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We derive the predicted time dilation of delocalized atomic clocks in an optical lattice setup in the
presence of a gravitational field to leading order in quantum relativistic corrections. We investigate
exotic quantum states of motion whose gravitational time dilation is outside of the realm of classical
general relativity, finding a regime where 2*Mg optical lattice clocks currently in development would
comfortably be able to detect this quantum effect (if the technical challenge of generating such
states can be met). We provide a detailed experimental protocol and analyse the effects of noise
on our predictions. We also show that the magnitude of our predicted quantum gravitational time
dilation effect remains just out of detectable reach for the current generation of 87Sr optical lattice
clocks. Our calculations agree with the predicted time dilation of classical general relativity when

restricting to Gaussian states.

I. INTRODUCTION

The prediction of gravitational redshift, a consequence
of Einstein’s equivalence principle, was a key early predic-
tion of general relativity. It was first observed on Earth
in 1960, over a distance of 22.56 m [1]. Since the red-
shift is equivalent to time dilation, the incredible accu-
racy of modern optical clocks has drastically decreased
the distance over which the effect is detectable; it was
observed in 2010 due to a change in height of 33 cm [2],
and recently, within a sample of atoms on the single-
mm scale [3], leading to the exciting prospect that grav-
itational redshift may soon be detectable on the length
scale of the wavefunction itself. In [4], a prescription
was given for predicting the time dilation in this regime,
and an example including a quantum-interference effect
was discussed. In this work, we study the feasibility of
observing this effect in state-of-the-art atomic clocks.

There has been much theoretical work on a quantum
theory of gravity in the last century (see e.g. 5, 6]), but
there has been comparatively little experimental progress
to guide the way, with the notable exception of certain
phenomenological results [7]. Given the extreme regimes
at which a full theory of quantum gravity is expected
to be necessary, it may be fruitful to instead investigate
low-energy effects combining relativity and quantum me-
chanics. There are numerous experiments and phenom-
ena where both quantum and gravitational effects man-
ifest together (see e.g. [8] and references therein), which
can be described by simply combining quantum theory
and relativity (or even Newtonian gravity, e.g. [9]).
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Going a step further, a recent approach consists of
quantizing the mass defect associated with the internal
states of a moving body, resulting in a coupling between
its internal and motional degrees of freedom [10, 11]. This
coupling leads to novel predictions such as a gravitational
decoherence [12] (not to be confused with the Diosi-
Penrose model [13, 14]) and time-dilation-induced effects
in atom interference experiments [11, 12, 15]. Moreover,
the model has been applied in the Page-Wootters formal-
ism [16], and is predicted to affect spontaneous emission
rates [17] and atomic spectra [18].

The effect of a quantized mass defect in the time di-
lation experienced by atomic clocks has been considered
in [19-22]. In [4], it was shown that this quantization
implies the existence of quantum interference effects in
the average time dilation observed for certain states of
motion (see also [16]). In that analysis, the clocks were
freely-falling, in contrast with the spatial confinement of
modern state-of-the-art clocks.

Here we examine the potential for the interference ef-
fect to be observed in optical lattice clocks, which are
ideal due to both their ultra-high precision [23-25], and
the degree of control of their spatial degrees of freedom
[26-30]. We consider 2*Mg optical lattice clocks (and 87Sr
in Appendix E), providing upper bounds on decoherence
rates required in order to observe the discrepancy with
high confidence. Our numerical results show that the dis-
crepancy could be detectable by a next-generation 2*Mg
optical lattice clock with a relative accuracy of 10719,
which are under development and will likely be in opera-
tion in the near future [31-33|, opening the door for the
quantized-mass-defect model to be subject to experimen-
tal scrutiny.

We begin by laying out the theoretical model in Sec-
tion II, before describing our proposed experimental pro-
tocol in Section III, and then finally analyse the effect of
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noise in Section IV.

II. THEORETICAL MODEL
A. Clock dynamics in the presence of gravity

In this section we lay out the theoretical model and
its application to atomic clocks. It will set the stage for
Section IIT where we devise experimental protocols.

Consider a point-like classical particle with rest mass
m, position x = (z,y,2), and momentum p =
(Pz, Py, P=), subject to some (e.g. optical) potential U(x).
Following from the energy-momentum relation in a weak
gravitational field and low-energy limit, the Hamiltonian
function in the rest frame of a laboratory on the Earth’s
surface is given by (see Appendix A)

2
H =mc® + mgz + 2pim +U(x) + O(c™?), (1)

where z is the particle’s height and g is the Earth’s sur-
face gravity, and where O(c™") denotes terms propor-
tional to ¢~", as well as higher orders. The particle’s

proper time has the line element d7 = /g, dztdz”,
given here by

dr = ( oAl g%g) dt+0(ch. (@)

After a duration T in the laboratory frame, the particle
experiences the proper time

T :T+I(], (3)

where

mc? 2m

I = — /OTdt1 (mgz(tl) - W) Y

Here z(t1) and p(t1) are governed by the Poisson bracket

d dx
B =Py 5= —{H.x) (5)

Now let us consider the particle as a point-like clock,
with an inner clock degree of freedom denoted by sub-
script ¢, in addition to the above kinematic degrees of
freedom, denoted by subscript k. We obtain the quan-
tized Hamiltonian in three steps. First, denoting the in-
ternal energy associated with the clock degree of free-
dom by H., we account for the associated mass-defect
(i.e. mass-energy equivalence) by making the replace-
ment me? — mc? + H,. Second, we expand the energy-
momentum relation, keeping O(c™2) and O(c™?) terms
but neglecting O(c°%) terms. Finally, we replace all ob-
servables by operators. More details can be found in
Appendix A. We thus obtain

H A2
H= Hk—|—H+

5 @ Vk —|— 7@ Wk, (6)

where
N p? .
Hy, =mc® +mg + 5 FUK) + o™, (7)
A f)z
Wk =mgz — am +0(c™?), (8)
-2
A
W=7 —. )
The O(c™?) terms that are not written explicitly do not

contribute to the lowest order correction to the measured
time, as we will show in Egs. (28) and (29).

Since the clock degree of freedom couples with the
kinematic degrees of freedom, its time is affected by its
motion and vice versa. In an optical lattice clock, the
clock degree of freedom remains coherent much longer
than the kinematic degrees of freedom, see e.g. [34, 35].
We therefore only consider decoherence processes via the
kinematic degrees of freedom, modelling the system by
the Lindblad equation (see e.g. [36]):

Co=F) + Fi)+ Fualp) (0)

where
Fe(p) = —i[lffc,p] (11)
F(p) = —'[Hl“ pl + Z(p), (12)
Fim(p) = [m—H ® Vi +— H2 ® Wi, pl, (13)
Lilp) =5 Z 2LipL! — LILip — pLIL;. (14)

Here {L;}; are the Lindblad operators describing the ef-
fect of environmental noise on the kinematic degree of
freedom. Suppose that the initial state pg is a product
state between clock degrees of freedom and kinematic de-
grees of freedom

Po = Pe,0 @ Px,0- (15)

We regard the non-correlating parts %, and % as the
unperturbed evolution and the correlating part %, as
the perturbative evolution. The Lmdblad equation can
be expanded in terms of p =) p(") where p(™ is

nmn mnc2n

order O(c=2"). This leads to the coupled equations
d
7" = Z0”) = A ) = 0, (16)
d o .
&p(l) - yC(p(l)) - yk(p(1)> = - I[HC & Vkap(O)]a

(17)

d PP — Z(p?) -

(2)y —
" Fi(p'™)

—i[H? @ Wi, p).
(18)

The solution is derived in Appendix B. We further in-
troduce I; and I which will allow us to quantify the



expectation value and variance of time dilation respec-
tively, when the clock runs for a duration 7" in the lab
frame

I = % /OTdt1 TI'(‘A/k[tl]pk,O) (19)
= % /OTdtl (mg(é[tﬂ) - «15;351])) ) (20)

b= | L, [ (et~ 100) el
(21)

where we have reserved square brackets for the evolution
of a density matrix p and operator O in the interaction
picture by

plt] == e'7(p),

respectively. One can easily find the analogy between
Egs. (4) and (20) by replacing variables such as z(t1)
and p?(t1) with expectation value of observables such as
(2[t]) and (p*[t1]).

Olt] := "7 (0) (22)

B. Gravitational effects in atomic clocks

The clock transition in an atomic clock can be well-
modelled by a two-level system whose ground (excited)
state is denoted by |g) (|e) respectively) and we thus write
the clock Hamiltonian as

1
H, = Sl (23)

The clock-transition frequency wgy of the atom is com-
pared with the frequency w of a very stable laser. Any
detected difference in frequency is cancelled on the fly by
adjusting the laser frequency accordingly. The end result
is a high quality time signal from the laser. This com-
parison may be done via the Ramsey experiment [37], for
example, whereby the atom initially in its ground state
lg) is prepared in the |g) + |e) state by a T-pulse, then
allowed to evolve freely for a duration of T, before an-
other Z-pulse is applied and then finally measured in the
energy basis. In the absence of relativistic effects, this
results in Ramsey fringes described by

Pr(le)) = = (1 + pcos ((w — wo)T) ). (24)

N =

where wy is the centre of the fringes and p (which is usu-
ally a function of w — wy) is their contrast. In order to
minimize the variance in the estimate of wg, the laser
frequency is tuned to the two maximal gradient points
either side of the fringe centre at w = wy. (The other
maximas of the cosine are reduced by a smaller p-value.)
Under such optimal conditions, the variance of the es-
timation of wy is proportional to T~2p~2. Relativistic
effects, however, lead to a shift of the fringe centre to &y,

and a decreased contrast p, and thus an increased vari-
ance G3. Moreover, as we show in Appendix C, Eq. (24)
still holds but with the replacements

WOT}%QoT:wO(T‘i‘Il), (25)
2
- W
pHp=1—70(§R(Iz)—112), (26)
00— 69 ox T2 2. (27)

where we have assumed p ~ 1 for w =~ wy.

In order to find the lowest order relativistic corrections
to @oT and p, we rewrite Eq. (19) and Eq. (21), using
pl({n) and Vk(n) to denote the O(c™2") terms in p, and Vi,
arising from Eq. (7) and Eq. (8) respectively:

I 5 (0) ViV [t]
Il = w/o dtl TI‘((Vk [tl] + W + ...)pk70 5

9 T to
Ir = —— dt dt

. VW, — ¢
Tr((Vk(O)[tg — ]+ % + )

&) 1)
-0, Vi 0 P [t1]
(R + 2 ) (o010 + 28 + )

(29)
The lowest order of I; and of I only contains py o and
Vk(o). Eq. (25) immediately shows that the lowest order of

woT contain only py ¢ and Vk(o). In Eq. (26), lowest order
of I? does not cancel with that of R(I2) in general, as the
former is the square of the expectation of an operator and
the latter is the expectation of the square of the same
operator when the evolution is unitary, as is shown in
Appendix B. Moreover, Eq. (26) shows that the lowest
order of p contains only pl({o) and ‘A/k(o). In conclusion, it is
sufficient to only take into account O(c?) terms in Eq. (7)
and Eq. (8) respectively.

Note that the proper time of a classical clock can be
recovered when the kinematic state is Gaussian. As is
seen from Egs. (4) and (20), one can obtain Eq. (3)
from Eq. (25) by replacing expectations of operators
(2[t1]) and ((p?)[t1]) with the classical functions z(¢;)
and (p?)(t1). For a pure kinematic state with Gaussian
distributed amplitudes specified by initial mean position
Z(0), and mean momentum p(0) with variance o2 (0), this

corresponds to replacing (2[t1]) by z(t1) and {(p?)[t1]) by
p(t1)* + op(tr).

C. Quantum effects on the gravitational time
dilation

To go beyond the classical relativistic time dilation
and examine quantum effects, we will distinguish between



two cases, corresponding to two different initial kinematic
states: the case of preparing a spatial quantum superpo-
sition pi,0,qtm, and the case of a spatial classical mixture
Pk,0,cls*

[y = VK (cosO1h1) + €' sinbiho))
(30)

Pi0,c1s = o8 011 11 | + sin® O]y )1ba| (31)

where [11), |1)2) are Gaussian states [38] with different
initial mean position and momentum; K is a normal-
isation constant. Our usage of states with Gaussian-
distributed amplitudes is motivated by experimental con-
ditions; we will show in Section III how such states and
their superposition or mixture can be prepared. The two
cases will yield different time dilations. We use the nota-
tion Il = Il,qtm7 IQ = I27qtm7 UT)O — @O,qtm and ﬁ = ﬁqtm
when evaluating the case of a quantum superposition,
and similarly L — 117.3157 I — 127015, @y — (:J07C15 and
P — Pes in the case of the classical mixture. The dis-
crepancy between the relativistically shifted frequencies
in the two cases is denoted

Pk,0,qtm — ‘w><¢‘v

UDO,coh = ('DO,qtm - a]O,cls- (32)

By preparing two atomic clocks in parallel with the two
different initial states, one can investigate when this shift
is experimentally detectable via Eq. (24). Let us first
define three quantities

A1,coh = Il,qtm - Il,ClSa (33)
Ag,qtm = ER(]'Q,qtm) - Ilz,qtmv (34)
A%,CIS = §R(IQ,CIS) - 112,1313' (35)

The quantity A1 con is related to the discrepancy in clock
times. Meanwhile, A%,qtm is related to the contrast Pqim
and thus to the increase in variance of the transition fre-
quency in the quantum superposition case. Similarly,
Ag o5 18 related to pcs and thus to the increase in vari-
ance in the classical mixture case. This correspondence
holds not only for atomic clocks, but also for the ideal-
ized clocks discussed in Appendix D. Let us now express
the frequency discrepancy and the contrasts in terms of
these variables. The discrepancy is written

~ A oh
Wo,coh = %Wm (36)
and the contrasts
2
5 w,
Pqtm = 1- 70A37qtma (37)
2
~ w,
Pcls = 1- TOAE,CIS' (38)

Using relation (27), the variances satisfy

~2 1 Wi A2
UO,qtm X ﬁ + FAQ,qtm (39)
Wi A2

-9 1
T0,c1s X 73 + T2 22.cls

Under the wusual assumptions of the addition-of-
quadratures rule for standard deviations, we have

~2 ~2 ~2
UO,coh = aO,qtm + UO,Clsv (41)
thus obtaining
2 w3
~2 0 A2
UO,coh X ﬁ + ﬁ 2,cq" (42)
where A3 . = A3 ., +A3 .. Because the proportional-

ity factor depends on how the Ramsey interferometry is
implemented, we will provide estimates for A;Cq rather
than 5§,coh directly.

The condition to detect the discrepancy can be ex-
pressed as

LDO,coh > &0,coh7 (43)

for atomic clocks. For idealized clocks, interested readers
may refer to Appendix D for further discussion.

III. EXPERIMENTAL PROTOCOL
A. State preparation

We propose an experimental protocol based on an op-
tical lattice clock, since they afford the highest accuracy,
as well as permitting the high level of control required
for the preparation of different kinematic states. Such a
clock relies on an optical potential to confine the atoms,
which depends on their electronic state |n) and position
X, as well as the frequency w and the polarization p of
the optical field. It is convenient to express the optical
potential in the basis |n):

U=> Ua(X)ln)nl. (44)

Suppose that an atom is in the electric state |n) and
that the optical field has one frequency w but two po-
larizations (left © and right O circularly polarized light),
then the optical potential that the atom feels is given
by [39, 40],

U@ = Y alwnlBEE (49)

pe{0,0}

where «,,(w,p) is the polarizability of the atom and is
dependent on n, w and p. In a one-dimensional optical
lattice, the optical potential is a one-dimensional stand-
ing wave:

Upn (%) = U, max cos® k2. (46)
Atoms are usually confined in a deep optical lattice in
order to reduce the recoil shift and the Doppler shift and
increase the accuracy [41]. Therefore, the potential can



be expanded around a minimum point, giving the har-
monic oscillator approximation,
52

Un() = —mw? 2

- Yn,max> 4
2 n,z U E ( 7)

QU"%]C The optical lattice is also

where wy,, =
aligned parallel to the gravitational filed, which sup-
presses the hopping between sites and improves the ac-
curacy [42].

We choose coherent states |a) and | — o) (which are
Gaussian [38]) for |¢)1) and |i)2) in the spatial superpo-
sition and the spatial mixture, i.e. Egs. (30) and (31).
There are two reasons to choose coherent states here.
One is that they are the most classical choice in the sense
that they have a non-negative Wigner function and satu-
rate the position-momentum uncertainty relation. More
importantly, they can be prepared easily in the experi-
ment. With the harmonic oscillator approximation, the
ground state of the deep optical lattice is the vacuum
state. Coherent states can be prepared by displacing the
vacuum state, for example with a state-dependent optical
lattice [43]. Note that since the optical potential depends
on the electronic state, atoms in two different electronic
states can be subject to different optical lattices. Sup-
pose that there are two electronic states |g) and |e) for
which the polarizability in Eq. (45) satisfies

ajgy(w,0") > apey (w, o), (48)
gy (w,07) < ey (w, 07), (49)

and consider two coinciding optical lattices induced by
lasers with o polarizations respectively. An appropriate
phase modulation of the & lasers can displace the opti-
cal lattices in two opposite directions. Atoms in |g) and
le) are mainly subject to optical lattices induced by o™
and o~ -polarized lasers respectively, and thus move along
with the corresponding optical lattice in two opposite di-
rections. In such a state-dependent optical lattice, the
spatial ground states induced by the o*-polarized lasers
are the respective coherent states | + a) of the original
optical lattice. To prepare the superposition of coherent
states given in Eq. (30), one can first prepare atoms in the
spatial ground state and a superposition of |g) and |e),
then state-dependently displace and replace the lattice.
After that, the desired stated is achieved by measuring
in the {|g) + |le),|g) — |e)} basis and post-selecting the
lg) — |e) outcome. To prepare the mixture, one can fol-
low the same method, except measure in the {|g),|e)}
basis and do not post-select.

Another important technique is electron shelving [44].
Suppose that there are a stable energy eigenstate |g) and
an unstable energy eigenstate |f), and that |f) sponta-
neously decays to |g). Let an atom be in |g). We induce
the transition between |g) and |f) with a strong laser.
The atom will jump up to |f) due to the laser but will
soon jump down to |g) due to the spontaneous decay of
| f) repeatedly. In each cycle, the atom scatters one pho-
ton. Scattered photons lead to two results. One is the

possibility to detect these photons, from which we infer
that the atom is in |g). Another is the transfer of the
kinematic momentum and energy from photons to the
atom, from which the atom can gain enough energy to
escape from the optical lattice. We will make use of the
first to measure the state of the atom and the second to
remove atoms in a given state from the optical lattice.
Both applications can be found in [45].

In practice, there is usually no direct transition be-
tween |g) and |e). In that case, a Raman transition via a
third level, is required for the transition between |g) and
le). Interested readers may refer to [46] for a general de-
scription for the Raman transition with one and multiple
intermediate states.

B. A protocol for detecting the quantum
discrepancy

[uy), unstable

|ug), unstable —‘—

|ms), metastable

>

|m; ), metastable

|s2), stable
[s1), stable

FIG. 1. The energy diagram of the desired atom in our gen-
eral protocol. The line width corresponds to the transition
strength. The line colors indicate the relative energies of the
transitions e.g. the blue line has a higher frequency than the
green line.

We now describe our proposed experimental protocol
in general, before applying it in the specific case of a
24Mg clock in the following section (and a 87Sr clock in
Appendix E). The atom is required to have an energy
structure as in Fig. 1. Two stable states denoted by s 2)
are used for the clock transition. Preferably, the transi-
tion between |s1) and |sq) is forbidden, which means that
the natural linewidth of the transition is narrow. Two
meta-stable states denoted by |m; o) are used for the
state-dependent optical lattice. We require that tran-
sitions between |m;) and |ms) and |s;) and |m;) are pos-
sible. Since all states involved in these two transitions are
either stable or meta-stable, they are likely to be weak.
In addition, two unstable states denoted by |uj2) are
used for measurements, post-selection and spontaneous
decay. Strong transitions between [s1) and |u;) and [s1)
and |ug) are needed. Moreover, weak transitions between
|mp) and |u;) and |mg) and |u;) are also required.

Our protocol is shown in Fig. 2, and proceeds as fol-
lows: Step 0, atoms are loaded into optical lattices in-
duced by lasers at the magic wavelength with ¢* and



0. spin polarization|—————}

|s1)

1. optical transitionf—————}

lmy)

2. Raman transition|——————}

lmy ) +|ms2)

|3. spin-dependent latticel——————}

[my)|e) +[mz)|—a)

|4a. Raman transition]—‘/

my) () = =) +[m2)(|a) +|=a))

Sa. electron shelving
optical transition

spontaneous decay
[s1)(|e) =)

4b. optical transition
H spontaneous decay
[s1)(s1 || +[ma)(ma|| —a){—al
5b. optical transition
spontaneous decay

[s1)(s1](la) el +|—a)—al)

ﬂ—{ﬁ Ramsey Exp. }—ﬂ

FIG. 2. The scheme of our protocol. Steps 4a and 5a corresponds to a clock with a superposition as input and Step 4b and

Step 5b to a clock with a mixture as input.

initialized to stable states |s1). Step 1, a w-pulse excites
atoms from the stable state |s1) to the meta-stable state
|my). Step 2, a §-pulse induces the transition between
meta-stable states |m;) and |ms) and prepares the super-
position |m;) 4+ |ms). In Step 3, we adiabatically displace
optical lattices induced by o* toward opposite directions
to realize state-dependent optical lattices and diabati-
cally replace them after that, yielding |m1)|a)+|ma)|—a).

In the following, we split Step 4 and Step 5 into two
cases: case a for the kinematic superposition in Eq. (30)
and case b for the mixture in Eq. (31). Step 4a, an-
other Z-pulse induces the transition between |m;) and
[my) and prepares [my)(|er) — [ = a)) + [ma)(Ja) +| - ).
In Step 5a, we transit atoms in |my) to |s1) via |uy) and
clear atoms in |my) by electron shelving. To be con-
crete, we first apply a laser inducing the transition from
|ms) to |uy) and a strong laser inducing the transition
between |s1) and |ug) to realize electron shelving. That
is, atoms in |my) first transit to |u;), quickly decay to
|s1) via spontaneous emission and then cycle between
|[s1) and |ug). During electron shelving, atoms origi-
nally in |msy) are cleared while atoms in |m;) remains
unchanged. After that, a m-pulse then excites atoms in
|my) to |ug). These atoms quickly decay to |s1) via spon-
taneous emission and we obtain the spatial superposition
s1)(s1] © (o) — | — a)({a] — (—al). Step 4b, atoms in
|m;) are excited to |uy) by a m-pulse and then sponta-
neously decay to [s1). Step 5b, atoms in |msg) are excited
to |u;) by another m-pulse and again spontaneously de-
cay to |s1). These steps result in the spacial mixture
[s1)(s1] @ (la)al + | — a)}—al).

In Step 6, we perform the ordinary interrogation and
detection procedure of an optical lattice clock. A typical
interrogation procedure consists of a Ramsey experiment
to compare the frequency of the laser and the clock tran-

sition, in which atoms freely evolve for some duration T’
in the laboratory frame. A typical detection procedure
consists of a measurement in the basis of |s1) and [s2)
with electron shelving.

C. Application to a ?*Mg clock

Clock-specific protocols can be divided into two cate-
gories: optical lattice clocks based on bosons, e.g. ?*Mg
[32, 33] and 88Sr [47], and on fermions, e.g. 87Sr [34]
respectively. We consider Mg and 87Sr optical lat-
tice clocks to illustrate typical optical lattice clocks with
bosons and fermions respectively. Since ?*Mg are cur-
rently in development [31-33| and yield the most promis-
ing results as far as detectability is concerned, we present
them here, while 37Sr are relegated to Appendix E.

38, 3sds
1P, 3s3p
3P, 3s3p
3Py 3s3p
3Py 3s3p
1S, 352

FIG. 3. The energy diagram of the **Mg atom. Each state
is labeled by its electronic state 2°T*L;. The line color cor-
responds the transition light color, and the width of the line
corresponds to the strength of the transition.

Fig. 3 shows the relevant energy diagram of 2*Mg



which is bosonic and has zero nuclear spin (and there-
fore no hyperfine splitting). This results in a simple elec-
tronic structure but at the same time a difficulty in find-
ing enough states for all operations because of the limited
number of states. 'Sg is used as the lower stable state
[u1). In Step 0 to Step 5, we treat 3Pg and ®P5 as meta-
stable states |mp) and |ms) respectively. In Step 4 and
Step 5, we treat >P; and 'P; as unstable states |u;) and
[ug). In Step 6, 3Py is used as the upper stable state |s).
The transition between 'Sy and 3Py (the clock transi-
tion), though strictly speaking forbidden, is induced ap-
plying by a strong magnetic field [32, 33, 41]. Transitions
between 3P, and 3Py, 3P, and 3P; as well as 3P, and
3P, are realized by Raman transitions via 3S;. Although
the natural linewidth of 3P, is rather narrow, an atom in
3P, does spontaneously decay to 'Sy in a timescale much
smaller than the lifetime of 3Py. Besides, due to the use
of 3Py as |my) in Step 0 to Step 5 and |s2) in Step 6, we
must additionally clear atoms in 3Py by electron shelving
between Step 5 and Step 6. This is possible by pumping
atoms from 3Py to S; while re-pumping atoms from 3P,
and SPQ to 381.

D. Numerical analysis

We now evaluate and numerically simulate our results
for the experimental protocols with the aim of obtaining
predictions for the discrepancy and the increase in vari-
ance in Egs. (33) to (35). For an optical atomic clock, the
transition frequency between the ground state and the ex-
cited state has to be a constant with respect to different
spatial positions (in the absence of time-dilation effects).
Thus the clock works at the magic wavelength, whereby
the energy shift due to the external electric fields of both
energy levels are the same to leading order [34]. We thus

2U max .
replace Up max and wy, = 1/ =22k with Upyax and

w, = \/7 w%k We write Eq. (47) in terms of creation

and annihilation operators:

R L 7., 9 i
= =+ —P, ), 50
¢ V22 (Z + w2 + mwzp ) (50)
1 g i
at = ( g 7) 51
a \/iZS Z+ wg mwzpz ) ( )

where z; = ,/%.

We can then derive an expression
for the total Hamiltonian in Eq. (6), for the case of rel-
ativistic atoms in a one-dimensional optical lattice by

substituting Eqs. (47), (50) and (51) into Egs. (7) to (9),

thus obtaining

N a1 mg?
Hk = FILUZ(GTCL + 5) - 27(527 (52)
Vi it at a2+ at? Zoata
W:Cg(a+a)_cr+0k(a +a _2aa_1)7
(53)
W
i giteat®aata 1) o

where Cg 1= 525, C; = Uf;—; and CY := “EC'Z:.

We first consider the noiseless case by setting the Lind-
blad operators {L;} to zero in Eq. (14), and examine the
effect of noise later, in Section IV. The time evolution of
polynomials of creation and annihilation operators in the

noiseless case is derived in Appendix F 1. Then,

Vi[t]
me2

= Cg(&e_i“’zt +h.c)—-C, - Ck
+ Oy ((a%e™ ™! + h.c.) — 2a%a) .

(55)

With Vi [t] in hand, we can compute I; and I according
to Egs. (19) and (21). We split I; into I;; which is an
integration of non-oscillating terms and I; , which is an
integration of oscillating terms (see Appendix G 1). The
ratio between them is given by

I

Il:o x w,T. (56)

For our protocol, typical parameters are the frequency of
the harmonic oscillator w, = 10° Hz and the interrogation
time of the Ramsey experiment 7' = 1 s, and thus w,T =
10° [41]. Therefore, we can only keep I ;:

L~ — (Ck(2(a'a) + 1) + C,) T, (57)

where (-) = Tr(-pko). Similarly, we split I into Is 4
which is an double integration of non-oscillating terms
and I , which is a double integration of oscillating terms
(see Appendix G 1). The ratio between them is

I2,q
2,0

< w,T. (58)
Again we can only keep I5 4 and obtain

I ~ 4C2 (a2 a2 T? + (C, + ) T? (59)
+4C\ (Cy +2CY) (ata)T?,

Plugging in initial states px 0,qtm in Eq. (30) and pk o c1s
in Eq. (31), one finds

1-C
Il,qtm = — (Cr + Ck) T — 2Ck 1 T Ci OéOT7 (60)
Lyqim = (Cr 4+ Cx)* T? + 4C2aiT?

+ 4C\ (Cr + QCk) 110G, aOT ,



where we have denoted Cj := =293 sin 26 cos ¢, and

Lias= — (Cr+ C) T — 2Cka T, (62)
IQ,CIS = (Cr + Ok)2 T2 + 40120(3,112

63
+4Cy (C; + 2Cy) a3 T2, (63)

Recall the discrepancy Aj con and the increase in vari-
ance in the quantum superposition case and the classical
mixture case A3 ., and A3, respectively defined in
Egs. (33) to (35). We obtain

Ci

Al’coh = 4Ck1_|_70043T, (64)
2 2 Ci 42 21 =Ci 5
AQ,qtm = 16Ck maoT + 4Ck 1 n C O[()T s (65)
K3 1
A%,cls - 4CEQ(2)T2, (66)

Recalling Eqs. (36) and (42), we thus calculate Aq con
and A3, for both **Mg and 87Sr optical lattice clocks.
A 2*Mg optical lattice clock works at the magic wave-
length Avig = 468 nm [31]. The trap depth is chosen
as Umax,Mg = 150E; Mg, Where the recoil energy of 24Mg
is Ermg = mi::f;g The interrogation time is set to
T =1 s. The displacement d is the half of the distance
between centers of two coherent states | + o). We also
set ¢ = and 0 = 7. Fig. 4 illustrates A; con and A%Cq
with respect to the displacement d for the Mg optical
lattice clock. The figure for the 87Sr optical lattice clock
can be found in Appendix E.

It can be seen from Fig. 4 for ?*Mg (and Fig. 8 in
Appendix E for 87Sr) that the discrepancy is significant
enough to be detected and that the increase in vari-
ance is still tolerable at a small displacement. This sug-
gests that the discrepancy is in principle detectable. 87Sr
clocks have a relative accuracy of 10718 to 1071 [25], and
the next-generation 2*Mg clocks are expected to exceed
87Sr clocks in accuracy due to the avoidance of certain
systematic effects such as the AC Stark shift by room-
temperature blackbody radiation [31] or the vector and
tensor lattice shifts [41] as well as a shortened dead time
between two subsequent measurements [41]. The relative
discrepancy for the 87Sr clock is 1072! (see Appendix E),
which seems not practical to detect with state-of-art Sr
clocks. However, the relative discrepancy for the 2*Mg
clock is of 107!, and is therefore in principle detectable
in the next generation 2*Mg clocks.

IV. NOISE TOLERANCE

The effect of noise can also be taken into account
within our scheme. We will consider the effects of ampli-
tude and phase damping, as well as diffusion [48].

Amplitude damping can be modelled by the Lindblad
operator

L= \/Taa. (67)

-19 |
x 10 éls()
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.
\\ 3
1 \\\ /
L
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FIG. 4. The discrepancy Aj con between the quantum su-
perposition case and the classical mixture case and the in-
crease in variance Ag,qtm + Agycls of this discrepancy (see
Egs. (36) and (42)) versus the displacement d respectively
for a 2*Mg clock. The parameters are Avg = 468 nm,
Umax,mg = 150E; pn, ¢ =7, 0 =2 and T =1 s.
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where I', is the decay rate of the amplitude damping
channel. A detailed derivation for the time evolution of
polynomials of the creation and annihilation operator can
be found in Appendix F 2. Then,

Vi[t] = Cy(ae ! + h.c.)e 3t — Cp — Oy
+ Ok ((@%e ™" + hc.) —2ata) e "+, (68)

We again compute I;. We consider the regime where
T ~T';! < w !, i.e. where the decay rate is much
slower than timescale associated with the trap frequency,
and moreover, because we apply the measurement when
the effect of decoherence becomes non-negligible but not
overwhelming, we further assume 7' ~ I';!. In this case,
I, includes a damped oscillating term and a constant
term, which we collectively call I ,, and a linear term
and a slowly decaying term, which we collectively call
I1;. We will split I; into I;; which is an integration of
non-oscillating terms and I , which is an integration of
oscillating terms. (see Appendix G 2). The ratio is given
by

f x w,T, (69)

1,0

By our assumption, we only keep I; ;. Thus we get

1— e—FaT

I =—(C+C)T — 2Ck<€ﬂ&>r7

(70)

We can also compute I5. Here I5 is decomposed into two
parts, I 4 which is a double integration of non-oscillating
terms and I3 , which is a double integration of oscillating



terms (see Appendix G 2). The ratio between them is

Iz q

IZ,O

x w,T. (71)

We again only keep I3 4 and obtain

1 — 9¢-TaT —or,. T
L =4c2(atPar) =2 Fe

r3
T(1— e TaT)
+4C, (C, + Cy) (ata) ———— 2
i ( ) (a'a) T (72)
1—e T T, Te T

+ 8C2(a'a)

I‘Q

a

+(C+C )P T2

Plugging in initial states pk 0,qtm in Eq. (30) and px o c1s
in Eq. (31), we obtain

Il,qtm = - (Ck + Cr) T

1-Cy ,1—e T (73)
— QCk Ozg c 5

1 + Ci Fa

1— 26—FaT + e—QFaT

2 4
Iz’qtm = 4Cka0

I3
1-C ,T(1—- e*F‘dT)
+4Cy (C; + C a?
ke WiTe® T T, (74)
1-Ci ,1—e T —D,Te T
1802 a2——F al®
1+ G I
+(Cr 4 C)* T2
and
91— e~ TaT
Las= —(Ck+C)T — 2Ck04()r77 (75)
1— Qe*FaT + 672F3T
I2,cls = 4013&3 1_2
T(1 — e TaT)
+4C, (Co+ O a2 —— 7
ke k) g T, (76)
1—eTaT — FaTe_FaT
+ 8CEal I
2 2
Therefore
(@ 1—e T
A coh = 4 - 5 ’ i
1,coh Ckl—l—CiaO T (77)
C; 1 —2e 1T 4 g721aT
2 _ 2 i 4
A2,qtm - 1GC’k (1 + Ci)Q Qg FZ
LT T (78)
21 —Ci j1—e 2t =T Te =
80k I2 ’
1— —Tat _ FaT -, T
A3 = 8CEa3——F - (79)
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From the above equations, we conclude that the ampli-
tude damping channel will set an upper bound to the

expectation value and the variance of the quantum mod-
ification. Our results show that the amplitude damping
sets an upper bound of the discrepancy which is propor-
tional to I';!. For a 2*Mg optical lattice clock with the
same parameters defined previously, one should ensure
I'» <1 Hz in order for the discrepancy to reach 10719.

Phase damping can be modelled by the Lindblad op-
erator

L, = /Tyala. (80)

We again consider the regime where T~ T'7' > w; .
Applying a similar method to that of the amplitude
damping channel, our derivation (see Appendix G 3)
shows that in this regime, it results in the same equa-
tions as Eq. (64), Eq. (65) and Eq. (66). Therefore, the
phase damping does not adversely affect the ability to
detect the discrepancy.
The diffusion is considered similarly by setting

Lai = /Tad, Ly = /Taal. (81)

As before it is assumed that w;' < T;' ~ 7. With
exactly the same routine (see Appendix G 4), we obtain

G
ALCOh :401(1—’_700[(2)T, (82)
G 8 ,1-C
Adqum =160k T c? agT? + gcﬁmagrdr”
1-G 4 2
+4C¢ . “agT? + gcﬁrdﬂ + §C§F§T4,
(83)
8
Ag,ds =4ACLa3T? + gCﬁagI‘dTg
(84)

4 2
+ gCﬁrdT3 - §C§F§T4.

Our results show that the diffusion increases the vari-
ance which is related to poly(I'qT) - T2. For a 2*Mg opti-
cal lattice clock with the same parameters defined previ-
ously, the ratio between the increase in variance and the
original variance is ~ 1078 for I'y ~ 1 Hz, which shows
the accuracy of the clock does not decrease significantly.

We also compute the discrepancy and the increase in
variance with damping and diffusion for the Mg optical
lattice clock. The parameters are again set to Ay =
468 nm, Unax Mg = 150E, vg, T =18, ¢ =7, 0 = 5
and d = 10 nm. The computation was performed with
Mathematica, where the library QULIB was used [49].
We do not include dephasing because it alters neither
the discrepancy nor the variance. Results are plotted
in Fig. 5.

V. DISCUSSION

Our approach is founded on the widely-used quantized-
mass-defect model [10-12, 16, 19-22, 50], which assumes
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0.31 1 Aicoh [10_20 S]
10
N
Z 02 ?
= 8
7
0.1F
6
0.0t ‘ ‘ rrt
0.0 0.5 1.0 1.5
[y [Hz]
(a) Discrepancy
0.4F
03} 1A 107487
50
N
= 40
=
= 30
20
10

0.0 0.5 1.0 15
I'y [Hz]

(b) Increase in variance

FIG. 5.  (a) The discrepancy Ai o, and (b) the increase
in variance A3 ., (see Egs. (36) and (42)) versus decay rate
and the diffusion rate I, and Iy respectively for a 2*Mg clock,
where the parameters are chosen as Avg = 468 nm, Unax, Mg =
150E: mg, T =18, ¢ =7, 0 =75 and d = 10 nm.

a certain formulation of the Einstein equivalence princi-
ple, i.e. equivalence between the rest, inertial and grav-
itational internal energy, before quantizing the relevant
quantities to operators. This particular combination of
quantum theory and relativity has never been tested, and
may not agree with the predictions of a “correct” theory
of quantum gravity. Our experimental protocol would
function as a test of the quantized-mass-defect model,
with its prediction on time dilation of a quantum clock,
allowing it to be falsified in the case that the experiment
does not agree with the theory.

Our approach probes this model for two different types
of initial clock states: one for which no quantum effects
manifest in the clock time (i.e. the classical-mixture
states), and one for which they do (i.e. the quantum
superposition case). In the former case, the quantized-
mass-defect model gives rise to a purely classical rela-
tivistic time dilation effect, but in the latter the model re-
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sults in an interplay of a purely relativistic effect, namely
gravitational time-dilation, with a purely quantum one,
namely the interference of matter waves. Nonetheless,
general relativity alone cannot realistically be expected
to make a prediction for time dilation for the case of
quantum states with highly non-classical features since
it is outside the purview of the model; proper time (and
thus time-dilation between observers) is a function of
well-defined spacetime trajectories, which do not exist
in quantum theory (see e.g. [51, 52]).

While we have shown that the predicted accuracy of
the next generation of optical clocks should be able to
detect the quantum effect in the time dilation, we have
assumed that the technical challenge of generating the
necessary exotic states of motion can be achieved without
sacrificing this predicted accuracy, for example due to
imperfect process fidelity, or systematic errors induced
by the delocalization of the clock. This is a nontrivial
assumption, and represents a serious technical challenge.
Nonetheless, the in-principle possibility of detecting this
result tells us that we are very close to a regime where we
can observe quantum effects in general relativistic time
dilation, and may serve as a motivation to the resolution
of this challenge.

VI. CONCLUSION

We have studied the feasibility of detecting quantum
interference effects in the time dilation experienced by
an optical lattice clock. Our numerical analysis found
that state-of-art or next-generation optical lattice clocks
may be capable of detecting the discrepancy between
the quantum superposition case and the classical mixture
case, using either 37Sr or 2Mg. Although the electronic
structure of 87Sr is more convenient, our work demon-
strates that state-of-the-art 87Sr clocks have a lower accu-
racy and a smaller interference effect compared to next-
generation 2*Mg clocks, rendering such an experiment
more difficult. Fortunately, in spite of its unfavorable
electronic structure, next-generation Mg clocks are pre-
dicted by our work to have a higher accuracy and a larger
discrepancy, and it is possible that the discrepancy can
be detected. If such experiments are carried out, one
can compare the experiment results and the predictions
of current phenomenological quantum general relativistic
theories, providing a much-needed experimental signpost
on the path to a theory which fully incorporates quantum
mechanics and general relativity.
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APPENDICES

Appendix A: Hamiltonian in the Non-Relativistic Limit

In this section, we derive our system Hamiltonian in the low velocity and weak field limit. Here we follows the
routine in [4, 10]. We restrlct ourselves to a static spacetime with the metric denoted by g,,, with signature (+———).

In that case, we have g%° = (goo) !

, and recall that go; = gio = 0 and g;; = g;; for i, 7 = 1,2,3. Consider that a point

particle of mass m with a clock degree of freedom follows a world line z#(¢) and has a four momentum p,(t). In the
rest frame of the particle, the metric is g;“/ and the particle has a four-momentum p’u. In that case, we have ¢’ °© = 1.
The scalar product of the four-momentum is coordinate-invariant

bup

" =p " (A1)

Noting the rest energy Hyest = pjc and the energy H = poe, we obtain

H= \/ —goo (*p;p?

(A2)

- m?est ct ) .

We now restrict ourselves to a weak field and low energy. We apply the post-Newtonian approximation. Consider the

frame of an observer at rest at infinity. Let the coordinate be &+ = (¢,

r), the metric is given by

2
goo =1+~ zci;, (A3)
Gij = —0ij (1 - 2;’) : (A4)
where ¢ = —% and 7 = |r|. It can be transformed to the frame of an observer at rest at r = r¢ on the earth via
goo = (1 - (I)20> 9oo, (A5)
9ij = Jij- (AG)
where &y = —grg is the gravitational potential on the earth and g = C‘;%W is the gravitational acceleration. Now we

expand the Hamiltonian near a point at r = ry on the earth and let the z-axis be parallel to the radius at the point.
We further add the potential U the clock is subject to into the Hamiltonian, which is an approach used in many

works [19, 20, 22, 43, 53]. The resulting Hamiltonian is

2
H= MyestC™ + Myest g2 +

4

2_2 2
f Myrestg 2 P gzp
c? ’md

where O(c™?
and (29) and arguments thereafter, O(c™?2

) terms consist o

3 - and other higher order terms.
st C 7 MyrestC

- +U+0(c2). (A7)

TNrest

As we show in Egs. (28)

) terms do not contribute to the leading order of our results, and hence

they are not written explicitly here. We further decompose H,es; into the rest mass mc? and the clock Hamiltonian
H. including all the binding and kinematic energies of the clock degree of freedom

Hyest = me (

mc?

) (A8)
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2.2 4 2 2 2_2 4 2
: mg-z P gzp gzH. P H. —2 g°z°H p H gzp~ H,
We alio 21refer to terms proportional to L Iy T e and s as O(c™?) terms, e T
H _ . _ _ _
and 2" as O(c™*) terms, and other higher order terms as O(c™%). We preserve O(c™?) terms and O(c™*) terms

but ignore O(c~%) terms while expanding Eq. (A7) with Eq. (A8). By re-arranging all the terms according to their
2

common factors ”I;Ic“z and %, one obtains
H. H?
H:m62+Hk+HC+72Vk+ﬁWk, (AQ)
mc m2c
where
p2
Hy =mgz+ -— + U + O(c™?), (A10)
2m
p2
W =mgz — am +0(c™?), (A11)
2
p
=_—. A12
W= (A12)

One should note that O(c™2) terms in Eq. (A7) only results in O(c™2) terms in Egs. (A10) to (A12) after the expansion.
We emphasize that we do not neglect O(c™2) and O(c™*) terms at this stage. Instead, we will keep all these terms
compactly in Hy, Vi and Wy in our calculation. However, arguments in Eqgs. (28) and (29) show that it is sufficient to
only consider these explicitly written terms. To quantize the framework, we replace observables with operators and
obtain the quantized Hamiltonian
] 72
H:Hk+Hc+H02®Vk+%®Wk, (A13)
me m2c

where Hy, Vi and Wi corresponds to those in Egs. (A10) to (A12) with observables replaced by operators.

Appendix B: Perturbative Calculations

In this section, we are using the notation of Eq. (22),i.e. square brakets are reserved for time evolution of den-
sity matrices p[t] in the Schrodinger’s picture and that of operators O[t] in the Heisenberg’s picture. Consider an
inhomogeneous linear differential equation of a density matrix X|[t]

S X[1) ~ Fo (X)) ~ Fa(X[1) = £(0). (B1)

with the initial condition
X[0] =0. (B2)

The above inhomogeneous linear differential equation can be solved with Green’s function method, see e.g. [54]. We
follow the same routine but slightly modify the formula. We first compute the function G(¢,t') which satisfies the
homogeneous linear differential equation

dG
E(tv tl) - Fe (G<ta t/)) - Fk (G(ta t/)) =0, (B3)
with the initial condition
Gt t) = (). (B4)
Then the general solution of the original equation is given by
t
X[t] = / G(t,t")dt'. (B5)
0
Now we rewrite Eq. (10) into
dp i ~ i ag
T Fe(p) — Fi(p) = _W[HC ® Vi, p — W[Hc @ Vi, pl. (B6)



Then we expand p into > —L p(™ . The zeroth order density matrix satisfies the homogeneous equation

n mmc2n

dp®
dt

= Fe(p'”) = F(p'V) = 0,
with the initial condition
pO[0] = peo ® pro-
The solution is
POt = e (peo) @ €5 (pic)-

The first and second order density matrix satisfies

dp® 1) D) — _ i, & T O
F—fc(P ) = F(p*) = —i[He ® Vi, p],
and
dp®® @) Oy — Ll & Vi, o V] — [ @ Vi, o
27 Fu(p) - Fulp®) = i & Vi o] — {172 © Vi, O],

with the initial condition
pM[0] = p®[0] = 0.

The solution is

t
PO == ifep® Mt @ [ e (Vg ]) + huc.,
0

and

R . t to R R
p(2) t] = Hcp£0) [t]H, ®/ dtg/ dt ek (t=12) (Vke}-k(tzftl) <p1(<0) [tl]vk)> +he.
0 0
R t to . R
_ nggo) [t] ®/ dtz/ dtle]:k(t—tz) (Vke]:k(tz—tl) (Vkpl((O) [tl])) +h.c.
0 0

t
— iH§p£°) [t] ®/ dty el (t=1) (Wkpl((O) [tID +h.c.,
0
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(B10)

(B11)

(B12)

(B13)

(B14)

where we have used that the evolution of the clock state is unitary. By taking the partial trace, we obtain the evolution

of the reduced density matrix of the clock degree of freedom

%pﬁ”[t] = —iHp )11 + hoc.,
and
e rl = 3 (ApO WA — B2pO10) b~ H2pO 7, + e,
where

I ~
Il = / dtl Tl"k (Vkpl((o) [t1]> 5
0

mc?
2 t to . R
IQ = Gy / dt2/ dtl Trk (Vkefk(t2_tl) (Vkpl((()) [tl])> 9
m=c 0 0

1! .
= / dty Try (Wkpfj’) [tl]) .
0

m2ct

(B15)

(B16)

(B17)
(B18)

(B19)
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One should note that I; and thus mlcQ pgl) are of order mlcQ . Similarly, I and thus m%64 p((;Q) are of order ﬁ Another
useful equality is
TI‘k (Vke}—k(tz_tl) (Vkpl((o) [tﬂ)) = Tl“k (Vkefk(tQ_tl) (pl((O) [tﬂVk>) . (B20)

When the time evolution is unitary, we have

I = % Trk<(/0t dtlffk[tl]) pk70) : (B21)
%UQ)7ni%1}k<([jdhﬁiﬁﬂ)2pko>, (B22)

with which we conclude $(I3) does not cancel with I? in general.

Appendix C: Atomic Frequency Standard

Here we provide a basic description of an atomic frequency standard which suffices for our purposes. A more
detailed description can be found in [55]. The Hamiltonian of a two-level atom is given by

H. = %WO&Z. (C1)

In this section, we only consider a perfect Ramsey experiment in which only relativistic effects are present, ignoring
other effects such as decay, collision, etc. Before considering the relativistic case, we first review the case in which the
atom is at rest. The atomic frequency standard compares the laser frequency and the transition frequency, which can

be performed by the Ramsey experiment. Let \wgo)(t» and pt”) [t] = |1/)£0)(t)>< O (t)| describe the zeroth order time
evolution of the atomic state (which is also the time evolution without relativistic effects). For simplicity, we assume
that all laser pulses are short but strong such that laser pulses can change the atomic state immediately. We use ¢~
and tT to denote the time before and after the pulse at ¢, respectively. Initially the atom is prepared in

[$7(07)) = |e,0) = 19)- (C2)
Applying a F-pulse at ¢ = 0, the state of the atom is
1
Y]
After a period of free evolution, the state of the atom at time ¢ in the rotating frame becomes
1
Y2

Now we apply a §-pulse at time ¢ = T". The state of the atom is

[0 8(0%)) (lg) + le))- (C3)

[0 ()) (lg) +e7H 0N e)). (C4)

[UO(T) = slla) + 7)), (C5)
before the pulse and
|w£0)(T+)> =isin Mw) + cos MM, (C6)

after the pulse. Finally, a measurement in the energy basis is performed. The probability of |e) is given by

Pr[le)] = % (14 cos(w —w)T). (C7)

This corresponds to the ideal Ramsey experiment with maximal contrast. In reality, experiments can suffer from
noise, which results in a smaller contrast p

Prlle)] = = (1 + pcos(w — wo)T) . (C8)

N | =
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In principle, we can keep w close to wg by continuously maximizing Pr[|e)] with respect to w. In practice, in order
to improve the accuracy, we will measure the maxima gradient points on both sides on the maxima and take their
average. The slope on these points are

d Tp
= Prfle)] = -2, (C9)

which means that the variance o of wo depends on the variance of., of Pr[le)] by

4 5

5 5076y C10
T2p2 " le) (C10)

op =
0‘26>, however, depends on the experimental condition of the atomic frequency standard, which is out of the scope of
this paper. Therefore, we will instead write

9 1

oy X T2

(C11)

Now consider that the two-level atom moves and experiences a gravitation field. We preserve the expansion of
peltl = >, ﬁpgn) [t] up to the order of O(c¢™*). We again apply S-pulses at ¢ = 0 and t = T respectively.
Substituting Eqgs. (B15), (B16) and (C4) into p.[t], we obtain the state of the atom at time ¢

peld] ~ ITNHT + (1 - DL, (12
where
[9e(t)) = = (lg) + 7o), (c13)
and
ot = wo(t + 1), (C14)
p=1-0 (R(n) - 1) (©15)
Vic

Similarly, the lowest order of Wy contains %, and the lowest order of p contains mVTk;; it is sufficient to keep
O(Y) terms and omit O(c™2) terms in Hy and Vi. By comparison between Eqgs. (C4) and (C12), the process with
relativistic effects can be seen as a mixture of the process without relativistic effects but with modified frequency @g
with a probability of p, and a completely depolarizing process with a probability of 1 — p. Therefore, the probability
of |e) up to the order of O(c™%) is given by

1
Pr[le)] = 3 (14 peos((@g —w)T)). (C16)
In this case, the variance &g of @y is
52 o (C17)
O 252

Comparing variances of perfect experiments with still atoms in a flat space and with moving atoms in a curved space
which are proportional to 72 and szﬁqtm respectively, the increase in variance is

2
~2 2 Wo 2
G5 = 00 X 7y (R(I2) - I?) (C18)
Now we distinguish between the quantum superposition case and the classical mixture case. We denote the quantities
in the quantum superposition case with @y — @o,qtm, D = Dgtm » 11 — I1,qtm and Iz q¢m and in classical mixture case
with &g — @o.cls, P > Deis, L1 — I1,c1s and I 5. Let the discrepancy wp con between two cases be

(’DO,COh = @O,qtm - LDO,cls- (Clg)



17

The discrepancy and the contrasts can be written in terms of Ay con, A3 ¢y, and A;ds in Egs. (33) to (35) as

- w
Weoh = ?OAl,coha (CQO)
~ Wi Ao
Datm = 1 — 7A 2,qtm> (C21)
- UJ
Pels = 1- . AQ Jcls® (022)

from which Egs. (36) and (42) can be derived, as is shown in the main text.

Appendix D: Idealized Clocks

An idealized clock in the non-relativistic limit is defined by its commutator between two observables, a time operator
T. and the Hamiltonian H., and the clock state itself |114eal(t)),

—i[Ty, He[$1deal (1)) = [1dear(t)), (D1)

for all time ¢ and |9)14ca1(t)), the time evolved initial state according to the clock Hamiltonian H.. We will make use
of the property that

eiFIctTCefiIAJct — T 411 (D2)

The idealized clock can be mimicked quite well by a quasi-ideal clock. For more details of both idealized clocks
and quasi-ideal clocks, readers may refer to [4, 56]. We consider the expectation value (T}.)(t) = Tr(T.pc[t]) and the

variance o2(t) = Tr(T2pc[t]) — Tr(Twpe[t])? of the time operator. For a confined idealized clock described by Eq. (6),

we expand poft] = >, —1 pﬁ”) [t] and preserve terms up to the order of O(c™*). Substituting Eqgs. (B15) and (B16)

into (7.) and o2 and making use of Eq. (D2), we obtain the expectation value and the variance

(L) (1) = (T)(0) + ¢+ I, (D3)
o2(t) = 2(0) + R(I) — I + (S(I2) + 213) ({[Te, H])(0) — 2(T) (0) () (0)) (D4)

where I, I and I are defined in Eqs. (B17) to (B19) and (0)(0) = Tr(Ope). Since the lowest order of (7.)

contains %, and the lowest order of o2 contains V2 — and it is sufficient to keep O(c") terms and omit O(c=2)

n204 )
terms in Hy, Vi and Wy. Now we distinguish between two cases with different initial kinematic state. One 1s the
case of preparing a spatial quantum superposition peqim in Eq. (30), and we replace (1.) — (Tt)qtm, 02 > 02 «qtm?

I = It gtm, L2 = Ioqum and I} — I qtm- Lhe other is the case of preparing a spatial classical mixture pg s in
Eq. (31), and we replace (Tc> > (TC>CIS, 0% o2 I = I sy o = Ines and I} — Iicls. We will denote the

discrepancy (TC> between these two cases and the i/:;l’ance Ufoh of the discrepancy by
(Te)eon(t) = (Te)qum (t) — (Te)as (1), (D5)
Olon = Ug,qtm + Jc,cls' (D6)
We also explicitly write down <TC>COh and Jfoh
(Te)coh = At cons (D7)

COh A2 ,qtm + A%,CIS + 2<T<:2>(0) - 2<TC>(O)2 + (({Tca ﬁC}>(O) - 2<TC>(O> <I:IC>(0)) (22,qtm + Z2,(:15)' (DS)

! / 2
where Z2,qtm = %(12,qtm) + 212,qtm7 Z2,cls = %(127015) + QIQ,CIS’ and ALCOh’ A2>qtm
2

0 (35). The variance ¢, can be decomposed into a clock-state-independent term O’?Oh’i

and A3 . are given in Egs. (33)
and a clock-state-dependent
term o2, 4 given by

coh i A% ,qtm + A2 clsy (DQ)

2 2 2
Ocoh,d = 9coh — Tcoh,i- (D]'O)
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We regard the clock-state-independent term afoh’i as a more general term of the discrepancy of relativistic time
dilation than the clock-state-dependent term ofoh’ 4, and thus pay more attention on the former.

We compute and plot the discrepancy (I¢)con and the clock-state-independent standard deviation ocon; with respect
to decoherence rate for the idealized clock with the same parameters as in the main text, i.e. Ang = 468 nm,
Umax,Mg = 150E; Mg, T =18, ¢ =m, 0 = 5 and d = 10 nm, in Fig. 6.

0.4

0.3} 1 6[107%5]
o) 4
10 % 0.2 i
—
(T, o) [10705] 8
0.1} 0
-2
0.0k , : —
0.0 0.5 1.0 1.5

1.5 0.0 I, [Hz]

(a) Discrepancy vs Standard deviation (b) Discrepancy minus Standard Deviation

FIG. 6. (a) The discrepancy (Tc) (orange) and the standard deviation ocon,i (blue) for an ideal clock. The discrepancy is
detectable when the orange surface is above the blue surface. (b) The difference between the discrepancy and the standard
deviation § = <T ¢) — Ocoh,; for an ideal clock. The discrepancy is detectable when § is positive. The parameters are the same
as the optical lattice clock in the main text, i.e. Avg = 468 nm, Unax,Mg = 150E Mg, T =158, ¢ =, 0 = g and d = 10 nm .

Appendix E: Protocol for 8Sr Optical Lattice Clock

The relevant energy diagram of the 87Sr is shown in Fig. 7 [39, 41, 57, 58]. 87Sr is a fermion. It has a non-zero
nuclear spin, and therefore a much more complicated electronic structure than Mg due to the hyperfine splitting.
This feature complicates experimental procedures, but it also provides enough states for operations such as electron
shelving and cooling.

s
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FIG. 7. The energy diagram of the 87Sr atom. Each state is labeled by both its electronic state 21 L and its hyperfine state
(F,mp). The line color corresponds to the transition light color and the line width corresponds to the transition strength.

Let us first describe how to adapt the general protocol into the 87Sr protocol. 87Sr atoms have to be identified
with not only fine states but also hyperfine states. An additional magnetic field has to be applied in order to have

a well-defined hyperfine state. We mention that the direction of the magnetic field is not necessarily the same as

the direction of the optical lattice. The |F = 3, mp = J) states 'Sy and Py are used as stable states [u;) and |up)
respectively. The |[FF = Y mp = 1) and |F = 22, mp = 13) states of ®P, are used as meta-stable states |m;) and

Imy) respectively. The |F = L1 mp = L) state of Py is used as the unstable state [u;) and any hyperfine state of
1Py can be used as the unstable state |us).
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The transitions between these states are specified by not only the frequency but also the polarization of the laser,
in order to transit between correct hyperfine states. We will denote the right and left handed circular polarized
laser with the wave vector parallel to the magnetic ﬁeld by the o % laser respectively. One should not confuse ali%
which describes the laser inducing the transition with o* which describes the laser inducing the optical lattice. We
will denote the linear polarlzed laser with the wave vector perpendlcular to the magnetic field by the 7w laser. The
Raman transition from |F = 5 ,Mp = 7> of 1Sg to |F = mF = 7‘3> of 3P, can be realized by a laser between
|F =% mp=23) of 1S and |F = %,mF = 1) of 3P, w1th o}, polarization, a laser between |[F = Y mp = 1)

of 3P1 and |[F = W& mp = 1) of 3S; with 7 polarization and a laser between |[F = 13 mp = 13) of 3P, and
|F = 2 Lmp = Q} of 3S; with o polarization. The Raman transmon between two hyperﬁne states of 3Py can be
realized by a laser between \F = 123,mp = E) of 3P2 and |F = 5, mp = 7) of 3S; with o5 polarization and a
laser between |[F = & mp = 1) of 3Py and |[F = 13 mp = 12) of 3P2 with 7 polarization. The Raman transition
from |[F = 1 mp = 13) of 3P2 to |F =3, mp = 7) of Py can be realized by a laser between |F = 13 mp = 13)
of 3P2 and |[F = 8 mp = 13) of 'Dy with 7 polarization and a laser between |[F = 1 mp = 7) of 1Dy and
|F = mF = 12—1> of 'Py with o polarization. Similarly, the Rarnan transition from \F = 121,mp = 3) of 3Py
to |F = & mp = L) of P; can be realized by a laser between |F =Y mp=34) of 3P2 and |[F = L omp = 1)
of 1D, Wlth 7 polarization and a laser between |F = 2 ,mp = £> of 1D2 and |F = 5, ,mp = —> of 1P1 with
polarization. |F = 11 ,mp = —) of 1Py can only spontaneously decay to |F = 5, mp = 7> of 'Sy, which keeps atoms
spin-polarized, i.e. in the same hyperfine state. Thus |F = &, mp = —) of 1P1 is the only suitable hyperfine state
of Py for |uy). As for |uy), all hyperfine states are suitable for measurements because we do not need to keep atoms
spin-polarized after measurements.

Atoms loaded into an optical lattice can stay in arbitrary hyperfine state. Therefore, we have to additionally

spin—polarize atoms in Step 0, as is described in [59]. Suppose that initially atoms are in arbitrary hyperfine states

| = 2,mp) state of 'Sg. Atoms can be spin-polarized into |F = 3,mp = 3) of 'Sy as follow. A horizontal
magnetlc field is applied to atoms. A laser with circular polarlzatlon 0} transit atoms from [F = § mF> of 1Sg
to |F = 2,mp + 1) of ®Py. Meanwhile, atoms in [F = 3, mp + 1) of 3P; spontaneously decay to |F = 2, mp),

|F = 5,mp +1) and |F = Z,mp + 2) of 'Syg. mp is thus increased by 1 in each cycle on average untll atoms
reach |F % mp = 9) of 1Sy, which is the dark state of the transition. Similarly, atoms can be spin-polarized into
|F =2, mp =—3) of 'Sy by reversing the polarisation of the laser.

A 87Sr optical lattice clock has a magic wavelength at Ag, = 813 nm [34]. The the trap depth is set to Umax,sr =

150E; s, where E, g, = ni”zhz is the recoil energy of 37Sr. The interrogation time is assumed to be T'=1s. We also

SrAZ,
set ¢ =7 and @ = . The relation between Aq ¢on and \/A2qtm—+A§,cls it respect 1o the displacement d con be
found in Fig. 8.
><10-21 B
I =
251
w2 T
. 2,
Bya :
<
1 L
0.5+
0 e
0

FIG. 8. The discrepancy Aj con between the quantum superposition case and the classical mixture case and the increase in
variance A con of the quantum superposition case and the classical mixture case versus the displacement d respectively for a
878r clock. The parameters are Ag; = 813 nm, Umax,sr = 150E, sy, ¢ =m, 0 = 5 and T'=1s.



Appendix F: Evolution of Operators under Noise
1. Free Evolution

The dual of the Lindblad equation for the amplitude damping channel can be written as

dA

:. ATA A
g iw,laa, A.

Due to the unitarity of free evolution, we have
where

The solution of polynomials of the creation and annihilation operator is given by

(at ™ am)[] = at " areltmmmeet,

2. Amplitude Damping Channel

The dual of the Lindblad equation of the amplitude damping channel can be written as

dA

C = iw,fala, A + Yo at, Ao —atja, A)).

20

(F5)

The expectation value and the variance only include polynomials of creation and annihilation operators in the normal
order of up to the fourth order. Therefore, we consider the time evolution of polynomials up to the fourth order. For

the first order, we assume that

aft] = fii(t)a.
We then get
dfii . . . a, 4
C{;l a = —iw, f110 — 7f11a,
and therefore
aft] = ae~ st
For the second order, we assume that
(@*)[t] = fao(t)a®,
(CALTA)[t] = fgl(t)&Td
We then get
dfaa . . . .
gig a? = —21wzf22a2 — Faf22a2,
dfor .+, it
(J;il ata = —FafglaTa,
and therefore
(&Z)M — d26721wzt7Fat’
(a'a)[t] = a'ae "

(F6)

(F7)

(F8)

(F9)
(F10)

(F11)

(F12)

(F13)
(F14)
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As for the third order, we assume that

(@*)[t] = fss(t)a?, (F15)
(a%a?)[t]) = faz(t)a'a. (F16)
We then get
d 3
%&3 = —3iw, f33a° — §Faf33&37 (F17)
d 3
—C{f ata? = —iw, fata? — 5T fasata?, (F18)
and therefore
@[] = a3 iwst—3Tat, (F19)
(ata?)[t] = ala2eiwst=3Tat, (F20)
Finally, for the fourth order
(@[t = fu(t)a?, (F21)
(aTa®)[t] = fas(t)a'a®, (F22)
(at 2 a2)[t] = fa(t) 4t a2 (F23)
We then get
d
%a‘* = —diw, fraa* — 2T, frad®, (F24)
d
%a*aﬁ = —2w, fusala® — 2T, fasala’, (F25)
d
df? at’ a? = —2T, f1o @ ? a2, (F26)
and therefore
(d4)[t] _ &4674iwzt721“at’ (FQ?)
(ata®)[1] = afade 2iwnt—2Tat, (F28)
(at?a2)[t] = a1 ° a2e~2Tat, (F29)

By observing the above solutions, we can find the general solution of polynomials of the creation and annihilation
operator

(&T m CALn) [t] _ dT m dnei(mfn)wztfé(ern)Fat. (Fgo)

3. Phase Damping Channel

The dual of the Lindblad equation for the phase damping channel is given by

dA .. .. T .
42 _ i lata Al — —2(ata [ata, All. F31
i iw,[a'a, Al 2[aa,[aa, 1] (F31)
For the first order, we assume that
alt] = fu(t)a. (F32)
We then get
dfi1, . . T .
(ﬁl a4 = —liw, f110 — 7pf11a, (F33)



and therefore

For the second order, we assume that

(@*)[t] = faa(t)a®,
(@'a)t] = fa(t)a'a
We then get
dfos . . R N
%(Jg = —21wzf22a2 - 2pr22(12
—dil afa =0,
and therefore
(&Q)M _ &Qe—inzt—QFpt7
(afa)[t] = a'a

As for the third order

7

We then get
d 9
%d?’ = —3iw, f33a”® — §pr33d3,
d r
—(J;’Q 016 = —iw, frpdla® — fazata?,

and therefore

Finally, for the fourth order,

We then get

d
7(];:4 at = —diw, fraa* — 8T, faad®,

—dg“?' ate® = —2iw, fizata® — 20, fazata®,

and therefore

By observation, we conclude that

m

(al

&”)[t] = &Tm CAlnei(m—n)wzt—%(m_n)zrpt.
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(F34)

(F35)
(F36)

(F37)

(F38)

(F39)
(F40)

(F41)
(F42)

(F43)

(F44)

(F45)
(F46)

(FAT)
(F48)
(F49)

(F50)
(F51)

(F52)

(F53)
(F54)

(F55)

(F56)



4. Diffusion Channel

The dual of the Lindblad equation for the diffusion damping channel is given by

dA A
- = iw,[ata, Al

N %([a, [at, A]] + [, [a, A]]).

For the first order, we assume that

We then get
dcﬁla = —iw, fu1a,
and therefore
aft] = ae~ =t
For the second order, we assume that
(@*)[t] = faz(t)a®,
(@a)[t] = faa(t)a'a + g1 (1)
We then get
%Az = —2iw, f220°,
%&T& + % =Tafo,

and therefore

As for the third order,

We then get
%Ag = —3lw, f33a”,
%&T&Q + %d = —iw, f32a14% — iw,g32a + 2Tq fa2d,
and therefore
(@3)[t] = ade=3iwst,
(ata?)[t] = ata%e ! + 20qtae™ ",

Finally, for the fourth order,

Q>
w
~
=+
I
=
w
—
~
~
Q>
il
Q>
w
+
)
Ny
w
—~
~
~—
Q>
V]
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(F58)

(F59)

(F60)

(F61)
(F62)

(F63)

(F64)

(F65)
(F66)

(F67)
(F68)

(F69)

(F70)

(F71)
(F72)

(F73)
(F74)
(F75)
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We then get
d
gf at = —diw, fua?, (F76)
d d
({;‘3 fa? 4 (91:3 % = —2iw, f43076® — 2iw,g4362 + 3Tqf30?, (F77)
d d dh
({:2 at?a? + 73:2 ata+ 7(;2 = ATy fs0a" @ + Tagas, (F78)
and therefore
(@")[t] = a'e~ e, (F79)
(atad)[t] = aTade 2w=" + 3Tqta%e 2!, (F80)
(at?a2)[t] = ot a? + dDqtata + 20242, (F81)
By observation, we conclude that
T g, mln! ym—k )
('™ am)t) = (Z Kl (m — k)!(n — k)'rﬁt’“ at" k) ellmmmest, (F82)
— k! ! !

Appendix G: Integration

In this section, we explicitly compute integrals I; and I» and explain how we deal with different terms in /; and
I>. As is explained in Section II, we compute I; and I following Eq. (19) and Eq. (21) by keeping Vi and px to the
leading order (O(c”)). We also use the interaction picture where the operator changes but the state does not (to the
leading order)

Il: ch/ dtl Tr (Vk[tl]pk0> (Gl)
to
12:m204/ dt?/ dtlTl" [2—t1]Vk)[t1]Pk,o), (G2)
where
e _ (ot at)— o+ Cu(@® + a2 — 2074 — 1 G
proge (a+a')—-Co+C(a”+a" —2a'a—1). (G3)

In order to compute the integration, we compute the time evolution of Vic [t1] and (Vk[tg - tl]Vk) [t1] by making use
of the time evolution of polynomials of @t and a, which are discussed in Appendix F. We first put Vi into anti-normal
ordering (creation operators on the left and anmhllatlon operators on the right). Observing that Vi contains quadratic
polynomlals of @ and a', we then obtain Vi [t1] and Vk[ o — t1] by evolvmg polynomlals of @ and a' accordingly. We
again put Vk [to — tl]Vk into anti-normal ordering. Observing that Vk [to — tl]Vk contains quartic polynomials of & and
at, we finally obtain (Vk [to — tl]Vk) [t1] by evolving polynomials of & and &' accordingly. Vi [t1] and (Vk [to — tl]Vk> [t1]

both contain oscillating terms with respect to at least one of ¢; or ¢ and non-oscillating terms. After integration, the
former is small compared to the latter.
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1. Free Evolution

For free evolution, the time evolution of relevant operators are

Vilt)] = (Cgae ™" + Cya?e™ " 4 h.c.)
— (Cy + Cx(2a'a+ 1)), (G4)
(Vk[tg - tl]Vk> [t1] = (Cgae =2 4 O a?e 22 4 h.c.)(Cyae =" + Ciae 2= 4 h.c.)
— (Cgaie™ "2 + Cra®e 2™ 4 h.c.) (Cy + Ci(2ata + 1))
— (Cr + Cx(2aTa + 1)) (Cgae ™" + Cra®e 271 4 h.c.)
+ (Ce + C(2ata + 1)), (G5)

where we have used Eq. (F2) for the evolution of & and af. We can split Vi[t1] in Eq. (G4) into oscillating terms
(first line) whose integration over t; is denoted by I , and non-oscillating terms (second line) whose integration over
t1 is denoted by I ). After integration, the oscillating terms gain a factor w, ! while the non-oscillating terms gain a
factor T. We work in the region where the interrogation time is much longer than the oscillation period, w, ! < T.
Therefore,

where I , is negligible in our setting. Similarly, we split (Vk [ta — tl]Vk) [t1] in Eq. (G5) into oscillating terms with
respect to at least one of ¢; and ¢y (first three lines) whose integration is denoted by Iz, and non-oscillating terms
(fourth line) whose integration is denoted by I . After integration, the oscillating terms with respect to at least one
of t; or ty gain either a factor w, 2 or a factor w, T, while the non-oscillating terms gain a factor T2. Therefore, we
obtain using w; 's < T

where I, is again negligible. The integration thus results in Eq. (64), Eq. (65) and Eq. (66), as is discussed in
Section IIID.
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2. Amplitude Damping Channel

For amplitude damping channel, the time evolution of relevant operators are

Vilt1] = (Cgaie (@t 3Tt L a2 (2watTa)ts )
—(Cy + O (2aTae Tt 1)), (G8)
(Vk[t2 - tl]Vk) [t1] = ((Cgae (w3t o a2 (2wetTa)tz) (O qe (et Tt 4 a2~ (29 tTa)tt) L p ¢
+ Cg267(iwz+%Fa)(t27t1)(&TdefFatl +1)+ C«g2€(iwz7%Fa)t27(iwz+%l“a)t1de
+ Cgcke—(iwz+%1‘a)t2+i2wzt1(&T 2 GeTatr 4 Q&T) + Cgcke(iwz—%Fa)tg—(i2wz+Fa)t1dT&Q
+ Ckcgef(2iwz+Fa)t2+(iwz+%Fa)tl (dT&267Fat1 +24) + Ckcg6(2iwz7Fa)t27(iwz+%f‘a)t1 af 2 4
+ Clge—(i2wz+l—‘z)(t2—t1)(d1‘ 2 a2e~2Tatt 4 gt ge—Tatr 4 2) + Cge(mwz—rz)tz—(izwz+rz)t1 af 2 a2
— Cye(wrtala)t2(Ca 4 Oy (2aTa2e T4 + 3a))
— el =3It (Cat 4 O (2t * e T +at))
— Cpe~ wrtiTal (Ca + O (2ata2e T + @)
— Cyeln= 3Tt (06T + O (2 a1 de T2 + af (20 To(t2=t) 4 1))
— Oe~ 2wttt (0 62 4 O (2ataPe T+t + 5a2))
— Crel2 Tt (0 612 4 o2 at P ae Tt + at?))
— Cpe~(2wATa)ta (Cr&2 + Ck(2d1'd3€—l“at2 + &2))
~ CelZe Tt (0 gt S Ci(2af 3 qeTat2 4 gt ? (4e~Talt2—t1) | 1)))
1 (Cy + C(Cy + C(2aTae Tt 4 2ataeTat2 4 1)) + 402 Tat2(at 2 a2e ot 4 ata), (G9)

where we have used Eq. (F30) for the evolution of polynomials of @ and af. We can split Vk[tg —t1] in Eq. (G8) into
oscillating terms (first line) whose integration over ¢; is denoted by I , and non-oscillating terms (second line) whose
integration is denoted by I; ;. After integration, the oscillating terms gain a factor w,” ! while the non-oscillating terms
gain either a factor T or a factor I'; . In real experiments, one does not work in the regime where the quantum state
has been destroyed, and thus set w; ! < I';! ~ T. Therefore, we obtain

L x w, T, (G10)
Il,o

therefore I , is negligible. Similarly, we split (Vk [to — tl]Vk) [t1] in Eq. (G9) into oscillating terms with respect to at

least one of t; or to (all but the last line) whose integration is denoted by I3, and non-oscillating terms (last line)
whose integration is denoted by I 4. After integration, the oscillating terms with respect to at least one of ¢; or ¢,
gain either a factor w2, a factor w, 'T';! or w; T, while the non-oscillating terms gain a factor T2, I'7 T or T,.
Therefore, under our condition that w, ! < ;! ~T

I
29 o, T, (G11)
IQ,O

therefore I, is negligible. The integration results in Eq. (77), Eq. (78) and Eq. (79), as is shown in Section IV.
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3. Phase Damping Channel

For phase damping channel, the time evolution of relevant operators are

Vi = (Cpae™(wrtale)tt 4 0y a2e™ (20 +200)0 4y )

—(Cy + C (2870 + 1)), (G12)
(Vk[tz - tl]Vk> [t1] = (C’géLQe’(i“’ﬁ%FP)“*(i”ﬁ%rp)t1 + Clate (2wst2Tp)ta— (2w, +6Tp)t | ¢ )

+ (Cgck&i‘)e—(iwz+%f‘p)t2—(i2wz+4r‘p)t1 + Cgckd3e—(12wz+2rp)t2—(iwz-‘r%l—‘p)tl +he)

+ CgQ([le + 1)6*(iwz+%Fp)(t2*t1) + ngTde(iwz*%Fp)(h*tl)

+ CyCre™ (0t a)0tiZents (312 g 1 9a1) 4 Oy Cyelivr 302 —i2enti g2

+ Ckcgef(izwz+2Fp)t2+(iwz+%Fp)t1 (deQ +24) + Ckcge(inz72Fp)t27(iwzfgf‘p)tl at 2 4

+ Cﬁe—(12w2+2rp)(t2—t1)(df 2 a2 +4data + 2) + Cge(i2wz—2rp)(t2—t1) at 2 42

— (Cr + C)(Cgae™(wrtalo)tz L 0y a2e~ (202002 4y )

— (Cr + C)(Caewt3To)tt L 0y a2e~ (20 2T0)0 4y )

— CyCre~ W@t aTe)t2 (3162 4 4) — CyCpeliws—3Tn)t2 5124

_ Cgcke—(iwz+%1‘p)t1 ata? — Cgcke(iwz—%l“ptl)(d’f LIPS +ah

_ C«lgef(izwz+21“p)t2 (deS + 2&2) - C«lge(izwfm*p)tz dT 3 a

_ Clze—(i2wz+2r‘p)t1&’rd3 . Clze—(i2wz+2f‘p)t1(d1'3 a+2 &12)

+ (C, 4 C(2aTa + 1))2, (G13)

where we have used Eq. (F56) for the evolution of polynomials of & and af. We split Vi (t;) in Eq. (G12) into oscillating
terms (first line) whose integration over ¢; is denoted by I , and non-oscillating terms (second line) whose integration
over t1 is denoted by I . After integration, the oscillating terms gain a factor of w; ! while the non-oscillating terms
gain either a factor T or a factor I';!. Because we work in the region where w, ! < I';! ~ T, we obtain

I,
Ilo

)

o w,T. (G14)

Therefore I , is negligible. Similarly, we split (Vk[tg - tl]Vk) [t1] in Eq. (G13) into oscillating terms with respect to
at least one of ¢; and to (all but the last line) whose integration is I, and non-oscillating terms (last line) whose
integration is I 4. After integration, the oscillating terms gain either a factor w2, a factor w,” 1F; Lor a factor w; 7T,
while the non-oscillating terms gain a factor T2, I';'T or I';%. Using w, ' < T'! ~ T, we obtain

Iz 4
I2 o

)

o w,T. (G15)

As a result, we neglect I . Integrating results in the same expressions as Eq. (64), Eq. (65) and Eq. (66).
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4. Diffusion Channel

For diffusion channel, the time evolution of relevant operators are

Vi = (Cgae™ @t 4 Crae 2 hc.)
—(Cy + O (2aTa + 2Tgty + 1)), (G16)
(Vk[t2 - tlm) [t1] = ((Cyae™ "2 4 CiaZe™2t2)(Cuaie™ ™ + Cra2e™ 21 + h.c.)

+ C2em w27 (g1 + Dty + 1) + C2e»(271) (aTq + Daty)

+ CyCree™rtati20at (512 4 4 oMyt + 1)at) + CyCre2t2 Wit (412 4 4 oTgtya1)

+ CyCe™12wstativnt) (3162 4 9(Dyty + 1)a) + CyCre2 71294 (3162 4 204t a)

 QRemi2walta=t) (12 52 4 4Dyt + 1)aTa + 2(Dats + 1))

+ C2e2en (1) (412 52 1 4T ytyata + 20263)

— (G + Ci)(Cge™ "0 + Cxe 9247 4 h.c.)

— (O + Oy (2Tg(t2 — t1) + 1))(Cge MG + Ce 21142 4 h.c.)

— CyCre 9212 (24767 4+ 2(20gty + 1)a) — CyCre =1 (2462 + 4T gt 4)

— CyCre2(2 at* 4 + ATgtiaT) — CyCie ™ (2 M 4+ 2(2Tgty + 1)ah)

— Cle 2wat2(24763 4 2(3T gty + 2)a?) — Ce 2¥11(2a7a° + 6Tt a%)

— C2e2et2(2 6T 4 4 6Tgty af *) — C2e®1 (2 41 % 6 + 2(3Taty +2) at %)

+ (Cy + Ci(2Ta(t2 — t1) + 1))(Ck + Cr(2a'a + 2T gty + 1))

+ Cu(Ce + CR) (2ata + 2Tgty) + C2(4 4t 262 + 4(4Taty + 1)ata + ATaty (2Taty +1)), (G17)
where we have used Eq. (F82) for the evolution of polynomials of & and af. We split Vi (t;) in Eq. (G16) into oscillating
terms (first line) whose integration over ¢ is denoted by I; , and non-oscillating terms (second line) whose integration
over t; is denoted by I7;. Recall that we work in the region where w, ! < F;l ~ T, which means poly(['qT) ~ 1.

After integration, the oscillating terms gain a factor of poly(I'qT) - w, ! while the non-oscillating terms gain a factor
poly(T'qT) - T. We thus obtain

L x w,T. (G18)
Il,o

That means I; , is negligible. Similarly, we split (Vk[tg — tl]Vk) [t1] in Eq. (G17) into oscillating terms with respect
to at least one of ¢; and ¢y (all but the last two lines) whose integration is I, and non-oscillating terms (last two
lines) whose integration is I5 . After integration, the oscillating terms gain either a factor poly(I'aT) - w, 2. a factor
poly(T'4T) -wz_lf‘;l or a factor poly(I'qT) - w, T, while the non-oscillating terms gain a factor poly(I'qT) - T?. Using
w; ' < T;' ~ T and poly(I'qT) ~ 1, we obtain

Irq

5

I2,0

x w,T. (G19)

We thus omit I3, in further calculations. It is direct but cumbersome to compute the integration explicitly, resulting
in Eq. (82), Eq. (83) and Eq. (84).
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