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DESINGULARIZATIONS OF SHEAVES AND
REDUCED INVARIANTS

ALBERTO COBOS RABANO, ETIENNE MANN, CRISTINA MANOLACHE,
RENATA PICCIOTTO

ABSTRACT. Given § a coherent sheaf on a Noetherian integral algebraic stack
P, we give two constructions of stacks ‘i, equipped with birational morphisms
p: ‘:]'3 — B such that p*§ is simpler: in the Rossi construction, the torsion free
part of p*§ is locally free; in the Hu-Li diagonalization construction, p*§ is
a union of locally free sheaves. We use these constructions to define reduced
Gromov—Witten invariants of complete intersections in all genera.
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1. INTRODUCTION

Overview of the problem. Let X be a smooth projective variety. We denote by
My (X, d) the moduli space of genus g, degree d € Hy(X;Z) stable maps to X
(see [Kon9%]). By [LT98, BF96] M, ,,(X,d) has a virtual class [M, (X, d)]"" €
Av(My (X, d)). Gromov-Witten invariants of X are defined as intersection num-
bers against this virtual class. They are related to counts of curves in X of genus
g and class d, but they often encode contributions from degenerate maps. These
degenerate contributions can be explained by the geometry of the moduli space of
stable maps.

We have little information about moduli spaces of stable maps to a variety X,
even when X is complete intersection, but the moduli space of stable maps to
projective spaces are better understood. The space of genus zero stable maps to a
projective space Mo, (P, d) is a smooth Deligne-Mumford stack and the resulting
genus zero Gromov—Witten invariants are enumerative. For g > 0, the moduli space
My, (P", d) has several irreducible components and moreover, in genus one and two,
we have explicit local equations for M, ,(P", d): see [Zin09¢, HLI0, [HLNT2]. The
existence of components consisting of maps with reducible domain is reflected by
Gromov—Witten invariants: these components contribute lower genus stable maps.

In order to define invariants which do not have contributions from degenerate
maps with reducible domains, we need to define a virtual class on the closure of the
locus of maps with smooth domain. This is not possible directly, we need to replace
this component with a birational one, which admits a virtual class. In genus one and
two there are several such constructions [Zin09¢, [VZ08|, [HL10, RSPW19al, [HLN12,
BC23| [AN19, [HN20]. The resulting numbers are called reduced Gromov—Witten
invariants.

Main result 1.0.1 (See Definition [7.3.10). We define reduced Gromov—Witten
invariants in any genus for any complete intersection in a projective space.

In genus one and two, our reduced Gromov—Witten invariants agree with the
reduced invariants defined previously.

Genus one reduced invariants for varietes of any dimension are related to Gromov—
Witten invariants [Zin0§]. For three-folds the relation is much simpler. Let X be a
threefold which is a complete intersection and let v € H*(X)®™ be a collection of
cohomology classes of X. Let V 5(7) be the genus g and degree 5 Gromov—Witten
invariants of X with insertions given by -y, and let rg(fy) be the corresponding
reduced invariants.

Conjecture 1.0.2. [Zin09a], [HL1I, Conjecture 1.1] Let X be a Calabi-Yau three-
fold. Then, there are universal constants Cp(g) € Q, such that for deg(8) > 29— 2,
we have

Nj = Z Ch(g)rh.

0<h<g

When X is the quintic threefold, the above formula in genus one is the formula
in [Zin09a}, [LZ09)

1
(1) N = 5N +ra
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If X is a Fano threefold, then reduced invariants are expected to be equal to
Gopakumar—Vafa invariants. Indeed, the Gopakumar—Vafa invariants are by def-
inition related to Gromov—Witten invariants by a recursive formula, which takes
into account degenerate lower genus and lower degree boundary contributions. For
Fano varieties, there are no lower degree contributions. Boundary contributions
were computed by Pandharipande in [Pan99]. The conjectural equality between
reduced Gromov-Witten invariants and Gopakumar—Vafa invariants (see [Pan99,
Section 0.3]) for Fano threefolds gives the following.

Conjecture 1.0.3. [Zin09al [Zin1l] Let X be a Fano threefold and let C,fﬂ(g) be
defined by the formula

sin 2h—2—Kx 8
S (L2)

920

Then, we have the following

g
N(y) =D Ciislg = h)r(v).
h=0
The above should also hold in the Calabi-Yau case, when C’,)Lf 5(g) do not depend
on X and S.
The above conjectures have been proved in genus one and two. These are the
only cases in which a definition of reduced invariants existed prior to this work.

Approach. In a first step we use the geometry of M, ,,(P", d) in the following way.
The moduli space of stable maps admits a map M, ,(P", d) — Pic, where Pic de-
notes the stack which parameterises genus g curves with n marked points, together
with a line bundle of degree d. One important observation is that M, ,(P",d) is
an open substack in an abelian cone Spec Sym §, with § a sheaf on Pic (see ([20)
and (21)).

In a second step we use the sheaf § to construct %Tc (or &]3icH ) together with
a birational morphlsm p: ‘Btc — Pic. By base change, this gives ./\/lg 2P d) —
Mg, (P",d), and Mg’n(IP’T d) allows us to define reduced Gromov-Witten invari-
ants. -

The stack Pic can be constructed in two ways: using the Rossi construction (see
Section [3| ' or using the Hu-Li diagonalization construction (see Section ' In both
approaches we start with an atlas U; — Bic, and then we consider U; as deﬁned
by Rossi (see Section |3 , or by Hu-Li (see Section [4)). In the end, we glue U; to a
global object ‘Btc (see Theorem . The resulting stack ‘,)31c is called the Rossi
construction or the Hu-Li constmctlon7 depending on the definition of UZ.

In general, the Rossi construction is different from the Hu-Li construction (see
4.3.1). By Example the Rossi construction gives a new moduli space which is
different from the Vakil-Zinger blow-up. However, by Proposition [7.3.9] this does
not change the reduced invariants: they are the same for all birational models of
Pic. -

The Rossi construction for QPic is enough to prove the Main Result E but
the Hu-Li construction is better behaved in relation to Conjecture [[.0.2] and Con-

jecture [[.0:3]
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Relation to previous approaches. The structure of this paper is different from
the ones in [VZ08 [HL10, HLN12, [AN19, [HN20]. In the mentioned papers, the

authors have a three step strategy to constructing the stack Mg , (P, d):

(1) they find equations of local embeddings U; C M, ,,(P",d) in smooth spaces
Vi

(2) they blow up of U; to obtain Uj;

(3) they show that U; glue to a (smooth) stack Mg , (P, d).

The first step becomes involved in higher genus, due to the rather complicated
geometry of M, ,(P",d). Steps 2 and 3 are done by constructing an explicit blow
of Pic (or My ). Finding a candidate for this blow-up is the hardest part of the
construction.

We omit Step 1 completely. For us Step 2 is minimal in a suitable sense — it
is given by a universal property. The main ingredient in Step 3 is that the (local)
constructions proposed in Section [3] and in Section [d] commute with smooth pull-
backs and this allows us to glue them. Explicit equations of the charts U; are thus
not necessary to construct Mg, (P", d). The advantage of this approach is that the
gluing is conceptual and straightforward. This is similar to what Hu and Li do in
[HL11] — our construction heavily relies on their ideas.

Main technical result. In Sections 1-6 we work in the the following, completely
general setup. Given ‘B a stack and § a coherent sheaf on it, we want to construct
B with a proper birational morphism p : 8 — P such that p*§ is better behaved.
We present two general constructions:

(1) the Rossi construction and
(2) the Hu-Li diagonalization construction.

(1) Given an integral, Noetherian algebraic stack 3, we construct p : ‘i? — B,
such that the torsion free part of p*§ is locally free. We show that the Rossi con-
struction has a universal property in Theorem in particular it is the minimal
stack such that the torsion free part of p*§F is locally free.

(2) The Rossi construction does not change torsion sheaves. The Hu-Li diago-
nalization construction also produces a sheaf p*§ with the torsion free part of p*§
locally free. In addition to this, p*§ also has a well-behaved torsion in the sense
of Definition For schemes this is achieved by a construction by Hu and Li
[HLII]. In theorem we produce global object ‘EHL . In Theorem m we
show that ‘i?H L satisfies a universal property and in Theorem we show that
the irreducible components of Spec Sym p*§ are vector bundles. .

Applying this construction with P = Pic, we obtain a well-behaved M, ,(P", d)
as follows. In the following we fix d > 2g — 2 (see the explanation before for
details) and we consider X a hypersurface of degree k in P". In Sectionm we define

‘f& and a proper and birational morphism py : ‘ft/c — Pic. We define

Mg n(P"d) := My, (P, d) xqic Pic,

which comes equipped with a morphism py, : M, ,(P7,d) — M, ,(P",d). We
denote by m;m(}}”, d) the closure in M, ,,(P",d) of the locus of maps with smooth

domain. The condition on d ensures that ﬂ;n(P’",d) is generically smooth and
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unobstructed. As before, we consider the base-change
M;,n(]}wv d) = m;m(]Prv d) X Pic %
We have the following result in all genera.

Theorem 1.0.4 (See Theorem [7.3.4). Let /,\/lvg,n(]P’T, d) = Uge(_)ﬁ/lvg,n(]}”,d)a, with
Mo (P7,d)? irreducible components of My, (P",d). Then the following statements
hold:

(1) The stack Mvg,n(IP’T, d) admits a virtual class.

(2) The morphism py, is proper, and we have (Pg)«[Mgn(P", d)]V'" = [Mg (P, d)]"™.
(3) For any 6 € O, /ng(ﬂ‘”", d)? is smooth over its image in ‘33\1-;; in particular,
M;)n(ﬂlﬂ"’ d) is smooth over Pic.
(4) Let # : C? — //\>l/g7n(Pr,d)9 denote the universal curve. Then 7lev*O(k)
is a locally free sheaf on Mvg’n(IP’T, d)?; in particular #2ev*O(k) is a locally
free sheaf on /TA/Z,H(IP’T, d).
The above theorem implies the Main result See Section [7.3] for details.

History and related works. Reduced genus 1 invariants are the output of a
long and impressive project. Reduced invariants were defined, using symplectic
methods, and compared to Gromov-Witten invariants by Zinger [Zin08, [Zin07,
Zin09bl, [Zin09a]. Li-Zinger showed [LZ07, [LZ09] that reduced Gromov-Witten
invariants are the integral of the top Chern class of a sheaf over the main component
of My (P",d); this is an analog, for reduced genus 1 invariants, of the quantum
Lefschetz hyperplane property [LZ0T7, [LZ09]. In view of [Zin09b] this also gives a
proof of the formula . The algebraic definition requires a blow-up construction
for the moduli space of stable maps to projective space due to Vakil and Zinger
[VZ08| [VZ07]. See [Zin20] for a survey from the symplectic perspective.

Explicit local equations for the Vakil-Zinger blow-up in genus one are given in
[Zin09¢, HLI0] and in genus two in [HLN12|. It is expected that the methods used
in low genus could provide local equations for general moduli spaces of stable maps
to projective spaces; the combinatorics is likely to be tedious.

In [HLIO, HLNT2L [HN19, [HN20] the authors give a modular interpretation of
reduced invariants in terms of graphs of degenerate maps. A modular interpretation
via log maps has been given by Ranganathan, Santos-Parker and Wise [RSPW19al,
RSPW19b].

Hu and Li introduce the diagonalization construction in [HL11]. They use this
construction to define an Euler class on the moduli space of stable maps to projec-
tive spaces. This gives a non-intrinsic definition of reduced invariants of complete
intersections. Conjecture [1.0.3] is hard to approach with this definition. In this
paper we rework their construction.

In a different dirAe/ction, instead of replacing the moduli space of maps wNith a space
which dominates Mg ,, (X, d), one can construct a space dominated by Mg (X, d).
This has been done by moduli spaces of maps from more singular curves, such as
in [BCM20, [BC23]. A modular interpretation comes for free with this approach,
which makes these constructions particularly beautiful. A relationship between
reduced invariants and invariants from maps with cusps was established in [BCM20].
Battistella and Carocci introduce a compactification of genus two maps to projective
spaces [BC23]. An example of this compactification is given in [BC22].
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More recently, reduced invariants for the quintic threefold have been compared
to Gromov—Witten invariants using algebro-geometric methods by Chang and Li
[CL15]. Chang-Li define reduced invariants as the integral against the top Chern
class class of a sheaf but, as discussed above, this gives the same reduced invariants
as [Zin09b]. The algebraic comparison relies on the construction of maps with
fields due to Chang and Li [CL12|, and on Kiem-Li’s cosection localised virtual
class [KL13|]. This method has been employed in [LO22| LO21] to extend the genus
one relation between absolute and reduced Gromov—Witten invariants of complete
intersections. In genus two a similar work is done in [LLO22].

Zinger has computed reduced genus one invariants of projective hypersurfaces via
localisation [Zin09a]. The computations in [Zin09¢| and [Zin08] have been extended
to complete intersections by Popa [Popl3].

Outline of the paper. In the following we give an outline of the paper and we
highlight the main results.

In Section [2] we fix notation and briefly recall the background notions used, such
as Fitting ideals and abelian cones.

In Section [3|we introduce the desingularization of a sheaf on a stack (Section [3.1)
and we review the minimal desingularization, due to Rossi (Section . In Sec-
tion [3.3] we give an algebraic desingularization in terms of Fitting ideals in the affine
case, due to Villamayor. We show in Section [3.4] that the Rossi and Villamayor
constructions agree. We show that the minimal desingularization of a sheaf has a
universal property (see Theorem .

In Section [ we introduce the notions of diagonal sheaf and of diagonalization
of a sheaf on a scheme (see Definition [4.1.3). Construction due to Hu and
Li, gives the minimal diagonalization of a sheaf (see Theo. In Theo-
rem we construct a filtration of a diagonal sheaf under certain conditions.
The filtration will then be used in Section [5| to describe the irreducible components
of the abelian cone of a diagonal sheaf. In Section we collect properties of the
Hu-Li blow-up, such as the existence of a morphism from the Hu-Li blow-up to
the Rossi blow-up in Proposition [£.2.6] The two blow-ups are not isomorphic in
general as shown in Example [£.3.1]

In Section [5| we study the irreducible components of the abelian cone C(§) of
a diagonal sheaf. First, we show that C(§) is the pushout of its main component
C(3*) and a sheaf of generic rank 0. Then we deal with the remaining components,
concluding with Theorem

In Section [f] we generalize the Hu-Li and Rossi blow-ups to Artin stacks. These
are constructed in Section by first applying the Rossi and Hu-Li construc-
tions for schemes to an atlas and then gluing. This works because the Hu-Li and
Rossi constructions are local, they have a universal property and they commute
with flat base-change by Propositions [3.5.3] and We extend to stacks the
results on the schematic version of these blowups, such as the universal properties
of desingularization in Theorem [6.2.4] and of diagonalization in Theorem [6.2.7]

In Section [7] we use the notion of desingularization of a sheaf on a stack to define
reduced Gromov Witten invariants in all genera: see Definition In Sec-
tion we recall how M, ,(P",d) can be naturally embedded as an open substack
in an abelian cone over Pic. In Section [7.2] we recall maps with fields and their
moduli space M, ,(P",d)P; this is an abelian cone over PPic. In Theorem
we show a refinement of Theorem for maps with fields: after base changing
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the moduli space of maps with fields, we obtain Mg,n(IPT,d)p whose irreducible

components are vector bundles over their support in Bic. In Proposition we
show that reduced invariants are independent of the birational model Bic. In view
of Proposition many choices oi ‘53; are possible. We choose the one which
produces the simplest geometry of Mg ,(P",d)? and thus Theorem explains
the choices in Definition We also use maps with fields to give an alternative
definition of reduced Gromov-Witten invariants: see Proposition [7.3.13]

In Section [8| we compare the moduli spaces obtained from the Rossi desingular-
ization and the Vakil-Zinger blow-up. While reduced invariants are independent of
the birational model of Pic, the induced moduli spaces can be different. We study
charts of M, ,,(P", d) and we show that Rossi construction in genus one is different
from the Vakil-Zinger blow-up.

How to read this paper. Sections 2-6 are self-contained and of independent
interest. The schematic version of the results in Section [6] are explained in Sections
2-5. The reader interested in reduced Gromov—Witten invariants can take the
results in Section [6] for granted and read Section [7] and Section [§] directly.

Further work. Our desingularizations do not come with a modular interpretation.
It would be nice to have a modular interpretation of the resulting stack M, ,(P", d),
either in the spirit of [HL10, HLNI2, [HNT19, [HN20], or a log interpretation as in
[RSPW19a]. It would be perhaps better to have a space of maps with more singular
domains as in [BCM20,, BC23].

While a modular interpretation would be very interesting from a theoretical
point of view, higher genus computations as done by Zinger in [Zin09a] are likely
to be hard. The genus two blow-up M, gn(P",d) already involves several rounds of
blowups and a localisation computation would inherit the complexity of the blow-
up. We hope that our construction sheds new light on this beautiful problem and
will encourage more mathematicians to work on it.

On the positive side, we expect this construction to be enough for proving Con-
jecture [1.0.3] The main difference with [HLI1] is that we blow up Bic, instead of
blowing up M, ,,(P", d). The advantage of blowing up PBic is that now we have the
ingredients used by Chang-Li, Lee-Oh and Lee-Li-Oh to prove Conjecture [1.0.3]
(and therefore Conjecture in genus one and two. More precisely, we have fairly
simple moduli spaces of maps with fields over %i/c, and these can be used to split
the virtual class on M, ,,(P",d). We hope to be able to prove Conjecture
without having explicit equations of ngn(IP””,d), or a modular interpretation of
‘jﬁi/c. We will address this problem in future work.

Acknowledgements. We are very grateful to Evgeny Shinder for useful discus-
sions. The project started after Evgeny Shinder and Ananyo Dan pointed out to us
the paper of Rossi [Ros68]. We thank Francesca Carocci for very useful discussions
and Aleksey Zinger for very useful correspondence and for detailed explanations on
[Zin1).
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2. BACKGROUND

In this section we recall several basic constructions and fix the notation used
throughout the paper.

2.1. The relative Grassmannian. Let X be a scheme with a fixed quasi-coherent
sheaf £. The Grassmannian functor Gry (€,7) : ((Sch)/X)°? — (Set) is given on
objects by

(2) T — {&r — Q |Q is locally free of rank r }

with & ==& ROy Or.

This functor is represented by a scheme Gryx (&, r) over X, which is projective
if £ is finitely generated. Moreover, the Grassmannian functor is compatible with
base-change. In particular

Grx (09", 7) = Gr(n,7) x X

where Gr(n, r) is the usual Grassmannian of r-dimensional subspaces of C™ relative
to a point. Since it represents a functor, the relative Grassmannian Grx (£, r) comes
with a universal sheaf and a universal quotient sheaf, which is locally free of rank
r:
gGrX (E;r) ™ QGrX (E,r)-
As in the classical case, the relative Grassmannian admits a The Pliicker embed-
ding:

At Grx (09", r) — Gry (/\ o®", 1) o ]P)}l_l,
with m = (:f) For the last isomorphism, consider an X-scheme T. A point of
Grx (0O%™ 1)(T) is a surjection
OoF™ — L

with £ a line bundle on 7. This is a pair of a line bundle and an m-tuple of
generating sections, which is an object of P~ (T).
When €& is not trivial, we have

Anr: Gryx(E,7) — Gry </\5,7’> ~ Py (/\EV> :

2.2. Fitting ideals.

Definition 2.2.1. Let M be a finitely presented R-module. Let F 2 G — M — 0
be a presentation with F' and G free modules and rk(G) = r. Given —1 < i < oo,
the i-th Fitting ideal F;(M) of M is the ideal generated by all (r—4) x (r —¢)-minors
of the matrix associated to ¢ after fixing basis of F' and G. We use the convention
that F;(M)=Rifr—i<0and F_1(M) =0.
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Intrinsically, F;(M) is the image of the map A" 'F ® A" 'G* — R induced
by A" "¢: N"'F — A"'G. The i-th Fitting ideal is well-defined in that it
does not depend on the chosen presentation. Since determinants can be computed
expanding by rows and columus, it follows that there are inclusions

0=F (M) C Fy(M)c i(M) C...C Fp(M) C Fryan(M) C ...

It follows from the definition and right-exactness of tensor product that Fitting
ideals commute with base change. That is, given R — S ring homomorphism and
M a finitely presented R-module, then

Fy(M ®g S) = Fy(M)- S.

Similarly, for a scheme X and F a quasi-coherent O x-module of finite presentation,
we have ideal sheaves

0=F (F)CFF)C ---CF,(F)c---COx

which can be defined locally as described above. For f : Y — X a morphism of
schemes, we have

fIF(F) - Oy = (F(F)Y = Fi(f*F).

Fitting ideals describe the locus on X where the sheaf F is locally free of some rank.
More precisely, we recall the following standard result (see for example [Sta22l Tag
05P8]).

Proposition 2.2.2. For any n, the sheaf F is locally free of rank n on the locally
closed subscheme V(F,_1(F))\ V(F,(F)) of X.

2.3. Abelian cones. Let X be a Noetherian scheme.

Definition 2.3.1. A cone over X is a scheme m: A — X with a G,,-action such
that m,04 = 69«120 Ag with

(1) Ox — Ap isomorphism,

(2) Ay coherent and

(3) Sym.A; — A surjective.
If, moreover, Sym . 4; — A is an isomorphism then we say that 7: A — X is an
abelian cone.

Therefore, every cone over X is of the form Spec x (A) for some graded sheaf of
Ox-algebras A = @ -, Aa with A; a coherent Ox-module and Ay ~ Ox. Here
Spec x denotes the relative spectrum over X. The cone Spec x(A) is abelian if and
only if A ~ Sym.A;. We denote by Cx(F) = Spec x(Sym (F)) the abelian cone
associated to any coherent sheaf 7. We will omit the subscript X in the formation
of relative spectra and cones whenever it is possible to do so without introducing
ambiguity.

Lemma 2.3.2. For a cone m: C' = Spec (A) — X, the following are equivalent:

(1) C is a vector bundle over X,

(2) C is abelian and Ay is locally free over X,
(3) 7 is flat,
(4)

7 18 smooth.


https://stacks.math.columbia.edu/tag/05P8
https://stacks.math.columbia.edu/tag/05P8
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3. DESINGULARIZATIONS OF COHERENT SHEAVES

In this section we introduce several constructions which “desingularize” a coher-
ent sheaf F on a base scheme X.

3.1. Definition of desingularizations. We define our notion of desingularization
and prove that it behaves well with composition. This part can be formulated
directly for algebraic stacks instead of schemes, which will be useful later.

Definition 3.1.1. Let § be a coherent sheaf on an algebraic stack X with finitely
many irreducible components. A desingularization of § is a morphism p : X — X
such that

(1) p is birational and proper
(2) (p*T)" is a locally free sheaf.

Remark 3.1.2. If X is a scheme and § is an ideal sheaf, the usual blow-up of X
at the closed subscheme defined by § is a desingularization of §.

Lemma 3.1.3. Let X be an integral algebraic stack and § a coherent sheaf on X.
Let p : X—=Xbea desingularization of § and let q : ) — X bea proper birational
morphism. Then, the composition po q : Q) — X is a desingularization of §.

Proof. The composition r := p o q is birational and proper, so all we need to prove
is that (7*§)" s locally free. In the following wee show that

()" = ¢* ("))

We have a commutative diagram of sheaves on )

0 R ] ¢ ((p*F)") ——0
| |
‘ J ‘
B +

0 Ro p*F (¢ p*F)" ——0

where the map ¢*p*F — ¢*((p*T)") is the pull-back of the surjective map
p*g — (p*g)tf

R1 and R, are the corresponding kernels and the solid vertical map is the identity.
Since the image of the composition £ — (¢*p*F)' is generically zero and X is
irreducible, we have that the morphism &; — (¢*p*¥)" is zero. By the universal
property of cokernels this map factors through ¢*((p*§)®), which gives the right
vertical map in the diagram. The universal property of kernels gives the left vertical
map in the diagram. We have that K, and R are torsion sheaves. Let R3 be the
cokernel of 81 — R5. By the Snake Lemma, we have an exact sequence

0— 8 — & ((PHH) = (HY = 0.

By assumption (p*§)¥ is locally free, so ¢*((p*F)') is locally free. Since X is
irreducible and 83 is a torsion sheaf, we get that K5 = 0. This proves the claim. [
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3.2. Rossi’s construction for affine schemes. In the following we describe the
desingularization construction proposed by Rossi in [Ros68], which is very geometric
in nature. It gives a way of desingularizing coherent sheaves on integral Noetherian
schemes by blowing up a certain Fitting ideal. In the following we present Rossi’s
construction in the particular case of affine schemes; a much more general gluing
will be presented in Section [f] Our gluing recovers Rossi’s original construction for
schemes.

We have seen in Lemma that desingularizations are not unique. The fol-
lowing construction is the minimal one.

Let X = Spec(R) be an integral affine Noetherian scheme and F = M be the
coherent sheaf associated to a coherent R-module M. This is a finitely generated
module such that the kernel of any morphism R®" — M is finitely generated. Over
the unique generic point U C X, F|y is locally-free of rank r. We can define the
generic rank of F:

tk(F) == rk(F|y) =r.
Since R is affine, we can find for some n a surjective morphism of sheaves
(3) f:08" - F.
Restricted to U, f gives a U-point of Gry ((9[6]9", r), which is a morphism
Ff U — GIU(OIGJBHJ“)

such that the composition of I'y with the structure map Gr(Og",r) — U is idy.
Moreover, under this isomorphism, the locally-free sheaf F|y is identified with the
restriction to I’ f(U ) of the universal quotient sheaf ch(ognw This is automatic
from the description of the relative Grassmannian as the fine moduli scheme of the

functor in .

By compatibility of the relative Grassmannian with base-change we have an open
embedding Gry (OF",r) C Grx (O%",r). We give the following definition.
Definition 3.2.1. The blow-up of X at the coherent sheaf F is

Blz(X) =T (U)
the closure of I';(U) in Gryx (0", r) with the reduced induced structure.

Proposition 3.2.2. [cf. [Ros68, Theorem 3.5]] The blow-up Blx(X) above is well-
defined. Moreover,

p:Blg(X) = X
is a projective birational morphism such that the torsion-free part of p*F,
(p*F)" = p*F [ Tors(p*F)
is locally-free of rank r. That is, p is a desingularization of F.

Proof. Observe that p : Blz(X) — X is a projective morphism, since Gry (O%",r)
is a projective variety. It is also clear by construction that
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is Cartesian, in particular p is birational. The claim that (p*F)" is locally-free of
rank r follows from the fact that it is just the restriction of the universal quotient
bundle on the Grassmannian:

* f
(P"F)" = Qi (087 ) BLr(X)-
To check that the above is well-defined, we need to check that it is independent
of the choice of f,n in equation . Indeed, suppose we have another surjection
f O?@"/ —- F.
‘We obtain
Ty U — Gr(OE"r) c Gr(O2" 7).

We can form

g=(f,f): 080" .

Projecting onto the first n coordinates by h gives a commutative diagram

oY) 2, F

lh/

dn
OX

The morphism A induces a morphism h of Grassmannians such that the following
diagram commutes

U L er((’)?én,r)

Rﬁ

GrX(O??(nJrnl), T).

Moreover, h is an isomorphism onto its image. Then h induces an isomorphism on
the closures of I'y(U) and I'y(U). Similarly, we have an isomorphism between the
closures of I'y/(U) and I'j(U). So we obtain an isomorphism I'y(U) = I'y/(U) as
required. [

Proposition 3.2.3. Let L be a line bundle on X. Then we have a unique isomor-
phism

Blr(X —> Blrgc(X)

\/

which makes the diagram commute.

Proof. Let f : (’)E’?" — F be a surjective morphism, let S denote the kernel of f
and let U an open subset of X such that S is a vector bundle. We thus obtain a
short exact sequence

f®id

0%S®£|U~>Ogn®£|U -7:®£|U‘>0
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By possibly shrinking U we may assume we have an isomorphism g : L]y ~ Oy.
We thus obtain a commutative diagram

Iy —— Grx (09", 7)
Ff®id —_— GI‘X (O?én, ’I“)

where the right vertical arrow is induced by g. This guves a morphism gzNS : I‘if —
I'iq and proves the claim. O

Example 3.2.4. The following example is simple, but it captures much of the essence
of Rossi’s construction. We present it with full details.

Let R = k[z,y] and let I = (z,y) be the ideal of the origin. The sheaf F = I
on A% = Spec (R) is torsion-free but not locally free. Since F is an ideal sheaf,
BlrA2Z = BlyA? is just the usual blow up of A? along the origin. Let p: BlgAZ — A2
be the natural projection. Then p*F is not torsion-free, but (p*F)* is a line bundle.
To see that, we start with the following resolution of F.

)
T T 1
0*>R—>R@R<*y?li>0.
Pulling back along p, we obtain a presentation of p*F:

_ey’

< ex’ (ez’ ey’)

Op a2 Ogiyaz @ Opigaz p*F 0.

Here e is a local coordinate for the exceptional divisor E C BlgA? and 2’ and v/
correspond to the strict transforms of x and y. This induces a commutative diagram

0 —+ Coker(e)

| J

0O— OB10A2 5 OB10A2 (E) E—— Coker(e) — 0
() (=) |
0—— OB10A2 [e2) OBIOAZ I*d> 0B10A2 P OBIOAZ 0 0

Jee v ! |

p*F ——— Coker(y/, —a') ——— 0

Applying the snake lemma and using that Coker(e) ~ Og(E) and that Coker(y’, —a’)
is the ideal sheaf generated by =’ and y’, we get a short exact sequence

0— Op(E) = p'F — («,y) = 0.
It follows that tor(p*F) ~ Ogr(FE) and (p*F)" ~ (2/,y'). In particular, p*F is not
torsion-free.
We can also describe the geometry of the abelian cones Spec Sym F and Spec Sym (p*F).

We have
7r: Spec Sym F = Spec (R[X,Y]/(zY — yX)) — A2,
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which is irreducible and singular.
Next we describe Spec Sym (p*F). Let S = k[z,y,2’,y']/(xy’ — ya') where the
variables z’, 3" are have degree 1 and z,y have degree 0. Then

BloA? = Proj(k[z,y, @', y']/(xy' — ya")).
A local equation for E is given by e = z/2’ or e = y/y’, depending on the chosen
chart. Then
T+ 7+ Spec Sym (p*F) = Spec S[X, Y]/(e(2'Y — ¢/ X)) — BlgA?
is reducible. It has two components:
Tp+ Fmain: Cmain = V(2'Y — ' X) — BlgA?,
Tp+Ftor: Cror = V(€) = BlpA®.
The main component Cpain equals Spec Sym (p*F)' and it is a vector bundle of

rank 1. Meanwhile, Ci,, corresponds to tor(F), it is supported over E and it is a
vector bundle of rank 2 over its support.

3.3. Villamayor’s construction. We now review an algebraic construction of
Villamayor. In Section we show that this is equivalent to Rossi’s construction.

Fitting ideals (see Section are related to ranks of modules and flatness.
Indeed, the local rank of M at a prime ideal P of R is k if and only if F__1(M) C
Fo(M) C ... C F,_1(M) C P but Fp,(M) ¢ P. As a corollary, if R is a domain
then the generic rank of M is k if and only if Fj(M) is the first non-zero Fitting
ideal, and moreover M is flat if and only if it is free, if and only if Fj(M) = R.

The relationship between Fitting ideals and local freeness of the torsion-free part
comes from Lipman’s theorem.

Theorem 3.3.1 (cf. [Lip69, Lemma 1]). Let R be a local ring. Given a finitely
presented module M and a non-negative integer r, the following are equivalent:

(1) Fo(M)=...=F,_1(M) =0 and F,.(M) is invertible.

(2) M has projective dimension at most one and M /tor(M) is free of rank r.

It follows from theorem that blowing up the first non-trivial Fitting ideal

of M will make (p*M)' locally free (with p the blow-up morphism). However,
it is possible that M* is already locally free on Spec R even though its first non-
trivial Fitting ideal is not principal, see remark In order to find a minimal
transformation of Spec (R) on which M* is locally free, Villamayor proposes in
[Vil06] the following construction.

Construction 3.3.2 ([Vil06l Remark 2.1]). Let R be a domain and let M be a
finitely presented R-module or rank r. Choose generators my,...,my for M. Then
there is a short exact sequence

0P RY 5 M-o0.

Since M has rank r, there are elements py, ..., py_, in P which induce a morphism
RN — RN of rank N —r. Let P, ~ RV~ be the free module generated by
P1,-..,PN_r and let My = RN/Pl, that is, the following is exact

0— P, = RN = M, = 0.

Then M; has projective dimension at most 1, rk(M;) = rk(M), there is a natural
surjection My — M and M /tor(M) = M /tor(M).
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Given a finitely presented module M of generic rank r over a domain R with
fraction field K, define its norm to be the fractional ideal

(4) [[M]]:Im(/r\M—>Kz/r\M®RK).

Then F,.(M;) and [M] are isomorphic fractional ideals over R by [Vil06l Proposition
2.5], in particular the isomorphism class of F,.(Mj) as a fractional ideal does not
depend on the choices made in construction [3.3.2] Note that any fractional ideal of
R is isomorphic to an ideal of R and that given two ideals I, J which are isomorphic
as fractional ideals, the blow-ups of Spec (R) along I and J are naturally isomorphic.

The same ideas apply to any (Noetherian) ring R if we restrict to finitely pre-
sented R-modules M such that M ®g Q(R) is a free Q(R)-module, where Q(R) is
the total quotient ring of R.

Definition 3.3.3. Let R be Noetherian. An R-module M is generically flat of
generic rank 7 if M ®pr Q(R) ~ Q(R)".

Theorem 3.3.4. [Universal property of blow-up, affine case, [Vil06, Theorem 3.3]/
Let R be a Noetherian ring, let M be a finitely presented R-module generically flat
of generic rank r (in the sense of deﬁmtionm and let X = Spec (R). There is
a blow-up p: Blyy X — X satisfying the following universal property:
(1) The sheaf p* M /tor(p* M) is locally free of rank r on Blyy X and
(2) for any morphism q: Y — X from an affine schemeY for which ¢* M /tor(q* M)
is locally free of rank v on'Y, there is a unique morphism ¢': Y — Bl X
such that poq’ = q.

Proof. The fractional ideal [M] is isomorphic to some ideal I of R. Let Bl X =
B1; X be the blowup of X along I, which is independent of the choice of I. Since
q*M/tor(¢* M) = q* M /tor(q*M;) for any morphism ¢: Y — X, we can replace
M by My, which has projective dimension at most one. Conclude by theorem [3.3.1
and the universal property of (the usual) blow-up. O

Remark 3.3.5. In general, Bl;; X is not obtained by blowing up the first non-zero
Fitting ideal of M. Indeed, let I C R be an ideal and M = R/I. On the one hand,
M* = 0 is locally free of rank 0, which is the rank of M, so Bl X = X. On the
other hand, the first non-zero Fitting ideal of M is Fo(M) = I, so BlgnX =
Bl X if and only if I is principal.

However, if M has generic rank r and projective dimension < 1, then Bl X =
Blg, (an X.

3.4. Equivalence of the two constructions. We find it useful here to give a
constructive comparison of the two approaches, which we find clarifies both.

Proposition 3.4.1. Equivalence of Rossi— Villamay/?f constructions Let X = Spec(R)
be an affine, integral Noetherian scheme and F = M be a coherent sheaf:

BlrX =Bl X.
The first is defined in definition[3.2.1) and the second in theorem[3.3.7)
Remark 3.4.2. Note that both constructions involve some choice, so they only
define a blow-up up to isomorphism. The choice made in both constructions is

that of an ordered finite generating set for M. We will show that different choices
produce canonically isomorphic constructions.
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The first observation, is that both constructions only depend on A" M, where
is the generic rank. We suppose here that r» # 0. Otherwise, the sheaf is already
locally free up to torsion, so no blow-ups are necessary.

Lemma 3.4.3. Let X, M as above and r = tkM > 0, we have canonical isomor-
phisms

(5) BlrX = Bly- £ X
and
(6) BlarX = Blpr p X.

Proof. For (f)), fix a surjection f: OF" — F. Then A"f : A" OF" — A\ F defines
an embedding

Cprp: U= PRt cPR!
of the generic open, where m = (Z) With the definition of the Pliicker embedding
from section [2.1] we have the following commutative diagram

v Grx (0%" r)

m J{A"”T

m—1
Pl

Since A, , is a closed embedding, it commutes with taking closures. Hence, it gives
the required isomorphism.
For @, recall the definition of the norm :

[M] :Im(/T\M—>/T\M®RK%K).

From this, it is clear that the Villamayor blow-up only depends on the top exterior
power of M. Given a generating set f1,... f, of M, the choice of the isomorphism
N M ®r K = K is given by picking a non-zero element of \" M ®g K, which
we can set as f; A--- A f.. To obtain an ideal of R isomorphic to the fractional
ideal [M], we clear denominators of the image in K of the other r-wedges of the
generators by b € R. This gives

Bly X = BlypgX C P
Other choices of b will give a canonically isomorphic blow-up. O
So we reduced to F of rank 1. We can further reduce to the case of ideal sheaves.

Lemma 3.4.4. Let M be a rank 1 module over R, then we can always choose an
ideal I such that

Bly X =Bl X

Proof. Choose I 2 [M]. Or, to spell this out, we can see that the image of M
in M ®@r K(R) is a torsion-free rank 1 R-submodule of K (R). Since it is finitely
generated, we can clear denominators and obtain an ideal I C R isomorphic to this
image. (]

For the Rossi construction, we reduce from rank 1 sheaves to ideal sheaves using
the following lemma.
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Lemma 3.4.5. Let F and X as in proposition[3.].1l If F has rank 1, then there
is an ideal sheaf T on X such that

BlrX = BlzX.

Proof. Let K = K(R). Since BlzX only depends on F |y and since F and F! are
isomorphic over U, we can assume that F is torsion-free. In that case, arguing as
in the proof of lemma we can replace F by its image in F ®p, K ~ K and
we can find a section g of I such that g - F ~ 7 is an ideal sheaf.

Remember that BlzX = T'y(U) where I'y : U — P! is induced by a surjection
[ OF" — F. Since g determines a section of Ox over U, we have another
surjection

glv flv: Og" - T.
By construction, I'g.; = I'y, therefore Bl X = BlzX follows. O

Lemma 3.4.6. Let X an affine integral and noetherian scheme and let F = T be
an ideal sheaf. Then

BlzX = B X.

Proof. The right-hand side is the Villamayor blow-up of [I]. As fractional ideals
[I] = I, so Bi;X is the usual blow-up of X along the ideal I. The left-hand side
is the closure of the graph I'y: U — ngl inside ]P’}*l where f: (’)E’é” —-F —=0is
a choice of generators of the ideal sheaf F and U is the generic point of X. The
lemma follows from the standard fact that the usual blow-up can be obtained as
closure of a graph in projective space, see [EH99, Proposition IV-22]. (]

3.5. Properties. We collect some properties of the blow-up BlzX constructed in
proposition [3.2.:2] Next result is reformulation of theorem [3.3.4] in geometric terms.

Theorem 3.5.1 (Universal property of blowing up: affine version). Let X be an
affine Noetherian integral scheme and F be a coherent sheaf of generic rank r. The
blow-up p: BlxrX — X from definition satisfies

(1) (p*F)" = p* F /tor(p* F) is locally free of rank r on BlzX and

(2) for any morphism f:Y — X from an affine scheme Y for which f*M /tor(f*M)
is locally free of rank r on'Y, there is a unique morphism f':'Y — BlzX
such that po f' = f.

The construction of section glues to a definition of Blz(X) on a reduced,
irreducible, locally Noetherian scheme X. Moreover, BlzX inherits the universal

property in theorem [3.5.1] since in view of the uniqueness the question is local on
X.

Corollary 3.5.2 (Universal property of blowing up). Let X be a Noetherian in-
tegral scheme and F be a coherent sheaf of generic rank r. There exists a blow-up
p: Blg X — X which satisfies

(1) The sheaf (p*F)" = p*F /tor(p* F) is locally free of rank r on BlzX and
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(2) for any morphism f: Y — X from an schemeY for which f*M /tor(f*M)
is locally free of rank r on'Y, there is a unique morphism f': Y — BlrX
such that po f' = f.

Proposition 3.5.3. Let f : Y — X be a morphism of Noetherian integral schemes
and let F be a coherent sheaf on X of generic rank r. If f*F has generic rank r
then there is a unique morphism

making the diagram commute. If, moreover, f is flat, then the square is Cartesian.

Proof. A unique morphism fmaking the diagram commute exists by the universal
property of Blz(X), which is corollary To show that the diagram is Cartesian,
we use [Sta22 Lemma 0805], which is the analogous result for blow-ups along ideal
sheaves. This requires checking that f~![F] - Oy = [f*F], which holds since F
and f*F have the same rank and the norm [-] is a determinantal ideal.

Indeed, we can work locally. Then we have X = Spec (A), Y = Spec (B), a ring
homomorphism f#: A — B and F = M for some finitely presented A-module M.
To compute [F], we take a presentation

Am Ly gn M 0,

we choose a submatrix I' of T' consisting of n — r columns of I and then [F] is
represented by the ideal generated by all the minors A;(I”) of size (n—17) x (n—7)
of I, The choice of I'" must be so that this ideal is non-zero and such a choice exists
because tk(F) = r. Then f~![F]- B is the ideal in B generated by f#(A;(I")) for
all 5. On the other hand, tensoring by ® 4 B we get a presentation

Bm&B"%MQQAB%O.

Since f*F = M ®4 B and since rk(f*F) = r, we can compute [f*F] in the
same manner, i.e., taking all the minors of size (n — r) x (n — r) of a submatrix
(f*T)" consisting of n — r columns of f*T". This means that [f*F] is generated by
A;((f#T)"). We can actually choose I'" and (f*I')"” so that they consist of the same
columns, and in that case we are done because f# is a ring homomorphism. O

Proposition 3.5.4. Let X be a noetherian integral scheme and £, F,G be coherent
Ox-modules. Assume that we have an exact sequence 0 = & — F — G — 0.

(1) If the sequence is locally split and & is locally free, then there is an isomor-
phism BlrX ~ BlgX.
(2) If G is locally free, then there is an isomorphism BlrX ~ Blg X.
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Proof. Tt is enough to prove the statement locally, so we may assume that we have
F ~ & @ G. With this, we have that

(7) AP = ATOPE @ ALOPG,

By Lemma we have that BlgX =~ BlywsgX and BlrX =~ BlawsrX =~
Blatopggaterg X using eq. . Suppose now that £ is locally free, then A'PE is a
line bundle and we conclude that Bl X ~ BlgX by proposition

If G is locally free, the sequence is locally split and a similar argument to the
one above shows that Bl X ~ Blg X. O

Remark 3.5.5. In general, BlxX is not isomorphic to BlzvX. For example let
X be a normal scheme and F an ideal sheaf. Then FV is reflexive and it has rank
one, so it is an invertible sheaf. This shows that Blzv X ~ X. If F is not locally
free (see e.g. example , then we have Bl X # X.

4. DIAGONALIZATION

The diagonalization process of a morphism ¢: E — F of locally free sheaves on
a scheme X is introduced by Hu and Li in [HL11]. The process requires to blow up
the Fitting ideals of the morphism ¢, and doing so desingularizes the kernel and
cokernel of ¢. Applied to the moduli space of maps, this construction can be used
to desingularize all the components of My ,,(P",d). We summarize the construction
and its universal property and explore the possibility of finding a minimal blowup
which also desingularizes all the components of M, (P",d). In this section all
schemes are assumed to be Noetherian.

4.1. Construction of the Hu—Li blow up.

Definition 4.1.1 (Diagonalizable morphism [HLITl Definition 3.2]). Let X be a
scheme. A morphism ¢: OFF — O%? is diagonalizable if there are direct sum
decompositions by trivial sheaves
¢ ¢
(8) O??DZG()@@GZ‘ and O??qZHoEB@Hi
i=1 i=1
with ¢(G;) C H; for 0 < i < ¢ such that
(1) ¥ |Go: 0;
(2) for every 1 <i < ¢, there is an isomorphism I; : G; — H;;
(3) the morphism ¢ |g,: G; — H; is given by f;I; for some 0 # f; € T(Ox);
4) (fi+1) & (fi)-
More generally, a morphism ¢: Fy; — FE5 of locally free sheaves on X is locally
diagonalizable if X admits an open cover which trivializes F'; and F5 simultaneously
and on which ¢ is diagonalizable.

We will be interested in the coherent sheaves arising as kernels and cokernels of
such diagonalizable morphisms.

Proposition 4.1.2. Let X be a Noetherian integral scheme and let p: E1 — Fs be
a locally diagonalizable morphism between locally free sheaves on X. Then ker(p)
is locally free.
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Proof. The question is local, so we can assume that £y = O%F and Ey = 037, and
that they admit decompositions as in eq. . Then ker(p) = G is free.
O

Definition 4.1.3. (1) We say that a coherent sheaf F on a scheme X is diag-
onal if all of the Fitting ideal sheaves F;(F) are locally principal.
(2) Given a scheme X and a coherent sheaf F, a diagonalization of F is a
morphism f : X — X such that f*F is diagonal.
(3) Given a scheme X and a morphism of locally-free sheaves ¢ : Ey — Ej,
a diagonalization of ¢ is a morphism f : X — X such that f*p is locally
diagonalizable and rk(Coker(y)) = rk(f*Coker(yp)).

The two definitions are closely related, which justifies the choice of terminology.

Proposition 4.1.4. A morphism ¢ : Fy — FEy of locally free sheaves is locally
diagonalizable if and only if the coherent sheaf Coker(y) is diagonal.

Proof. This result is contained in the proof of [HL1I, Proposition 3.13]. Observe
that the Fitting ideals F;(F) are just the determinantal ideals Ag_j)x(q—i) (),
where ¢ = rk(Fs). If ¢ is locally diagonalizable, take an open where it is of the
form . Then the Fitting ideals of F are generated by products of the f;’s, so are
principal in this open.

On the other hand, if F is diagonal, we can cover X by affine opens where all
F;(F) are principal and where the E;’s are simultaneously trivialized. We quickly
sketch how [HL11l, Proposition 3.13] produces a decomposition as in , by possibly
further restricting. The morphism ¢ is given by

I'= (a;)

ie{l,...,p}, 7 €{1,...,q}. The Fitting ideal F,,_1(F) = A1x1(I") is principal if
and only if, after further localization, there is an entry a;, j, which divides every
other entry a; ;. In that case, one can perform row and column operations to put
I" in the following form
Ay, 50 ‘ 0O ... 0
0

: r’

0

with IV a matrix of smaller size. The same argument works recursively since the
remaining Fitting ideals of F and those of I' differ by the principal ideal (a;, j,). O

Remark 4.1.5. From proposition we see that diagonalizing a coherent sheaf
F is equivalent to diagonalizing any presentation £ — FEs — F by locally free
sheaves.

Remark 4.1.6. If ¢ : 4 — Es is a locally diagonalizable morphism on a scheme
X,and f:Y — X is any morphism of Noetherian schemes, f*¢ is locally diago-
nalizable.

Similarly, if F is diagonal, f*F is diagonal.

Note that the generic ranks of F and f*F will be different in general for non-
dominant morphisms.



DESINGULARIZATIONS OF SHEAVES AND REDUCED INVARIANTS 21

We give below a procedure which associates to X and F a diagonalization 7 :
BIZEX — X. We will show in theorem [4.1.16| that this is the minimal morphism
which diagonalizes F.

Definition 4.1.7 (Maximal rank). Let X be an integral Noetherian scheme and
F a coherent sheaf of generic rank r. The maximal rank mrk(F) is

k() = max{rk(F,)} > 7

which is the maximum rank of F when restricted to a closed point of p € X. Equiva-
lently, mrk(F) is such that the Fitting ideals Fy(r)(F) is Ox and Fir)—1(F) #
Ox, with the convention that F_;(F) = 0.

Remark 4.1.8. The above mrk(F) is finite. Indeed, the ascending chain condition
on the Fitting ideals
F_(F) CFy(F)C--- C F,(F)
guarantees that there is some mrk(F) such that Fi,.(r)(F) = Fikr)+1(F) = ...
Moreover, for any affine open U C X, the ascending chain of Fitting ideals
stabilizes at Oy, since Fly = M for a finitely generated module M. So the chain
above must stabilize at Ox.

Remark 4.1.9. There is a closed point ¢ € X such that rk(F|,) = mrk(F), and
such that we have a resolution

OFP — OPmKI) — Fl, — 0.

However, F may not be generated globally by mrk(F) sections. Indeed, it may not
be globally generated at all!

Construction 4.1.10 (Hu-Li blow-up). Let X be an integral Noetherian scheme
and F a coherent sheaf of general rank r and maximal rank 5. Recall from sec-
tion [3.3]that the Fitting ideals of F satisfy a chain of inclusions F_; (F) C Fy(F) C
..., that F.,(F) = Ox and that Fo(F) = ... = F._1(F) = 0 because F has rank
T

Let

BIZYX = Blp, (5 X

RSy A}
By [Sta22) Lemma 080A], BlgLX can also be constructed by successively blowing
up X along (the total transforms of) the Fitting ideals of F, that is

BIZEX =X, 20y 5 X, 22 X, 2 X
where
o Xrg—l = BlFrz—l(]:)X’
[ X,,‘272 = BlFTg—Z(p:z,lf)Xr2*1 = BIPT_;_lFrQ—z(]:)OXm,lX’m*l and

* Xi=Blrpp

Each p; is the natural morphism coming from the blow-up construction and we
denote by p the composition p,,_10...0p;.

1].-)X1-+1 for all 1 with r <7 <7y — 2.

n *
it1 " Pro—

The following two lemmas explain how, after applying the diagonalization con-
struction, a diagonal coherent sheaf F has an increasing filtration F, with all the
quotients JF;/F;_1 being vector bundles over some locally principal closed sub-
scheme (i.e. a Cartier divisor).
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Lemma 4.1.11 (c.f.[Sta22 Tag OEST]). Let F be a diagonal coherent sheaf of
generic rank v and tor-dimension < 1 on a Noetherian integral scheme X. Then
there is a short exact sequence

0=-K—-F—=Froo0

where F is locally free of rank r on X and K is a coherent sheaf of generic rank
0 and tor-dimension < 1.

Proof. Locally, we have a module M over aring R with F,.(M) = (f), F,—1(M) = 0.

Then the statement follows with K corresponding to the module ker{ M i) M} by
[Sta22] Tag OF7M]. O

Lemma 4.1.12 (c.f. [Sta22l Tag 0ESU]). Let F be a diagonal coherent sheaf of
generic rank zero, mrk(F) = n, and tor dimension < 1 on an integral scheme X.
Then there is an increasing filtration, denote by F,,

F=F,DFp1D--+DFy=0
and effective Cartier divisors D; such that for each i,
FilFia

18 locally free of rank i on the closed locally principal subscheme defined by D;. The
associated graded to this filtration is

E=Pes

where & = F;/Fi—1 is a vector bundle supported on a subscheme.

Proof. Our formulation differs from the one in the reference, so we present the
construction of the filtration in our context. We can work locally and assume that
F has a presentation which is diagonalizable in the sense of Definition that is
@ : OF" — OF" where ¢ is the diagonal matrix

ny no Nk

QO:Dlag fh"'afl)f?v"'7f2a"'7,fk:a"'7fk:

with ng +--- 4 ny = n and non-zero f;’s satisfying (fi11) & (fi). Note that locally
F may not attain its maximal rank n, but we can always choose f; to be a unit to
obtain a presentation of the correct rank.

Note that we have to assume that the tor dimension of F is < 1 to ensure we
can obtain a presentation by a square matrix .

Since we are working over a domain, (f;y1) g (fi) is equivalent to f;|fit1. We
can define effective Cartier divisors D1, ..., D,, by taking ratios of successive entries
of ¢:

Dn = Lpn—1— (fl)

D; = (@n—i—i—l,n—i—i—l) )

(Pnfi,nfi
In other words, D; is the ideal generated by the ratio of the entries in position
n—1t+1and n — 7 in . Note that, while the generators of the ideals are only
well-defined up to a unit, the ideals themselves are well-defined and do not depend
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on the chosen presentation of ¢. In fact, they can be expressed as differences of the
Fitting ideals of F, which are independent of the chosen presentation.

The divisors D; give closed locally principal subschemes of X, which are defined
by (fxs1/fr)if i =n— Z_];:l ny and are empty otherwise.

We define the increasing filtration of F, as follows. We set F,, := F, and define
Fn—1 as the cokernel of the morphism ¢’ := ¢/ f;. That is,

0 0 (OX/(fl))GBTL —— fn/]‘—nfl — 0

(9) 0 o 2, o%n Fn 0
idI f1~idT ]

0 o ¢, oon FA—}

As Op, = Ox/(f1), the graded piece F,, /F,,—1 is locally free of rank n on D,,.
Now, ¢’ can be given by the diagonal matrix

ni na Nk

QOI:Dia’g ]-7"'a]-7f2/f17‘~'7f2/f17'~'afk/fla"'?fk/fl

We can pass to ¢ : 0"~ — OF"~! by removing the first entry. Clearly, F,,_ =
Cokery”. Then we can iterate the construction in @, factoring our multiplication
by the first entry ¢ of ¢”

0 0 (Ox/(¢1))®" ! —= Foor/Fog —— 0

0 Og?nfl o Og?n71 -anl 0
id]\ @;"id]\ T

0—— 0%t 1, ognt Fus 0.

This defines the next subsheaf F,,_5 in the filtration and the new morphism ¢'”.
If ny > 1, (¢f) = (1), so we will have F,,_o = F,,—1 and D,,_; defining the empty
subscheme. Note that the sub-schemes defined by D,,—1, ..., Dy_pn,+1 are all empty,
and the filtration is constant until F,,_,,_1, which is the cokernel of

dn—nq ¥ dn—nq
OX OX

with

n2 ng N

w:Dla‘g 17"'717f3/f27'-'7f3/f2>"'7fk/f2a'~'7fk/f2

and D,,_,, = (f1/f2). Tterating this construction clearly provides a filtration and
a collection of effective divisors which satisfy the claims in the lemma.

The divisors D; are defined globally in terms of Fitting ideals, and do not depend
on the local expression of the matrix. In fact, unpacking the argument above we
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can check that

1 2 -+ n-—-1 n
£ 1 2 n—1 D,
Fn—l 1 2 Dn
1
Then,
1 -2 1
Dy . —_— Fy
(10) = 1 -2 1 ;
D, 1 -2 F,_1
1

O

Ezample 4.1.13. Take R = Cl[z,y, 2], X = SpecR. Let F = M be the diagonal
sheaf defined by

z 0 O 0
0 =z O 0
Zlo 0 a2y 0O
0 0 0 ayz

0— R R®* 5 M — 0.

The divisors from the statement of lemma are given by the ideals
Dy = (z)

D3 = (1)

Dy = (y)

Dy = (2).

Now, all the elements of ¢ are divisible by Dy, which is the ideal generated by

the first entry. We set Fy, = F. To obtain the next step in the filtration, F3, we
consider the decomposition ¢ = z - ¢’ below

0 RO ¥ , Ro4 M 0
idT Jc~idT T
0 Rot ¢, pod M, 0

we set F3 = ]\73, the module defined by

100 0
, o100 o0
Zlo oy o0

0 0 0 yz
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or equivalently as the cokernel of

1 0 0
=0 y O
®3 0 0 yz

R R®3,
Similarly, F» = Ms will be defined by
y 0
0 yz
0—R¥ —— 5 R®> 5 My -0

and F; = M, by

05 R R M 0.

Finally, My = 0. In conclusion, we obtain the filtration

0 0
0 0
z 0
0 =z
M = My = (R/(2))®* @ R/(zy) ® R/(xyz) «——— Mz = R/(y) ® R/(y2) =

© v)
~ My, =R/(y)®R/(yz) «——= M; = R/(z) + 0 = M,.
The graded pieces are

&y = Fu/Fs = (R/(z))®*

€4 = Fy/Fs =0
Ea =T/ F1 = (R/A@S@Z
& =R/(2)

and each of the &; is locally free of rank i on the subscheme defined by D;. Note
that for ¢ = 3, such subscheme is empty.

Theorem 4.1.14. Let F be a diagonal coherent sheaf of generic rank r, mazimal
rank ro and tor-dimension < 1 on a Noetherian integral scheme X. Then we have
a filtration

FOK=Krr DKpyero1 DD Kp=0
such that
Fr=F/K
is locally free of rank r and
& =Ki/Ki

is locally free of rank i on the effective Cartier divisor D;.

Proof. Immediate by lemma and lemma
|

We are now ready to state the minimality properties for the construction [f.1.10}
We can can formulate a universal property for the morphism ¢, or in light of
remark we can formulate it to only depend on the cokernel sheaf F.
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Theorem 4.1.15 (Universal property of diagonalization [HL11]). Let ¢ : Ey — E»
be a morphism of locally-free sheaves on a Noetherian integral scheme X. Let
F = Coker(p). Define BIZEX as in construction .

The natural projection q: BlgLX — X is a diagonalization of ¢. Moreover g
satisfies the following universal property: for any morphism f :Y — X such that
f*¢ is locally diagonalizable and tk(f*F) = rk(F), there is a unique morphism
Yy — BlI;LX factoring f.

Theorem 4.1.16 (Universal property of BI%XX [HLII]). Let X be a noether-
ian integral scheme and F a coherent sheaf on X of generic rank r. The natural
projection p: BlgLX — X satisfies that

(1) the sheaf p*F has generic rank r and

(2) the Fitting ideal F;(p*F) is locally principal for all i.
Moreover, p: BlgLX — X satisfies the following universal property: for any mor-
phism f:Y — X of Noetherian integral schemes such that

(1) the sheaf f*F has generic rank r and

(2) the Fitting ideal F;(f*F) is locally principal for all i,

there is a unique morphism f':Y — BlgLX factoring f.

4.2. Properties of the Hu—Li blow up. We collect properties of BlgLX.

Proposition 4.2.1. Let f : Y — X be a morphism of Noetherian integral schemes
and let F be a coherent sheaf on X of generic rank r. If f*F has generic rank r
then there is a unique morphism

making the diagram commute.
If, moreover, f is flat, then the square is Cartesian.

Proof. A unique morphism f making the diagram commute exists by the universal
property theorem To see that diagram is Cartesian we apply [Sta22l Lemma
0805] to each of the blow-ups defining BlgL X, using that the formation of Fitting
ideals is compatible with pullbacks. ([
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Proposition 4.2.2. Let X be a noetherian integral scheme, let F a coherent sheaf
on X and let L be a line bundle on X. Then there is a unique isomorphism

—> Blf@w X)

\/

which makes the diagram commute.

Proof. By theorem a unique factorization ¢ of p through ¢ exists if and
only if F;(p*(F ® L)) is locally principal for all ¢, and this holds because F;(p*F)
is locally free for all ¢. Indeed, choose an open cover of X trivializing £. The
preimage by p of this cover induces a cover of Blx(X) where p*(F ® L) ~ p*F.
This shows that F;(p*(F @ L)) ~ F;(p*F) locally, so ¢ exists. The same argument
shows there is a unique factorization of ¢ through p, which must be the inverse of
¢~> by uniqueness. O

Proposition 4.2.3. Let X be a noetherian integral scheme and £, F,G be coherent
Ox -modules. Assume that we have an exact sequence 0 = & — F — G — 0.

(1) If the sequence is locally split and & is locally free, then there is an isomor-
phism BIEEX ~ BIJFX.
(2) If G is locally free, then there is an isomorphism BIEEX ~ BIFFX.

Proof. Tt is enough to prove the statement locally, so we may assume that we have
F ~ & @ G. With this, we have that

(11) FEag)= Y Fu()Fu(9)

k+k'=¢

by [Sta22l Lemma 07ZA]. If G is locally free, the sequence is locally split, therefore
by symmetry it is enough to show one of the statements. Without loss of generality,
suppose that G is locally free, therefore Fy/(G) = 0 for all k' < rk(G) and Fy/(G) =
Ox for all ¥’ > rk(G) by [Sta22, Lemma 07ZD]. Combining this fact with the chain
of inclusions Fy(E) C F1(€) C ..., it follows that

0 if ¢ < 1rk(G)

F(F)=FE®g) = {FZrk(g)(g) if £ > 1k(G)

This means that the collection of Fitting ideals of F and £ agree, so BI;ILX ~
BIZLX. 0

Proposition 4.2.4. Let X be a noetherian integral scheme and F a coherent Ox -
module. Then for every positive integer n

BIZL X = BIZE, X

Proof. There is a natural morphism Bl]_-LX — Bl]_-glg:nX over X. To see this, let
p: BlgLX — X be the natural projection. Then p*F is diagonal and it follows
from definition that p*(F®") = (p*F)®" is diagonalizable too. Then apply
theorem to get the desired morphism.
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Conversely, we show that there is a natural morphism BI%%, X — BIZFX over
X, which is enough to conclude the proof by the universal properties of both blow-
ups. Remember that

BIZ*X = Bly, r, (7 X

where the product is over all non-trivial Fitting ideals of F, and similarly Blggan is
the blowup of X along [], Fx(F®™). By [Moo01l, it suffices to show that [], F¢(F)
divides a power of [], Fy(F®") as fractional ideals. Actually, we show that every
Fitting ideal Fy(F®") is a product of certain Fitting ideals Fy(F), with each k
appearing at least once as ¢ varies, and this is clearly enough.

By [BV88, Lemma 10.10], if A is any Q-algebra, if M = (a; ;) is any matrix with
coefficients in A and if A; denotes the ideal generated by all minors of M of size
i X 1, then

AN CAA
whenever ¢ < j — 2. From this, we can conclude that if ¢ = ds + r with r €
{0,...,s—1}
(12) S 145 = A7 AL
Jrbetje=t i

To conclude, remember that locally F is the cokernel of a morphism ¢: Fy — FEjs,
that F;(F) is the ideal A,,_;(¢) of minors in ¢ of size ro — i, where ro = rk(E2),

and the expression for Fitting ideals of direct sums eq. . (I
Ezample 4.2.5. Take n = 2 in Proposition Then eq. is equivalent to
F? if £ =2k
T2

k—O—zk’::E FTZ*kafk‘fl if¢=2k+1

where ro the maximal rank of F as in construction

Proposition 4.2.6. Let X be a Noetherian integral scheme and F a coherent sheaf
on X. Then there is a natural morphism BlgLX — BlgX.

Proof. Let m: BIZXX — X be the natural projection and let r = rk(F). By
theorem m it suffices to check that (7*F)" is locally free of rank r. This can
be checked locally. If X = Spec(R) for a local ring R, the result follows from
theorem [3.3.11 O

4.3. Remarks on minimality. We saw in Remark [3.3.5 that blowing up the first
non-zero Fitting ideal of F is, in general, not the minimal way to make F* locally
free. Similarly, blowing up all the Fitting ideals of F is not the minimal way to
turn (F |p,)* into locally free sheaves for all 4. This is illustrated in the following
examples.

Ezample 4.3.1. Take X = Spec (R) and F = M for M = R/I with I C R a non-
principal ideal. The only non-trivial Fitting ideal of F is Fo(F) = I. Note that
M = 0 is locally free and M lv(ry is locally free of rank 1. This means that F
already has the desired property on X. However, blowing up all the Fitting ideals
of F results in Bl;(X), which is isomorphic to X if and only if I is invertible.
This example also shows that given a coherent sheaf F on an integral scheme
X, the blow up Blzg(X) from definition and BIZF X are different in general.
Indeed, on the one hand, Blx(X) = Bl (X) = X because M* = 0 is locally
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free. On the other hand, the only non-trivial Fitting ideal of M is Fy(M) = I, so
BlgLX = Bl; X. Therefore both blow ups agree if and only if I is invertible.

FEzample 4.3.2. Let P be the origin in Aﬁyy and consider the embedding 7 : Aiy —
A% i (z,y) = (2,9,0). The image of i is the plane Il = {z = 0}. Let I = (z,y)
be the ideal of P in A2 and consider the module M = i, in A3.

Note that M has generic rank 0, M*f = 0 and that M |r is the ideal I, which
is torsion-free. This means that M = 0 is already locally free, but (M |n)t =
M |p= I is not locally free over II.

To compute BIAH/,L A3, we start with the following resolution of M

(13) R L R? M 0

where R = C[z,y, z] and

The Fitting ideals of M are

i FO(M) = Z(.’L‘, Y, Z)a

b Fl(M) = (a:,y,z),

o F,(M) =R, foralln >3
This reflects the fact that M has rank 0 on A%\ II, rank 1 on IT\ P and rank 2 on
P, as per proposition Then

BIJY A% = Bl (a)- 1y (1) A® = Bl y )2 A% = Bl(,,, ,)A® = BlpA?

is simply the blowup of the origin in A3. Note that BI¥FA? is distinct from
BlyA% = A3 in this example as the latter does not flatten (M |rp)*F.

Remark 4.3.3. If the sheaf F has projective dimension < 1, then the Rossi con-
struction is equal to the blow-up of the first non-zero Fitting ideal. In this case,
blowing up all of the proper non-zero ideals as in the Hu-Li construction gives a
minimal resolution with the property that (F |p,)t is locally free for all of the D;’s
defined in terms of Fitting ideals by . For an ideal having projective dimension
1 is equivalent to being principal.

Remark 4.3.4 (Extension of sheaves). Let X be a scheme, let Y be a closed
subscheme an let Fy be a coherent sheaf of rank » on Y. In order to find a minimal
resolution of this torsion sheaf, one may try to extend Fy to X as a sheaf which
not a torsion sheaf and perform a repeated Rossi construction. One can find an
open cover of X and blow-ups of the charts such that on the blow-up the torsion
free part of the pull-back of F is locally free on the support. However, the blown
up charts may not glue to a global construction. Below we explain that it is always
possible to find local blow-ups.

Let X be an affine scheme and let Y be a closed subscheme. Let Fy be a coherent
sheaf of rank r on Y and assume that we have an exact sequence

. M
O;‘?gyr — Oggy — ]:Ur‘nY — 0,

where M € M.~ (D(Oy)). We may assume that U = SpecR and Y NU =
Spec R/I, where R is a ring and I is an ideal. Let M = (fij), with fij € R/I. We
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now choose f;; € R a lift of fz’j and we denote by M the matrix (f;;). Then we

. s M
have a morphism OF" ™" = OF™ and an exact sequence

_ M
oF"" = OF™ — Fu — 0,

where Fy denotes the cokernel of the map induced by M. Then, we have that
Fuly = Fy and the resolution above induces a morphism

U --+U x Gr(r,n).

Since there is no canonical choice for the lift M, the above morphisms do not glue
in general.

5. COMPONENTS OF ABELIAN CONES

Let F be a diagonal sheaf on an integral Noetherian scheme, we study the ir-
reducible components of C(F). We show that C(F) has finitely many irreducible
components, which we consider with their natural reduced structure. Each irre-
ducible component is a vector bundle supported on a close integral subscheme. All
of the cones in this section are taken over X, unless otherwise specified by the
notation Chase(sheaf).

We start the study of the components of C'(F) by proving proposition m
where we write the cone as a pushout, where one of the factors is its main component
C(F*). This decomposition is motivated by [AM98, Proposition 2.5, where it is
shown (in the analytic category) that if m: C' = Spec (A) — X is a cone with X
integral and with A torsion-free outside of a closed Z C X, then the closure of
C\ 7 1(Z) inside C is equal to Spec (A'). In that case, Spec (A') is an irreducible
component of C, that we call the main component of C.

For technical reasons, we would like to ask AY to be locally free, rather than
asking that A is torsion-free outside of Z. Also, since we are interested in the
case of an abelian cone C(F) = Spec (Sym F), we would like to have a similar
decomposition with assumptions depending on F, rather than on Sym . The
strategy to do so is as follows.

Let F be a diagonal sheaf on an integral Noetherian scheme X. Remember
that F*f is locally free by proposition Firstly, we show in lemma that
(Sym (F)) = Sym (F*f). As pointed out in remark symmetric algebra and
torsion-free-part do not commute for a general coherent sheaf. The pushout we
are looking for depends on a closed Z C X (see proposition . One should
not expect such a decomposition to exist unless Z C supp (tor(Sym F)). We re-
late supp (tor(Sym F)) and supp (tor(F)) in lemma [5.0.3] The remaining piece
is lemma All the intermediate results are proven in more generality than
needed.

Lemma 5.0.1. Let X be a Noetherian scheme and let F be a coherent sheaf on
X. If F* is locally free then

(Sym F)t = Sym (F*H).
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Proof. We have the following commutative diagram.

0 0 0
| L

0 —— tor(Sym F) —=—— ker(p) ——— ker(p)) —— 0
li’ lz li”

0 — tor(Sym F) -7, Sym JF —r (Sym F)f ——— 0

b b b

0 —— tor(Sym (F)) —— Sym (F*) —Z— (Sym (F*)¥ — 0
0

| |

0 0

The last two rows are clearly exact. Moreover, since F*f is locally free, tor(Sym (F*)) =
0 and ¢’ is an isomorphism. The morphism ¢’ is the identity on tor(Sym F). The
surjective morphism p comes from applying Sym to the surjection F — F*, be-
cause Sym preserves surjections. The morphism p” is induced by p using that
tor(Sym (F*)) = 0, The first row is exact by the snake lemma. We want to show
that ker(p”) = 0 or, equivalently, that e is an isomorphism.

It follows from the above that we have

0 —— tor(Sym JF) LN Sym F —2— Sym (F*) —— 0,

which is exact except possibly at Sym F. We conclude if we show exactness there.
The inclusion Im(f o ¢") C ker(p) is clear because po f = gop’ = 0.
To show that ker(p) C Im(f o '), we know that

tor(F) ® Sym "1 (F) — Sym " (F) — Sym”(]—"tf) -0

is exact for all n > 1 by [Sta22] Lemma 01CJ]. Note that p is a morphism of graded
algebras, therefore

ker(p) = @ker(Sym”(}') — Sym "(F*)).

It suffices to show that for each n, the morphism tor(F)® Sym "~ *(F) — Sym "(F)
factors through tor(Sym (F)). Locally, X = Spec(R) and F = M for some R-
module M. Given A =}, ml ®...@mi € tor(M)® Sym™ (M), we can choose
for each j a non-zero divisor r; € R such that rjm{ = 0. Then r = r;---rjis a
non-zero divisor and rA =0, so A € tor(Sym (M)). O

Remark 5.0.2. Note that lemma does not holds in general if we do not
assume that F' is locally free. For example, let F = Z be the ideal sheaf of a
closed point P on X. Then (SymZ)" = SymZ = D,~oZ" if and only if P is
regular. B

Lemma 5.0.3. Let R be a ring, I be an ideal in R and M be an R-module.
If M s locally free and I - tor(M) = 0 then I - tor(Sym M) = 0.
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Proof. Note that tor(Sym M) = €D,, tor(Sym " M). In the proof of lemmam
we show that Sym™(M") ~ (Sym™M)*. The following commutative diagram is
exact by [Sta22, Lemma 01CJ].

tor(M) @ Sym "~ Y(M) —— Sym"M —— Sym"(M*'*) —— 0

! | |

0 —— tor(Sym"M) ——— Sym"M —— Sym"(M)"

— 0

The first row is exact by by [Sta22] Lemma 01CJ], and the second row is also
exact. By the snake lemma, tor(M) ® Sym ™~ (M) surjects onto tor(Sym ™M) and
the claim follows. O

Lemma 5.0.4. Let R be a commutative ring, A be an R-algebra and I be an ideal
of R. If I-tor(A) = 0 and A% is locally free, then the following square is Cartesian
in the category of R-algebras

A A

J |

A® R/I —— A% @ R/I.

Proof. Firstly, we prove that the square is Cartesian in the category of R-modules.
We have the following commutative diagram

0 0 0
0 IA ¢ 1A
0 —— tor(4) ! A ! At 0
p/ p J/p//

tor(A)® R/I —%s Ao R/I —— A" @ R/T —— 0

| | |

0 0 0

The three columns are exact because N ® R/I ~ N/IN for any R-module N and
because I - tor(A) = 0.

Firstly, observe that g is injective. This is equivalent to Tor;(R/I, A¥) = 0,
which holds because A*f is locally free. By the snake lemma, the natural morphism
e: ITA — I A" induced by f’ is an isomorphism.

In order to prove the lemma, we first need to show that the square in question is
a Cartesian square of R-modules. Then we check that it is also a Cartesian diagram

of R-algebras. Both can be achieved by routine diagram chasing.
O

Proposition 5.0.5. Let X be a Noetherian scheme, F a coherent sheaf on X and
let m: C(F) = Spec (Sym F) — X be the corresponding abelian cone. Leti: Z — X
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be a closed subscheme in X with ideal sheaf Tz such that Tz C Ann(tor(F)). If
F is locally free, then the following is a push-out of schemes

Spec Sym F = Spec (Sym F*) |_| Speci«(Sym (F) [z)
Spec i, (Sym (Ft)|z)

Proof. Locally, X = Spec R is affine, F = M for some finitely presented module M
over R such that M* is locally free and Z; = I is an ideal with I C Ann(tor(M)).

Let A= Sym M. Then I-tor(A) =0 by lemma and lemma ensures that

A% = Sym (M) is locally free. The result follows from lemma (]

Remark 5.0.6. Remember that the support supp (F) of a coherent sheaf F can
be defined set-theoretically by locally looking at the prime ideals where the stalk
of F is non-zero. A scheme structure on supp (F) is given by the sheaf Ann(F).
Therefore the condition Z; C Ann(tor(.4)) in proposition implies that the
closed Z must contain supp (tor(F)).

Another natural scheme structure in supp (F) is given by Fy(F), the 0-th Fitting
ideal of F. There is an inclusion Fy(F) C Ann(F) by [Sta22l Lemma 07ZA], thus
in proposition we can also take the particular case where Zz = Fy(tor(F)).

5.1. The main component. First, we reduce to the generic rank 0 case. Let F
be of generic rank r. Since it is diagonal, F* is locally free of rank 7. Then

C(]:) = O(ftf) |_| O(i*f‘Supp(tor(f)))
C(L*]:tflsupp(tor(]-‘)))

by proposition m Here both cones are taken over X. We call C(F*) the main
component of C(F). This is a rank r vector bundle on X. After replacing F by
i+ F |Supp (tor(F)), We may assume from now that rk(F) = 0.

5.2. Decomposing the torsion. Let F be a rank 0 diagonal sheaf. Recall that, by
lemma[4.1.12] F has a filtration with quotients supported on some effective Cartier
divisors D;, i = 1,...,n. We can think, locally, of F as a direct sum of locally free
sheaves on the D;’s, each of rank i. Consider the finite collection of closed integral
subschemes {Z},, which are the irreducible components of D; taken with reduced
structure. These are in the support of 7 and F|,; is locally free. Note that these

collections are not necessarily disjoint for different i’s. We denote the inclusion of
Z! in X simply by ¢, without keeping track of the indices when it is not necessary.

Theorem 5.2.1. The cone of F is topologically a union of finitely many irreducible
components

cF =Jo(F ") ux
2]
where each C ((]—' |Zj)tf) a vector bundle supported on the integral subscheme ZZ]
Lemma 5.2.2. The cone C; ((.7: |Zg)tf) — Z7 is a wvector bundle of rank v,

where

i = ml?x{Zij C Dy}
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Proof. Since tor(F|y) = tor(F)|y for U C X open, it is enough to prove it locally.
We assume that F is the cokernel of a diagonal matrix

Diag(f17"'7flaf2a"'af??'"afs)a
where fj, divides frpi1. Observe that, if fj |,;= 0, then f; |,; also vanishes for all
¢ > k. Take 17 as in the statement of the theorem: Z7 is a component of D,; and

the latter divides the last Tf entries.

So that the matrix presentation of F on Z] looks like Diag(f1 |,i,.--, ft |
,0,...,0) where f; |,;# 0. Since Zij is not, by assumption, a component of Z(f;)
we see that the cokernel of Diag(f1 |,s,..., fi | ;i) is a tosion sheaf and the torsion-

free part of F |,; is locally free of rank rl. O

Proof of theorem[5.2.1] To check the claim set-theoretically, it suffices to argue that
any closed point of C(F) is contained in at least one of the cones. Let v € C(F),
the projection to X is # € X. Then v is specified by some section © — F|,. If

~

z ¢ U, ;Z], Fl. = 0, so we are done. Otherwise, we need to argue that F|, =
((F|4)%)|, for some i, .

Let ¢ be such that = € Zf for some j but = ¢ Zf for all k > i and all . Then
x € D; but x ¢ Dy, for any k > i.
By the construction of the D;’s, we know that supp (tor(F|,;)) C Ugs; Z-

Then (]-'thJ)|m = Fls, and we are done.

The morphism J; ; C((F|,)) — C(F) of topological spaces, given by the
universal property of push-outs, is continuous and closed for the Zariski topology.
Since we have just checked that it is also bijective, it is a homeomorphism. [

6. DESINGULARIZATION OF COHERENT SHEAVES ON STACKS

In this section, we show that the constructions introduced so far in Section
and Section 4] make sense for algebraic stacks, since they are both local and they
commute with flat base-change (see respectively Proposition and Proposi-
tion . Thus we define the desingularization and the diagonalization of a co-
herent sheaf on a Noetherian integral Artin stack and we establish properties of
both constructions.

6.1. Construction of Blz'B and Bl?L‘B. Denote by B a Noetherian, integral
Artin stack. Consider a smooth presentation of 9, i.e. a groupoid in algebraic
spaces (Up, U, s,t,m) whose associated quotient stack [Uy = Up) is . Here [U; =
Up] denotes the stackyfication of a category fibered in groupoids [U; = Up)P*.
Recall that Uy, U; are algebraic spaces m : Uy ;x, Uy — Uj is the composition of
arrows, s,t : Uy — Uy are respectively source and target morphism and they are
smooth morphisms. They satisfy some compatibility conditions that we will not
use explicitly here (See [LMBOQ, §(4.3)] or [Sta22, Definition 0441].

The reader can think of P being the Picard stack Bic, ,,. Recall, that a S-point
of Pic, ,, is a couple (C, L) where C is a nodal curve of genus g with n distinct
smooth marked points and L is a line bundle over it. It is well known that Bic, ,
is a smooth Noetherian Artin stack which is not of finite type as we do not fix the
degree of the line bundle.
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Let § be a coherent sheaf on ‘B, i.e. we have a coherent sheaf F; on Uy and also
a coherent sheaf F; on U; with two fixed isomorphisms

(14) s"Fo~ Fr~t"Fy

that satisfy the cocycle condition on Uy ,x, U;. We refer to the article of Olsson
[O1s07, Proposition 6.12] for the equivalent definitions of coherent sheaves on an
Artin stack.

We now proceed to use the smooth presentation of ¢ to define a stack BlzB
desingularizing the coherent sheaf §. All of the following discussion holds formally
identical when we consider the procedure that diagonalises § instead. The stack
we obtain with the second procedure is denoted Bl? L.

Later, we prove that the blow-up stacks obtained in both cases are algebraic and
come equipped with a representable (by a scheme), proper and birational morphism
to P.

With the theory developed in §3, we can construct Blz U; and Blg Uy. Note
that to apply the results in that section we require Uy, Uy to be integral Noetherian
schemes and not merely algebraic spaces. However, it is routine to extend the
construction to algebraic spaces and we omit that passage here.

Since the morphisms s,t : Uy — Uy are smooth (hence flat), we apply flat
base change for blowup of sheaves (see Proposition to s,t and we get 5.t
Blg, U1 — Blg,Up. Using the fix isomorphisms (14)), we obtain the following Carte-
sian diagrams

Blr, U, —— Blx,Up Bly, U, —— Blx,Up
r r
(15) lq l” lq l”
U1 — Uo U1 —t> Uo.

In addition, using Cartesian diagram on a cube, we construct a map
m: Bl]:lUl gX?Bl}'lUl — Bl]:lUl.
More precisely, we have
Bl]:lUl EX?BI}-IUI ~ (Bl]:OU() st Ul) §Xt~ (Bl]:OUo pXt Ul)

~ Bl]:OUO pXS U1 s X¢ U1
— Blr, Uy »Xs Ui by applying m : Uy x, Uy = U3
~ Blz, U; by the Cartesian diagram .

We obtain a smooth groupoid in algebraic spaces

(Blfo U07 B1.7:1 Uy ) g} ffv m)
with a morphism of groupoids to (Uy, Ut, s,t,m). This defines a 1-morphism
p: [BIJ:OUO = Bl]:1 Ul]pre — [U() = Ul]pre.

Let Blz*P denote the stackyfication of [Blr, Uy = Blg, U1]P™. By universal property,
the morphism discussed above lifts to a morphisms of stacks

m: Bl'B — .
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6.2. Properties of Bl and BI?L‘B.

Theorem 6.2.1. Let [U; = Up] — B be an integral Noetherian Artin stack and §
be a coherent sheaf on it.

(1) The stacks BlgB = [Blyr, U; = Blg,Uo] and BIE P = [BIZ U, = BIE U]
are integral Noetherian Artin stacks.

(2) The morphisms Blg3 — P and BI?L‘B — B are representable proper and
birational.

Remark 6.2.2. Let S be a scheme and f : S — P be a flat morphism. Then we

have
Bl.5S —— Blgp BIf%S —— B
. Lo L
s I B g f B

In this section, we choose to use an atlas of 8 to define the blowups on Artin stacks
but it is also possible to use the diagram above and fppf descent to define them.

Proof of Theorem[6.2-1 Once again, we will only discuss BlzP, as the argument
for Bl? L3 is identical, mutatis mutandis.

Part (2), together with the properties of the respective constructions on schemes,
implies part (1) of the theorem. To establish part (2), it suffices to compute the fiber
Up xs3 Blz*B and show that it is Blx,Uy. A priori, Blr,Uy — Uy is representable by
an algebraic space, so the morphism Blx13 — P8 will be representable by an algebraic
space [Sta22] Tag 045G]. However, running the argument below for a covering of
an algebraic space by schemes, one can show in two steps that the morphism is in
fact representable by a scheme. Now consider the 2-Cartesian diagram of categories
fibered in groupoids

X — Uo
(17) l l
[Blr, Uy = Blg,UpP® —2— [U; = Up)P™e

where by abuse of notation, Uy is the category fibered in sets associated to this
algebraic space. One computes (see the discussion around [Sta22| |Tag 04Y4]) that
the groupoid X is given by (U{, Ui, s’,t',m’) where

U(/) = Ui X¢,uy,p Blr,Uo
U{ = U1 Xt,Uo,p-s Bl]:lUl
’

s (z,y) = (,5(y))
t': (z,y) = (m(z,p(y)), 1y))


https://stacks.math.columbia.edu/tag/045G
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By (15),
U{ = Ul Xt,Ug,p-s (Ul Xs,Ug,p Bl]-'g UO)
= (Ul Xt,Uo,s Ul) Xt-pT‘z,Uo,p Bl]:oUO
s ((z,y),2) = (z,2)

t/ : ((x,y),Z) = (y72)

From this expression, X is a banal groupoid whose stackyfication is equivalent to
the scheme Blz, Uy, as the relations s’,¢" identify all the points of the Uy factor.
Then the stackyfication of gives us a 2-Cartesian diagram:

Blr,Uy —— Uy

g N

Bl —— P

This discussion proves that 7 is representable. Recall that a morphism of stacks
is birational if there exists an isomorphism on dense open substacks on source

and target (see [CMW12]). By proposition we deduce that 7 is proper and
birational. g

Proposition 6.2.3. Let § be a coherent sheaf on 3.

1) For any line bundle £ on B, we have BlzgeP = BlB and also BIZL B =
§ § TRL
3' .
(2) Let &, §,® be coherent Ogz-modules. Assume that we have an exact se-
quence 0 > € - F — & — 0.
(a) If the sequence is locally split and € is locally free, then there are
isomorphisms Blz X ~ Bls X and BlgLX ~BIZFX.
b) If & is locally free, then there are isomorphisms Blz X ~ BleX and
( ) Y s P 5
BIf"X ~ Bl X.

Proof. All the statements are local so they follow from the same statements on
schemes with the two different blow-ups. For the Villamayor-Rossi blowup Blz%3,
the schematic statements are Propositions[3.2.3 and [3.5.4] and for the Hu—Li blowup
BlgL‘IL it follows from Propositions |4.2.2| and |4.2.3 (I

In Definition we define the notion of diagonalizable morphism of sheaves
on a scheme, we can extend it directly to algebraic stacks.

Theorem 6.2.4 (Universal property of the Rossi desingularization). Let 7 : Bz —
B be as above. Then

(1) The sheaf (m*F)Y is locally free of the same generic rank as .

(2) The morphism 7 : Blg* — ‘B satisfies the following universal property: For
any morphism of stacks f : ) — B such that (f*T)™ is torsion-free of the
same generic rank as §, there is a uniqud| morphism f’, which makes the

ITo be precise, there exists a morphism f’, unique up to a unique 2-morphism.
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following diagram 2-commutative

Proof. The statement follows from corollary O

From the beginning of §4| (Definitions and Proposition 4.1.4)),

we can define the notion of diagonalizable sheaves or diagonalizable morphism of
sheaves on Artin stacks as follows.

Definition 6.2.5. e A coherent sheaf § on P is diagonalizable if for any
scheme S and morphism f : .S — 3, the sheaf f*§ is diagonalizable that is
its Fitting ideals F;(f*§) are principal.

e A diagonalization of a coherent sheaf § is a morphism 7 : ‘I} — B such that
7§ is locally diagonalizable.

Remark 6.2.6. Using the presentation of 3, we could also define that § is diago-
nilazable if Fy is.

Theorem 6.2.7 (Universal property of the diagonalization). Let 7 : BlgL‘,B — B
be as above. Then

(1) The sheaf ©*F is locally diagonalizable of the same generic rank as §.

(2) The blow-up BI?L‘B satisfies the universal property: For any morphism
of stacks f : Y — P such that f*F is locally diagonalizable of the same
generic rank as §, there is a unique morphism f’, which makes the following
diagram 2-commutative:

9) ,,3,![/,> Bl?Lm
f l’r
RY
Proof. The statement follows by Theorem [4.1.15 O

Remark 6.2.8. If P has the resolution property in the sense of [Tot04], then we
have that 7w : Bl'B — ‘B is projective. Indeed, if 3 has the resolution property,
then we have a global locally free sheaf & with a surjective morphism

¢ —>F—0.

This allows us to define BlxB via the graph construction and thus the resulting
stack is projective over 8. Note that projectivity is not local on the target, and
thus, even though the local construction is projective, m may not be projective.
By [Tot04] stacks which are not global quotient stacks do not have the resolution
property. Many of the stacks that we work with are not global quotients. For more
details on stacks which are not a global quotients see [Kreld].
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7. APPLICATION TO STABLE MAPS

In this section we apply the results in Section [6] to construct reduced Gromov—
Witten invariants.

Given X a smooth subvariety in a projective space P", there is an embedding of
the moduli space of stable maps to X in the moduli space of stable maps to P".
The moduli space of genus zero stable maps to a projective space P” is a smooth
irreducible DM stack. If X is a hypersurface of degree k (or more generally a
complete intersection) in P”, there is a locally free sheaf £ on the moduli space of
stable maps to P", such that the moduli space of maps to X is cut out by the zero
locus of a section of this sheaf. These statements are not true in higher genus. In
general, the moduli space of stable maps to P" has several irreducible components
of different dimensions. We still have a natural sheaf £ equipped with a section,
but & is not locally free: its rank is different on different irreducible components.

There are several ways to use Section [f] to fix the above problem. We blow up
the Picard stack along certain sheaves and we. define reduced invariants via an ob-
struction theory of the main component of M, ., (X, d) relative to this blow-up of
the Picard stack. We also recall maps with fields [CL12] and then we construct a
blow-up of it which makes the resulting stack as simple as possible. The resulting
stack gives an alternative definition of reduced invariants, which is not intrinsic; the
relation between these two invariants is similar in spirit to a Quantum Lefschetz
theorem. The definition we give is more intrinsic, but working with maps with
fields instead of maps is more suited to approaching Conjecture [1.0.2] and Conjec-
ture See [CL15] [LO22L LO21] for the proof of Conjecture in genus one
and two.

7.1. Moduli spaces of stable maps. Let 9, , denote the stack of genus g pre-
stable curves with n marked points and let € , denote its universal curve. Let
Bic, ,, 4 denote the Artin stack which parameterises genus g pre-stable curves, with
n marked points, together with a line bundle of degree d. Let ‘Bicztmyd denote
the open subset of Pic, ,, ; consisting of (C, p; ...pn, L) which satisfy the stability
condition

n
19 B e (zpz-)
i=1
is ample. Notice that 9, ,, and Pic  , 4 are not separated, but they are smooth
and irreducible. The stack PBic, ,, ; is locally Noetherian and the stack %ic;t)n’d is
Noetherian. From now on we fix g, n, d and the stability condition and we drop all
the indices.
We define € the universal curve over Bic by the Cartesian diagram. Notice that
we also have a universal line bundle £ over €.
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We form the cone of sections of £ as in Chang-Li ([CL15], Section 2)
(19) S(m.&) := SpecSym (R'm. (£ ® we pic)) — Pic.
The definition requires further explanations as follows.

(1) We use the notation S(m,.£) for the cone of sections of £, which in [CL15]
is denoted by C(.£); for us C(m.£) denotes Spec Sym 7, £. In [CLI15| the
authors prove that S(m.£) is a stack which parameterises (C, L, s), where
(C,L) € Pic and s € H(C, L).

(2) Usually, the total space of a locally free sheaf € is Spec Sym (€V). Here we
would like to take ¢ := R%7,£. By Serre duality, we have ¢ = Rz, (£Y ®
W@/mic)-

For the rest of the section, let

(20) § = R'm. (&Y ® wepic)-

Note that since 7 is proper, we have that § is a coherent sheaf on Pic. As defined
in Section 2:3] we consider the stack Spec Sym §, which is an abelian cone stack
over Pic.

Let Mg,n(IP’T, d) be the moduli space of genus g, degree d stable maps, with n
marked points. As in [CFKI0], we have that M, ,(P",d) is an open sub-stack of
the stack

(21) S(m. £ 1) = Spec Sym (D1_,F) — Pic.

As before, a point of this cone over (C, L) € Bicis (C, L, s) withs € HY(C, L)®"+1.
Note that

r+1 times
S(m L) = S(me L) Xopic -+ Xopic S(me L) — Pic.
We define L, C by the following Cartesian diagram

| |
i — ¢
* Jw
S(m Lo+ —— Pic.
The complex @]_,R*T.L is a dual obstruction theory for the natural projection
S(m. L9 T1) = Spec Sym (B7_,T) — Pic (see [CLIT]).
Lemma 7.1.1. In notation as above we have an isomorphism of sheaves
(F)Y ~ 7L
over Pic.
Proof. The claim can be obtained by Verdier duality we have
RHom(Rm. LY ® we /pic; O) =~ Rr.RHom (LY ® We /pics We /picl1])-

We can obtain an explicit resolution of § as follows. Let A be a sufficiently high
power of a very ample section of the morphism € — ic that is we have Rm, £(A) =
0. Then, we have a morphism

(22) 0— £ — £(A) = £(A)|a — 0.
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This induces a long exact sequence
(23) 0 — R'7r.& — R'm,£(A) —» R, &(A)|4 — R'7m.£ — 0.
Similarly, we can resolve § = R'7,£Y Qwe /pic considering the dual exact sequence
0— £Y(—A) @ we/pic = £ Q wepic = £ @ wepicla = 0.
Pushing forward to Bic we get
(24)  R'm.&Y @ we picla = R'mLY(—A) ® weqpic = R'mLY @ weqic — 0.

By Serre duality we have isomorphisms R°m, £(A4) ~ (R'm,.£Y(—A) @we /pic) " and
ROm, £ ~ (R'm. LY ® we/pic)”. Applying the functor Hom(—, ) to and using
that it is left-exact, we get

(25) 0— (%)Y = Rm.L£(A) = R'1,.£(A)|a

Comparing with we get that (§)Y ~ L.
The last claim follows from the fact that taking the dual of vector bundle com-
mutes with base change. |

Remark 7.1.2. The proof of Lemma [7.1.1] shows that we have a resolution to the
left given by . The isomorphisms after Equation show that the morphism

Rm. LY ® weqicla = R'm.LY (—A) ® we opic

is dual to

R7,£(A) — R, £(A)|4.
We will use this duality in Section Hu and Li work with the resolution to the
right we have in 23] In the previous sections we used the resolution to the left
Equation . Since dual morphisms have the same fitting ideals, both morphisms
give the same Hu-Li blow-up.

Definition 7.1.3. Consider the Zariski closure in M, ,,(P",d) of the locus where
the curve is smooth of genus g. We call this component the main component and
we denote it by ﬂ;yn(}?r, d).

Note that on ﬂ;yn(ﬂj”", d), the universal curve is generically smooth and L is
generically a vector bundle.

Proposition 7.1.4. We have that ﬂ;n(ﬂ”,d) is an open substack of

r+1
Spec (Sym @f_, &) = H Spec (Sym F)*.
Pic
Proof. We have a surjective morphism p : Sym§ — (SymJ)". The torsion of
Sym § is in the kernel of p.
This gives a closed embedding

Spec (Sym 7, §)' < Spec Sym ., F.

ﬂ;n(ﬂw,d) is the open substack of Spec (Sym 7, +1)* given by imposing the
stability condition for stable maps. Moreover, for a module over an integral domain
R, we have that taking torsion commutes with direct sums. This gives the equality
in the statement. [
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Remark 7.1.5. For g > 1 the moduli space M, ,,(P",d) has several irreducible
components (see for example [HL10]). While for ¢ = 1 these components are under-

stood, in general we do not have a complete picture. However, after desingularizing
Mg’n(IP’ ,d), theorem [5.2.1] - describes its components.

7.2. Maps with fields. We recall the construction of maps with fields in [CLI2]
and its properties.
In the following we fix k € Z, k > 1 and we consider the sheaf

T (L @ (977 @ we pic))

on Pic with corresponding abelian cone
S (W*(S@T+l s’ "® wQ/m«w)> = Spec Sym Rlr, ((Sv ® wwmic)@TH ) 2®k) e Pic.

Imposing stable map stability we obtain the moduli space of maps with fields
Mg, (P",d)P. So an element of M ,,(P",d)? over (C,L,s) € Mg, (P",d) is given
by a choice of a section p € H°(C, L® % ® w¢). Consider the Cartesian diagram

cc—2 ¢

(26) ﬁp r ﬁ

My (P, d)P —— Mgy, (P, d).

The complex
E® := R7TL(D_oL ® L @ wa)

is a dual obstruction theory for the morphism p?.

The stack ﬂg’n(P’", d)? is not proper, but the perfect obstruction theory admits
a cosection o. This data gives a cosection localised virtual class [M, ,(P", d)P]".

For X a smooth subvariety cut out by any regular section of Op- (k) the authors
of [CL12] prove that
(27)

My (B, I = (~)C IR, (X, DI € Agan (i, .y (M (X, )

7.3. Reduced Gromov—Witten invariants. We start with a technical lemma
below, which allows us to apply the results in Section [4]

g,n

Lemma 7.3.1 ([Sta22, Tag OESR]). Let € be any vector bundle on Ty, the univer-
sal curve on some locally Noetherian integral stack B over M. Let § = R'my €.
There exists a blow-up b : P’ — P such that b*F is a perfect Oy module of tor
dimension < 1.

Proof. Consider b : P’ = BISHL(‘B) — PB. Locally on ', F.(b*F), is a principal
ideal defined by a non-zero divisor and F,_1(b*F) = 0. Then b*F has tor dimension
<1 by [Sta22 Tag OF7M]. Note that b*F = lepl*(g*GL for b=Cp — Cp. O

Remark 7.3.2. This allows us to apply theorem to Blgfm «Pic, since now
Rlm, € is locally diagonalizable of tor dimension < 1.
In the following we fix & > 1. Let
¢ = R'm, %
denote the sheaf on Pic whose restriction to a point (C, L) € Pic is
HY(C, L% ~ (H°(C, L®*F @ we))Y.
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We define -
Pic,, := Bl "BIY “Pic.

Let pg : ‘fiJck — Pic be the natural projection. Consider the Cartesian diagram

s

¢c—% ¢
Pic), —— Pic
where € is the universal curve over Pic.
We define M, (P, d) as the following Cartesian diagram:

Myn(P",d) —25 M, (P, d)

(28) = l

Pic, — 2 Pic.

One can see that we have an open embedding

Mg o (P, d) — SpecSym @_, pp3.
We define the main component of ./K/lvg’n(IE”T, d) as the fiber product

A0 T Py, Aq° T
M (B d) 2 M (P, d)

(29) J{ﬁ" ] JM"

Pic, — 2= Pic.
Again, we have an open embedding
Mg ,,(P",d) C SpecSym @;_, (prF)H.

By [CL12] the morphism p has a perfect obstruction theory equal to ®I_,R*7T.L.

Let 7@ : C — M, .(P",d) be the universal curve and let @ : C — C the morphism
induced by gi. The morphism f has a dual perfect obstruction theory equal to

~

@::QR.%*Q;C*E.
These perfect obstruction theories induce virtual classes
(Mg (B",d)]"" = ' [Bic] € Au (M, (P", d))
and - - -
Mg, (B, )Y = ' [Bic] € Ac(My,n(B", d)),
where ! and fi' are defined as in [Man11]. Similarly, we define ﬁ/lvgyn(]P’T, d)? as the

following Cartesian diagram:

Mgn(P",d)P —— Mg (P",d)P

(30) Jﬁp " L‘p
‘fmvck S Pic.

This gives a localised virtual class [M,,(P",d)P]''*. See [CLI12, Section 3] for
details.
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Remark 7.3.3. While *Bic is smooth, %k does not need to be smooth. This

is not a problem, all we need for a well-defined virtual class is that ‘/ﬁ\; has pure
dimension. This is true, since Bic has pure dimension and py, is birational.

Theorem 7.3.4. In notation as above, let
M n(P",d)P = Unen Mg (P, d)P
Mo (P, d) = Upeo My, (B", d)’,
with /(/lvgyn(IF’ﬁd)p’)‘ irreducible components of Mvg,n(PT, d)? and /,\/lvg,n(]PT, d)? irre-
ducible components of Mgy ,(P",d). Let
7PN CN 5 My (P7, d)P
70:C% = My, (P, d)°.
The following statements hold.

(1) The morphism py, is birational and proper.

(2) The irreducible components /K/lvg,n(IP’ﬂd)p’)‘ and /f\/lvg,n(Pr,d)e are smooth
over their image in ‘fﬁi/ck, In particular, MV;’H(IP’T, d) is smooth over ‘f)i/c

(3) The sheaf 70 ev*O(k) is a locally free sheaf on /,\\/l/g,n(IP”',d)p’)‘, the sheaf
7lev*O(k) is a locally free sheaf on /qgm(]P”’, d)?. In particular 7ev*O(k)

is a locally free sheaf on Mg ,(P",d).

Proof. 1. We have that p,, is proper, as py is proper.
2. Consider the following diagram

Spec Sym p; (§ @ €,) —— SpecSymF @ &

(31) | i J

Pic,, L Pic.

We have that ./,\/lvgm(P’", d)? is an open sub-stack of Spec Sym p} (€, & &]_,F) and
by Theorem [5.2.1] we have that the irreducible components of the stacks

SpecSym @;_F @ €, and SpecSym ®_,F

are smooth over their image in ’i\l/ck
This shows that M, (P",d)P* and M, (P",d)? are smooth over their image
in Pic,,. In particular

JK/lv;’n(]P’T, d) = Spec Sym (®]_p;T)™ is smooth.

3. Let p? : ﬂg,n(]}”", d)P* — Pic be the restriction of uP. Let Z* be the image
of u*. Let 7 : €* — Z* be the restriction of 7. Let Z* be the fibre product

(32) | J
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Let 7 : €* — Z* be the restriction of 7 and let ¢ : €* — €* be the restriction of
qi- By commutativity of proper push-forwards with base-change we have that

(p)" R*m2€ ~ R*73 (qp)" L
Again, cohomology and base change in the Cartesian diagram
O @
(33) l%x ; L.Tk
My (B> 2 2

gives
(34) R°7rev*O(k) = (u)*Re7) L.
‘We have a short exact sequence

0 R ek B0 & Bl R EE 0.
By construction we have that ¢ is locally diagonal. By eq. (34) we have that

R e O(k) ~ [(1M) E* “ 5% (1) B,
Since (u*)*¢ is locally diagonal, proposition implies that R°7)ev*O(k) is
locally free.

A similar argument shows that #fev*O(k) is a locally free sheaf on /Y/lvg’n(IE”, d)
and in particular 72ev*O(k) is a locally free sheaf on Mg , (P, d). O

0

Remark 7.3.5. In [VZ08, [HL10] the authors desingularize 7, £ for genus one and,
as a consequence, the sheaf pj (7. £2%)% becomes locally free on fi/cl for any k£ > 1.
In the following we give a proof of this fact.

In a neighbourhood of (C’,E) € Bl,, ¢Wic we can choose Z a section of £¥F~1,
This gives an exact sequence

(35) 0 — R°%,. & — R7%,.(£%%) — R7,(£%%|,) —» R'7,. £ — R'%7,(£%%) — 0.
Notice that for C' a curve of genus one, and for any k& > 1, we have an isomorphism
(36) HY(C,L) ~ HY(C,L®").

This implies that the last arrow in sequence is an isomorphism and thus we
get a short exact sequence

0 — R%%, £ — RO%,(£%%) — R7,(£%%|,) — 0.

Since R7,(£%%|) and RO, £ are locally free sheaves on Bl ¢%Bic, we get that
RO%, (£2F) is locally free.

Proposition 7.3.6. We have the following equality
(Pr)«[Mgn(B", 7 = [My (P, )"

Proof. Note that by cohomology and base change we have that R*7.p;, L = DL R*7..L.

As py is birational and projective we have (pk)*[‘fljck] = [Pic]. We now apply
Costello’s Pushforward theorem ([HW22]) to and we get

(Bi )« (Mo (B, )] = My (P", d)]". .

In the following we define reduced Gromov—Witten invariants.
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Assumption 7.3.7. In the following we fix d > 2g — 2. For C' a smooth genus g
curve, L a line bundle of degree d, and d > 2g — 2, we have that H'(C,L) = 0.
This shows that for d > 2g — 2, the locus of stable maps with smooth domain is
smooth and irreducible, so its closure is an irreducible component of M, (P, d).

Construction 7.3.8. Let X C P" be a smooth complete intersection, given by a
section

S OP(1)®T+1 — O]p(k)
We define

" N
My (X, d) —— My o (P, d).

The main component M;’,n(x ,d) does not have a perfect obstruction theory. In
order to define a perfect obstruction theory on it, we define

M (X d) —— M5, (P, d)

o L

Mgn(X,d) —— Mgy, (P, d).

By theorem we get that (m,L£%%)" is locally free on ./qgm(]P”’7 d). We define
(39) MG (X, Y = ' [M (B, d)].
Note that for any 1 < i < n we have morphisms
My (P",d) = My, (P, d) < P
and
Mg n(X,d) = Mg (X, d) =5 X.
By abuse of notation we denote these compositions by ev;.
Proposition 7.3.9. Let assume d > 2g — 2. Let p' : ‘f’(c/ — Pic and p’' : ﬁ/l —
Pic be birational projective maps such that (pim.F)" and pi(m. L)Y are locally

free. Consider ./T/lJ;n(X, d)" and /T/l/;m(X, d)" defined analogously to ./T/lJ;n(X, d)
above. Then we have

/~ H evty; = /~ H ev™y;
[M3‘7L(X7d)l]\'ir [Mgﬁn(X7d)”]Vir

This proposition permits us to define the reduced Gromov—Witten invariants as
they are independent of the blowing-up of Jic.

Definition 7.3.10. For d > 2g — 2, we call reduced Gromov—Witten invariants of
X, the following numbers

/N H ev*y;.
(Mg (X, d)]vi



DESINGULARIZATIONS OF SHEAVES AND REDUCED INVARIANTS 47

Proof of Proposition[7.3.9. Consider the fiber product

— ——
Pic — Pic

This gives

!
Pic ——— Pic
and thus ¢’ and ¢ are birational and projective.
— — — ——/ — —
Let p' : Mg, (P",d)" — Pic, " : Mg ,(P",d)" — Pic and i : M(P") — Pic
denote the maps which forget sections. Then we have Cartesian diagrams

M(X)° —— 5 M) — Pic

| |

M2 (X, d) — M2, (BT, d) —— Fic
and

—

M(X)° —— M(PT)° — Pic

N

7" —

M (X, d)" —~ M, (P, d)" ——s 9Pic
This implies that we have a virtual class
(40) [M(X)°]Y = () [M(P7)°].
Diagram [3 E 1mphes that [M(X)°]¥ = #![M(P")°]. Similarly we also get that
(i)' [M(PT)°] = i [M(P)°] and so

(41) [M(X)]™ = (i)' [M(PT)°).
Since 7’ and r” are birational and proper we have

(42) L [M(P")°] = [MS,, (", d)'] and
(43) ! [M(PT)°] = MG, (P",d)"].

Using and commutativity of pull-backs with push-forwards, we get
¢MX)TT = MG, (X, d)]" and
GIRACOT™ = 785, (X, )]

g,n
Intersection both equations above with [ ev*y; we get the conclusion. O

(44)
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We also have the following.

Proposition 7.3.11. The localised invariants do not depend on the blow-up of Pic,
more precisely,

deg[ My, (B7, )] = deg[Mg,n(P", )"
Proof. Tt follows from eq. and proposition O

Remark 7.3.12. The results of proposition [7.3.9] and proposition |7.3.11] can be
stated at level of virtual classes. The statement of proposition [7.3.9] with virtual

classes is given by eq. .

Let Q:/\A/Tq,n (Pr,d)» /Pic

¢y denote the component supported on the main component of .//\/lvg,n(IPT, d)?. Let

= U;&; where €; denotes an irreducible component and let

[/f\/lvg,n(]P’T, d)P]Y'" denote the class corresponding to the component ¢;.
Proposition 7.3.13. We have
deg[ M, (X, )] = (=1)*0* deg[My 0 (P, d)P I3
Proof. This follows the lines of proof of Corollary 4.4 in [CL15]. Let
E} = R'TL(D_oL), E3:=RFL(LY™ @ wan)
and let & = ht/hO(E?) and € = h'/h°(E®). We have that &; is a vector bundle stack
on Mg, (P",d)? and € ~ & @ E. Let U be the open subset of the main component

of /T/l/gm(l[’””,d)p, with consists of maps with fields with irreducible source. On U

we have R'7, f*O(k) = 0, and thus U is also an open subset of M";AW’ d). Using
that U is smooth and unobstructed, we see that € is isomorphic to the vector

U/ Fic
bundle stack &y Since the embedding qu/%c < h1/hO(Ely) is
(51 D 0)|u — (51 D 52)‘1,{

and € M, (Prdye e £ is a closed embedding, we get that €y ~ £;. By the
definition of the localised cosection virtual class, we get

(Mo (B7, L5 = 0} 15c[€0] = 0'[0g,],
where Og, is the zero section of & M., (Br.d): By Lemma 4.3 in [CL15] with the
complex R := R*7P°L®* and Theorem _ part 3 we get
(Mo (B", )5 = crop(RFD (L™ @ wrpe)) - (M, (BT, d)].

By Serre duality we have that

c1—gika(RTD (LY @ wan)) = (1)1 9 01y 4 (ROFELEF)
and thus

(Mo (BT, d)PJ5™ = (=1)' 79 er g i a(RORDLER) - (M, (P, d)].
This proves the claim. (I

o’loc[

Conjecture 7.3.14. Let X be a threefold. Then
deg[Mg.. (X, d)P]™ = ¢; deg[ M, ,, (X, d)]¥™,
for some ¢; € Q and g; < g.
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Remark 7.3.15. The conjecture has been proved for genus one [Zin09al [Zin09bl,
Zin08|, [CL15], [LO21), LO22] and genus two [LLO22].
In genus g = 1 and X a Calabi—Yau three-fold, the conjecture translates into

— — . 1 — .
deg[My n(X,d)] = deg[M; (X, d)]"" + 12 deg[Mo (X, d)]"".

8. DESINGULARIZATIONS IN GENUS ONE

In genus one, reduced Gromov—Witten invariants were originally defined using
the desingularization constructed in [VZ08]. It consists of a sequence of blow-
ups determined by the geometry of the moduli space My ,,(P", d). In [HLI0], local
equations for the blowup are determined. We aim to compare this desingularization
with the one obtained using the Rossi-Villamayor blow-up BlzBic, with § as in
eq. . In particular, we describe BlzBic in locally in the spirit of [HL10].

8.0.1. Charts. In genus one, the original definition of refined Gromov—Witten in-
variants comes from [VZ0§|. The main is idea is to apply a sequence of blow ups
to My.n(P",d) in order to desingularize the main component. Strictly speaking,
the sequence of blow ups takes place in the stack 9% of genus-1 prestable curves
endowed with a weight. Let ©j denote the closure of the loci in MYt of curves
with k trees of rational curves attached to the core. Then one should blow up Jy*
along the loci ©1, O3, O3 and so on in order to produce a stack ﬁ}”t. This process
induces a blowup //\/lvg,n(]P’T, d) of Mg ,,(P",d) via fibre product.

Given a stratum /T/ng,n(IE"T7 d) corresponding to a weighted graph v, local equa-
tions of .//\Zg,n(PT, d) and the local description of © in that stratum are described
explicitly in [HL10]. The purpose of this section is to summarize such local descrip-
tion, give coordinates for the new approach locally and compare both.

It may be helpful to keep in mind the following diagram, described below.

&y ¢ E,

7 1

(F=0) — (¢, =0) vy
T ¢

u y y

1 1l O 1

U D4 551

1l O 4

Myt e My

Fix a weighted graph ~ with root o. Let Ver(y), Ver(y)! and Ver(y)* denote the
vertices, the terminal vertices (or leaves) and the non-rooted vertices of 7, respec-
tively. We take the natural ordering in Ver(y) making the root o the minimal
element. We assume that the weight in ~ is non-negative on every vertex and that
~ is terminally weighted, meaning that the vertices with non-zero weights are ex-
actly those in Ver(y)!. Let MY is the stack of genus-1 prestable curves endowed
with a weight. Remember that every element C' parametrized by 9y has a dual
(weighted) graph ~, which can be made terminally weighted and rooted by first
declaring the root to be the (contraction of) the core of C' and then pruning along
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all non-terminal positively weighted nodes. We will denote by o the root of any
terminally weighted rooted tree, and by a,b,... the remaining vertices.

In the diagram, 9M¥* denotes the blow up of M¥* described above and D is
the stack of stable pairs (C, D) with D an effective Cartier divisors supported in
the smooth locus of C. Fix a point (C, D) in ®; and a map in M, ,(P",d) with
underlying curve C. Then U is a small open around the fixed map in ﬂg,n(IP’T, d),
V is a smooth chart around the point (C, D) in ®; containing the image of U and
&y is the total space of the sheaf p,L(A)®" on V.

Let V,, = HvEVer('y)* A be an affine space that serves as model for local equa-
tions. We denote by zg,2p,... the natural coordinates in V,. Similarly, E, =
Vy % yever(y) (AY)" and the coordinates on the affine space (A!)" corresponding
to a € Ver(y)" will be denoted by wg 1, ..., w,,. The ideal &, = (®4.1,..., P, )
will be described explicitly in eq. . The smooth morphism ¢ comes from the
natural coordinates on V), associated to the smoothing of each of the disconnecting
nodes in C' (which are in natural bijection with Ver(v)*). The map U — (F = 0)
is an open embedding. Finally, (E is induced by ¢ and F' = 5* ®,. It is in this sense
that we can think of ®., as the equations of Mg, (P", d),.

Following [HLI10], given a terminally weighted rooted graph 7, the ideal ®., =

(®y1,..., Dy ) inside V,, can be described as
(45) (I)'y,i = Z Zlv,0]Wy,i 1<:<r,
vEVer(y)t
where
Z[U’O] = H Za-
o<a=v

Note that, for fixed 4, the variables w,; only appear in the i-th equation @, ;.
Due to the symmetry of the equations and the fact that all blow ups take place in
V., which has coordinates {z4}aever()+ (but not the wg ;), in the examples below
we will not write down the index 4 in the equations ®. ; nor in the variables w, ;.
For example, in the study of the equations ®., ; after blowing up, it will be clear that
the index 7 is irrelevant, in the sense that the way that @, ; changes is independent
of 1.

8.1. Local equations of desingularizations. The local equations of the loci that
must be blown up are described, following [HLI0].

Firstly, we describe how to assign an ideal I, to any semistable terminally
weighted rooted tree . Here, semistability of v means that every non-root ver-
tex with weight zero has at least two edges.

The trunk of v is the maximal chain o = vg < v1 < ... < v, of vertices in v such
that each vertex v; with 1 < ¢ < r has exactly one immediate descendant and v, is
called a branch vertez if is it not terminal. Note that v is a path tree if and only if
it has no branch vertex.

Definition 8.1.1. Let 7 be a semistable terminally weighted rooted tree with
branch vertex v and let aq,...,a; be the immediate descendants of v. To v we
associate the ideal

I, = (241, 2%ay)

in V,.
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First, we must blow up V, along the ideal I,. To describe the remaining steps
we need to introduce the following operations.

Definition 8.1.2. Let v be a terminally weighted semistable rooted tree.

e The pruning of v along a vertex v is the new tree obtained by removing
all the descendants of v (and the corresponding edges) and declaring the
weight of v to be the sum of the original weight of v plus the weights of all
removed vertices.

e The advancing of a vertex v with immediate ascendant 7 in ~ is a new
tree obtained by replacing every edge (U,v’) with v’ # v by an edge (7,v)
and pruning along all positively weighted non-terminal vertices as long as
possible. In section we will denote by 7, the advancing of v in v and
by 7., the same tree before pruning.

e Suppose v has a branch vertex v. A monoidal transform of v is a tree
obtained by advancing one of the immediate descendants of v. The set of
monoidal transforms of v is Mon(7y).

It turns out that the ideal ®. behaves nicely under monoidal transforms. Indeed,
let v be a semistable terminally weighted rooted tree with branch vertex v and let
a = ay,as,...,a, be the immediate descendants of v. Let v, be the tree advancing
of a in 7. Let 7: IA/; — V5 be the blow-up of V, along the ideal I, = (24,,. .., Za; )-
We view ﬁ; embedded inside V,, x Pk—1. There is a natural way to associate to each
generator z,, of I, one chart of P5—1 and thus also of ?; We denote such chart by

Vya:- Let mg: V, o — V,, be the restriction of the natural projection, where a = a;.
Then, by the proof of [HL10, Lemma 5.14], one of the following must hold

e cither v, is a path tree, and then the zero locus of 7f(®,) has smooth
components;
e or 7, is not a path tree and then

(46) 7(@,) = D

The whole blow-up process is summarized as follows. Fix «. First blow up V,
along I,. The pullback of ®, is controlled by Mon(v). If Mon(7y) consists only
of path trees, we are done. Otherwise, for every element " in Mon(v) which is
not a path tree, blow up the chart of Vv corresponding to 7/ along I,,. Continue
recursively. The process concludes by [HL10, Lemma 3.12].

Now we want to describe BlgBic locally. Namely, we want to describe which loci
inside PBic we are blowing up locally. We have a short exact sequence

0 = pul — pL(A) = pL(A) |4

by eq. . The change of notation is due to the fact that eq. was global in
Pic, but we now work locally. After a careful study of the second morphism, [HL10,
Theorem 4.16] concludes that p,L is the direct sum of a trivial bundle with the
kernel of the morphism

(47) P v 05 = 0y,
veVer(y)?

where £ is the cardinality of Ver(y)" and ¢, = [, <, ¢v, With {, the smoothing
parameter of the disconnecting node corresponding to the vertex wv.
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By lemma[7.1.1] the sheaf § can be described locally as the dual of eq. (47). In
particular, by Remark we have that Blz*Pic agrees, locally, with the blowup
along the ideal generated by the entries (¢u)yever(y)t- In local coordinates, this
ideal can be described as follows.

Definition 8.1.3. Let 7 be a semistable terminally weighted rooted tree with
Ver(y)! = {v1,...,v:}. To v we associate the ideal

J,y = (Z[vl’o], . ,z[vt’o]).
Similarly to eq. ([46]), in the same setup we have that
R () = o,

independently of whether ~, is has a branch vertex. This follows again from the
proof of [HL10, Lemma 5.14].

8.1.4. Examples. For two concrete trees 7y, we compute the equations ®, as well
as the ideals I, and J,. We describe the blow up process of Hu and Li and show
that the result indeed desingularizes the main component of mg’n(ﬂ”,d) locally.
Furthermore, we check that the ideal J, becomes locally principal in Hu-Li’s blow-
up.

Example 8.1.5. Consider the following labelled graph:

v= o
o~ O, = zowq + 2p(2cwe + Zqwa),
“ b I’Y = (Za’zb)v
P
c d J'y = (Za; ZbZc, ZbZd).

Let /Y}; be the blow up along I, that is the zero locus of z,2; — 22, inside
Al xPit,Nzl,). The chart associated to a is that where 2], # 0. Dehomogenizing

amounts to the change of variables 2z, = z;z,. By doing so, we get that

*

ﬂ-a(q)’y) = Za(wa + Z{,(chc + Zdwd))

and that

*

7o (Jy) = (Zas Za2p2es 2azp2d) = (2a)-
This means that the zero locus of 7} (®.,) already has smooth components, so no
further blowups are needed on this chart, and that 7 (.J,) is principal on this chart
too.

Below are the trees v/, obtained by advancing a without pruning, and -, obtained
by advancing a. We know that «;J, = J,_, but we check it in this example.

Yo = O
: o
l\) C\L Ty, = (za).

¢ d

Similarly, we now look at the chart associated to b, where z; # 0. The change
of variables is now z, = zpz.. It follows that

’/TZ ((I)’Y) = Zb(zt/lwa + zZcwe + Zd'wd)
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and that
W;(J’Y) = (ZbZ:u ZbZcs szd) = Zb(zz/zv Zey Zd)'

This means that we still need to blow up. This time the tree ; obtained by
advancing b in v (no pruning is needed) is not a path tree. We also check the
identities J.,, = m;J, and 1 (D) = ©,.

0

‘ D, = 2p(2aWq + ZeWe + 2qWq),
/l’)\ I’yb = (Zaa Ze, Zd)a
a cC d ‘]’Yb = Zb(Z(La Zec, Zd)'

To conclude the example, we need to blow up along the ideal (zq, zc, 24). We
collect the result below.
Advancing a, or equivalently looking at the chart z/, # 0, we have

Voo = ©
| Vpa = ©
i b (@) = (®s,) = 2z + e+ zqwa),
a \ Ty = (Za2p).
C/\d a

Advancing ¢, or equivalently looking at the chart z.. # 0, we have

/ —
rYb,c - ,

Yb,e =

)

WZTFZ((D’Y) = W:((I)’Yb) = szc(zawa + we + Zdwd),

T = (202e)-

o — o— O

Y om oo

d

S

And finally, advancing d, or equivalently looking at the chart 2/, # 0, we have

/ _
Vo,d = ,
Yo,d

=o0
b R (@) = mi(@y,) = Bzalzatie + zewe + wa),
(‘i J’Yb,d = (szd).

o
|
b
\
d
A~

S
o

Remark 8.1.6. Example shows that the Rossi—Villamayor blow-up process
of mg’n(ﬁ”’“, d) is not equal to the Vakil-Zinger blow-up. This is compatible with
Remark 4.4. in [HN19]. Indeed, the Rossi-Villamayor blowup around ~ is given
by Bl;, V, and the Vakil-Zinger one is the iterated blow-up Bl; Bl V;. We know
there is a natural morphism

Bl Bl V, — Bl V,

over V,, either by proposition [£.2.6) or because we checked that .J, pulls back to a
principal ideal in Bl I, Bl V,. By contradiction, if there is a morphism

f: Bl V, — Bl Bl V,
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over V., then we get a morphism

F:BlLLV, = BILV,

over V,. By [Moo0l], there is a fractional ideal K in V,, and a positive integer «
such that

LK =JS

This is not true for I, = (24, 2) and J, = (24, 2p2c, 2p2a) in Vy = Aﬁa’%’zm%.

Example 8.1.7. We do a similar study for the following labelled graph ~:
0

P D, = z4(2cwe + 2qwa) + 2p(2eWe + zpwy),
“ b I’Y = (Zm Zb)a

PSS T~

c d e f Jy = (2aZe, ZaZds 2b%e, Z0%f)-

After blowing up, there are two charts, corresponding to the advacings of a and
b respectively.

Ya = o
|
a o, = Za(zcwc + Zqwg + Zb(Ze’we + waf)),
I~ L, = (20, 2e; 2a),
c d b 7.
o~ e = Za(Zes 2d, Zbzes 2621 )-
e f
Yo = o
|
b (I)“/b = Zb(za(zcwc + Zd’wd) + ZeWe + waf),
/’\ I’Yb = (Zayzeazf)y
a e f
A~ J’Yb = Zb(zazwzazd,ze,zf).
c d

By symmetry, it is enough to understand how to proceed in one of the charts.
We choose the one corresponding to a. We get three new charts corresponding to
the vertices ¢, d and b.

Yoe = O
\
a Ya,c = O
‘c C‘L Mo ®ny, = ZaZe(We + 2qwa + 26 (2ewe + zpwy)),
PN ‘ Jwa,c = (Zazc)~
d b c
P

e f
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’Y(Iz,d = o
\
a Ya,d = O
(‘i C‘L Ty Py, = 2azd(2cWe + wa + 2 (2ewe + zpwy)),
/\b C‘i J‘Ya,d = (zazd).
c
P
e f
Ya,b = o
\
a D, , = 2a20(2cWe + ZaWa + Zewe + zpwy),
l‘) I’Ya,b = (Zc,Zd,Ze,Zf),
/\ J’Ya,b :Zazb(Z(HZd?Ze’Zf)'
c d e f

To conclude, we need to blow up the last chart along I, ,. This produces four
new charts corresponding to ¢,d,e and f. We will only write down one of them
since the rest are very similar.

’Y(/J,,b,c = o

| Ya,b,e = O
a \
| a .
b | T @y, = ZaZbZe(We + 2qWwq + zeWe + Zpwy),
‘ b J’Ya,b,c = (ZaZbZC)-
c \

/’\ &

d e f

8.1.8. Smoothness. In genus one, an (P7, d) xspic Blg*Bic has simple normal cross-
ings following the same argument as in [HL10, Theorem 5.24]. It is enough to show
that the zero locus of the ideal ®., becomes a simple normal crossing in the blow-up
ff; of V,, along the ideal J,.

Remember that &, = (4 1,..., P, ) with

(I)'y,i = Z Z[v,0] Wh,i 1<i<r,
veVer(y)?t

Zv,0] = H Za,

o<a=v

where

and that

J’y = (Z[v,o])UGVer(w)t-
For given v' € Ver(v)*, the pullback of the equation @, ; on the chart corresponding
to v’ is equal to

orel (Wit Do Fpo
v'#veVer(y)t

by [HL10, Lemma 5.14]. This proves the claim.
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8.1.9. Maps between blowups. By proposition[d.2.6]there is a morphism from Vakil-
Zinger’s blowup to Rossi-Villamayor’s blowup. In genus one, we can check it locally:
it is equivalent to the fact that the pullback of the ideal J, to each chart V, of
the Hu-Li blowup of V,, is principal. We have checked this in example and
example More generally, we can give a proof for every  as follows.

By eq. if z, is any of the generators of I, then 7}(J,) = J,, where 7, is
the advancing of a in . In particular, it is enough to show that all the (natural)

charts of V, correspond to path trees, which is proven in [HL10, Lemma 3.14].
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