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Optimization schemes on manifolds for structured matrices with fixed
eigenvalues
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Abstract

Several manifold optimization schemes are presented and analyzed for solving a specialized inverse
structured symmetric matrix problem with prescribed spectrum. Some entries in the desired matrix
are assigned in advance and cannot be altered. The rest of the entries are free, some of them preferably
away from zero. The reconstructed matrix must satisfy these requirements and its eigenvalues must be
the given ones. This inverse eigenvalue problem is related to the problem of determining the graph, with
weights on the undirected edges, of the matrix associated with its sparse pattern. Our optimization
schemes are based on considering the eigenvector matrix as the only unknown and iteratively moving on
the manifold of orthogonal matrices, forcing the additional structural requirements through a change
of variables and a convenient differentiable objective function in the space of square matrices. We
propose Riemannian gradient-type methods combined with two different well-known retractions, and
with two well-known constrained optimization strategies: penalization and augmented Lagrangian.
We also present a block alternating technique that takes advantage of a proper separation of variables.
Convergence properties of the penalty alternating approach are established. Finally, we present initial
numerical results to demonstrate the effectiveness of our proposals.

Keywords: Riemannian optimization, Stiefel manifold, inverse eigenvalue problems, spectral graph theory,
augmented Lagrangian, alternating direction method of multipliers

AMS Subject Classification: 15A29, 65F18, 15A83, 15B10, 05C50, 90C30

1 Introduction

Given a set of real eigenvalues in no particular order, say {1, A2, ..., A, }, that defines a fixed diagonal
matrix D whose diagonal entries are the given \;s, the problem of interest is to find a real symmetric
n X n matrix A with additional structural requirements, such that its eigenvalues are the given ones. In
other words, we need to find A such that A = XDX T (Schur factorization) for an orthogonal matrix X
whose columns are the eigenvectors of A.

There are, of course, some additional and fundamental requirements that add difficulty to the problem,
otherwise A = D is a valid solution. For some specified pairs (i,j) € Iy the a;; entries must be zero at
the solution. In addition, for some other specified pairs (7,j) € If;; the a;; entries must have some given
(nonzero) values at the solution. For all other pairs (7,j), the a;; entries are free. However, for a subset
of these pairs (say (i,7) € I,), it is preferable to choose them as nonzero free variables. The complement
of that subset (say (i,j) € Ifre) contains entries that are completely free in R. Here, the four given
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sets of indices: I, Ifiz, Iynz, and Ife. must form a partition of all possible pairs (4, 7), with ¢ and j in
{1,2,3,...,n}, and they need to reflect the symmetry of the desired matrix A.

The desired pattern, described above for the unknown symmetric matrix A, can be associated with
a weighted undirected graph with n vertices, in which two vertices i and j are connected (adjacent) if
and only if a;; is not zero. The described inverse problem and the connection between the undirected
graph and the matrix A with preset eigenvalues appear in several real-life applications related to quantum
chemistry, information theory, social networks, and combinatorial optimization; see, e.g., [9, 10, 36, 37]
and the references cited therein. It is worth noting that not every arbitrary assignment of real eigenvalues
can guarantee the existence of a certain structure of the associated symmetric matrix. This is a topic
of recent interest in matrix analysis. For a unified theoretical development of whether a predetermined
distribution of eigenvalues can be achieved with a given graph, and also how the graph of a symmetric
matrix influences the possible multiplicities of its eigenvalues, we refer to the book by Johnson and Saiago
[19].

In the last few decades, numerous publications have addressed the general topic of Inverse Eigenvalue
Problems (IEP), which share some relationship with the problem at hand and the optimization techniques
used in our proposal. For instance, a Cayley transform based iterative method for solving IEP was
developed in [2]. Similarly, Bai et. al. [3] introduced an iterative approach equipped with the Cayley
transform for inverse singular value problems. In [35] some numerical optimization ideas on manifolds
are indicated for a more rigorous structured IEP problem. Moreover, stochastic IEP with incomplete
eigendata have been addressed in [38] via a Riemannian conjugate gradient method. Other Riemannian
conjugate gradient methods have also been developed to solve stochastic IEP; see, e.g., [33, 40]. For a
full review on structured IEP see [11] and references in there.

The rest of this document is organized as follows. In Section 2, we present the proposed continuously
differentiable optimization model that considers the eigenvector matrix X as the only unknown, such that
the orthogonality of X is a key constraint that needs to be imposed on the optimization problem. The rest
of the structural matrix requirements are included in the objective function using a penalization strategy.
In Section 3, we describe in detail the proposed iterative method for solving the orthogonality constrained
optimization problem. In particular, we apply a fast and robust Riemannian gradient scheme, using two
well-understood retractions and a suitable non-monotone globalization strategy. To enhance the practical
behavior of the overall procedure, in Section 4, we introduce a block alternating minimization algorithm
that takes advantage of a convenient variable splitting. The proposed procedure iterates alternatively
solving an optimization problem with orthogonality constraints, using the development of Section 3,
and a linearly constrained quadratic problem for which a closed formula is obtained. In Section 5, we
establish the convergence properties of the algorithm described in Section 4 under some mild assumptions.
Furthermore, in Section 6 we develop an alternating direction scheme that, instead of using a penalization
strategy, uses an augmented Lagrangian approach. In Section 7, we report the obtained numerical results,
and give further insights into the proposed schemes. Finally, in Section 8 we present some concluding
remarks.

2 Manifold approach and penalization strategy

The main idea is to minimize a conveniently defined function that only depends on the matrix of eigen-
vectors X for solving the problem described in Section 1. Since the matrix of eigenvectors must be
orthogonal, one constraint to be considered is XX = I. The set formed by this constraint, that is
O(n) := {X € R™" : XX = I} is known as the orthogonal group [1, 8, 31]. Optimization prob-
lems over the orthogonal group has been recently studied, and for which a variety of effective iterative
methods have been proposed; see, e.g., [18, 25, 27, 29]. Now, to consider only X as the variable matrix
and to incorporate all the requirements described in Section 1, we need to introduce several suitable
matrix operators and notations. In here, the Hadamard product M; o My between matrices M; and M
of the same dimensions will play a key role. Additionally, the trace of M € R™*", i.e., the sum of its



diagonal elements, is denoted by tr(M). The standard inner product between two matrices M; € R™*"
and My € R™ " is defined as (My, Ma) = tr(M;' Ms). The Frobenius norm of M € R™*" is defined
as [|[M||p = v/(M,M). The main objective is to force the eigenvalues to be the given ones by build-
ing up a convenient continuously differentiable constrained optimization model that guarantees that the
eigenvalues of any element of its feasible set are always the diagonal entries of the given diagonal matrix D.

Let P € R™™ be the matrix such that its entry (i, j) is given by

- 0 if(i,j)GIo,
P”_{ 1 else

This square matrix will be used to force the zero entries in the set of indices Iy. Similarly, we need a
matrix () with entries 1 if (i, j) € I,., and zero elsewhere. The matrix @ will be used to maximize those
entries in the obtained iterates while ensuring that at least one of them is nonzero. We also need a matrix
R with entries 1 if (4,5) € I, and zero elsewhere. The matrix R will be employed to force the given
specified nonzero entries, that will be represented by C, i.e., C;; = Aj; if the pair (4, j) belong to ¢, and
zero elsewhere. All these matrices can be seen as pattern matrices, and clearly they satisfy: Po P = P,
RoC=0C,Q0Q =Q,and Ro R = R. These properties will be used to establish the gradient expression
of a penalty objective function to be considered.

Our optimization model, to solve the specialized IEP described above, is given by

Xm(ior(l )F(X) st. Po(®(X))—-®(X)=0, Ro(®(X))—C =0, (1)
c0(n
where ®(X) := X"DX and F : R™" — R is defined by F(X) = —[|Q o ®(X)|%.

In order to solve this challenging problem, we can incorporate a penalization strategy. First, let
us recall the main ideas of the classical and straightforward penalty approach for solving a constrained
optimization problem. Penalty methods transform optimization problems with constraints into a sequence
of unconstrained subproblems, whose solutions ideally converge to a minimizer of the original optimization
problem. In our case, the constraints to be included in the cost function are

Po(®(X))—®(X)=0 and Ro (®(X))—C =0, (2)

Thus, our penalization strategy is to execute the following iterative process until convergence

Xkt1 = arg Xrellél(ln) Fi(X), (3a)
(Hkt1, okg1) = (p1ik, p20s) (3b)

where p; > 1, po > 1 and
Fi(X) = —[|Q 0 ®(X)|[f + x| P o (2(X)) — (X))} + on[|Ro (B(X)) - O3, (4)

and ur > 0, o > 0 are the penalty parameters to penalize constraint violations. Starting from pg > 0
and oo > 0, if the monotonically increasing sequences {uy} and {0} tend to infinity, then the sequence
of minimizers of (4), over the set X ' X = I, converges to a solution of (1) for which (2) holds, when k
goes to infinity; see, e.g., [23, Secc. 12.1].

We close this section with a result dedicated to obtaining the gradient of the function Fj(-) in (4).

Lemma 2.1 Let us consider the functions fi : X € R™" s —||Q o ®(X)[|%, fo : X € R™"
[Po(®(X))—®(X)|%, f3: X € R |Ro (®(X)) — C||%. It follows that



DO®(X)(Z)=X"DZ+ Z"DX.

V(X)=-2(DX(Qo(X'DX))+Qo(X"DX)X'D).

V/fo(X) = DX (XTDX — Po (X DX)) + (XTDX — Po (X DX)) X' D.

Vf3(X)=2[DX (Ro(X"DX)-C) + (Ro(X"DX)-C)X'D]J.

Proof. The function & : R™*" — R"*™ previously defined is differentiable and its Fréchet derivative
along Z, D®(X)(Z), is identified as the second term of the right hand side of the following equality (see,
e.g., [1, Section A.5]):

(X +2Z)=2(X)+DP(X)(2Z)+o(]| Z])).

Since ®(X + Z) =®(X)+ X 'DZ+Z"DX + Z"DZ, then D®(X)(Z) = X"'DZ + Z' DX.
The function fo : R™*"™ — R defined above is differentiable and its gradient can be obtained as follows.
Consider the auxiliary function g : R — R, given by

9(t) = fo(X +12),

for any arbitrary matrix Z. From basic calculus we know that ¢'(0) = (V fo(X), Z). After simple algebraic
manipulations, using that DT = D, PT = P and P o P = P, we obtain

Jd0) = (X'DZ+27"DX, X"DX — Po(X'DX))
= (Z, DXW)+ (Z,WX D),

where W = XTDX — Po (X" DX), and the expression of the gradient of fo(-) is obtained. In a similar
way, the expressions for V fi(-) and V f3(-) can also be established. m

We note that the computational work for building the gradient at any iteration k, given the matrix
X, requires the products DXy and X l;r D, and from any of them we can obtain X ];r DXj,. Using those 3
matrices, that appear several times each, the entire gradient matrix is obtained, which is nothing but the
summation of the last 3 terms in Lemma 2.1 multiplying the last two by ux and oy, respectively.

3 Optimization over the orthogonal group

In this section, we describe some iterative methods for solving the orthogonality constrained optimization
problem (1). In particular, we briefly review two specialized Riemannian gradient methods to solve
optimization problems with orthogonal constraints. Let X € O(n) be an arbitrary matrix, the tangent
space of the orthogonal group at X is given by

TxOn) ={Z=XW e R : WT = W} = XSgew(n),

where Sgkew (1) represents the set of all n x n skew-symmetric matrices, see [1, 14, 29].

On the other hand, it is well-known that if we equip each tangent space TxO(n) with the standard
matrix inner product (Mj, M), then the pair (O(n), (-,-)) forms a Riemannian manifold [1, 8]. In this
context, the inner product is so-called Riemannian metric, see [1, 8]. Under this specific Riemannian
metric, the orthogonal projection operator over the tangent space TxO(n) is given by

1
Px (V) = Xskew(X V) = SV = XVTX),

where skew(M) := % (M - M T) is the skew-symmetric part of M € R™*™  for details see Example 3.6.2
in [1].



In view of O(n) is an embedded Riemannian sub-manifold of the Euclidean space R™*", the Rieman-
nian gradient of the objective function F' : R"*"™ — R can be easily computed as follows

Vom F(X) = Px(VF(X)). ()

Here we are using V() F'(-) to denote the Riemannian gradient of F'(-) and VF(:) to denote the Euclidean
(classical) gradient of F'(-). The justification for formula (5) appears in (3.37) in [1].

The Riemannian gradient provides us a search direction that we can use to minimize the function F'
over the domain O(n), see [1, 18, 26, 27]. However, we need an additional tool to preserve the feasibility
of all the iterates. For this purpose we need a mapping called retraction [1, 8, 26]. Roughly speaking, a
retraction is a smooth function that sends vectors from TxO(n) to a point on the manifold O(n), with a
local rigidity property that preserves gradients at X. See [1, 8, 26] for a rigorous definition of retraction.

For the orthogonal group there are several retractions. In this work, we only consider two specific
retractions that to our knowledge are the ones that require the least computational cost to evaluate them.
The first retraction is based on the QR factorization. Let X € O(n) and Z = XW € TxO(n) the first
retraction is defined as follows

RE(Z) = af(X + 2),

where f(P) denotes the function that sends the matrix P to the @ factor of its QR factorization such
that its R factor has strictly positive diagonal entries. We emphasize that this particular QR factorization
is unique.

The second considered retraction is given by,

1 1. \""
R (7) =X (I - 2W> (I+ 2W> :

which is based on the Cayley transform [18]. Notice that since W € Sgeew(n), the matrix I + W is
non-singular. These two retractions are described in Example 4.1.2 in [1]. Notice that the computational
cost of performing either of the two retractions is O(n?).

The Riemannian gradient method [1, 8, 16, 28] is a line-search iterative scheme, which constructs a
sequence of iterates { X} C O(n), starting at X € O(n), by using the following recursion

X1 = Rx, (—mVom F(Xk))

where 79 > 0 is the step-size and Rx, (-) is any retraction. Typically, the step-size 75 is computed using
a backtracking strategy in such a way that it satisfies the following non-monotone globalization rule

F(Xpt1) < T — a1l Vo) F(Xe) |17
where ¢; € (0,1) and {T}} corresponds to the Zhang-Hager non-monotone strategy [39], i.e.,

_ narTy + F(X3)
qk+1

Tk+l » Qk4+1 = NGk + 17 ne (07 1)7 TO = F(X0)7 and qo = 1.
In order to accelerate the convergence, the Barzilai-Borwein step-sizes [4, 17] are incorporated in this
method; see, e.g., [16, 17, 25, 28].

4 Penalty alternating minimization methods

In this section we introduce a block alternating minimization algorithm to solve problem (1). Using the
combination of variable splitting and a penalty scheme, the proposed procedure solves the inverse eigen-
value problem by iteratively optimizing manifold problems and linearly constrained quadratic problems.
Let us start by reformulating problem (1) as follows

i F(X) st. X'X=1I Py [®X)—A] =0, (6)
e nxn



where Iynw = Io U Iax and Py [M] is the projection onto the subspace of n-by-n sparse matrices with
nonzero values in the entries indexed by Iy, that is,

. M;; if (Z,j) € Iknw7
Pr, [M] = { 0 otherwise.

An important property of the projection operator Pr,__[-] is
Pro M1+ BMs] = Py, [Mi] + 8Py, [Ma], WMy, My € R™™, VB ER,

which indicates that Pr,__[-] is a linear operator. In addition, observe that the proposed optimization
model (6) is well-defined because of the compactness of the feasible set {X € O(n) : P [®(X)—A] =0}
and the continuity of the objective function, which guarantees the existence of global minimizers (even
maximizers) for problem (6).

On the other hand, by applying the variable splitting technique to Problem (6), we obtain

min  F(X) st. X'X=1I P, [Y-A=0Y=2(X). (7)

X,Y eRnxn
To solve the above problem, we can use the quadratic penalty method to deal with the non-linear constraint
Y = ®(X). It is well-known that, starting from (X, Yp), the classic quadratic penalization method solves

min  F(X)+ 25y —o(X)|2 st. X'X=1I, P, [V —A] =0, (8)
X,Y €Rnxn 2 e
at the k-th iteration for (Xg41, Yx+1), until convergence, where {y} is an increasing sequence of positive
real numbers such that p; — co. However, solving (8) for (X, Y’) simultaneously is challenging because of
the complicated form of the constraints. Additionally, the sub-problems (8) cannot be solved analytically
due to the non-linearity and non-convexity of the feasible domain.

Using the idea of the classical alternating minimization methods [5], we solve problem (8) with respect
to each matrix variable X and Y separately, while fixing the other at its previous values, and then the
penalty parameter is incremented. Particularly, starting from (Xo,Yy) and pup = 1, we propose the
following framework

Xps1 = argn}}nF(X)—F%H(I)(X)—YkH% st XX =1 (9a)
Yier = argminZHY - @(Xp)lF st Py, [V — 4] =0 (9b)
fhsl = plik, (9¢)

where p > 1 is a global parameter. The orthogonality constrained sub-problems have no closed solution,
thus inner iterations are needed to solve (9a) approximately. In practice, we employ the Riemannian
gradient method discussed in Section 3. Nevertheless, the advantage of the iterative process (9a)-(9b)-
(9¢) is that the second optimization sub-problem has an analytical solution (see Lemma 4.1) given by

Vi1 = ®(Xi1) + Pr [A = @(Xppq1))- (10)
The following lemma provides the closed-form solution for the optimization problem (9b).

Lemma 4.1 Let A, B € R™" be two given square matrices. Then, the global solution of the problem

1
in =|Y -B|% st P [Y—A =0, 11

has the following closed-form
Y =B+ P, [A—- B



Proof. By introducing a Lagrange multiplier A € R™ ", so that A = Pr.. [A], the Lagrangian function
associated with (11) is defined as

. 1 )
LY, A) =S¥ - Bl — tr(AT Py, [Y — A)).

Now, differentiating this function, we obtain the Karush-Kuhn-Tucker conditions for Problem (11):

~

Y-B-A=0 (12)

and
P Y —Al=0. (13)

In view of (12)-(13) and Py__[A] = A, we have
A = Plknw [Y - B] = Plknw [Y] - PIknw [B] = PIknw [A] - PIknw [B] = PIknw [A - B]

Merging this last result with (12), we arrive at Y = B + Pp__[A — B]. Therefore, the pair (Y,A) =
(B+ Pr,, [A—B], Pr [A— B]) is a critical point of the Lagrangian function associated with the linearly
constrained optimization problem (11). Finally, since (11) is convex, this critical point is also the global
solution. m

In numerical optimization, proximal-type algorithms [30, 29] are derived by incorporating a proximal
term in the objective function to enforce that the new iterate does not stray too far from the previous
iterate, such a property will be fundamental in our convergence analysis. Inspired by this strategy, we
propose the following modification of the method (9a)-(9b)-(9c),

Xleza@%PFuﬂ+%WMX)—%ﬁ;&t XTX=1 (14a)
. (6

Yo = agmin )Y - e(Xe)[F+ Y - Vilh st P Y -A]=0 (1)

Pk+1 = Pk, (14c)

where {a}} C RT, is a sequence of proximal parameters. The sub-problem (14b) is equivalent to

1
Vi = argmin [V = (0®(Xpe1) + (1= m)Vi )3 st Pr,, [V — 4] =0,

where 73, 1= /iklf@k € (0,1]. Therefore, it follows from Lemma 4.1 that the global solution of (14b) is
given by
Virr = (®(Xpg1) + (1= 7)Ye) + Prg, [A = (@(Xpp1) + (1 = 7)Y2 )]
= Te(®(Xpy1) + Pr, [A — ©(Xiy)]) + (1 — 7%) V5. (15)

Notice that Yj.1 is the convex combination between the previous iterate and the Yy, matrix of the
non-altered sub-problem in variable Y (9b). Later we will see that for suitable choices of oy, the sequence
{Y%} generated by the proximal variant satisfies that limg_, ||Yx+1 — Yi||F = 0, this property is crucial
in our analysis, and it is not fulfilled for the original iterative scheme (9a)-(9b)-(9c). It is precisely this
property that motivates the modification of the original alternating proposal.

5 Convergence analysis

This section begins by establishing the necessary first-order optimality conditions of Problem (7). The
Lagrangian function associated with this problem is defined by

LIX,Y,A,AA) = F(X)— (A, XX — 1) — (A, Pp, [Y — A]) — (A, Y — (X)), (16)

1
2



where the matrices A, A, A represent the dual variables and satisfy AT = A and A = Plkw[[\], due
to the symmetry of the constraint X ' X = I and the structure of the restriction Pr, [V — A] = 0. By
differentiating the mapping (16) with respect to all its block variables, we derive the Karush-Kuhn-Tucker
(KKT) conditions (also known as the first-order optimality conditions) for problem (7),

VF(X)—- XA+ DX(AT+A) = 0, (17a)
A+A = o0, (17b)

X'X-1 = o, (17c)

P [Y—A] = 0, (17d)

Y -®(X) = 0 (17¢)

Let us recall that D denotes the diagonal matrix formed by the pre-established eigenvalues of A.
Proposition 5.1 The sequences { Xy}, {Yi}, generated by the iterative scheme (9a)-(9c), are bounded.

Proof. Since X, Xj = I for all k > 0, we have directly that || Xy||r = v/n. Thus, the sequence {Xj} is
bounded. In addition, from the updating formula (10), for all k, we get

Werallr = 19(Xkp1) + Pr, [A = S(Xe)]l| 7
< 12Xk 2) lF + 1 Prin, [A = 2(Xig )]l 2
= Dl + 1 Pre, [A = 2(Xer )]l 7

IDl[F +[|A = ®(Xk11)l| 7

DNl + [|All 7 + 12(Xpt1)l 7

= 3| Dl

Therefore, {Yy} is also bounded. =

Now, let {(X}, Yx)} be any sequence generated by the alternating scheme (9a)-(9¢). From the optimal-
ity of the iterates Xj and Yy, for each k > 0 there must exist matrices O, and Oy, (Lagrange multipliers)
verifying the following equations

VF(Xk> — X0 + ZukleXk((I)(Xk) — kal) =0, (18)

and R
pr—1(Ye — (X)) — O =0, (19)

respectively.

Before presenting our convergence result for the scheme (9a)-(9c), we need the following remark.

Remark 5.2 Notice that all the given eigenvalues, that defines the fized diagonal matriz D, can be moved
to the positive side of the real line by a constant shift o > 0 for a sufficiently large o. In this case, the
new positive eigenvalues correspond to the eigenvalues of A + al, which has the same eigenvectors of A.
Moreover, the structural conditions on the diagonal elements of A must be adapted according to the sum of
a > 0. Once the problem is solved we can always recover the desired solution matrixz A by subtracting ol .
Hence, for theoretical reasons and without any loss of generality we can assume that the given eigenvalues
{1, A2, ..., An} are all positive and that the given matriz D is non-singular.

Theorem 5.3 Let {(Xk,Yr)} be a sequence generated by the iterative scheme (9a)-(9c). Let us assume
that {O} is a bounded sequence and that imy_,o0 ||Yi+1 — Yi|lr = 0. Let (Xy, Yy, ©.) be a limit point of
the sequence {(Xy, Y, Or)}. Then, the pair (X4, Yy) is a KKT point for problem (7).



Proof. It follows from equation (18) that
VE(Xp41) = Xp41Ok41 + 2006 D Xpoi1 (P(Xpot1) — Yi) = 0, (20)
or equivalently
20 DX 1 [(P(Xpg1) = Yar1) + (Yer1 — Ya)] = X 1Op 1 — VF (Xpy1)-

Then, using the fact that X3 € O(n) for each k£ > 0 and that D is non-singular (Remark 5.2), we get
1 _
D(Xps1) = Yiy1 = ﬂXJHD 'Xk1(Ok1 — VF(Xpp1)) + (Vi = Yiga)-

Applying the Frobenius norm on both sides of the last result, we obtain

12(Xe41) = Yerrllr = ||23“€X;+1D1Xk+1( Oky1 — VEF(Xgy1)) + (Y — Yiq1)llF
- ";MX'IHD‘leH( Ot = VE(Xpsn) )7 + Ve = Yiewl 7
B 2/1M~cHD_1Xk+1(@k+1 = VE(Xpq1) )P + IV = Yesall
< 2;\\01”1:”@“1 — VF(Xps)lF + 1Y% = Yiga |l s
< Q;ICHD_H‘F( 1Oksillr + IVE(Xns)| ) + 1Y = Yiesr |l - (21)

Since F'(-) is continuous and O(n) is compact then there exists C1 > 0 such that [|[VF(Xy)||r < Ch, for
all k. In addition, from the hypothesis there also exists a constant Cy > 0 such that ||©||r < Cs, for any
k. Substituting these two inequalities in (21) we arrive at

(C1+ Cy)

D! F+H|Ye =Y, F-
O+ e = Vi

[@(Xki1) = Yiqillr <
Applying limits in this last relation, we conclude that
lim ||®(Xkt1) — Yirallr = 0.
k—o0

Notice that this result directly implies that ®(X,)— Y. = 0, which indicates that the pair (X, Y) satisfies
the KKT condition (17e).

On the other hand, let us introduce the notations /~\k+1 = g (P(Xgr1) — Yy) and Ak+1 = ék:+1 +
pr(Ye — Yiy1), where ©y is the matrix that appears in (19). Thus, equation (18) can be rewritten as

VF(Xps1) = Xps10k41 + 2D X1 Ap g =0,

which implies that
- 1 3
A1 = QXJIHD N Xk 11Ok41 — VF(Xpp1))-

Hence by taking the limit as k € K goes to oo, we find that

. 1
A, :=limA,. = -X'D Y X,0, - VF(X,)).
lim Ay = 2 X, ( VF(X.))



Additionally, observe that the equation (19) can be reformulated as

0 = (Vi1 — ®(Xp41)) — Oppa
pe (Vi = ®(Xpq1) + Vg1 — Vi) — Ok
—pu( @(Xp41) = Vi) = (Opgr + s (Ve — Yier1))
= N1 — Mgy,
which leads us to )
Aps1 = —Aper, YE>0. (22)
By taking limits in (22), we conclude that

Ay = lim A =—A
* hekK k+1 %5

and consequently 3
A+ A =0

which establishes the existence of two matrices satisfying the KKT condition (17b).

Similarly, since Aj1 is a symmetric matrix for all k > 0, the equation (20) can be posed as
VEF(Xpt1) — Xes1Mp1 + DX g1 (A + Aggr) =0,

where we are using the notation Ag1q := Oy, 1. Here, it is important to note that A, := limgecx Agr1 = O..
Hence, applying limits in the previous equality we have

VF(X,)— XA, + DX, (A] +A,) =0.

This indicates that the KKT condition (17a) is also satisfied in the limit. Finally, notice that the KKT
condition (17c¢) is easily verified at X* because { X} C O(n) and O(n) is a closed set; and the condition
KKT (17d) is fulfilled trivially by applying the limit, since Py, [Yr — A] =0, for all £ > 0. Therefore the
theorem is proved. m

Let us now analyze the proximal alternating scheme defined by (14a)-(14c).

Proposition 5.4 Let {(Xg,Yr)} be a sequence generated by the iterative scheme (14a)-(14c), starting
from a given Yy € R™*™ such that |Yo||r < 3||D||r. Then, the sequences {Xy} and {Yx} are bounded.

Proof. Clearly the sequence {X}} is bounded because X, Xj = I, for all k > 0. Now we prove that {Y}}
is also bounded. In particular we are going to prove that

1Yellr < 3[|Dl[p, VE=0. (23)

The proof is by induction. In view of the initialization, (23) is trivially fulfilled for £ = 0. Let us now
assume that, for an index k > 0, ||Yx||lr < 3||D||r. Employing (15) and the inductive hypothesis, we
obtain

1Yitille = I7( @(Xkt1) + Prg [A — (Xit1)]) + (1 — 76) Vil F
< Tl ®(Xkt1) + Prg [A — (Xi)][[F + (1 — 70)[[Yillp
< 37l|Dllp 4+ 3(1 — 7)[| D
= 3[|D||F,

proving the inequality (23). Therefore {Y}} is bounded. m
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Proposition 5.5 Let {(Xy,Yx)} be a sequence generated by the iterative process defined by (14a)-(14c),
starting from Yy such that ||Yo||r < 3||D||p. Assume that the prozimal parameter is given by oy, = oy,
for some o > 0. Then,

[Yit1 = Yillp = 0.

lim
k—o0
Proof. It follows from the definition of X}, in (14a) that
I 2 HE 2
F(Xkt1) + 5 Ve = (Xt [ < F(Xk) + (Y5 — (X[ (24)
Similarly, from the definition of Y; ;1 in (14b), we have
HE g Kk
S Wesr = (X )lF + S Ve = Yelle < T I1Ye = @(X) 17 (25)
Combining the inequalities (24) and (25) we get

«
F(Xir1) + 511V = (X)) [ < FX0) + 52V = @K = S I ~ Vil (26)

By rearranging the inequality (26) we obtain

O Hk HE
5 Wern = Yille < F(Xk) = F(Xpr) + 51V = (X0 [ = 5 [ Vepr = @(Xp)|7
k
< PG = F(Xi) + B4 Yi - 0(X0)[
< —F(Xin) + B Y- o(X0)}
I
< Qe @(Xpp)llF + 51V — (X7
As a consequence,
Ok 2 1 2 1 2
oY = Yillk < 511Q 0 @(Xu)lIF: + 5 —[Ye — 2(X) -
2 Hi 23

It follows from Proposition 5.4 that || Y| < 3||D||r, for all k. Using this bound and the formula ay = ou?
provided by the hypothesis, we obtain

2 /1 1
Wi =Yl < 2 (100 ()l + 5l — (001 )
< 2 (1ol + (e + 120X 1))
= 5 ,Lti k+1)IlF 2Mk kIlF k)IF
2 /1 1
< Z(SIDI%+ =—@|D|lF + DF2>
2 (101 + 55 @Il + 1011
2 /1 8
_ (xS 2)
2 (101 + Il
2(1 + 8y
< 28y,
oy

By taking limits in both sides of the above relation, and using (14c) we conclude that

lim [[Ygq1 — Yil7 = 0.
k—o00

11



From the optimality of the iterates, for the proximal alternating minimization approach there must
exists, at the k-th iteration, a matrix Oy (Lagrange multiplier) such that for all &

pie—1(Yi — ®(X1)) + ap_1(Yi — Y1) — O = 0.

Finally, using Propositions 5.4 and 5.5, and repeating the steps of the proof of Theorem 5.3 with a few
slight modifications, we obtain our convergence result for the proximal-type algorithm.

Theorem 5.6 Let {(Xj,Yy)} be a sequence generated by the iterative scheme (14a)-(14c), starting from
Yo such that ||[Yo|lp < 3||D||p. Let us assume that {Oy} is a bounded sequence. Let (X, Y, ©Ox) be a limit
point of the sequence {(Xg, Y, Or)}. Then, the pair (X, Yy) is a KKT point for problem (7).

6 A manifold ADMM

In this section we design a Riemannian alternating direction method of multipliers (RADMM) as an
alternative to recover the matrix A. Let us recall the optimization model (7). Instead of penalizing
the equality constraint Y = ®(X) to obtain the model (8), we now consider the Lagrangian function
associated with (7), given by

- - [
Lu(X,Y,0) = F(X)+(6,Y = 0(X)) + 5 |V = &(X) |7
[ L 1 -
= FX)+ 5|V —2X)+u 'O~ [ O,
2 2u
where © € R™*" represents the dual variable related to the constraint ¥ = ®(X). Starting from (:)0~: 0
and po = 1, the classic augmented Lagrangian method (ALM) [6, 7] generates a sequence {(Xg, Y, Or)}

by
(X, i) = argmin £,,, (XY, Or) st. X'X=1I P, [Y—-A =0, (27)

then updates the multiplier matrix © by the recursive formula

Ok+1 = Ok + k(Y1 — ®(Xpt1)),

and set ppi1 = ppk, for some global parameter p > 1 selected by the user. An efficient approach to solve
the subproblem (27) is the well-known alternating direction method of multipliers ADMM [12, 13, 15].
Specifically, we propose the following iterative process:

Xpp1 = argn;}nﬁuk(X,Yk,(:)k) st XX =1 (28a)
Vg1 = argmyincuk(xkﬂ,y,ék) st. P [Y—A=0 (28b)
Ort1 = O+ Vit — P(Xp1)) (28¢)
k4l = Pl (28d)

Here, the subproblem (28a) can be solved by using the Riemannian gradient method described in
Section 3, while using Lemma 4.1 the subproblem (28b) has an exact solution given by

Vigr = ®(Xgs1) — g 'Ok + Pr, [A — (D(Xpt1) — 11, O] (29)

We close this section with some remarks. The ALM is an effective tool for solving constrained opti-
mization problems, which has been well studied and enjoys global convergence under certain assumptions,
see, e.g., [6, 7] as two standard references. The alternating direction method of multipliers (ADMM) given
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by (28) can be seen as an approximated ALM specially designed to solve the non-convex problem (7).
In fact, at every cycle, our proposed ADMM scheme (28) needs to solve two optimization subproblems:
(28a) and (28b). Problem (28b) is solved exactly using (29), and (28a) minimizes a continuous function
on a (non-convex) compact set, and so it has global solutions. We note that the ADMM has been suc-
cessfully adapted to solve several non-convex problems; see, e.g., matrix completion [32, 34|, noisy color
image restoration [21], and clustering in pattern recognition [24]. In addition, the global convergence
of ADMM for a class of non-convex and non-smooth optimization problems has been established; see,
e.g., [12, 13, 15]. Moreover, the ADMM strategy has been extended to solve optimization problems on a
manifold, see [20, 22].

7 Numerical Results

To give further insight into the inverse structured symmetric matrix problem with given eigenvalues, and
to illustrate the practical performance of the proposed algorithms, we present the results of some numerical
experiments. We compare several proposed methods: the penalization strategy (3a)-(3b) combined with
the Riemannian gradient method based on the QR retraction (R-QR), the same penalization strategy
combined with the Riemannian gradient method based on the Cayley retraction (R-Cayley); the proximal
alternating approach defined by equations (14a)-(14c) described in Section 4 (Alternating-P); and the
Riemannian alternating direction method of multipliers described in Section 6 (Alternating-AL). All
considered methods were implemented in Matlab with double precision. The experiments were executed
in a laptop computer with CPU Intel core i7, 4.7 GHz, RAM memory of 16 GB.

All runs are terminated as soon as one of the following three conditions holds: a maximum number of
iterations (mawxiter) is reached, the difference in norm of two consecutive iterates is less than or equal to a
given tolerance (tol > 0), or the Riemannian gradient norm is less than or equal to tol. To guarantee that
the initial matrix Xy belongs to the Stiefel manifold, we generate a random symmetric matrix W such
that w; ; = 0 for all pairs (7,7) € Iy, and set Xy to be the orthogonal factor @ of the QR factorization
of W. The required input parameters in our algorithms are fixed as follows: maziter = 500, tol = 1075,
the growing factor (p) for the penalty parameters is 1.5, and any of the penalty parameters stop growing
when they reach the value 10?°. The selected values of maxiter and tol are sufficient to demonstrate
the behavior of the iterative methods and evaluate the obtained solutions. The entries of the matrices
O, in (28c), are kept between the bounds —10%° and 10?°. In our experiments, we report the number
of required iterations (Iter), the value of the functions fi(X), fo(X), and f3(X) (f1, f2, f3) defined in
Lemma 2.1, the orthogonality (Orth) given by || X "X — I||r, and the smallest entry in I,,, in absolute
value (min(|NZ|)) at the solution matrix. We also report the final value of the penalty parameters py
and oy, and the required running time in seconds (Time). When a method reaches maxiter iterations
and the Riemannian gradient norm is still greater than tol, we report the symbol (**) under f;.

For our first set of experiments, we fix the diagonal entries of D to be the eigenvalues of the tridiagonal
symmetric positive definite n X n matrix obtained by discretizing the second-order derivative, over a closed
interval in one variable, with zero values at the extreme points. In other words, the given \;s are the
eigenvalues of the matrix tridiag(—1, 2, —1), which can be seen as a special case of the so-called Laplacian
matrices that have an impact in chemical graph theory [9, 36]. It is well-known that, for any n > 2, the
eigenvalues of tridiag(—1,2,—1) are given by A\; =2 — 2cos(i 7/(n + 1)) for 1 < i < n. The considered
structure is the following: The operator P is defined to guarantee that outside of the three main diagonals
all entries are zero; i.e., P = tridiag(1,1,1). As for additional structural requirements, the entries in the
main diagonal are all totally free variables (indicated with the symbol x); there are no nonzero preset
values, so R = 0, C' = 0 and o3 = 0 for all k; and all the entries in the main sub-diagonals are free
variables that must be nonzero (indicated with the symbol nz), thus the matrix @ has 1 at the entries of
the two main sub-diagonals and zero elsewhere. For example, the given matrix pattern for n = 6 is given
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x nz 0 0 0 0]
nz x nz 0 0 O

0 nz x nz 0 O

0 0 nz x nz O

0 0 O nz x nz

0 0 0 0 nz x|

which is identified with a simple undirected graph of 6 vertices [19, pp. 5-8]. For this tridiagonal matrix
and for several values of n, in Table 1 we report the performance of the 4 considered methods: R-QR, R-
Cayley, Alternating-P, and Alternating-AL. We note that the eigenvalues of the obtained matrix (although
each method obtains a different matrix) are the eigenvalues of tridiag(—1,2,—1). From Table 1 we also
see that, even when the penalty parameter s, reaches the upper bound 10%° or a near-by value, the
corresponding method works but it requires many more iterations; see, e.g., the behavior of the R-QR
and the Alternating-P schemes for n = 10. Finally, as expected, for the Alternating-AL scheme the
parameter uy reaches a much smaller value than the one reached by the Alternating-P method.

Table 1: Performance of the 4 considered methods for the inverse structured tridiagonal matrix case.

n Method Iter  fi f2 fs k. Orth min(|[NZ|) Time
4 R-QR 47 458 100 — 108 10716 0.16 21.8
R-Cayley 48  -451 107 — 106 10713 0.13 20.5
Alternating-P 42 -5.65 10719 — 107 1076 0.72 2.3
Alternating-AL 41 -5.33 1072 — 10* 10716 0.37 9.1

7 R-QR 42 786 10010 — 105 10°P 0.28 21.4
R-Cayley 68 -5.62 107 — 100 10712 0.06 35.7
Alternating-P 172 -323 1072 — 10%® 10716 0.15 41.4
Alternating-AL 38 -8.73 107 — 10> 10716 0.18 13.6
10 R-QR 143 -223 100® — 10 10°P 0.08 774
R-Cayley 47 272 1002 — 107 10712 0.11 23.8
Alternating-P 126 -2.87 1076 — 10'® 1071 0.1 39.6
Alternating-AL 76 -11.2 1076 — 109 10=15 0.12 26.2

For n = 4 we now present the obtained matrices Aflt_P (left) and Ajflt_AL (right), produced by the
Alternating-P and the Alternating-AL methods, respectively. We note that the matrices are different,
but they have the same 4 eigenvalues: 0.382, 1.382, 2.618, and 3.618.

2.1483 —1.2175 0 0 2.2188 —1.5093 0 0
—1.2175 1.7251 —0.9095 0 —1.5093 1.7435 —0.4979 0
0 —0.9095 24111 —-0.7188 |’ 0 —0.4979  2.5473 -0.3709

0 0 —0.7188 1.7155 0 0 —0.3709 1.4903

For the second experiment, we consider the 7 x 7 symmetric Laplacian matrix described in [36, Table
I1, p. 369]. These matrices have a potential for use in chemical graph theory. We fix the diagonal entries
of D to be the eigenvalues of the matrix displayed in [36], i.e., the given eigenvalues are: 0, 0.3672, 1.0571,
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2.3745, 4.4681, 7.0357, and 8.6973. The required structural pattern is the following:

X 1Nz 0O 0 O 0 0
nz x nz 0 O 0 -3
0 nz x nz 0 -3 0
0 0 nz x nz 0 01,
0 0 0 nz x 0 0
0 0 -3 0 0 x O
| 0 -3 0 0 O 0 x|

which is identified with the undirected weighted graph (a linear tree in this case) of the 2,3-Dimethyl
pentane, shown in Figure 1. In Table 2 we report the behavior of the 4 considered methods for this 7 x 7
Laplacian matrix. In all cases, the structural requirements are satisfied and the 7 eigenvalues are the
given ones.

6

Figure 1: Structural pattern graph of the symmetric Laplacian matrix (2,3-Dimethyl pentane).

Table 2: Performance of the 4 considered methods for the 7 x 7 symmetric Laplacian case.

Method Iter  fi f2 f3 e ok Orth min(|NZ|) Time
R-QR 142 -183 10°® 107 102 10 10°1° 0.33 49.7
R-Cayley 198 —16.5 1074 1077 10?0 1020 1072 0.26 91.5
Alternating-P 169 —4.42 10~ 10-'2 102 — 10716 0.12 50.2
Alternating-AL 59 —-13.9 1072 107 108 — 10°1° 0.15 23.4

We notice that, for the 4 methods, the structural requirements are satisfied and the 7 eigenvalues
are the given ones. As an example, we now present the matrix A?lt_AL obtained by the Alternating-AL
method:

[ 2.3980 1.0306 0 0 0 0 0]
1.0306  6.5352 —1.0112 0 0 0 -3
0 -1.0112 5.4677 —0.1578 0 -3 0
0 0 —0.1578 1.9569 2.2133 0 0 1.
0 0 0 2.2133 2.5202 0 0
0 0 -3 0 0 29671 0
i 0 -3 0 0 0 0 21548 |
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For our third experiment, let us consider the 4 x 4 symmetric matrix indicated in [35, p. 265], in
which the only nonzero fixed value is 7 at the (2,2) entry.

X
X
nz

0

x nz O
T nz X
nz x 0
x 0 nz

We note that the associated undirected graph is not a tree since it has a cycle (vertices 1, 2, and 3). In this
case, we fix the given eigenvalues to be 1, 2, 3, and 4. Since the four eigenvalues are different, the existence
of a symmetric matrix with the described pattern is guaranteed [19, Chapter 11]. In Table 3 we report the
behavior of the 4 considered methods for this 4 x 4 matrix. In all cases, all the structural requirements are
satisfied and the 4 obtained eigenvalues are the given ones. We present the 4 different obtained solution
matrices AT~ 9H (up-left), AXCWY (up-right), AA~F (down-left), and A" 4% (down-right), produced
by the R-QR, R-Cayley, Alternating-P, and Alternating-AL methods:

1.0447
0.3031
0.1156

0

1.1665
—0.1108
0.3620

0

0.3031
3.1416
0.8863
—0.4011

—0.1108
3.1416
0.1030
0.3614

0
—0.4011
0

3.0414

0.1156
0.8863
2.7724

0

0.3620 0
0.1030 0.3614
1.8456 0

0 3.8464

)

)

1.8230
—0.3693
—1.2722

0

3.0773
—0.2011
0.4089

0

—0.3693 —1.2722 0
3.1416  0.2045 0.0326
0.2045  3.0345 0
0.0326 0 2.001

—0.2011 0.4089 0
3.1416 —1.0775 0.5837

—1.0775 1.6742 0
0.5837 0 2.1069

Table 3: Performance of the 4 methods for the 4 x 4 symmetric matrix indicated above.

Method Iter  fi fa f3 pr  or  Orth min(|]NZ|) Time
R-QR 50 —10.8 1072 1072 10 10® 10716 0.115 17.8
R-Cayley 62 —73 1074 10722 106 10%® 1073 0.204 20.6
Alternating-P 128 —14.8 1072 1072 102 — 10716 0.103 17.1
Alternating-AL 58 —14.9 1072 1072° 107 — 10716 0.4 3.5

For the fourth and last experiment, we consider the 10 x 10 symmetric matrix described in [19, p.
150], which is identified with the undirected graph shown in Figure 2. This graph is the smallest possible
nonlinear tree; see [19, Section 5]. Following the description in [19, p. 150], we fix the given eigenvalues
to be-3,-2,-2,0,0,0,0, 2, 2, and 3. These 5 eigenvalues together with their multiplicity guarantee that
there are possible solutions to the inverse structural matrix problem; see [19, Section 6]. The required
structural pattern is the following:

0

o

nz

O OO OO oo

0O nz O
0 vV2 0
V2 0 1
0 1 0
0 0 V2
0 0 0
0 0 0
0 0 V2
0 0 0
0 0 0

EOEOOO

=]
N

o O O

0 0
0 0
0 0
0 0
nz nz
0 0
0 0
0 0
0 0
0 0

0 O

0 O

0 O
V2 0
0 0

0 O

0 O

0 nz
nz 0
nz 0

OO O O O OO

nz

o O




Figure 2: Structural pattern graph of the symmetric matrix described in [19, p. 150].

In Table 4 we report the behavior of the 4 considered methods for this 10 x 10 matrix. It can be
observed that the methods R-QR and R-Cayley could not find a solution after 500 iterations, while the
Alternating schemes were able to find a solution for which all the structural requirements are satisfied
and the 10 obtained eigenvalues are the given ones. We note that after 500 iterations for both R-QR and
R-Cayley the achieved eigenvalues are already the right ones, however the Riemannian gradient norm is
still of the order of 1072, and so when the process is stopped the values of f» and f3 are not sufficiently

close to zero. We now present the matrix Afolt*AL obtained after 50 iterations by the Alternating-AL
method:

0 0 1.4142 0 0 0 0 0 0 0

0 0 1.4142 0 0 0 0 0 0 0

1.4142 1.4142 0 1 0 0 0 0 0 0

0 0 1 0 1.4142 0 0 1.4142 0 0

Afolt,AL _ 0 0 0 1.4142 0 —-0.1893 1.991 0 0 0

0 0 0 0 —0.1893 0 0 0 0 0

0 0 0 0 1.991 0 0 0 0 0

0 0 0 1.4142 0 0 0 0 —1.1971 1.6022

0 0 0 0 0 0 0 —1.1971 0 0

L 0 0 0 0 0 0 0 1.6022 0 0 |

We also present the matrix Aﬁftfp obtained after 55 iterations by the Alternating-P method, by sim-
ply showing the entries that differ with respect to Afét_AL: A‘f‘olt_P(5,6) = Afolt_P(6,5) = —0.0375,

AM=P(5 7y = AP (7 5) = 1.9996, ANTP(8,9) = AdlTP(9,8) = —0.712, and A{F(8,10) =
Afolt_P(lO,S) = 1.869. It should be noted that [19, p. 127] presents yet another solution, which was
obtained manually using the interlacing theorem and other useful matrix analysis results.

Table 4: Performance of the 4 considered methods for the 10 x 10 matrix described in [35, p. 150].

Method Iter f1 fo f3 ke or  Orth min(|[NZ|) Time
R-QR 500  ** 100-1 1072 10*° 10 107 Aok ok
R-Cayley 500  ** 101 1072 10*° 10%° 1072 ok ok

Alternating-P 55 —19.8 10~'* 107 10° — 10715 0.037 23.8

Alternating-AL 50 —19.9 10~ 107 105 — 107 0.189 23.5
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8 Concluding Remarks

We have focused on the inverse structured symmetric matrix problem for which certain entries have
preassigned values, including a sparse pattern, and such that the desired matrix eigenvalues are given
in advance. In principle, the variables of the problem are the rest of the entries, but it is desired that
some of them are nonzero, while the others are completely free. For this problem, we have presented a
continuously differentiable optimization model in the space of square matrices, which attempts to achieve
all the stated objectives only using the orthogonal eigenvector matrix of the solution as a variable. It
should be noted that with only this matrix as an unknown a solution can be achieved, even though this
matrix alone has no explicit value once the problem is solved.

To solve these challenging problems, we have developed several iterative methods that keep the iter-
ations on the Stiefel manifold of orthogonal matrices. In particular, we have combined a Riemmanian
gradient-type method with a non-monotone line search globalization strategy and with two types of re-
traction operators to stay on the manifold: QR and Cayley. The proposed Riemmanian gradient schemes
have been applied as internal methods of a penalty machinery that enforces the structural requirements
by imposing the orthogonality of the variable matrix as the only constraint, producing the R-QR and
the R-Cayley methods. In our numerical experiments we have observed the standard tendency of the
penalty parameters to grow to very high values to guarantee convergence. As a remedy to this numerical
difficulty, we have also proposed a block alternating scheme based on a suitable variable splitting. One
of the alternating steps is combined with either a penalty or an augmented Lagrangian strategy, and the
other alternating step is solved by a conveniently obtained closed formula.

In our numerical section we add understanding to the topic by illustrating the connection between
the desired symmetric matrix and the associated undirected graph. In particular, we take advantage of
knowledge recently developed in this line of research known as a spectral graph theory. First, as expected
from the formulation of the original inverse matrix problem and the non-convexity of our optimization
model, we note that if the problem has a solution, then it has many different solutions. In our exper-
iments, we have observed that the 4 considered methods tend to produce 4 different solutions for each
matrix problem and for each initial Xy. This is a positive outcome for the user’s choice. Moreover, al-
though our experiments only involved cases where we knew that solutions existed for the structure under
consideration, the proposed numerical methods can also be applied to problems where the existence of
a solution is uncertain. Indeed, the optimization problems considered involve a continuous function over
a compact set. In this sense, the proposed schemes can be a useful tool for researchers in the field of
spectral graph theory to conjecture and discover achievable structures. This line of thought deserves
further investigation.

We have also observed that the Alternating-P and the Alternating-AL schemes present better practi-
cal performance compared to the R-QR and R-Cayley methods, especially when the size of the matrices
increases. Furthermore, in the case of the nonlinear tree with n = 10, only the alternating methods were
able to find a solution with few iterations, the other two exhibit a slow convergence and reached the
limit of 500 iterations without driving the norm of the Riemmanian gradient below the preestablished
tolerance. In general, we have observed that the alternating schemes are effective up to n = 20, which
includes all the graphs analyzed in [19, Appendix A], and require a significant number of iterations and
a high computational cost when n > 20. To address potential large-scale cases in the future, it may be
necessary to adapt the ideas presented in this work or develop other optimization schemes to avoid the
O(n?) computational cost of each retraction.
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