2 | U)} (23b)

R1 +R2 ≤ I(X1X2;Y ) + I(V1;X1X2Y | U)− I(V1;X1Z1 | U)

+I(V2;X1X2Y V1 | U)− I(V2;X2Z2 | U)

(23c)

and for k = 1, 2

I(Uk;Xk̄Zk̄ | U0Uk̄) + I(Vk;Xk̄Zk̄ | U) ≥ I(Vk;XkZk | U), (23d)
I(X1X2;Y | U0) + I(V1;X1X2Y | U) + I(V2;X1X2Y V1 | U) ≥ I(V1;X1Z1 | U)

+I(V2;X2Z2 | U) (23e)
I(Xk;Y | U0Xk̄) + I(V1;X1X2Y | U) + I(V2;X1X2Y V1 | U) ≥ I(Vk;XkZk | U). (23f)

Remark 4 (Wyner-Ziv Coding). In our scheme, no binning as in Wyner-Ziv coding is used for

the compression of the V1- and V2-codewords. Instead, decoder side-information is taken into

account through the additional typicality check (17) and by including the V1- and V2-codewords

in the typicality check (21). These strategies are known as implicit binning and allow multiple

decoders to exploit different levels of side-information, see [15].

C. Examples

The following two examples show the improvement of Theorem 3 over Theorem 2. In the first

example, one of the transmitting nodes directly receives state information through its feedback,
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and allows to easily illustrate the concept of collaborative sensing. The second example presents

a more realistic model, and provides a more practical implementation of our collaborative sensing

scheme.

Example 1. Consider a MAC with binary input, output, and state alphabets X1 = X2 = Y =

S2 = {0, 1}. State S2 ∼ Ber(ps), while S1 = 0 is a constant. The channel input-output relation

is described by

Y = S2X2, (Z1, Z2) = (S2, X1). (24)

For this channel, the following tuple

(R1,R2,D1,D2) = (0, 0, 0, 0), (25)

lies in the achievable region of Theorem 3 through the choice V1 = Z1 = S2 and (Ŝ2 = V1, Ŝ1 =

0). Distortion D2 = 0 is however not achievable in Theorem 2 because S2 is independent of

(U1, U2, U0, X1, X2) and thus of (X2, U1, Z2), and the optimal estimator is the trivial estimator

Ŝ2 = ψ∗2(X2, Z2, U1) = 1{ps > 1/2) which achieves distortion D2 = min{1− ps, ps}.

Example 2. Consider binary noise, states and channel inputs B0, Bk, Sk, Xk ∈ {0, 1}. The noise

to the receiver B0 is Bernoulli-t0, and Bk, the noise on the feedback to Tx k, is Bernoulli-tk. All

noises are independent and also independent of the states S1, S2, which are i.i.d. Bernoulli-ps.

We can then des are described the channel as

Y ′ = S1X1 + S2X2 +B0, Y = (Y ′, S1, S2), (26)

Z1 = S1X1 + S2X2 +B1, Z2 = S1X1 + S2X2 +B2. (27)

where the summation operators ’+’ denote real additions. In this example the Rx thus has perfect

channel state-information, see also Remark 2. Hamming distance is considered as a distortion

measure: d(s, ŝ) = s ⊕ ŝ where the operator ’⊕’ is a binary operation representing module-2

addition.
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We compare Theorems 2 and 3 on the following choices of random variables. Let

Xk = U0 ⊕ Σ︸ ︷︷ ︸
,U1

⊕θk, for k ∈ {1, 2} (28)

where U0,Σ1Σ2, θ1, θ2 are all independent Bernoulli random variables of parameters

p, q1, q2, r1, r2. For the evaluation of Theorem 3 we further choose the compression random

variables

Vk =




1{Zk = 1}+ 2 · 1{Zk = 2} if Ek = 0

“?” if Ek = 1

∀k = {1, 2} (29)

for a binary Ek independent of (S1, S2, B0, B1, B2, U0, U1, U2,Σ1,Σ2, θ1, θ2). For this choice, Tx

k conveys information about Zk to Tx k̄, which helps this latter to better estimate its state Sk̄.

For instance, when E1 = 0, Tx-2 receives another noisy observation of the output which helps

it to better estimate its state, because

Y =





0 if Z2 ∈ {0, 1}, V1 = 0

1 if V1 = 1

2 if Z2 ∈ {2, 3}, V1 = 0

. (30)
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Fig. 5. Sum-rate distortion tradeoff achieved by Theorems 2 and 3 in Example 2 for given channel parameters ps = 0.9,
t0 = 0.3, t1 = 0.1 and t2 = 0.1.

For channel parameters ps = 0.9, t0 = 0.3, t1 = 0.1 and t2 = 0.1 and above choices of random
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variables, Figure 5 shows the maximum sum-rate R1 +R2 in function of distortion D2 achieved

by Theorems 3 and 2, where recall that for the region in Theorem 2 we set V1 = V2 = 0. Notice

that both curves are strictly concave and thus improve over classic time- and resource sharing

strategies. The minimum distortions achieved by Theorems 3 and 2 are D2,min = 0.035 and

D2,min = 0.04.

IV. DEVICE-TO-DEVICE COMMUNICATION (THE TWO-WAY CHANNEL)

In this section, we consider the ISAC two-way channel, where two terminals exchange data

over a common channel and based on their inputs and outputs also wish to estimate the state-

sequences that govern the two-way channel.

A. System Model

Consider the two-terminal two-way communication scenario in Fig. 6. The model consists of

a two-dimensional memoryless state sequence {(S1,i, S2,i)}i≥1 whose samples at any given time

i are distributed according to a given joint law PS1S2 over the state alphabets S1 × S2. Given

that at time-i Tx 1 sends input X1,i = x1 and Tx 2 input X2,i = x2 and given state realizations

S1,i = s1 and S2,i = s2, the Txs’ time-i feedback signals Z1,i and Z2,i are distributed according to

the stationary channel transition law PZ1Z2|S1S2X1X2(·, ·|s1, s2, x1, x2). Input and output alphabets

X1,X2,Y ,Z1,Z2,S1,S2 are assumed finite.2

PS1S2
<latexit sha1_base64="s5j7saEdjsL2/YpwRrCXt+kpD8o=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahp7JbBT0WvHis1H5guyzZNNuGZpMlyQpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uZ373SeqNJPiwUwT6sd4JFjECDZWemwGWSvwWkF9FpQrbs1dAK0TLycVyNEMyl+DoSRpTIUhHGvd99zE+BlWhhFOZ6VBqmmCyQSPaN9SgWOq/Wxx8QxdWGWIIqlsCYMW6u+JDMdaT+PQdsbYjPWqNxf/8/qpiW78jIkkNVSQ5aIo5chINH8fDZmixPCpJZgoZm9FZIwVJsaGVLIheKsvr5NOveZd1ur3V5VGNY+jCGdwDlXw4BoacAdNaAMBAc/wCm+Odl6cd+dj2Vpw8plT+APn8we40pA2</latexit>

Ŝn
1 Estimator

Transmitter 1

En/Decoder

W1
<latexit sha1_base64="a7UIRNSXvsy9Oj16yoU+yTl6fzE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5JUQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPwBuWKW3MXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbTrNe+yVr+/qjSqeRxFOINzqIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gDS141p</latexit>

X1,i
<latexit sha1_base64="ecrRus/8E9HhZIsB09qPz35sqes=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahBylJFfRY8OKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2VOt1B5l3y2aBccWvuAmSdeDmpQI7moPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx7oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE976GZdJalCy5aIwFcTEZP47GXKFzIipJZQpbm8lbEwVZcYmVLIheKsvr5N2veZd1eoP15VGNY+jCGdwDlXw4AYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz/IBo8f</latexit>

Estimator Ŝn
2

En/Decoder

Transmitter 2

W2
<latexit sha1_base64="HchjoKjimI8rwdy1b0FXZf83IRI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5JUQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD51BfVCuuDV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXa95lrX5/VWlU8ziKcAbnUAUPrqEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AHUW41q</latexit>

X2,i
<latexit sha1_base64="2UYP+yUu1pFgFpCut+6LDG6kXOM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahBylJFfRY8OKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2VOt1BVr/ks0G54tbcBcg68XJSgRzNQfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni3Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfx3MuQKmRFTSyhT3N5K2JgqyoxNqGRD8FZfXiftes27qtUfriuNah5HEc7gHKrgwQ004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AyY2PIA==</latexit>

PZ1Z2|X1X2S1S2
<latexit sha1_base64="E2MfWMrUgn/Zg3/DwOhpgm0M4zE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL0FVJoqDLghuXldo2tA3DZDpph04ezEyEErPxV9y4UMStn+HOv3HaZqGtBy4czrmXe+/xE86ksqxvo7S2vrG5Vd6u7Ozu7R+Yh0cdGaeC0DaJeSxcH0vKWUTbiilO3URQHPqcdv3JzczvPlAhWRzdq2lCvRCPIhYwgpWWkHnSRFkP2T3kPLrIdpHTQnYLOTkyq1bdmgOuErsgVVCgicyvwTAmaUgjRTiWsm9bifIyLBQjnOaVQSppgskEj2hf0wiHVHrZ/IEcnmtlCINY6IoUnKu/JzIcSjkNfd0ZYjWWy95M/M/rpyq49jIWJamiEVksClIOVQxnacAhE5QoPtUEE8H0rZCMscBE6cwqOgR7+eVV0nHq9kXdubusNmpFHGVwCs5ADdjgCjTALWiCNiAgB8/gFbwZT8aL8W58LFpLRjFzDP7A+PwBnC2VCw==</latexit>

Ŵ1
<latexit sha1_base64="4SMNQQ7OpfPwOM9WW/NIUO+9jZI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvQU0mqoMeCF48V7Ie0oWy2m3bp7ibsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSNnGqKWvRWMS6GxLDBFeshRwF6yaaERkK1gknt3O/88S04bF6wGnCAklGikecErTSY39MMOvMBv6gXPFq3gLuOvFzUoEczUH5qz+MaSqZQiqIMT3fSzDIiEZOBZuV+qlhCaETMmI9SxWRzATZ4uCZe2GVoRvF2pZCd6H+nsiINGYqQ9spCY7NqjcX//N6KUY3QcZVkiJTdLkoSoWLsTv/3h1yzSiKqSWEam5vdemYaELRZlSyIfirL6+Tdr3mX9bq91eVRjWPowhncA5V8OEaGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MHofOQNg==</latexit>

Ŵ2
<latexit sha1_base64="i4w7QwmuOmdT3ZRWv0rQva70WEA=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahp5JUQY8FLx4r2A9pQ9lsN+3S3STsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpYh4CwVK3k00pyqQvBNMbud+54lrI+LoAacJ9xUdRSIUjKKVHvtjillnNqgPyhW35i5A1omXkwrkaA7KX/1hzFLFI2SSGtPz3AT9jGoUTPJZqZ8anlA2oSPeszSiihs/Wxw8IxdWGZIw1rYiJAv190RGlTFTFdhORXFsVr25+J/XSzG88TMRJSnyiC0XhakkGJP592QoNGcop5ZQpoW9lbAx1ZShzahkQ/BWX14n7XrNu6zV768qjWoeRxHO4Byq4ME1NOAOmtACBgqe4RXeHO28OO/Ox7K14OQzp/AHzucPo3eQNw==</latexit>

Z1,i
<latexit sha1_base64="ZjF/XzoyBiVY4I3ZAn8spnbzAOo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahBylJFfRY8OKxgm3FNpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsHwJquBSKt1Cg5A+J5jQKJO8E45uZ33ni2ohY3eMk4X5Eh0qEglG0Uuexn3nnYtovV9yaOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2oZINwVt+eZW06zXvola/u6w0qnkcRTiBU6iCB1fQgFtoQgsYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwByxqPIQ==</latexit>

Z2,i
<latexit sha1_base64="WWcysQ6Ov+P3fKTLENMy7TxX9VU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahBylJFfRY8OKxgm3FNpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsHwJquBSKt1Cg5A+J5jQKJO8E45uZ33ni2ohY3eMk4X5Eh0qEglG0Uuexn9XPxbRfrrg1dw6ySrycVCBHs1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NwpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMx+JwOhOUM5sYQyLeythI2opgxtQiUbgrf88ipp12veRa1+d1lpVPM4inACp1AFD66gAbfQhBYwGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDzKGPIg==</latexit>

Fig. 6. State-dependent discrete memoryless two-way channel with sensing at the terminals.

A (2nR1 , 2nR2 , n) code consists of

2The results can be extended to well-behaved continuous channels.
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1) two message sets W1 = [1 : 2nR1 ] and W2 = [1 : 2nR2 ];

2) sequences of encoding functions Ωk,i : Wk ×Z i−1
k → Xk, for i = 1, 2, . . . , n and k = 1, 2;

3) decoding functions gk : Zn →Wk, for k = 1, 2;

4) state estimators φk : X n
k ×Znk → Ŝnk , for k = 1, 2, where Ŝ1 and Ŝ2 are given reconstruction

alphabets.

Fix a blocklength n, rates R1, R2 ≥ 0, and a (2nR1 , 2nR2 , n)-code ({Ω1,i}, {Ω2,i}, g1, g2, φ1, φ2).

Let then the random message Wk be uniformly distributed over the message set Wk, for each

k = 1, 2, and generate the inputs according to the encoding function Xk,i = Ωk,i(Wk, Z
i−1
k ), for

i = 1, . . . , n. Tx k ∈ {1, 2} obtains its state estimate as Ŝnk := (Ŝk,1, · · · , Ŝk,n) = φk(X
n
k , Z

n
k )

and its message guess as Ŵ3−k = gk(Z
n
k ,Wk)

We shall measure the quality of the state estimates Ŝnk by bounded per-symbol distortion

functions dk : Sk × Ŝk 7→ [0,∞), and consider expected average block distortions

∆
(n)
k :=

1

n

n∑

i=1

E
[
dk

(
Sk,i, Ŝk,i

)]
, k = 1, 2. (31)

The probability of decoding error is defined as:

P (n)
e := Pr

(
Ŵ1 6= W1 or Ŵ2 6= W2

)
. (32)

Definition 3. A rate-distortion tuple (R1,R2,D1,D2) is achievable if there exists a sequence (in

n) of (2nR1 , 2nR2 , n) codes that simultaneously satisfy

lim
n→∞

P (n)
e = 0 (33a)

lim
n→∞

∆
(n)
k ≤ Dk, for k = 1, 2. (33b)

Definition 4. The capacity-distortion region CD is the closure of the set of all achievable tuples

(R1,R2,D1,D2).

Remark 5 (State-Information at the Terminals). Considering a two-way channel where

Zk = (Sk̄, Z
′
k), k ∈ {1, 2}, (34)
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for some output Z ′k. This models a situation where each terminal obtains strictly causal state-

information about the other terminal’s state. Inner bounds for this setup with strictly causal

state-information can immediately be obtained from our results presented in the next section

by plugging in the choice in (34). The same remark applies also to imperfect strictly-causal

state-information in which case the output should be modelled as

Zk = (Tk, Z
′
k), k ∈ {1, 2}, (35)

where Z ′k again models the actual channel output and Tk models the strictly causal imperfect

state-information at Terminal k. Alternatively, Tk could even be related to the desired channel

state Sk and not only to the other terminal’s state Sk̄. Plugging the choice (35) into our results for

an appropriate choice of Tk leads to results for this related setup with imperfect or generalized

state-information at the terminals.

In contrast, our model does not include causal or non-causal state-information. These are

interesting extensions of our work, but left for future research. They would certainly require new

tools such as dirty-paper coding [28].

V. A COLLABORATIVE ISAC SCHEME FOR DEVICE-TO-DEVICE COMMUNICATION

We first review Han’s scheme for pure data communication over the two-way channel and

then include the collaborative sensing idea in Han’s scheme. Finally we integrate collaborative

sensing and communication through joint source-channel coding (JSCC).

A. Han’s Two-Way Coding Scheme

The capacity region of the two-way channel, and thus the optimal coding scheme is still open

for general channels. Various inner and outer bounds on the capacity region have been proposed.

For example, Schalkwijk proposed an interesting inner bound for a binary multiplier channel

based on a method that iteratively describes message points, an approach that is reminiscent of

single-user feedback schemes. Han [29] and Kramer [30] proposed schemes that correlate the

inputs of the two terminals in a block-fashion. While for Han’s coding scheme the correlation

ensures a stationary distribution of the inputs and outputs across the blocks and thus still allows
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N
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N
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<latexit sha1_base64="t+UBMl/N3Dfs1HV0kZbc7+TqTAA="></latexit>

f⌦N
2

�
uN

2,(b), u
N
2,(b�1), x

N
2,(b�1), z

N
2,(b�1)

�
<latexit sha1_base64="gUQFoR8ZKp+hZEn7HBk6BDp/jbg="></latexit>

PZ1Z2|X1X2S1S2
<latexit sha1_base64="4FD+8zuWHlgSWPT5P5fN4BRQhw0=">AAACAHicbVA9T8MwEHXKVylfAQYGlogKialKAhKMFSyMRaVt1DayHNdprTpOZDtIVcjCX2FhACFWfgYb/wa3zQAtTzrp6b073d0LEkalsu1vo7Syura+Ud6sbG3v7O6Z+wdtGacCkxaOWSy8AEnCKCctRRUjXiIIigJGOsH4Zup3HoiQNOb3apIQP0JDTkOKkdISNI8aMOtCpwvdRw86HnSb0GlCN4dm1a7ZM1jLxClIFRRoQPOrP4hxGhGuMENS9hw7UX6GhKKYkbzSTyVJEB6jIelpylFEpJ/NHsitU60MrDAWuriyZurviQxFUk6iQHdGSI3kojcV//N6qQqv/IzyJFWE4/miMGWWiq1pGtaACoIVm2iCsKD6VguPkEBY6cwqOgRn8eVl0nZrznnNvbuo1q+LOMrgGJyAM+CAS1AHt6ABWgCDHDyDV/BmPBkvxrvxMW8tGcXMIfgD4/MHo/+VJQ==</latexit>

PS1S2
<latexit sha1_base64="S92HQafP+2oPxwjRNKMGTkkNkT0=">AAAB8XicbVA9SwNBEJ2NXzF+RS1tFoNgFe6ioIVFwMYyEvOByXHsbfaSJXt7x+6eEI78CxsLRWz9N3b+GzfJFZr4YODx3gwz84JEcG0c5xsV1tY3NreK26Wd3b39g/LhUVvHqaKsRWMRq25ANBNcspbhRrBuohiJAsE6wfh25neemNI8lg9mkjAvIkPJQ06JsdJjw8+avtv0a1O/XHGqzhx4lbg5qUCOhl/+6g9imkZMGiqI1j3XSYyXEWU4FWxa6qeaJYSOyZD1LJUkYtrL5hdP8ZlVBjiMlS1p8Fz9PZGRSOtJFNjOiJiRXvZm4n9eLzXhtZdxmaSGSbpYFKYCmxjP3scDrhg1YmIJoYrbWzEdEUWosSGVbAju8surpF2ruhfV2v1lpX6Tx1GEEziFc3DhCupwBw1oAQUJz/AKb0ijF/SOPhatBZTPHMMfoM8fvtaQSg==</latexit>

xN
1,(b)

<latexit sha1_base64="ZsM19vuFw4cB+72OJt/1M723f9s=">AAAB8nicbVBNSwMxEM36WetX1aOXYBEqSNmtgh48FLx4kgr2A7a1ZNNsG5pNlmRWLEt/hhcPinj113jz35i2e9DWBwOP92aYmRfEghtw3W9naXlldW09t5Hf3Nre2S3s7TeMSjRldaqE0q2AGCa4ZHXgIFgr1oxEgWDNYHg98ZuPTBuu5D2MYtaJSF/ykFMCVvKfuql3WgpOxg+33ULRLbtT4EXiZaSIMtS6ha92T9EkYhKoIMb4nhtDJyUaOBVsnG8nhsWEDkmf+ZZKEjHTSacnj/GxVXo4VNqWBDxVf0+kJDJmFAW2MyIwMPPeRPzP8xMILzspl3ECTNLZojARGBSe/I97XDMKYmQJoZrbWzEdEE0o2JTyNgRv/uVF0qiUvbNy5e68WL3K4sihQ3SESshDF6iKblAN1RFFCj2jV/TmgPPivDsfs9YlJ5s5QH/gfP4AEpGQcQ==</latexit>

xN
2,(b)

<latexit sha1_base64="CB5gQJ5Jy2yHsCeZU6rgG1yIcl4=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJUkLJbBT14KHjxJBXsB2xryabZNjSbLElWLEt/hhcPinj113jz35i2e9DWBwOP92aYmRfEnGnjut/O0vLK6tp6biO/ubW9s1vY229omShC60RyqVoB1pQzQeuGGU5bsaI4CjhtBsPrid98pEozKe7NKKadCPcFCxnBxkr+UzetnJaCk/HDbbdQdMvuFGiReBkpQoZat/DV7kmSRFQYwrHWvufGppNiZRjhdJxvJ5rGmAxxn/qWChxR3UmnJ4/RsVV6KJTKljBoqv6eSHGk9SgKbGeEzUDPexPxP89PTHjZSZmIE0MFmS0KE46MRJP/UY8pSgwfWYKJYvZWRAZYYWJsSnkbgjf/8iJpVMreWblyd16sXmVx5OAQjqAEHlxAFW6gBnUgIOEZXuHNMc6L8+58zFqXnGzmAP7A+fwBFByQcg==</latexit>

zN
1,(b)

<latexit sha1_base64="AHGEJod7IFztUs9kiw4JXfadyRk=">AAAB8nicbVBNSwMxEM36WetX1aOXYBEqSNmtgh48FLx4kgr2A7a1ZNNsG5pNlmRWqEt/hhcPinj113jz35i2e9DWBwOP92aYmRfEghtw3W9naXlldW09t5Hf3Nre2S3s7TeMSjRldaqE0q2AGCa4ZHXgIFgr1oxEgWDNYHg98ZuPTBuu5D2MYtaJSF/ykFMCVvKfuql3WgpOxg+33ULRLbtT4EXiZaSIMtS6ha92T9EkYhKoIMb4nhtDJyUaOBVsnG8nhsWEDkmf+ZZKEjHTSacnj/GxVXo4VNqWBDxVf0+kJDJmFAW2MyIwMPPeRPzP8xMILzspl3ECTNLZojARGBSe/I97XDMKYmQJoZrbWzEdEE0o2JTyNgRv/uVF0qiUvbNy5e68WL3K4sihQ3SESshDF6iKblAN1RFFCj2jV/TmgPPivDsfs9YlJ5s5QH/gfP4AFa2Qcw==</latexit>

zN
2,(b)

<latexit sha1_base64="+Lke5EeT5+HRvyXe+/PT6Asz7yk=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJUkLJbBT14KHjxJBXsB2xryabZNjSbLElWqEt/hhcPinj113jz35i2e9DWBwOP92aYmRfEnGnjut/O0vLK6tp6biO/ubW9s1vY229omShC60RyqVoB1pQzQeuGGU5bsaI4CjhtBsPrid98pEozKe7NKKadCPcFCxnBxkr+UzetnJaCk/HDbbdQdMvuFGiReBkpQoZat/DV7kmSRFQYwrHWvufGppNiZRjhdJxvJ5rGmAxxn/qWChxR3UmnJ4/RsVV6KJTKljBoqv6eSHGk9SgKbGeEzUDPexPxP89PTHjZSZmIE0MFmS0KE46MRJP/UY8pSgwfWYKJYvZWRAZYYWJsSnkbgjf/8iJpVMreWblyd16sXmVx5OAQjqAEHlxAFW6gBnUgIOEZXuHNMc6L8+58zFqXnGzmAP7A+fwBFziQdA==</latexit>

Enc 1
<latexit sha1_base64="buVY+/jwA+5ZWg8WD4lGs7Ga/4c=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96MFDQQSPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcUsnmWLos0QkqhNSjYJL9A03AjupQhqHAtvh+Hbmt59QaZ7IRzNJMYjpUPKIM2qs5N9JRrx+perW3DnIKvEKUoUCzX7lqzdIWBajNExQrbuem5ogp8pwJnBa7mUaU8rGdIhdSyWNUQf5/NgpObfKgESJsiUNmau/J3Iaaz2JQ9sZUzPSy95M/M/rZia6DnIu08ygZItFUSaIScjsczLgCpkRE0soU9zeStiIKsqMzadsQ/CWX14lrXrNu6zVH+rVxk0RRwlO4QwuwIMraMA9NMEHBhye4RXeHOm8OO/Ox6J1zSlmTuAPnM8f5lOODw==</latexit>

W2,(b)
<latexit sha1_base64="R8ET/LRP3ZGF9SP7ljAjhu9Cf8U=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpTdVtCDh4IXjxXsh7RLyabZNjTJLklWKEt/hRcPinj153jz35i2e9DWBwOP92aYmRfEnGnjut9Obm19Y3Mrv13Y2d3bPygeHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsa3M7/9RJVmkXwwk5j6Ag8lCxnBxkqP7X5avSgH59N+seRW3DnQKvEyUoIMjX7xqzeISCKoNIRjrbueGxs/xcowwum00Es0jTEZ4yHtWiqxoNpP5wdP0ZlVBiiMlC1p0Fz9PZFiofVEBLZTYDPSy95M/M/rJia89lMm48RQSRaLwoQjE6HZ92jAFCWGTyzBRDF7KyIjrDAxNqOCDcFbfnmVtKoVr1ap3l+W6jdZHHk4gVMogwdXUIc7aEATCAh4hld4c5Tz4rw7H4vWnJPNHMMfOJ8/jDqPkQ==</latexit>

W1,(b)
<latexit sha1_base64="Lfbz8BxpeE4CU8XV0n9tqeJIYSw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpTdVtCDh4IXjxXsh7RLyabZNjTJLklWKEt/hRcPinj153jz35i2e9DWBwOP92aYmRfEnGnjut9Obm19Y3Mrv13Y2d3bPygeHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsa3M7/9RJVmkXwwk5j6Ag8lCxnBxkqP7X7qXZSD82m/WHIr7hxolXgZKUGGRr/41RtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n84On6MwqAxRGypY0aK7+nkix0HoiAtspsBnpZW8m/ud1ExNe+ymTcWKoJItFYcKRidDsezRgihLDJ5Zgopi9FZERVpgYm1HBhuAtv7xKWtWKV6tU7y9L9ZssjjycwCmUwYMrqMMdNKAJBAQ8wyu8Ocp5cd6dj0VrzslmjuEPnM8firGPkA==</latexit>

Enc 2
<latexit sha1_base64="Ce8wuvt8vWySz2IZLKn3qRP8gO4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkk86MFDQQSPFUxbaEPZbDft0s0m7E6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCiTwqDrfjtr6xubW9ulnfLu3v7BYeXouGnSXDMesFSmuh1Rw6VQPECBkrczzWkSSd6KRrczv/XEtRGpesRxxsOEDpSIBaNopeBOMeL3KlW35s5BVolXkCoUaPQqX91+yvKEK2SSGtPx3AzDCdUomOTTcjc3PKNsRAe8Y6miCTfhZH7slJxbpU/iVNtSSObq74kJTYwZJ5HtTCgOzbI3E//zOjnG1+FEqCxHrthiUZxLgimZfU76QnOGcmwJZVrYWwkbUk0Z2nzKNgRv+eVV0vRr3mXNf/Cr9ZsijhKcwhlcgAdXUId7aEAADAQ8wyu8Ocp5cd6dj0XrmlPMnMAfOJ8/59eOEA==</latexit>

SN
1,(b), SN

2,(b)
<latexit sha1_base64="16ExOuICjWVOoYs0AV7C90oZL6s=">AAACA3icbVC7SgNBFL3rM8bXqp02g0GIEMJuFLSwCNhYSUTzgGRdZiezyZDZBzOzQlgCNv6KjYUitv6EnX/jJNlCEw8MnHvOvdy5x4s5k8qyvo2FxaXlldXcWn59Y3Nr29zZbcgoEYTWScQj0fKwpJyFtK6Y4rQVC4oDj9OmN7gc+80HKiSLwjs1jKkT4F7IfEaw0pJr7t+6qV0qesej++tSp4R0WclK1yxYZWsCNE/sjBQgQ801vzrdiCQBDRXhWMq2bcXKSbFQjHA6yncSSWNMBrhH25qGOKDSSSc3jNCRVrrIj4R+oUIT9fdEigMph4GnOwOs+nLWG4v/ee1E+edOysI4UTQk00V+wpGK0DgQ1GWCEsWHmmAimP4rIn0sMFE6trwOwZ49eZ40KmX7pFy5OS1UL7I4cnAAh1AEG86gCldQgzoQeIRneIU348l4Md6Nj2nrgpHN7MEfGJ8/NdaVTg==</latexit>

Two-Way Channel with Memory
<latexit sha1_base64="2TyI1s40zGakNCvQ+9sNBOze4UA=">AAACBHicbVC7SgNBFJ31GeMraplmMAg2ht1YaGERSGMjRMgLkiXMTm6SIbMzy8ysYVlS2PgrNhaK2PoRdv6Nk0ehiQcuHM65l3vvCSLOtHHdb2dtfWNzazuzk93d2z84zB0dN7SMFYU6lVyqVkA0cCagbpjh0IoUkDDg0AxGlanffAClmRQ1k0Tgh2QgWJ9RYqzUzeVrY3nRJAmuDIkQwPGYmSG+g1CqpJsruEV3BrxKvAUpoAWq3dxXpydpHIIwlBOt254bGT8lyjDKYZLtxBoiQkdkAG1LBQlB++nsiQk+s0oP96WyJQyeqb8nUhJqnYSB7QyJGeplbyr+57Vj07/2Uyai2ICg80X9mGMj8TQR3GMKqOGJJYQqZm/FdEgUocbmlrUheMsvr5JGqehdFkv3pUL5ZhFHBuXRKTpHHrpCZXSLqqiOKHpEz+gVvTlPzovz7nzMW9ecxcwJ+gPn8wfolpeb</latexit>

Ŵ1,(b�1)
<latexit sha1_base64="g2rIF6fqh0cie6nD3l1ZdLOi/So=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpakCrpwUXDjsoJ9QBvCZDpph04ezEyUEvMpblwo4tYvceffOG2z0NYDFw7n3Mu993gxZ1JZ1rdRWFldW98obpa2tnd298zyfltGiSC0RSIeia6HJeUspC3FFKfdWFAceJx2vPHN1O88UCFZFN6rSUydAA9D5jOClZZcs9wfYZV2Mje1T6vemX2SuWbFqlkzoGVi56QCOZqu+dUfRCQJaKgIx1L2bCtWToqFYoTTrNRPJI0xGeMh7Wka4oBKJ52dnqFjrQyQHwldoUIz9fdEigMpJ4GnOwOsRnLRm4r/eb1E+VdOysI4UTQk80V+wpGK0DQHNGCCEsUnmmAimL4VkREWmCidVkmHYC++vEza9Zp9XqvfXVQa13kcRTiEI6iCDZfQgFtoQgsIPMIzvMKb8WS8GO/Gx7y1YOQzB/AHxucPxDKTAA==</latexit>

Ŵ2,(b�1)
<latexit sha1_base64="hOdGJ79gkEzEsTkbxDEVQEaE1qI=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahgpakCnrwUPDisYL9gDaEzXbTLt1swu5EKTE/xYsHRbz6S7z5b9y2OWjrg4HHezPMzPNjzhTY9rdRWFldW98obpa2tnd298zyfltFiSS0RSIeya6PFeVM0BYw4LQbS4pDn9OOP76Z+p0HKhWLxD1MYuqGeChYwAgGLXlmuT/CkHYyL62fVv0z5yTzzIpds2ewlomTkwrK0fTMr/4gIklIBRCOleo5dgxuiiUwwmlW6ieKxpiM8ZD2NBU4pMpNZ6dn1rFWBlYQSV0CrJn6eyLFoVKT0NedIYaRWvSm4n9eL4Hgyk2ZiBOggswXBQm3ILKmOVgDJikBPtEEE8n0rRYZYYkJ6LRKOgRn8eVl0q7XnPNa/e6i0rjO4yiiQ3SEqshBl6iBblETtRBBj+gZvaI348l4Md6Nj3lrwchnDtAfGJ8/xb2TAQ==</latexit>

xN
1,(b), z

N
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N
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xN
1,(b�1), z

N
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<latexit sha1_base64="OHQqRuLfO10XROvmvugR51chNV0="></latexit>

Decoding with
<latexit sha1_base64="4iPlJrHiaATORHopomvbVpain+I=">AAAB9HicbVA9SwNBEN2LXzF+RS1tFoNgFe5ioYVFQAvLCOYDkiPs7c0lS/Z2z929SDjyO2wsFLH1x9j5b9wkV2jig4HHezPMzAsSzrRx3W+nsLa+sblV3C7t7O7tH5QPj1papopCk0ouVScgGjgT0DTMcOgkCkgccGgHo5uZ3x6D0kyKBzNJwI/JQLCIUWKs5N8ClSETA/zEzLBfrrhVdw68SrycVFCORr/81QslTWMQhnKidddzE+NnRBlGOUxLvVRDQuiIDKBrqSAxaD+bHz3FZ1YJcSSVLWHwXP09kZFY60kc2M6YmKFe9mbif143NdGVnzGRpAYEXSyKUo6NxLMEcMgUUMMnlhCqmL0V0yFRhBqbU8mG4C2/vEpatap3Ua3d1yr16zyOIjpBp+gceegS1dEdaqAmougRPaNX9OaMnRfn3flYtBacfOYY/YHz+QORZZHx</latexit>

Decoding with
<latexit sha1_base64="4iPlJrHiaATORHopomvbVpain+I=">AAAB9HicbVA9SwNBEN2LXzF+RS1tFoNgFe5ioYVFQAvLCOYDkiPs7c0lS/Z2z929SDjyO2wsFLH1x9j5b9wkV2jig4HHezPMzAsSzrRx3W+nsLa+sblV3C7t7O7tH5QPj1papopCk0ouVScgGjgT0DTMcOgkCkgccGgHo5uZ3x6D0kyKBzNJwI/JQLCIUWKs5N8ClSETA/zEzLBfrrhVdw68SrycVFCORr/81QslTWMQhnKidddzE+NnRBlGOUxLvVRDQuiIDKBrqSAxaD+bHz3FZ1YJcSSVLWHwXP09kZFY60kc2M6YmKFe9mbif143NdGVnzGRpAYEXSyKUo6NxLMEcMgUUMMnlhCqmL0V0yFRhBqbU8mG4C2/vEpatap3Ua3d1yr16zyOIjpBp+gceegS1dEdaqAmougRPaNX9OaMnRfn3flYtBacfOYY/YHz+QORZZHx</latexit>

xN
2,(b), z

N
2,(b), u

N
2,(b�1),

xN
2,(b�1), z

N
2,(b�1)

<latexit sha1_base64="PoF3pgTebYVONvgyrKEtIXBVB8s="></latexit>

uN
1,(b)

�
W1,(b)

�
<latexit sha1_base64="8Q8XRm8Whrg2yd0G0BnlBoDzl7M=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVoQcpMFXThouDGlVSwD2jHIZOmbWjmQZIRytCdG3/FjQtF3PoL7vwbM+0I2nogcO4593JzjxdxJpVlfRkLi0vLK6u5tfz6xubWtrmz25BhLAitk5CHouVhSTkLaF0xxWkrEhT7HqdNb3iZ+s17KiQLg1s1iqjj437AeoxgpSXXPIjdxD4ueqXx3XXHY/1i86dOq5JrFqyyNQGaJ3ZGCpCh5pqfnW5IYp8GinAsZdu2IuUkWChGOB3nO7GkESZD3KdtTQPsU+kkkzvG6EgrXdQLhX6BQhP190SCfSlHvqc7fawGctZLxf+8dqx6507CgihWNCDTRb2YIxWiNBTUZYISxUeaYCKY/isiAywwUTq6vA7Bnj15njQqZfukXLk5LVQvsjhysA+HUAQbzqAKV1CDOhB4gCd4gVfj0Xg23oz3aeuCkc3swR8YH98ct5eI</latexit>

uN
2,(b)

�
W2,(b)

�
<latexit sha1_base64="EZeOhRvsWwyKjloRW8o/KdPGUZs=">AAACB3icbVDLSsNAFL3xWesr6lKQYBFakJJUQRcuCm5cSQX7gDaGyXTaDp1MwsxEKKE7N/6KGxeKuPUX3Pk3TtoI2npg4Nxz7uXOPX7EqFS2/WUsLC4tr6zm1vLrG5tb2+bObkOGscCkjkMWipaPJGGUk7qiipFWJAgKfEaa/vAy9Zv3REga8ls1iogboD6nPYqR0pJnHsReUjku+qXx3XXHp/1i86dOq5JnFuyyPYE1T5yMFCBDzTM/O90QxwHhCjMkZduxI+UmSCiKGRnnO7EkEcJD1CdtTTkKiHSTyR1j60grXasXCv24sibq74kEBVKOAl93BkgN5KyXiv957Vj1zt2E8ihWhOPpol7MLBVaaShWlwqCFRtpgrCg+q8WHiCBsNLR5XUIzuzJ86RRKTsn5crNaaF6kcWRg304hCI4cAZVuIIa1AHDAzzBC7waj8az8Wa8T1sXjGxmD/7A+PgGH+OXig==</latexit>

Fig. 7. Han’s coding scheme in a given block b. Encoders transform the discrete-memoryless two-way channel into a channel
with memory so as to be able to correlate the inputs of the two terminals. Encoding is then performed through the independent
codewords uN

1,(b) and uN
2,(b). Decoding of block-(b−1) messages is performed based on the inputs/outputs in the two consecutive

blocks b− 1 and b.

for single-letter rate-expressions, Kramer has to resort to multi-letter rate-expressions based on

directed mutual informations. An interesting outer bound on the capacity region was proposed

by Hekstra and Willems [22] again based on the dependence-balance idea, similar to the MAC

with feedback.

The ISAC scheme we present in this manuscript is based on Han’s coding scheme, which is

depicted in Figure 7 and described in the following. For convenience of notation, define

PZ1Z2|X1X2(z1, z2|x1, x2) =
∑

s1∈S1,s2∈S2

PS1S2(s1, s2)PZ1Z2|X1X2S1S2(z1, z2|x1, x2, s1, s2). (36)

Han’s scheme splits the blocklength n into B + 1 blocks of length N = n/(B + 1) each.

Accordingly, throughout, we let XN
1,(b), X

N
2,(b), S

N
1,(b), S

N
2,(b), Z

N
1,(b), Z

N
2,(b) denote the block-b inputs,

states and outputs, e.g., SN1,(b) := (S1(b−1)N+1, . . . , S1,bN). We also represent the two messages

W1 and W2 in a one-to-one way as the B-length tuples

Wk = (Wk,(1), . . . ,Wk,(B)), k ∈ {1, 2}, (37)

where each Wk,(b) is independent and uniformly distributed over
[
2NR̄k

]
for R̄k , B+1

B
Rk.

Construct an independent code Ck,(b) =
{
uNk,(b)(1), . . . , uNk,(b)

(
2nR̄k

)}
for each of the two

terminals by picking entries i.i.d. according to some pmf PUk
. As shown in Figure 7, Terminal
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k encodes Message Wk,(b) by means of the codeword uNk,(b)(Wk,(b)) and sends the sequence

XN
k,(b) = f⊗Nk

(
uNk,(b)(Wk,(b)), u

N
k,(b−1)(Wk,(b−1)), x

N
k,(b−1), z

N
k,(b−1)

)
(38)

over the channel during block b. Notice that by applying the function fk to the block-b codeword

symbols as well as to the symbols of the block-(b−1) codeword uNk,(b−1)(Wk,(b−1)) and the block-

(b − 1) channel inputs and outputs xNk,(b−1) and zNk,(b−1), the terminals introduce memory to the

channel. An interesting point of view is to consider the transition of the codewords uN1,(b) and

uN2,(b) to the channel outputs zN1,(b) and zN2,(b) as a virtual two-way channel with block-memory

over which one can code and decode. Naturally, decoding of each message part Wk,(b) is not

based only on the signals in block (b) because other blocks depend on this message as well.

In Han’s scheme, decoding is over two consecutive blocks. Specifically, Terminal k decodes the

block-b message Wk̄,(b) using a joint-typicality decoder based on the block-b inputs, outputs, and

own transmitted codewords xNk,(b), z
N
k,(b) and uNk,(b), as well as on the block-(b + 1) inputs and

outputs xNk,(b+1) and zNk,(b+1).

Notice that without any special care, the rate-region that is achievable with above scheme

has to be described with a multi-letter expression because the joint pmf of the tuple

xN1,(b+1), z
N
1,(b+1), u

N
1,(b), x

N
1,(b), z

N
1,(b) that Terminal 1 uses to decode codeword uN2,(b)(Wk,(b)) varies

with the block b. However, if one chooses a joint pmf PU1U2X1X2Z1Z2 satisfying the stationarity

condition

PU1U2X1X2Z1Z2(u1, u2, x1, x2, z1, z2)

=
∑

ũ1,ũ2,x̃1,x̃2,z̃1,z̃2

PZ1Z2|X1X2(z1, z2|x1, x2)1{x1 = f1(u1, ũ1, x̃1, z̃1)}

1{x2 = f2(u2, ũ2, x̃2, z̃2)} · PU1(u1)PU2(u2)PU1U2X1X2Z1Z2(ũ1, ũ2, x̃1, x̃2, z̃1, z̃2), (39)

where PU1 and PU2 are the marginals of PU1U2X1X2Z1Z2 , then the pmf of the tuple of sequences

xN1,(b+1), x
N

2,(b+1), z
N
1,(b+1), z

N
2,(b+1), u

N
1,(b), u

N
2,(b), x

N
1,(b), x

N
2,(b), z

N
1,(b), z

N
2,(b) is independent of the block

index b. This allows to characterize the rate region achieved by the described coding scheme
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using a single-letter expression. All rate-pairs (R1, R2) are achievable that satisfy

R1 ≤ I(U1;X2, Z2, Ũ2, X̃2, Z̃2) (40a)

R2 ≤ I(U2;X1, Z1, Ũ1, X̃1, Z̃1), (40b)

where (U1, U2, X1, X2, Z1, Z2, Ũ1, Ũ2, X̃1, X̃2, Z̃1, Z̃2) are distributed according to the pmf

PU1U2X1X2Z1Z2Ũ1Ũ2X̃1X̃2Z̃1Z̃2
(u1, u2, x1, x2, z1, z2, ũ1, ũ2, x̃1, x̃2, z̃1, z̃2)

= PZ1Z2|X1X2(z1, z2|x1, x2)1{x1 = f1(u1, ũ1, x̃1, z̃1)}1{x2 = f2(u2, ũ2, x̃2, z̃2)}

·PU1(u1)PU2(u2)PU1U2X1X2Z1Z2(ũ1, ũ2, x̃1, x̃2, z̃1, z̃2). (41)

This recovers Han’s theorem:

Theorem 4 (Han’s Achievable Region for Two-Way Channels [29]). Any nonnegative rate-pair

(R1, R2) is achievable over the two-way channel if it satisfies Inequalities (40) for some choice

of pmf PU1U2X1X2Z1Z2 and functions f1 and f2 satisfying the stationarity condition (39).

For certain cases the above theorem can be simplified, and for certain channels the simplified

region even coincides with capacity. The simplification is obtained by choosing the two functions

f1 and f2 to simply produce the codewords uN1,(b−1) and uN2,(b−1) from the previous block3 and

ignore the other arguments. In this case, the set of rates that can be achieved coincides with the

following inner bound that was first proposed by Shannon [31].

Theorem 5 (Shannon’s Inner Bound, [31]). A pair of nonnegative pairs (R1, R2) is achievable

if it satisfies

R1 ≤ I(X1;Z2|X2) (42a)

R2 ≤ I(X2;Z1|X1), (42b)

for some input pmfs PX1 and PX2 and where (X1, X2, Z1, Z2) ∼ PX1PX2PZ1Z2|X1X2 .
3The delay of a block introduced in this scheme is not crucial, it simply comes from the fact that Han’s scheme decodes the

block-(b−1) codewords based on the block-b outputs. In this special case without adaptation, Han’s scheme could be simplified
by transmitting and decoding the codewords uN

1,(b−1) and uN
2,(b−1) directly in block b− 1 without further delay.
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B. Collaborative Sensing and Communication based on Han’s Two-Way Coding Scheme

We extend Han’s coding scheme to include also collaborative sensing, that means each terminal

compresses its block-b inputs and outputs so as to capture information about the other terminal’s

state and sends this state-information in the next-following block. In this first collaborative

sensing and communication scheme that we present here, the sensing (compression) does not

affect the communication (except possibly for the choice of the pmf PU1U2X1X2Z1Z2). In fact, we

f⌦N
1

�
uN

1,(b), u
N
1,(b�1), x

N
1,(b�1), z

N
1,(b�1)

�
<latexit sha1_base64="t+UBMl/N3Dfs1HV0kZbc7+TqTAA="></latexit>

PZ1Z2|X1X2S1S2
<latexit sha1_base64="4FD+8zuWHlgSWPT5P5fN4BRQhw0=">AAACAHicbVA9T8MwEHXKVylfAQYGlogKialKAhKMFSyMRaVt1DayHNdprTpOZDtIVcjCX2FhACFWfgYb/wa3zQAtTzrp6b073d0LEkalsu1vo7Syura+Ud6sbG3v7O6Z+wdtGacCkxaOWSy8AEnCKCctRRUjXiIIigJGOsH4Zup3HoiQNOb3apIQP0JDTkOKkdISNI8aMOtCpwvdRw86HnSb0GlCN4dm1a7ZM1jLxClIFRRoQPOrP4hxGhGuMENS9hw7UX6GhKKYkbzSTyVJEB6jIelpylFEpJ/NHsitU60MrDAWuriyZurviQxFUk6iQHdGSI3kojcV//N6qQqv/IzyJFWE4/miMGWWiq1pGtaACoIVm2iCsKD6VguPkEBY6cwqOgRn8eVl0nZrznnNvbuo1q+LOMrgGJyAM+CAS1AHt6ABWgCDHDyDV/BmPBkvxrvxMW8tGcXMIfgD4/MHo/+VJQ==</latexit>

PS1S2
<latexit sha1_base64="S92HQafP+2oPxwjRNKMGTkkNkT0=">AAAB8XicbVA9SwNBEJ2NXzF+RS1tFoNgFe6ioIVFwMYyEvOByXHsbfaSJXt7x+6eEI78CxsLRWz9N3b+GzfJFZr4YODx3gwz84JEcG0c5xsV1tY3NreK26Wd3b39g/LhUVvHqaKsRWMRq25ANBNcspbhRrBuohiJAsE6wfh25neemNI8lg9mkjAvIkPJQ06JsdJjw8+avtv0a1O/XHGqzhx4lbg5qUCOhl/+6g9imkZMGiqI1j3XSYyXEWU4FWxa6qeaJYSOyZD1LJUkYtrL5hdP8ZlVBjiMlS1p8Fz9PZGRSOtJFNjOiJiRXvZm4n9eLzXhtZdxmaSGSbpYFKYCmxjP3scDrhg1YmIJoYrbWzEdEUWosSGVbAju8surpF2ruhfV2v1lpX6Tx1GEEziFc3DhCupwBw1oAQUJz/AKb0ijF/SOPhatBZTPHMMfoM8fvtaQSg==</latexit>

xN
1,(b)

<latexit sha1_base64="ZsM19vuFw4cB+72OJt/1M723f9s=">AAAB8nicbVBNSwMxEM36WetX1aOXYBEqSNmtgh48FLx4kgr2A7a1ZNNsG5pNlmRWLEt/hhcPinj113jz35i2e9DWBwOP92aYmRfEghtw3W9naXlldW09t5Hf3Nre2S3s7TeMSjRldaqE0q2AGCa4ZHXgIFgr1oxEgWDNYHg98ZuPTBuu5D2MYtaJSF/ykFMCVvKfuql3WgpOxg+33ULRLbtT4EXiZaSIMtS6ha92T9EkYhKoIMb4nhtDJyUaOBVsnG8nhsWEDkmf+ZZKEjHTSacnj/GxVXo4VNqWBDxVf0+kJDJmFAW2MyIwMPPeRPzP8xMILzspl3ECTNLZojARGBSe/I97XDMKYmQJoZrbWzEdEE0o2JTyNgRv/uVF0qiUvbNy5e68WL3K4sihQ3SESshDF6iKblAN1RFFCj2jV/TmgPPivDsfs9YlJ5s5QH/gfP4AEpGQcQ==</latexit>

xN
2,(b)

<latexit sha1_base64="CB5gQJ5Jy2yHsCeZU6rgG1yIcl4=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJUkLJbBT14KHjxJBXsB2xryabZNjSbLElWLEt/hhcPinj113jz35i2e9DWBwOP92aYmRfEnGnjut/O0vLK6tp6biO/ubW9s1vY229omShC60RyqVoB1pQzQeuGGU5bsaI4CjhtBsPrid98pEozKe7NKKadCPcFCxnBxkr+UzetnJaCk/HDbbdQdMvuFGiReBkpQoZat/DV7kmSRFQYwrHWvufGppNiZRjhdJxvJ5rGmAxxn/qWChxR3UmnJ4/RsVV6KJTKljBoqv6eSHGk9SgKbGeEzUDPexPxP89PTHjZSZmIE0MFmS0KE46MRJP/UY8pSgwfWYKJYvZWRAZYYWJsSnkbgjf/8iJpVMreWblyd16sXmVx5OAQjqAEHlxAFW6gBnUgIOEZXuHNMc6L8+58zFqXnGzmAP7A+fwBFByQcg==</latexit>

zN
1,(b)

<latexit sha1_base64="AHGEJod7IFztUs9kiw4JXfadyRk=">AAAB8nicbVBNSwMxEM36WetX1aOXYBEqSNmtgh48FLx4kgr2A7a1ZNNsG5pNlmRWqEt/hhcPinj113jz35i2e9DWBwOP92aYmRfEghtw3W9naXlldW09t5Hf3Nre2S3s7TeMSjRldaqE0q2AGCa4ZHXgIFgr1oxEgWDNYHg98ZuPTBuu5D2MYtaJSF/ykFMCVvKfuql3WgpOxg+33ULRLbtT4EXiZaSIMtS6ha92T9EkYhKoIMb4nhtDJyUaOBVsnG8nhsWEDkmf+ZZKEjHTSacnj/GxVXo4VNqWBDxVf0+kJDJmFAW2MyIwMPPeRPzP8xMILzspl3ECTNLZojARGBSe/I97XDMKYmQJoZrbWzEdEE0o2JTyNgRv/uVF0qiUvbNy5e68WL3K4sihQ3SESshDF6iKblAN1RFFCj2jV/TmgPPivDsfs9YlJ5s5QH/gfP4AFa2Qcw==</latexit>

zN
2,(b)

<latexit sha1_base64="+Lke5EeT5+HRvyXe+/PT6Asz7yk=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJUkLJbBT14KHjxJBXsB2xryabZNjSbLElWqEt/hhcPinj113jz35i2e9DWBwOP92aYmRfEnGnjut/O0vLK6tp6biO/ubW9s1vY229omShC60RyqVoB1pQzQeuGGU5bsaI4CjhtBsPrid98pEozKe7NKKadCPcFCxnBxkr+UzetnJaCk/HDbbdQdMvuFGiReBkpQoZat/DV7kmSRFQYwrHWvufGppNiZRjhdJxvJ5rGmAxxn/qWChxR3UmnJ4/RsVV6KJTKljBoqv6eSHGk9SgKbGeEzUDPexPxP89PTHjZSZmIE0MFmS0KE46MRJP/UY8pSgwfWYKJYvZWRAZYYWJsSnkbgjf/8iJpVMreWblyd16sXmVx5OAQjqAEHlxAFW6gBnUgIOEZXuHNMc6L8+58zFqXnGzmAP7A+fwBFziQdA==</latexit>

uN
1,(b)

�
W1,(b), J

⇤
1,(b�1)

�
<latexit sha1_base64="+CpHVRtFLJ1OJYJIdHhoBhaJER4=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARWqllpgq6cFFwIy6kgr1AOw6ZNG1DM5khyQhl6Eu48VXcuFDEreDOtzHTjqCtBwJf/v8ckvN7IaNSWdaXkVlYXFpeya7m1tY3NrfM7Z2GDCKBSR0HLBAtD0nCKCd1RRUjrVAQ5HuMNL3hReI374mQNOC3ahQSx0d9TnsUI6Ul1yxFbmyXCl5xfHfd8Wi/0Py5l66mdGRr7zDxiq6Zt8rWpOA82CnkQVo11/zsdAMc+YQrzJCUbdsKlRMjoShmZJzrRJKECA9Rn7Q1cuQT6cSTrcbwQCtd2AuEPlzBifp7Ika+lCPf050+UgM56yXif147Ur0zJ6Y8jBThePpQL2JQBTCJCHapIFixkQaEBdV/hXiABMJKB5nTIdizK89Do1K2j8uVm5N89TyNIwv2wD4oABucgiq4BDVQBxg8gCfwAl6NR+PZeDPep60ZI53ZBX/K+PgGdeqb1w==</latexit>

Enc 1
<latexit sha1_base64="buVY+/jwA+5ZWg8WD4lGs7Ga/4c=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96MFDQQSPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcUsnmWLos0QkqhNSjYJL9A03AjupQhqHAtvh+Hbmt59QaZ7IRzNJMYjpUPKIM2qs5N9JRrx+perW3DnIKvEKUoUCzX7lqzdIWBajNExQrbuem5ogp8pwJnBa7mUaU8rGdIhdSyWNUQf5/NgpObfKgESJsiUNmau/J3Iaaz2JQ9sZUzPSy95M/M/rZia6DnIu08ygZItFUSaIScjsczLgCpkRE0soU9zeStiIKsqMzadsQ/CWX14lrXrNu6zVH+rVxk0RRwlO4QwuwIMraMA9NMEHBhye4RXeHOm8OO/Ox6J1zSlmTuAPnM8f5lOODw==</latexit>

W1,(b)
<latexit sha1_base64="Lfbz8BxpeE4CU8XV0n9tqeJIYSw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpTdVtCDh4IXjxXsh7RLyabZNjTJLklWKEt/hRcPinj153jz35i2e9DWBwOP92aYmRfEnGnjut9Obm19Y3Mrv13Y2d3bPygeHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsa3M7/9RJVmkXwwk5j6Ag8lCxnBxkqP7X7qXZSD82m/WHIr7hxolXgZKUGGRr/41RtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n84On6MwqAxRGypY0aK7+nkix0HoiAtspsBnpZW8m/ud1ExNe+ymTcWKoJItFYcKRidDsezRgihLDJ5Zgopi9FZERVpgYm1HBhuAtv7xKWtWKV6tU7y9L9ZssjjycwCmUwYMrqMMdNKAJBAQ8wyu8Ocp5cd6dj0VrzslmjuEPnM8firGPkA==</latexit>

J⇤
1,(b)

<latexit sha1_base64="2x6CT0vKULExjdC0p8TjczydQKI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQRcJuFPTgIeBFPEUwD9isYXYymwyZnVlmeoWw5DO8eFDEq1/jzb9x8jhotKChqOqmuytMBDfgul9Obml5ZXUtv17Y2Nza3inu7jWNSjVlDaqE0u2QGCa4ZA3gIFg70YzEoWCtcHg98VuPTBuu5D2MEhbEpC95xCkBK/m33cw7LYfH44eTbrHkVtwp8F/izUkJzVHvFj87PUXTmEmgghjje24CQUY0cCrYuNBJDUsIHZI+8y2VJGYmyKYnj/GRVXo4UtqWBDxVf05kJDZmFIe2MyYwMIveRPzP81OILoOMyyQFJulsUZQKDApP/sc9rhkFMbKEUM3trZgOiCYUbEoFG4K3+PJf0qxWvLNK9e68VLuax5FHB+gQlZGHLlAN3aA6aiCKFHpCL+jVAefZeXPeZ605Zz6zj37B+fgGlG6QHw==</latexit>

D<latexit sha1_base64="0Z9RTzpD0Btya252f8AuU4HPn4E=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaEnUwhISQRK4kL1lDlb29i67eybkwi+wsdAYW3+Snf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7VrVu6jWmrVK/TqPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/mBeMyg==</latexit>

J⇤
1,(b�1)

<latexit sha1_base64="0JCld0HW9Y43kNNg1RY0PfwfOpM=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahipakCnrwUPAinirYD2hj2Ww37dLNJu5uCiX0d3jxoIhXf4w3/43bNgdtfTDweG+GmXlexJnStv1tZZaWV1bXsuu5jc2t7Z387l5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gZuI3hlQqFooHPYqoG+CeYD4jWBvJveskzmnRO3OOx48nnXzBLtlToEXipKQAKaqd/Fe7G5I4oEITjpVqOXak3QRLzQin41w7VjTCZIB7tGWowAFVbjI9eoyOjNJFfihNCY2m6u+JBAdKjQLPdAZY99W8NxH/81qx9q/chIko1lSQ2SI/5kiHaJIA6jJJieYjQzCRzNyKSB9LTLTJKWdCcOZfXiT1csk5L5XvLwqV6zSOLBzAIRTBgUuowC1UoQYEnuAZXuHNGlov1rv1MWvNWOnMPvyB9fkDcqKQkQ==</latexit>

SN
1,(b), SN

2,(b)
<latexit sha1_base64="16ExOuICjWVOoYs0AV7C90oZL6s=">AAACA3icbVC7SgNBFL3rM8bXqp02g0GIEMJuFLSwCNhYSUTzgGRdZiezyZDZBzOzQlgCNv6KjYUitv6EnX/jJNlCEw8MnHvOvdy5x4s5k8qyvo2FxaXlldXcWn59Y3Nr29zZbcgoEYTWScQj0fKwpJyFtK6Y4rQVC4oDj9OmN7gc+80HKiSLwjs1jKkT4F7IfEaw0pJr7t+6qV0qesej++tSp4R0WclK1yxYZWsCNE/sjBQgQ801vzrdiCQBDRXhWMq2bcXKSbFQjHA6yncSSWNMBrhH25qGOKDSSSc3jNCRVrrIj4R+oUIT9fdEigMph4GnOwOs+nLWG4v/ee1E+edOysI4UTQk00V+wpGK0DgQ1GWCEsWHmmAimP4rIn0sMFE6trwOwZ49eZ40KmX7pFy5OS1UL7I4cnAAh1AEG86gCldQgzoQeIRneIU348l4Md6Nj2nrgpHN7MEfGJ8/NdaVTg==</latexit>

Ŵ2,(b�1)
<latexit sha1_base64="hOdGJ79gkEzEsTkbxDEVQEaE1qI=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahgpakCnrwUPDisYL9gDaEzXbTLt1swu5EKTE/xYsHRbz6S7z5b9y2OWjrg4HHezPMzPNjzhTY9rdRWFldW98obpa2tnd298zyfltFiSS0RSIeya6PFeVM0BYw4LQbS4pDn9OOP76Z+p0HKhWLxD1MYuqGeChYwAgGLXlmuT/CkHYyL62fVv0z5yTzzIpds2ewlomTkwrK0fTMr/4gIklIBRCOleo5dgxuiiUwwmlW6ieKxpiM8ZD2NBU4pMpNZ6dn1rFWBlYQSV0CrJn6eyLFoVKT0NedIYaRWvSm4n9eL4Hgyk2ZiBOggswXBQm3ILKmOVgDJikBPtEEE8n0rRYZYYkJ6LRKOgRn8eVl0q7XnPNa/e6i0rjO4yiiQ3SEqshBl6iBblETtRBBj+gZvaI348l4Md6Nj3lrwchnDtAfGJ8/xb2TAQ==</latexit>

xN
1,(b), z

N
1,(b), u

N
1,(b�1),

xN
1,(b�1), z

N
1,(b�1),

<latexit sha1_base64="OHQqRuLfO10XROvmvugR51chNV0="></latexit>

Decoding with
<latexit sha1_base64="4iPlJrHiaATORHopomvbVpain+I=">AAAB9HicbVA9SwNBEN2LXzF+RS1tFoNgFe5ioYVFQAvLCOYDkiPs7c0lS/Z2z929SDjyO2wsFLH1x9j5b9wkV2jig4HHezPMzAsSzrRx3W+nsLa+sblV3C7t7O7tH5QPj1papopCk0ouVScgGjgT0DTMcOgkCkgccGgHo5uZ3x6D0kyKBzNJwI/JQLCIUWKs5N8ClSETA/zEzLBfrrhVdw68SrycVFCORr/81QslTWMQhnKidddzE+NnRBlGOUxLvVRDQuiIDKBrqSAxaD+bHz3FZ1YJcSSVLWHwXP09kZFY60kc2M6YmKFe9mbif143NdGVnzGRpAYEXSyKUo6NxLMEcMgUUMMnlhCqmL0V0yFRhBqbU8mG4C2/vEpatap3Ua3d1yr16zyOIjpBp+gceegS1dEdaqAmougRPaNX9OaMnRfn3flYtBacfOYY/YHz+QORZZHx</latexit>

xN
1,(b), z

N
1,(b), u

N
1,(b�1),

xN
1,(b�1), z

N
1,(b�1),
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Fig. 8. A first collaborative-sensing version of Han’s coding scheme. The figure illustrates the encoding and decoding operations
in a given block b at Terminal 1; Terminal 2 behaves analogously. To facilitate sensing at Terminal 2, Terminal 1 compresses
its block-b channel inputs and outputs, together with its inputs, outputs, and codeword from the previous block (b− 1) (which
are all resent in block b) using Wyner-Ziv compression [32] to account for the side-information at Terminal 2.

again use Han’s encodings and decodings as described in the previous subsection, except that

the block-b codeword not only encodes message Wk,(b) but also a compression index J∗k,(b−1)

that carries information about the block-(b − 1) state Sk̄,(b−1). This compression index is then

decoded at Terminal k̄ after block (b+ 1) simultaneously with message Wk,(b). See Figure 8.

The analysis of the communication-part of our ISAC scheme is similar as in Han’s scheme.

Since the compression indices take parts of the place reserved for ordinary messages in Han’s

scheme, their rates RWZ,1 and RWZ,2 have to be subtracted from Han’s communication rates.

We thus have the following constraints for reliable communication and reliable decoding of the

compression indices:

R1 +RWZ,1 ≤ I(U1;X2, Z2, Ũ2, X̃2, Z̃2) (43a)
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R2 +RWZ,2 ≤ I(U2;X1, Z1, Ũ1, X̃1, Z̃1). (43b)

It remains to explain the compression and state estimation in more details. In our scheme, the

index J∗k,(b−1) is obtained by means of a Wyner-Ziv compression [32] that lossily compresses

the tuple (xNk,(b−1), z
N
k,(b−1), u

N
k,(b−2), x

N
k,(b−2), z

N
k,(b−2)) for a decoder that has side-information

(xN
k̄,(b−1)

, zN
k̄,(b−1)

, uN
k̄,(b−2)

, xN
k̄,(b−2)

, zN
k̄,(b−2)

). In order for the decoder to be able to correctly

reconstruct the compression codeword, the Wyner-Ziv codes need to be of rates at least [32]

RWZ,k > I(Vk;Xk, Zk, Ũk, X̃k, Z̃k|Xk̄, Zk̄, Ũk̄, X̃k̄, Z̃k̄), k ∈ {1, 2}, (44)

where the tuple (U1, U2, X1, X2, Z1, Z2, Ũ1, Ũ2, X̃1, X̃2, Z̃1, Z̃2) refers to the auxiliary random

variables chosen by Han’s scheme of joint pmf as in (41) and V1 and V2 can be any random

variables satisfying the Markov chains:

Vk → (Xk, Zk, Ũk, X̃k, Z̃k)→ (Xk̄, Zk̄, Ũk̄, X̃k̄, Z̃k̄, Sk, Sk̄). (45)

In Wyner-Ziv coding, the encoder produces a codeword that is then reconstructed also at the

receiver. We shall denote these codewords by vNk,(b−1)(J
∗
k,(b−1), `k,(b−1)), for k ∈ {1, 2}, where

`k,(b−1) denotes a binning-index that does not have to be conveyed to the Terminal k̄ because this

latter can recover it from its side-information. Thus, after block (b+1) and after decoding index

J∗k,(b−1), with high probability Terminal k̄ can reconstruct the codeword vNk,(b−1)(J
∗
k,(b−1), `k,(b−1))

chosen at Terminal k.

Terminal k can wait arbitrarily long to produce an estimate of the state-sequence SNk . We

propose that it waits after the block-(b + 1) decoding to reconstruct the block-b state SNk,(b) by

applying an optimal symbol-by-symbol estimator to the related sequences of inputs, outputs, and

channel codewords of blocks b− 1 and b, as well as on the compression codeword vN
k̄,(b)

:

ŜNk,(b) = φ̃∗⊗N2,k

(
vNk̄,(b), x

N
k,(b), z

N
k,(b), ûk̄,(b), u

N
k,(b−1), x

N
k,(b−1), z

N
k,(b−1), ûk̄,(b−1)

)
, (46)
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where

φ̃∗2,k(vk̄, xk, zk, uk̄, ũk, x̃k, z̃k, ũk̄) := arg min
s′k∈Ŝk

∑

sk∈Sk
PSk|XkZkUk̄

(sk|xk, zk, uk̄) dk(sk, s′k). (47)

By (43) and (44) and standard typicality arguments, one obtains the following theorem. (The

theorem is a special case of the next-following theorem, for which we provide a detailed analysis

in the extended version [33].)

Theorem 6 (Inner Bound via Separate Source-Channel Coding). Any nonnegative rate-distortion

quadruple (R1, R2, D1, D2) is achievable if it satisfies the following two rate-constraints

R1 ≤ I(U1;X2, Z2, Ũ2, X̃2, Z̃2)− I(V1;X1, Z1, Ũ1, X̃1, Z̃1|X2, Z2, Ũ2, X̃2, Z̃2) (48a)

R2 ≤ I(U2;X1, Z1, Ũ1, X̃1, Z̃1)− I(V2;X2, Z2, Ũ2, X̃2, Z̃2|X1, Z1, Ũ1, X̃1, Z̃1), (48b)

and the two distortion constraints

E
[
d1

(
S1, φ̃

∗
2,1(V2, X1, Z1, U2, Ũ1, X̃1, Z̃1, Ũ2)

)]
≤ D1 (48c)

E
[
d2

(
S2, φ̃

∗
2,2(V1, X2, Z2, U1, Ũ2, X̃2, Z̃2, Ũ2)

)]
≤ D2 (48d)

for some choice of pmf PU1U2X1X2Z1Z2 and functions f1 and f2 satisfying the stationarity condition

(39) and V1, V2 satisfying the Markov chains (45).

Similarly to Shannon’s inner bound, we can obtain the following corollary by setting Xk = Ũk.

Corollary 1 (Inner Bound via Non-Adaptive Coding). Any nonnegative rate-distortion quadruple

(R1, R2, D1, D2) is achievable if it satisfies the following two rate-constraints

R1 ≤ I(X1;X2, Z2)− I(V1;X1, Z1|X2, Z2) (49a)

R2 ≤ I(X2;X1, Z1)− I(V2;X2, Z2|X1, Z1), (49b)

and the two distortion constraints

E
[
d1

(
S1, φ̃

∗
2,1(V2, X1, X2, Z1)

)]
≤ D1 (49c)
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E
[
d2

(
S2, φ̃

∗
2,2(V1, X1, X2, Z2)

)]
≤ D2 (49d)

for some choice of pmfs PX1 , PX2 , PV1|X1,Z1 , and PV2|X2,Z2 .

As the following example shows, above corollary achieves the fundamental rate-distortion

tradeoff for some channels.

Example 3. Consider the following state-dependent two-way channel

Z1 = X1 ⊕X2 ⊕ S2 and Z2 = X1 ⊕X2 ⊕ S1, (50a)

where inputs, outputs, and states are binary and S1 and S2 are independent Bernoulli-p1 and

p2 random variables, for p1, p2 ∈ [0, 1/2]. Notice that Terminal 1’s outputs depend on the state

desired at Terminal 2 and Terminal 2’s outputs on the state desired at Terminal 1, which calls

for collaborative sensing.

Whenever Dk̄ < pk̄, we chooose

Vk = Zk ⊕Xk ⊕Bk = Xk̄ ⊕ Sk̄ ⊕Bk (51)

where Bk is an independent Bernoulli-Dk random variable. If Dk ≥ pk, choose Vk a constant.

Inputs X1 and X2 are chosen independent Bernoulli-1/2, i.e., capacity-achieving on channels

with Bernoulli-noses. When Dk̄ < pk̄, the optimal symbo-by-symbol state-estimator is

φ̃∗2,k̄(vk, x1, x2, zk̄) = vk ⊕ xk̄ (52)

and otherwise it is the constant estimator φ̃∗
2,k̄

(vk, x1, x2, zk̄) = 0.

For the described choice of random variables, Corollary 1 evaluates to the set of rate-distortion

tuples (R1, R2, D1, D2) satisfying

Rk ≤ 1−Hb(pk)−max{0, Hb(pk̄)−Hb(Dk̄)}, k ∈ {1, 2}, (53)

and achieves the fundamental rate-distortion region as we show through a converse in Ap-

pendix A. The region in (53) is concave (because the rate-distortion function max{0, Hb(pk̄)−
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Hb(Dk̄)} is convex), and thus improves over classic time- and resource-sharing schemes. It

also improves over a similar ISAC scheme without collaborative sensing where the compression

codewords V1 and V2 are set to constants. In this latter case, only rate-distortion tuples are

possible that satisfy Dk ≥ pk, for k ∈ {1, 2}.

Remark 6. For certain channels and state-distributions Theorem 6 can be improved with the

idea of coded time-sharing. The same applies for Theorem 7 in the next-following section.

C. Collaborative Sensing and JSCC Scheme

In this scheme, we fully integrate the compression into the communication scheme, in a

similar way that hybrid coding [34] uses a single codeword for compression and channel coding

in source-channel coding applications.
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Decoding with
<latexit sha1_base64="4iPlJrHiaATORHopomvbVpain+I=">AAAB9HicbVA9SwNBEN2LXzF+RS1tFoNgFe5ioYVFQAvLCOYDkiPs7c0lS/Z2z929SDjyO2wsFLH1x9j5b9wkV2jig4HHezPMzAsSzrRx3W+nsLa+sblV3C7t7O7tH5QPj1papopCk0ouVScgGjgT0DTMcOgkCkgccGgHo5uZ3x6D0kyKBzNJwI/JQLCIUWKs5N8ClSETA/zEzLBfrrhVdw68SrycVFCORr/81QslTWMQhnKidddzE+NnRBlGOUxLvVRDQuiIDKBrqSAxaD+bHz3FZ1YJcSSVLWHwXP09kZFY60kc2M6YmKFe9mbif143NdGVnzGRpAYEXSyKUo6NxLMEcMgUUMMnlhCqmL0V0yFRhBqbU8mG4C2/vEpatap3Ua3d1yr16zyOIjpBp+gceegS1dEdaqAmougRPaNX9OaMnRfn3flYtBacfOYY/YHz+QORZZHx</latexit>

Hybrid Coding with
<latexit sha1_base64="UaKj/SMHuw32p8OSaRGB5Fs13NA=">AAAB/HicbVBNS8NAEJ34WetXtEcvi0XwVJJ60IOHQi89VrAf0Iay2WzbpZvdsLtRQqh/xYsHRbz6Q7z5b0zaHLT1wcDjvRlm5vkRZ9o4zre1sbm1vbNb2ivvHxweHdsnp10tY0Voh0guVd/HmnImaMcww2k/UhSHPqc9f9bM/d4DVZpJcW+SiHohngg2ZgSbTBrZlVbiKxagpgyYmKBHZqblkV11as4CaJ24BalCgfbI/hoGksQhFYZwrPXAdSLjpVgZRjidl4exphEmMzyhg4wKHFLtpYvj5+giUwI0liorYdBC/T2R4lDrJPSzzhCbqV71cvE/bxCb8Y2XMhHFhgqyXDSOOTIS5UmggClKDE8ygoli2a2ITLHCxGR55SG4qy+vk2695l7V6nf1auO2iKMEZ3AOl+DCNTSgBW3oAIEEnuEV3qwn68V6tz6WrRtWMVOBP7A+fwC1BpQh</latexit>

xN
1,(b�1)

<latexit sha1_base64="U7E5LQ9hnQHa2mUPqxaBAqrHa54=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgpakCnrwUPDiSSrYD2hj2Ww37dLNJu5uiiX0d3jxoIhXf4w3/43bNgdtfTDweG+GmXlexJnStv1tZZaWV1bXsuu5jc2t7Z387l5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97geuI3hlQqFop7PYqoG+CeYD4jWBvJfeokzknRO3WOxw+3nXzBLtlToEXipKQAKaqd/Fe7G5I4oEITjpVqOXak3QRLzQin41w7VjTCZIB7tGWowAFVbjI9eoyOjNJFfihNCY2m6u+JBAdKjQLPdAZY99W8NxH/81qx9i/dhIko1lSQ2SI/5kiHaJIA6jJJieYjQzCRzNyKSB9LTLTJKWdCcOZfXiT1csk5K5XvzguVqzSOLBzAIRTBgQuowA1UoQYEHuEZXuHNGlov1rv1MWvNWOnMPvyB9fkD8RKQ4w==</latexit>

zN
1,(b�1)

<latexit sha1_base64="cLzwBsG3O7vnz+2Qz7LE/JcZs9c=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgpakCnrwUPDiSSrYD2hj2Ww37dLNJu5uCjX0d3jxoIhXf4w3/43bNgdtfTDweG+GmXlexJnStv1tZZaWV1bXsuu5jc2t7Z387l5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97geuI3hlQqFop7PYqoG+CeYD4jWBvJfeokzknRO3WOxw+3nXzBLtlToEXipKQAKaqd/Fe7G5I4oEITjpVqOXak3QRLzQin41w7VjTCZIB7tGWowAFVbjI9eoyOjNJFfihNCY2m6u+JBAdKjQLPdAZY99W8NxH/81qx9i/dhIko1lSQ2SI/5kiHaJIA6jJJieYjQzCRzNyKSB9LTLTJKWdCcOZfXiT1csk5K5XvzguVqzSOLBzAIRTBgQuowA1UoQYEHuEZXuHNGlov1rv1MWvNWOnMPvyB9fkD9DKQ5Q==</latexit>

xN
1,(b�1), z

N
1,(b�1), u

N
1,(b�2),

xN
1,(b�2), z

N
1,(b�2),

<latexit sha1_base64="ZmnzGh/nbhnfp1JF2uuIxQNzrUo="></latexit>

xN
1,(b), z

N
1,(b), u

N
1,(b�1),

xN
1,(b�1), z

N
1,(b�1),

<latexit sha1_base64="PrTCbZEByTExS1PEPIlj0d8kNas="></latexit>

Ĵ2,(b�2)
<latexit sha1_base64="kLWtXsEwcr+0BtqaKxD+hKRyt84=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpYkCrpwUXAjrirYB7QhTKbTdujkwcxEKTGf4saFIm79Enf+jdM2C60euHA4517uvcePOZPKsr6MwtLyyupacb20sbm1vWOWd1sySgShTRLxSHR8LClnIW0qpjjtxILiwOe07Y+vpn77ngrJovBOTWLqBngYsgEjWGnJM8u9EVbpTealznHVP3GOMs+sWDVrBvSX2DmpQI6GZ372+hFJAhoqwrGUXduKlZtioRjhNCv1EkljTMZ4SLuahjig0k1np2foUCt9NIiErlChmfpzIsWBlJPA150BViO56E3F/7xuogYXbsrCOFE0JPNFg4QjFaFpDqjPBCWKTzTBRDB9KyIjLDBROq2SDsFefPkvaTk1+7Tm3J5V6pd5HEXYhwOogg3nUIdraEATCDzAE7zAq/FoPBtvxvu8tWDkM3vwC8bHN7MAkvU=</latexit>

Fig. 9. A ISAC scheme integrating collaborative sensing for D2D into Han’s two-way coding scheme by means of hybrid
coding. A single codeword is used both for compression and for channel coding.

Encoding and decoding in block b of the new scheme are depicted in Figure 9. The main

difference compared to the scheme in the previous subsection is that here the block-b codeword

uN1,(b) is correlated with the inputs and outputs in the previous block (b − 1).4 This correlation

introduces additional dependence between blocks, which was previously missing because of the

4In the previous scheme, the compression codeword vN1,(b) was correlated with the block-(b− 1) signals but not the channel
coding codeword uN

1,(b). Now the codeword uN
1,(b) acts both as a compression codeword and as a channel coding codeword.
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independence of the compression codewords and the codewords used for channel coding in the

next block. To still obtain a stationary distribution on the codewords and channel inputs/outputs,

which then allows for a single-letter characterization of the performance of the scheme, one has

to choose a joint pmf PU ′1U ′2Z1Z2X1X2U1U2
, conditional pmfs PU ′1|X1Z1Ũ1X̃1Z̃1

and PU ′2|X2Z2Ũ2X̃2Z̃2

as well as functions f1 and f2 on appropriate domains satisfying the new stationarity condition

PU ′1U ′2Z1Z2X1X2U1U2
(u′1, u

′
2, z1, z2, x1, x2)

=
∑

ũ1,ũ2,x̃1,x̃2,z̃1,z̃2

PU ′1|X1Z1Ũ1X̃1Z̃1
(u′1|u1, x1, z1, ũ1, x̃1, z̃1)PU ′2|X2Z2Ũ2X̃2Z̃2

(u′2|x2, z2, u2, ũ2, x̃2, z̃2)

·PZ1Z2|X1X2(z1, z2|x1, x2)1{x1 = f1(u1, ũ1, x̃1, z̃1)}1{x2 = f2(u2, ũ2, x̃2, z̃2)}

·PU ′1U ′2Z1Z2X1X2U1U2
(u1, u2, z̃1, z̃2, x̃1, x̃2, ũ1, ũ2), (54)

In the following, all mentioned conditional and marginal pmfs are with respect to the joint pmf

PU ′1U ′2Z1Z2X1X2U1U2Ũ1Ũ2W̃1W̃2Ṽ1Ṽ2
indicated by the summand in (54).

We next explain the code construction, encodings and decodings.

For each k ∈ {1, 2}, for each block b ∈ {1, . . . , B + 1}, and each message mk ∈ [2NR̄k ],

choose a subcodebook {uNk,(b)(mk, j) : j ∈ [2NR
′
k ]} by picking all entries i.i.d. PU ′k . Terminal k

then picks the codeword uNk,(b)(Wk,(b), j) so that the following joint-typicality check is satisfied

for some fixed ε > 0:

(
uNk,(b)(Wk,(b), j), x

N
k,(b−1), z

N
k,(b−1), u

N
k,(b−2), x

N
k,(b−2), z

N
k,(b−2)

)
∈ T Nε

(
PU ′kXkZkŨkX̃kZ̃k

)
, (55)

and sets J∗k,(b−1) = j. By standard arguments, such an index j exists with probability tending to

1 as N →∞ if

R′k ≥ I(U ′k;Xk, Zk, Ũk, X̃k, Z̃k), k ∈ {1, 2}. (56)

Terminal k then sends the block-b input sequence

XN
k,(b) = f⊗Nk

(
uNk,(b)

(
Wk,(b)J

∗
k,(b−1)

)
, uNk,(b−1), x

n
k,(b−1), z

N
k,(b−1)

)
. (57)

Decoding is again performed using a joint-typicality decoder. At the end of block b, Terminal k
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looks for indices ŵk̄ and ĵk̄ satisfying the two typicality checks

(
uNk̄,(b−1)(ŵk̄, ĵk̄), x

N
k,(b), z

N
k,(b), u

N
k,(b−1) x

N
k,(b−1), z

N
k,(b−1)

)
∈ T Nε

(
PŨk̄XkZkŨkX̃kZ̃k

)
(58)

and

(
uNk̄,(b−1)(ŵk̄, ĵk̄), x

N
k,(b−2), z

N
k,(b−2), u

n
k,(b−3), x

N
k,(b−3), z

N
k,(b−3)

)
∈ T Nε

(
PUk̄XkZkŨkX̃kZ̃k

)
. (59)

If a unique pair of such element exists, set Ŵk̄,(b−1) = wk̄ and ûN
k̄,(b−1)

, uN
k̄,(b−1)

(ŵk̄, ĵk̄).

Decoding is successful with probability tending to 0 as N →∞ if

R̄k̄ +R′k̄ ≤ I(Ũk̄;Xk, Zk, Ũk, X̃k, Z̃k) + I(Uk̄;Xk, Zk, Ũk, X̃k, Z̃k), k ∈ {1, 2}. (60)

State-estimation is similar to (46), but where Terminal k replaces the compression codeword

vNk,(b) by the joint source-channel codeword uNk,(b+1) and similarly to hybrid coding also uses the

inputs/outputs corresponding to the block where the codeword uN1,(b+1) is sent, i.e., inputs and

outputs in block b+ 1. Thus, Terminal k computes its estimate of the block-b state as:

ŝNk,(b) = φ∗⊗N2,k

(
ûNk̄,(b+1), x

N
k,(b+1), z

N
k,(b+1), û

N
k̄,(b), x

N
k,(b), z

N
k,(b), u

N
k,(b−1), x

N
k,(b−1), z

N
k,(b−1), û

N
k̄,(b−1)

)
,

(61)

where

φ∗2,k(u
′
k̄, x

′
k, z
′
k, uk̄, xk, zk, ũk, x̃k, z̃k, ũk̄) := arg min

s′k∈Ŝk

∑

sk∈Sk
PSk|XkZkUk̄

(sk|xk, zk, uk̄) dk(sk, s′k).

(62)

By standard arguments and because of the stationarity condition in (54) the probability of

violating the distortion constraints tends to 0 as N →∞ if

E
[
dk
(
Sk, φ

∗
2,k(U

′
k̄, X

′
k, Z

′
k, Uk̄, Xk, Zk, Ũk, X̃k, Z̃k, Ũk̄)

)]
≤ Dk, k ∈ {1, 2}, (63a)

where X ′1 = f1(U ′1, U1, X1, Z1) and X ′2 = f2(U ′2, U2, X2, Z2) and the outputs Z ′1 and Z ′2 are

obtained from X ′1 and X ′2 via the channel transition law PZ1Z2|X1X2 .

From above considerations and by eliminating the dummy rates R′1 and R′2, we obtain the
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following theorem.

Theorem 7 (Inner Bound via Joint Source-Channel Coding). Any nonnegative rate-distortion

quadruple (R1, R2, D1, D2) is achievable if it satisfies the following two rate-constraints

Rk ≤ I(Ũk;Xk̄, Zk̄, Ũk̄, X̃k̄, Z̃k̄)− I(Uk;Xk, Zk, Ũk, X̃k, Z̃k|Xk̄, Zk, Ũk̄, X̃k̄, Z̃k̄), k ∈ {1, 2}(64)

and the two distortion constraints in (63) for some choice of pmf PU ′1U ′2Z1Z2X1X2U1U2
and functions

f1 and f2 satisfying the stationarity condition (39).

Remark 7. We notice that the described compression technique does not use binning as in

Wyner-Ziv coding [32]. Instead, decoder side-information is taken into account via the joint

typicality check in (59).

Remark 8. For the choice U ′k = (U ′′k , Vk) with U ′′k ∼ PUk
independent of all other random

variables and V1 and V2 satisfying the Markov chains in (45), the inner bound in Theorem 7

achieved by our joint source-channel coding scheme specializes to the inner bound Theorem 6

achieved by separate source-channel coding. For above choice of auxiliary random variables,

the reconstruction functions g1 and g2 can restrict their first arguments only to the V1- and

V2-components without loss in performance.

VI. SUMMARY AND OUTLOOK

We considered integrated sensing and communication (ISAC) over multi-access channels

(MAC) and device-to-device (D2D) communication, where different terminals help each other

to improve sensing. We reviewed related communication schemes and proposed adaptations

that fully integrate the collaborative sensing into information-theoretic data communication

schemes. For D2D communication, we also proposed a joint source-channel coding (JSCC)

scheme to integrate compression and coding into a single codeword as in hybrid coding. Through

examples, we demonstrated the advantages of our collaborative sensing ISAC schemes compared

to non-collaborative ISAC schemes with respect to the achieved rate-distortion regions. Various

interesting future research directions arise. As already mentioned, the JSCC scheme proposed

for ISAC D2D communication could be integrated into our ISAC MAC scheme. Another
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interesting research direction for the MAC scheme is to include state-estimation at the Rx.

In this respect, it would be interesting to include an additional superposition compression layer

to generate compression information that is only decoded by the Rx but not the other Tx. For

D2D communication an interesting extension would be to consider specific channel models and

to replace Han’s result by two-way communication schemes that are tailored to these specific

channels.
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APPENDIX A

CONVERSE TO EXAMPLE 3

By the independence of the messages and Fano’s Inequality, we obtain for some function εn

that vanishes as n→∞,

Rk ≤
1

n
I(Wk;Y

n
k̄ |Wk̄) + εn (65)

=
1

n
I(WkS

n
k̄ ;Y n

k̄ |Wk̄)−
1

n
I(Snk̄ ;Y n

k̄ |WkWk̄) + εn (66)

=
1

n

[
n∑

i=1

I(Yk̄,i;WkS
n
k̄ |Y i−1

k̄
Wk̄)− I(Sk̄,i;Y

n
k̄ |WkWk̄S

i−1
k̄

)

]
+ εn (67)

(a)

≤ 1

n

[
n∑

i=1

I(Yk̄,i;Xk,iWkS
n
k̄ |Xk̄,iY

i−1
k̄

Wk̄)− I(Sk̄,i;Y
n
k̄ WkWk̄S

i−1
k̄

)

]
+ εn (68)

(b)

≤ 1

n

[
n∑

i=1

I(Yk̄,i;Xk,i)− I(Sk̄,i; Ŝk̄,i)

]
+ εn (69)

(c)

≤ nCk −Rk̄(Dk̄) + εn, (70)

where Ck denotes the capacity of the point-to-point channel from Xk to Xk + Sk and Rk̄(·)
denotes the rate-distortion function of source Sk̄. In our example, Ck̄ = 1 − Hb(pk) and

Rk̄(Dk̄) = [Hb(pk) − Hb(Dk)]
+. Justification for above inequalities are as follows: (a) holds

because conditioning cannot increase entropy, because Xk̄,i is a function of Wk̄ and Y i−1
k̄

,

and by the i.i.d.ness of the source sequence Snk ; (b) holds because of the Markov chain
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Yk̄,i → (Xk,i, Xk̄,i) → (Wk,Wk̄, S
n
k̄
, Y i−1

k̄
) and because Ŝk̄,i is a function of Y n

k̄
and again

because conditioning cannot increase entropy; (c) holds by the definition of the rate-distortion

function Rk̄(·) and because Rk̄(·) is convex and monotonic.

APPENDIX B

PROOF OF THEOREM 3

To derive an upper bound on the average error probability (averaged over the random code

construction and the state and channel realizations), we enlarge the error event to the event that

for some k = 1, 2 and b = 1, . . . , B:

Ŵk,c,(b) 6= Wk,c,(b) or Ŵk,p,(b) 6= Wk,p,(b) or Ŵ
(k̄)
k,c,(b) 6= Wk,c,(b) (71)

or

J∗k,(b) = −1 or Ĵk,(b) 6= J∗k,(b) or Ĵ
(k̄)
k,(b) 6= J∗k,(b). (72)

For ease of notation, we define the block-b Tx-error events for k = 1, 2 and b = 1, . . . , B:

ETx,k,(b) :=
{
Ŵ

(k)

k̄,c,(b)
6= Wk̄,c,(b) or Ĵ

(k)

k̄,(b−1)
6= J∗k̄,(b−1) or J∗k,b = −1

}
, (73)

and

ETx,k,(B+1) :=
{
Ĵ

(k)

k̄,(B)
6= J∗k̄,(B)

}
, k ∈ {1, 2}. (74)

Define also the Rx-error events for k = 1, 2 and block b = 1, . . . , B + 1:

ERx,(b) :=
{
Ŵk,c,(b−1) 6= Wk,c,(b−1) or Ŵk,p,(b) 6= Wk,p,(b) or Ĵk,(b−1) 6= J∗k,(b−1) : k = 1, 2

}
.(75)

By the union bound and basic probability, we find:

Pr
(
Ŵ1 6= W1 or Ŵ2 6= W2

)
≤

B+1∑

b=1

Pr

(
ERx,(b)

∣∣∣∣∣
B+1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}
)

+
B+1∑

b=1

Pr

(
ETx,1,(b)

∣∣∣∣∣
b−1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}
)
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+
B+1∑

b=1

Pr

(
ETx,2,(b)

∣∣∣∣∣
b−1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}
)
.(76)

We analyze the three sums separately. The first sum is related to Tx 1’s error event, the second

sum to Tx 2’s error event, and the third sum to the Rx’s error event.

1) Analysis of Tx 1’s error event: To simplify notations, we define for each block b ∈
{2, . . . , B+1} and each triple of indices (j∗1 , ŵ2, ĵ2) the event FTx1,(b)(j

∗
1 , ŵ2, ĵ2) that the following

two conditions (77) and (78) (only Condition (77) for b = 1) hold:
(
uN0,(b)

(
W1,c,(b−1), Ŵ

(1)
2,c,(b−1)

)
, uN1,(b)

(
W1,c,(b), J

∗
1,(b−1)

∣∣∣ W1,c,(b−1),W2,c,(b−1)

)

uN2,(b)

(
ŵ2, ĵ2

∣∣∣ W1,c,(b−1),W2,c,(b−1)

)
, xN1,(b)

(
W1,p,(b)

∣∣∣ W1,c,(b), J
∗
1,(b−1),W1,c,(b−1),W2,c,(b−1)

)
,

vN1,(b)

(
j∗1

∣∣∣ J∗1,(b−1),W1,c,(b), ŵ2, ĵ2,W1,c,(b−1),W2,c,(b−1)

)
, ZN

1,(b)

)

∈ T Nε (PU0U1U2X1V1Z1) (77)

and if b > 1

(
uN0,(b−1)

(
W1,c,(b−2),W2,c,(b−2)

)
,

uN1,(b−1)

(
W1,c,(b−1), J

∗
1,(b−1)

∣∣∣ W1,c,(b−2),W2,c,(b−2)

)

uN2,(b−1)

(
W2,c,(b−1), J2,(b−2)

∣∣∣ W1,c,(b−2),W2,c,(b−2)

)
,

xN1,(b−1)

(
W1,p,(b−1)

∣∣∣ W1,c,(b−1), J
∗
1,(b−2),W1,c,(b−2),W2,c,(b−2)

)
,

vN2,(b−1)

(
ĵ2

∣∣∣ W1,c,(b−1), J
∗
1,(b−2),W2,c,(b−1), J

∗
2,(b−2),W1,c,(b−2),W2,c,(b−2)

)
,

ZN
1,(b−1)

)
∈ T Nε (PU0U1U2X1V2Z1). (78)

Notice that compared to (16) and (17), here we replaced the triple (Ŵ
(1)
2,c,(b−2), Ŵ

(1)
2,c,(b−1), Ĵ

(1)
2,(b−2))

by their correct values W2,c,(b−2),W2,c,(b−1), J
∗
2,(b−2)). Similarly, define the event FTx1,(B+1)(ĵ2)

as the event that the following two conditions are satisfied:
(
uN0,(B+1)

(
W1,c,(B),W2,c,(B)

)
,
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uN1,(B+1)

(
1, J∗1,(B)

∣∣∣ W1,c,(B),W2,c,(B)

)
, uN2,(B+1)

(
1, ĵ2

∣∣∣ W1,c,(B),W2,c,(B)

)
,

xN1,(B+1)

(
1
∣∣∣ W1,c,(B+1), J

∗
1,(B),W1,c,(B),W2,c,(B)

)
, ZN

1,(B+1)

)
∈ T Nε (PU0U1U2X1Z1)(79)

and
(
uN0,(B)

(
W1,c,(B−1),W2,c,(B−1)

)
,

uN1,(B)

(
W1,c,(B), J

∗
1,(B)

∣∣∣ W1,c,(B−1),W2,c,(B−1)

)
,

uN2,(B)

(
W

(1)
2,c,(B), J

(1)
2,(B−1)

∣∣∣ W1,c,(B−1), Ŵ
(1)
2,c,(B−1)

)
,

xN1,(B)

(
W1,p,(B)

∣∣∣ W1,c,(B), J
∗
1,(B−1),W1,c,(B−1), Ŵ

(1)
2,c,(B−1)

)
,

vN2,(B)

(
ĵ2

∣∣∣ W1,c,(B), J
∗
1,(B−1), Ŵ

(1)
2,c,(B), J

(1)
2,(B−1),W1,c,(B−1),W2,c,(B−1)

)
,

ZN
1,(B)

)
∈ T Nε (PU0U1U2X1V2Z1) (80)

We continue by noticing that event
⋃b−1
b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}
implies that for all b′ =

1, . . . , b− 1, k = 1, 2:

Ŵ
(k)

k̄,c,(b′)
= Wk̄,c,(b′) (81)

J∗k,(b′) 6= −1 (82)

Ĵ
(k̄)
k,(b′−1) = J∗k,(b′−1). (83)

Moreover, for any block b = 1, . . . , B + 1, event ĒTx,1,(b) is implied by the event that

FTx1,(b)(j
∗
1 , ŵ2, ĵ2) is not satisfied for any tuple (j∗1 , ŵ2, ĵ2) with (ŵ2, ĵ2) = (W2,c,(b), J

∗
2,(b−1))

or it is satisfied for some triple (j∗1 , ŵ2, ĵ2) with (ŵ2, ĵ2) 6= (W2,c,(b), J
∗
2,(b−1)). Thus, the sequence

of inequalities on top of the next page holds, where the inequalities hold by the union bound.

By the Covering Lemma [35], the way we construct the codebooks and the weak law of large

numbers, and because we condition on event ĒTx,2,(b−1) implying J∗2,b−1 6= −1, the first summand

in (84c) tends to 0 as N →∞ if

R1,v > I(V1;X1Z1 | U0U1U2). (85)
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Pr

(
ETx,1,(b)

∣∣∣∣∣
b−1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}
)

= Pr

(( ⋂

j∗1∈[2nRv,1 ]

F̄Tx1,(b)(j
∗
1 ,W2,c,(b), J

∗
2,(b−1))

)

∪
( ⋃

(j∗1 ,ŵ2,ĵ2) :

(ŵ2,ĵ2)6=(W2,c,(b),J
∗
2,(b−1)

)

FTx1,(b)(j
∗
1 , ŵ2, ĵ2)

) ∣∣∣∣∣
b−1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}
)

(84a)

≤ Pr


 ⋂

j∗1∈[2nRv,1 ]

F̄Tx1,(b)(j
∗
1 ,W2,c,(b), J

∗
2,(b−1))

∣∣∣∣∣
b−1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}



+ Pr

( ⋃

(j∗1 ,ŵ2,ĵ2) :

(ŵ2,ĵ2)6=(W2,c,(b),J
∗
2,(b−1)

)

FTx1,(b)(j
∗
1 , ŵ2, ĵ2)

∣∣∣∣∣
b−1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}
)

(84b)

≤ Pr


 ⋂

j∗1∈[2nRv,1 ]

F̄Tx1,(b)(j
∗
1 ,W2,c,(b), J

∗
2,(b−1))

∣∣∣∣∣
b−1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}



+
∑

(j∗1 ,ŵ2,ĵ2) :
ŵ2 6=W2,c,(b),

ĵ2 6=J∗2,(b−1)

Pr

(
FTx1,(b)(j

∗
1 , ŵ2, ĵ2)

∣∣∣∣∣
b−1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}
)

+
∑

(j∗1 ,ĵ2) :

ĵ2 6=J∗2,(b−1)

Pr

(
FTx1,(b)(j

∗
1 ,W2,c,(b), ĵ2)

∣∣∣∣∣
b−1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}
)

+
∑

(j∗1 ,ŵ2) :
ŵ2 6=W2,c,(b)

Pr

(
FTx1,(b)(j

∗
1 , ŵ2, J

∗
2,(b−1))

∣∣∣∣∣
b−1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}
)
, (84c)

By the way we constructed the codebooks, and standard information-theoretic arguments [36],

the sum in the second line of (84c) tends to 0 as N →∞, if

R1,v+R2,v +R2,c < I(U2V1;Z1X1 | U0U1) + I(V2;Z1X1 | U0U1U2), (86)
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the sum in the third line of (84c) tends to 0 as N →∞ if

R1,v+R2,v < I(U2V1;Z1X1 | U0U1) + I(V2;Z1X1 | U0U1U2), (87)

and the sum in the fourth line of (84c) tends to 0 as N →∞ if

R1,v+R2,c < I(Z1X1;U2V1 | U0U1). (88)

Since Condition (87) is obsolete in view of (86), we conclude that for any finite B the sum of

the probability of errors
∑B+1

b=1 Pr
(
ETx,1,(b)

∣∣⋃b−1
b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

})
tends to 0 as N → ∞

if Conditions (85), (86), and (88) are satisfied.

2) Analysis of Tx 2’s error event: By similar arguments, one can also prove that for finite

B the sum of the probability of errors
∑B+1

b=1 Pr
(
ETx,2,(b)

∣∣⋃b−1
b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

})
tends to

0 as N →∞ if Conditions (22a), (22b), and (22c), are satisfied for k = 2.

3) Analysis of Rx’s error event: For each block b = 2, . . . , B and each tuple

(w1,c, w2,c, w1,p, w2,p, j1, j2) define FRx,(b)(w1,c, w2,c, w1,p, w2,p, j1, j2) as the event
(
uN0,(b)(w1,c, w2,c), u

N
1,(b)

(
W1,c,(b), j1

∣∣∣ w1,c, w2,c

)
, uN2,(b)

(
W2,c,(b), j2

∣∣∣ w1,c, w2,c

)
,

xN1,(b)

(
w1,p

∣∣∣ W1,c,(b), j1, w1,c, w2,c

)
, xN2,(b)

(
w2,p

∣∣∣ W2,c,(b), j2, w1,c, w2,c

)

vN1,(b)

(
J1,(b)

∣∣∣ W1,c,(b),W2,c,(b), w1,c, j1, w2,c, j2

)
, vN2,(b)(J2,(b) | W1,c,(b),W2,c,(b), w1,c, j1, w2,c, j2),

Y N
(b)

)
∈ T2ε(PU0U1U2X1X2Y ). (89)

We continue by noticing that for b = 2, . . . , B event ĒRx,(b) is equivalent to the event that

FRx,(b)(w1,c, w2,c, w1,p, w2,p, j1, j2) is not satisfied for the tuple (w1,c, w2,c, w1,p, w2,p, j1, j2) =

(W1,c,(b−1),W2,c,(b−1), W1,p,(b),W2,p,(b), J
∗
1,(b−1), J

∗
2,(b−1)) or it is satisfied for some tuple

(w1,c, w2,c, w1,p, w2,p, j1, j2) 6= (W1,c,(b−1),W2,c,(b−1), W1,p,(b),W2,p,(b), J
∗
1,(b−1), J

∗
2,(b−1)). Similarly

for events ĒRx,(1) and ĒRx,(B+1). Thus, for b ∈ {2, . . . , B}, the sequence of (in)equalities (90)

holds,

Pr

(
ERx,(b)

∣∣∣∣∣
B+1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}
)
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= Pr

(( ⋃

(w1,c,w2,c,w1,p,w2,p,j1,j2) 6=
(W1,c,(b−1),W2,c,(b−1),W1,p,(b),W2,p,(b),J

∗
1,b−1,J

∗
2,(b−1)

)

FRx,(b)(w1,c, w2,c, w1,p, w2,p, j1, j2)

)

∪ FRx,(b)
(
W1,c,(b−1),W2,c,(b−1),W1,p,(b),W2,p,(b), J

∗
1,b−1, J

∗
2,(b−1)

)
∣∣∣∣∣
B+1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}
)

(90a)

≤
∑

(w1,c,w2,c,w1,p,w2,p,j1,j2)6=
(W1,c,(b−1),W2,c,(b−1),W1,p,(b),

W2,p,(b),J
∗
1,b−1,J

∗
2,(b−1)

)

Pr

(
FRx,(b)(w1,c, w2,c, w1,p, w2,p, j1, j2)

) ∣∣∣∣∣
B+1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}
)

+ Pr

(
FRx,(b)

(
W1,c,(b−1),W2,c,(b−1),W1,p,(b),W2,p,(b), J

∗
1,b−1, J

∗
2,(b−1)

)
∣∣∣∣∣

B+1⋃

b′=1

{
ĒTx,1,(b′), ĒTx,2,(b′)

}
)

(90b)

where the inequalities hold by the union bound.

By the event in the conditioning and the way we construct the codebooks, and by the weak

law of large numbers and the Covering Lemma, both summands tend to 0 as N → ∞ if (22)

hold.

The scheme satisfies the distortion constraints (33b) because of (22j) and by the weak law of

large numbers.

APPENDIX C

FOURIER-MOTZKIN ELIMINATION

We apply the Fourier-Motzkin Elimination Algorithm to show that Constraints (22) are

equivalent to the constraints in Theorem 3. For ease of notation, define

I0 := I(V1;X1X2Y | U) + I(V2;X1X2Y V1 | U) (91a)

I1 := I(V1;X1Z1 | U) (91b)

I2 := I(V2;X2Z2 | U) (91c)

I3 := I(U1;X2Z2 | U0U2) (91d)

I4 := I(U2;X1Z1 | U0U1) (91e)
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I5 := I(V1;X2Z2 | U) (91f)

I6 := I(V2;X1Z1 | U) (91g)

I7 := I(X1X2;Y V1V2 | U) (91h)

I8 := I(X1;Y V1V2 | UX2) (91i)

I9 := I(X2;Y V1V2 | UX1) (91j)

I10 := I(X1;Y | U0X2) (91k)

I11 := I(X2;Y | U0X1) (91l)

I12 := I(X1X2;Y | U0U2) (91m)

I13 := I(X1X2;Y | U0U1) (91n)

I14 := I(X1X2;Y | U0) (91o)

I15 := I(X1X2;Y ). (91p)

Setting Rk,c = Rk − Rk,p, which is obtained from (??), with above definitions we can rewrite

Constraints (22) as:

R1,v > I1 (92a)

R2,v > I2 (92b)

R2,v+R1 −R1,p < I2 + I3 (92c)

R1,v+R2 −R2,p < I1 + I4 (92d)

R1,v +R2,v+R1 −R1,p < I2 + I3 + I5 (92e)

R1,v+R2,v +R2 −R2,p < I1 + I4 + I6 (92f)

R1,p +R2,p < I7 (92g)

R1,p < I8 (92h)

R2,p < I9 (92i)

R1,v +R1,p < I10 + I0 (92j)

R2,v +R2,p < I11 + I0 (92k)
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R1,v +R1,p +R2,p < I12 + I0 (92l)

R2,v +R1,p +R2,p < I13 + I0 (92m)

R1,v +R1,p +R2,v +R2,p < I14 + I0 (92n)

R1,v +R1 +R2,v +R2 < I15 + I0. (92o)

In a next step we eliminate the variables R1,v and R2,v to obtain:

R1 −R1,p < I3 (93a)

R2 −R2,p < I4 (93b)

R1 −R1,p < I3 + I5 − I1 (93c)

R2 −R2,p < I4 + I6 − I2 (93d)

R1,p < min{I8, I10 + I0 − I1} (93e)

R2,p < min{I9, I11 + I0 − I2} (93f)

R1,p +R2,p < min{I7, I12 + I0 − I1,

I13 + I0 − I2, I14 + I0 − I1 − I2} (93g)

R1 +R2 < I15 + I0 − I1 − I2 (93h)

Notice that I1 ≥ I5 and I2 ≥ I6 because V1− (Z1X1U)− (X2Z2) form a Markov chain, and thus

Constraints (93a) and (93b) are inactive in view of Constraints (93c) and (93d). We thus neglect

(93a) and (93b) in the following. Eliminating next variable R1,p, where we take into account the

nonnegativity of R1,p and R1 −R1,p, we obtain:

R1 < I3 + I5 − I1 + min{I8, I10 + I0 − I1} (94a)

R1 +R2,p < I3 + I5 − I1 + min{I7, I12 + I0 − I1,

I13 + I0 − I2, I14 + I0 − I1 − I2} (94b)

R2 −R2,p < I4 + I6 − I2 (94c)

R2,p < min{I9, I11 + I0 − I2} (94d)
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R2,p < min{I7, I12 + I0 − I1,

I13 + I0 − I2, I14 + I0 − I1 − I2} (94e)

R1 +R2 < I15 + I0 − I1 − I2 (94f)

and

I3 + I5 > I1 (94g)

I10 + I0 > I1. (94h)

Notice that I7 > I9 and I13 > I11 and therefore the two Constraints (94d) and (94e) combine to

R2,p < min{I9, I11 + I0 − I2,

I12 + I0 − I1, I14 + I0 − I1 − I2}. (95)

Eliminating finally R2,p (while taking into account the nonnegativity of R2,p and R2 − R2,p)

results in:

R1 < I3 + I5 − I1 + min{I8, I10 + I0 − I1} (96a)

R1 < I3 + I5 − I1 + min{I7, I12 + I0 − I1,

I13 + I0 − I2, I14 + I0 − I1 − I2} (96b)

R2 < I4 + I6 − I2 + min{I9, I11 + I0 − I2

I12 + I0 − I1, I14 + I0 − I1 − I2} (96c)

R1 +R2 < I4 + I6 − I2 + I3 + I5 − I1

+ min{I7, I12 + I0 − I1,

I13 + I0 − I2, I14 + I0 − I1 − I2} (96d)

R1 +R2 < I15 + I0 − I1 − I2 (96e)

and

I3 + I5 > I1 (96f)
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I4 + I6 > I2 (96g)

I14 + I0 > I1 + I2 (96h)

I10 + I0 > I1 (96i)

I11 + I0 > I2 (96j)

I12 + I0 > I1. (96k)

Notice that I12 > I10 and thus (96k) is obsolete in view of (96i). Moreover, since also I7 > I8,

Constraints (96a) and (96b) combine to

R1 < I3 + I5 − I1 + min{I8, I10 + I0 − I1,

I13 + I0 − I2, I14 + I0 − I1 − I2}. (97)

The final expression is thus given by constraints:

R1 < I3 + I5 − I1 + min{I8, I10 + I0 − I1

I13 + I0 − I2, I14 + I0 − I1 − I2} (98a)

R2 < I4 + I6 − I2 + min{I9, I11 + I0 − I2

I12 + I0 − I1, I14 + I0 − I1 − I2} (98b)

R1 +R2 < I4 + I6 − I2 + I3 + I5 − I1

+ min{I7, I12 + I0 − I1,

I13 + I0 − I2, I14 + I0 − I1 − I2} (98c)

R1 +R2 < I15 + I0 − I1 − I2 (98d)

and

I3 + I5 > I1 (98e)

I4 + I6 > I2 (98f)

I14 + I0 > I1 + I2 (98g)
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I10 + I0 > I1 (98h)

I11 + I0 > I2. (98i)
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