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Complex embeddings, Toeplitz operators and
transitivity of optimal holomorphic extensions.

Siarhei Finski

Abstract. In a setting of a complex manifold with a fixed positive line bundle and a sub-
manifold, we consider the optimal Ohsawa-Takegoshi extension operator, sending a holomorphic
section of the line bundle on the submanifold to the holomorphic extension of it on the ambient
manifold with the minimal L?-norm. We show that for a tower of submanifolds in the semiclassi-
cal setting, i.e. when we consider a large tensor power of the line bundle, the extension operators
satisfy transitivity property modulo some small defect, which can be expressed through Toeplitz
type operators. We calculate the first significant term in the asymptotic expansion of this “transi-
tivity defect”. As a byproduct, we deduce the composition rules for Toeplitz type operators, the
extension and restriction operators, and calculate the second term in the asymptotic expansion of
the optimal constant in the semi-classical version of Ohsawa-Takegoshi extension theorem.
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1 Introduction

One of the main goals of this paper is to prove that for a tower of submanifolds, transitivity property
is satisfied for Ohsawa-Takegoshi extension operator, sending a holomorphic section on the sub-
manifold to the holomorphic extension of it on the ambient manifold with the minimal L?-norm,
modulo some small error, which can be expressed through Toeplitz type operators.

More precisely, we fix two (not necessarily compact) complex manifolds X, Y of dimensions
n and m respectively. We fix also a complex embedding ¢ : Y — X, a positive line bundle (L, h%)
over X and an arbitrary Hermitian vector bundle (F, k") over X. In particular, we assume that for
the curvature R” of the Chern connection on (L, h), the closed real (1, 1)-differential form

-y - _1RL

: 1.1
w . (1.1)
is positive. We denote by g?* the Riemannian metric on X induced by w as follows
gTX('v') = CU(',J-), (12)

where J : TX — TX is the complex structure on X. We denote by g”Y the induced metric on Y.

We assume throughout the whole article that the triple (X, Y, g*), and the Hermitian vector
bundles (L, h"), (F, h'") are of bounded geometry in the sense of Definitions 2.4 2.8

This means that we assume uniform lower bounds 7x, 7y > 0 on the injectivity radii of X, Y,
the existence of the geodesic tubular neighborhood of Y of uniform size »; > 0 in X, and some
uniform bounds on related curvatures and the second fundamental form of the embedding.

Now, we fix some positive (with respect to the orientation given by the complex structure)
volume forms dvy, dvy on X and Y. For smooth sections f, f’ of L? ® F over X, we define the
L?-scalar product using the pointwise scalar product (-, -);, induced by h% and h!" as follows

<f’ f/>L2(X) = /X<f(l'),f,(l‘)>hdvx(x). (1.3)

Similarly, using dvy, we introduce the L?-scalar product for sections of :*(LP @ F) over Y. We
denote by L?(X, [P @ F), L*(Y,*(LP @ F)) the spaces of L?-sections of L”? @ F over X and Y.

Given a continuous smoothing linear operator K : L*(X,[? @ F) — L*(X,LP ® F), the
Schwartz kernel theorem guarantees the existence of the Schwartz kernel, K (z1,x2) € (LP ®
F)y ® (LP ® F)},; o1, 72 € X, evaluated with respect to dvx, i.e.

(Ks)(z1) = /XK(xl,xg) - $(xe)dvx (xa), se€ L*(X,[P®F). (1.4)

Similarly, we define the Schwartz kernels K;(y,z), Ks(x,y), € X, y € Y, for smoothing
operators K| : L*( X, [? @ F) — L*(Y, " (I’ ® F)), Ky : L*(Y,.*(L? @ F)) — L*(X, [P @ F)
with respect to the volume forms dvx and dvy respectively.

For a Hermitian vector bundle (E, h¥) over X, we denote

(X, E) = {f € €°(X,E): forany k € N, there is C' > 0, such that |V*f| < C}, (1.5)

where V is the connection induced by the Chern connection on £ and the Levi-Civita connection
on TX, and | - | is the norm induced by the metrics g7, h.
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Assume that for the Riemannian volume forms dv,rx, dv,rv of (X, g7*), (Y, g""), we have

dUgTX dUX dUgTY dvy

€ 6°(X), € G(Y). (1.6)

dvx ~ dvugrx dvy " dvgry

We denote by H (02) (X, ® F) and H (02) (Y, :*(LP ® F)) the vector spaces of holomorphic
sections of L? @ I over X and Y respectively with bounded L?-norm. In [9, (4.1)], by relying
on the bounded geometry assumption, we proved that the restriction to Y of any L2-holomorphic
section, defined on X, has finite L?-norm. In other words, the operator

Res) ¥ : Hy (X, 1P @ F) — Hy (Y, 1" (LP @ F)), = fly, (1.7)

is well-defined. By extending Ohsawa-Takegoshi theorem, in [9, Theorem 4.1], cf. [19], [18], (6}
§13], [7], we established that there is p; € N, such that is surjective for any p > p;. The
right inverse of this restriction, defined for p > p; by taking the holomorphic extension with the
minimal L2-norm, is called the (Ohsawa-Takegoshi) extension operator, and it is denoted by

EXYHYy (Y, (P @ F)) = HYy (X, LP @ F). (1.8)

We identify the normal bundle NX" of Y in X as an orthogonal complement of 7Y in T'X
(with respect to g7*), so that we have the following orthogonal decomposition

TX|y = TY @ NXW, (1.9)

We denote by ¢™'" the metric on NX!" induced by g7, and let Py " be the induced projection
from 7' X |y to NXIY'. By an abuse of notation, we denote the induced projection from (7' X|y)* to
(NXI¥)* by the same symbol.

Fory € Y, Zy € quy, let R 5 ¢t — exp,\ (tZy) € X be the geodesic in X in the direction
Zn. Bounded geometry condition means, in particular, that this map induces a diffeomorphism of
7 -neighborhood of the zero section in NXI¥" with a tubular neighborhood U of Y in X.

Using this diffeomorphism, we define mﬁ'y : U — R, as the only function verifying

dvx = /ﬁﬁ'y-dvy/\dv]\,xw, (1.10)
where dvyx v is the relative Riemannian volume form on (NX1Y', g¥*'™). We have x3" |y = 1 if
dvx = dvgrx, dvy = dvgry. (1.11)

Let us now fix a tower of submanifolds Y <% W <3 X , L = Ly o 11 of dimensions m, [ and
n respectively. In addition to the volume forms dvy, dvy, we fix a positive volume form duvy,
on W, verifying assumptions, similar to (L&) with respect to the metric g7" induced by ¢7*.
We assume, moreover, that the triples (X, W, g7X), (W,Y, g™") are of bounded geometry in the
sense of Definition 2.4l We denote by r* (resp. r'V) the scalar curvature of X (resp. W), and let
A, [RT] € End(F) be the contraction of the curvature of the Chern connection of (F, h") with the
Kéhler form w. We denote by A, [R”] € End(:5F) the analogous contraction defined on W.

We denote by (NXM)10) (NXI)(O1D the holomorphic, antiholomorphic components of
NXIY ®C, corresponding to v/—1 and —+/—1 eigenspaces of the induced complex structure action.
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Theorem 1.1. There are p; € N*, C' > 0, such that for any p > p;, we have

_n—m+1
HE?'Y—E;QWOEZ”YH <C.pEY (1.12)
where || - || denotes the operator norm. Moreover, under the assumptions (L.LI) and dvy = dv,rw,
‘ —E;leoEg”YH ~Cy - p R (1.13)
where the constant Cy > 0 is defined as follows
Coi= —— f o H O (r = 7)) - 1d, - Vi (AR = A [RED)|, - 1.14)

\/— NW\Y

where the operator Oywyy : €2(Y) — €Y, (NWIY)L0%) is defined by the composition Py iy
0, the operator V}\}?my : ‘KOO(Y End(i*F)) — €Y, (N0 @ End(1*F)) is szmzlarly
defined by the composition P,/ o V0 for the (1,0)-component V*° of the Chern connection on

End(F'), endowed with the lnduced Hermitian metric, and the norm is considered as a norm of an
element from (N0 @ End(,* F) with the induced metric.

Remark 1.2. a) In [9, Theorem 1.1], we obtained that, as p — oo,

_n—m

2" (1.15)

Nl

[EXY || ~ sup wx™ ()
yey

Hence, (I.12) means that the “defect of transitivity” for the extension operator is of lower order of
magnitude than the operator itself. We call this property asymptotic transitivity.

b) Bounded geometry condition implies that Cj, is a finite number.

¢) The estimate alone can be obtained directly from [9, Theorem 1.1] and some local
calculations, following from Section 2.4l

The main goal of this paper is to give a more precise asymptotic description of the sequence
of operators E; * — EX" o EJV Hiy (Y, (P @ F)) — Hip (X, LP @ F), p > pi1. Remark
that for different p, those operators act on dlfferent spaces, so the phrase “asymptotic description”
itself has to be explained. For this, we introduce below Toeplitz type operators.

Let H (OZ;Q(X ,L? @ F) be the vector space of L?-holomorphic functions which are orthogo-
nal (with respect to the L?-scalar product (I.3)) to L?-holomorphic functions vanishing along Y.

Denote by B‘X‘Yl B the orthogonal projections from L*(X, L? ® F) to H (OZ;Q(X , [P ® F') and

H 0 (X LPRF) respectively. The operator BX (resp. BX|YL) will be called the Bergman projector
(resp orthogonal Bergman projector). We extend Ej " to LAY, ' (LPQF)) as f — (E X‘YoBgi)f
Now, for a section f € 6;°(X,End(F')), we associate a sequence of linear operators T

End(L?*(X, [? ® F)), p € N, called Berezin-Toeplitz operator, by

T7,(9) = By (f - By g). (1.16)

We define the sequences of operators 7T’ 1‘3 D LA(X, P @ F) — LAY, (L @ F)), T;fp‘y :
LAY, (1P ® F)) — L2(X, L7 & F), p € N by

TYIX . —ResY‘XOTfp (BX B;(\YJ_)

v T = (BY - BV oTX o BEXIY. (1.17)

’ fip ':( P
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As we show in Proposition 4.8] the asymptotic study of operators T}j p|X, T;,( p‘y, fundamental to

this paper, reduces to their study for some functions f, polynomial-like in the normal directions to
Y. To describe those functions precisely, we fix a smooth function p : R, — [0, 1], satisfying

1, forx < i,
) = 1.18
Pz) {O, for z > % ( )

Let 7 : NXI¥ — Y be the natural projection. We fix g € (Y, Sym*(NXV)* @ End(:*F)), k €
N, and construct a section {g} € €>°(NX"Y 7*End(:*F)), polynomial in the vertical directions,
as follows {g}(y, Zy) = g(y) - ZZ*, y € Y, Zy € N3 ™.

Recall that we introduced a diffeomorphism of 7, -neighborhood of the zero section in NXY'
with a tubular neighborhood U of Y in X after (I.9). By an abuse of notation, we denote by
7w : U — Y the projection (y, Zy) — y induced by 7 and the above diffeomorphism. Over U, we
identify L, F' to 7*(v* L), 7*(.* F’) by the parallel transport with respect to Chern connections along
the geodesic [0,1] 3 t — (y,tZy) € X, |Zn| < r.. From now on, we use those identifications
implicitly. For fixed p € N*, over U, we define the section (g)) € €,°(X,End(F)) as

| Zn|

ry

(90w, Zx) =% - p(“) {9}y, Zw), (1.19)

where the norm | Zy/, is taken with respect to ¢ . Away from U, we extend (g)) by zero. We
extend the operator (-)) linearly to ©5° %> (Y, Sym*(NX1V)* @ End(¢*F)).

Definition 1.3. A sequence of linear operators 7)) € End(L*(Y,/*(L? ® F))), p € N, (resp.
VX L2(X, LPeF) — LAY, *(LPeF)), T, LZ(Y (LPQF)) — L*(X, LP®F)) verifying
BY oTY o BY =TY (resp. BY o Ty ™ o (BX = BY"™) =1,)%, (BX = By ) o' o BY =
T ;;X |Y), is called a Toeplitz operator with exponential decay (resp. of type Y| X, X|Y) if there is
a sequence f; € 6°(Y,End(v*F)) (resp. g!' € @722 (Y, Sym™ /(NXIV) 10 @ End(.*F)),
g8 € B2 6 (Y, Sym* I (NXIY) OV @ End(1*F)), where j € {1,2} is of the same parity as
1), and ¢ > 0, p; € N*, such that for any k,[ € N, there is C' > 0, such that for any p > p;, the
Schwartz kernels, evaluated with respect to dvx, dvy, for y;,y, € Y, x € X, satisfy

k

. ot L .
T (y1,92) — > _p T}f,p(yl,yz))%l < Cp™ 2 exp (= ey/p - disty (1, 12)),
r=0

-k

TI;XD/ (z,91) Zp T ,L :17 yl)}%l < Cp™tT -exp ( —c\/]_)-distx(x,yl)), (1.20)

< Op'E e (= ey distx(y1,0)).

T;/|X (y1, @ ZP T ‘ ylu z)

7%

where the pointwise 4"'-norm at a point (y1,32) € Y X Y is the sum of the norms induced by
hE, h and g7*, evaluated at (y;, y2), of the derivatives up to order [ with respect to the connection
induced by the Chern connections on L, F' and the Levi-Civita connection on 7Y, and similar
notations are used for the other two norms at points (y;,2) € Y x X and (z,y1) € X x Y. The
sections f; (resp. gI', g¢) will later be denoted by [T.X]; (resp. [T T, [ X:). We alternatively
call the above operators Toeplitz type operators (with exponential decay).
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Remark 1.4. a) In Proposition we show that (L20) implies that for any k& € N, there is C' > 0,

such that for any p 2 pr, we have |17 =35, "7, < Co™ 1T = Eho ™3 T )l <

CpE HT,?‘X - oD _‘T H < Cp™~5~". In particular, the sequence of operators TY
p € N, forms a Toeplitz operator 1n the sense of Ma-Marinescu [13}, §7].
b) As we show in Corollary [3.6] our definition ultimately doesn’t depend on the choice of p.
¢) In Corollary we show that the sections f;, i € N, (resp. gF, g%), verifying (L20Q), are
uniquely defined. Hence, the notation [-];, ¢ € N, from Definition is well-defined.

To state our main result, we place ourselves in the notations and assumptions of Theorem L1l
Theorem 1.5. The sequence of operators
XY X|w 1140
D, :=EXW —EXWoENY — peN, (1.21)

forms a Toeplitz operator with exponential decay of type X|Y. Moreover, we have [D,], = 0.
Also, under the assumptions (L11) and dvy = dvyrw, we have D]y = 0, [Dplys = 0, [D,]3 €
€2 (Y, (NX) 0% @ End(,* F)), for n € (NX‘W)(LO), [D,]3 - n =0, and for n € (NWI)10);

[Dp]?) = (I'X . rW) ddp — VEnd (AM[RF] i Ang[RF]) (1.22)

27r\/_

To get a better understanding of Theorem [I.3] and its relation with Theorem [I.I let us
now state asymptotic formulas for the operators, introduced in Definition For g €
D 062 (Y, Sym*(NX1V)* @ End(.*F)), using the coordinate system as in (L19), we define the
sequence of operators M) : L2(Y, *(LP ® F)) — L*(X, L? ® F) by

(MY £, Zx) = (9)(y. Zn) - exp (= p3 |2 1) - (B) £)(), (1.23)

where f € L2(Y,*(L” ® F)) and the norm | Zy|, Zy € N, is taken with respect to """ We
also define an operator M;@X’T CLA(X,LP® F) — LAY, *(L? @ F)), p € N, as follows

(ML) () =5 BY . ((9)(y, Zw) -exp (— S12x| )y, Zn)-dvyxv (Zy) ), (1:24)

where we implicitly identified the restriction of f € L*(X, [P ® F) to U with an element from
L2(U, m*1*(LP ® F')), and 7, is the integration over the fibers of NXI¥', Remark that the integration
is well-defined because the function (¢)) has support in a small tubular neighborhood of Y.

Theorem 1.6. There is p, € N*, such that for any ¢" € @©3°,%2°(Y, Sym*(NXY)10x &
End(1*F)), g* € @2, 62°(Y, SymF (NX)OV* @ End(1*F)), there is C > 0, such that for any
p > py, the following bounds hold

Tl =M <optER Il - My < optEL (12s)

Remark 1.7. a) In Proposition 3.13, we show that for nonzero g € @ ,%°(Y, Sym"(NXV)* @
End(.*F)), there are Cy,Cy > 0, which can be written explicitly in terms of g, such that, as
p — 00, we have

n—m

P~ Cw )~ 126

Hence, by (1.23)), the operators M X‘: M, YIXT are asymptotic to T ,LY and T, ; | ) p Tespectively.
b) From Theorem [[.6 and Remark [[.7h), we see that Theorem E%] argely reﬁnes Theorem [LL11
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Now, in a slightly different direction, in Theorems we show that for quasi-isometric
embeddings, the set of Toeplitz type operators is closed under taking adjoints, restrictions, exten-
sions and some products. This plays a crucial role in our approach to Theorem[L.5and allows us to
generalize Theorem[L.3]to towers of embeddings of arbitrary length, see Corollary [5.8|for a precise
statement. As another direct consequence of our analysis, we obtain the following result.

Theorem 1.8. As p — o0, the following asymptotics holds

[ Res; || ~ sup i (y) 72 p (1.27)
ye

Moreover, under assumption (L), as p — oo, we even have

1 Cs

~Y
n—m n—m-+2 9
2

n—m-—2

IEX ]| - [Res!X|| = p™3 ~ Cy-p™ 5, (1.28)

where the constants C3, Cy are defined as follows
X _ Y Aw RF _AL*w RF
Cy ::—linf v — Ty —)\max< 7] [ y]) ,
8T 2my/—1
1 rX —rY AL[RE) — Ay [RE
04 = K K _)\min( [ y] [ y]> )
2w/ —1

where .y and A\, are the values of the maximal and minimal eigenvalues.

(1.29)

Remark 1.9. a) The first asymptotics (I.28) corresponds to the calculation of the optimal constant
in Ohsawa-Takegoshi theorem. A less refined version was proved in [9, Theorem 1.1], see (L13).

b) In particular, from (I.I3) and (.27, we see that the sequence of operators p~ 2 - Eg(‘y is
an asymptotic isometry if and only if mﬁ'y ly = 1.

In conclusion, let us give here a brief outline of the proof of Theorem[I.3l It essentially consists
of three steps. The first step is to prove a characterization of Toeplitz type operators in terms of
the asymptotic expansion of their Schwartz kernels. We do this in Section [3.4] by relying on Ma-
Marinescu [[14]. The second step consists in showing that the sequence D,, p > p;, from Theorem
satisfies the assumptions of this asymptotic characterizations. We do this in Theorem
relying on the results from our previous article [9] on the asymptotics of the extension operator. In
the third step, we calculate the first significant term of the asymptotic expansion of D,,.

For more amenable calculations, in steps 1 and 2, instead of D,, we study the asymptotics of
the sequence of operators ResZV‘X o D,, which is related to D, by the basic identity

EXW o Res)™ o D, = D, (1.30)

In step 3, to study ResZV‘X o D,, and out of independent interest, in Section for p > py, we

introduce the sequence of operators, denoted here by Aff'y, which we call the multiplicative defect.
We show that the sequence of operators ﬁAf'Y, p > p1, form a Toeplitz type operator with
weak exponential decay (see Definition m under mild quasi-isometry assumption, this notion
coincides with Definition[1.3] see Proposition[2.7]), and the asymptotic expansion of it is related to

the asymptotic expansion of the Bergman kernel, studied previously by Tian [23], Zelditch [25],
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Catlin [4], Lu [12], Wang [24] and Dai-Liu-Ma [3]]. By this and the calculation of the asymptotics

of Bergman kernel from [23]], [12], [24] and [5], we calculate the first two terms of the asymptotic
i XY XY

expansion of pn —Ap, " . Then a formula relating Res

»  ,proved in Lemma
[5.3] allows us to deduce from this calculation the first s1gn1ﬁcant term of the asymptotic expansion
of ReszX o D,. Finally, the composition rules, established in Theorem 4.116 and (1.30) allow us
to pass from the asymptotic expansion of ReszX o D, to the asymptotic expansion of D,, which
finishes the proof of the third step. We, ﬁnally, mention that the general strategy for dealing with
semi-classical limits here is inspired by Bismut [[1]] and Bismut-Vasserot [2]].

This paper is organized as follows. In Section [2, we study the geometry of manifolds of
bounded geometry. In Section [3] we study the asymptotics of Toeplitz type operators and derive
asymptotic criteria for them. In Sectiond] we study the algebraic properties of the set of Toeplitz
type operators: we show that it is closed under taking adjoints, restrictions, extensions and some
products. We study the adjoints of Toeplitz type operators and introduce multiplicative defect.
Finally, in Section [3] using those preparations, we prove Theorems L5 and generalize
Theorem [L.5] to towers of submanifolds of arbitrary length.

Notations. We use notations X, Y for complex manifolds and M, H for real manifolds. The
complex (resp. real) dimensions of X, Y (resp. M, H) are denoted here by n, m. An operator ¢
always means an embedding ¢ : Y — X (resp. ¢ : H — M). We denote by Resy (resp. Resy) the
restriction operator from X to Y (resp. M to H).

For a Riemannian manifold (M, g™™), we denote the Levi-Civita connection by V¥ by
R™M the curvature of it, and by dv,rn the Riemannian volume form. For a closed subset W C M,
r > 0, let B}’ (r) be the ball of radius r around .

For a fixed volume form dvy; on M, we denote by L?(dvy, h®) the space of L?-sections of £
with respect to dvy; and h¥. When dvy; = dv,rar, we also use the notation L?(g”*, h¥). When
there is no confusion about the data, we also use the simplified notation L*(M, E) or L*(M).

For n € N*, we denote by dvc» the standard volume form on C*. We view C™ (resp. R™)
embedded in C" (resp. R™) by the first m coordinates. For Z € RF, we denote by Z;, | =
1,...,k, the coordinates of Z. If Z € R?*", we denote by z;, i = 1,...,n, the induced complex
coordinates z; = Zo;_y + \/—1Z5;. We frequently use the decomposition Z = (Zy, Zy), where
Zy = (Zl, RN ng) and ZN = (ng_H, RN Zgn) For a fixed frame (61, ey egn) in TxX, S X,

(resp. y € Y') we implicitly identify Z (resp. Zy, Zx) to an element in 7, X (resp. 7,Y, NZ‘,X lY) by

2n 2m 2n
Z = Z Ziei, Zy = ZZZ‘GZ', ZN = Z Zlel (131)
i=1 i=1 i=2m—+1
If the frame e; satisfies the condition
Jegi—1 = ey, (1.32)
we denote a% = 1(eim1 — V—1lew), ‘Zi := 1(e2i-1 + v/—1ley;), and identify z,Z to vectors in
T,X ®g C as follows
_ ~—_ 0
Z_Zzz azz z:;zi-ﬁ—zi. (1.33)
X|Y

Clearly, in this identification, Z = z + z. We define 2y, 2y € T,Y ®r C, 25,2y € Ny~ @r C
in a similar way. We sometimes further decompose Z = (ZNWlY Zyxw) for Zywiy € R? (I=m)_
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Lyxiw € R2=0 1y < | < n, and use the analogous identifications. Sometimes, we use the
notation Zy, := (Zy, Zywiy ).
Fora = (ay,...,a;) € N*, B=(By,..., By) € C*, we write by

k k k
o] =) ai, ol =]J(), B*=]]B" (1.34)

i=1 i=1 i=1
Acknowledgments. Author would like to warmly thank Jean-Pierre Demailly, the numerous
enlightening discussions with whom inspired this article. He also thanks Paul Gauduchon for his
interest and related discussions. This work was initiated in Institut Fourier, where author was
supported by the ERC grant ALKAGE number 670846 managed by Jean-Pierre Demailly, and
finished in CMLS, where author benefited from the support of CNRS and Ecole Polytechnique.
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2 Bounded geometry and local trivializations

The main goal of this section is to study the geometry of manifolds of bounded geometry. More
precisely, in Section 2.1l we recall the definitions manifolds (resp. pairs of manifolds, vector
bundles) of bounded geometry and the quasi-isometry assumption. In Section 2.2] we study the
convergence of exponential integrals on manifolds of bounded geometry. In Section we re-
call some results comparing geodesic and Fermi coordinates and related trivializations of vector
bundles. Finally, in Section 2.4} we extend those results to towers of submanifolds.

2.1 Introduction to bounded geometry condition

In this section, we recall the definitions of manifolds (resp. pairs of manifolds, vector bundles)
of bounded geometry. We also recall the basic facts about the second fundamental form and the
quasi-isometry assumption. For more detailed overview, refer to [8], [20], [10], cf. [9].

Definition 2.1. We say that a Riemannian manifold (M, g”*) is of bounded geometry if the fol-
lowing two conditions are satisfied.

(i) The injectivity radius of (M, ™) is bounded below by a positive constant r ;.

(ii) For the Riemann curvature tensor R of M, we have R™ € €2°(M, A*T* M®End(T'M)).

Remark 2.2. By Hopf-Rinow theorem, the condition (i) implies that (M, g?™) is complete.

Now, let (H, g"*!) be an embedded submanifold of (M, g?™), g7 = g"™|;. We identify
the normal bundle N of H in M to an orthogonal complement of T'H in TM as in (1.9). We
denote by ¢V the metric on NM# induced by ¢7™. We denote by P]]\\,MH : TM|y — NMIH,
Pg'H : TM|yg — TH, the projections induced by (I.9). Clearly, VN = P%'HVTM\H
defines a connection on NI# We define the second fundamental form AMH ¢ €<(H, T*H ®
End(T'M] 7)) by

AMIE g TM ) g TH g gV @.1)
Recall that the mean curvature v™H € €>°(H, NMIH) of | is defined as follows

m

1
M|H ._ MIH(,\,.
v = E AY (e;)e;, (2.2)

i=1
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where the sum runs over an orthonormal basis of (T'H, g”#). The following statement about the
second fundamental form will be used throughout the whole article.

Proposition 2.3. The second fundamental form satisfies the following properties.
1. It takes values in skew-symmetric endomorphisms of T'M |, interchanging T H and NI,
2. Forany U,V € TH, we have AMH (U)W = AMIH(V)U.

Assume, moreover, that (M, g™ ) is Kihler. Then the following holds.

3. AMIH commutes with the action of the complex structure.
4. ForanyU € TH,V €¢ TM,U =u+u,V =v+7, u,v € T'"OM, we have
AMIE (Y = AMHE (@), AMHE(U)G = AMHE (y)5,  if Ve NMIH

2.3
AMIE (U )y = AMH (), AME ()5 = AMH (77)7, v erm &Y

5. We have vMH —

Proof. The proof is straightforward, so we only highlight the main ideas. The point 1 is a conse-
quence of the fact that the Levi-Civita connection preserves the Riemannian metric and the well-
known fact that Py 7yTM pMIH — TH The point 2 is a consequence of the fact that the Levi-
Civita connection has no torsion. The point 3 follows from the fact that for Kdhler manifolds, the
complex structure is parallel with respect to the Levi-Civita connection, cf. [13, Theorem 1.2.8].
The point 4 is an easy consequence of points 1, 2, 3. Let us now establish point 5. By point 4,

AMIB N JU = JAME(JUYU = JAMHE(U)JU = —AMIE(U)U. (2.4)
The point 5 now follows from this observation by choosing an orthonormal frame (es, ..., e,) in
(TM, g™"), such that for i = 1,..., 2, the condition (L32) is satisfied. O

Definition 2.4. We say that the triple (M, H, g*™) is of bounded geometry if the following condi-
tions are fulfilled.

(i) The manifold (M, g”*) is of bounded geometry.

(ii) The injectivity radius of (H, g”*") is bounded below by a positive constant r .

(iii) There is a collar around H (a tubular neighborhood of fixed radius), i.e. there is r; > 0
such that for any x,y € H, the normal geodesic balls B;- (), B;- (y), obtained by the application
of the exponential mapping to vectors, orthogonal to /7, of norm bounded by 7 , are disjoint.

(iv) The second fundamental form, AM#  satisfies AMH € €°(H, T* M|y @ End(TM|g)).

We will now introduce a coordinate system in M near a fixed point in H, which is particularly
well-adapted to the study of triples of bounded geometry. We fix a point yy € H and an orthonor-
mal frame (e1,...,€n) (esp. (Emt1,. .., €,)) in (T, H, gl M) (resp. in (N%'H,gé\gM‘H)). For
Z=(Zy,ZNn), Zg e R, Zy e R"™, Zyy = (Z1,.. ., Zm)s ZN = (Zins1s -, Zn)s | ZH| < TH,
|Zx| < 71, we define a coordinate system ¢ " : BE" (ry) x BE""(r.) — M by

Uyl ( 21, Zn) = XDy (7, (Zn(Zn), (2.5)

where Zy(Zy) is the parallel transport of Zy € Nl along exp/! (tZp), t = [0, 1], with respect

to the connection V¥ on NMIH  The coordinates 1/)% 1 are called the Fermi coordinates at iny
Their importance comes from the following proposition.
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Proposition 2.5 ( [20, Lemma 3.9], [10, Theorem 4.9]). For any triple (M, H, g”*) of bounded
geometry, for any rq > 0, there is Dy, > 0, such that for any yo € H,l =0, ..., k, we have

19351l (527 (roy) < Dy Hgij||<gl(3§”(m)) < Dy (2.6)

where g;;, 1,7 = 1, ..., n, are the coefficients of the metric tensor 1, g™  and ¢ are the coeffi-
cients of the inverse matrix.

Remark 2.6. a) In particular, for a triple of bounded geometry (M, H, g*™), the Riemannian man-
ifold (H, g"*") has bounded geometry.

b) Clearly, this result along with the assumption (1.6) imply that in the notations of (I.10), we
have KJ])\(,‘Y € 6 (U).

Now, recall that an embedding « : H — M is called quasi-isometry if there are A, B > 0 such
that for any y,,y, € H, we have

diStH(yl, yg) S AdiSt]\/[(L(yl), L(yg)) + B. (27)

In what follows, for brevity, we omit ¢ from the distance function. As an application of Proposition
2.5 we deduce the following result.

Proposition 2.7. Assume that a triple (M, H, g"*) is of bounded geometry and the embedding ¢
is quasi-isometry. Then one can choose B = 0 in (2.7).

Proof. The proof consists in considering three different cases. First, we assume that the points
y1,y2 € H satisfy disty (y1,y2) > 2B. Then, by (277), we have £ < disty;(y1,y2). Hence, we
have Adisty;(y1,y2) + B < 2Adista (1, y2)-

Now, let rq be as in Proposition We denote r; := min{ro,rg, 7}, where ro, 7, 7
are as in Proposition and Definitions Assume that the points y;,y, € H satisfy
2 < distg(y, y2) < % The geodesic between y; and y, in M has to either pass inside the
%—tubular neighborhood of H or outside. In the latter case, we clearly have dist;(y1,y2) > 7.

To treat the former case, we denote by I'y, y € H, the set {exp}’(Zy) : Zy € N Zy| <
o }. Bounded geometry condition means, in particular, that those sets do not intersect each other
for different y. From Proposition[2.3] we actually see that there is a constant ¢ > 0, such that for any
Y1, Yo, verifying dist 7 (v, y5) = 5, we have dist(I'y,, I, ) > c. Then, since we always stay inside
the % -tubular neighborhood of H, and 5 < disty(y1,¥2), we deduce that disty(y1,y2) > c.
Overall, we deduce that we can find a constant C' > 0, such that whenever y;,y, € H satisfy
2 < disty(y1,y2) < %, we have dist s (y1, y2) > Cdisty(y1, y2).

Now, it is only left to treat the last case, where the points y;,yo € H satisfy disty (y1,y2) <
ZL. But in this case, directly from Proposition we can find a constant C > 0, such that

2
distas(y1,y2) > Cdist g (y1,y2). Hence, in all cases, B can be taken to be equal to 0. O

Finally, we recall the last definition related to bounded geometry.

Definition 2.8. Let (£, V¥ h¥) be a Hermitian vector bundle with a fixed Hermitian connection
over a manifold (M, g?*) of bounded geometry. We say that (E, V¥ h¥) is of bounded geometry
if RE € €2°(M, A2T*M © End(E)).

If (E, h*) is a Hermitian vector bundle over a complex manifold, we say that it is of bounded
geometry if (E, VE, h¥) is of bounded geometry for the Chern connection V¥ on (E, h%).
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2.2 Convergence of exponential integrals for triples of bounded geometry

The main goal of this section is to study convergence of exponential integrals for triples of bounded
geometry. More precisely, fix a triple (M, H, g"*) of bounded geometry. We conserve the nota-
tions from Definition

Proposition 2.9 ( [9, Corollary 3.3]). There are ¢, C’ > 0, which depend only on n, m, ry;, rn, 71
and sup-norm on R™™  RTH AMIH guch that for any y, € H, [ > c, the following bound holds

. c’
/ exp ( — Idist ps (yo, y))dvgm(y) < T (2.8)
H

Let (E, h*) be a Hermitian vector bundle over M and D is an operator acting on L?(H,*E).
Assume that there are ¢ > 0, [ as in Proposition 2.9 and C' > 0, such that for any y1,y» € H, the
Schwartz kernel of D, evaluated with respect to dv,ru, satisfies the bound

’D(?Jl,?b)‘ < Cl™ exp ((— Idistar(y1, y2))- (2.9)

Corollary 2.10. For C’ > 0 as in Proposition 2.9, we have || D|| < CC".

Proof. From Proposition2.91and (2.9)), we deduce that there is C’ > 0, as in Proposition[2.9] such
that for any yo € H, we have

/ |D(yo,y)|dv(y) < CC', / |D(y, yo)|dvi(y) < CC". (2.10)
H H

We conclude directly from (2.10) and Young’s inequality for integral operators, cf. [22, Theorem
0.3.1] applied for p, g = 2, » = 1 in the notations of [22]. 0]

Now, let ¢ > 0 be as in Proposition Let D;, « = 1,...,r, be operators acting on
L?(H,*FE), such that for some [ > 2¢, C' > 0, the bound (2.9) holds for D := D;.

Corollary 2.11 ( [9, Lemma 3.1] ). The Schwartz kernel D, 1(y1,y2) of the operator D, :=

Dy o Dyo---oD,,evaluated with respect to dv,ru, is well-defined and for any y;,y, € H and it
satisfies the bound 2.9) for D := D, ¢, [ := %, C := (C")"C" for C" as in Proposition 2.9

Now, in addition to the triple (M, H, g"™) of bounded geometry, we consider a Riemannian
manifold (K, g7¥) with an embedding t; : M — K, such that t;g7% = ¢™ . We assume,
moreover, that the triple (K, M, g7¥) is of bounded geometry. Let (£, h¥) be a Hermitian vector
bundle over M and D : L?(H,.*E) — L?(M, E) be a fixed linear operator. Assume that there
is ¢ > 0 as in Proposition2.91and C' > 0, such that for some [ > cand any y € H, x € M, the
Schwartz kernel of D, evaluated with respect to dv,rx, satisfies the bound

|D(z,y)| < Cl™exp ( — Idistx (z,y)). (2.11)

Proposition 2.12. There is C’ > 0, which depends on the same data as constants from Proposition
and the analogous data on (K, M, g7¥), such that

o) < <<€ 2.12)

=
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Remark 2.13. Clearly, Corollary is a special case of Proposition for M := H.

Proof. First of all, let us establish this result for K := M. We consider the exponential map
exp%”H . NMIH _ M. As M is complete, see Remark [2.2] the map exp%‘H is surjective. We

consider a subset V of NMH  consisting of points u € NMIH such that dist(expy " (u), Y) = |ul,
where |u| is the norm of u with respect to the induced metric on NMI#,

We let § = min{inf, 7 sec(z, T'), —1}, where sec(x, T) is the sectional curvature of (M, g**),
evaluated at x € M for the two-dimensional subspace 7' € T, M of the tangent bundle, and the
infimum is taken over all possible choices of x and 7. Bounded geometry condition implies that §
is a finite constant. For > 0, we denote s;5(r) := ﬁ sinh(|6|2r) and ¢5(r) := s4(r). Then from

the result of Heintze-Karcher [[11, Corollary 3.3.1], we obtain that foru € V, |u| =t,t > 0,

}det(dexp%jm)u} < (S(;T(t))n_m_l . (c(;(t) - <1/M|H,u> . s(;(t)>n, (2.13)

where M was defined in (2.2). In particular, due to bounded geometry assumption, we obtain
that there are ¢, C’ > 0, as in Proposition[2.9] such that

} det(dexp%'H)u} < C'exp(ct). (2.14)

Using this fact and Remark 2.6b), we deduce that there is C' > 0 such that for any [ €
L?(H,*E), we have

|wm;scﬂwmmw

: <lm/ exp ( — Idista (y1, expys (u))) f(y)dvgra (y1)>2vaéMH(u)dngH (y2). (2.15)
H 2

However, clearly, we have dista(y1, exp}! (u)) > disty (Y, exp))! (u)). But by the definition of the
subset V', we have disty; (Y, exp)! (u)) = distar(y2, expj! (u)) = |u|. From this and @.I3), for
[ > 8c, we obtain that

[
IDfIIze < C/ exp (= 5 ul):
\%4

[ 2
. (lm/ exp (— gdiStM(]Jl,yg))f(y)d’UgTH (y1)> dUNéM\H(U)d’UgTH (y2). (2.16)
H 2

From the boundness of the exponential integral, for any y € Y, we obtain that

! C
/V i PG luldvynn () < 7= (2.17)
n Y

By combining with 2.16)), it gives us

C [ 2
1071 < 1 [ (7 [ exp (= Jaistuton, 1) So)dvgrin(on)) diyra(ae). 218)
H H

Now, from Corollary we obtain that there is C' > 0, verifying

z
/ (m / exp (— gdistar (1, 92)) £y ) ) oo (32) < O fI (2.19)
H H
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A combination of (2.18) and finishes the proof for the case K := M. An easy verification
shows that all the constants can be chosen as described in the statement of the proposition we are
proving. The proof of the general case reduces to the case considered above through the use of the
tubular neighborhood of M in K in the same way as in the proof of [9, Corollary 3.3]. U

2.3 Fermi and geodesic coordinates; related trivializations of vector bundles

In this section, we recall some results comparing geodesic and Fermi coordinates and trivializations

of vector bundles adapted to those coordinate systems. We place ourselves in the setting of a triple

(M, H, ™) of bounded geometry.

Let us fix 29 € M and an orthonormal frame (ey, . . ., e,) of (T, M, g2 ). We define the map
:R™ — M, xy € M, as follows

z 0

M ._ M
v (Z) 1= expy, (Z). (2.20)
Define the constant R > 0 as follows
. '™ TH T1L
R = {—,—,—}. 221
min 5 11 ( )
Assume now xy = yo, where yo € H and let (e, ..., e,) be as in (2.3). Recall that Fermi coordi-

nates 1, " were defined in (2.3). Clearly, there is a (unique) diffeomorphism h%'H : BE"(R) —

R", h%'H(O) = 0, such that the following identity holds
Py = ¢ o pAIH, (2.22)

We recall that AM ¢ @>(H, T*H @ End(T M| H)) was defined in (2.1)). Let an auxiliary section
BMIH ¢ ¢ (H,Sym*(T*M|y) @ TM|y), for Z € T M|y, be defined as

BMIH 7y .= pMIH (7 7) .= %AMH(ZH)ZH + AMHE (7, Z . (2.23)

Proposition 2.14 ( [9, Proposition 2.18] ). The diffeomorphism h% ' admits the Taylor expansion
M|H M|H 3
hll1(2) = Z + BMH(Z) + O(|12]%). (2.24)

Moreover, the derivatives of Ay " are bounded uniformly on y € Y, |Z] < R.

In the second part of this section, we recall the comparison between two trivializations of vector
bundles, done using parallel transport adapted to the above coordinate systems.

We fix an orthonormal frame fi, ..., f, € (E.,hZ). Let fi™,..., f'™ be a frame of E
over B (ry), obtained by the parallel transport of fi, ..., f, along the curve ¢3! (tZ), t € [0,1],
Z €T, M,|Z| < ry. Assume now xy = yo, where yo € H and let (ey, ..., e,) be as in (2.5). We
define f; M‘H, N A by the parallel transport of f, ..., f, with respect to the connection V¥,
first along the path z/)yo "(tZy,0), t € [0,1], and then along the path @b%‘H(Zy, tZn), t € [0,1],
Zy € R¥™, Zn € R | Zy| < ry, |Zn| < 71

Let gé“f be the unique smooth function over B,!(R), with values in End(C"), such that

éﬂH(O) = 0, and the following identity holds

AN P = exp(eg™) - (M M), 225)

T

where we view (f" . FMPy and (1M, ..., f/M) as r x 1 matrices.
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Proposition 2.15 ( [9, Proposition 2.22] ). The following asymptotic holds
e w(2) = 0(1Z]°). (226)

Also, derivatives of §fEVI|H are bounded uniformly on yy € Y, |Z| < R. If, moreover, we assume
that (E,VE h¥) := (L, V%, hl) is a line bundle, and that there is a skew-adjoint endomorphism
Q of T M, which is parallel with respect to V'™ (i.e. V'™ = 0), which commutes with AM !
the restriction of which to H respects the decomposition (I.9), and such that for the curvature R”
of V¥, and for any u,v € T'M, we have

v

L _ TM
27'(' R (u7 U) =g (Qu7 U)7 (227)

then the following more precise bound holds

&M WM (2)) = —%Ri)(ZN,AM'H(ZH)ZH) +o(1ZY. (2.28)

Remark 2.16. Assume (M, g™™) is endowed with a complex structure .J, and g?™ is invariant

under the action of it. Assume, moreover, that holds for () := J as in (I.2). Then all the
requirements are satisfied for ) := J, cf. [9, Remark 2.23].

2.4 Towers of embeddings, associated coordinates and holonomies

In this section, we compare natural coordinate systems and trivializations of vector bundles associ-
ated to towers of submanifolds. More precisely, we fix a tower of (real) manifolds H — K — M
of dimensions m, [ and n respectively. Endow M with the Riemannian metric g and induce the
metrics g7% and g7 on K and H. We fix yo € H and an orthonormal frame (e,, ..., e,,) (resp.
(€mtts- s €0)s (€rsts -y en)) of Ty H, g™ (resp. (Ny™, gV ™), (N ', ;g”””)) Recall that
Fermi coordinates were defined in (2.3). Clearly, there is a (unique) embedding o : R! — R™,

o(0) = 0, such that for any Z € R, small enough, we have

Ul (0(2)) = v (2). (2.29)

Proposition 2.17. The function ¢ satisfies 0(Z) = Z + O(|Z|*). Moreover, there is € > 0, such
that the derivatives of ¢ are bounded uniformly on yy € H, |Z| < e.

Proof. From (2.22) and (Z29), we deduce
o (Z) = oy (B (BRI (Z))). (2.30)
Hence, from (230), we infer
o(Z) = (KM= (RMIE(REIH (7))). (2.31)

From this and Proposition[2.14] we conclude. O
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Next, we compare two natural trivializations of vector bundles for towers of submanifolds
associated to Fermi coordinates: one for the pair (M, H), another one for (K, H).

Let (E, V¥, h%) be a Hermitian vector bundle of bounded geometry and rank r over (M, g7™).

We fix an orthonormal frame fi,..., f, € (E,,h. ). Recall that the frames flM A M

~1K |H, . FEIH were defined before (2.23). Let 75 be the (unique) function, defined in B% (R),
with values in End(C"), such that 7(0) = 0, and

Resp (fMH 0 FMIY = exp(rg) - (fF1F ., FEIE), (2.32)

. FM|H AM|H FK|H FK|H .
where we view Resk (f; oM )and(f1| R ) as r X 1 matrices.

Proposition 2.18. In the notations of Proposition[2.13] the following asymptotic holds
(W M(2) =0(2P),  m@ M (2))=0(2]"). (2.33)
Moreover, there is € > 0, such that the derivatives of 75 are bounded uniformly onyy € H, |Z| < €.

Proof. The proof is done by a repetitive use of Propositions By , we have

MY = exp(eg Y (ML R,
(¥, 1) = exp(=6 )T, o 1), 03
Resg (f, . M) = (fi*, ... 119),
(5 1) = exp(=gp ™A, FH),
Now, from (2.32)) and (2.34]), we obtain
exp(7g) = Resk (exp(&y ") - exp(—€'"™)) - exp(=5 ). (2.35)

From Propositions we deduce the first part of (2.33). Remark the basic identity
AMIE( Y+ ARV = AME ()Y, for U,V € TH. (2.36)

The second part is now obtained by the same means, one only has to use (2.36) in addition to
previous considerations. O

We will now relate the Fermi coordinates for the pairs (M, K) and (M, H). Clearly, there is a
unique diffeomorphism v : R” — R", v(0) = 0, so that for any Z € R" small enough, we have

bl ®(0(2)) = viM(2). (2.37)
Proposition 2.19. The function v has the following Taylor expansion
v(Z)=7Z+0(Z)). (2.38)

Moreover, there is € > 0, such that the derivatives of v are bounded uniformly on yo € H, |Z| < e.

Proof. By (2.22) and (2.37), we have
v(Z) = (WML (RMHE (7)), (2.39)
We conclude from Proposition and (2.39). O
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Our next goal is to compare two trivializations of a vector bundle: one associated to the trivial-
izations in Fermi coordinates for the pair ()M, K'), another one for (M, H). Let x g be the (unique)
function, defined over B, (R), with values in End(C"), such that xz(0) = 0 and

A F) = exp(s) - (A1 A, (2.40)
where we view (flM‘K, e Nﬂle) and (flM‘H, e Nﬂle) as r x 1 matrices.

Proposition 2.20. In the notations of Proposition the following asymptotic holds
xe(@"(2)) =002,  x(@""(2)) = 0(2). (2.41)

Moreover, there is € > 0, such that the derivatives of x g, are bounded uniformly on yy, € H,
1Z] <.

Proof. From (2.34), (2.37) and (2.40), we deduce that

exp(xz) ("1(2)) = exp(&5 ) (WM (0(2))) - exp(=&5 ) (M (2)). (2.42)
The result now follows Propositions and (2.42)). O

3 Asymptotics of Toeplitz type operators and kernel calculus

The main goal of this section is to study asymptotics of Schwartz kernels of Toeplitz type operators.
More precisely, in Section we consider the model situation, for which an explicit formula for
the Schwartz kernels of Bergman projectors, the extension and restriction operators can be given.
We then study the composition rules for the operators with related kernels. Those results play the
foundational role in this article. In Section [3.2] we recall the asymptotics of Schwartz kernels of
Bergman projectors and the extension operator. In Section[3.3] we study the asymptotic expansion
of basic Toeplitz type operators, in particular, we establish Theorem Finally, in Section
we establish asymptotic characterization of Toeplitz type operators with exponential decay.

3.1 Model operators on the complex vector space

In this section, we consider the model situation, for which an explicit formula for the Schwartz
kernels of Bergman projectors, the extension and restriction operators can be given. We then use
those explicit formulas to give a description for compositions of operators, the Schwartz kernels
of which can be expressed using the above kernels. This section is motivated in many ways by the
works of Ma-Marinescu [15]], [13]] and Dai-Liu-Ma [5]].

Endow C" with the standard Riemannian metric and consider a trivialized holomorphic line
bundle Ly on C". We endow L with the Hermitian metric h*°, given by

1o (2) = exp (= Z12). G.1)

where Z is the natural real coordinate on C”, and 1 is the trivializing section of Ly. An easy
verification shows that (3.I)) implies that (I.2)) holds in our setting. Recall that [13] §4.1.6] shows
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that the Kodaira Laplacian on €*°(X, L), multiplied by 2, which we denote here by .Z, and view
as an operator on ¢">°(X) using the orthonormal trivialization by 1 exp(%|Z|?) of Ly, is given by

L= bibf, (3.2)
i=1
where b;, bf are creation and annihilation operators, defined as
0 8
bi = —28ZZ + ng, b:_ 8ZZ + T2;. (33)
We verify easily that
0

[9(2,2).b;] = 22—9(2,2). (3.4)

0z;

From [13| Theorem 4.1.20], we know that for a multnndex «a € N, the functions

b <zﬁ exp(—g Z |zi\2)), (3.5)
i=1

form vector spaces of orthogonal eigenvectors of .Z (viewed as sections of €*°(X, Ly) using
the above orthonormal trivialization) corresponding to the eigenvalues 47 > | ;. From this,
cf. [14, Theorem 1.15], cf. [13} (4.1.84)], the Bergman kernel &7, of C" is given by

P (Z,7") = exp ( - g Z (Jz:* + |2])* — 2zﬁ;)), for Z, 7' € C". (3.6)

=1

In particular, we deduce that
b . (Z, Z) = 27?(,2] j)ﬁ (Z, Z) (3.7)

Also, we see easily, cf. [9, (3.28), (3.29)], that Schwartz kernels of the orthogonal Bergman
kernel, ,@rfm, corresponding to the projection onto holomorphic sections orthogonal to the holo-

morphic sections which vanish along C™, and the L?-extension operator &, ,,, extending each
element from (ker .Z)|cn to an element from ker . with the minimal L?-norm, are given by

Pl 2. ’)=exp(—%Z(|zi\2+lzé\2—2zﬁ;)—g > (P +127),

- e (3.8)
m 2 2 - n 2
Enam(Z, Z4) —exp<—§z (Jz:]* + |2] —2ziz;)—§lz E )
i=1 i=m-+1
We, finally, remark that the Schwartz kernel of the operator Rescm o &2, is given by
By Zy, Z') = exp ( - g > (1wl + 12— 227) ~ g > |z;.|2). (3.9)
=1 i=m-+1
Remark the trivial identity
Rnm = é";m (3.10)

Now, a lot of calculations in this article will have something to do with compositions of opera-
tors having Schwartz kernels, given by the product of polynomials with the above kernels. For that
reason, the following lemma will be of utmost importance in what follows.
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Lemma 3.1. For any polynomials A (Z, Z'), Ay(Z,Z"), Z, Z' € R?", there is a polynomial A3 :=
ICrm[A1, As], the coefficients of which are polynomials of the coefficients of A;, Ay, such that

(Ay- Pr) o (Ay- P ) = As - Py (3.11)

Moreover, deg A3 < deg A; + deg As. Also, if both polynomials A;, A, are even or odd (resp.
one is even, another is odd), then the polynomial A3 is even (resp. odd). Similarly, there is a
polynomial Aj := K',, ,,,[A;, A,] with the same properties as Aj, such that

(A - Py)o (Ay- Py ) = Ay - P (3.12)

Also, for any polynomials A(Z, Z3,), D(Zy, Zy), Z € R*", Zy, Z;, € R®*™, there is a polynomial
Af .= KT [A, D] with the same properties as Aj, such that

(A-&,m)o (D Py) =A% Epm. (3.13)
For polynomials B(Z, Z"), C(Zy, Z"), Z, 7' € R*", Zy € R*™, the following identities hold

( : ) © ( m) = (IC ,n[Ba A] o Resm) . éan,ma
(B Pyn) o (A Epm) = (Kom[B, Al o Resyn) - 6, (3.14)
(C-Rpm)o (A-Epm) = (Resy, 0 Ky [C, Al o Resy,) - P,

Finally, for any polynomials A,(Z, Z{;,), As(Zw, Z%), Z € R*™, Zi, € R*™, Zy,, Z},, € R%, there
is a polynomial A% := ICfi A4, As], with the same properties as A3, such that

(Ag-&ni) o (As - E1m) = AS - & (3.15)
Remark 3.2. The statement (3.11) for n = m is due to Ma-Marinescu [13, Lemma 7.1.1, (7.1.6)].

Proof. We decompose polynomials A;, As as follows

A(Z2,2) =D Z5 - A3 (Zv. Z)),  M(Z.2) =) AS(Z,24)Zy", (3.16)

where o, o € N2"=™) verify |a| < deg Ay, |o/| < deg A,. In [9, (3.36)], we established the first
statement and proved that

KpmlA1, Ag) = ZZZO‘Z’O‘ Kol AT, AT (3.17)

Along the same lines, we obtained in [9, (3.38)] the second statement and

K A, Ao)(Z, 2") ZZ KnnlAL, AS1(Z, Zy)). (3.18)

To get the third statement, we represent A(Z, Zy,) == > Z$ - A%(Zy, Zy,). Then, from (3.6)
and (3.8)), the following equation holds

(A% &) o0 (D P,) = exp ( - g|ZN\2> (A% D)o (D - Py). (3.19)
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By this and (3.11)), we clearly have (3.13) for

KEPIA, D) = ZZN mm| A%, D] (3.20)

Now, we note that an easy verification, based on (3.6)), (3.8) and (3.9), shows that

((B-2u)0 (A 6m))(2.2) = ((B- P0) 0 (A- 2.))(2.23),
(B 250 (A 60m))(2,24) = (B~ Pr,) 0 (A- 272,)) (2, Z3), (3:21)
((C- B 0 (A 8,0 ) 2y 2) = ((C- PiL) 0 (A PE)) (2, Z4).

This clearly implies (3.14) by (3.11) and (3.12).

It is now only left to prove the fifth statement. For this, for Z = (Zy, Zywy, Zyxiw),
Zy, 7y € R, Zywy € R2=M 7 vw € RX0 70 € RY, Zy = (Zy, Zywiy), we
decompose the polynomial A, as follows

A2, Zhy) = Zww - A5 (Zw, Ziy). (3.22)

An easy verification shows that
o / m 2 « !
((A43-E00)0(A5-61m) ) (2. 23) = exp (=F | Zooxw ) (A5 P)o(As- i) ) (2w, Z3). (323)
From (3.14), we obtain

Kl lAs As) = Z3 - (KulAg, As) o Resn,), (3.24)

which finishes the proof. The statements about the degrees of As, etc., follow from the validity of
the corresponding statements for /C,, ,,, proved by Ma-Marinescu in [15] and expressions (3.17)),

(3.18), (3.20), 3.22), (3.29). O

From the above, we see that to compute the polynomials from Lemma [3.1] it suffices to give
an algorithm for the calculation of X, ,,,. Below, we explain how to do this. Directly from the
definitions, we see that IC,, ,,[1 - P(Z'), A] = K,,.m[1, P(Z) - A] for any polynomial A. Also, we
trivially have IC,, ,,,[P(Z) - A(Z,Z"), A'(Z, Z")] = P(Z)K, m[A(Z,Z"), A'(Z, Z")| for any polyno-
mials P, A, A’. Hence, it is enough to give an algorithm for the calculation of K, ,,, where the first
argument is given by 1. For this, remark that forany ¢ = 1,...,n, a,b € N, we have

Knmll, Pi(2)202)) = Kpml1, Pi(Z)] - K1, 2022, (3.25)
where the polynomial P;(Z) doesn’t depend on z; and Z;. Hence, to understand /C,, ,,,, it suffices to
know how to calculate it for polynomials z#z?. We describe below the general formula.

Using and (3.7), we see that for any a,b € N, i < n, we get

bi

a— a _/\b
Poo (2020 P,) = Py o (zi (5= +7) Pn). (3.26)
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Remark that by (3.3), we have P, o (b%2” - P,,) = 0 as long as a # 0. Hence, from (3.4), we have

a2k _a—k

3 ) f Zk7

Poo (2 4P,) = Wb P, fora = (3.27)
0, otherwise.

From this, for i < m, we deduce directly the following identity

1 alb!
a=b] _ E a—k—=l1
ICn,m[17 Z; Zi] = 7'(‘]9 7(@ _ k‘)'l'k" Z; Zi - (328)
l+k=b

Recall the following famous integral calculation: for z = = + v/—1y, we have
!
/ exp(—|2|?)2 2 drdy = dap . (3.29)
C e

Form + 1 <i < n, (3.29) shows that

b al

Knmll, 2{Z]] = 5ab;. (3.30)

[t Mad

Corollary 3.3. Assume that for a polynomial A(Z, Z{,), Z € R*, Z;, € R®™, the following
equality holds &, 0 (A - &,.n) 0 Z,, = A+ &, . Then A is a polynomial in z, Zy.

Proof. First of all, our assumption clearly implies that &2, o (A - &,.,,) = A - &,.m. Hence, from
@.14), we deduce K, ,[1, A] o Res,,, = A. This along with (3.28) imply that A is a polynomial
in z and Zj,. Now, again, our assumption implies that (A - &, ,,) o Z,, = A - &, Hence
KEP[A 1] = A. This, in conjunction with (3.20) and (3.28), implies that A is a polynomial in z
and Z4, which concludes the proof. O

3.2 Schwartz kernels of Bergman projectors and extension operator

The main goal of this section is to recall the results about the asymptotics of Schwartz kernels of
Bergman projectors and the extension operator. We use notations from Section [1| and assume that
the triple (X, Y, g7) is of bounded geometry. Let us recall first the results about the exponential
decay of those Schwartz kernels.

Theorem 3.4 (Dai-Liu-Ma [5, Theorem 4.18], Ma-Marinescu [17, Theorem 1]). There are ¢ > 0,
p1 € N, such that for any k € N, there is C' > 0, such that for any p > p1, x1,x9 € X, the
following estimate holds

k .
‘Bf(:ﬁl,xg)‘% < Cp"*2 -exp (= cy/p - dist(z1, 22)), (3.31)
where €*-norm here is interpreted as in Definition[I.3]

Theorem 3.5 ( [9, Theorems 1.5, 1.8] ). There are ¢ > 0, p1 € N, such that for any k,l € N,
there is C' > 0, such that for any p > py, x1, 12 € X, y € Y, the following estimates hold

B (21,9) |0 < Co™ exp (= ey/p- dist(a1,1)).

k (3.32)
‘B;('Yl(xl, @)‘gk < Cp™zexp (— ey/p- (dist(ay, xo) + dist(z1,Y) + dist(z2,Y))).
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Let us now give the first direct application of Theorems Assume that we start with two
different choices of functions py, py as in (LI8), and form two different brackets (- )1, (- )2, as in
[1.19)), corresponding to those choices.

Corollary 3.6. There is p; € N*, such that for any g € (Y, Sym*(NX1V)*), k € N, there are
¢,C' > 0, such thatforany p > p;, x € X,y € Y, we have

[T ) = T )], < Co (= ey (1t disi(a,0))

(3.33)
\Téﬁ,‘;f (y,2) — T, (y, x)\(ﬂ < Cexp (—cy/p- (1 +dist(z,1))).

In particular, Definition [L.3 ultimately doesn’t depend on the choice of p.

Proof. Since the support of the function pl( |2y |) pa(*= |2 ‘) is located away from a neighborhood

of Y, by the boundness of the function u exp( u), k € N u € R, we deduce from Theorem [3.3]
that the following estimate for the Schwartz kernel is satisfied

(({gh — (g)2) - Bp) (2, y) < C-exp ( —cy/p - (1 +dist(z,y))), (3.39)

where R, is E;(‘Y, B;( or BX|Y We conclude by Theorem [3.4] Corollary 2.11] and (3.34). O

Theorem shows that to understand fully the asymptotics of the Schwartz kernel of the
Bergman projector (resp. orthogonal Bergman projector and the extension operator), it suffices to
do so in a neighborhood of a fixed point on the diagonal of X (resp. Y), embedded in X x X
(resp. X x X and X x Y'). Let us recall the results in this direction, showing that Schwartz kernels
of our operators are essentially equal, up to a recalling, to Schwartz kernel of the model operators
considered in Section Before this, let us fix some notation.

We fix 29 € X and an orthonormal frame (ey, . . ., €2,,) of (T3, X, g2.X), verifying (I.32). Recall

that geodesic coordinates were defined in (2.20). Define the function «, B¥"(rx) — R, by
((¢p) dvx )(Z) = K, dZy N -+ - N dZoy. (3.35)

Now, let 2y = 3o, Where yo € Y, and (ey, . . ., e2,,) be as (2.5)). Recall that Fermi coordinates were
defined in (2.5). Define the function «;, XY BRI (1)) x BEECT (1) 5 R by

() dux)(Z) = Ky dZy A -+ A dZap. (3.36)

Recall that the function mﬁ‘y was defined in (TIQ). Clearly, for Z = (Zy, Zy) € R*, Zy € R?™,
we have the following relation between different x-functions

s (2) = XY WY (2)) - kY, (Z0). (3.37)

Also, under assumptions (L.11]), we have K)i‘y};(()) = Ky, (0) = 1.

Recall that the second fundamental form AX1Y € €(Y, T*Y ® End(T'X|y)) was defined in
(2.1). Recall that the functions &2, .- . &, ., were defined in (3.6), (3.8).

n,m?

We fix an orthonormal frame (f1,..., f,) of (F,, k) ) and define the orthonormal frames

X R (X X)), of (F, hF) in a neighborhood of yj, as in Section 2.1



Complex embeddings and Toeplitz operators 23

Notation. For g € €°(X, F), by an abuse of notation, we write g(¢, (Z)) € R", Z € R*",
|Z| < R, for coordinates of g in the frame (f{X, ..., f/*). We identify g(¢.X (Z)) with an element

in F,, using the frame (fi,..., f,). Similarly, we denote by g( X‘Y(Z )) € R" the coordinates
in the frame ( ngx |Y, N ‘Y) and identify them with an element from F),,. Similar notations are

used for sections of F*, F @ LP, (F @ LP)*, F X F*, etc.

Theorem 3.7. Foranyr € N, yy € Y, there are JTX|Y(Z, Z') € End(F,,) polynomials in Z, 7'
R2", with the same parity as r and deg JXY < 3r, whose coefficients are polynomials in w, R™™X,

AXY | RE (dvy /dv, rx ¥, (dvy /dv, v )¥2, and their derivatives of order < 2r, all evaluated

at yo, such that for the functions Fy XYoo XY P, over R*™ x R?", the following holds. There
are €,c > 0, p1 € N¥, such that for any k,1,I' € N, there exists C > 0, such that for any yy € Y,
p>p, 4,7 | <ea,d eN" |a|+ || <1 Qpupi=3n+k+1'+2)+1:

laf 4o’
o (B Y (20 (2)

k
=D PR (VRZ, @ZM%Z)—%K;('Y(Z/)—%)
r=0

(gl/

1
Qk,l,l’

<Cp @

1+ vplz1+ vilZ)

where the €" -norm is taken with respect to y,. Also, the following identity holds

exp ( — oDl Z - Z’|), (3.38)

Iz, 2') = 1dp,,. (3.39)

Moreover, under the assumption (L), we have

T2, 7)) =1, -7 (g(en, A 3y = )3y - 7))
+g(Zy, A (2y — ) (2y — zg/))). (3.40)

Proof. For X = Y, the result is due to Dai-Liu-Ma [3] and the calculation of J1X X is due to
Ma-Marinescu [[13, Remark 4.1.26]. The proof of the general case is done in [9, Theorem 5.5] by
relying on the result of [5] and some local calculations. U

Theorem 3.8 ( [0, Theorem 1.6]). Foranyr € N, yo € Y, there are polynomials J;X|Y’E(Z, Zy) €
End(F,) in Z € R*, Z{, € R*", with the same properties as in Theorem 3.7 such that for
FXVE . pXIVE &n,m» the following holds.

There are €,¢ > 0, py € N* such that for any k,1,I' € N, there is C > 0, such that for
anyyo € Y, p > p1, Z = (Zy,2Zn), Zy, Zi € R¥™, Zy € R*m) | Z],|Z4| < € a € N,
o € N*™ |a| + || <, for Q%“, :=6(16(n + 2)(k + 1) + ') + 21, the following bound holds

w 1 X\Y(¢X\Y(Z) Q/,XIY(Z/ ))
aZaazgfa’ m-= P 7 Yo

1

- Zp—-FX'YE VBZ P2 (2) Mz%)—%)
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+1-1 / Qi,l,l’ /
F (1 Rz valZe) Y esp (— evB(12y - Zl +120)). Ga

where the €" -norm is taken with respect to y,. Also, the following identity holds

< Cp_k

T3 (Z, Zy) = 1dg,, - wn) (y0)2 (3.42)

Theorem 3.9 ([9, Theorem 1.9]). Foranyr € N, yo € Y, there are polynomials JX‘Y’l(Z RS

End(F,,)), Z,Z' € R*", with the same properties as in Theorem 37 such that for F; XYL

J L - Py the following holds.
There are €,¢ > 0, py € N* such that for any k,1,I' € N, there is C > 0, such that for
any yo € Y, p > p, Z = (Zy,Zn), Z' = (Z}, ZY), Zy,Zy € R¥™, Zy, Z) € R2n—m)

1Z),1Z'| <€ a,a’ € N*", |a| + |o/| <L, for Q} ;= 3(8(n + 2)(k + 1) +1') + 1, we have
glalHal /1
‘aZaaZla ( nB;(IYJ_(,l?bX‘Y( ) ,lva‘Y( ))

- Zp B2 () e (2 )

24
3
< O (L VBZ) + vB1Z)) " oo (— eB(1Zr — Zl 120 +1Z4)). B43)
where the €" -norm is taken with respect to y,. Also, we have

T2, 2') = 1dg,,. (3.44)

3.3 Basic Toeplitz type operators and their asymptotics

The main goal of this section is to study asymptotic expansions of basic Toeplitz type operators. In
particular, we prove Theorem [I.6] and give precise formulas for the constants C4, Cy from (L.26)).
The following two lemmas will be crucial in what follows.

Lemma 3.10. Let (X,Y, ¢"*) be of bounded geometry. There is p; € N, such that for any
f € €Y, End(*F)), g € &2,62°(Y, Sym" (NXY)* @ End(t*F)), | € N, there is C' > 0,

such that for any p > py, the Schwartz kernels T} (y1, 2) Tﬂ)y (), T, |> (y1,2); x € X,

Ly €Y, of TY | TX‘Y , T YiX , evaluated with respect to dvy, dvy and dvx respectlvely, satisfy
Y1,y > “ (g’ ~ (9)p

L .
T;/p(yb?h)’(gl < Cp™2 -exp (— ey/p - disty (y1, 42)),
TéX‘»Y (x, yl)} < C’pm+% - exp ( —¢\/p- distX(x,yl)), (3.45)
nad .
T<z;|>>7p(y1, x)‘ﬂ < COp™ 2 -exp (— cy/p - distx (z,11)).

Proof. The first and third parts follow trivially from Theorem [3.4/and Corollary The second

part is a consequence of Theorems[3.4] [3.5]and Corollary 2.111 O
We fix yo € Y, a unitary frame (f1,..., f,) of (Fy,, h) ) and use the notational conventions

introduced before Theorem [3.7]



Complex embeddings and Toeplitz operators 25

Lemma 3.11. For any f € €>°(Y,End(*F)), (resp. g € €>2°(Y, Sym*(N*V)* @ End(/*F)),
k € N),yo € Y, r €N, there are Jrf(Zy,Z/) € End(F,,) (resp. J% (Z,Zy) € End(F,,),
JR (Zy,Z") € End(F),,)), polynomials in Zy, Z} € R2m Z,7' € R®™ of the same parity as r
(resp r + k), such that the coefficients of J ) (resp. JF, J} R ) lie in €;°(Y, End(¢*F')), and for
EYy = J) - P (vesp. Y = JF - &, B = I8 mm) the followmg holds.

There are €¢,¢c > 0, p; € N*, such that for any k,[,I’ € N, there are C, Q) > 0, such that for
any yo € Y, p > pi, Z,Z2' € R¥, Z = (Zy, Zx), Z' = (2. ZL), Zy, Zlr € R?™, |Z],|2'] < e,
a,a’ € N* ag, afy € N |a| + |ap], |ao| + o], Jao| + |ag| < I, the following bounds hold

Hlaol+lagl 7 q
‘azaoaz/ ao ( mTPf( Y(ZY> O(Z;/))

k
S SR (5 B (Zy) ) <Z;>—%)

r=0

(gl’

_ Q
< Op™ 5 (14 VplZy | + VBIZy|) " exp(—cv/plZy — Zi ), (346)

Hlal+le] 1 le XIY( 7\ &Y (7!
aZaazg/o/ _m (?/) ( ) yo(ZY))
) @V

<O (14 B2+ VBIZ) expl—eyB(1Za] + |2y — Z41), G47)

gt 1 L .
‘W(ﬁ%»,p(ﬁb (Zy), Y (2)))

NI

—Zp SFE (VD2 D2 )y (Z) 2R (Z4)

—Zp SRR (VpZy, P2 )KY (Zy) 2k, (Z’)—%)

((aﬁl’

k+1 l

< O (L VB2 |+ vB12)) expl—eyBZ4] + 12y — Z4)). (348)
where the " -norm is taken with respect to 1.

Moreover, we have Jo ;(Zy,Zy) = f(yo) and in the notations of (LI9), for g" €
G2 (Y, SymF (NX) 104 QEnd(1* F)) (resp. g* € €°(Y, Sym™(NXY)OD*@End(:*F))), k € N,
the polynomial Jol”jgh (Z, Zy) (resp. Jg'y(Zy, Z')) depends only on zy (resp. Zy), it has degree ,
and as a section of Sym"”(NXP)(10* @ End(,*F) (resp. Sym*(NXP)OD* @ End(.*F)) over Y,
it coincides with g" - nﬁly(yo)% (resp. g* - nﬁly(yo)_%) for £ > 1 and equal to O for k£ = 0.

Proof. We establish each of the three statements one by one. Remark first that Ma-Marinescu
in [15, Lemma 4.6] established the first part of this result for compact manifolds. We will now
describe why essentially the same proof holds for the first statement of Lemma [3.11] for functions
from 6 °(Y, End(.* F)) on manifolds of bounded geometry (Y, g*Y"). Trivially, we have

T} (v y2) = /YBZ(ybys) - f(y3) - BY (ys, y2)dvy (y3). (3.49)
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Now, let € > 0 be as in Theorem 3.7, We put ¢y := 5. Letyy € Y and y1,y, € B;f)(eo). We
decompose the integral in (3.49)) into two parts: the first one over B;f)(e), and the second one is
over its complement, which we denote by (). Clearly, for y; € ), we get

dist(y1, y3) + dist(ys, y2) > €. (3.50)

Hence, from Theorem [3.4] Proposition[2.9]and (1.6)), we see that the contribution from the integra-
tion over () is smaller than exp(—c,/p(1 + dist(y1,¥2))) for some constant ¢ > 0. Consequently,
only the integration over B;g (€) is non-negligible. To evaluate it, we apply Theorem [3.4. We cal-
culate the integral over the pull-back with respect to the exponential map of our differential forms.
We use the notations introduced before Theorem [3.7] After the change of variables Z — ,/pZ, an
estimate, similar to the one which bounded the integral over (), and the first part of Lemma 3.1]
applied for n := m, we see that (3.46) holds for

O floy (Zy)), . Zg

Y Y|y Yo 4y ]

Tp= 3 Y K2, T R (3.51)
atb+|al=r «

where « runs through the set of multiindices N*™. From (3.39) and (3.531)), we deduce the statement

about Jj ;. From (3.51), our bounded geometry assumption, the fact that f € 4;°(Y, End(¢*F))

and the fact that the coefficients of .J) ¥ are polynomials in w, R™Y, R¥, (dvy /dv,rv)* 3, and
their derivatives of order < 2r, we deduce that the coefficients of J); lie in € (Y, End(.*F)).
The statement about their parity follows from Lemma[3.1land (3.31).

Now, let us establish the second part. The proof is absolutely analogous to the proof of the first
part. One only has to in addition to Theorems [3.4] use Theorems 3.8 Again we use
the notations introduced before Theorem [3.7 We view the section {g}, constructed before (I.19),
as a function with values in End(F,). Clearly, for the function {g}, constructed before (L.19),

{ g}(wjﬁ‘y(zy, Zx)) is polynomial in vertical directions; in other words
5
{9} (WY (zv. 2Zv)) Z 98(dy, (Zy)) 57, (3.52)

where 3 € N2~ runs through all the multiindices and the sum is finite. From the first and the
second equations of (3.14) and the reasoning, similar to the one before (3.31)), we obtain that the
polynomials

0 Z ZB Za
P (Z,7y) ZZ Z (IC [JX\Y 95(;5;( Y))(O)'ﬁ—];['?}!/"];ﬂy’ﬂ

B
0. 2x . & JE;X‘YE] ) (Z,7.), (3.53)
Bl al

where « runs through the multiindices N2, satisfy the second equation from (3.46)). The statement
about the parity of Jfg follows from (3.33)) similarly as it was done in (3.31). The calculation of
Ji, follows from (3.28), (3.39), (3.42), and (3.33).

Now, let us establish the third part. The proof is absolutely analogous to the proof of the first
part. One only has to use Theorems [3.5] [3.9]in addition to Theorems 3.7l More precisely, in
the notations (3.32)), from (3.11) and (3.12)), we obtain that the third equation from (3.46)) holds for

a+b+|al=r

Ko

JX\YJ_ 9 95(%0 (Zv))
0z
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LR 3 i M CH IS S O

a | |

a B atbt|al=r 8Z ﬁ @

o” 95(¢ (Zy)) Zv 7% xy.
— K, [JXlY o O-—N-—Y-J"DZ 7). (3.54
The statement about the parity of J. R follows from (3.34) similarly as it was done in (3.31). The
calculation of J' R , follows from @D (3.39), (3.42), (3.44) and (3.34). O

From Lemma[3.11] we obtain directly the following corollary.

Corollary 3.12. Assume that for fi, f € (Y, End(.*F)), gt gh €
D, 62 (Y, Sym* (NX)L0*QEnd (L F)), g%, g4 € @32, 62 (Y, Sym* (NXV)OV*QEnd(.* F)),
there are C' > 0, p; € N*, such that for any p > py, in the notations from Lemma [3.10

1
T}i,p(yh Ya) — T};p(y17 Y2)| < Cp™ 2,
X|Y X[y 1
T<<gh>> (xu yl) T<<gg>>7p(xvy1)‘ <CpmE, (3.55)
Y|X YIX 1
Teapyo1: ) = Tggy (01, x)’ =Pt

forany z € X, y;,y» € Y. Then we have f; = f5, g = g&, ¢ = g%. In particular, the notation
[-]; from Definition[I.3]is well-defined.

Proof. Tt follows directly from (3.46), (3.47), (3.48) and the precise descriptions of J)° i JO >

J§te for i = 1,2, given in the end of Lemma3.111 0

Let us now describe the proof of Theorem The idea of the proof is simple: we need to
verify that the first terms of the asymptotic expansions of the Toeplitz operators coincide with the
first terms of the asymptotic expansions of the corresponding operators (1.23), and that the
Schwartz kernels of all the operators have exponential decay.

We conserve the notation from Section We fix arbitrary g €
DX G (Y, Sym* (NXV)* @ End(i*F)), ¢" € @2, %Y, Sym"(NXV)(1.0* @ End(.*F)),
g* € @2, €Y, SymF(NX)OU* @ End(*F)). Forz € X,y € Y, let My (2,y) (resp.
M, Y‘XT(y, x)) be the Schwartz kernel of Mj, p‘y (resp. My, z'r 1), evaluated with respect to dvy
(resp. dvx).

Lemma 3.13. There are ¢, C' > 0, p; € N*, such that forany p > p;, v € X, y € Y, the following
estimates hold
‘MX‘Y } < Cp™exp ( — ¢y/p - dist(z, y))

3.56
| M) (y, 2)] < Cpexp (= ey/p - dist(z,y)), o

Proof. It follows trivially from Theorem and the fact that the function u* exp(—u) is
bounded for u € R, for any k£ € N. O
Proof of Theorem[[.6] 'We consider the Schwartz kernel M, )" (z,y) (resp. M, (‘]); Ty, z)) of M, v
(resp. M; Il,X’T, viewed as an operator acting on the sections with support in a r, -tubular neigh-
borhood of Y') evaluated with respect to the volume form dvy (resp. dvy A dvyxy). We use the
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notational convention introduced before Theorem [3.71 From Theorem 3.7l and (1.23)), (3.6)), (3.8),
we conclude that there are €, ¢, C, Q > 0, p; € N*, such that forany yo € Y, p > py, Z, Z' € R*",
Z=(Zy,Zn), Z' = (Zi, Z\), | Z), | Z'| < €, Zy, Zi, € R*™, the following bounds hold

pl MY (68 (2), 03, (Z3)) = {9} (W0, VDZN) - Euan VP2 B2y Iy (Z) 24 (Z3)
1 Q
< Cp (14 vilZl+ VRIZy ) exp (= evB(lZy — 2yl + 12x))), (B5T)
1

My (0 (Zy), X (2)) = {9} (Yo, VDZN) + P P Zy s /P2 VK (Zy) "2 (Z4) 72

pTL
_1 / Q ! !
< Cp 2(1+@|ZY|+@|Z|) exp(—c\/ﬁ(|Zy—Zy|+|ZN|)). (3.58)

We denote now by M; I‘;X (y,x) the Schwartz kernel of Mg p , evaluated with respect to dvx.
From Remark 2.6b), (3.37)), @D and (3.38), for @y := max{Q, deg g, deg g", deg g%}, we then

obtain that in the same notations (but, probably, for a different choice of '), we have

1 X\Y XIY 7\ oY (7!
MY (0 (2). 63, %)
— ki (10)2 {9} W0, VPZN) * Eun (DL NP Z )i (Z) 2R ()2
<Ot (14 vzl viz) " e (- evi(1Zy - 2+ 120)). (3:59)
1

— MY (@Y (Zy), 0V (2"))

"

l\)l)—l

— i (0)"F {9} o, VB2 (o2, VD2 VY (T ) (2

| Qo
< Cp3 (14 vBlZv] +vi1Z1) " esp (= evp(12y = 2] +124) ). (.60

By comparing (3.59) with the expansions from Lemma[3.11] there is (); > 0, such that

M A (2),64(23) ~ T (0 (2).04(20)
1 Q1
< Oyt (L B2+ VB2 ) exp (= evB(12r = 24l +124)), GB6D)

M B (2) = T 2, ()

Yo {g2).p
n—i ) €1 / /
< Cprt (1 + /Bl Zv| + /DI Z |) exp ( — /B %y — Z] + \ZNI))- (3.62)

From Proposition2.12] Lemma [3.13] (3.61)) and (3.62)), we finally deduce Theorem [1.6] O

Let us now briefly describe how to calculate the asymptotics of the norms of operators M;,( ;,lY

and M, ; ILX’T. For this, the following lemma will be of crucial importance.
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Lemma 3.14. Let f € 6,°(X, End(F")) be non-zero. Then the following asymptotics holds

IT7 | ~ sup || £ ()]]. (3.63)
reX
Moreover, we have
|77, < sup [l £ ()] (3.64)
reX
and if the above supremum is achieved in X, then there is C' > 0, such that for p big enough
sup £ ()| - = < 77| (3.65)
rzeX \/ﬁ ’

Proof. Recall that for compact manifolds X, Bordemann-Meinrenken-Schlichenmaier [3, The-
orem 4.1] (for (F,h") trivial) and Ma-Marinescu [13, Theorem 3.19, (3.91)] (for any (F,h%))
established (3.64) and (3.63)). Essentially the same proof works in our more general situation. The
details are given in the end of the proof of [9, Theorem 1.1]. U

Now, let us introduce some further notations. We fix y, € Y and an orthogonal basis
Wi, W of (Npo¥ )10 verifying [jw;| = \%, i = 1,...,n — m. For example, take

w; = % 7 = 1,...,n — m, where z; are the complex coordinates induced by Fermi coor-
J+m

dinates at y,. For any 7, 7 € N, we define the operator
Ao = Symi(NX)(9%) @ Sy (VX)) 007) 5 €, (3.66)

for multiindices o, 5 € N®™ as follows

LB, ifa=p
Ay —[w* @@ = =177 ’ 3.67
’ [ } {O, otherwise. ( )
Clearly, this operator does not depend on the choice of the basis wy, ..., w,_,,. By linearity, we

extend A, _[] to Sym’((N*")*) @ End(*F) ® C.

Proposition 3.15. The constants C, Cy > 0 from (L26) are given by
1 " :
¢ = sup (W 2 - Ao [55 9 0] 1)
yey
1
7).

Proof. The main idea of the proof is to reduce the calculation of the norms from (1.26)) to the
calculation of the norms of some Toeplitz operators.
An easy calculation using (LIQ) shows that for any f € L*(Y,*(LP ® F')), we have

HM;illYfHLQ(de) - th,p(y) ’ B;/fH[?(dvy)’ (369)

(3.68)

Gz =swp (kA" (1)7F - Aoy @ 9;]
yey

where the section h,, € €°°(Y,End(/*F)) satisfies
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b= [ N 0 VBZ) - explprl 2 )

A9}y, vp2n)" {93y, VPZN) - (‘ iv‘) dZomi1 N+ N\ dZoy. (3.70)
By an easy calculation using (3.29)), there is ¢ > 0, such that, as p — oo, we have

i (y) - Ao —lg(y)* ® g(y)]
pn—m

1
i) <71> . 3.71)
pn—m+§
Now, let h € €(Y,End(.*F)) verifies h(y)? = /-ffél (y) - Aw=[9(y)" ® g(y)]. Clearly,
bounded geometry condition and assumption g € ©2,%>°(Y, Sym"(NXV)* @ End(.*F)) im-
ply that 2(y) € 6,°(Y, End(¢*F)). Trivially, Toeplitz operator T, satisfies

hg,p(y)2 =

(Tapt: f>L2(dvy) = || BZme(dvy)' (3.72)
Thus, by , 3.71) and (3.72)), we have
1
25| = = HT%H +O(w)- (3.73)
p

We deduce the first part of Proposition - by Lemma[3.14]and (3.73).
Now, to get the second part, let us first remark that the following formula holds

* X[V — XY
(MY = (a7 Y (3.74)
The proof now proceeds in the same way as the proof for the first part. U

3.4 Asymptotic criteria for Toeplitz type operators

As we approach the study of Toeplitz operators with exponential decay through the asymptotic ex-
pansions of their Schwartz kernels, it is fundamental to find characterizations of the latter operators
in terms of the former asymptotic expansions. This is the main goal of this section.

To state and prove those characterizations in the generality we need, we will introduce a notion
of Toeplitz operators, which is weaker than the one from Definition [I.3]

Definition 3.16. A sequence of operators T, (resp. 1) ), p € N, as in Definition [L.3is
called a Toeplitz operator with weak exponentlal decay (resp. of type Y| X, X|Y) with respect to
Z if there is a sequence f; (resp. g%, g%), i € N, as in Definition [[.3] such that the estimate (L.20Q)
holds, where on the right-hand side instead of disty (i, y2) (resp. distx (z,y1), distx(y1,x)) we
put distz(y1,y2) (resp. distz(x,y;), distz(y1,r)) for some Riemannian manifold (Z, g*#) and
an embedding /' : X — Z, such that (¢/)*¢7% = g™, and such that the triple (Z, X, g7%) is of
bounded geometry. To shorten, we sometimes omit the reference to Z. The coefficients of the

asymptotic expansions will still be denoted by [T} ];, 7y ‘X]i, [7,* |Y]i, ieN.

Y|X X|Y

Remark 3.17. a) The analogue of Remark [[.4h) holds for this weaker notion of Toeplitz operators
due to Propositions 212

b) From Proposition we conclude that if // is quasi-isometry, the notions of Toeplitz op-
erators with weak exponential decay of types Y| X, X|Y with respect to Z coincide with the
corresponding non-weak notions.
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Theorem 3.18. Let (Y, g™Y) be of bounded geometry. Then a family of linear operators T:z}/ €
End(L*(Y,.*(L? ® F))), p € N, forms a Toeplitz operator with (resp. weak) exponential decay if
and only if the following conditions hold

1. Foranyp e N, T) = BY oT) o B).

2. There is p1 € N, such that for any | € N, there is C' > 0, such that for any p > py, the
Schwartz kernel T:z}/ (y1,92); 1,92 € Y, of TZ}/ , evaluated with respect to dvy, satisfies

< C’pm+% - exp ( — ¢y/p - disty (y1, yg)), (3.75)

T;}/ (y17 y?)

(gl

L (ywe)| |, < Cp™*vexp (—ey/p-distz () ). (376)

where in the last equation we used the notations from Definition

<resp.

3. Foranyyy € Y, r € N, there are IY (Zy, Z},) € End(F,,) polynomials in Zy, Z;, € R*™
of the same parity as r, such that the coefficients of 1Y lie in €>°(Y, End(.*F)), and for
F, = If - P, the following holds. There are e,c > 0, py € N, such that for any
k1, € N, there are C,Q > 0, such that for any yo € Y, p > p1, Zy, 2y € R*™,
|Zy|,1 74| <€ a,a’ € N*™, |a| + || < I, the following bound holds

glal+la’| 1, vy v
(92?82{/0‘, Z%TP( yo(ZY)’ yo(ZY))

D=

k
— N PER(VpZy D2y )Ry (Zy)TERY (Z4)

)

k411

Q
<Oy (14 vl |+ VBIZy] ) exp(—eyBlZy - Z4)), (ID)

(gl/

where the € -norm is taken with respect to yj.

Moreover, ([377) is related to the expansion from Definition[L3by 1Y (0,0) = [T ],.

p

Proof. The proof for Toeplitz operators with weak exponential decay is analogous to the proof for
Toeplitz operators with exponential decay, so we only concentrate on the proof of the former one.

First of all, let us assume that the sequence of operators TI}/ , p € N, forms a Toeplitz operator
with exponential decay. Then the first condition of Theorem [3.18/holds by definition. The second
holds due to Lemma The third holds due to Lemma B.11l The identity 1} (0,0) = [T, ]o
follows from Lemma[3.11]l Overall, we obtain one direction of Theorem 3.18]

Let us now prove the opposite direction. Our proof is based on [14, Theorem 4.9], where
Ma-Marinescu proved the analogous theorem for compact manifolds and Toeplitz operators in
the sense of [13} §7], see Remark [[.4h). The first step of their proof shows that the polynomial
IY (Zy, Z3,) from Theorem [3.18]is constant, and hence equal to I} (0, 0). Their argument (which
doesn’t use the assumption on parity of IY (Zy, Z%), r € N) adapts line by line in our non-compact
setting, except that the estimate [14, (4.47)] has to be replaced by Corollary

Then Ma and Marinescu define a section fo € ¢>°(Y,End(:*F)) as fo(yo) := I (0,0). Our
assumption on the coefficients of I implies that fy € ¢, °(Y, End(.*F)). From Lemma[3.T1] most
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notably the fact that I3 ; (Zy, Zy) = fo(yo), the fact that 1§ (Zy, Zy,) is constant and the choice
of fo, we see that all the assumptions of Theorem [3.18] are satisfied for the sequence of operators
VP (T =T} ), p € N (except for the parity of 1", which is now opposite to 7).

By repeating this argument for \/p - (I, — T} ) instead of 7., we conclude that the first
polynomial in Taylor-type expansion of \/p - (T — T}, ), as in (3.77), is constant. It is, however,
of odd parity due to the parenthesized remark above. Hence, the first coefficient is equal to 0.
Due to this, we see that all the assumptions of Theorem [3.18] (now, even for the parity of 1Y) are
satisfied for the sequence of operators p - (TY T}g »)» p € N. In particular, the first equation of
(L20) holds for k = 1 by 3.73), applied for p - (T, — T} ).

Now, to deduce the first equation of (I.20) for £ > 2, we need to repeat the same procedure
for the sequence of operators p - (7 z}/ — T}(;p), p € N. By induction, we get a sequence f; €

¢°(Y,End(/*F)), i € N, which satisfies the first equation of (L.20) for any k& € N. O

We will now describe the analogue of Theorem [3.18] for Toeplitz operators with exponential
decay of type X|Y.

Theorem 3.19. Let (X,Y,g"™) be a triple of bounded geometry. Then a family T];X ¥
LAY, (L @ F)) — L*(X,[» ® F), p € N, of linear operators forms a Toeplitz operator with
(resp. weak) exponential decay of type X |Y if and only if the following conditions are satisfied:

1. Foranyp e N, T, = (BY — BX‘YL) Yo BY.

2. There is p1 € N¥, such that for any | € N, there is C' > 0, such that for any p > p,, the

Schwartz kernel TpX|Y(x, y,re X, yey, ofTI;X‘Y, evaluated with respect to dvy, satisfies
! .
(w,9)],, < Cp™ 4 exp (= ey dist(z,y)). (3.78)
— .
<resp. Tf'y(x,y)‘%)l < Cp™2 - exp ( —¢y/p - distz(z, y))), (3.79)

where in the last equation we used notations from Definition[3. 16|

3. Foranyyy € Y, r € N, there are IF(Z, Z{,) € End(F,,) polynomials in Z € R*", Z, €
R?™ of the same parity as v, such that the coefficients of IF lie in €°(Y, End(.*F)), and
for FE .= IF . &, ., the following holds. There are ¢,c > 0, p; € N*, such that for any
k,1,l' € N, there are C,Q > 0, such that forany yo € Y, p > p1, Z € R*", Z}, € R*™,
|Z|,|1Zy| < €6 a € N*", o/ € N*™, |a| + || < I, we have

plolrle] 1 X|Y [, X|Y \
820‘82{/0" _mTp (wyo (Z>’ yo(ZY>)

N

- Zp EEE (P2, /D2y )y (2) 2R (Zy)

+1l

) @V

(14 vo12Zl + vilZe)” exp(—eyBlZx| +12r — Z4)). (380)

<Cp~

Moreover, in the notations of (LI9), for any yo € Y, the polynomial IF(Z, Z},) depends only on
2y, and, as a section of ®°,Sym"(NXV)0* & End(1*F) over Y, it coincides with XM, -

XY 1
' (4o)?.
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Proof. As the proof for the weak version of Toeplitz operators is completely analogous to the proof
of non-weak version, we only concentrate on the former one.

First of all, let us assume that the sequence of operators TpX |Y, p € N, forms a Toeplitz operator
with exponential decay of type X |Y". Then the first condition of Theorem [3.19/holds by definition.
The second holds due to Lemma The third holds due to Lemma[3.11l The relation between
IE and [T, follows from LemmaB.11l Overall, we obtain one direction of Theorem 3.19]

Let us now prove the opposite direction. From the first condition of Theorem [3.19 and Corol-
lary 3.3] we first deduce that in the notations of (3.80), IF(Z, Z;) is a polynomial in z, Z}. Let us
show that it only depends on zy.

Consider first the operator Tg/ := Resy o TpX ', Of course TI}/ = 0 due to our first assumption

on T,X""". From Lemma[3.I1] we obtain as a consequence that IE(Zy, Zi) = 0.

Now, let U be a smooth vector field, such that U|y € NXY, U(y,) = a%’j =m+1,...,n
where 21, ..., z, are the complex coordinates associated to Fermi coordinates. We consider the
sequence of operators TY = LResY o BX ) VUTX|Y. This sequence of operators is well-

defined due to (1.7). It follows from (L2 that T, Y., p € N*, satisfies the first condition from
Theorem [3.18l The second condition associated to the weak notion also holds for Z := X in
the notations of Definition [3.16] (remark that the strong version holds only under additional quasi-
isometry assumption, see Proposition[2.7l This technical caveat is one of the reasons why we need
to consider weak version of Toeplitz type operators).

An easy verification using shows that T;},/ , satisfies the third assumption of Theo-
rem 318 for I} (Zy,Z%,) = (%Iéf)(Zy, Zi,). Hence, by the results of Theorem [3.18] and
its proof, we conclude that the sequence of operators T 1, p € N, forms a Toeplitz opera-
tor with weak exponential decay associated to X, and (3= 9% IE)(Zy,Z%) a constant. We con-

struct g € CKOO(Y (NXV)10 & End(:*F)), so that for any n € (NX‘Y)(1 9, we have

gi-n=3_ er1( IE)(O 0) - n;, where n; are the coordinates of n in the basis a . We define

T =1 - (BX By o ((g)) - EX™). By LemmaB.11] (3:80) and the remark after it,

p,
we deduce that the asymptotic expansion (3.77) holds for TX|Y = TX|Y and I := PIF, where
P;, 7 € N, is the projection onto the vector space of polynomials of degree > i
We then repeat the procedure for the pair of smooth vector fields U, V, verifying similar as-
sumptions as above, and the sequence of operators Tp’f g = I—ljReSY o Bg( ) VUVVT;( 1‘Y to construct
g € €2°(Y, Sym?*(NXIV) (1.0 & End(¢*F)). Then, as before, we form the sequence of operators

Tp);'Y = TX‘Y (B .y ‘Yl) o({(gh)- EX‘Y) By continuing in the same fashion, we construct the

sequence of elements g}, € €>°(Y, Sym*(NXY)(1.0* @ End(,*F)), k € N*, and operators TX‘Y
k € N, such that the asymptotic expansion holds for TpX .= Tp),{ ,JY and IF := P IF

Of course, since 1F(Z, Z%,) is a polynomial, only a finite number of g}, k € N*, is non-zero. We
put go := > 5, g. Clearly, go has the same parity as I. By the above, we see that the asymptotic
expansion (3:80) holds for T, " := T;X1" — (B — BX‘YL) o ({g0) - Ex1) and IZ := 0. Hence,
the same asymptotic expansion (3.80) holds for \/p(7}, XY — (B — BX|YL) o ({go) - EX|Y)). We
repeat the same procedure for the new sequence of operators and construct an element g;. Clearly,
by the assumptions on the parity of I, the parity of g, is different from g,. By induction, we get a
sequence of elements g;, i € N, which satisfy the second equation from (L.20)), and the parities of
which are as we need. 0J
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We are finally ready to treat the last type of Toeplitz operators with exponential decay.

Theorem 3.20. A family T) ~ : L*(X, [P @ F) — L*(Y,*(LP? @ F)), p € N, of linear operators
forms a Toeplitz operator with exponential decay of type Y| X if and only if the following three
conditions are satisfied:

1. Foranyp € N, prlx = B;/ OTK'X o (B,‘;( _ B;(\YJ_).

2. There is p1 € N¥, such that for any | € N, there is C' > 0, such that for any p > p,, the
Schwartz kernel TpY|X(y, ), e X, yey, ofT;/‘X, evaluated with respect to dvx, satisfies

TI}/'X(y, x))(gl < C’p"+% cexp ((— ¢y/p - dist(z,y)), (3.81)

(resp. T;‘X(y,m)‘%)l < Cp"i - exp (—cy/p - distz(z, y))), (3.82)

where in the last equation we used the notations from Definition

3. Forany yo € Y, r € N, there are I'(Zy,Z') € End(F,,) polynomials in Zy € R*™,
Z' € R of the same parity as r, such that the coefficients of I lie in €°(Y, End(.* F)),
and for F® .= [%- R, ., the following holds. There are €,c > 0, p; € N*, such that for any
k. 1,I' € N, there are C,Q > 0, such that for any yo € Y, p > p1, Zy € R®*™, Z' ¢ R?",
Zy|,12'| <6 a € N*™ o € N, |a| + || <1, we have

leite’l /1 YIX (Y X|Y [t
070077 \pr e (@n(80): 5 ()

k
- Zp-SFrRWZY,@Z’)nmzy)-%ni"”(z)-é)
r=0

¢V

k41—l

Q
< Oy (L VBlZv [+ VBIZ!) exp(—ev/B 2yl + 12y = Z ). (3:83)

Moreover; in the notations of (LI9) and (3.80), the polynomial 1f'(Zy,Z") depends only on

Zly, and as a section of & Sym*(NXM)OV* @ End(1*F) over Y, it coincides with [TpY|X]0 .
XY, -1
A" (40) 5.
Clearly, Lemmas [3.10, 3.11] imply the first implication of Theorem [3.200 The proof of the
second implication will be given in Section[4.2] where we study adjoints of Toeplitz type operators.

4 Toeplitz type operators: algebraic properties and examples

The main goal of this section is to study algebraic properties of the set of Toeplitz type operators
and to construct some examples of those operators. More precisely, in Section we show that
the set of Toeplitz type operators is closed under taking restrictions, extensions and some products.
In Section4.2] we prove the analogous statement for the adjoints of Toeplitz type operators. To do
this and out of independent interest, we introduce a sequence of operators, so-called multiplicative
defect, which plays a crucial role in our approach to the main statements of this article. We also
prove that the multiplicative defect is itself a Toeplitz type operator with weak exponential decay.
Finally, in Section4.3] we provide several examples of Toeplitz type operators.
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4.1 Products, extensions and restrictions of Toeplitz type operators

The main goal of this section is to show that the set of Toeplitz type operators with (weak) expo-
nential decay is closed under taking restrictions, extensions and some products.
To describe our main result, we fix some notations first. We have a natural isomoprhism

NXY 5 g NXIW g NWIY, 4.1)

We extend the induced projection onto the N*V1¥" component to an operator on Sym" (NXY)(1.0),
and denote it by an abuse of notation P]‘GV " Recall that A, —[-] was defined in (3.66).

For kK € N9 we fix g € &2, Sym*(NXM)10* & End(L*F)), ¢, €
€0 (Y, Sym* (NXV)OD* @ End(L*F)), g, € €>(Y,SymF(NVIY)10* @ End(1iF)), g5 €
€20 (W, Sym* (NXW)(1.0)* @ End(:5 F)). The main result of this section goes as follows.

Theorem 4.1. The sequences of operators

Xy 114)s

1. Resy o T{;‘ly 2. ResyoE," —E, ",

(91).p

forp € N, form a Toeplitz operator with weak exponential decay of type W |Y with respect to X.
The sequence of operators

Y|X X[y
3 Tigyw © Tigryw

forp € N, forms a Toeplitz operator with weak exponential decay on'Y with respect to X. Finally,
the sequences of operators

X|W WY X|W WY X|W WY
4 Tigyp © Tigay S Tygypotr s 6. Ep " o Tigyp
XY Y
7 Tigyp © Tips

for p € N, form Toeplitz operators with exponential decay of type X|Y. Moreover, we have

X Wiy XY Wy
1 [Resw o T3 ]y = P3™ (91), 2. [Resw o BV — By =0,
N XY 1) = X|W WY 1 &
3. [T«g’l»m © T(<gl>>,p]0 = Ao [gi ' 91}7 4. [T«gg»,p © T«gg»,p]o = 11(93) - g2,
X|W WY . Wy
5. [Ty 0B o = 1i(95), 6. [B " 0TV Jo = g2,

Xy v
7. [T«gl»m © Tf,p]O =q - [

Remark 4.2. In particular, from Proposition 2.7} if the embedding ¢, : W — X is quasi-isometry
then, in points 1 and 2, the related sequences of operators form Toeplitz type operator with expo-
nential decay. The same holds for the point 3 if the embedding ¢ : Y — X is quasi-isometry.

Proof. The proofs of all those statements proceed by the verification that relevant operators satisfy
the assumptions of Theorems[3.18 and

For statements 1 and 2, the validity of the first condition from Theorem[3.19/follows from (L.7).
For statements 3, 4, 5, 6 and 7, the validity of the first condition from Theorems [3.18] is direct.
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The weak version of the second condition for Z := X for statement 1 (resp. 2) follows trivially
from Lemma [3.10] (resp. Theorem [3.3)). For statements 4, 5, 6 and 7, (resp. 3) the validity of the
second condition (resp. weak version of the second condition for Z := X) from Theorem
follows from Corollary 2.11]and Lemma[3.10l

Hence, it is only left to verify the third statement for each of the operators. This is slightly
more delicate, and will be done separately for each of the statements. By doing so, and employing
the relationship between the polynomials from the third condition of Theorems and and
the asymptotic expansions (1.2Q), we also establish the second part of Theorem [4.11

Let us introduce the following notations first. For a function f : R¥ — R and s > 0, we
denote by f,(Z), the function given by Z — *f(sZ). For functions P(Z,Z"), R(Z, Z"), Z € R",
7' € R r,e € N*, verifying R(0,0) # 0, and two functions f : R" — R", g : R® — R, verifying
f(Z)=Z+0(Z*),g(Z") = Z' + O(|Z']?), we decompose P(f,(Z), gs(Z")) as follows

P(f(Z).95(Z2")) = }_ P(f,9)a(Z,Z")s' + O(s**),

Ik
ES
o

4.2)

RUN2).017) _ N~ "
o OR(f, 9)a(Z, Z)s' + O(s*1),

7

where P(f, g)p), R'(f, 9)py are functions, which do not depend on s. Clearly, P(f, g)u, R'(f, 9)j
are polynomials if P is a polyn0m1a1 and R is the exponential of a polynomial. When f (resp. g) is
the identity map, we write P(f, Z');) (resp. P(Z, g);) for P(f, g);;- When P or R depend only on
Zor Z',we write P(f)1(Z), P(9);y(Z') and R'(f)(Z), R'(9);: (Z’) for the above polynomials.
We use the notations introduced before Theorem From @D and (2.32)), we deduce that

Resw o T (W1 (Zu), 6% (24)) = T (WX (0(Zw)), 611(24)):
-eXp(—pTL—TF)(’l/)W|Y( W)) (4.3)

For k € N, we decompose exp(—7r), into power series expansion

exp(—7p)(Zw) = Y _ exp(—7r)i(Zw) + O(| Zw "), (4.4)

1=0

where exp(—7p)[; are homogeneous polynomials in Zy, of degree 7. Using (2.28)), we see that we
can decompose exp(—p7r,) as follows

i

2k L§J

exp(—pr)(Zw) = > > VP exp(—prr)ig(Zw) + OB | Zwl* ), (45)

i=0 j=0

where exp(—p7z)p; ;) are homogeneous polynomials in Zy, of degree 7, independent of p.
Recall that x-functions were defined in (1.10), (3.33) and (3.36). Clearly, from (3.37), we have

Ky (oy(Zw))

w3 (o)) = ) 2w T W o () T W (2w =

, (4.6)

where oy is the horizontal component of o.
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For k € N, let us expand in a neighborhood of 1

i @ (o (Zw) 7 = Z%ﬁ'ﬁ? “H(Zw) + O(1Zw ),
N 4.7)
A" (WM (Zw))2 =D (k)2 (Zw) + O(1 Zw ),
i=0
where /ﬁj)\(,j[‘?}/(a)_% (Zw), (/-fmz]/)%(ZW) are homogeneous polynomials of degree i.
We also decompose
k Y 1
kg (0v (Zw)) ) 2 (f% ) 2 -
— A O(|Z 4.8
Com ) X (Zw) + 0 Zwl", @438)
HY
where ( d’ﬁ(y ))M (Zw ) are homogeneous polynomials of degree i. As o(Zy,0) = Zy, for any
]

i € N*, the polynomials (%)@E(ZW) divide Zywyy, where Zy = (Zy, Zywv ), and we have
¢

(%)[0} = 1. For r € N, we now introduce
]
Y 1
Xy 1 WYL K (UY) )
Bonin(Zw) = D0 inig(0) HZw) - ()2 Zw) - (Foy) C(Zw) @9)
a+b+t+c=r ¢ ¢

From (4.3), @.4), @.3), (4.6), and (4.9), we deduce that the asymptotic expansion (3.80)
holds for X := W the operator TI;X Y= Resy o T«);K’p and the polynomials

I (Zw.Zy) = Y, (ResioJ)(0,Zy)p - (Resi o (& (0, Zy)1a)-

a+b+ct+d+e+f=r

cexp(—7r)a(Zw) - Y exp(—p71) i) (Zw) - Kion iy (Zw).  (4.10)

i—j=e

From (4.3), we see that the second sum in (4.10) is finite. From this, we see that the first part of
the first statement of Theorem 4.1/ follows from Theorem The fact that the coefficients of ¥
are bounded with all their derivatives follows from Propositions and the corresponding
statement for the polynomials Jfgl ,7 € N, from Lemma[3.11l The statement about the parity of I”
follows from the analogous statements for .J”, from Lemma[3.11] and the fact that exp(—p7z )i ;)
are non-zero only for even j. Now, from Propositions 2.18] the expression for JE from

0,91
Lemma[3.11] and (£.10), we deduce that for any Zy, = (Zy, Zywy) € R?; Zy, 7, € R2m

IE(Zw, Zy) = 91(y0) - Z%sy - ki (90)2. (4.11)

From this, we deduce by the last remark from Theorem the first statement of the second part
of Theorem 4.1l

The proof for the second statement of the first part of Theorem 4. 1lis completely analogous to
the proof for the first statement. One only has to realize that the asymptotic expansion (3.80) now

holds for the operators 7, XY= = Resy X|Y — E;V ¥ and the polynomials
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X (Zw, Zy) = > Resio )0, 2y ) - Resi o (6,0, Z3)1a)):
a+b+ctd+e+f=r

cexp(—7p)a(Zw) - Y exp(=p71) i (Zw) - Klorpy(Zw) — TP (2w, Z3). (4.12)

i—j=e

From (3.28)), (4.12)) and the expressions for .J XIV.E . Jo WIY'E from Theorem [3.8] we conclude that
for Z = (Zy, Zn), we have
1¥(Zw, Z3) == 0. (4.13)

This establishes the second statement from the second part of Theorem by the remark in the
end of Theorem

Let us now treat the third statement from the first part of Theorem Directly from Lemma
the last part of (3.14) and the analysis, similar to the one before (3.51)), we conclude that the
expansion holds for TPY = T<<Y|,X o TXY and

91 )P {g1).p
= Z Res,, o K [Jfg , Jlfgl] o Res,,. (4.14)
a+b=r
From (3.30), (@.14) and the expression for Jé%g, , Jfg . from Lemma[3.11} we conclude that for any

Zy, Zi, € R*™ we have
Jo(Zy, Zy) = Mo =91 - 0] (4.15)

The statement about the parity of I follows from the corresponding statements for .J% 7 and JE o
from Lemma [3.11] and the parity statement from Lemma [3.1l This establishes the thlrd statement
from the first and the second parts of Theorem 4.1l by the last part of Theorem [3.18l

Let us now treat the fourth statement from the first part of Theorem@d.1l From (2.29) and 2.32)),
for Z € R?", Z},, € R?, we deduce that

Tl W@ (2), W (Ziy)) = exp (= p() ") = (& ™)) W™ (Ziy)-
Ty, @IV (0(2)), o (WY (Z3y))) - exp(—pxe — xr) (U (2)). (4.16)
From (2.22), (3.33) and (3.36)), we deduce that
k" (Zw) = K (WY (Zw)) - (det Jac(h"™Y))(Zw). 4.17)
From (2.22)) and (2.37)), we deduce that
X (u(2)) = KXY (2). (4.18)
Hence by @.17), we obtain

(det Jac(hX™))(v(2))
(det Jac(hX1Y))(Z2)

k" (0(2)) = k) (Z) - (4.19)

1

For r € N, we denote by (det Jac(hXI"))(v )[T], (det Jac(hX|Y))[r]2, (det Jac(hW‘Y)) 2
the homogeneous polynomlals of degree r, defined as 1n #@.7) from Taylor expansions of

(det Jac(hX"))(v)z, (det Jac(RXY))~2, (det Jac(R"V))2. For r € N, we now introduce
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W (ZZh) = 3 (det Jac(W¥ ")) (0)7)(2) - (det Jac(h¥™), (2)-

a+b+c=r

(detJac(hW|Y)) (Ziy). (4.20)

We use notations, similar to and (4.3)) for exp(—(f?'y)*), exp(—yxr) and exp(—p( zvly)*),

exp(—pxyz). From the analysis, similar to the one before (3.31)), (4.3)), and (4.16)), we deduce

that the asymptotic expansion (3.80) holds for the operator 75" := Té';;;fp o TJV‘Y and the poly-
nomials
WY\« WY\
1F = > K2 [exp(=(& ™)) (Zi) - 3 exp(=p(el ™) i (Ziv):
a+b+ct+d+etf+g+h+k=r i—j=b

- JE (v, hW‘Y)[d] éa/l(v hwly) ] - exp(— XF)[f](Z)'

c,93 n

Z CXP{—PXL [ZJ}(Z) cor, h](Z ZW) Jkg2 ) (421)

i—j=g

where both sums run over a subset of natural numbers. From (2.28)), similarly to the remark after
(.3)), we see that the second and the third sums in (4.21)) are actually finite. The statement about
the parity of I” follows from the analogous statements for .J, fgg, J ,’f 4, from Lemma [3.11] and the
parity statement from Lemma From this, we see that the fourth part of the first statement of
Theorem [3.19 follows from Theorem From (3.24), (3.28)), (4.21) and the expressions for
Jfgg, Jfgz, r € N, from Lemma[3.11] we conclude that for Z = (Zy, Zy), Zy € R®*™, we have

12, Zy) = (45(9) - 92) (w0) - Z2™ ) - k™ (w02, (4.22)

which establishes the fourth statement from the second part of Theorem (4.1l by the last part of
Theorem
The proofs of the fifth and sixth statements are completely analogous to the proof of the fourth

one. The only difference is that the asymptotic expansion (3.80) holds for the operators TX‘Y =

Télslgfp © EI"/V ly’ T13X V=B Téj'; and the polynomials

Fee Y ke @Mz - Y en(plel™) (i)

a+btctd+etf+g+htk=r i—j=b
JE 0, B - (0, YY) g - exp(— XF)[f](Z)
Z GXp —PXL [ZJ}(Z) " Peor [h}(Z Z/ ) JW‘YE )
i—j=g

Fe= Y K e @) - Y en(-pe ™)) (Zin)

atbtctdtet f+gthtk=r e
TXWE (o Y 6L (0, W) - exp(—xe) ) (2)

WYE
> exp(=pxL) i) (Z) - Ko (%o 20, Ty |,
i—j=g

(4.23)
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respectively. The proofs of the parity statements are analogous. From (3.24)), (3.28)), and the
expressions for J(‘)X W.E JOW VB Jfg - Jfg ,» from Theorem [3.8/and Lemma 3.1} we conclude that

N

1E(2, Zy) = ¢ (g3) (wo) - ZE% - k™ (0)?,
IE(Z, 7)== ga(y0) - Z&* - k™ (902,

respectively. This establishes fifth and sixth statements from the second part of Theorem 4.1l by
the remark in the end of Theorem
Let us now treat the seventh statement. Directly from Lemma[2.9] (3.13)), the analysis, similar

to the one before (3.31)), we conclude that (3.80) holds for 7}, V. T«);Kp o T}f , and

(4.24)

= > KELLIE, T (4.25)

a+b=r

The parity statement IZ holds by the same reasons as before. From (3.28), (£.23) and the expres-

sion for JE - J&/ ; from Lemma[3.11] we conclude that for Z = (Zy, Z), we have

I9(Z, 2v) = g1(wo) - Z° - f - wy (), (4.26)
which establishes the seventh statement from the second part of Theorem [4.1] by the last part of
Theorem [3.18l O

4.2 Multiplicative defect and adjoints of Toeplitz type operators

The main goal of this section is to study the adjoints of Toeplitz type operators. For this, we
introduce the so-called multiplicative defect operator and study some of its properties. The operator
itself will be of fundamental importance to our calculations of the first significant term of the
asymptotic expansion of the transitivity defect, D,,, from Theorem

Theorem 4.3. Assume that (X,Y,g"~) is of bounded geometry. Then there is p; € N*, such that
for any p > p1, there is a unique operator A Ve End(H0 (Y, ."(L? ® F))), verifying

(Resy o BX)* = EXIY o AXI, (4.27)
Moreover, the sequence of operators pnl,m A;qy, p > p1, forms a Toeplitz operator with weak
exponential decay with respect to X, and we have [pnl,m Ay = lfj)f,‘y|y1, where KJ])\(,‘Y was

defined in (L10).
AXY

Remark 4.4. a) The sequence of operators pnl,m », will be later called “multiplicative defect”.
b) This theorem can be used to give an alternative proof of the main results from [9] bypassing
some of the technical difficulties, contained in [9, §2.5, §4].

Proof. First of all, let us establish the existence and uniqueness of A;),QY for p big enough. Clearly,
it suffices to prove that the kernels and the images of the operators (Resy OB;( )* and E?‘Y coincide
for p big enough. First of all, we have

ker(Resy o B, )* = (Im(Resy o B;'))*. (4.28)
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Now, in [9, (4.1)], we established that Resy o BX has its image inside of H (2)(Y, C(LP @ F)).
In [9, Theorem 4.4], by following the proof of Ohsawa—Takegoshl extension theorem, we proved
that there is p; € N, such that for any p > p;, the image of Resy o Bf coincides exactly with

H(OQ) (Y,*(L? ® F)). From this, and (4.28), we see that the kernels of (Resy o B,’)* and ExY

coincide. Similar reasoning shows that the images of those operators coincide as well. In particular,
for p > py, there is a unique sequence of operators Aiqy as in .

Now, let us establish that the sequence of operators pnl,m Aiqy, p > p1, forms a Toeplitz
operator with weak exponential decay. We do so by applying Theorem [3.18]

In fact, from (4.27) and the trivial fact Resy o E = BY we obtain the explicit formula

AXY = Resy o (Resy o BX)". (4.29)

Clearly, the first property from Theorem [3.1§] follows from (I.7)) and (4.29). The weak version of
the second property with respect to X follows from Theorem [3.4] and (.29).

We will now show that the third property is a direct consequence of Theorem For the
Taylor expansions of the x-functions, we will use the same notation as in (4.7). From the fact that
ResY(fX|Y, LRy = fIY ..., fY and 37), we see directly that the expansion (3.77) holds
for T) = pn—mAf‘Y and for the polynomials I} (Zy, Zi,), Zy, Zi, € R?*™, defined as follows

D2y, Zy) = > T2y, 24) kg (Zv) 7wy (20) . (4.30)

a+b+c=r

From the parity properties of Jo'X from Theorem 3.7l and the bounded geometry assumption, we
see that the coefficients of IY are bounded with all their derivatives, and the parity of I coincides
with r. Hence, by Theorem the sequence of operators pnl,m Afly forms a Toeplitz operator
with weak exponential decay with respect to X. Moreover, from and (4.30), we deduce

LY (Zy, Z0) = k3 15" (4.31)

20 = v O

From the last statement of Theorem [3.18] we deduce that [pnl,m

X|Y

. The following
result gives a sufficient condition for inverting Toeplitz operators with weak exponentlal decay.

Lemma 4.5. Assume that a sequence of operators GG, p € N, forms a Toeplitz operator with weak
exponential decay with respect to a manifold Z in the notations from Definition Assume that
for f := [G,)o, we have f # 0 everywhere and f~! € €°(Y,End(:*F')). Then there is p; € N,
such that for p > p,, the operators G, are invertible. Moreover, the sequence of operators G; 1
p > p1, forms a Toeplitz operator with weak exponential decay with respect to the same manifold
Z and we have [(G,)']o = fL

To prove this result, the following statement will be of utmost importance.

Lemma 4.6. For any f, f, € 6,°(Y,End(¢*F)), the sequence of operators T} o T} . p € N,
forms a Toeplitz operator with exponential decay. Moreover, we have [T}I »© Tf%p]o = fi- fo. In
particular, a product of two Toeplitz type operators with weak exponential decay forms a Toeplitz
type operator with weak exponential decay.
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Proof. The first part of this result for compact manifolds, in realms of Toeplitz operators
in the sense of [13, §7] (which is a slightly weaker notion), has first appeared in Borde-
mann—-Meinrenken—Schlichenmaier [3]], cf. [21, Theorem 3.1], for trivial /' and when the volume
form dvy coincides with the Riemannian volume form dv,rv. For nontrivial /" and other volume
forms dvy, and in a more general setting of compact symplectic manifolds, this result was proved
by Ma-Marinescu in [15], [[13, Theorem 7.4.1] by using the asymptotic characterization of Toeplitz
operators as in Theorem Since according to Theorem the analogous characterization
holds in our more refined setting of Toeplitz type operators with weak exponential decay, the same
proof would give us the needed result. O

Proof of Lemma First of all, let us consider a sequence of operators K, := G, 0 T}Cl »PEN
According to Lemmal4.6] K, p € N, form a Toeplitz operator with weak exponential decay with
respect to Z and we can represent it in the form

=1+ % (432)

p

where (),, p € N, is a Toeplitz operator with weak exponential decay with respect to Z. In
particular, by Corollary there are C' > 0, p; € N*, such that for any p > p;, we have

1@yl < C. (4.33)

From and (4.33), we deduce that there is p; € N*, such that K, is invertible for p > p;, and

Ko7' = Z(—l)?"%. (4.34)

p s
r=0 p

However, by Corollary we infer that there are C' > 0, p; € N, such that for any p > py,
r € N*, we have

Q0 (Y1, y2)| o < CTP™ 2 - exp (— ey/p - distx (Y1, ). (4.35)

We conclude by Lemma and (4.33)) that the sequence of operators K, L' p > py, forms a
Toeplitz type operator. But then again by Lemma we obtain that the sequence of operators
T}/,l e Kp_ L p > py, forms a Toeplitz operator with exponential decay. But trivially, we have

G,o T}/,l,p o Kp_l = T}/,l’p o Kp_1 o G, = Id. Hence, G, is invertible and (G,) ™! = T;il,p o Kp_l,
which finishes the proof. O

As an important consequence of our considerations, we obtain the following result.

Theorem 4.7. A family T, "~ : L*(X, [P @ F) — L*(Y,.*(L”? ® F)), p € N, of linear operators
forms a Toeplitz operator with exponential decay of type Y| X if and only if the family of linear
operators pnl,m (T L2(Y, 5 (LP @ F)) — L2(X,LP ® F), p € N, forms a Toeplitz operator

with exponential decay of type X|Y. Moreover, we have

o= ([ @] ) e 430
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Proof. Let us first assume that a sequence of operators Tg/ |X, p € N, forms a Toeplitz operator
with exponential decay of type Y| X. Clearly, it is enough to prove that for any k& € N, j = {1, 2},

g7 € G (Y. Sym NV @ End( ), for T = T = 2 and for 1, = LT
Jm Jm

L1y |X)*, p € N, forms a Toeplitz operator with exponential

j = 1, the sequence of operators

decay of type X|Y.
According to Theorem 4.3 and (L17), for p > p,, where p; € N* is as in Theorem we
have

pn

YIX s« _ XY X[y
(T«g;»,p) = Ly(geyy © AT (4.37)
Hence, according to Theorems 4116 and we see that p—nl,m (T@;}; ,)* forms a Toeplitz operator
3

with exponential decay of type X|Y. The relation (4.36) follows from Theorems A.1l6 and
This proves the first direction of Theorem The proof of the opposite direction is completely
analogous and is left to the interested reader. O

Proof of Theorem The proof of one implication of Theorem [3.20l was described in the end of
Section[3.4] The inverse implication is a direct consequence of Theorems and O

4.3 Some examples of Toeplitz type operators

The main goal of this section is to give some examples of Toeplitz type operators. To state our
results in this direction, we need to fix some notation first.
We fix yo € Y, choose an orthogonal basis wy, . . ., Wy_nm of (Ngy* )19 as in (3.66). We define

Aw,h . Symi((NX|Y)(1,O)*> ® Symj((NX|Y)(O,1)*) N Symmax{i—j,o}((NX\Y>(1,O)*>’

, : o (4.38)
Aw,a . SymZ((NX\Y)(l,O)*) ® Sym]((NX\Y)(O,l)*) N Symmax{y_l’o}((NX‘Y)(O’l)*),
for multiindices «, § € N"~™, as follows
—B %%!lwa_67 lfOZZﬁ,Oé#ﬁ,
App(w® @w’) = ¢ @ (=) :
0, otherwise,
(4.39)

1 _ B —=B-a
Apo(w* @@%) = ™ T ?7 o # B,
0, otherwise.

Clearly, those operators do not depend on the choice of the basis. We extend A, 5[-] and A, 4[]
to Sym”(NXY)* @ C linearly. For the next result, we will use the following notation. For f €

¢>°(X,End(F)), we let T;;‘)Y i=Resy o T}, 0 EXY.

Proposition 4.8. For any f € 4°(X,End(F)), g € & ,%>°(Y,Sym"(NX¥)* @ End(/*F)),
ge € DX, E°(Y, Sym™ (NXV)* @ End(1* F)), g, € B, 62 (Y, Sym* ™ (NX1Y)* @ End(¢* F)),
the sequences of operators

Y|Y Y|y
LT, 2. T«g»’p,

p € N, form Toeplitz operators with exponential decay. Also, the sequences of operators

Xy Xy 1 XY
3. Ty, 4 Tigy S T gy
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p € N, form Toeplitz operators with exponential decay of type X|Y. The sequences of operators

Y|X Y|X 1 Y |X
6. Ty, T Ty p 8. 5 a0y p

p € N, form Toeplitz operators with exponential decay of type Y| X. Moreover, we have

Y|Y X|Y Y|Y

1- [Tfuz‘) ]0 - f, 2. [Tf,pl ]0 = 0, 3, [T«g‘»,p]o = Awy:[g],
X|Y XY X|Y

4. [T Jo = Awnlgel, 5. [VBT}) o =0, 6. [T3) 11 = Awnlgol:
YiXy YIX 7 L YIX o

7 [Tyl =0, 8. [Tgyplo = Nualgel: 9. 15 tgayplo = 0:

1 Y |X _
10.[2=T gy ot = Awalgo]-

Proof. The proofs of all the statements from the first part of Proposition 4.8l are very similar to the
proofs from Theorem 4.1} they all proceed by the verification that the relevant operators satisfy the
assumptions of Theorems and The proofs of the second part are also analogous:
we only need to calculate the first term of the asymptotic expansions as in (3.77), (3.80), (3.83))
and apply the last part of Theorems For brevity, we only present the proof for the
fourth statement, which is slightly more complicated than the rest.

The validity of the first condition from Theorem [3.19] for T X s direct. The second and the
third conditions are proved in Lemma [3.11] Hence, by Theorem ﬁl the sequence of operators
TXlY ,» P € N, form a Toeplitz operator with exponential decay of type X |Y. We now only need
to calculate the first term of the asymptotic expansion of this sequence of operators to establish the
second part of the theorem.

We decompose g, as follows

= Zgw—j, (4.40)

where 7, j € Nand g ;; € Sym’(NXV)10* @ Sym/ (NXY) O From (3.28), (3.30) and (3.33),
we deduce that for any Z = (Zy, Zy), Zy € R2=™); 7y 71, € R?m, we have

To0(Z.23) = 3 Munlgess] - 287w (wo)2. (4.41)

.3
From this and the last part of Theorem we conclude that the second part of Proposition [4.8]
for the fourth point holds. O

5 Complex embeddings and associated Toeplitz type operators

The main goal of this section is to establish Theorems [L.1] and[L.8l More precisely, in Section
5.1l we calculate the second term of the asymptotic expansion of the multiplicative defect intro-
duced in Section and, as a consequence, we prove Theorem In Section[3.2] we establish
Theorems [T} [[.3]and the extension of Theorem [I.3]to towers of submanifolds of arbitrary length.
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5.1 Optimal Ohsawa-Takegoshi theorem, multiplicative defect asymptotics

The main goal of this section is to calculate the second term of the asymptotic expansion of the
multiplicative defect and to calculate the asymptotics of the optimal constant in Ohsawa-Takegoshi
theorem, i.e. to establish Theorem [.8]

Theorem 5.1. In the notations of Theorems [ 1] under assumption (I 11)), we have

[pn—l_mA;le]O =1, [pn_l_mA;(W]l _ 8%(,)(_,,1/) _ 27“1/__1 (AM[RF]_AL*W[RF]) 5.1)

The proof of Theorem [5.1] will be based on the following result.

Theorem 5.2. In the notations of Theorem[3.7) under assumptions (L. 11), we have

L x 1

J5%(0,0 - AL[RE . 5.2

2 ( ) 87T gco 271'\/—_1 [ mo] ( )

Proof. The proof is due to Lu [12] (for trivial (F, k")) and Wang [24] (for general (F, ht")), cf.
also Dai-Liu-Ma [ 13, Theorem 1.3]. O

Recall that in Lemma 317} for any f € 6°(X,End(F)), o € X, r € N, we defined the
polynomials J((Z, Z') € End(F,), Z, Z' € R*".

Corollary 5.3. Under the assumptions (I.11)), we have
n 0
T(2,2) =V 4 9T

Proof. It follows directly from (3.28)), (3.39), (3.31), (3.40) and the fact, following from Proposi-
tion[2.13 that a derivative of a sections of a vector bundle, written in the trivialization, considered
in Theorem correspond to covariant derivatives. O

(5.3)

Proof of Theorem[5.1l The first identity is a direct consequence of Theorem and our assump-
tion, see the remark before (L.11)).
To establish the second identity, remark that from the first part and Theorem [4.3] the sequence

of operators p( e mAX‘Y BY) p > p1, forms a Toeplitz operator with weak exponential decay
with respect to X Moreover, from (3.40) and (4.30Q), we see that the expansion (3.77) holds for

1) = plt AXIY B)') and for polynomials I (Zy, Zy), Zy, Zi, € R*™, verifying

1Y(0,0) = ;"% (0,0) = 2210, 0). (5.4)

From Theorem [5.2], we obtain that

1 1
% X .Y F F
Iy (0,0) = 87 <ry0 a l'yo> B 27r\/—_1( wlRyo] = AL*“[RW])' (5-5)
From the last part of Theorem [3.18 and (3.3)), we obtain the needed result. O

Let us now give the first application of those calculations.
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Proof of Theorem From , remark that the following identities hold

(E;(‘Y)* o E;qy = ((A;qy)*)_l, ResZ‘X o (Res;/‘X)* = Af'y. (5.6)
Clearly, we have ||(E;"")* o Ex" || = |IEX"||? and |Res)' X o (Res) ™)*|| = ||Res) ||, The
result now follows from this observation, Theorem 5.1} Lemma[3.14l and (5.6)). O

Remark 5.4. From (5.6)), we see that AX" is a self-adjoint operator.

5.2 Transitivity defect, proofs of Theorems 1.1},

The main goal of this section is to study the asymptotic transitivity of the optimal holomorphic
extension operator and to prove Theorems[I.1]and One way of proceeding would be to directly
use the formula to calculate the asymptotics of the sequence of operators

TV := Resy o E;1" — EJVIY, (5.7)

p > p1, where p; € Nis as in (L8) and study the first non vanishing term of this asymptotics.
Then, we will get the needed result by the use of the basic formula, cf. (1.30),

EXW oV = D, =EXY — EXW o EVIY, (5.8)

and the subsequent use of the formula (4.23). This method is, although straightforward, compu-

tationally complicated. In fact, to calculate [Eff'y — E;QW o EIV;V ‘Y] 3 (which is the first significant

term of our asymptotic expansion according to Theorem [L.3]), we will need to calculate Jg( ‘X, and
the third terms of the Taylor expansions of 7z, p7;, 0, v, etc. Working directly with the asymptotic
expansion of the sequence of operators D, is also possible due to the results from Section [3.1] but
computationally is even more difficult.

Our approach is different. We will still, however, base our consideration on the study of the se-
quence of operators TpW‘Y, p € N, instead of D,,. But differently from the above approach, instead
of using right away the explicit formula for the asymptotic expansion, we will first find an alter-
native expression for 7}, " in terms of the operators Aiqy, A;qw and A} Y Then the calculation
of the asymptotic expansion for TJV Y will be essentially encapsulated in the calculations of the

asymptotic expansions of Afly, A;qw and AE/ Y’ More precisely, our first result goes as follows.

Lemma 5.5. There is p; € N, such that for any p > p,, the following expression for TpW|Y holds

—1
Y < 0BT o 5] - (L) ()

pn—m p pl—m 14

1 -1
+ (B - (F(A;GW)*) | o Resy o B}

N [BIYV - <L(Aff|w)*) _1} o Resy o EXMo (5.9)

pn—l
o [BY - (pnl—_mAfy) o (p%mA;VY)‘l].
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Proof. First of all, recall that by Theoremd.3land Lemmal4.3] there is p; € N, such that for p > p,

L AXW pnl,m AXW pl}m AYIY are invertible. In what follows, we work with such

p with no further notice. From @.27), we have
EVPY = (Resy o BV )* o (A1) 71, (5.10)
Now, from the trivial fact that BW Resy o B, XIW and G.10) for W := X, Y := W, we obtain
B} = Resy o (Resy o B, )* o (A;(‘W)_l. (5.11)
From (3.10), (3.11) and the trivial fact that Resy o Resyy = Resy, we obtain
EVPY = (Resy o (Resy o BY)* o (AXIW)™) o (A1), (5.12)

We replace Resy in (3.12) by Resy o Bgf , open the brackets in (3.12)), use once again (£.27)) to give

an alternative expression for (Resy o Bf )* and use the trivial fact BX o EX‘Y EX|Y to obtain
1 -1 -1
EWIY = (pn H(AXY)) o Resy 0 B o (pn LAY o (pl SA) L 6a3)

The formula (5.9)) is then a formal consequence of (3.13) and the fact that Resyy o E?'Y = B;V o
Resyy o quy o BY, following from (L.7). O

To establish Theorem[1.3] we need two additional lemmas. To state the first, let us fix a function
f € €;,°(X,End(F)) and consider the Toeplitz operator T7,, p € N. We will use below the
notational conventions introduced before Theorem [3.7]

Lemma 5.6. There are polynomials Jg,(}y(Z, Z"), Jf}Y(Z, Z')in Z,7' € R*, such that for
Fffly = Jffly - P,, r = 0,1, the following holds. There are €¢,¢,C,Q > 0, p; € N*, such
that for any yo € Y, p > p1, |Z],|Z’| < e, the Schwartz kernels of T ﬁ), evaluated with respect to

the volume form dvx, satisfies

1
ST ()0 (2)

D=

=D v R (W2 e (2) R (2

Q
< Cp ! (1 +BlZ] + \/]3|Z’\> exp(—cy/plZ — Z']). (5.14)
Moreover, we have JO)ZLY(Zy, 7Z4) = f(yo) and for Z = (0, Zy), Zn € R?2™=™) we have

I(2,0)=v5 Py, (5.15)

9z

Proof. First of all, recall that the diffeomorphism AX"" was defined in (2.22)), and the functions

f‘y, ?‘Y were defined in . Directly from the definitions, we obtain the following relation

between the Schwartz kernels
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T, W (2), 01 (2)) = exp (= pl&r ™) = (&0 )) (WY (2))-
X (6 (B (2)), o (WX (2'))) - exp (= per " = &2 ) (WX (2)). (5.16)

Yo

Remark also that in the notations of 2.2)), (3.33)), (3.36), by [16, (3.26)] and [9, (5.35)], we have

ko (2)=1+0(2P), w1 (2)=1- g X, 2)+0(2P). (5.17)

By Proposition[2.315 and (5.17)), we deduce that

X

K
;‘;‘y; =14+ 0(|Z). (5.18)
R0

From Lemma [3.11] Corollary 5.3] (3.16), (5.18) and the trivial fact that for Z = (0, Zy), Zn €

R2=m) we have &5 (Z) = &5 (Z) = 0, b1 (Z) = Z, we deduce the result. O

Lemma 5.7. There are polynomials Jy s (Ziw. Z3), J\'nes(Ziv, Zy) in Zyw € R, Zj, € R*™,
such that for F/1Y .= jWI¥ -&1.m» v = 0, 1, the following holds. There are €, ¢, C, ) > 0, p; € N*,

r,Res "7 “r,Res

such that for any yo € Y, p > p1, Zw = (Zy, Zywiv ), Zy € R*™, |Zw |, | 74| < ¢, the Schwartz
kernel of Resyy o E;('Y, evaluated with respect to dvy, satisfies the following bound

pimResW o BXY (WY (Zw), 61 (Z))
! 1 1
=S v R (2w B2 )k Y (Zw) R (Z4) 7
r=0

Q
SCP‘1(1+\/I3|Zw|+\/z3IZ§/|) exp (= eyillZy — Zy| + | Zywv])). (5.19)

Moreover, we have Jﬁ;(Zw, Z4) = 1, and for Zy = (0, Zywiv), Zywy € R2=™) in the
notations of Lemma[3.1] we have

KoL, I 1 (Zaw, 0) = I (Zur,0), KEEL 1) = T (5.20)

Proof. The existence of polynomials was proved in . The calculation of Jﬁ; was included
in @.13). Now, to prove (5.20), we first remark that

BII,/V o Resy o E;qy = Resy o E;qy, Resy o E;qy = Resy o E;qy o B;/. (5.21)

Comparing the first order asymptotics of each side of (5.21), using Lemma [3.1] and the analysis,
similar to the one before (3.31)), gives

Koun[ L, T (Z, 0) + K[ I 1)( 20, 0) = I (2, 0),

(5.22)
KER T s 1+ KL ] = I
However, an easy calculation, using (3.40Q), shows that
KEPIYY 1)(Zw,0) =0, KPP, M =0, (5.23)

which obviously finishes the proof. U



Complex embeddings and Toeplitz operators 49

Proof of Theorem[[.3l First of all, remark that in Theorem [4.112, we already established that the
sequence of operators TWlY p > p1, from (3.7), forms a Toeplitz operator with weak exponential
decay with respect to X of type WY, and the identity [T}, ‘Y]O = 0 holds. From this, Theorem
4116 and (5.8)), we obtain that the sequence of operators D,, p € N, form a Toeplitz operator with
exponential decay of type X|Y, and the identity [D,]o = 0 holds. Similarly, we see that it suffices

to prove that under the assumption (LII) and dvy = dv,rw, we have [T}, Y =0, 1], =0,
WY, has degree 1, and for any n € (NW‘Y) (1.09) we have

1 8(
87 on

the polynomial [T},

1
2T\ —

Let us now establish all those statements. We assume in what follows (L.11) and dvy = dv,rw.
To simplify further presentation, we define f € (W), g € €<(Y), as follows

T R P

1 pn—m p

L]y = ") 1 - VO (AR — AulRT).(5.24)

Remark that both f and ¢ take real values due to Theorem[3.], cf. also Remark[3.4l From Theorem
[3.1] we obtain the following identities

f=—g= 8% (r;g —r ) . %\1/__1 (Aw[RF] - AL;N[RFD. (5.26)

Clearly, from Lemmas 4.3 and 53] the sequences of operators 1) := BY — (= (A1,

pn []
Tp’f 5 1= Bg — (pnl,m A;('Y) o (pl}m AXV |Y)_1, p € N, form Toeplitz operators with exponential decay,
and we have

Ye=0, [LYo=1f  [LLe=0, [T)5o=g. (5.27)
‘We now denote
TPV{)'Y —TfPOResWOE;(‘Y%—ResWOE;(‘YoT;’/p. (5.28)

From Corollary 2.11] Lemma and (3.27), we deduce that the Schwartz kernels TPW|Y(x, Y),

T;‘S'Y(:):, yhx e W,yeY,of TPW|Y, Tp%‘y, evaluated with respect to dvy., are related by

1 .
TpW|Y(x,y) — ]—)TWW(L y)| < Op™ 2 - exp ( —¢y/p - distx (z, y)) (5.29)

p,0
From Lemmas 5.6, 5.7 and (5.28), we see that there are polynomials J(%‘Y(ZW, 7z,
I (Zw, Z3), Zaw = (Zy, Zywiv), Zy, Z} € R¥™, verifying

WY W|Y WY WY Y)Y
J _J 'JORes—i_JORes JOg )

(5.30)
JOV’Vlly ZW’ Z ’Cll W‘Y I/V‘ZYRES ZW7 + Z IC Zml/%‘e}:;? IY‘Z/Q](Z‘/V? 0)7
such that for FW‘Y = JW|Y ém,, 7 = 0,1, the following holds. There are €, ¢, C, () > 0, p; € N*,

such that for any yo € Y, p > p1, Zw € R%, | Zw/|, | 24| < €, the following bound holds



Complex embeddings and Toeplitz operators 50

Ly (W (z), 6 (24))

p

‘ZP SR (B PR () A (23)7)

< cp—1(1 + VB Zw| + @\ZH) exp (= e/ Zy — Zp| + | Zywir ). (5.31)
From Lemmas[5.6,[5.7, (3.40) and (5.30), we deduce that for Zy, = (0, Zywiy ), Zywiy € R2=™),

T = f4g, I (Zw,0) =V (5.32)

dzyy

Now, from (5.29) and (5.31)), we deduce that [TW‘Y]I = 0. Remark now that by (3.26)), we
have f + g = 0. From this, (3.29), (5.31) and (5.32), we deduce that [T, W|Y] = 0. Now, finally,

from (3.29), (3.31)), (3.32)) and the last part of Lemma [3.11] we deduce (3.24)), which finishes the
proof as we explained before (3.24)). O

Let us now generalize Theorem to the tower of embeddings of an arbitrary length. We fix

a tower of embeddings Y SN Wy e G W, — T X, t:= 410011, and volume forms
dow, on Wy, i = 1,...,r, verifying assumptions, similar to (ILG) with respect to the metric g7"
induced by g7X. We assume that the triples (X, W,., g7%), - -, (W1, Wy, gt Wirt), (W1, Y, gT),
t=1,...,r — 1, are of bounded geometry in the sense of Definition 2.4

Corollary 5.8. The sequence of operators
D,, = EI))(IY _ E;QWT o EIV)VT\WT-A 0---0 EIV)V2|W1 o EZV”Y, peN, (5.33)

forms a Toeplitz operator with exponential decay of type X|Y. Moreover, we have [D,,]o = 0.
Also, under assumptions (LII) and dvy, = dv,rw;, i = 1,...7, we have [D,,]; = 0, [D,,]o = 0
and [D, |3 € €°(Y, (NXV)1.0* @ End(1*F)) for n € (NXV)(19) we have

r 1 9 | |
[DP,T’]?» n = Z {S_Wan . (rWzH _ I’Wl)
=1 ?

NG
v (Asiyul ) = Aoyl B7Y) } (5.34)

where we denoted W, = X, Wy :=Y; /' : W; — X is defined as ¢’ := 1, 0 -+- 01,41, and

Wi Wi_1
— P 1 1
N

n; n,t=1,...,7.

Proof. Let us rewrite D, , in the following way
Dy, i=EXY —EX"r o B 4 EXITr o (EZV"‘Y — B Wrto. o EIM G EZV”Y). (5.35)

Now, the result follows directly from Theorems[I.3]and 4.116 by induction. O

Proof of Theorem[L 1l 1t follows directly from Theorems [L.3] [[.6] Remark [I.7h) and Proposition
O
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