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ASYMPTOTIC MODELING OF THE TRANSIENT RESPONSE

OF NONLINEAR KELVIN-VOIGT VISCOELASTIC THIN PLATES

WITH NORTON OR TRESCA FRICTION BY TROTTER THEORY

Yotsawat Terapabkajornded, Somsak Orankitjaroen, Bangkok,

Christian Licht, Bangkok, Thibaut Weller, Montpellier

Abstract. We study the dynamic response of a thin viscoelastic plate made of a nonlinear
Kelvin-Voigt material in bilateral contact with a rigid body along a part of its lateral
boundary with Norton or Tresca friction. We opt for a direct use of the Trotter theory of
convergence of semi-groups of operators acting on variable spaces. Depending on the various
relative behaviors of the physical and geometrical data of the problem, the asymptotic
analysis of its unique solution leads to different limit models whose properties are detailed.
We highlight the appearance of an additional state variable that allows us to write these
limit systems of equations in the same form as the genuine problem.
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1. Introduction

This study concerns the dynamic response, in the framework of small strains, of

a thin plate made of a viscoelastic material of nonlinear Kelvin-Voigt type in bilateral

contact with a rigid body along a part of its lateral boundary with Norton or Tresca

friction subjected to a given load. One can find in [12] an example of a study

dedicated to the analysis of a frictional contact problem for viscoelastic materials

but, to the best of our knowledge, we are not aware of a rigorous mathematical

approach to the asymptotic mathematical modeling of such a situation in the case

of thin structures. In the recent past we have carried out the asymptotic analysis

of the quasi-static response of a linearly viscoelastic plate of Kelvin-Voigt type [14]
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before addressing the case of the transient response of a thin linearly elastic plate

with Norton or Tresca friction [7]. Our goal here is to study the more complex

problem blending together (1) the asymptotic mathematical modeling of thin plates,

(2) the viscoelasticity of Kelvin-Voigt and (3) the Norton or Tresca friction in (4)

a dynamical context. But our purpose is to do so in a direct way, in the sense that we

propose to bypass the classical step of scaling the genuine physical problem. This is

made possible by a suitable nonlinear extension [8] of Trotter’s theory of convergence

of semi-groups of linear operators acting on variable spaces [15]. This theory is

particularly well suited to the mathematical modeling in physics of continuous media

(see [10]), particularly because almost all boundary value problems stemming from

physics are parameterized by the domain where the problem is posed and/or by

the physical coefficients which may be very high, very low or strongly oscillating.

Briefly and roughly, the framework of this theory is as follows. On the one hand, we

have a sequence of evolution equations involving a parameter s taking its values in

a countable set S with a single cluster point s̄ and conveying the physical information

that need to be taken into account:

(1.1) (Ps)

{ dus

dt
+Asus ∋ fs in Hs,

us(0) = us0.

It is set in a sequence of Hilbert spaces Hs with norm |·|s, governed by a sequence

of maximal-monotone operators As with domains D(As) and with reasonable data

leading to a sufficiently smooth unique solution to (Ps). On the other hand, we have

to uncover another evolution equation

(1.2) (P)

{ du

dt
+Au ∋ f in H,

u(0) = u0,

set in a Hilbert space H with norm |·|, governed by a maximal-monotone operator A

with domain D(A) and with data u0 and f which lead to a sufficiently smooth unique

solution to (P). It is critical to note that the nature of the spaces Hs and H may

be very different, but the requirements of rigorous mathematical modeling make it

mandatory that the sequence of spaces Hs approaches/converges to H! We call this

“convergence in the sense of Trotter”. It implies an operator from H to Hs denoted

by P s which to a certain extent makes it possible to compare an element of H with

an element of Hs. More precisely, it allows to associate a suitable representative P su

in Hs with any u in H. This operator P s has to satisfy two conditions of (a) uniform

continuity and (b) good energetic representation:

(a) there exists C > 0 such that |P su|s 6 C|u| for all u ∈ H for all s ∈ S,

(b) lim
s→s̄

|P su|s = |u| for all u ∈ H.
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Then the notion of comparison which defines the Trotter convergence of a sequence

may be introduced:

Definition 1.1. A sequence (us)s∈S in Hs converges in the sense of Trotter

towards an element u of H if and only if

lim
s→s̄

|P su− us|s = 0.

Finally (see [8], [15]), the result of convergence of the solution to (Ps) towards the

one to (P) may be characterized as follows:

Theorem 1.1. Let u, us be the strong solutions to (P) and (Ps). If

(i) |P su0 − us0|s → 0,

(ii)
∫ T
0
|P sf(t)− fs(t)|s dt→ 0,

(iii) for all y ∈ X, dense in H, |P s(I+A)−1y − (I+As)−1P sy|s → 0,

then, uniformly on [0, T ], |P su(t)− us(t)|s → 0 and |us(t)|s → |u(t)|.

The first two conditions concern the data (initial states and right-hand sides) of

the problems, the last one (I stands for the identity operator) deals with the re-

solvents of operators As and A. The resolvents can in general be associated with

the solution to the corresponding steady state problem. Therefore, roughly speak-

ing, when one knows how to address the convergence in the steady state version of

the transient problem, one knows how to deal with the convergence in the genuine

transient problem. This mostly implies very short proofs limited to the implemen-

tation of Trotter’s theory: guess H or Hs and construct P s satisfying (a) and (b) as

Trotter’s convergence of the resolvents is relatively easy to infer.

As the reader will have realized, it is true that this method requires the introduc-

tion of an open fixed set Ω. However problem (P) is not a scaled version of (Ps). The

convergence in the sense of Trotter of the unique solution us to the genuine physical

problem (Ps) posed over the domain Ωε of the real plate1 to the unique solution u to

the abstract problem (P) posed over the abstract fixed open set Ω is none other than

the convergence to zero of the relative energy gap directly computed on Ωε between

the real physical state (here us(t)) which solves the genuine physical problem (Ps)

and an “equivalent” state (in this case P su(t)) defined on the real domain Ωε and

obtained from the solution u(t) to the abstract problem (P) through the operator P s.

Both in terms of dimension reduction and periodic homogenization, one of the

features of viscoelastic Kelvin-Voigt solids, when it comes to asymptotic analysis, is

the appearance of a delayed memory term in the limit model (see [5], [9] for example).

1 Classically ε denotes half the thickness of the plate and is a component of the parameter s.
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Because the limit model is no longer of Kelvin-Voigt type, such a situation has been

interpreted as an example “of a sequence of semi-groups whose limit is not a semi-

group” and that may lead the reader to think that the framework presented here

does not work. The profound insight developed in [16] helped us to overcome this

interpretation by introducing an additional state variable. In doing so, the sequence

of operators As, which is noncompact in the sense of the usual convergence of the

resolvent, becomes compact when we use an adaptation of the two-scale convergence

in the case of dimension reduction (we call it “3d-2d” convergence). In doing so, we

are led to believe that while little known, Trotter’s theory offers models with a more

comprehensive view and is particularly well suited to the asymptotic mathematical

modeling of a variety of problems that arise in the field of mechanics as mentioned

in [10], but also in biology (see [2], [16] for example).

In Section 2 we set the problem in its variational and strong forms. It is made

clear that in this physical situation, the parameter that appears in (1.1) is in fact

a quadruplet s := (ε, ̺, µ, b) respectively composed of the thickness of the plate, its

density and two “viscosity” coefficients related to Tresca or Norton friction and the

density of the viscous pseudo-potential. This variational problem is denoted by (Ps).

In Section 3 we prove that (Ps) has a unique solution consisting of a couple

Us := (us, vs) living in a Hilbert space Hs, where us and vs respectively denote

the displacement and the velocity fields. To this end, (Ps) is transformed into a dif-

ferential inclusion (Ps) of kind (1.1) by the help of a multi-valued maximal-monotone

operator As whose definition is introduced.

In Section 4 the asymptotic behavior of Us when the parameter s goes to its

natural limit is studied. As largely explained supra, this stage implies the construc-

tion of Trotter’s theory framework whose technical structure is detailed. It is shown

that depending on the relative magnitudes of the density, thickness and viscosity,

twelve different cases must be taken into account. We therefore introduce a triplet

I = (I1, I2, I3) ∈ {1, 2} × {1, 2, 3} × {1, 2} which will be used as an index thereafter.

In particular, the abstract problem is denoted by (PI) (compare with (1.2)). We

introduce a Hilbert space HI whose norm is |·|I and an operator P sI which allows

to compare the elements of Hs to those of HI. The maximal-monotone operator

that governs the differential inclusion (PI) is denoted by AI. Properties (a) and (b)

together with a theorem of convergence are proved and their mechanical interpreta-

tion is provided. One of the tools used in this section is called “3d-2d convergence”

and is presented in Appendix. As two-scale convergence did in the case of periodic

homogenization, this tool naturally involves an additional displacement field which

permits to keep the genuine structure (evolution equation/differential inclusion in

a Hilbert space) for the limit problem. We insist on the fact that the nature of the

limit space HI is completely different from the one of Hs and involves functional
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spaces defined on an abstract domain Ω. Moreover and classically, any element

of Hs is a couple (u, v) of the kind (displacement, velocity), whereas any element

of HI is admittedly of the same kind but with a modified “displacement component”

constructed with an additional term (i.e. a hidden or internal state variable comes

into play) and on the other hand the “velocity component” may involve only specific

components of the time derivative of the usual displacement.

Eventually, Section 5 is devoted to the presentation of our seven different models

and some conclusive remarks that underline their properties. We highlight the fact

that the limit behavior is of the same type as the one of the genuine plate but

with an additional state variable. The dynamical, quasi-static (possibly static) and

frozen nature of the transverse and in-plane components of the displacement are

detailed according to the different relative magnitudes of the physical coefficients.

As already stated, it allows us to provide a simplified but accurate enough model

through a convergence to zero of a relative energy gap. As explained in Remark 5.2,

a crucial consequence is that while the limit displacement field which solves the

“abstract limit” problem (PI) is of Kirchhoff-Love type, the strain of the real genuine

displacement field solving (Ps) is not close to the one of a Kirchhoff-Love (or even

a Reissner-Mindlin) displacement field. Lastly, these “limit equations” are fairly easy

to implement numerically.

2. Problem setting

As is customary, we do not distinguish between R3 and the Euclidean physical

space whose orthonormal basis is denoted by {e1, e2, e3}. For all ξ = (ξ1, ξ2, ξ3)

in R3, we write ξ̂ for (ξ1, ξ2). Throughout the paper, the Latin indices run over

{1, 2, 3} while the Greek ones run over {1, 2}. Like R3 and R2, the space S3 of

symmetric matrices of order 3 is endowed with the usual inner product and norm

denoted by · and |·|. For each κ in S3, we define κ̂ and κ⊥ in S3 by κ̂αβ := καβ ;

κ̂i3 := 0 and κ⊥αβ := 0; κ⊥i3 := κi3, respectively. A symmetric tensor product ξ ⊗s ζ

in R3 is defined by (ξ ⊗s ζ)ij = (ξiζj + ξjζi)/2 for all ξ, ζ ∈ R3. Let Lin(S3) denote

the space of linear symmetric mappings from S3 into itself.

Here, within the context of small strains, we study the dynamic response of a thin

viscoelastic plate of nonlinear Kelvin-Voigt type subjected to a given load. The

reference configuration of the plate is the closure of Ωε := ω×(−ε, ε) whose thickness

is 2ε and the middle surface of the plate ω is a bounded domain in R2 with Lipschitz

continuous boundary ∂ω. We refer to the lateral, upper and lower faces of the

plate as Γεlat := ∂ω × [−ε, ε], Γε+ := ω × {+ε} and Γε− := ω × {−ε}, respectively.

Given a partition {γD, γN, γC} of the boundary ∂ω, the plate is clamped on a portion

ΓεD := γD×[−ε, ε] with h1(γD) > 0, where hn is the n-dimensional Hausdorff measure.
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where t is the time, T > 0, φp(ξ) = |ξ|p/p for all ξ in R3, 1 6 p 6 2 (p = 1 describing

Tresca friction while 1 < p 6 2 deals with Norton friction), eε(u) is the linearized

strain tensor associated with the displacement field u (the symmetric part of ∇εu,

the gradient of u with respect to xε-variable), and uN := u · nε, uT := u− (u · nε)nε

are the normal and tangential components of u on a part of ∂Ωε with outward unit

normal vector nε. Denoting the time derivative by an upper dot and introducing

∂J(v), the subdifferential at v of any lower semicontinuous convex function J , the

stress tensor σs and the field of displacement us satisfy:




σs ∈ aεeε(us) + b∂Dε
v(e

ε(u̇s)) in Ωε,

−(σsnε)T ∈ ∂φp(u̇
s
T ), u

s
N = 0 on ΓεC,

−divεσs − fε + ̺δεüs = 0 in Ωε,

σsnε = gε on ΓεN, u
s = 0 on ΓεD,

where divε obviously stands for the divergence with respect to xε-variable.

3. Existence and uniqueness

To obtain the existence and uniqueness result, we make an assumption on the

loading

(H1) (fε, gε) ∈ BV1(0,T;L2(Ωε,R3)× L2(ΓεN,R
3)),

where for all Hilbert space H, BV1(0,T;H) comprises all elements of BV(0,T;H)

with distributional time derivative in BV(0,T;H) which is the space of all elements

of L1(0,T;H) whose distributional time derivative is a H-valued measure.

The field Us is split into Us = Use + Usr; the field Use(t) := (use(t), 0) is defined

by

(3.1) use(t) ∈ Us; ϕs(use(t), u′) = Lε(t)(u′) ∀u′ ∈ Us, ∀ t ∈ [0,T],

where

Us := {u ∈ H1(Ωε,R3); u = 0 on ΓεD, uN = 0 on ΓεC},

ϕs(u, u′) :=
1

ε3

∫

Ωε

aεeε(u) · eε(u′) dxε ∀u, u′ ∈ Us,(3.2)

Lε(t)(u′) :=
1

ε3

(∫

Ωε

fε(xε, t) · u′ dxε +

∫

Γε

N

gε(xε, t) · u′ dh2

)

∀u′ ∈ Us, ∀ t ∈ [0,T].

Because of (H0) and (H1), the displacement field use is well-defined and belongs to

BV1(0,T;Us).
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The remaining part Usr of Us will be involved in an evolution equation in

a Hilbert space Hs of possible states with finite total mechanical energy governed

by a maximal-monotone operator As. We introduce ks the bilinear form associated

with the kinetic energy

(3.3) ks(v, v′) :=
1

ε3

∫

Ωε

̺δεv · v′ dxε ∀ v, v′ ∈ Vs := L2(Ωε,R3),

and define the space Hs := Us × Vs, endowing it with the following inner product

and norm:

〈U,U ′〉s := ϕs(u, u′) + ks(v, v′) ∀U = (u, v), U ′ = (u′, v′) ∈ Hs,

|U |s := [〈U,U〉s]1/2.

The global pseudo-potential of dissipation Ds
f involving friction is:

Ds
f (v) :=

µ

ε3

∫

Γε

C

φp(vT ) dh2 ∀ v ∈ Us,

while the global viscous pseudo-potential of dissipation is

Ds
v(v) :=

b

ε3

∫

Ωε

Dε
v(e

ε(v)) dxε ∀ v ∈ Us,

where p = 1 refers to Tresca and p ∈ (1, 2] to Norton tangential friction with bilateral

contact. The rationale of the normalizing factor ε3 for energies and global pseudo-

potential of dissipation will clearly appear in the next section.

So the multi-valued operator As defined on Hs by




D(As) := {U = (u, v) ∈ Hs; (i) v ∈ Us, (ii) ∃w ∈ Vs s.t.

ϕs(u, v′) + ks(w, v′) +Ds
f (v + v′)−Ds

f (v)

+Ds
v(v + v′)−Ds

v(v) > 0 ∀ v′ ∈ Us},

−AsU = {(v, w); w satisfies (ii) of definition of D(As)},

obviously satisfies the following proposition.

Proposition 3.1. Operator As is maximal monotone and for all ψs = (ψsu, ψ
s
v)

in Hs

{
Us = (ūs, vs) s.t.

Us +AsUs ∋ ψs
⇔





ūs = vs + ψsu,

where vs is the unique minimizer on Us of Js;

Js(v) :=
1

2
[|(v, v)|s]2 + 〈(ψsu,−ψ

s
v), (v, v)〉

s

+Ds
f (v) +Ds

v(v) ∀ v ∈ Us.
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Finally, as the very definition of Ds
f and Ds

v implies that (P
s) is formally equiva-

lent to

(Ps)





dUs

dt
+As(Us − Use) ∋ 0,

Us(0) = Us0,

Propositions 3.2 and 3.3 in [3] yield:

Theorem 3.1. Under assumptions (H1) and

(H2) Us0 ∈ Use(0) +D(As),

problem (Ps) has a unique solution Us belonging to W 1,∞(0,T;Hs) and the first

line of (Ps) is satisfied almost everywhere in (0,T].

4. Asymptotic behavior

Now we consider s to be a quadruplet of parameters taking values in a countable

subset S of (0,∞)4 with a unique cluster point s̄ in {0} × [0,∞) × [0,∞]2. The

study [7] leads us to speculate on the limit behavior in the current study and advises

separating the limit model into twelve cases, each indexed by I = (I1, I2, I3) in {1, 2}×

{1, 2, 3} × {1, 2}. Let

̺∗I1 =

{
̺ε−2, I1 = 1,

̺, I1 = 2,

µ∗I2 =

{
µε−2, I2 = 1,

µε−(2−p), I2 = 2, 3,
b∗I3 = bε−(2−q), I3 = 1, 2.

Wemake the following assumption to account for the magnitudes of density, thickness

and viscosity:

(H3)





there exists (¯̺I1 , µ̄I2 , b̄I3) in (0,∞)× [0,∞]× [0,∞] such that

¯̺I1 = lim
s→s̄

̺∗I1 ,

µ̄I2 = lim
s→s̄

µ∗I2 with µ̄1, µ̄2 ∈ [0,∞) and µ̄3 = ∞,

b̄I3 = lim
s→s̄

b∗I3 with b̄2 = ∞.

Following [7] we introduce Ω, the closure of Ω := ω×(−1, 1), through a mapping πε:

x = (x̂, x3) ∈ Ω 7→ xε = πεx := (x̂, εx3) ∈ Ω
ε
.
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In the sequel, xε and x are systematically connected through xε = πεx. Similarly

to Ω, we discard index ε from the inverse image of Γε±, Γ
ε
D, Γ

ε
N, Γ

ε
C, Γ

ε
lat by (π

ε)−1.

Let α and β be fixed positive real numbers, we further make a due assumption (H4)

on the density and the elasticity tensor of the plate, and on the loading (fε, gε):

(H4)





∃ (δ, a) ∈ L∞(Ω,R× Lin(S3)) s.t.

α 6 δ(x), α|e|2 6 a(x)e · e ∀ e ∈ S3, a.e. x ∈ Ω,

δε(xε) = δ(x), aε(xε) = a(x), a.e. x ∈ Ω,

∃Dv measurable in Ω, convex on S3 s.t.

∃ q ∈ [1, 2], −α 6 Dv(x, e) 6 β(1 + |e|q),

Dε
v(x

ε, e) = Dv(x, e),

}
∀ e ∈ S3, a.e. x ∈ Ω.

∃ (f, g) ∈ BV1(0,T;L2(Ω,R3)× L2(ΓN,R
3)) s.t.

f̂ε(xε) = εf̂(x), fε3 (x
ε) = ε2f3(x) ∀x ∈ Ω,

ĝε(xε) = ε2ĝ(x), gε3(x
ε) = ε3g3(x) ∀x ∈ ΓN ∩ Γ±,

ĝε(xε) = εĝ(x), gε3(x
ε) = ε2g3(x) ∀x ∈ ΓN ∩ Γlat.

From now on the letter c or C will denote various constants independent of s, which

may differ from line to line.

4.1. A candidate for the limit framework. To display the asymptotic behav-

ior of Us, we use a simple scaling mapping Sε from L2(Ωε,R3) into L2(Ω,R3) defined

by:

(4.1) Sεw(x) :=
(1
ε
ŵ(xε), w3(x

ε)
)
a.e. x ∈ Ω, ∀w ∈ L2(Ωε,R3).

With this scaling, for all w in H1(Ωε,R3) we have eε(w)(xε) = εe(ε, Sεw)(x) a.e. x

in Ω, where:

(4.2)
eij(ε, z) :=





eij(z) for 1 6 i 6 j 6 2,

ε−1eij(z) for 1 6 i 6 2, j = 3,

eji(ε, z) for 1 6 j < i 6 3,

ε−2e33(z) for i = j = 3,

eij(z) :=
1

2
(∂izj + ∂jzi),





∀ z ∈ H1(Ω,R3).

Therefore, the bilinear forms ϕs in (3.2) and ks in (3.3) become:

ϕs(u, u′) =

∫

Ω

ae(ε, Sεu) · e(ε, Sεu
′) dx ∀u, u′ ∈ Us,(4.3)

ks(v, v′) =

∫

Ω

̺δ
(
(Ŝεv) · (Ŝεv′) +

1

ε2
(Sεv)3(Sεv

′)3

)
dx ∀v, v′ ∈ Vs.(4.4)
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Before introducing a suitable space for the limit fields, we recall some classical

spaces useful in the mathematical modeling of linearized elastic plates

H1
ΓD

(Ω,R3) = {w ∈ H1(Ω,R3); w = 0 on ΓD},(4.5)

VKL := {w ∈ H1
ΓD

(Ω,R3); ei3(w) = 0},(4.6)

and define:

(4.7)



U0 := {w ∈ VKL; wN = 0 on ΓC}, U1 := H1(−1, 1;L2(ω,R3))/L2(ω,R3),

U := U0 × U1, Eu := e(u0) + ∂3u
1 ⊗s e3 ∀u = (u0, u1) ∈ U ,

V1 := L2(Ω), V2 := {v ∈ L2(Ω,R3); v3 = 0},

HI := U × VI1 ∀ I = (I1, I2, I3) ∈ {1, 2} × {1, 2, 3} × {1, 2},

ϕ(u, u′) :=

∫

Ω

aEu · Eu′ dx ∀u, u′ ∈ U ,

k1(v, v′) := ¯̺1
∫

Ω

δvv′ dx ∀ v, v′ ∈ V1, k2(v, v′) := ¯̺2
∫

Ω

δv̂ · v̂′ dx ∀ v, v′ ∈ V2,

〈U,U ′〉I := ϕ(u, u′) + kI1(v, v′) ∀U = (u, v), U ′ = (u′, v′) ∈ HI,

|U |I := [〈U,U〉I]1/2.

Clearly, HI equipped with the inner product 〈·, ·〉I is a Hilbert space and taking

into account the fundamental link between velocity and displacement, we straight-

forwardly deduce:

Proposition 4.1. For every sequence X s = (X s
u ,X

s
v ) in Hs such that |X s|s is

uniformly bounded, there exists a not relabeled subsequence and X I = (X I
u,X

I
v)

in HI such that:

(i) (EX I
u

,X I
v) is the weak limit in L

2(Ω, S3×R2I1−1) of (e(ε, SεX
s
u), (SεX

s
v )3) when

I1 = 1 or of (e(ε, SεX
s
u), SεX

s
v ) when I1 = 2,

(2) |X I|I 6 lim
s→s̄

|X s|s.

Hence, HI appears to be suitable for describing the asymptotic behavior. More-

over, it is exactly the appropriate space because any element U of HI admits a rep-

resentative PsIU in Hs which is energetically very close to U :

Proposition 4.2. For all s in S and all U = (u, v) in HI, let PsIU := (PsIu u,P
sI
v v)

in Hs be defined by:

ϕs(PsIu u, u
′) =

∫

Ω

aEu · e(ε, Sεu
′) dx ∀u′ ∈ Us,(4.8)

ks(PsIv v, v
′) =

{
k1(v, (Sεv

′)3) if I1 = 1,

k2(v, Sεv
′) if I1 = 2,

∀ v′ ∈ Vs.(4.9)

11



We have:

(P1) there exists C > 0 s.t. |PsIU |s 6 C|U |I for all U ∈ HI for all s ∈ S,

(P2) lim
s→s̄

|PsIU |s = |U |I for all U ∈ HI,

(P3)

i. lim
s→s̄

1

ε3

∫

Ωε

aε[eε(PsIu u)− Eεu] · [e
ε(PsIu u)− Eεu] dx

ε = 0,

with Eεu(x
ε) := εEu(x) a.e. x

ε = πεx ∈ Ωε for all u ∈ U ;

ii. P sIv v = V εIv :=





̺∗I1

¯̺I1
(Sε)

−1(0, v3) if I1 = 1,

̺∗I1

¯̺I1
(Sε)

−1v if I1 = 2.

P r o o f. Choosing u′ = ξs := PsIu u and v
′ = PsIv v in (4.8) and (4.9), respectively,

the Cauchy-Schwarz inequality and (4.3) imply

(4.10)

{
ϕs(PsIu u,P

sI
u u) 6 ϕ(u, u),

ks(PsIv v,P
sI
v v) 6 kI1(v, v).

Combining these two inequalities gives (P1) straightforwardly.

Because of (4.10), the sequence e(ε, Sεξ
s) is bounded in L2(Ω, S3) so that the Korn

inequality and ε < 1 yield:

c|Sεξ
s|2H1(Ω,R3) 6 |e(Sεξ

s)|2L2(Ω,S3) 6 |e(ε, Sεξ
s)|2L2(Ω,S3) 6 C.

Therefore, there exist a not relabeled subsequence and (ξ̄0, κ̄) in U0×L2(Ω, S3) such

that:

(Sεξ
s, e(ε, Sεξ

s)) weakly converges in H1(Ω,R3)× L2(Ω, S3)(4.11)

towards (ξ̄0, κ̄), ̂̄κ = e(ξ̄0).

Similarly to periodic homogenization problems treated by two-scale convergence [13],

[1], we will show that the limit in L2(Ω, S3) of the scaled strain e(ε, SεP
sI
u u) will

involve an additional displacement field ξ̄1 so that the physical field 1
εe
ε(ξs) “3d-2d

converges” towards Eu (see Appendix). As there exists ξ̄
1 in U1 such that

κ̄⊥ = ∂3ξ̄
1 ⊗s e3,

where ξ̄1i :=
∫ x3

−1
(2 − δi3)κ̄i3(x̂, τ) dτ with δij the Kronecker symbol, then we have

(see (4.7)) κ̄ = ̂̄κ+ κ̄⊥ = Eξ̄ with ξ̄ = (ξ̄0, ξ̄1).
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Now we choose u′ = ξ+ ε(ξ̂1, εξ13) in (4.8), with ξ arbitrary in U
0 and ξ1 arbitrary

in (U1∩H1(−1, 1;C∞
0 (ω,R3))/L2(ω,R3)), which is obviously dense in U1, and obtain

ξ̄ ∈ U ,

∫

Ω

aEξ̄ · Eξ dx =

∫

Ω

aEu · Eξ dx ∀ ξ ∈ U ,

which implies ξ̄ = u and the whole sequence satisfies (4.11).

Next choosing u′ = ξs in (4.8) yields:

lim
s→s̄

∫

Ω

ae(ε, Sεξ
s) · e(ε, Sεξ

s) dx =

∫

Ω

aEu · Eu dx.

Therefore, e(ε, Sεξ
s) converges strongly in L2(Ω, S3) towards Eu, that is to say (P3)i

and lim
s→s̄

ϕs(P sIu u, P
sI
u u) = ϕ(u, u).

Lastly (P3)ii being obvious, one has ks(P sIv v, P
sI
v v) = kI1(v, v) by due account

of (4.4). �

Property (P2) states that any element U of HI has a representative PsIU in Hs

whose energy 〈PsIU,PsIU〉s is arbitrarily close to the square of the norm of U in HI,

ensuring that HI is appropriate to describe the asymptotic behavior. Keep also in

mind that through (4.7) the “abstract velocities” living in the space VI1 involve their

sole transverse component when I1 = 1.

To complete guessing the asymptotic behavior, according to Proposition 3.1, it

remains to consider sequences zs with uniformly bounded global frictional and vis-

cous pseudo-potentials of dissipation Ds
f (z

s), Ds
v(z

s) and “total energy functional”

[|(zs, zs)|s]2 which will permit to define the space ZI of “admissible virtual gener-

alized velocities” and the limit global potentials of dissipation DI
f and DI

v. Note

that from a strictly mathematical point of view, such previous sequences stem from

sequences X s such that X s +AsX s are uniformly bounded in Hs. We set:

ZI := {z ∈ U ; (z0)3 = 0 if I1 = 2, (z0)3 = 0 on ΓC if I2 = 2,(4.12)

z0 = 0 on ΓC if I2 = 3, z = 0 if I3 = 2},

DI
f (z) :=





2µ̄1
∫
γC
φp(z

0
3) dh1 if I2 = 1,

2µ̄2
∫
γC
φp(ẑ0T ) dh1 if I2 = 2 ∀ z ∈ ZI,

0 if I2 = 3,

(4.13)

DI
v(z) :=

{
b̄1

∫
Ω
Dv(Ez) dx if I3 = 1,

I{0}(z) if I3 = 2,
∀ z ∈ ZI.(4.14)

Thus, a simple argument of lower semicontinuity and Proposition 4.1 imply:
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Proposition 4.3. For all sequence zs in Us such that [|(zs, zs)|s]2 + Ds
f (z

s) +

Ds
v(z

s) 6 C, there exists a not relabeled subsequence and z in ZI such that e(ε, Sεz
s)

converges weakly in L2(Ω, S3) towards Ez and

[|(z, (
◦
z)I)|I]2 +DI

f (z) +DI
v(z) 6 lim

s→s̄

([|(zs, zs)|s]2 +Ds
f (z

s) +Ds
v(z

s))

with

(4.15) (
◦
z)I = (z0)3, if I1 = 1, (

◦
z)I = z0 if I1 = 2 ∀ z = (z0, z1) in U .

We are now in a position to establish a convergence result for the solution Us

to (Ps) by using a nonlinear version of Trotter theory of approximation of semi-

groups acting on variable spaces, as developed in the Appendix of [3], which is very

efficient in many problems where the functional spaces have to depend on physical

parameter (s) as it is the case here (see [10]).

4.2. Trotter theory of operators acting on variable Hilbert spaces.

Let Hn, H be Hilbert spaces with norms |·|Hn
, |·|H , respectively, for each positive

integer n and Pn a sequence of linear operators from H into Hn satisfying:

(T1) there exists C > 0 such that |PnX|Hn
6 C|X|H for all X ∈ H for all n ∈ N,

(T2) lim
n→∞

|PnX|Hn
= |X|H for all X ∈ H.

A sequence (Xn)n∈N with Xn in Hn for all n in N is said to converge in the sense

of Trotter towards X in H if

lim
n→∞

|PnX −Xn|Hn
= 0.

One has the following convergence result (see [8]):

Theorem 4.1. Let An : Hn ⇒ Hn, A : H ⇒ H be multivalued maximal mono-

tone operators, Fn ∈ L1(0,T;Hn), F ∈ L1(0,T;H), X0
n ∈ D(An), X

0 ∈ D(A) and

let Xn, X be the weak solution to

{ dXn

dt
+AnXn ∋ Fn,

Xn(0) = X0
n,

{ dX

dt
+AX ∋ F,

X(0) = X0.

If

(i) lim
n→∞

|(I+An)
−1Pnz − Pn(I+A)−1z|Hn

= 0 for all z ∈ H,

(ii) lim
n→∞

|PnX
0 −X0

n|Hn
= 0, lim

n→∞

∫ T

0
|PnF (t)− Fn(t)|Hn

dt = 0,
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where I denotes the identity operator in both spaces Hn and H, then Xn converges

in the sense of Trotter towards X uniformly on [0,T], namely,

lim
n→∞

sup
t∈[0,T]

|PnX(t)−Xn(t)|Hn
= 0

with moreover,

lim
n→∞

sup
t∈[0,T]

||Xn(t)|Hn
− |X(t)|H | = 0.

4.3. Convergence results. We can now use the Trotter theory because of Propo-

sitions 4.1 and 4.2, and we get:

Proposition 4.4. The sequence X s = (X s
u ,X

s
v ) in Hs converges in the sense of

Trotter towards X = (Xu,Xv) in HI if and only if both limits are satisfied:

(i) lim
s→s̄

1

ε3

∫

Ωε

aε(eε(X s
u)− EεXu

) · (eε(X s
u)− EεXu

) dxε = 0,

(ii) lim
s→s̄

ks(X s
v − V εIXv

,X s
v − V εIXv

) = 0.

So this notion of convergence is the appropriate one from the mechanical point of

view: a convergence result of relative energetic gaps measured on the physical plate

(the only one which has a meaning because the total mechanical energies are going to

zero!) between the state X s and the image on the genuine physical configuration Ωε

of the limit state X .

As for Us, we consider U Ie := (uIe, 0) such that uIe is the solution to

(4.16) uIe ∈ U ; ϕ(uIe, w) = L(w) := Lε((Sε)
−1w0) ∀w = (w0, w1) ∈ U .

Assumption (H4) therefore implies that U Ie belongs to BV1(0,T;HI).

Taking advantage of the concept of multivalued operators, we introduce the fol-

lowing operator AI:

⊲ When I3 = 1:





D(AI) := {U = (u, v) ∈ HI; (i) ∃ ṽ ∈ ZI s.t. (
◦
ṽ)I = v, (ii) ∃w ∈ VI1 s.t.

〈(u,w), (z, (
◦
z)I)〉I +DI

f (z + ṽ)−DI
f (ṽ) +DI

v(z + ṽ)−DI
v(ṽ) > 0

∀ z ∈ ZI},

−AIU = {(ṽ, w) satisfying (i) and (ii)}.

⊲ When I3 = 2: {
D(AI) := U × {0},

−AIU = {0} × VI1 .
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Regarding this operator AI, it is straightforward to check:

Proposition 4.5. Operator AI is maximal monotone and for all ψ = (ψu, ψv)

in HI, when I3 = 1,

{
U I = (ūI, vI) s.t.

U I +AIU I ∋ ψ
⇔





(ūI, vI) = (z + ψu, (
◦
z)I),

where z is the unique minimizer on ZI of J I,

J I(z) :=
1

2
[|(z, (

◦
z)I)|I]2 + 〈(ψu,−ψv), (z, (

◦
z)I)〉I

+DI
f (z) +DI

v(z) ∀ z ∈ ZI

when I3 = 2: U I +AIU I ∋ ψ ⇔ (ūI, vI) = (ψu, 0).

Similarly to As, Propositions 3.2 and 3.3 in [3] yield:

Theorem 4.2. Under assumptions (H1)–(H4) and

(H5) U I0 ∈ U Ie(0) +D(AI),

the differential inclusion

(PI)





dU I

dt
+AI(U I − U Ie) ∋ 0,

U I(0) = U I0

has a unique solution U I belonging to W 1,∞(0,T;HI) and the first line of (PI) is

satisfied almost everywhere in (0,T].

Note that for the singular case (i.e. when I3 = 2), problem (PI) reduces to

U I(t) = U I0, U I0 = (uI0, 0).

To affirm the Trotter convergence of Us(t) towards U I(t) uniformly on [0,T],

according to Theorem 4.1, Definitions (3.1) and (4.16) of use and uIe and their time

regularities, it suffices to make the additional assumption

(H6) ∃U I0 ∈ U Ie(0) +D(AI); lim
s→s̄

|PsIU I0 − Us0|s = 0,

and to establish the following proposition:

Proposition 4.6. We have

(i) lim
s→s̄

|PsI(I+AI)−1ψ − (I+As)−1PsIψ|s = 0 for all ψ = (ψu, ψv) ∈ HI,

(ii) lim
s→s̄

|PsIU Ie(t)− Use(t)|s = 0 for all t ∈ [0,T].
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P r o o f. (i) According to Proposition 1, Us = (ūs, vs) := (I+As)−1PsIψ is such

that ūs = vs + PsIu ψu and v
s is the unique minimizer on Us of J̃s defined by

J̃s(v) =
1

2
[|(v, v)|s]2+

∫

Ω

aEψu
·e(ε, Sεv) dx+k

I1(−ψv, Sεv)+Ds
f (v)+Ds

v(v) ∀ v ∈ Us.

Hence, vs is bounded in Us and Vs. According to Proposition 4.3, there exist v∗ in ZI

and a not relabeled subsequence such that e(ε, Sεv
s) weakly converges in L2(Ω, S3)

towards Ev∗ and

J I(v∗) 6 lim
s→s̄

J̃s(vs).

To prove that the entire sequence converges towards Ez with z the unique minimizer

of J I on ZI and

(4.17) J I(z) = lim
s→s̄

J̃s(vs), |(z, (
◦
z)I)|I = lim

s→s̄
|(vs, vs)|s,

it remains to show that for all z in ZI there exists zs in H1
ΓD

(Ωε,R3) such that

e(ε, Sεz
s) weakly converges in L2(Ω, S3) towards Ez with:

(4.18)





lim
s→s̄

|(zs, zs)|s 6 |(z, (
◦
z)I)|I,

lim
s→s̄

Ds
f (z

s) 6 DI
f (z),

lim
s→s̄

Ds
v(z

s) 6 DI
v(z),

lim
s→s̄

J̃s(zs) 6 J I(z).

To accomplish this, we use a classical construction in mathematical modeling of thin

plates [4], [8] which in fact consists in smoothing z1. As there exists qs in C
∞
0 (Ω, S3)

such that
∫
Ω
a(qs − Ez) · (qs − Ez) dx 6 Cε2, the field defined by

(4.19) (ws)α = 2ε

∫ x3

0

(
(qs)α3(x̂, τ)−

ε

2

∫ τ

0

∂α(qs)33(x̂, σ) dσ

)
dτ,

(ws)3(x) = ε2
∫ x3

0

(qs)33(x̂, τ) dτ

belongs to H1
ΓD∪ΓC

(Ω,R3). Because |e(ε, z0+ws)− qs|L2(Ω,S3) 6 Cε, we can see that

e(ε, z0 + ws) converges strongly in L
2(Ω, S3) towards Ez and the four inequalities

of (4.18) are satisfied with

(4.20) zs := (Sε)
−1(z0 + ws).

Eventually, as

ϕs(PsIu z − vs,PsIu z − vs) = ϕs(PsIu z,P
sI
u z)− 2

∫

Ω

aEz · e(ε, Sεv
s) dx+ ϕs(vs, vs),

Propositions 4.1 and 4.2 and (4.17) imply that (ūs, vs) converges in the sense of

Trotter towards (ūI, vI).
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(ii) As Use(t) and U Ie(t) are the unique minimizers of 1
2 [|(·, ·)|

s]2 − Lε(t) and
1
2 [|((·, ·), ·)|

I]2−L(t), respectively, it suffices to use the preceding result (i) by simply

replacing the linear forms
∫
Ω
aEψu

· e(ε, Sε·) dx, ϕ(ψu, ·) by L
ε(t), L(t), respectively,

and make ̺ = µ = 0, ψv = 0. �

This leads us to our key convergence result:

Theorem 4.3. Under assumptions (H1)–(H6), the solution Us to (Ps) converges

to the solution U I to (PI) in the sense that lim
s→s̄

|PsIU I(t)−Us(t)|s = 0 uniformly on

[0,T]. In addition, lim
s→s̄

|Us(t)|s = |U I(t)|I uniformly on [0,T].

5. Conclusive remarks and proposal of an asymptotic model

First, according to each value of I in {1, 2} × {1, 2, 3} × {1, 2}, we give a more

explicit way of writing (PI) in the form of variational equations. We recall that ZI

is defined in (4.12) for each I and introduce 〈δ〉 :=
∫ 1

−1
1
2δ(x̂, x3) dx3. For the sake of

simplicity, we write (u0, u1) instead of (uI0, uI1). Denoting the time derivative by an

upper dot and considering the initial conditions

u(0) = u
0 = (u0,0, u0,1), v(0) = v

0 ∀ I,

the expression of the limit problem (PI) is as follows:

I = (1, 1, 1) : 2¯̺1
∫

ω

〈δ〉ü03z
0
3 dx̂+

∫

Ω

aEu · Ez dx+

∫

Ω

b̄1(Dv(Eu̇+z)−Dv(Eu̇)) dx

+ 2µ̄1

∫

γC

(φp(u̇
0
3 + z03)− φp(u̇

0
3)) dh1

> L(t)(z0) ∀ z = (z0, z1) ∈ ZI,

I = (1, 2, 1) : 2¯̺1
∫

ω

〈δ〉ü03z
0
3 dx̂+

∫

Ω

aEu · Ez dx+

∫

Ω

b̄1(Dv(Eu̇+z)−Dv(Eu̇)) dx

+ 2µ̄2

∫

γC

(φp((̂̇u0)T + (ẑ0)T )− φp((̂̇u0)T )) dh1

> L(t)(z0) ∀ z ∈ ZI,

u03(t) = u
0,0
3 on ΓC ∀ t ∈ [0, T ],

I = (1, 3, 1) : 2¯̺1
∫

ω

〈δ〉ü03z
0
3 dx̂+

∫

Ω

aEu · Ez dx+

∫

Ω

b̄1(Dv(Eu̇+z)−Dv(Eu̇)) dx

> L(t)(z0) ∀ z ∈ ZI,

u0(t) = u
0,0 on ΓC ∀ t ∈ [0, T ],

18



I = (2, 1, 1) : 2¯̺2
∫

ω

〈δ〉̂̈u0 · ẑ0 dx̂+

∫

Ω

aEu · Ez dx+

∫

Ω

b̄1(Dv(Eu̇+z)−Dv(Eu̇)) dx

> L(t)(z0) ∀ z ∈ ZI,

u03(t) = u
0,0
3 ∀ t ∈ [0, T ],

I = (2, 2, 1) : 2¯̺2
∫

ω

〈δ〉̂̈u0 · ẑ0 dx̂+

∫

Ω

aEu · Ez dx+

∫

Ω

b̄1(Dv(Eu̇+z)−Dv(Eu̇)) dx

+ 2µ̄2

∫

γC

(φp((̂̇u0)T + (ẑ0)T )− φp((̂̇u0)T ) dh1

> L(t)(z0) ∀ z ∈ ZI,

u03(t) = u
0,0
3 ∀ t ∈ [0, T ],

I = (2, 3, 1) : 2¯̺2
∫

ω

〈δ〉̂̈u0 · ẑ0 dx̂+

∫

Ω

aEu · Ez dx+

∫

Ω

b̄1(Dv(Eu̇+z)−Dv(Eu̇)) dx

> L(t)(z0) ∀ z ∈ ZI,

û0(t) = û0,0 on ΓC ∀ t ∈ [0, T ],

u03(t) = u
0,0
3 ∀ t ∈ [0, T ],

I3 = 2: u(t) = u
0, v(t) = 0.

Even if (PI) involves abstract fields defined in an “abstract plate” occupying Ω, we

will use the language of mechanics to comment on (PI). Except in the case b̄2 = ∞

(very high viscosity), where the motion is frozen in the initial state, the feature of the

evolution is the same as in the elastic case: a juxtaposition of a dynamic evolution

for a part of the displacement and of a quasi-static (possibly static) one for the other

part, depending on the relative magnitudes of the density and the thickness. Dynamic

evolution concerns the transverse component of the displacement for ̺ of order ε2

and the in-plane component for ̺ of order 1. As in the elastic case, the friction

involves the in-plane or transverse component of the tangential velocity according

to the relative magnitudes of the “viscosity coefficient” µ and the thickness. As in

the case of a purely quasi-static evolution, the Kelvin-Voigt viscosity highlights an

additional state variable that we have chosen to be like a displacement, and allows

to maintain this same short memory viscosity character. Moreover, the viscosity

prevents the decoupling between membrane and flexural motions and problem (PI)

is therefore three-dimensional.

Next we propose our simplified but accurate enough modeling not by considering

(Sε)
−1uI0(t) but by taking into account our convergence result (see Theorem 4.3)

and the crucial Proposition 4.4 which leads to

(5.1) lim
s→s̄

1

ε3

∫

Ωε

aε(eε(us)− EεuI) · (eε(us)− EεuI) dxε = 0.
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Hence, as observed in [6], [10], [11], [14], EεuI is a good approximation of the strain

tensor of us in the sense that the relative error made by replacing eε(us) by EεuI

tends to zero! This shows that eε(us) is not close to eε((Sε)
−1uI0) but close to EεuI ,

the terms eεi3(u
s) and those of ¤�eε((Sε)−1uI0) being of the same order of magnitude.

As EεuI is not necessarily the strain tensor of a field of Us, we are led to use the

construction (4.19)–(4.20), which supplies a field uIs in Us such that

(5.2) lim
s→s̄

1

ε3

∫

Ωε

aε(eε(uIs)− EεuI) · (eε(uIs)− EεuI) dxε = 0.

Thus, uIs is our proposal of approximation for us. It is obtained by first solving (PI)

which provides uI and actually corresponds to a three-dimensional problem yet set

on a “reasonable” fixed domain Ω, and second through the construction (4.19)–(4.20)

applied to uI, which also involves the fixed domain Ω. It is therefore easy to imple-

ment a numerical method of approximation.

R e m a r k 5.1. Note, as mentioned in part (ii) of the proof of Proposition 4.6,

that this paper encompasses the full treatment of a purely linearly elastic plate in

the static case.

R e m a r k 5.2. It is worth to observe that in these problems concerning thin

linearly elastic or nonlinear Kelvin-Voigt viscoelastic plates, the field of displace-

ment in the real plate which occupies Ωε is far from a Kirchhoff-Love field and even

from a Reissner-Mindlin one because (EεuI)i3 depends on x
ε
3 even in the case of an

homogeneous plate. It is the abstract field uI0 which does satisfy ei3(u
I0) = 0 in Ω!

R e m a r k 5.3. It is also possible to deal with the not too much realistic case

2 < p, q 6 ∞ by the same method, the variant being that Ds
f , D

s
v, D

I
f and DI

v are

only lower semicontinuous functions and some trivial approximation processes are

in order.

R e m a r k 5.4. A more practical approach is when two other physical data con-

cerning the magnitudes of the stiffness and of the loading are taken into account and

we refer the reader to Remark 3 in [7] for its mathematical treatment.

Appendix A. 3d-2d convergence and asymptotic modeling

of thin plates

Built on the same principle as two-scale convergence [1], [13] we propose a tool

particularly well suited for dimension reduction problem as is the former for periodic

homogenization.
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Let H be a finite dimensional space.

Definition A.1. A sequence of functions uε in L2(Ωε, H) is said to 3d-2d con-

verge to a limit u0 belonging to L
2(Ω, H) if, for any ψ in L2(Ω, H), we have

(A.1) lim
ε→0

1

|Ωε|

∫

Ωε

uε(xε)ψ(xε) dxε =
1

|Ω|

∫

Ω

u0(x)ψ(x) dx,

where we recall xε = (x̂ε, xε3) = πεx := (x̂, εx3) for all x ∈ Ω.

Proposition A.1. From each sequence uε in L2(Ωε, H) such that

1

|Ωε|
|uε|2L2(Ωε,H)

is bounded we can extract a subsequence, and there exists a limit u0 in L
2(Ω, H)

such that this subsequence 3d-2d converges to u0 and

(A.2)
1

|Ω|
|u0|

2
L2(Ω,H) 6 lim

ε→0

1

|Ωε|
|uε|2L2(Ωε,H).

P r o o f. As uε defined by

(A.3) uε(x) = uε(xε) a.e. x ∈ Ω

satisfies

(A.4)
1

|Ωε|

∫

Ωε

|uε(xε)|2 dxε =
1

|Ω|

∫

Ω

|uε(x)|
2 dx,

there exists a not relabeled subsequence such that uε weakly converges towards

some u0 in L
2(Ω, H) with

lim
ε→0

1

|Ωε|

∫

Ωε

uε(xε) · ψ(xε) dxε = lim
ε→0

1

|Ω|

∫

Ω

uε(x) · ψ(x) dx(A.5)

=
1

|Ω|

∫

Ω

u0(x) · ψ(x) dx,

and consequently (A.2). �

This 3d-2d limit u0 may give accurate information on the behavior of u
ε:

Proposition A.2. Let uε be a sequence of functions in L2(Ωε, H) that 3d-2d

converges to a limit u0 belonging to L
2(Ω, H). Assume that

(A.6) lim
ε→0

1

|Ωε|
|uε|2L2(Ωε,H) =

1

|Ω|
|u0|

2
L2(Ω,H).
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Then, for any sequence vε that 3d-2d converges to a limit v0 belonging to L
2(Ω, H)

we have

lim
ε→0

1

|Ωε|

∫

Ωε

uε(xε) · vε(xε) dxε =
1

|Ω|

∫

Ω

u0(x) · v0(x) dx,(A.7)

lim
ε→0

1

|Ωε|

∫

Ωε

|uε(xε)− uε0(x
ε)|2 dxε = 0,(A.8)

with uε0(x
ε) := u0(x) a.e. x

ε ∈ Ωε.

P r o o f. It is an obvious consequence of (A.3), which implies that uε converges

strongly in L2(Ω, H) towards u0, while vε converges weakly L
2(Ω, H) towards v0. �

Relation (A.8) expresses that uε0 is rather a good approximation of u
ε in the sense

that the relative gap in L2(Ωε, H) tends to zero, i.e.

|uε − uε0|L2(Ωε,H)

|uε0|L2(Ωε,H)
−→
ε→0

0.

Application: A standard problem of equilibrium of a linearly elastic thin plate

occupying Ωε with elasticity tensor aε subjected to a given loading represented by

a continuous linear form Lε on H1
Γε

D

(Ωε,R3) can be formulated as:

(A.9)





Find uε in H1
Γε

D

(Ωε,R3) such that
∫

Ωε

aε(xε)eε(uε) · eε(v) dxε = Lε(v) ∀ v ∈ H1
Γε

D

(Ωε,R3).

Let Sε be defined by (Sεv)(x) = (v̂(xε)/ε, v3(x
ε)). This immediately implies:

(A.10) eε(v)(xε) = εe(ε, Sεv)(x), e(ε, ·) =



êαβ

1

ε
eα3

1

ε
eα3

1

ε2
e33


 .

Now let us make the following assumption similar to (H4) for both aε and the loading

(fε, gε):

(A.11)





aε(xε) = a(x), etc.

∃Lε ∈ H1
ΓD

(Ω,R3)′ s.t. Lε(v) = ε3Lε(Sεv),

Lε strongly converges in H
1
ΓD

(Ω,R3)′ towards L.

We then get that the field

(A.12) uε := Sε(u
ε)
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does satisfy:

(A.13)




Find uε in H

1
ΓD

(Ω,R3) such that
∫

Ω

a(x)e(ε, uε) · e(ε, v) dx = Lε(v) ∀ v ∈ H1
ΓD

(Ω,R3).

We can replicate the proof of Proposition 4.2 to show that there exists some u =

(u0, u1) in U such that e(ε, uε) strongly converges towards Eu := e(u0) + ∂3u
1 ⊗s e3

with

{
u ∈ U ,∫

Ω

aEu · Ev dx = L(u) ∀ v ∈ U ,

lim
ε→0

1

ε3

∫

Ωε

a(eε(uε)− Eεu) · (e
ε(uε)− Eεu) dx

ε = 0, Eεu(x
ε) := εEu(x),

that is to say ε−1eε(uε) 3d-2d converges towards Eu and the strain of the real field u
ε

in the domain Ωε is close to Eεu in the sense that the relative energetic gap tends to

zero, which is the only significant notion as the energy of uε tends to zero!
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