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Abstract

We derive the predicted time dilation of delocalized atomic clocks in an optical lattice setup in the
presence of a gravitational field to leading order in quantum relativistic corrections. We investigate
exotic quantum states of motion whose relativistic time dilation is outside of the realm of classical
general relativity, finding a regime where 2*Mg optical lattice clocks currently in development
would comfortably be able to detect the special-relativistic contribution to the quantum effect (if
the technical challenge of generating the necessary states can be met and the expected accuracy of
such clocks can be attained). We find that the gravitational contribution, on the other hand, is
negligible in this setup. We provide a detailed experimental protocol and analyse the effects of
noise on our predictions. We also show that the magnitude of our predicted quantum time dilation
effect remains just out of detectable reach for the current generation of ¥ Sr optical lattice clocks.
Our calculations agree with the predicted time dilation of classical general relativity when
restricting to Gaussian states.

1. Introduction

Time dilation is one of the key predictions of the special theory of relativity, being central to its experimental
validation [1]. It was first observed in 1938 via its contribution to the Doppler shift in the spectrum of
hydrogen atoms accelerated to speeds on the order of magnitude of 10~>c [2]. Einstein’s principle of
equivalence between acceleration and gravity implies that the latter also leads to time dilation, a prediction
which was first observed on Earth in 1960, over a distance of 22.56 m [3]. Since then, the incredible accuracy
of modern optical clocks has drastically decreased the scales over which time dilation is detectable. In 2010,
time dilation was observed between optical clocks moving at relative velocities on the order of 10~ 8¢, and
over a height difference of 33 cm [4]. Recently, gravitational redshift was observed within a sample of atoms
on the single-mm scale [5], leading to the exciting prospect that it may soon be detectable on the length scale
of the wavefunction itself. In [6], a prescription was given for calculating the time dilation in this regime,

i.e. for clocks whose velocities and positions are subject to quantum indeterminacy, leading to the prediction
of a novel quantum-interference effect. In this work, we study the feasibility of observing this effect in
state-of-the-art atomic clocks.

There has been much theoretical work on a quantum theory of spacetime in the last century (see e.g. [7,
8]), but there has been comparatively little experimental progress to guide the way, with the notable
exception of certain phenomenological results [9]. Given the extreme regimes at which a full theory of
quantum gravity is expected to be necessary, it may be fruitful to instead investigate low-energy effects
combining relativity and quantum mechanics. There are numerous experiments and phenomena where both

© 2024 The Author(s). Published by IOP Publishing Ltd
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quantum and gravitational effects manifest together (see e.g. [10] and references therein), which can be
described by simply combining quantum theory and relativity (or even Newtonian gravity, e.g. [11]).

Going a step further, a recent approach consists of quantizing the mass defect associated with the internal
states of a moving body, resulting in a coupling between its internal and motional degrees of freedom [12,
13]. This coupling leads to novel predictions such as a gravitational decoherence [14] (not to be confused
with the Didsi—Penrose model [15, 16]) and time-dilation-induced effects in atom interference
experiments [13, 14, 17]. Moreover, the model has been applied in the Page—Wootters formalism [18], and is
predicted to affect spontaneous emission rates [19] and atomic spectra [20].

The effect of a quantized mass defect in the time dilation experienced by atomic clocks has been
considered in [21-24]. In [6], it was shown that this quantization implies the existence of quantum
interference effects in the average time dilation observed for certain states of motion (see also [18]). In that
analysis, the clocks were freely-falling, in contrast with the spatial confinement of modern state-of-the-art
clocks.

Here we examine the potential for the interference effect to be observed in optical lattice clocks, which are
ideal due to both their ultra-high precision [25-27], and the degree of control of their spatial degrees of
freedom [28-32]. We consider 2*Mg optical lattice clocks (and 8 Sr in appendix E), providing upper bounds
on decoherence rates required in order to observe the discrepancy with high confidence. Our numerical
results show that the discrepancy could be detectable by a next-generation *Mg optical lattice clock with a
relative accuracy of 10~!%, which are under development and will likely be in operation in the near future
[33-36] (assuming that such clocks attain the accuracy that they are expected to), opening the door for the
quantized-mass-defect model to be subject to experimental scrutiny. We find that the quantum effect on
time dilation is dominated by the motion of the clock in the trap, while the effect on the gravitational
contribution to time dilation is negligibly small.

We begin by laying out the theoretical model in section 2, before describing our proposed experimental
protocol in section 3, and then finally analyse the effect of noise in section 4.

2. Theoretical model

2.1. Relativistic quantum clocks
In this section we lay out the theoretical model and its application to atomic clocks. It will set the stage for
section 3 where we devise experimental protocols.

Consider a point-like classical particle with rest mass m, position x = (x, y,z), and momentum
P = (Px: Py, Pz), subject to some (e.g. optical) potential U(x). Following from the energy-momentum relation
in a weak gravitational field and low-energy limit, the Hamiltonian function in the rest frame of a laboratory
on the Earth’s surface is given by (see appendix A)

H:mcz—i—mgz—i-%—i—U(x)—&—O(c_z), (1)

where z is the particle’s height and g is the Earth’s surface gravity, and where O(c~") denotes terms
proportional to ¢ ", as well as higher orders. The particle’s proper time has the line element

dr = \/gudx*dx¥, given here by
2
dr = (1 + e _ () (t)> dt+0(c7). (2)

c? 2m?c?

After a duration T in the laboratory frame, the particle experiences the proper time

T:T+Io, (3)

Iy = % /OTdtl (mgz(tl) - (p;)ﬂ(f)) . (4)

Here z(#) and p(#) are governed by the Poisson bracket

dp dx B
a 7*{H,P}, E* {H,X}. (5)

where

Now let us consider the particle as a point-like clock, with an inner clock degree of freedom denoted by
subscript ¢, in addition to the above kinematic degrees of freedom, denoted by subscript k. We obtain the

2
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quantized Hamiltonian in three steps. First, denoting the internal energy associated with the clock degree of
freedom by H,, we account for the associated mass-defect (i.e. mass-energy equivalence) by making the
replacement mc> — mc* + H.. Second, we expand the energy-momentum relation, keeping O(c~2) and
O(c™*) terms but neglecting O(c~®) terms in the Hamiltonian. Finally, we replace all observables by
operators. More details can be found in appendix A. We thus obtain

i H2
H= Hk-‘rH-i- ®Vk+

W 6
g W (6)
where

R P

Hy :mc2+mg2+%+U(&)+o(c*2), (7)

~2

A . P B

Vi :mgz—%—t-O(c %), (8)

N

Wy =—. 9

k=5 )

Note that the O(¢™2) terms in Hy, includes terms proportional to gzzz, I and £, ", and that the O(c™?)

gzzH

terms in V; and the O(CO) term in W correspond to the O(c~*) terms in equatlon ( ), specifically

1:“54 , gzl’f ,and 22! P see appendix A for details. For brevity, we do not write them explicitly here, and we

will later show that these O(c~?) terms in Hy and V. do not contribute to the lowest order correction to the
measured time; see equations (28) and (29).

Since the clock degree of freedom couples with the kinematic degrees of freedom, its time is affected by its
motion and vice versa. In an optical lattice clock, the clock degree of freedom remains coherent much longer
than the kinematic degrees of freedom, see e.g. [37, 38]. We therefore only consider decoherence processes
via the kinematic degrees of freedom, modelling the system by the Lindblad equation (see e.g. [39]):

d
337 = 7<)+ Fi(p) + Fini (p), (10)
where
T1 . . 1
Fine (p) = —1 |:mC2Hc®Vk+ C4H2®Wk7p ; (13)
Ap) =5 3 2hipl] ~ LfLip— phL; (14)

i

Here {L;}; are the Lindblad operators describing the effect of environmental noise on the kinematic degree of
freedom. Suppose that the initial state py is a product state between clock degrees of freedom and kinematic
degrees of freedom

Po = Pe,o @ Pr,o- (15)

We regard the non-correlating parts .%, and .%j as the unperturbed evolution and the correlating part iy as
the perturbative evolution. The Lindblad equation can be expanded in terms of p = > p" where p(")
is order O(c2"). This leads to the coupled equations

n muCZn

(%p(o) =7 (0) = 7 (o) =0, (16)
c%p“) =7 (o) (V) = —i[ e ] (17)
ditpu) ~7(0?) = 7 (0?) = ~ [0 V)]

—i[B e Wi, p®). (18)
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The solution is derived in appendix B. We further introduce I; and I, which will allow us to quantify the
expectation value and variance of time dilation respectively, when the clock runs for a duration T in the lab
frame

T
I = mlcz/o dtlTr(Vk [tﬂpk,o) ()
I 5 p’
= /O dy (mg<z[t1]> - <(P227£t1]>> ; 20
2 T 53 N ~
hi=—r / dr, / dey Tr((Vi[t2 = 1] Vi) prc[11]) 2

where we have reserved square brackets for the evolution of a density matrix p and operator O in the
interaction picture by

plf] =7+ (p), O[f] := e 7l <O) : (22)

respectively. One can easily find the analogy between equations (4) and (20) by replacing variables such as
2(t,) and p?(t,) with expectation value of observables such as (z[t;]) and (p*[#1]).

2.2. Relativistic effects in atomic clocks
The clock transition in an atomic clock can be well-modelled by a two-level system whose ground (excited)
state is denoted by |g) (|e) respectively) and we thus write the clock Hamiltonian as

- 1
HC = EEWOOA'Z. (23)

The clock-transition frequency wy of the atom is compared with the frequency w of a very stable laser. Any
detected difference in frequency is cancelled on the fly by adjusting the laser frequency accordingly. The end
result is a high quality time signal from the laser. This comparison may be done via the Ramsey experiment
[40], for example, whereby the atom initially in its ground state |g) is prepared in the |g) + |e) state by a

3 -pulse, then allowed to evolve freely for a duration of T, before another 7 -pulse is applied and then finally
measured in the energy basis. In the absence of relativistic effects, this results in Ramsey fringes described by

Pr(le)) =

where wy is the centre of the fringes and p (which is usually a function of w — wy) is their contrast. In order to
minimize the variance in the estimate of wy, the laser frequency is tuned to the two maximal gradient points
either side of the fringe centre at w ~ wy. (The other maximas of the cosine are reduced by a smaller p-value.)
Under such optimal conditions, the variance of the estimation of wy is proportional to T~2p~2. Relativistic
effects, however, lead to a shift of the fringe centre to @y, and a decreased contrast p, and thus an increased
variance 3. Moreover, as we show in appendix C, equation (24) still holds but with the replacements

(1+pcos((w—w)T)), (24)

| =

wOT%—)(Z)QT:wo(T‘FIl), (25)
2

pwﬁzlf%(ﬂ%(b)—ﬁ), (26)

09— 0 X T_zf)_z. (27)

where we have assumed p ~ 1 for w ~ wy.
In order to find the lowest order relativistic corrections to wyT and p, we rewrite equations (19) and (21),
using pl((") and Vl((") to denote the O(c™2") terms in py and V, arising from equations (7) and (8) respectively:

T A1)
Il = % dtl Tr((f/f(o) [tl] —+ Vl(( C[ztl] =+ . ) pk70> s (28)

me Jo m
2 T t - (0) {/l((l) [tz o tl]
L, = W_/O dtz/o dtlTT<<V£ [tz—tl]—‘rT-i-...

o) M
X (Vﬁ”’+‘n/§@+...> <pf(°> [n]+pkmc[ztl] +>> ,

4

and

(29)
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The lowest order of I; and of I, only contains py o and \A/I({O). Equation (25) immediately shows that the lowest

order of @y T contains only py o and \71((0). In equation (26), the lowest order of I does not cancel with that of
R(L,) in general, as the former is the square of the expectation of an operator and the latter is the expectation
of the square of the same operator when the evolution is unitary, as is shown in appendix B. Moreover,
equation (26) shows that the lowest order of p contains only p1(<0) and Vf{o). In conclusion, it is sufficient to
only take into account O(c°) terms in equations (7) and (8) respectively.

Note that the proper time of a classical clock can be recovered when the kinematic state is Gaussian. As is
seen from equations (4) and (20), one can obtain equation (3) from equation (25) by replacing expectations
of operators (z[t;]) and ((p?)[#;]) with the classical functions z(#,) and (p?)(t,). For a pure kinematic state
with Gaussian distributed amplitudes specified by initial mean position z(0), and mean momentum p(0)
with variance o (0), this corresponds to replacing (z[t,]) by z(t;) and () [n]) by p(t)* + o, ().

2.3. Quantum effects on the relativistic time dilation

To go beyond the classical relativistic time dilation and examine quantum effects, we will distinguish between
two cases, corresponding to two different initial kinematic states: the case of preparing a spatial quantum
superposition py o qum, and the case of a spatial classical mixture py o cs:

Pro,qm = V)|, ) = \/E(cosmw]) +el? sin0|¢2>) , (30)

Pro,dls = €08 011 )(thy | + sin® 0] ) (1], (31)

where [1)1), 1)) are Gaussian states [41] with different initial mean position and momentum; K is a
normalisation constant. Our usage of states with Gaussian-distributed amplitudes is motivated by
experimental conditions; we will show in section 3 how such states and their superposition or mixture can be
prepared. The two cases will yield different time dilations. We use the notation Iy > I1 qtm> > = I qtm>

Wo > @o,qtm and p — pgum When evaluating the case of a quantum superposition, and similarly I; — I g,

L — L g5, @o +> @y s and p — pgs in the case of the classical mixture. The discrepancy between the
relativistically shifted frequencies in the two cases is denoted

(‘DO,coh = a}O,qtm - (DO,cls~ (32)

By preparing two atomic clocks in parallel with the two different initial states, one can investigate when this
shift is experimentally detectable via equation (24). Let us first define three quantities

Al,coh = Il,qtmfll,clsa (33)
Ag,qtm =R (IZ,qtm) - I%,qtm7 (34)
A%,cls = %(IZ,dS) - Iicls' (35)

The quantity A; ., is related to the discrepancy in clock times. Note that because pg k qim and po k. qs differ by
a constant matrix, the coefficients of the linear contributions of relativistic effects in I} qum and I ¢ also differ
by a constant. Thus their difference, A; o, is linear in relativistic effects. Meanwhile, A%qtm is related to the
contrast pgum and thus to the increase in variance of the transition frequency in the quantum superposition
case. Similarly, A%}ds is related to p.s and thus to the increase in variance in the classical mixture case. This
correspondence holds not only for atomic clocks, but also for the idealized clocks discussed in appendix D.
Let us now express the frequency discrepancy and the fringe contrasts in terms of these variables. The

discrepancy is

Wo,coh = —— W, (36)

including a gravitational term (proportional to the ratio of differences in gravitational potential energy with
mc?) and a motion term (proportional to the ratio of kinetic energies with mc?); see e.g. equation (20). In the
following, we do not explicitly neglect either term, though we will find that the motional term dominates in
our setting. The fringe contrasts in equation (24) in the two cases are then

. wd .,
pqtm =1- 7A2,qtm7 (37)
2
~ W,
Pds = - ?OA%,CIS' (38)

5
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Using relation equation (27), the variances satisfy

1 w?
2 0 A2
T,qtm X 75 + — A5

rIQ fIQ 2,qtm>

w
O-(% ds X rIQ Tg A2 ,cls* (40)

(39)

Under the usual assumptions of the addition-of-quadratures rule for standard deviations, we have

~2 ~2 ~2
UO coh — OO,qtm + UO,cls? (41)

thus obtaining

2 Wo A2

TQ T2 2 ,€cq? (42)

2
00,conh X 5
where A3 q = = A} qem T Az Js- Because the proportionality factor depends on how the Ramsey
interferometry is 1mplemented we will provide estimates for Aicq rather than 7, directly.
The condition to detect the discrepancy can be expressed as

&)O,coh = 60,c0h; (43)

for atomic clocks. For idealized clocks, interested readers may refer to appendix D for further discussion.
3. Experimental protocol

3.1. State preparation

We propose an experimental protocol based on an optical lattice clock, since they afford the highest accuracy,
as well as permitting the high level of control required for the preparation of different kinematic states. Such
a clock relies on an optical potential to confine the atoms, which depends on their electronic state |n) and
position X, as well as the frequency w and the polarization p of the optical field. It is convenient to express the
optical potential in the basis |n):

U=> Uy (X)|n)nl. (44)

Suppose that an atom is in the electronic state |#) and that the optical field has one frequency w but two
polarizations (left ( and right O circularly polarized light), then the optical potential that the atom feels is
given by [42, 43],

U®=; 3 aw@nBEF (15)

Pe{0G,0}

where a,(w, p) is the polarizability of the atom and is dependent on #, w and p. In a one-dimensional optical
lattice, the optical potential is a one-dimensional standing wave:

Uy (X) = — Uy, max cOs” k2. (46)

Atoms are usually confined in a deep optical lattice in order to reduce the recoil shift and the Doppler shift
and increase the accuracy [44]. Therefore, the potential can be expanded around a minimum point, giving
the harmonic oscillator approximation,

1
U, (%) =~ zmw2 2 — Uy maxs (47)

20,
where w,, , = 1/ ===

k. The optical lattice is also aligned parallel to the gravitational field, which suppresses
the hopping between sites and improves the accuracy [45].

We choose coherent states |«) and | — «) (which are Gaussian [41]) for [¢)) and |1),) in the spatial
superposition and the spatial mixture, i.e. equations (30) and (31). There are two reasons to choose coherent
states here. One is that they are the most classical choice in the sense that they have a non-negative Wigner
function and saturate the position-momentum uncertainty relation. More importantly, they can be prepared
easily in the experiment. With the harmonic oscillator approximation, the ground state of the deep optical

lattice is the vacuum state. Coherent states can be prepared by displacing the vacuum state, for example with

6



10P Publishing Quantum Sci. Technol. 9 (2024) 045052 Y Hu et al

|u1}, unstable

|us}, unstable

——  |m2), metastable
|my ), metastable

|s2), stable
[s1), stable

Figure 1. The energy diagram of the desired atom in our general protocol. The line width corresponds to the transition strength.
The line colors indicate the relative energies of the transitions e.g. the blue line has a higher frequency than the green line.

a state-dependent optical lattice [46]. An atom prepared in such a state will oscillate, resulting in time
dilation due to both motion and gravitational redshift. Note that since the optical potential depends on the
electronic state, atoms in two different electronic states can be subject to different optical lattices. Suppose
that there are two electronic states |g) and |e) for which the polarizability in equation (45) satisfies

g (w,07) > ap (,07), (48)
Q) (w,a_) <y (w,a_) , (49)

and consider two coinciding optical lattices induced by lasers with o polarizations respectively. An
appropriate phase modulation of the o lasers can displace the optical lattices in two opposite directions.
Atoms in |g) and |e) are mainly subject to optical lattices induced by o and o~ -polarized lasers respectively,
and thus move along with the corresponding optical lattice in two opposite directions. In such a
state-dependent optical lattice, the spatial ground states induced by the & -polarized lasers are the respective
coherent states | + «) of the original optical lattice.

To prepare the superposition of coherent states given in equation (30), one can first prepare atoms in the
spatial ground state and a superposition of |¢) and |e), then state-dependently displace and replace the lattice.
After that, the desired stated is achieved by measuring in the {|g) + |e), |¢) — |e) } basis and post-selecting the
|¢) — |e) outcome. To prepare the mixture, one can follow the same method, except measure in the {|g), |e) }
basis and do not post-select.

Another important technique is electron shelving [47]. Suppose that there are a stable energy eigenstate
|¢) and an unstable energy eigenstate |f), and that |f) spontaneously decays to |g). Let an atom be in |g). We
induce the transition between |g) and |f) with a strong laser. The atom will jump up to |f) due to the laser but
will soon jump down to |g) due to the spontaneous decay of |f) repeatedly. In each cycle, the atom scatters
one photon. Scattered photons lead to two results. One is the possibility to detect these photons, from which
we infer that the atom is in |g). Another is the transfer of the kinematic momentum and energy from
photons to the atom, from which the atom can gain enough energy to escape from the optical lattice. We will
make use of the first to measure the state of the atom and the second to remove atoms in a given state from
the optical lattice. Both applications can be found in [48].

In practice, there is usually no direct transition between |g) and |e). In that case, a Raman transition via a
third level, is required for the transition between |g) and |e). Interested readers may refer to [49] for a general
description for the Raman transition with one and multiple intermediate states.

3.2. A protocol for detecting the quantum discrepancy
We now describe our proposed experimental protocol in general, before applying it in the specific case of a
24Mg clock in the following section (and a 8”Sr clock in appendix E). The atom is required to have an energy
structure as in figure 1. Two stable states denoted by |s; ») are used for the clock transition. Preferably, the
transition between |s;) and |s,) is forbidden, which means that the natural linewidth of the transition is
narrow. Two meta-stable states denoted by |m; ,) are used for the state-dependent optical lattice. We require
that transitions between |m;) and |m,) and |s;) and |m;) are possible. Since all states involved in these two
transitions are either stable or meta-stable, they are likely to be weak. In addition, two unstable states
denoted by |u; ») are used for measurements, post-selection and spontaneous decay. Strong transitions
between |s;) and |u;) and |s;) and |u,) are needed. Moreover, weak transitions between |m;) and |u;) and
|m,) and |u;) are also required.

Our protocol is shown in figure 2, and proceeds as follows:

7
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0. spin polarizationf——— &
|s1)

1. optical transition|———

lm)

|2. Raman transitionl—@

|m1) +|mg)

|3. spin-dependent lattice}——}

) e) +[mg)| —a)

I I 4b. optical transition
iy spontaneous decay
e ~I =) +imapledHI=ed) e ool + ma)ms| |- aX—ol
5a. electron shelving 1 [5b. optical transition
optical transition I spontaneous decay
spontaneous decay

Is1) () = =) [s1)(s1](la)al+]—a)—al)

ﬂ—@ﬁ Ramsey Exp. }{

Figure 2. The scheme of our protocol. Steps 4a and 5a corresponds to a clock with a superposition as input and Step 4b and Step
5b to a clock with a mixture as input.

e Step 0, atoms are loaded into optical lattices induced by lasers at the magic wavelength with & and initialized
to stable states |s; ).

e Step 1, a m-pulse excites atoms from the stable state |s;) to the meta-stable state |m; ).

e Step 2, a T-pulse induces the transition between meta-stable states |m;) and [m,) and prepares the super-
position |m;) + |my).

e Step 3, we adiabatically displace optical lattices induced by o* toward opposite directions to realize state-
dependent optical lattices and diabatically replace them after that, yielding |m;)|a) + |mp)| — ).

In the following, we split Step 4 and Step 5 into two cases: case a for the kinematic superposition in
equation (30),

e Step 4a, another 7 -pulse induces the transition between |m;) and |m,) and prepares |m;)(|a) — | — a)) +
Ima)(Jer) + [ — a)).

o Step 5a, we transit atoms in |m; ) to |s;) via |u; ) and clear atoms in |m,) by electron shelving. To be concrete,
we first apply a laser inducing the transition from |m,) to |u;) and a strong laser inducing the transition
between |s;) and |u,) to realize electron shelving. That is, atoms in |m,) first transit to |u; ), quickly decay
to |s1) via spontaneous emission and then cycle between |s;) and |u,). During electron shelving, atoms
originally in |m;,) are cleared while atoms in |m;) remain unchanged. After that, a w-pulse then excites
atoms in |m;) to |u; ). These atoms quickly decay to |s;) via spontaneous emission and we obtain the spatial
superposition [s;)(si | © (la) — | = a))((a] = (=al).

and case b for the mixture in equation (31),

e Step 4b, atoms in |m;) are excited to |u;) by a w-pulse and then spontaneously decay to |s;).
e Step 5b, atoms in |my,) are excited to |u;) by another 7-pulse and again spontaneously decay to |s;). These
steps result in the spacial mixture |s;){s;| ® (|a)a| + | — a){—a]).

Both cases follow the same last step:

e Step 6, we perform the ordinary interrogation and detection procedure of an optical lattice clock. A typical
interrogation procedure consists of a Ramsey experiment to compare the frequency of the laser and the clock
transition, in which atoms freely evolve for some duration T in the laboratory frame. A typical detection
procedure consists of a measurement in the basis of |s;) and |s,) with electron shelving.
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381 3sds
P, 3s3p
3P, 353p
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3Py 3s3p
1S[) 382

Figure 3. The energy diagram of the 2*Mg atom. Each state is labeled by its electronic state 2*1L;. The line color corresponds the
transition light color, and the width of the line corresponds to the strength of the transition.

3.3. Application to a 2*Mg clock

Clock-specific protocols can be divided into two categories: optical lattice clocks based on bosons, e.g. **Mg
[34-36] and 38Sr [50], and on fermions, e.g. ¥ Sr [37] respectively. We consider 2*Mg and Sr optical lattice
clocks to illustrate typical optical lattice clocks with bosons and fermions respectively. Since Mg are
currently in development [33-36] and yield the most promising results as far as detectability is concerned,
we present them here, while ¥”Sr are relegated to appendix E.

Figure 3 shows the relevant energy diagram of 2*Mg which is bosonic and has zero nuclear spin (and
therefore no hyperfine splitting). This results in a simple electronic structure but at the same time a difficulty
in finding enough states for all operations because of the limited number of states. 'S is used as the lower
stable state |u; ). In Step 0 to Step 5, we treat Py and >P, as meta-stable states |m;) and |m,) respectively. In
Step 4 and Step 5, we treat >°P; and 'P; as unstable states |u;) and |u,). In Step 6, *Py is used as the upper
stable state |s,). The transition between 'Sy and *P, (the clock transition), though strictly speaking
forbidden, is induced applying by a strong magnetic field [35, 36, 44]. Transitions between °P, and °Py, °P,
and °P; as well as *Py and P, are realized by Raman transitions via *S;. Although the natural linewidth of
3P, is rather narrow, an atom in *P; does spontaneously decay to 'Sy in a timescale much smaller than the
lifetime of >Py. Besides, due to the use of Py as |m;) in Step 0 to Step 5 and |s,) in Step 6, we must
additionally clear atoms in Py by electron shelving between Step 5 and Step 6. This is possible by pumping
atoms from Py to °S; while re-pumping atoms from *P; and *P, to 3S;.

3.4. Numerical analysis

We now evaluate and numerically simulate our results for the experimental protocols with the aim of
obtaining predictions for the discrepancy and the increase in variance in equations (33)—(35). For an optical
atomic clock, the transition frequency between the ground state and the excited state has to be a constant
with respect to different spatial positions (in the absence of time-dilation effects). Thus the clock works at the
magic wavelength, whereby the energy shift due to the external electric fields of both energy levels are the

same to leading order [37]. We thus replace Uy, max and wy, , = ZU"T“k with Uy and w, = %k
respectively. We write equation (47) in terms of creation and annihilation operators:

a:=

mw,

1 . g i,
)

1 i

At o g ~

al=—1|\z+=—-——p, |, 51
ﬂzs( W mw, ) ey

where z, :=  / % We can then derive an expression for the total Hamiltonian in equation (6), for the case

of relativistic atoms in a one-dimensional optical lattice by substituting equations (47), (51) and (50) into
equations (7)—(9), thus obtaining

. a1 mg*

Hk = sz (aTrH— 2) - ng, (52)
Vi Lot NS R PY P
—chg(a—l—a)—Cr—i—Ck(a +a —2aa—1), (53)
mc

W b2 st
ﬁ:—cg (6124-61T —2aTa—1), (54)
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S h 7
where C := %, C = % and G := ;%
We first consider the noiseless case by setting the Lindblad operators {L;} to zero in equation (14), and
examine the effect of noise later, in section 4. The time evolution of polynomials of creation and annihilation

operators in the noiseless case is derived in appendix F.1. Then,

Vi [1]
mc?

=G, (&e*i‘”‘t + h.c.) —C— G+ G ((fzze*iz“"’ + h.c.) - Z&T&) : (55)
With V;[f] in hand, we can compute I; and I, according to equations (19) and (21) by setting

1 . .
P,0,qtm = TC (cos&\a) +e?sinf| — a>) . (c039<a| +ei? sin9<fa|) , (56)

Pro.s = cos” 0la){a] +sin® 8] — a){—al. (57)

where a = ape'? and C; := e~2% sin 26 cos @. We split I, into I, ; which is an integration of non-oscillating
terms and I, , which is an integration of oscillating terms (see appendix G.1). The ratio between them is
given by

— x w,T. (58)

For our protocol, typical parameters are the frequency of the harmonic oscillator w, = 10° Hz and the
interrogation time of the Ramsey experiment T = 1 s, and thus w, T &~ 10° [44]. Therefore, we can only keep
11711

L~ —(CG(2(@'a) +1)+C) T, (59)

where (-) = Tr(- pio). Similarly, we split I, into I,  which is an double integration of non-oscillating terms
and I, , which is a double integration of oscillating terms (see appendix G.1). The ratio between them is

I
29 o, T. (60)
2,0

Again we can only keep I, 4 and obtain

L~ 4Ca )T+ (G + C)P TP

(61)
+4C (G +2G) (aTa) T
Plugging in initial states py o qm in equation (30) and py o,qs in equation (31), one finds
I (C4+C)T 20 =G (62)
m — T - — =01,
1,qt k k 1+ Ci 0
1-G
Logm = (G + G)’ T +4C2ag T + 4G (G, +2Cy) C a3 T?, (63)
and
Lgs= — (Co+ G) T—2CqT, (64)
Las= (Co4 G)* T2 +4CL ot T + 4G (C, + 2C) 03 T (65)

Recall the discrepancy A con and the increase in variance in the quantum superposition case and the classical
mixture case A2 and A% s respectively defined in equations (33)—(35). We obtain

2,qtm
G
Ay con = 4Cx 5 C o T, (66)
C; 1-G

A2 =16C}———alT? +4C} L2 TP, 67
2,qtm k(l+Ci)2 0 k1+Ci 0 ( )
A%,cls = 4C12<a(2)T2 (68)

Here, we highlight that the discrepancy is dominated by the motional rather than the gravitational time

22

dilation, as A o, is proportional to Cy coming from 21’7” in Vy rather than C; coming from mgz in Vi. This is

10
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Figure 4. The discrepancy A; .o between the quantum superposition case and the classical mixture case and the increase in

variance Ag, qm T A2 . of this discrepancy (see equations (36) and (42)) versus the displacement d respectively for a 2Mg clock.

The parameters are Avig = 468 nm, Umax,mg = 300E;,mg, ¢ = 7, 0 = 5 and T'=1 5. Note that d = V2za,ie.d=10nm
corresponds to o = 0.395 for the 2*Mg clock here.

because, as the position of the atom oscillates, the gravitational time dilation also oscillates, leading to a
negligible contribution. Ignoring motion in the xy-plane, the average time-dilation effect is then determined
by the quantum version of the v*/¢* term appearing in the classical Lorentz factor, i.e.

N2
cls

m2c?

for the classical mixture, and

N\ _ /0N g .. G
< m?c? >qtm a < m?c? cls 8a0Ck 14+ G (70)

for the quantum superposition. This is the origin of the discrepancy accumulated over time, according to

equation (66), and its magnitude is determined by a3 C 1-€c . Recalling that Gy = 47‘1me22 and

Ci = e~ 2% sin 26 cos ¢, we see that ¢ = 7 and = % are optimal choices for maximising the discrepancy.
Furthermore, one must choose a value of o that is, of course, nonzero, but small enough that the
exponential decrease of C; (corresponding to the decrease in interference due to the decreasing overlap
between components of the superposition) does not render the discrepancy negligible.

Recalling equations (36) and (42), we now calculate Ay ., and A3 . for both **Mg and *”Sr optical

2,cq
lattice clocks. A Mg optical lattice clock works at the magic wavelength A\y;g = 468 nm [33]. The trap depth
is chosen as Upax,mg = 300E; Mg, where the recoil energy of Mg is Ermg = ’jng; . The interrogation time is
g \Mg

set to T =1 s. The displacement d is the half of the maximal distance between centers of two coherent states
| + o) where o and d are related by d = v/2z,c, and d = 10 nm corresponds to a = 0.395 for the 2*Mg clock
here. Figure 4 illustrates A o, and Aicq with respect to the displacement d for the **Mg optical lattice
clock. The figure for the ¥ Sr optical lattice clock can be found in appendix E.

It can be seen from figure 4 for 2*Mg (and figure 8 in appendix E for 8Sr) that the discrepancy is
significant enough to be detected and that the increase in variance is still tolerable at a small displacement.
This suggests that the discrepancy is in principle detectable. 8Sr clocks have a relative accuracy of 1078 to
107 [27], and the next-generation *Mg clocks are expected to exceed ¥Sr clocks in accuracy due to the
avoidance of certain systematic effects such as the AC Stark shift by room-temperature blackbody radiation
[33] or the vector and tensor lattice shifts [44] as well as a shortened dead time between two subsequent
measurements [44]. The relative discrepancy for the #”Sr clock is 102! (see appendix E), which seems not
practical to detect with state-of-art Sr clocks. However, the relative discrepancy for the 2*Mg clock is of
107", and is therefore in principle detectable in the next generation **Mg clocks. The observed time dilation
in this case corresponds to an average value of ‘5’27 on the order of 10~ in both the classical and quantum
cases, according to equations (70) and (69). For comparison, the time dilation measured in [4] corresponds
to 5 ~ 107",

11
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4. Noise tolerance

The effect of noise can also be taken into account within our scheme. We will consider the effects of
amplitude and phase damping, as well as diffusion [51].
Amplitude damping can be modelled by the Lindblad operator

L,=/T.a, (71)

where I, is the decay rate of the amplitude damping channel. A detailed derivation for the time evolution of
polynomials of the creation and annihilation operator can be found in appendix F.2. Then,

Vil = Cy(ae ™™ +he)e =G — G+ G (e 2 +h.c.) —2aTa) e . (72)

We again compute I;. We consider the regime where T~ T',"! >> w,!, i.e. where the decay rate is much
slower than timescale associated with the trap frequency, and moreover, because we apply the measurement
when the effect of decoherence becomes non-negligible but not overwhelming, we further assume T~ I'; !
In this case, I includes a damped oscillating term and a constant term, which we collectively call I; o, and a
linear term and a slowly decaying term, which we collectively call I, ;. We will split I, into I, ; which is an
integration of non-oscillating terms and I, which is an integration of oscillating terms. (see appendix G.2).
The ratio is given by

Iy

= xw,T. (73)
Il,o

By our assumption, we only keep I ;. Thus we get

1—eTaT
I = —(ck+cr)T—zck<aTa>F7. (74)
a
We can also compute I,. Here I, is decomposed into two parts, I, ¢ which is a double integration of
non-oscillating terms and I, , which is a double integration of oscillating terms (see appendix G.2). The ratio
between them is

I
29 o, T. (75)
IZ,o

We again only keep I, 4 and obtain

1 —2e—TaT 4 o—2IuT T(1—e 1aT
L=aCat’ay) =2~ F¢ +4C (G + G) (51*51>g
I2 Fa (76)

1—e T, Te TaT
T2

a

+8C (ata) +(C+C) T

Plugging in initial states py o qum in equation (30) and py o s in equation (31), we obtain

1-G ,1—e 1T
Lgm=—(G+C) T—2C e o r, (77)
1—2e 1ol o207 1-C ,T(1—e 5T
L gm = 4C12<043 5 +4CG (G + G Oz(z) ( )
Fa 1+ Ci 1—‘a (78)
1-C ,1—e DT _T Te TWT
+SC§1+C o? > +(C+ G)* T,
and
1—e TuT
Il7cls = _(Ck+Cr) T—ZCkOéél_‘i, (79)
1— 2e7FQT+ e72FaT T(1—= e—FaT
L = 4Ciag T3 +4C (G + Cy) a3¥
: ! (80)
1—e 1T, Te TuT
+8Cad > . +(C+ Q)T
a
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Therefore
G 1 —e TWT
A coh — 4G - : 5 81
1,coh Spre og T (81)
C; 1—2e LT 4 g—2IWT
A%,qtm = 16C12< (1 +C )Zag 12
i a
(82)
,1-C ,1—e T T, Te 1T
+ SCk 1 + Ci Oéo Fg y
1—e Tat T, Te TaT
A3 g, = 8Ciap T : (83)

a

From the above equations, we conclude that the amplitude damping channel will set an upper bound to the
expectation value and the variance of the quantum modification. Our results show that the amplitude
damping sets an upper bound of the discrepancy which is proportional to I'; . For a 2*Mg optical lattice
clock with the same parameters defined previously, one should ensure I', < 1 Hz in order for the discrepancy
to reach 1071,

Phase damping can be modelled by the Lindblad operator

L,=/Tya'a. (84)

We again consider the regime where T~ I'; !> w;!. Applying a similar method to that of the amplitude
damping channel, our derivation (see appendix G.3) shows that in this regime, it results in the same
equations as equations (66)—(68). Therefore, the phase damping does not adversely affect the ability to detect
the discrepancy.

The diffusion is considered similarly by setting

Ly =+/Taa,  Lyp=+/Tqa'. (85)

As before it is assumed that w; ! < I';" ~ T. With exactly the same routine (see appendix G.4), we obtain

C4
Al coh = 4C——a?T, 86
1,coh k1—|—CiaO (86)
G 8 ,1-C 1-GC 4 2
A m = 16C§WaéT2 + gcﬁﬁagrdﬁ +4C} T g T + gcﬁrdﬁ + gcﬁrgT“, (87)
8 4 2
Af g =4Ciag T + gciagrdﬁ + gcﬁrdﬁ + gCﬁFﬁT‘*. (88)

Our results show that the diffusion increases the variance which is related to poly(I'yT) - T*. For a **Mg
optical lattice clock with the same parameters defined previously, the ratio between the increase in variance
and the original variance is ~ 1078 for 'y ~ 1 Hz, which shows the accuracy of the clock does not decrease
significantly.

We also compute the discrepancy and the increase in variance with damping and diffusion for the Mg
optical lattice clock. The parameters are again set to Ang = 468 nm, Upay Mg = 300E; Mg, T=15, ¢ =,

) = % and d =10 nm (o = 0.395). The computation was performed with Mathematica, where the library
QULIB was used [52]. We do not include dephasing because it alters neither the discrepancy nor the
variance. Results are plotted in figure 5.

5. Discussion

Our approach is founded on the widely-used quantized-mass-defect model [12—14, 18, 21-24, 53], which
assumes a certain formulation of the Einstein equivalence principle, i.e. equivalence between the rest, inertial
and gravitational internal energy, before quantizing the relevant quantities to operators. This particular
combination of quantum theory and relativity has never been tested, and may not agree with the predictions
of a ‘correct’ theory of quantum gravity. Our experimental protocol would function as a test of the
quantized-mass-defect model, with its prediction on time dilation of a quantum clock, allowing it to be
falsified in the case that the experiment does not agree with the theory.

Our approach probes this model for two different types of initial clock states: one for which no quantum
effects manifest in the clock time (i.e. the classical-mixture states), and one for which they do (i.e. the
quantum superposition case). In the former case, the quantized-mass-defect model gives rise to a purely
classical relativistic time dilation effect, but in the latter the model results in an interplay of a purely
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Figure 5. (a) The discrepancy A con and (b) the increase in variance A%)cq (see equations (36) and (42)) versus decay rate and the
diffusion rate I'; and Ty respectively for a 2*Mg clock, where the parameters are chosen as Amg = 468 nm, Unax,mg = 300E; Mg,
T=1s,¢ =m 0= % and d =10 nm (o = 0.395).

relativistic effect with a purely quantum one, namely the interference of matter waves. Nonetheless, general
relativity alone cannot realistically be expected to make a prediction for time dilation for the case of quantum
states with highly non-classical features since it is outside the purview of the model; proper time (and thus
time-dilation between observers) is a function of well-defined spacetime trajectories, which do not exist in
quantum theory (see e.g. [54, 55]).

While we have shown that the predicted accuracy of the next generation of optical clocks should be able
to detect the quantum effect in the time dilation (assuming that such clocks attain the accuracy that they are
expected to) [33-36], we have assumed that the technical challenge of generating the necessary exotic states
of motion can be achieved without sacrificing this accuracy, for example due to imperfect process fidelity, or
systematic errors induced by the delocalization of the clock. This is a nontrivial assumption, and represents a
serious technical challenge. Nonetheless, the in-principle possibility of detecting this result tells us that we
are very close to a regime where we can observe quantum effects in general relativistic time dilation, and may
serve as a motivation to the resolution of this challenge.

We have found that, despite the initial superposition is across different gravitational potentials, the
quantum effect on the clock’s gravitational time dilation is outweighed by the quantum effect on its time
dilation due to motion. Relativistic time dilation due to an optical clock oscillating in a trapping potential
has been observed in [4], and one can thus consider the effect as a quantum modification of that time
dilation, but with one clock superposed in two places instead of two different clocks. To have the
gravitational effect dominate instead of the kinematical effect, one might consider preventing the oscillation
by having the two components of the superposition trapped in different potentials. However, this requires
that the two components are in different electronic states, preventing them from interfering. The resulting
time dilation would thus be indistinguishable from a mixture, with the quantum discrepancy relying on the
fact that the two components interfere with each other. It remains to be seen whether the oscillatory motion
can be prevented in some other manner which does not destroy the interference, and thus the quantum effect
on the gravitational component of the time dilation.

14



10P Publishing

Quantum Sci. Technol. 9 (2024) 045052 Y Hu et al

6. Conclusion

We have studied the feasibility of detecting quantum interference effects in the time dilation experienced by
an optical lattice clock. Our numerical analysis found that state-of-art or next-generation optical lattice
clocks may be capable of detecting the discrepancy between the quantum superposition case and the classical
mixture case, using either ¥’Sr or 2*Mg. Although the electronic structure of ¥Sr is more convenient, our
work demonstrates that state-of-the-art ¥ Sr clocks have a lower accuracy and a smaller interference effect
compared to next-generation **Mg clocks, rendering such an experiment more difficult. Fortunately, in spite
of its unfavorable electronic structure, next-generation **Mg clocks are predicted by our work to have a
higher accuracy and a larger discrepancy, and it is possible that the discrepancy can be detected. If such
experiments are carried out, one can compare the experiment results and the predictions of current
phenomenological quantum relativistic theories, providing a much-needed experimental signpost on the
path to a theory which fully incorporates quantum mechanics into our understanding of spacetime.
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Appendix A. Hamiltonian in the non-relativistic limit

In this section, we derive our system Hamiltonian in the low velocity and weak field limit. Here we follows
the routine in [12]. We restrict ourselves to a static spacetime with the metric denoted by g,,,, with signature
(+ — ——). In that case, we have g% = (go9) ', and recall that g; = gio = 0 and g;; = g;i for i,j = 1,2,3.
Consider that a point particle of mass m1,c> with a clock degree of freedom follows a world line x* () and
has a four-momentum p,, (¢). In the rest frame of the particle, the metric is g/, and the particle has a

00 .
four-momentum p;,. In that case, we have ¢’ = 1. The scalar product of the four-momentum is
coordinate-invariant

pupt =pLp" (A1)

Noting the rest energy m,e:c> = pjc and the energy H = pyc, we obtain

H= \/_gOO (Czpjpj - m%estc4)' (AZ)

We now restrict ourselves to a weak field and low energy. We apply the post-Newtonian approximation.
Consider the frame of an observer at rest at infinity. Let the coordinate be ¥* = (,r), the metric is given by

~ 20 297
800:1+CT+7, (A3)
N 29
gij = —(5,‘]' (1 — CZ> . (A4)
where ® = — and r = r|. It can be transformed to the frame of an observer at rest at r = o on the earth
via
By\
&oo = (1 - c20> 800, (A5)
8ii = ij» (A6)
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where ®; = —gry is the gravitational potential on the earth and g = G7M is the gravitational acceleration. Now
0

we expand the Hamiltonian near a point at r = ry on the earth and let the z-axis be parallel to the radius at
this point. We further add the potential U the clock is subject to into the Hamiltonian, which is an approach
used in many works [21, 22, 24, 46, 56]. The resulting Hamiltonian is

H= 7”restc2 + Myrestg2 +

+U+0(c7?), (A7)

2Mpest

2,2 4 2
where O(c™?) terms consist of =4, P & and other higher order terms. As we show in
rest

equations (28) and (29) and arguments ti;“ereafter, O(c™2) terms do not contribute to the leading order of
our results, and hence they are not written explicitly here. Now, assuming that the particle includes some
internal structure, namely a clock degree of freedom with corresponding energy H., we can decompose
Myest€ to include the mass defect corresponding to this energy [12], i.e.

Mypest > = Mc> <1 + HCZ> . (A8)
mc

: mgZ  p' g’ geH P’H —2 ¢7H. p'H. gp’H

VYezalso refer to terms proportional to ==, B, &8 &% and P as O(c™?) terms, £, B2, &2 and
H _ . _ _ _

Y% as O(c*) terms, and other higher order terms as O(c¢). We preserve O(c~?) terms and O(c™*) terms

but ignore O(c~°) terms while expanding equation (A7) with equation (A8). By re-arranging all the terms

according to their common factors :1[;2 and ’%4, one obtains
H. H?
H=mc+Hy+H. + — Vi + —<W,, (A9)
mc? m2ct
where
p’
Hi=mgz+ — 4+ U+ 0(c7?), (A10)
m
P2 2
Vi = ——4+0(c All
k=mgz——+0(c?), (A11)
2
w, =2 (A12)
2m

One should note that O(c~?) terms in equation (A7) only result in O(c™2) terms in equations (A10)—(A12)
after the expansion. Therefore, we are not neglecting O(c~2) and O(c™*) terms in equation (A9). Instead, we
keep all these terms compactly in Hy, Vi and Wy in our calculation. Moreover, arguments in equations (28)
and (29) show that it is sufficient to only consider the explicitly written terms in equation (A9). To quantize
the framework, we replace observables with operators and obtain the quantized Hamiltonian

P . H. . H? .
H=Hy+H:+ — @ Vi + —5 @ W, (A13)
mc m2ct

where H,, Vi and W, corresponds to those in equations (A10)—(A12) with observables replaced by operators.

Appendix B. Perturbative calculations

In this section, we are using the notation of equation (22), i.e. square brakets are reserved for time evolution
of density matrices p[f] in the Schrodinger’s picture and that of operators O[¢] in the Heisenberg’s picture.
Consider an inhomogeneous linear differential equation of a density matrix X[f]

d

XU - F(X[) ~ R (X[ = 1), (1)

with the initial condition
X[0] =o. (B2)

The above inhomogeneous linear differential equation can be solved with Green’s function method, see e.g.
[57]. We follow the same routine but slightly modify the formula. We first compute the function G(t,t’)
which satisfies the homogeneous linear differential equation

dG

5 (tv t/) - F (G(t7t/)) - Fx (G(t7t/)) =0, (B3)

16



10P Publishing

Quantum Sci. Technol. 9 (2024) 045052 Y Hu et al

with the initial condition
G(t' t"=f(t). (B4)
Then the general solution of the original equation is given by
t
X[ :/ G(t,t")dt’. (B5)
0

Now we rewrite equation (10) into

1

d P
fpffc(p)*fk(p):*@ [He ® Vi p] —

1 [F2 @ Wi, p] . (B6)

m2

Then we expand pinto ), ﬁp(“). The zeroth order density matrix satisfies the homogeneous equation
dp©®
Lo F(b0) = F (1) =0, (B7)
dt
with the initial condition
p® [0] = pe,o0 @ pro- (B8)
The solution is
p O[] = ¥ (peo) @ e (prco) (B9)

The first and second order density matrix satisfies

dpM A R
/c)lt - F (p(l)) — Fx (p(l)) =—1i [HC ® Vk,p(o)] , (B10)
and
dp® (2) (2) lr i ) AR o W o0
& - Fe (p ) - Fx (p ) =—i [Hc®Vk7P } —I[Hc®Wk,p } ) (B11)
with the initial condition
pM (0] = p 0] =o. (B12)
The solution is
t
pW ] = —iHpO [ ®/ dtye”+(=1) (\A/kplgo) [t1]> +h.c., (B13)
0

and

t t
p@ [ = Hp® [ He ®/ dtz/ dt,eFi(t—0) (Vke}_k(l?*tl) (p]((()) 1] Vk)) T he.
0 0
t t
B0 [ ®/ dtz/ dt el -0) (Vke}—k(fz—tl) (Vkpl((()) [ﬁ])) +he.
0 0
t
— il pO [ ®/ dtye”+(t=1) (Wkpl((o) [tl]) +h.c., (B14)
0

where we have used that the evolution of the clock state is unitary. By taking the partial trace, we obtain the
evolution of the reduced density matrix of the clock degree of freedom

1 .
wpgl) [f] = —iHp [1, + h.c., (B15)
and
1 1. S .
—=o [ =3 (Hcpg()) (A — (2p [t]) L —if2p© [ + hec., (B16)
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where

L[ & (0)

hi=2a | daTn (Vkpk [fl]), (B17)
2 (' " o Fulon) (i (0

[ — k\l2—h

I, m2c4/0dt2/0 dnTr (Vie (Vo [11)). (B18)
1 [ A (0

12/:”12(:4/0 dtlTTk (Wkp](()[tl]) (B19)

gl) @)

One should note that I; and thus # pe ’ are of order o Similarly, I, and thus mTlﬁpc are of order .

Another useful equality is

1 1
m m?

Trk(Vkefk(tz_t‘) (Vkpl(:)) [t1]))* = Trk<\7k€fk(t2_h) (101((0) [t1] Vk)) . (B20)

When the time evolution is unitary, we have

I] = 12Trk<(/ dtI{/k [tﬂ) pk,o) s (BZI)
mc 0
t 2
?R(Ig) = ’niLATrk((‘/o dtl ‘A/k [tl]) pk70> , (B22)

with which we conclude R(I,) does not cancel with 2 in general.
Appendix C. Atomic frequency standard

Here we provide a basic description of an atomic frequency standard which suffices for our purposes. A more
detailed description can be found in [58]. The Hamiltonian of a two-level atom is given by

N 1

Hc: EWOO'Z. (Cl)
In this section, we only consider a perfect Ramsey experiment in which only relativistic effects are present,
ignoring other effects such as decay, collision, etc. Before considering the relativistic case, we first review the
case in which the atom is at rest. The atomic frequency standard compares the laser frequency and the
transition frequency, which can be performed by the Ramsey experiment. Let |wc(0) (1)) and
P [1] = Wc(o) ()X © ()| describe the zeroth order time evolution of the atomic state (which is also the time
evolution without relativistic effects). For simplicity, we assume that all laser pulses are short but strong such
that laser pulses can change the atomic state immediately. We use t~ and ¢* to denote the time before and
after the pulse at ¢, respectively. Initially the atom is prepared in

[ (07)) = [ve0) = |g)- (C2)

Applying a 7-pulse at t = 0, the state of the atom is

1
V2

After a period of free evolution, the state of the atom at time ¢ in the rotating frame becomes

[0 (0%)) = —= (1) +e))- (C3)

1

V2

Now we apply a 7 -pulse at time ¢ = T. The state of the atom is

[ (1) = —= (Ig) +eer2e) ). (C4)

[ (1)) = 5 (19 + <), (©3)
before the pulse and
) (TH)) :isinM@Jﬂos(wO;j@Tk)? (C6)
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after the pulse. Finally, a measurement in the energy basis is performed. The probability of |e) is given by

Prle)] = = (14 cos(w —wy) T). (C7)

N —

This corresponds to the ideal Ramsey experiment with maximal contrast. In reality, experiments can suffer
from noise, which results in a smaller contrast p

—

Pr]le)] (I1+pcos(w—wp)T). (C8)

T2
In principle, we can keep w close to wy by continuously maximizing Pr|[|e)] with respect to w. In practice, in
order to improve the accuracy, we will measure the maxima gradient points on both sides on the maxima
and take their average. The slope on these points are

d Tp

= prllg) =2, (C9)

which means that the variance 03 of w, depends on the variance a|26> of Pr[|e)] by

4
ol = @afe>, (C10)
‘7|2e) , however, depends on the experimental condition of the atomic frequency standard, which is out of the
scope of this paper. Therefore, we will instead write

5 1

o
Now consider that the two-level atom moves and experiences a gravitation field. We preserve the expansion
of plt] = X, = pE") [t] up to the order of O(c™*). We again apply Z-pulses at t =0 and ¢ = T respectively.
Substituting equations (B15), (B16) and (C4) into p.[t], we obtain the state of the atom at time #

peld ~ plde)ade| + (1 - ) L, (C12)
where
9:(0) = 5 (I +e7 @) ©13)
and
ot =wy (t+ 1), (C14)
p=1- %‘% (R(L)-1). (C15)

~ . 2 . . .
Similarly, the lowest order of @, contains %, and the lowest order of p contains HX—"CQ; it is sufficient to keep

O(c) terms and omit O(c™2) terms in Hy and Vi. By comparison between equations (C4) and (C12), the
process with relativistic effects can be seen as a mixture of the process without relativistic effects but with
modified frequency @, with a probability of p, and a completely depolarizing process with a probability of
1 — p. Therefore, the probability of |e) up to the order of O(c™*) is given by

~ 1 -
Pr(le)] = E(l—}—pcos((d}o—w) T)). (C16)
In this case, the variance & of @y is
-2 1

Comparing variances of perfect experiments with still atoms in a flat space and with moving atoms in a
curved space which are proportional to T~2 and T~ ?p respectively, the increase in variance is

2

52— o2 o % (R(L)—I). (C18)
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Now we distinguish between the quantum superposition case and the classical mixture case. We denote the
quantities in the quantum superposition case with Wy — @o qtm> P — Pqtm > [t — I1 gem and I gim and in
classical mixture case with &g — Qo s> P > Pes> It — I1 a5 and I gs. Let the discrepancy @y con between two
cases be

Wo,coh = Wo,qtm — Wo,cls- (C19)

The discrepancy and the contrasts can be written in terms of A} op, A%,qtm and Aé,cls in equations (33), (34)
and (35) as

Weoh = %A17coha (C20)

Paum =1— %éA%,qtm, (C21)

pas=1— %éA%,cls’ (C22)

from which equations (36) and (42) can be derived, as is shown in the main text.
Appendix D. Idealized clocks

An idealized clock in the non-relativistic limit is defined by its commutator between two observables, a time
operator T, and the Hamiltonian H,, and the clock state itself |1)jdea1 (),

—1i I:TC7HC:| |wldeal (t)> = W]Ideal (t)>7 (Dl)

for all time # and |41 (2)), the time evolved initial state according to the clock Hamiltonian H.. We will
make use of the property that

e e~ = T, 441 (D2)

The idealized clock can be mimicked quite well by a quasi-ideal clock. For more details of both idealized
clocks and quasi-ideal clocks, readers may refer to [6, 59]. We consider the expectation value

(T.)(t) = Tr(Tepe[t]) and the variance o2(t) = Tr(T2pc[f]) — Tr(Tepe[t])? of the time operator. For a
confined idealized clock described by equation (6), we expand pc[f] = >, — Pt [] and preserve terms up
to the order of O(c™*). Substituting equations (B15) and (B16) into (T.) and o and making use of
equation (D2), we obtain the expectation value and the variance

(Te) (1) = (Te) (0) + 1+ 1, (D3)
(1) =02 (0)+ R (L) — B+ (S () +21) ([ To H]) (0) =270 (0) () (). (D4)

g

where I, I, and I} are defined in equations (B17)—(B19), and (O)(0) = Tr(Op. o). Since the lowest order of

~ 2 S
(T.) contains %, and the lowest order of o contains m‘ﬁ; and %> it is sufficient to keep O(c”) terms and

omit O(c~2) terms in Hy, Vi and W;.. Now we distinguish between two cases with different initial kinematic
state. One is the case of preparing a spatial quantum superposition p. qm in equation (30), and we replace

(T) = (Te)qums 02 02 g Tt = It qums T — Dy qum and I+ 1}

< qm> The other is the case of preparing a

écls) Il = Il,CIS)
L L gsand I — I, ;.. We will denote the discrepancy (T¢) between these two cases and the variance o2,

of the discrepancy by

,qtm*
spatial classical mixture py g5 in equation (31), and we replace (T.) — (T¢)as, 02 — 0

(Te)eon (1) = {Te)qum (1) — (Tehas (1), (D5)

2 2 2
Ocoh = Uc,qtm + Jc,cls‘ (D6)
We also explicitly write down (T.)con and ol

<Tc>coh = Al,coha (D7)
02 = D g + A+ 2(12) (0) — 270 (0)” + (¢
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§[1072s]
= 4
10 i
g = ,
(Te, ) [107° 5] 81
6“;_ 0
0.0 - -2
~—
T,[Hz) 1.0 0.0 05 10 15
15 700 I, [He|
(a) Discrepancy vs Standard deviation (b) Discrepancy minus Standard Deviation

Figure 6. (a) The discrepancy (T¢) (orange) and the standard deviation ocon,; (blue) for an ideal clock. The discrepancy is
detectable when the orange surface is above the blue one. (b) The difference between the discrepancy and the standard deviation
6= (Tc> — Ocoh,i for an ideal clock. The discrepancy is detectable when 6 is positive. The parameters are the same as the clock in
the main text, i.e. Ayg = 468 nm, Unax,Mg = 300E; Mg, T=15,¢ =, 0 = % and d =10 nm (o = 0.395).

where 3 qim = S(L,qtm) + 21 qun> L2.ds = S(L2,ds) + 215 g and Ay con, Aiqtm and Aids are given in
equations (33)—(35). The variance o2, can be decomposed into a clock-state-independent term o

‘hianda
clock-state-dependent term o2, ; given by

Ugoh,i = A%,qtm + A%,cls? (D9)

2 2 2
Ocoh,d = Ocoh — Ocoh,i* (DIO)
We regard the clock-state-independent term o2, ; as a more general term of the discrepancy of relativistic
time dilation than the clock-state-dependent term o, ;, and thus pay more attention on the former.

We compute and plot the discrepancy (Tc>wh and the clock-state-independent standard deviation o}, 1

with respect to decoherence rate for the idealized clock with the same parameters as in the main text, i.e.
Amg = 468 nm, Unax Mg = 300E; Mg, T=15, ¢ =, 0 = 7 and d =10 nm (a = 0.395), in figure 6.

Appendix E. Protocol for Sr Optical lattice clock

The relevant energy diagram of the ¥ Sr is shown in figure 7 [42, 44, 60, 61]. ¥Sr is a fermion. It has a
non-zero nuclear spin, and therefore a much more complicated electronic structure than **Mg due to the
hyperfine splitting. This feature complicates experimental procedures, but it also provides enough states for
operations such as electron shelving and cooling.

Py 5s5p- (B, 4) 3, 4) 35 5s6s

S

D, 5s4d (13 13

212

1111
(5 %) 3p. F
(Q Q) P2 5sbp
27 2

3Py 5s5p (%%)
(2,8) 3Py 5s5p

18, 5s? (3 %)

Figure 7. The energy diagram of the ¥Sr atom. Each state is labeled by both its electronic state >7'L; and its hyperfine state
(F,mg). The line color corresponds to the transition light color and the line width corresponds to the transition strength.

Let us first describe how to adapt the general protocol into the 8”Sr protocol. #Sr atoms have to be
identified with not only fine states but also hyperfine states. An additional magnetic field has to be applied in
order to have a well-defined hyperfine state. We mention that the direction of the magnetic field is not

necessarily the same as the direction of the optical lattice. The |F = %, = %) states 'Sy and 3P are used as
stable states |u;) and |u,) respectively. The [F = 1 mp = 1) and |[F = L mp = 1) states of P, are used as
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05+ : Ay o
Ay

0 1 ) 3 4 5

d [m] x10°%

Figure 8. The discrepancy A; .o, between the quantum superposition case and the classical mixture case and the increase in
variance Aj con of the quantum superposition case and the classical mixture case versus the displacement d respectively for a #”Sr

clock. The parameters are As; = 813 nm, Upax,sr = 300E;sr, ¢ =7, 0 = % and T=1s. Note that d = v/2z,a, and d = 10 nm
corresponds to o = 0.227 for the #Sr clock here.

meta-stable states [m;) and [m,) respectively. The |F = 1}, mp = 1) state of 'P; is used as the unstable state
|u;) and any hyperfine state of 'P; can be used as the unstable state |u,).

The transitions between these states are specified by not only the frequency but also the polarization of
the laser, in order to transit between correct hyperfine states. We will denote the right and left handed
circular polarized laser with the wave vector parallel to the magnetic field by the o laser respectively. One
should not confuse o which describes the laser inducing the transition with o= which describes the laser
inducing the optical lattice. We will denote the linear polarized laser with the wave vector perpendicular to

the magnetic field by the 7 laser. The Raman transition from |F = 3 mp =2)of 'Sgto |[F=1 mp = 1) of
3P, can be realized by a laser between |[F=3,mp=13)of 'Sy and |F mp = 1) of *P, w1th or
polarization, a laser between |F=1 mp=1) of 3P1 and |[F= 3, mp= —) of 3S; with 7 polarization and a
laser between |F = 2 mp = L) of 3P2 and |F= 1 mp= 1) of 351 with o polarization. The Raman

transition between two hyperfine states of *P, can be realized by a laser between |F = £, mp = £) of P,

and |F— U e = Q) of 3S; with o polarization and a laser between |F =3 i mp = 17> of 3P, and

|F= % mp= —) of *P, with 7 polarization. The Raman transrtlon from |[F = 7, mp = %) of 3P2 to

|F— ,mp = &) of 'Py can be realized by a laser between |F=21 mp=21)of 3P2 and |[F=2 mp=2) of
D, w1th ™ polarlzatlon and a laser between |F = £ mF = 1—3> of 'D, and |F= mp =4 of 'P; with o
polarization. Similarly, the Raman tran51t10n from |F =L mp=L2)of 3Pz to |F =4 mp=1) of 'P; can
be realized by a laser between [F=1 mp=1)of 3P2 and |F=1 mp= 1) of 1Dz w1th ™ polarization and
alaser between |[F = 1 mp = 11) of 'D; and |F— ,mp=151) of P, w1th 7 polarization. |[F = 4 mp = 1)

of 'P; can only spontaneously decay to |[F = 2, mp = ) of 'Sy, which keeps atoms spin- polarrzed, i.e.in the
same hyperfine state. Thus |[F = 1, mp = 1) of 'P; is the only suitable hyperfine state of 'P; for |u;). As for
|uy), all hyperfine states are suitable for measurements because we do not need to keep atoms spin-polarized
after measurements.

Atoms loaded into an optical lattice can stay in arbitrary hyperfine state. Therefore, we have to
additionally spin- polarize atoms in Step 0, as is described in [62]. Suppose that initially atoms are in arbitrary
hyperfine states |[F = 3, mp) state of 'Sy. Atoms can be spin-polarized into [F = 3, mp = 3) of 'Sy as follow. A
horizontal magnetic ﬁeld is applied to atoms. A laser with circular polarization 02‘ transit atoms from
|F=3,mpg) of 1Sy to |[F =3, mp+ 1) of *P;. Meanwhile, atoms in |[F = %, mp + 1) of *P; spontaneously
decay to |F = 2,my), |F = %,mF—i— 1) and |[F = Z,mp + 2) of 'S. mp is thus increased by 1 in each cycle on
average until atoms reach |F = mF = 3) of 'Sy, which is the dark state of the transition. Similarly, atoms
can be spin-polarized into [F = 3, mp = —%> of 1Sy by reversing the polarisation of the laser.

A ¥Sr optical lattice clock has a magic wavelength at A, = 813 nm [37]. The the trap depth is set to

242 . . . . . .
Umax,sr = 300E; s, where E; s, = ”—T’z is the recoil energy of ¥Sr. The interrogation time is assumed to be

A

T=1s. Wealsoset ¢ = and 6 = 7. The relation between A cop and /A3 (., + AF  with respect to the

displacement d can be found in ﬁgure 8. Again, d = \/2z,a, and d = 10 nm corresponds to o = 0.227 for the
878r clock here.
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Appendix E. Evolution of operators under noise

E.1. Free evolution
The dual of the Lindblad equation for the amplitude damping channel can be written as

% = i, [afa,A} . (F1)
Due to the unitarity of free evolution, we have
(af’”aﬂ) 1= (a'[9)" @[4)", (F2)
where
alt] = ae . (F3)

The solution of polynomials of the creation and annihilation operator is given by

(aT " a") [ = at " aneitm—mwit (F4)

F.2. Amplitude damping channel
The dual of the Lindblad equation of the amplitude damping channel can be written as

dA A Ta(Tat 415 st [s

i iw, {&T&,A} + 5 ([aT,A} a—al [a,AD . (F5)
The expectation value and the variance only include polynomials of creation and annihilation operators in
the normal order of up to the fourth order. Therefore, we consider the time evolution of polynomials up to
the fourth order. For the first order, we assume that

alt] =fu () a. (F6)
We then get
d N . ~ Fa A~
%a: flwzfuaf7f11a, (F7)
and therefore
alf] = ae w7, (F8)

For the second order, we assume that

(@) [f) = for (1) @, (F9)
(a%a) 1) = fu (1) a"a. (F10)
We then get
%flz = —Ziwzfzzaz — Faﬁzaz, (Fll)
%aﬁa =-T.fa'a, (F12)
and therefore
(212) = aZe—Ziwzt—Fat7 (F13)
(a'a) [f) = aae " (F14)
As for the third order, we assume that
(@) [ =fis (1)@, (F15)
(a'a®) [ = fir (t)aTa”. (F16)
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We then get
df33 A3 . ~3 3 A3
——a =-3 a’ — =I'fs3a
dr lwzf33 B af33 )
dfsz .. . itan 3 ta
%aTaz = —iw,fpala® — EFafnaTaz,

and therefore
~3  —3iw,t—2T,t
a e z 2 a N

(afa?) [f] = atate =3,

—
>
W
~
=~

I

Finally, for the fourth order

We then get

d
%a‘* = —diw,fyya* — 20 fua*,

d
%a*aﬁ = iw,fisa’a® — 2T fsatd’,
d

—g‘f at?a? = —oT.fp at a2,

and therefore

(a*) [f] = atetin 20wt
(aTaS) [t] _ &T&Se—ﬂw,t—ﬂ‘at’

(a"*@) [ = at*ae 2"

By observing the above solutions, we can find the general solution of polynomials of the creation and
annihilation operator

(fl’r m an) [t} = a"' m &nei(mfﬂ)wztfé(m+n)1"at.

E.3. Phase damping channel
The dual of the Lindblad equation for the phase damping channel is given by

For the first order, we assume that

We then get

and therefore

For the second order, we assume that

Y Hu et al

(F17)

(F18)

(F19)
(F20)

(F21)
(F22)

(F23)

(F24)
(F25)

(F26)

(F27)
(F28)

(F29)

(F30)

(F31)

(F32)

(F33)

(F34)

(F35)
(F36)
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We then get

df 2

3= = —2iw,fna’ — 2I‘Pf22a

and therefore

As for the third order,
@) =rfis(na,
(') [] = fiz (1)aTa?
We then get
dfss ..
gf P = 3w, fra’ — fl“pf33
d
%afaz = —iw,fpala’ — ffﬂaf !

and therefore

Finally, for the fourth order,

We then get
d
(];:4 at = —41wzf44a - Spr44a
d
%a*gf = —2iw,fpa'a® — 20 fiza’a’,
d
ﬁ af 2 a2 = 0,

dt

and therefore

@) [ = e diwt 8Tyt

(&T&?}) m _ &T&Se—lezt 21"{,t7

(aT2a2) [ =at’a.

By observation, we conclude that

(a‘i‘ m&n) [l’] Tmanel(m n)w,t— L (m—n)’Tpt

P .
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(F37)

(F38)

(F39)
(F40)

(F41)
(F42)

(F43)

(F44)

(F45)
(F46)

(F47)
(F48)

(F49)

(F50)
(F51)

(F52)

(E53)
(F54)

(F55)
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E.4. Diffusion channel

The dual of the Lindblad equation for the diffusion damping channel is given by

i = fitaA] =5 (o o0 4]+ o 2]

For the first order, we assume that

alt] = fu (v)a.

We then get
d
%& = —iwzfna,
and therefore
alt] = ae .

For the second order, we assume that

We then get
dfa .
% 2 = 2iw,frd?,
dfor ... d
%dta"'_ % = Fdlev

and therefore

(a'a) [] = aTa+Tat.
As for the third order,
(@) [0 =fas (1)@,

(a'a®) [1] = fr (88" + gsa (1) .
We then get

dfss ..

% 3= —3iw,f33a’,

%a*aﬂ dﬁ” i = —iwfiil @ — iw,gnd + 2L afsrd,

and therefore

Finally, for the fourth order,

We then get

dfas .y : -4
—a = —4w,fsa,
dr ifus
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dfss 51,5 8 o

& Pl —21wzf43a ad— 21wzg43a + 3Fdf43a (F77)
dfy, .22, d dh
(J;*tz 252 4 i‘f ata +T42 = 4l yfna’a+ Taga, (F78)
and therefore
(a4> [t] _ a4e—4iwzt, (F79)
(a'a®) [ = aT@’e 2" 4 3T gtate 2", (F80)
(aT zaz) [ = at’ @ + 4T ytaa + 2022, (F81)

By observation, we conclude that

1n!
Tm an mn: kg atm—k.n_g | l(m—n)w,
( ) (Z ey k)!th" at" ) e ' (F82)

Appendix G. Integration

In this section, we explicitly compute integrals I; and I, and explain how we deal with different terms in I;
and I,. As is explained in figure 2, we compute I; and I, following equations (19) and (21) by keeping Vi and
px to the leading order (O(c”)). We also use the interaction picture where the operator changes but the state
does not (to the leading order)

1 T .

I] = rncz/o dtl Tr (Vk [tl]pk,O) 5 (Gl)
2 T f A .

12 = 72(:4 / dtz/ dtl TT'((Vk [tz — tl] Vk) [tl} pk,()) 5 (GZ)

m 0 0
where
Ve _oaaat I L
mCZ—Cg(cH—a) Cr+Ck<a +a 2a'a 1). (G3)

In order to compute the integration, we compute the time evolution of Vk[tl] and (Vk[tz — 1] Vk) [t1] by
making use of the time evolution of polynomials of a' and @, which are discussed in appendix F. We first put
Vi into anti-normal ordering (creation operators on the left and annihilation operators on the right).
Observing that V; contains quadratic polynomials of @ and af, we then obtain Vi [t,] and Vi [t, — t,] by
evolving polynomials of 4 and a' accordingly. We again put Vi [t, — #]V; into anti-normal ordering.
Observing that Vi [t, — ;] Vi contains quartic polynomials of @ and af, we finally obtain (Vi[t, — 1] Vi) []
by evolving polynomials of @ and af accordingly. Vi[t,] and (Vi[t, — #:] Vi) [t:] both contain oscillating terms
with respect to at least one of #; or t, and non-oscillating terms. After integration, the former is small
compared to the latter.

G.1. Free Evolution
For free evolution, the time evolution of relevant operators are

(C ge” M 4 Gate 2 +he.) — (Cr+ G (2ata+1)), (G4)
(Vk [ —t] ) = (Cqat ik | Gale 2w 4 h.c.) (Cg&efi“’ztl + Cale 20 4 h.c.)
( Tt 4 Gate 2 +he) (G + G (2aTa+1))
( + Gk (2a a—+ 1)) (C ge W 4 Cate 2w 4 h.c.)
+ (G4 G (2ata+1))7, (G5)

where we have used equation (F2) for the evolution of @ and af. We can split Vk[tl] in equation (G4) into
oscillating terms (first line) whose integration over ¢, is denoted by I; , and non-oscillating terms (second

line) whose integration over , is denoted by I ;. After integration, the oscillating terms gain a factor w, !
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while the non-oscillating terms gain a factor T. We work in the region where the interrogation time is much
longer than the oscillation period, w; ! < T. Therefore,

=~ x w,T, (G6)

where I , is negligible in our setting.

As an easy example, we demonstrate that the oscillating term is indeed negligible by explicitly calculating
the magnitude of the oscillating terms A ¢op for the case without decoherence. For simplicity, we consider
the case where « is real. Substituting into equations (G1) and (G4)

1 . .
PK,0,qtm = T5c (cosf|ar) + e sinf| — @)) (cosf{a| + e ¢ sinf(—af), (G7)
and
Pro,ds = cos” Bla)(al + sin® 0| — a)(—al, (G8)
we obtain
2C in2w,T 1-G
I qm = ﬁéo)[% (cos2@sinw, T+ Citan¢ (cosw,T—1)) = CT—C, T— Ckaz% —2Ck T C o’T,
(G9)
and
2C in2w,T
Ly = —2% cos20sinw, T — C,T— GT+ Gea? S 3G’ T. (G10)
z Wz
When including the oscillating terms, A; o is given by
G 2C, .
Ajcoh =T qtm — s = T5c ( g (tan¢ (cosw, T — 1) — cos20sinw,T) + 4Cka2T> . (G11)
i Wy

One should note that because C; o< cos ¢, 61 coh is finite even if p = I When excluding the oscillating terms,
Ay con 1s given by

C.
Al,coh = Il,qtm - Il,cls ~ 4Ck 1 +1Ci QZT. (GIZ)

Comparing equations (G11) to (G12), the oscillating terms we omitted in the main text are

2C1Cg04

01 coh = m (tan¢ (cosw, T — 1) — cos20sinw,T). (G13)
We see that d con is upper bounded by
ZCiC «
|01,con| < (1+7C‘;g)wz (2|tan | + | cos26]). (G14)

By setting Avig = 468 nm, Unax, Mg = 300E; Mg, ¢ = 5,0 = Fand T=1s, (d = V2za, i.e. d=10 nm
corresponds to o = 0.395 for the **Mg clock here), we obtain d; con < 107 s, which is indeed negligible.

As can be seen in equation (G13), the oscillating terms we omitted is proportional to Cy, therefore, they
are due to the Cg(ile_i‘*’zt + h.c.) term in equation (G4) and thus the mgz term in equation (8). Because the
atoms confined in the optical lattice oscillates, the terms corresponding to the gravity also oscillates and fails
to accumulate with respect to time. This fact combining with the small coefficient, the time dilation due to
the gravity is not detectable.

Similarly, we split (Vk[tz — 1] Vk) [t1] in equation (G5) into oscillating terms with respect to at least one of
t; and t, (first three lines) whose integration is denoted by I, , and non-oscillating terms (fourth line) whose
integration is denoted by I, 4. After integration, the oscillating terms with respect to at least one of t; or ¢,
gain either a factor w; 2 or a factor w; ! T, while the non-oscillating terms gain a factor T2. Therefore, we
obtain usingw, 's < T

I
24 w, T, (G15)

12,0

where I, , is again negligible. The integration thus results in equations (66)—(68), as is discussed
in section 3.4.
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G.2. Amplitude damping channel
For amplitude damping channel, the time evolution of relevant operators are

V[t = (cgae*(i%%“)’l F Ceate— (wATon 4 h.c.) - (c, 1G (2&*&{““ + 1)) , (G16)

(Vk [t —t1] Vk) h] = ((Cgae (wit3Ta)n Cidte (i2w1+ra)11) (C'g&ef(i“’z*%n‘)t1 + Ckﬁzefmwﬁr“)h) -l-h.c.)

+ Cf;e_(i“’z's'%Fa )ta=i) (aT&e_F Ay 1) + Cée(i“r%Fa Y (iwtiTa)n 515

+ CyGre (et al )bzt (eﬁ 2geTon +2a*) + CyCreliwsmiTe)am (2wt T g

+ Ckcge*(ZiwerFa)inr(iwer%I‘a)tl (aTaze U 221) + Ckcge(zmzfrd)tz7(iwz+§rd)n at?a

F GRem (20t T (=) (12 20 =2Tut  gaige=Tan 4 5y 4 (Re(2we=Tt— (2wt T 5t 2 52

— C};efﬁwﬁ%ﬁ)t2 (Cra+ Ci(2a fate Tl 4 3a))

— et (Cal 4 G(2a Pae ™™ 4 at))

— Cge Wit (G a4 C2aTa%e " 1 a))

— G I (Gl + G (2at Pae ™ 4l (26T BT 4 1))

— G AL (0?4 G 2atade " + 53%))

— G T g2 a T ae ™ 4 at?))

— Gee” Bt (Ca? 4 g 2ata’e 0 4+ a7))

— G ot G2 a  ae ™ 4 At (e T 1))

F(Ce+ CO(Cr+ Ce(2dTae ™™ 4 2atae ™" 4 1)) +4Ge ™2 (af *a%e ™ +ata), (G17)
where we have used equation (F30) for the evolution of polynomials of @ and at. We can split Vi [t, — #;] in
equation (G16) into oscillating terms (first line) whose integration over ¢, is denoted by I, , and
non-oscillating terms (second line) whose integration is denoted by I, 1. After integration, the oscillating
terms gain a factor w, ! while the non-oscillating terms gain either a factor T or a factor I'; !. In real

experiments, one does not work in the regime where the quantum state has been destroyed, and thus set
wy l« r; I ~ T. Therefore, we obtain

— xw,T, (G18)

therefore I; , is negligible. Similarly, we split (Vk[tz — tl]Vk) [t1] in equation (G17) into oscillating terms with
respect to at least one of ¢, or ¢, (all but the last line) whose integration is denoted by I, , and non-oscillating
terms (last line) whose integration is denoted by I, 4. After integration, the oscillating terms with respect to
at least one of t; or t, gain either a factor w, 2, a factor w; 'T'; ! or w, ' T, while the non-oscillating terms gain
a factor T2, T'; ! T or I',. Therefore, under our condition thatw, ! < ;1 ~ T

La
IZo

)

o w,T, (G19)

therefore I, , is negligible. The integration results in equations (81)—(83), as is shown in section 4.

G.3. Phase damping channel
For phase damping channel, the time evolution of relevant operators are

Vi = (cg@ef(iwﬁ%m)n + Geate (Port2lp)u h.c.) — (G +Cc(2ata+1)), (G20)
(il — 1) 14) 1] = (R (o T (30 (oot ) )
i (Cgckab'e*(iwz‘i’%rp)tzf(i2w1+4Fp)t1 i Cgck&3ef(i2wz+2r‘p)t27(iwz+%1“p)tl Jrh_cl)
+ Cé (&Ta + 1) o~ (1w 3Ty (2—1) + CéaTae(iWr%Fp)(tz*tl)
n Cgckef(iwer%Fp)tz«Fiszt] (&T 25 i 2&1) + Cgcke(iwr%rp)rrizwzn ata?
n Ckcge—(izwz"rzl—‘p)tz-‘r(iwz-'r%l—‘p)h (aﬂaz + 2&) + Ckcge(zmz—zrp)rz—(iwz_grp)tl at2a
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Qe (et 2D) (=) (312 52 4 44t 4 2) 4 CRelPen=2Tp)(a=n) 4t 52

— (G + G (Cgie™ (w3100 | G e (2wA2D0)t 1y ¢ )

— (G + G) (Cgae ™ot alolt 4 Ga?e™ (2020t hc))

— CyCe 3T (3142 4 4) — CGelin2Tw) 41 %

— CyCre (@i at@? _ el (a4 4 af)

_ C]Z(ef(i2w1+21—‘p)t2 (afaf} + 2&2) _ Cie(iszle"p)tz a-l— 3 a

_ Cief(iszJrZFp)tl atad - Cief(12w2+2rp)tl(&f 3 a+2al 2)

+ (G + C(2aTa+1))?, (G21)
where we have used equation (F56) for the evolution of polynomials of @ and at. We split Vi (#,) in
equation (G20) into oscillating terms (first line) whose integration over ¢, is denoted by I, , and
non-oscillating terms (second line) whose integration over ¢; is denoted by I, |. After integration, the

oscillating terms gain a factor of w, ' while the non-oscillating terms gain either a factor T or a factor I'; .
Because we work in the region where w, ! < T';'! = T, we obtain

I
Il—" o w,T. (G22)
1,0

)

Therefore I; , is negligible. Similarly, we split (Vk[tz — 1] Vk) [t1] in equation (G21) into oscillating terms
with respect to at least one of t; and ¢, (all but the last line) whose integration is I, , and non-oscillating
terms (last line) whose integration is I, 4. After integration, the oscillating terms gain either a factor w; %, a
factor w, 'T', ! or a factor w, ' T, while the non-oscillating terms gain a factor 7%, T',' T or I', . Using
w, < Fp_l ~ T, we obtain

I
29 o w,T. (G23)
IZ o

)

As a result, we neglect I, ,. Integrating results in the same expressions as equations (66)—(68).

G.4. Diffusion channel
For diffusion channel, the time evolution of relevant operators are

Vi = (Cote ™" + CGra’e " +hc.) — (Co+ G (2a'a+2T'4t + 1)), (G24)
(Ve[ — 1] i) [11] = ((Cgtte™ 2  CraPe 2452 (Cyare ™" + GiaPe™24) + huc.)
+ Coe (™) (aTa+ Tyt + 1) + Coe ™) (aTa 4 Tgty)
+ CuCre it (312 4 4 9(Dyty + 1)al) + CuCe2e =9 (a2 4 4 2Tyt at)
+ CyCre ™ 2entatient) (3132 42 (Tgty +1)a) + CoCre 272 (373 4 241, a)
Qe 2en=) (512 2 L 4Ty, + 1)ata +2(Daty +1)%)
+ Cen(=1) (31?2 4 qTynata +2028)
— (G + C)(Cye 20+ Cre 3% + h.c.)
— (Ce+ C(2T4(ts — 1) + 1)) (Cge M a + Cre 21 a% + h.c.)
— CyGe 2 (2a1a% +-2(2T gty + 1)a) — CuCe ™1 (2a1a* + 4T, )
— CGe (24t * a+aT4nal) — CuGe™h (2417 a+2(2gt, +1)al)
— Cle (24137 4 2(304ty +2)@%) — Cle 2 (274> + 6Tyt %)
— Qe (2 41 a1 6T4n at’) — et (24t a4+ 2(3T4n +2) 4t ?)
+(Cr + C(2T4(t, — 1) + 1)) (G + Cr(2ata+ 2Tyt + 1))
+ (G + G (2ata+20gn ) + C2(4 at* @ + 4(4Tgt, + 1)ata + 4Tty (20at, + 1)),
(G25)

where we have used equation (F82) for the evolution of polynomials of & and a'. We split Vi (t,) in
equation (G24) into oscillating terms (first line) whose integration over ¢, is denoted by I; , and

30



10P Publishing

Quantum Sci. Technol. 9 (2024) 045052 Y Hu et al

non-oscillating terms (second line) whose integration over ¢, is denoted by I, |. Recall that we work in the
region where w; ! < 'y ~ T, which means poly(I'qT) ~ 1. After integration, the oscillating terms gain a
factor of poly(T'4T) - w, ! while the non-oscillating terms gain a factor poly(I'4T) - T. We thus obtain

I
LTI w,T. (G26)

1,0

That means I, , is negligible. Similarly, we split (f/k[tz - tl]Vk) [t1] in equation (G25) into oscillating terms
with respect to at least one of t; and #, (all but the last two lines) whose integration is I, , and non-oscillating
terms (last two lines) whose integration is I, 4. After integration, the oscillating terms gain either a factor
poly(TyT) - w; %, a factor poly(TyT) - w, 'T, " or a factor poly(T4T) - w, ' T, while the non-oscillating terms
gain a factor poly(I'4T) - T2. Using w, ' < I';" ~ T and poly(I'4T) ~ 1, we obtain

I
29 o w,T. (G27)
IZ o

)

We thus omit I, , in further calculations. It is direct but cumbersome to compute the integration explicitly,
resulting in equations (86)—(88).
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