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An efficient algorithm for capturing quantum effects in classical reactive scattering: application to D + H+3 → H 2 D + + H

Quantum effects, such as zero-point energy (ZPE), are important in many reactions. The title reaction is particularly pathological, in that standard binning quasi-classical trajectory (QCT) results over-estimate the rate constant by several orders of magnitude at low temperature. [1][2][3] Because ZPE is not constrained along classical trajectories, the high ZPE of the H + 3 reactant (12.8 kcal mol -1 harmonic ZPE) unphysically flows over the reaction barrier (∼1.6 kcal mol -1 ) (please see the potential curves of Figure 3 of Ref. 2 ). Many reactive trajectories end up in the products with a vibrational energy below the ZPE, thus explaining why the reaction probability is overestimated. Fully quantum mechanical methods beyond 3 or 4 atoms remain generally impractical. Alternatively, path integral based methods, such as Ring Polymer Molecular Dynamics (RPMD), where quantum effects are included in an approximate but generally accurate way, have been extremely effective for many systems and are much a Spectral Sciences Incorporated, 4 Fourth Avenue, Burlington, MA 01824, USA. E-mail: matthew.braunstein@spectral.com b CNRS, Université de Bordeaux, ISM, UMR 5255, F-33400 Talence, France. E-mail: claude-laurent.bonnet@u-bordeaux.fr more tractable. [4][5][6][7][8] However, complex forming reactions, such as the title reaction, can lead to spurious resonances in RPMD trajectories and loss of accuracy. 9 State-resolved product distributions, which may be challenging for RPMD, can in addition be determined with the QCT-based Gaussian binning (GB) method we describe here.

The new method is general, but we demonstrate it on the title system of critical interest in the astrophysical community. 10,11 H + 3 is probably the most abundant molecular ion in the interstellar medium. It plays an important role in the first steps of chemistry in space through the formation of ionic hydrides. The reactive ionic hydrides then trigger chemistry cycles of many space species [12][13][14][15][16][17] . The high ZPE of H + 3 favors the deuteration process to form species, such as as H 2 D + , which then become major deuterators in space. Since deuteration is very slow, usually occuring via tunneling through a barrier, deuteration fractioning can be used as a clock to measure the age of molecular clouds 18 .

In previous work, we showed that QCT with Gaussian binning of the H 2 D + product and proper normalization accounts for product ZPE effects from 1,500 down to ∼200 K. 3 Moreover, the straightforward procedure of summing reactive trajectories with product vibrational energy above the product ZPE gives rate constants that agree well with RPMD down to ∼300 K. In the present work, we show that a simple extension of these approaches based on the classical limit findings of Ref. 19 , proves exceptionally efficient and accurate down to ∼70 K.

First of all, we define the framework within which we will carry out this extension. We consider a chemical reaction involving a barrier and solve the Schrödinger equation in the configuration space orthogonal to the reaction path for a large set of values of the reaction coordinate s within the interaction region (ad hoc mass scaled coordinates are used). We obtain vibrational states around the barrier top correlating with rovibrational states in the asymptotic channels. The vibrationally adiabatic groundstate (VAG) curve gives the dependence of the ground state energy, purely vibrational around the barrier top, in terms of s. The classical barrier height with respect to the bottom of the reagent channel is denoted by V ‡ while the ZPE at the top of the VAG curve is denoted by E ‡ zpe (from now on, the energy at the bottom of the reagent channel is set at zero). For simplicity's sake, we assume that the barrier saddle point corresponds to the same value s ‡ of the reaction coordinate as that corresponding to the VAG barrier top. s ‡ locates the transition state (TS). The VAG barrier height with respect to the bottom of the reagent channel is thus equal to V ‡ + E ‡ zpe . This quantity is the Classically AVailable Energy At the Top (CAVEAT) of the VAG barrier. We focus here on the overwhelming majority of reactions for which the barrier crossing dynamics are vibrationally nonadiabatic. For such processes, vibrational quantum numbers and vibrational actions are not conserved across the interaction region.

The new constraint introduced in the analysis of the trajectory outcomes is as follows: all the trajectories with a total reactant energy lower than the CAVEAT are counted as non reactive. This constraint is motivated in part by two pragmatic reasons. The first one is that quantized transition state theory (TST), according to which the quantum energy threshold with respect to the bottom of the reagent channel (including the reagent ZPE) is equal to the CAVEAT, predicts more accurate rate constants than classical TST, whose classical energy threshold is V ‡ . The second reason is that exact quantum scattering calculations confirm that the quantum threshold coincides with the CAVEAT. In addition, the CAVEAT constraint is motivated by more fundamental reasons. It was indeed recently observed 19 that accurate semiclassical (SC) scattering calculations within the initial value representation (IVR) corroborate exact quantum results. This was good news because it suggested that the physical origin of the threshold had a good chance of being explained from classical S-matrix theory (CSMT), which is closer to the purely classical treatment than SCIVR and, thus, more intuitively appealing. Briefly, CSMT assigns a probability amplitude to each classical path. The modulous of this amplitude is the square root of the classical weight of the path while the phase of the amplitude is the action integral in momentum-space along the path. Calling n 1 and n 2 the vectors whose components are the set of reagent and product quantum numbers involved, CSMT equates the S-matrix element S n 2 n 1 (E) to the sum of the amplitudes over the trajectories of total energy E that start from the reagent actions n 1 and end with the product actions n 2 . The sum of the amplitudes is the mathematical expression of the superposition principle. The state-to-state population

P n 2 n 1 (E) = |S n 2 n 1 (E)| 2 is thus equal to P Cl n 2 n 1 (E) + Q n 2 n 1 (E) where P Cl n 2 n 1 (E)
is the total classical probability (sum of the diagonal terms, each one being the classical weight of a given trajectory) and Q n 2 n 1 (E) is the contribution of quantum interferences (sum of the cross terms). Coming back to the threshold issue, it was possible to explain within the framework of a simple model reaction and using CSMT why below the CAVEAT, Q n 2 n 1 (E) ∼ -P Cl n 2 n 1 (E), i.e., interferences are fully destructive and there is no reactivity (P n 2 n 1 (E) ∼ 0; these destructive interferences are correlated with constructive interferences between non reactive paths so the incoming flux is conserved). The explanation can hardly be summarized here in a few lines. However, the most important point is that below the quantum threshold, ignoring the superposition principle as does the QCT method leads to unrealistic results despite the fact that the classical description of nuclear motion itself is a good approximation. In contrast, the QCT method leads to satisfying results above the quantum threshold through quenching of interference effects. Therefore, when performing classical trajectory calculations, considering as non reactive the trajectories having an energy lower than the CAVEAT while dealing with the remaining ones as usual should make sense.

We now discuss the changes that this correction entails in the mathematical expressions in Sec. 2.2 of Ref. 3 . In that work, the rate constant was given by Eq. ( 3) where the reaction probability P was given by Eq. ( 20) within the ZPE-corrected analysis and by Eqs. ( 16) and ( 17) within the energy-based GB analysis. We respectively call P ZPE-Cav R and P 1GB-Cav R the new expressions of these probabilities derived further below. Eq. ( 20) of Ref. 3 is modified as follows. We divide the total number N T of trajectories run into the three following sets: 1) N non non reactive paths, 2) N above reactive paths with the total reactant energy above the CAVEAT and the final vibrational energy above the product ZPE, and 3) N below reactive paths with either the total reactant energy below the CAVEAT or the final vibrational energy below the product ZPE. The total number of reactive paths is thus equal to N = N above + N below and

N T = N + N non = N above + N below + N non . (1) 
Semiclassically, however, the destructive interferences between the N below reactive paths, which cancel the reaction probability that they cary in the QCT method, are correlated with constructive interferences between the N non non reactive paths in such a way that the total incoming probability flux carried by the N below + N non paths is conserved. The effective probability of non reaction is thus (N below + N non )/N T . Since the reaction probability

P ZPE-Cav R is equal to [1 -(N below + N non )/N T ]
, and 1 can be rewritten from Eq. ( 1) as (N above + N below + N non )/N T , we have

P ZPE-Cav R = N above /N T . (2) 
Denoting by ∑

N caveat k=1 w 1GB n 1 n 2 n 3
(a 1 , a 2 , a 3 ) the sum of Gaussian weights over the N caveat paths of total reactant energy above the CAVEAT, the expression replacing Eq. ( 16) of Ref. 3 is obtained from Eq. ( 2) by substitution of the previous sum for N above :

P 1GB-Cav R (n 1 , n 2 , n 3 ) = ∑ N caveat k=1 w 1GB n 1 n 2 n 3 (a 1 , a 2 , a 3 ) ∑ N caveat k=1 ∑ n 1 n 2 n 3 w 1GB n 1 n 2 n 3 (a 1 , a 2 , a 3 ) + N below + N non .
(3) From Eq. (1), we also have

P 1GB-Cav R (n 1 , n 2 , n 3 ) = ∑ N caveat k=1 w 1GB n 1 n 2 n 3 (a 1 , a 2 , a 3 ) ∑ N caveat k=1 ∑ n 1 n 2 n 3 w 1GB n 1 n 2 n 3 (a 1 , a 2 , a 3 ) + N T -N above . ( 4 
)
The present method has many things in common with transition state theory (TST). However, the present approach will still be applicable even when the equilibrium assumptions of TST break down. This can occur, for example, in reactions involving a relatively short-lived complex after the entrance transition state. Furthermore, the present QCT-based approach will handle recrossing of the transition state, is well suited for non-equilibrium reaction chemistry, and can provide final state distributions measured in molecular beam experiments.

The QCT Gaussian binning numerical methods are described in Ref. 3 . Briefly, calculations used the benchmark H + 4 potential energy surface (PES) of Ref. 20 . Classical trajectories were run, the internal motion of the product H 2 D + were analyzed and assigned to vibrational states, and Gaussian weighting with proper normalization was applied following Ref. 3 . We have extended those results in several ways: we reprocessed those same trajectories to generate the 1GB-Cav and ZPE-Cav CAVEAT rate constants, doubled the number of trajectories at 100 K, and added a 50 K point for the 1GB-NH and ZPE-E methods. In addition, we computed CAVEAT rate constants at 70 and 80 K. At these low temperatures, 1.0x10 8 initial states were computed and trajectories were run only for initial states with total energy above the barrier top. This resulted in a substantial savings in computer time. For example, at 70 K, only about 0.002 of the initial trajectories were followed to products. Table 1 summarizes the important quantities for these runs in Eq. 2 and Eq. 4 versus temperature for D + H + 3 (T,v=(000)). Above 500 K, contributions from excited H + 3 vibrational states are required, and again we draw on the trajectories already run in our previous work. For the energy of the barrier top, we used 12.83 kcal mol -1 for the reactant H + 3 harmonic ZPE plus 1.57 kcal mol -1 2 = 14.40 kcal mol -1 . The maximum impact parameter, b max , for all runs was 22.55 Angstrom. Rate constants are obtained by multiplying the Table 1 probabilities by the temperature dependent factor, πb 2 max (8kT )/(π µ). 1.8x10 -3 6.9x10 -4 1000 1.8x10 3 1.5x10 6 2.5x10 -3 1.2x10 -3 1500 2.4x10 3 1.5x10 6 2.9x10 -3 1.6x10 -3

Figure 1 shows the computed rate constants versus temperature of several levels of QCT-based method, with the new CAVEAT results in green, (1GB-Cav) and (ZPE-Cav), corresponding to the expressions shown in Eq. 4 and Eq. 2, respectively. The cyan curves are from previous QCT-based Gaussian 1GB-NH and ZPE-E methods, corresponding to Eqs. (16-17) and Eq. 20, respectively, of Ref. 3 The difference between the green and cyan curves shows the affect of the new CAVEAT model incorporating the barrier top and 'de-selecting' initial trajectories within QCT Gaussian binning. The vertical red arrow gives a ∼3 order of magnitude difference below 100 K, indicating how significant this effect can be at low temperatures. Finally, the black curve shows the standard binning (SB) QCT results, which do not account for ZPE, increase with decreasing temperature, diverging by many orders of mag-nitude from the CAVEAT results at low temperatures. For SB QCT, the initial reactant ZPE unphysically flows over the barrier, leading to unphysically large rate constants at low temperatures. The black vertical arrow shows the magnitude of this effect compared to a conventional 1GB approach. Figure 2 shows again the CAVEAT results in green, (1GB-Cav) and (ZPE-Cav), along with the experimentally derived rate constants (Bowen) of Ref. 2 and the RPMD (RMPDdir) rate constants of Ref. 1 . These CAVEAT rate constants, especially the more accurate 1GB-Cav curve, match the experimentally derived 'Bowen notun' rate constants of Ref. 2 over the entire temperature range covering ∼4 orders of magnitude. The Ref. 2 rate constants were determined by first measuring a merged beam D + H + 3 cross section at a single average internal energy over a range of collision energies. Then the collision energy dependent cross section was fit to a functional form. For the 'Bowen notun' (no tunneling) curve, this functional form was set to zero when the internal plus translational energy was below the barrier energy. Then, the overall (no tunneling) rate constant was obtained by integrating over a Boltzmann temperature distribution of translational energies. Rate constants including tunneling (Bowen tun) were determined through multiplication by a tunneling factor. This involved integrating a one-dimensional Schrödinger equation along the vibrationally adiabatic (VA) minimum energy reaction path including ZPE. The red curve 'RPMDdir' denote RPMD results of Ref. 1 . They include the effects of ZPE and tunneling. We note the relatively large difference below 300 K between the RPMDdir results and the experimentally derived 'Bowen tun' results, although both account for tunneling and ZPE. We believe this difference arises from several uncertainties in these calculations: the role of spurious resonances and trapped trajectories in RPMD, the role of H + rate constants, and the assumption of vibrational adiabaticity in the tunneling model used to derive the Ref 2 rate constants. We would like to apply the present method to other systems, including O + H 2 O system (which has a barrier) in the context of our earlier work. 21 We expect that this new method will be particularly efficient at low collision energies and temperatures, where the required number of classical trajectories becomes very large. Reactions with very high barriers compared to the translational and internal energies probably pose the biggest challenge to the present method, as tunneling effects in these cases may be critical. We expect that as with TST, we will be able to apply a WKB-based tunneling correction for the reaction probability based on the shape of the potential surface. This will enable us to detangle the effects of tunneling, the reactant H + 3 internal energy, and translational temperature on the rate constant.
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Fig. 1

 1 Fig. 1 Thermal rate constant versus temperature with the 1GB-NH, ZPE-E, 1GB-Cav, ZPE-Cav, and SB methods .

Fig. 2

 2 Fig. 2 Thermal rate constant versus temperature with the 1GB-Cav, ZPE-Cav, RPMD results from Ref. 1 (RPMDdir), and the experimentally derived results of Ref. 2 (Bowen) .
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	T(K)	N' above	N T	P 1GB-Cav R	P ZPE-Cav R
	70	1.3x10 2	1.0x10 8	2.0x10 -6	1.3x10 -6
	80	3.7x10 2	1.0x10 8	6.8x10 -6	3.7x10 -6
	100	9.0x10 1	5.8x10 6	3.2x10 -5	1.6x10 -5
	200	4.7x10 2	3.1x10 6	3.7x10 -4	1.5x10 -4
	300	1.6x10 3	3.0x10 6	1.4x10 -3	5.3x10 -4
	500	1.7x10 3	2.5x10 6		

of N' above , N T , P 1GB-Cav R , and P ZPE-Cav R as a function of temperature for the reaction D + H + 3 (000) → H 2 D + + H.
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