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A B S T R A C T   

The present work considers three-layer composite plates with solid face layers and a honeycomb core layer of the 
tetrachiral type. Under static bending conditions, the effects of discretization (the number of unit cells), relative 
density and thickness of tetrachiral honeycombs on the stressed state of composite plates are studied. Two sets of 
numerical experiments have been conducted: within the first one, the thicknesses of layers of composite plates 
have been remained constant with the variation in the volume of solid body of honeycombs, and in the second 
case, the volume of solid body of honeycombs is constant under the variation in the thickness of the honeycomb 
structures. Numerical modeling has been carried out within the framework of the theory of elasticity using the 
Comsol Multiphysics finite element analysis software, as well as with help of the finite element algorithms for 
solving the plane problem of the theory of elasticity. Based on the results of the analysis, diagrams of the 
honeycomb core relative density and thickness dependence of the maximal stresses in the layers of composite 
plates are presented, respectively, for the first and second formulation of numerical experiments. It has been 
shown that the discretization of tetrachiral honeycombs provides a significant effect on the strength of the 
honeycombs. Variation in the honeycombs thickness via changing the relative density under the constant volume 
of honeycombs solid body also has a significant effect on the strength of the composites.   

1. Introduction 

Currently, interest in materials with negative Poisson’s ratio (aux-
etics), which exhibit the inverse deformation mechanism: expand/con-
tract under tension/compression [1], does not subside. There is a large 
number of theoretical and experimental works that discuss the auxetic 
behavior of various kinds of materials [2–6]. However, the theoretical 
admissibility of the existence of materials with negative Poisson’s ratio 
(NPR) was first shown by Love more than a century ago [7], and later in 
Landau and Lifshits [8]. As compared with classical materials, auxetics 
demonstrate advantages in mechanical behavior [9], for example, they 
show increased energy absorption, increased resistance to indentation 
and to the process of initiation and opening of cracks. These advantages 
have always been of interest to manufacturers of materials, often such 
properties are combined in composite structures. One of the modern 
trends is the development of sandwich composites with honeycomb core 

layers of non-standard geometry [10, 11], where auxetic honeycombs as 
core layers can remarkably complement classical materials. 

Lorato et al. [12] described the mechanical behavior of tri-chiral, 
tetrachiral, and hexachiral honeycomb structures in the out-of-plane 
direction. Analytical expressions were proposed to determine the 
transverse Young’s modulus and the Voigt and Reuss bounds for the 
transverse shear stiffness. Using finite element analysis, the analytical 
results were verified, and the effect of honeycombs thickness on trans-
verse shear stiffness was determined. The theoretical models have been 
verified through experiments on specimens obtained by additive 
technologies. 

Alderson et al. [13] determined the values of Young’s modulus and 
Poisson’s ratio for a number of chiral honeycomb structures. The authors 
applied numerical analysis using the finite element modeling and 
ambient experiments on nylon specimens. It has been shown that a 
family of chiral honeycombs could exhibit auxetic behavior. 

Some results were presented at the 1st International Conference on Computations for Science and Engineering (ICCSE1), an online event, July 19–20, 2021, as well 
as at the International Conference of Young Scientists and Students «Topical Problems of Mechanical Engineering» (ToPME-2020), an online event, December 2–4, 
2020. 
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Chen et al. [14, 15] described the mechanical behavior of a rectan-
gular (tetrachiral) lattice using the plane orthotropic micropolar theory. 
Under the assumption of the stiffness of the lattice circles, the authors 
derived analytical expressions for 13 effective constants of a micropolar 
material. They also proposed a numerical homogenization procedure 
that takes into account the deformability of the lattice circles, and 
showed that deformation of the circle affects the chiral, mechanical, and 
auxetic behavior of the lattice. Young’s modulus and Poisson’s ratio of 
tetrachiral structures depend on the orientation of the load, as a result of 
which tetrachiral honeycombs exhibit auxeticity only in a narrow range 
of directions, in contrast to trichiral structures. 

Bacigalupo and Gambarotta [16] considered the non-local homoge-
nization of the hexachiral and tetrachiral honeycomb structures using 
two approaches. In the first case, the structure was represented as a 
beam-lattice with subsequent homogenization in the form of a micro-
polar continuum. The second approach proposed by the authors 
considered periodic cells from deformable portions by means of the 
second gradient homogenization. Bacigalupo and Gambarotta derived 
analytical expressions for the effective honeycomb structures constants 
using micropolar homogenization. They also showed the dependence of 
Young’s modulus and Poisson’s ratio of tetrachiral structures on the 
orientation of uniaxial stress. 

According to the results in [14–16], tetrachiral honeycomb struc-
tures under uniaxial deformation along the main directions in the plane 
exhibit zero Poisson’s ratio, which is inconsistent with the experimental 
results [13]. 

Mousanezhad et al. [17] carried out theoretical and numerical 
studies of the mechanical behavior of chiral and hierarchical honey-
comb structures, the geometric features of which occur in nature. The 
energy-based approach was used to study the elastic constants. As a 
result, analytical expressions were derived for the effective Young’s 
modulus, shear modulus and Poisson’s ratio of chiral, antichiral and 
hierarchical honeycomb structures based on a square and a hexagon. 
Analytical results have been numerically verified using the finite 
element method. The authors showed that hierarchy and chirality have a 
significant influence on the mechanical properties of structures. 

Zhong et al. [18] derived analytical expressions for the effective 
Young’s modulus, shear modulus, and Poisson’s ratio of tetrachiral 
honeycombs. The authors used the method of elliptic integrals based on 
Timoshenko’s theory for bending beams with a large deflection. The 
theoretical results were verified using numerical calculations. When 
modeling the nonlinear mechanical behavior of tetrachiral honeycombs, 
it has been found that Poisson’s ratio has positive values in tension and 
negative values in compression. The authors explained this behavior by 
the influence of the relationship between shear and normal deformation 
under uniaxial loading. In addition, in nonlinear modeling, Poisson’s 
ratio has exhibited a dependence on the magnitude of deformation, and 
in linear modeling it turned out to be zero, what agrees with the results 
in [17]. 

Qi et al. [19] investigated the deformation of tetrachiral auxetic 
honeycombs under quasi-static and dynamic uniaxial compression using 
numerical and theoretical methods, as well as ambient experiments. 
Under quasi-static longitudinal compression, the tetrachiral honey-
combs exhibited uneven transverse compression in the «Z» mode, as a 
result of which a sloping band of deformed unit cells appeared in the 
middle of the experimental specimen, dividing the specimen in two 
parts. Along the edges of the sloping band, bulges with a lower relative 
density were formed. Under dynamic longitudinal compression, the 
tetrachiral honeycombs exhibited a sequential zigzag compaction of the 
specimen in the «I» mode with uniform transverse contract. The authors 
explained the absence of bulges during dynamic deformation by the lag 
of the stress wave in the honeycomb structure in comparison with the 
shock wave. With an increase in the coefficient αh (the ratio of the radius 
of the cylinders and the length of tangentially attached ribs), the 
strength under quasi-static and dynamic compression monotonically 
increased, and the bulge effect also decreased. However, for specimens 

with the same relative density, the coefficient αh almost did not affect 
the strength under dynamic compression. Qi et al. [19] proposed 
analytical expressions for determining plateau stress in two sets of ex-
periments. In addition, the authors determined the Poisson’s ratio in the 
plane for tetrachiral honeycombs under quasi-static and dynamic 
compression using the finite element method. NPR was determined by 
the displacement of two representative nodes without taking the 
resulting bulges into account. Simulation under conditions of 
quasi-static compression at small deformations showed the dependence 
of Poisson’s ratio on the magnitude of deformation. Under dynamic 
loading, an increase in impact velocity increased the NPR value. With a 
decrease in the coefficient αh, the NPR of tetrachiral honeycombs 
monotonously decreased. The analytical expression for determining the 
minimum value of the effective Poisson’s ratio at the provisional 
densification strain under conditions of quasi-static compression was 
proposed. 

Alomarah et al. [20] investigated the known honeycomb structures 
under quasi-static uniaxial compression: re-entrant, tetrachiral, and 
anti-tetrachiral, as well as the deformation process, energy absorption 
efficiency and NPR values. A new re-entrant chiral structure was also 
studied via numerical modeling by the finite element method and 
ambient experiments. Experimental specimens were made from poly-
amide using additive technologies. Under quasi-static compression, the 
tetrachiral honeycombs exhibited a sequential zigzag compaction 
without a pronounced deformation mode «Z» [19], but rather in a 
deformation mode «I» with a minimal bulge effect. Taking into account 
the small value of the coefficient αh for the specimens in [20], the results 
obtained agree poorly with the results of [19]. During numerical and 
ambient experiments, the NPR of tetrachiral honeycombs did not exhibit 
a pronounced dependence on the magnitude of the compression defor-
mation in comparison with the results reported in [18, 19]. When 
calculating Poisson’s ratio, instead of two representative nodes [19], the 
authors used ten representative nodes from the central part of the 
honeycombs to determine the average displacements in the longitudinal 
and transverse directions. As a result of numerical and ambient experi-
ments, tetrachiral honeycombs have exhibited the highest value of 
Young’s modulus. 

Lu et al. [21] have numerically and theoretically investigated the 
auxetic behavior of tetrachiral honeycomb structures. The presence of a 
relationship between shear and longitudinal deformation in tetrachiral 
honeycombs under uniaxial loading leads to ambiguity in the determi-
nation of Poisson’s ratio. From [17] it is known that the traditional 
method of calculating Poisson’s ratio using the compliance matrix does 
not show negative values. However, in ambient experiments, tetrachiral 
honeycombs exhibit auxetic behavior [13, 20]. An alternative descrip-
tion of auxeticity based on a representative volume element with peri-
odic boundary conditions was applied in [21]. The circles of the 
structure were considered as rigid, and the attached ribs were deformed 
according to the theory of the Euler beam. As a result, the authors 
proposed a numerical approach to determine the effective Poisson’s 
ratio using a stiffness or compliance matrix. An analytical expression 
considering the geometric parameters of tetrachiral honeycombs was 
proposed for calculating the effective Poisson’s ratio. 

The works considered above demonstrate that the analytical 
description and numerical determination of the Poisson’s ratio of tet-
rachiral honeycombs do not always show their auxeticity, however, 
ambient experiments unambiguously determine the NPR of tetrachiral 
honeycombs. The study of the mechanical behavior of chiral structures 
using the finite element method is a convenient and proven approach, 
but this method is also ambiguous in determining the NPR of tetrachiral 
honeycombs. At the same time, auxeticity could have an additional ef-
fect on the stiffness and strength of honeycomb structures. Based on the 
analytical expressions in [19] and [21] for determining the NPR of tet-
rachiral honeycombs, it could be concluded that with an increase in the 
relative density of honeycombs Poisson’s ratio goes from negative values 
to positive ones. This dependence will be graphically demonstrated in 
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Section 3. 
Scarpa and Tomlinson [22] have shown theoretically that re-entrant 

honeycomb core layers increase the stiffness of composite plates under 
flexural conditions. In [23] it has been demonstrated via numerical 
simulations and experiments that the re-entrant honeycomb exhibits a 
higher specific stiffness in bending compared to hexagonal honeycombs. 
Li and Wang [24] investigated the mechanical behavior of sandwich 
composites with honeycomb core layers of various types. As a result, it 
has been revealed that re-entering honeycombs have high energy ab-
sorption and exhibit efficient stress distribution. 

Xiao et al. [25] numerically and experimentally studied the behavior 
of a sandwich beam with re-entrant honeycombs under conditions of a 
local shock pulse and rigid fixation. The experimental specimens were 
made of aluminum alloy using additive technologies. It is shown that the 
small wall thickness of the re-entrant honeycombs leads to the auxetic 
behavior of the structure and local compaction during a shock pulse, 
while the large wall thickness of the re-entrant honeycombs results in a 
global deformation of the structure with classical behavior. 

Essassi et al. [26] investigated the behavior of a sandwich beam with 
re-entrant honeycombs under three-point bending conditions. Experi-
mental specimens were made from biological material using additive 
printing. The effect of the relative density of honeycomb core layers on 
the stiffness of composites under bending and shear loads has been 
studied. 

Sandwich composites with auxetic honeycombs were investigated 
numerically and experimentally in [27, 28] under three-point bending 
conditions. Experimental specimens were made from wood-based ma-
terials, in so doing the stiffness, strength, and the ability of the studied 
composites to absorb energy have been determined. The results show 
the superiority of auxetic honeycomb structures over classical honey-
combs. The cases when the plane of honeycomb structures with auxetic 
behavior is located collaterally and perpendicular to the plane of com-
posite panels have been considered, respectively, in [22,23, 26-28] and 

[24, 25]. 
In the present work, three-layered composite plates with solid face 

layers and a honeycomb core layer of tetrachiral geometry are consid-
ered. This structure consists of ordered cylinders arranged in a square 
grid pattern, which are connected to each other by tangentially attached 
ribs, wherein each of the cylinders involves four attached ribs [12–21]. 
Similar composites were investigated in [29] under conditions of 
bending with rigidly clamped ends, where the effect of discretization 
and the relative density of honeycombs on the strength of composite 
plates was also studied. When modeling composites, a non-uniform step 
for increasing the volume of a honeycombs solid body was adopted, and 
the loading condition resulted in redundant bending of the composite 
plates along the width. These shortcomings of [29] were eliminated in 
[30] by means of a refined formulation for two sets of numerical ex-
periments, as well as for the case of three-point bending of plates. In 
contrast to [29] and [30] in the present work, the effects of discretiza-
tion and honeycombs relative density on the stressed state of composite 
plates under conditions of bending with rigidly clamped ends have been 
studied in detail. Photopolymer resin is used as the material for com-
posites, what simplifies the verification of numerical experiments in the 
framework of ambient experiments. In addition, the second set of nu-
merical experiments has been carried out with the aim of revealing the 
influence of the variation in the thickness of the honeycomb structures 
on the strength of composite plates at a constant volume of honeycombs 
solid body. 

2. Problem formulation 

Let us consider tetrachiral honeycombs, the plane of auxetic 
behavior of which is parallel to the plane of composite plates. Honey-
combs have been designed at four magnitudes of the size of unit cells Lh 
= 1.6da, where da ∈ 1, 1.3, 1.6, and 1.9. For the given honeycombs, the 
following geometric parameters have been used (Fig. 1): at ra /l = const 
(ra = da /2), θ = const, while α = l /r ≈ const (r = d /2) and 
β = tsw /r ≈ const at ρrel = const. 

Thus, tetrachiral honeycombs have been designed with different 
discretization (the number of unit cells), which depends on the param-
eter Lh, as well as with an equal range of change in the relative density 
ρrel (%), which is defined as the ratio of the volume of solid body of the 
honeycombs to the volume of the interlayer bounded by the outer faces. 
The volume of a solid body of the honeycomb structures could be varied 
by changing the thickness of their walls tsw. At each of the four values of 
Lh, the tetrachiral honeycombs uniformly fill the interlayer of the 
composites. 

For further numerical analysis, let us consider plates with the length 
a, width h and thickness t (Fig. 2) rigidly supported within the areas 0 ≤
x ≤ x1 and x2 ≤ x ≤ a for the case when they are subjected to the 

Fig. 1. Parameters of the honeycomb structure of tetrachiral type.  

Fig. 2. Loading condition and boundary conditions for composite and solid plates.  
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distributed force Fy applied at x = l1. 
Within the first set of numerical experiments, the thickness of the 

composite plate’s layers remains unchanged with the variations in the 
volume of solid body of the honeycombs. At the second set of experi-
ments, the thickness of the face layers of the composite plates and the 
volume of solid body of the honeycombs are constant while the thickness 
of the honeycomb core varies within some range. It is obvious that the 
area of solid body of the honeycombs (Fig. 1) determines the relative 
density of the honeycomb core layer. In the second set of experiments, 
due to the constant volume of honeycombs solid body, the thickness of 
the honeycomb structures directly depends on the in-plane area of solid 
body of the honeycombs. 

According to the accepted assumptions in literature (see, for example 
in [31–33]), for thin plates the ratio of its thickness t to the smallest 
in-plane dimension t/h (Fig. 2) should be less than 1 /5, what 

corresponds to composite plates in the first set of numerical experi-
ments. However, in the second set of experiments, at small and large 
values of ρrel the t/h ratio is typical for a relatively thick and thin plate, 
respectively. For comparative analysis, solid plates were constructed 
with an equal step of increasing the volume by changing the thickness. 

Strength calculations of composite plates were carried out within the 
framework of the theory of elasticity using the finite element method in 
the «COMSOL Multiphysics 5.6» numerical simulation system. Calcu-
lations were performed adopting the «Structural Mechanics» module 
[34]. A linear elastic body model was used to describe the behavior of 
the material. Under the conditions of static bending of composite and 
solid plates, the following boundary conditions 

Fig. 3. The finite element mesh of a thin (a) and relatively thick (b) composite plate.  

Fig. 4. The finite element mesh of unit cells of tetrachiral structures.  
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ux,y,z(0 ≤ x ≤ x1, y = 0, 0 ≤ z ≤ h) = 0
ux,y,z(x2 ≤ x ≤ a, y = 0, 0 ≤ z ≤ h) = 0
ux,y,z(0 ≤ x ≤ x1, y = t, 0 ≤ z ≤ h) = 0
ux,y,z(x2 ≤ x ≤ a, y = t, 0 ≤ z ≤ h) = 0

(1)  

and the loading condition 

Fy = Fy(x= l1, y= t, 0 ≤ z ≤ h) (2)  

were utilized. 
To exclude the deflection in the zy-plane, the displacements of nodes 

in the face layers of composites and solid plates have been considered as 
uz = 0. 

The finite element mesh of the composite plates was constructed 
separately for each layer, namely: quadrangular prisms and triangular 
prisms were used for solid layers and honeycomb core layers, respec-
tively (Fig. 3). The condition of continuity of field variables was estab-
lished at the layer interfaces of composites. General principles were 
applied to construct the finite element mesh of the models. Tetrachiral 
honeycombs in the xz-plane were divided into the minimum required 
number of the most regular triangles while maintaining the geometric 
shape of the honeycombs (Fig. 4), and the face layers of the composite 
plates in the xz-plane were divided into an equal number of the most 
regular quadrangles. At the same time, in the first set of experiments, the 
tetrachiral honeycombs were divided along the thickness into two layers 
of finite elements, and in the second set of experiments, they contained 
from 1 to 7 layers according to the change in thickness. The face layers of 
composite plates and solid plates contained one layer of finite elements 
along the thickness, while the mesh of solid plates involved the most 
regular quadrangular prisms. The second-order serendipity family of 
finite elements were used in all models. Thus, calculations of composites 
should have approximately the same accuracy (systematic bias), which 
does not interfere their stress state analysis. 

During static bending of composite and solid plates, the load values 
Fy (N), have been determined, at which the maximum stresses according 
to the von Mises criterion were equal to the conventional yield stress of 
the material σmax = σ0.2. 

In order to verify the results of calculations via the «COMSOL» sys-
tem, additional calculations of solid plates were performed using the 
algorithm for solving the plane problem by the finite element method in 
displacements [35–37]. In the plane problem, the loading condition (2), 
as well as the following boundary conditions were adopted: 

ux,y,z(x = x1, 0 ≤ y ≤ t, 0 ≤ z ≤ h) = 0
ux,y,z(x = x2, 0 ≤ y ≤ t, 0 ≤ z ≤ h) = 0 (3) 

The computational domain was divided into rectangular finite 

elements with four nodes at the vertices. The analytical form of the finite 
element stiffness matrix ke was determined by integration over the 
volume 

ke
r,s =

∫

τe

βT
r χβsdτ= afebfeh

4

∫1

− 1

∫1

− 1

βT
r χβsdξdη (4)  

where βr (and also βs) is the matrix of the relationship between nodal 
displacements and deformations 

βr = Lαr =

⎛

⎝
∂/∂x 0

0 ∂/∂y
∂/∂y ∂/∂x

⎞

⎠

(
ψr 0
0 ψr

)

=
1
2

⎛

⎝
br 0
0 ar
ar br

⎞

⎠ (5)  

L is the matrix differential operator, χ is the matrix of elastic constants 
for plane deformation 

χ =
E

(1 + μ)(1 − 2μ)

⎛

⎜
⎜
⎜
⎝

1 − μ μ 0

μ 1 − μ 0

0 0
1 − 2μ

2

⎞

⎟
⎟
⎟
⎠

(6)  

afe and bfe are dimensions of the sides of the rectangular finite element 
along the x- and y-axes, respectively, h is the size of the finite element 
along the z-axis which is equal to the width of the plate, r and s are 
numbers of matrix blocks (r = 1, 2…4, s = 1, 2…4), ξ and η are 
dimensionless coordinates of the rectangular element, ξ1 = − 1, η1 = − 1, 
ξ2 = 1, η2 = − 1, ξ3 = 1, η3 = 1, ξ4 = − 1, η4 = 1, αr is the matrix of 
approximating functions, ψ r = (1 + ξrξ)(1 + ηrη) /4, 
ar = ηr(1+ξrξ) /bfe, br = ξr(1+ηrη) /afe, E is the longitudinal elastic 
modulus, and µ is the Poisson’s ratio. 

It was convenient to split the stiffness matrix (4) into two terms 

ke
r,s = kE

r,s + kG
r,s (7)  

where kE is the submatrix of normal deformations 

kE
r,s =

afebfeh
4

∫1

− 1

∫1

− 1

βT
r χEβsdξdη (8)  

kG is the submatrix of shear deformations 

kG
r,s =

afebfeh
4

∫1

− 1

∫1

− 1

βT
r χGβsdξdη (9)  

Fig. 5. The scheme of finite elements of a plate within the xy-plane: (a) global numbering of nodes, and (b) numbering of finite elements.  
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χE and χG are the matrices of elastic constants, which have, respectively, 
the form 

χE =
E

(1 + μ)(1 − 2μ)

⎛

⎝
1 − μ μ 0

μ 1 − μ 0
0 0 0

⎞

⎠ (10)  

χG = G

⎛

⎝
0 0 0
0 0 0
0 0 1

⎞

⎠ (11)  

and G is the shear modulus. 
Calculating the integrals in (8) and (9), respectively, yields 

kE
r,s =

Eh
4(1 + μ)(1 − 2μ)

×

⎡

⎢
⎢
⎢
⎣

(1 − μ)γξrξs

(
1 +

ηrηs

3

)
μξrηs

μηrξs (1 − μ) ηrηs

γ

(

1 +
ξrξs

3

)

⎤

⎥
⎥
⎥
⎦

(12)  

kG
r,s =

Gh
4

⎡

⎢
⎢
⎣

ηrηs

γ

(

1 +
ξrξs

3

)

ηrξs

ξrηs γξrξs

(
1 +

ηrηs

3

)

⎤

⎥
⎥
⎦ (13)  

the sum of which determines the analytical expression for the stiffness 
matrix of the compatible finite element, where γ = bfe /afe is the 
dimensionless parameter. 

The matrix A matching the global numbers of nodes to the local 
numbers was constructed according to the rule Am,i = q with m ∈ 1, 2… 
mf, i ∈ 1, 2…if, and q ∈ 1, 2…4, where m is the global node number 
(Fig. 5,a), mf is the quantity of global nodes, i is the finite element 
number (Fig. 5,b), if is the quantity of finite elements, and q is the local 
number of the node of the i-th finite element (Fig. 6), in so doing if Am, 

i∕∈q, then Am,i = 0. 
The extended stiffness matrix kexp was constructed according to the 

kexp
m,n(i) = ke

r,s principle, where r = Am,i, s = An,i, m, n ∈ 1, 2…mf, if r∨s =

0 then ke
r,s =

(
0 0
0 0

)

The stiffness matrix of the finite element model K was determined by 
summing the extended stiffness matrices K =

∑
ikexp(i). To consider the 

external fixation of the finite element model node, the rows i1 = 2mp − 1, 
i2 = 2mp and columns j1 = 2mp − 1, j2 = 2mp of the stiffness matrix K 
were deleted, where mp is the number of the fixed node. 

The displacements of nodes were determined by the expression 

ua = K − 1
a Pa (14)  

where K− 1
a is the inverse stiffness matrix with due account for the fixed 

nodes, Pa =
{

Px
a1

Py
a2

⋯ Px
ac− 1

Py
ac

}
is the vector of nodal forces 

(hereinafter, the row matrix in curly braces means the column matrix), c 
= 2(mf − p), Px

ac− 1 
and Py

ac are nodal forces along x- and y-axes, respec-
tively, and p is the quantity of the fixed nodes. 

The full vector of displacements u =
{

ux
1 uy

2 ⋯ ux
e− 1 uy

e
}

(e =
2mf) includes zero displacements uko = 0, o ∈ 1, 2, where k1 = 2mp − 1, 

k2 = 2mp, and the matrix ua =
{

ux
a1

uy
a2

⋯ ux
ac− 1

uy
ac

}
is a sub-

matrix of u, where uac ∕= 0.
The vectors of displacements along the x- and y-axes were deter-

mined by the expressions ux
m = umx and uy

m = umy respectively, where mx 

= 2m − 1, my = 2m. 
The displacement vector v of the nodes of the i-th finite element was 

constructed as vi =
{

ux
m1 uy

m1 ux
m2 uy

m2 ux
m3 uy

m3 ux
m4 uy

m4

}
, 

where Am1 ,i = 1, Am2 ,i = 2, Am3 ,i = 3, Am4 ,i = 4, ux
mq and uy

mq are the nodal 
displacements along the x- and y-axes, respectively. 

The strain vector ε of the i-th finite element was determined from the 
expression 

ε(i, ξ, η) = β(ξ, η)⋅vi (15)  

where β(ξ, η) is the matrix of the relationship between nodal displace-
ments and deformations 

β(ξ, η) = 1
2

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

ba(1, η) 0

0 aa(1, ξ)

ba(2, η) 0

0 aa(2, ξ)

ba(3, η) 0

0 aa(3, ξ)

ba(4, η) 0

0 aa(4, ξ)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

T

(16)  

with aa(q, ξ) = ηq(1+ξqξ) /bfe, ba(q, η) = ξq(1+ηqη) /afe, and q = 1, 2… 
4. 

The vector of nodal stresses σ of the i-th finite element was deter-
mined as 

σ(i, ξ, η) = χε(i, ξ, η) (17)  

where ξ = ξq, η = ηq,and χ is the matrix of elastic constants obtained by 
excluding shear deformations from matrix (6) 

χ =
E

(1 + μ)(1 − 2μ)

(
1 − μ μ

μ 1 − μ

)

(18) 

The equivalent stresses σe at nodes of the finite element were 
determined by the von Mises criterion [38] 

σe =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ1

2 + σ2
2 − σ1σ2

√
(19)  

where σ1 and σ2 are the principal stresses. 
For the purpose of verification, we utilized an algorithm, the ex-

pressions for which were obtained using the matrix of approximating 
functions described in [35] 

αinc
r =

⎛

⎜
⎜
⎜
⎝

(1 + ξrξ)(1 + ηrη)
4

−
ξrηr

8

(
μ
γ
ξ2 + γη2 −

μ
γ
− γ

)

−
ξrηr

8

(
1
γ
ξ2 + μγη2 −

1
γ
− μγ

)
(1 + ξrξ)(1 + ηrη)

4

⎞

⎟
⎟
⎟
⎠

(20) 

Repeating the previous calculations, we obtain analytical 

Fig. 6. The scheme of local numbering of nodes of finite elements.  
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expressions for the submatrices kE
r,s and kG

r,s of the stiffness matrix of an 
incompatible finite element 

kE
r,s =

Eh
4(1 + μ)(1 − 2μ)

×

⎡

⎢
⎢
⎢
⎢
⎣

(1 − μ)γξrξs

(

1 +
1 − μ2

3
ηrηs

)

μξrηs

μηrξs (1 − μ) ηrηs

γ

(

1 +
1 − μ2

3
ξrξs

)

⎤

⎥
⎥
⎥
⎥
⎦

(21)  

kG
r,s =

Gh
4

⎡

⎣

ηrηs

γ
ηrξs

ξrηs γξrξs

⎤

⎦ (22)  

as well as the expression for the matrix β(ξ, η) of the relationship be-
tween nodal displacements and deformations 

β(ξ, η) = 1
2

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

ba(1, η) ea(1, η)

ca(1, ξ) aa(1, ξ)

ba(2, η) ea(2, η)

ca(2, ξ) aa(2, ξ)

ba(3, η) ea(3, η)

ca(3, ξ) aa(3, ξ)

ba(4, η) ea(4, η)

ca(4, ξ) aa(4, ξ)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

T

(23)  

where ca(q,ξ) = − μξqηqξ /bfe,and ea(q,η) = − μξqηqη /afe. 
When calculating solid plates using the above algorithms for solving 

the plane problem, the plates were divided along the thickness into two 
layers of rectangular finite elements with approximately equal sides. 

3. Numerical results and discussion 

Let us construct a diagram of the cell wall thickness of the investi-
gated tetrachiral honeycombs dependence of the negative Poisson’s 
ratio (NPR) (Fig. 7) using the following analytical expressions proposed 
in [19] and [21], respectively: 

μ = −
sinθ[αh − αh(π − 2θ)(αh + βh)]

2αh(αh − αhsinθ − βhsinθ)
(24)  

where αh = ra
l ,βh = tsw

l , and 

μ = −
(ah − bh)

2sin2θcos2θ
2ahbh(sin4θ + cos4θ) + (ah + bh)

2sin2θcos2θ
(25)  

where ah = le3

24EI, bh = l
2thtswE, le = l − 2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2rtsw − tsw2

√
, I = thtsw3

12 , and th is the 
honeycomb thickness. 

The considered honeycombs at small values of relative density (14, 
21.1, and 28.2) possess NPR. At the same time, for structures with 
different discretization, but equal ρrel, the NPR values lie within a nar-
row range. With an increase in ρrel, Poisson’s ratio goes from negative 
values to positive ones. 

For calculations the following parameter values were taken for 
composite and solid plates (Fig. 2): a = 54 mm, h = 13 mm, l1 = a /2, x1 
= 12 mm, and x2 = 42 mm. For the first set of numerical experiments, 
the thickness of the honeycomb core layers is 1 mm. For the second set of 
experiments, the volume of solid body of the honeycomb structures is 
351 mm3. In both formulations, the thickness of the face layers is 0.5 
mm. 

The properties of the Formlabs Clear photopolymer resin [39] were 
used as the material properties of composite and solid plates, namely: E 
= 2.8 GPa, μ = 0.35, density ρ = 1200 kg/m3, and conventional yield 
strength σ0.2 = 35 MPa, which was determined in accordance with the 
graph provided by Formlabs [40]. Assume that the Formlabs Clear 
material is isotropic with a slight difference in tensile and compressive 
strength. 

The composite plates under investigation have the welded contact at 
the interface between the layers, what made it possible to consider them 
as a monolithic polymer structure with the possibility of layer-by-layer 
stress analysis. It has been noted in [41,42] that the utilization of the 
von Mises criterion when calculating the limiting state of polymers re-
sults in a good agreement with experimental data. Due to the ease of use 
and satisfactory results, this criterion is widely applied in the analysis of 
the stress state of polymer structures [43–47]. 

The verification of the «COMSOL» system by the example of calcu-
lations of solid plates has allowed us to demonstrate a good matching of 
the results obtained using the «Structural Mechanics» module and two 
above-mentioned algorithms for solving the plane problem by 

Fig. 7. Diagram of the cell wall thickness dependence of the NPR at different honeycombs discretization.  
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Fig. 8. Diagram of the solid plate’s thickness dependence of the load Fy at σmax = σ0.2.  

Fig. 9. Diagrams of the honeycomb cores relative density dependence of the maximum stresses at Fy = 30 N in the first formulation of numerical experiments: a) in 
the upper solid layer, b) in the honeycomb core layer, c) in the lower solid layer, d) in the thin composite plate. 
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Fig. 10. Diagrams of the honeycombs thickness dependence of the maximum stresses at Fy = 60 N in the second formulation of numerical experiments: a) in the 
upper solid layer, b) in the honeycomb core layer, c) in the lower solid layer, d) in the composite plate. 

Fig. 11. Diagram of the honeycomb cores relative density dependence of the load Fy at σmax = σ0.2 for the first set of numerical experiments.  
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comparing the graphs constructed in Fig. 8. 
Fig. 9 shows the diagrams of the honeycomb cores relative density 

dependence of the maximum stresses in the layers of thin composite 
plates at Fy = 30 N in the first set of numerical experiments. Within the 
variation of ρrel from 14 to 71%, the difference between the values of the 
maximum stresses in tetrachiral honeycombs with different discretiza-
tion has a pronounced area of the increase and subsequent decrease. 

In so doing, the discretization of honeycomb structures does not 
affect the values of the maximum stresses in the solid layers of the 
composite plates, while the values of the stresses in the upper and lower 
solid layers are almost equal. The diagram in Fig. 9,d displays the 
highest stresses when three layers were taken into account simulta-
neously, i.e. directly in the composite plate. At small values of ρrel, the 
maximum stresses in the composite plates appear first in the tetrachiral 

honeycombs, and with the increase in ρrel they transfer to solid layers. 
The honeycomb structures with lower discretization demonstrate the 
higher strength relative to the structures with the higher discretization. 
The transition of critical stresses within composite plates from honey-
comb core layers to solid layers occurs in honeycombs with less dis-
cretization at a lower relative density. 

Fig. 10 shows the diagrams of the honeycombs thickness dependence 
of the maximum stresses in the layers of composite plates at Fy = 60 N in 
the second set of numerical experiments. The relative density of tetra-
chiral honeycombs varies in the same range as in the first set of exper-
iments. However, due to the equal volume of the solid body, the 
honeycombs have different thicknesses, which increase with decreasing 
ρrel. The maximum stresses in tetrachiral honeycombs with different 
discretization increase nonmonotonically with an increase in the 

Fig. 12. Diagram of the honeycombs thickness dependence of the load Fy at σmax = σ0.2 for the second set of numerical experiments.  

Fig. 13. Diagram of the volume of solid body of the composite and solid plates dependence of the load Fy at σmax = σ0.2 for the first formulation of numerical 
experiments. 
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honeycombs thickness (decrease in ρrel), but the intensity of this increase 
is lower relative to data presented in Fig. 9,b. The values of the 
maximum stresses in solid layers of composite plates do not depend on 
the discretization of honeycomb structures. At small values of the hon-
eycombs thickness, the stresses in the upper and lower solid layers have 
an insignificant difference, which increases with the increase in the 
thickness. In the second set of experiments, the honeycombs with lower 
discretization also show higher strength relative to structures with 
higher discretization. The sequence of transition of critical stresses from 
honeycomb core layers to solid layers occurs in a similar way as in the 
first set of experiments. 

In addition, diagrams of the honeycomb cores relative density 
(Fig. 11) and thickness (Fig. 12) dependence of the load Fy at σmax = σ0.2 
are presented, respectively, for the first and second sets of numerical 
experiments. It is easy to notice that the form of the graphs in Fig. 11 and 
Fig. 12 is the symmetrical reflection of the graphs in Fig. 9,d and Fig. 10, 
d, respectively. From the diagram in Fig. 12 it follows that with a con-
stant volume of honeycombs solid body, the variation in their thickness 
by changing the relative density allows one to obtain the maximum 
strength of the composite plates. At the same time, the peak strength 
value is at the point of transition of maximum stresses from honeycomb 

core layers to solid layers at a certain honeycombs thickness. 
The diagram of the volume of solid body of the thin composite and 

solid plates dependence of the load Fy at σmax = σ0.2 for the first set of 
numerical experiments is constructed in Fig. 13. The diagram shows that 
with an increase in the volume of solid body of the honeycomb core 
layer until reaching a continuous medium, the strength of composites 
tends to the strength of a solid plate with the same external dimensions. 
At the same time, with an increase in the volume of solid body of the 
honeycombs, the change in critical stresses in composites becomes linear 
(Fig. 13), until a complete transition from honeycombs to a continuous 
medium. This observation may indicate a satisfactory accuracy of nu-
merical experiments of composite plates, provided the corresponding 
accuracy of calculations for solid plates. The diagram also shows that 
thin composite plates could significantly reduce the volume of a solid 
body relative to solid plates with equal strength and insignificant dif-
ference along the thickness. 

The diagram of the honeycomb core relative density dependence of 
the maximum stresses in the layers of composite plates at σmax = σ0.2 in 
the first and second sets of numerical experiments are presented, 
respectively, in Fig. 14 and Fig. 15. With the increase in ρrel at both types 
of experiments, the transition of critical stresses in composites with a 

Fig. 14. Diagrams of the honeycomb cores relative density dependence of the maximum stresses in the layers of thin composite plates for the first formulation of 
numerical experiments. 
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honeycomb core layer to solid layers occurs with the same sequence 
within equal ranges. 

Fig. 16 shows the diagrams of stress distribution in composite plates 
at da ∈ 1.6, ρrel = 14, σmax = σ0.2 in two formulations of numerical ex-
periments. Critical stresses in relatively thick composite plates are 
localized mainly in the area of application of the force, and in thin 
composite plates they have a more uniform distribution. 

Conclusions 

In this work, the influence of discretization, relative density and 
thickness of a honeycomb core on the stress state of three-layered 
composite plates with a tetrachiral honeycomb interlayer during static 
bending with rigidly clamped ends was investigated. In the first set of 
numerical experiments, the volume of honeycombs solid body was 
varied under a constant thickness of layers, and in the second set of 
experiments, the thickness of the honeycomb structures was varied at a 
constant volume of honeycombs solid body and the thickness of the face 
layers. It has been found that in the first formulation under conditions of 
constant loading on composites, with an increase in the relative density 
of honeycombs from 14 to 71%, the difference between the maximum 

stresses in honeycombs with different discretization has a pronounced 
area of increase and subsequent decrease. It has been shown that thin 
composite plates possessed the significantly reduced volume of a solid 
body relative to solid plates with equal strength and insignificant dif-
ference in thickness. In the second type of experiments under constant 
load conditions, the maximum stresses in the tetrachiral honeycombs 
increase nonmonotonically with the increase in the thickness of hon-
eycombs (or with the decrease in the relative density), but the intensity 
of the increase is lower relative to the first formulation. With a constant 
volume of honeycombs solid body, variation in their thickness by 
changing the relative density (i.e. cell wall thickness) allows one to 
reach the maximum strength of composite plates. In so doing, the peak 
strength value is at the point of transition of maximal stresses from 
honeycomb core layers to solid layers at a certain thickness of honey-
combs. In both sets of experiments, honeycomb structures with lower 
discretization show higher strength relative to structures with higher 
discretization. In addition, in both formulations, the discretization of 
honeycombs does not affect the values of the maximal stresses in solid 
layers of composite plates. Critical stresses in relatively thick composite 
plates are localized mainly in the area of force application, while in thin 
composite plates they have a more uniform distribution. 

Fig. 15. Diagrams of the honeycomb cores relative density dependence of the maximum stresses in the layers of composite plates for the second formulation of 
numerical experiments. 
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The procedure described could be generalized for other types of 
static loading and boundary conditions, as well as for multi-layer plates. 
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