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Abstract

A new class of vortices has been observed in the stratosphere after several extreme wildfires (Canada 2017, Australia 2020)

and volcanic eruptions (Raikoke 2019). They are long-lived coherent plumes of aerosols and combustion/volcanic compounds

confined within mesoscale (100s to 1000 km diameter) anticyclones. Due to their anomalous composition, these ascending

anticyclonically-trapped plumes (ATPs) generate significant radiative forcing and diabatically-driven vertical motions. The

present paper investigates the fundamental processes shaping the dynamics of ATPs from two complementary approaches:

analytically in a potential vorticity (PV) perspective and using idealized but more complete numerical simulations with the

Weather Research and Forecast (WRF) model. We adapt the axisymmetric Eliassen balanced vortex model, introduced as

a prototype for tropical cyclones, to the case of a vortical flow forced by a diabatically-active Lagrangian tracer. Invoking

an extended PV impermeability theorem, it is first clarified that ATP formation is consubstantial to the large injection of

mass into the stratified flow at extratropical latitude. We also prove that vertically self-translating, strictly zero-PV ellipsoidal

anticyclonic plumes with uniform tracer constitute an exact solution of the governing equations, thus accommodating the joint

ascent of tracer and PV in ATPs. The numerical simulations reveal that finite-PV plumes with distributed tracer evolve

into a vertically asymmetrical structure featuring a tracer and anticyclonic PV front followed by a tracer tail where cyclonic

PV develops. Switching to potential radius-potential temperature coordinate, the dynamics reduces to that of a comb of 1-

dimensional Burgers’equation for the tracer, supplemented by a slave equation for PV. By virtue of the symmetry of the problem

when neglecting the background density gradient, cooled vortices undergo a similar evolution during their early subsidence, a

situation which may apply to the 2022 Hunga Tonga-Hunga-Ha’apai volcanic plume. Finally, the impact of the initial conditions

are discussed.
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A new class of vortices has been observed in the strato-
sphere after several extreme wildfires (Canada 2017, Aus-
tralia 2020) and volcanic eruptions (Raikoke 2019). They
are long-lived coherent plumes of aerosols and combustion/volcanic
compounds confined within mesoscale (100s to 1000 km
diameter) anticyclones. Due to their anomalous composi-
tion, these ascending anticyclonically-trapped plumes (ATPs)
generate significant radiative forcing and diabatically-driven
vertical motions. The present paper investigates the funda-
mental processes shaping the dynamics of ATPs from two
complementary approaches: analytically in a potential vor-
ticity (PV) perspective and using idealized but more com-
plete numerical simulationswith theWeather Research and
Forecast (WRF)model. We adapt the axisymmetric Eliassen
balanced vortex model, introduced as a prototype for tropi-
cal cyclones, to the case of a vorticalflow forced by a diabatically-
active Lagrangian tracer. Invoking an extended PV imper-
meability theorem, it is first clarified that ATP formation is
consubstantial to the large injection of mass into the strati-
fied flow at extratropical latitude. We also prove that verti-
cally self-translating, strictly zero-PV ellipsoidal anticyclonic
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plumes with uniform tracer constitute an exact solution of
the governing equations, thus accommodating the joint as-
cent of tracer and PV in ATPs. The numerical simulations
reveal that finite-PV plumes with distributed tracer evolve
into a vertically asymmetrical structure featuring a tracer
and anticyclonic PV front followed by a tracer tail where cy-
clonic PV develops. Switching to potential radius-potential
temperature coordinate, the dynamics reduces to that of a
comb of 1-dimensional Burgers’equation for the tracer, sup-
plemented by a slave equation for PV. By virtue of the sym-
metry of the problemwhen neglecting the background den-
sity gradient, cooled vortices undergo a similar evolution
during their early subsidence, a situation which may apply
to the 2022 Hunga Tonga-Hunga-Ha’apai volcanic plume.
Finally, the impact of the initial conditions are discussed.

K E YWORD S

wildfire plume, volcanic plume, potential vorticity, diabatic
heating, geophysical fluid dynamics, stratosphere

1 | INTRODUCTION

While the flow in the midlatitude lower stratosphere is generally characterized by slow diabatic vertical transport
(Brewer, 1949; Butchart, 2014), extreme events such as intense pyroconvection from wildfires (Fromm et al., 2010)
or large volcanic eruptions (Holasek et al., 1996; Carr et al., 2022) can result in the rapid and direct injection into the
stratosphere of air from lower levels loaded with combustion products or volcanogenic compounds. Such injections
have the ability to alter stratospheric composition and general circulation for years, as well as have significant impacts
on the global radiative budget (Schallock et al., 2023).

For a few years, it has been recognized that stratospheric plumesmay feature specificmeso-scale dynamics. A typ-
ical example is the plume from 2019-2020 Australian wildfires which self-organized into several long-lived coherent
smoke bubbles. Such bubbles, typically a few kilometer deep and hundreds of kilometer wide, experienced an ascent
in the mid-latitude stratosphere while maintaining a compact structure (Khaykin et al., 2020; Kablick et al., 2020;
Pumphrey et al., 2021). Atmospheric reanalyses revealed that the preservation of those ellipsoidal structures against
stirring and dilution by the large-scale flow resulted from the confinement of the plume within anticyclonic vortices.
The largest of those anticyclonically-trapped plume (ATP) patches was associated with a 1000-km diameter vortex,
and remained visible as an ascending isolated bubble of ash for 3 months, rising from 16 to 36 km. Since then, similar
smoke anticyclones have been identified retrospectively in the aftermath of the 2017 wildfires in British Columbia
(Lestrelin et al., 2021). In both cases, diabatic lofting of the smoke plume reaching several degrees of potential temper-
ature per day (e.g., Boers et al., 2010; de Laat et al., 2012; Khaykin et al., 2018; Yu et al., 2019; Khaykin et al., 2020)
was attributed to the absorption of incoming solar radiation by black carbon aerosols. A similar phenomenon may
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have taken place in the ash-rich aerosol cloud from the 2019 eruption of the ash-enriched Raikoke volcano (Khaykin
et al., 2022b), which organized into horizontally circular patches (Cai et al., 2022) and ascended from 18 to 25 km in
the course of a few months (Chouza et al., 2020).

More recently, the eruption of the Hunga Tonga-Hunga Ha’apai volcano generated the largest and highest strato-
spheric injection since at least the eruption of Mount Pinatubo in 1991, with the main detrainment located around
35 kmaltitude (Carr et al., 2022; Proud et al., 2022). This time, the perturbation in the composition consisted of sulphur
compounds and water vapor (Millán et al., 2022; Khaykin et al., 2022a), and the latter generated substantial in-plume
diabatic cooling and a rapid descent (Sellitto et al., 2022). Although this feature was not captured by the ECMWF
operational analyses, Legras et al. (2022) noticed using a suite of space-borne instruments that the plume tended to
roll-up over the weeks following the eruption and exhibited a wind anomaly corresponding to anticyclonic vorticity.
Such long-lasting (several weeks) anticyclonic rotation is distinct from that resulting from the initial adjustment of the
plume after it reaches its level of neutral buoyancy (e.g., Baines and Sparks, 2005).

Whereas for adiabatic motions the role of vorticity in isolating plumes and preserving them from dilution within
the environment corresponds to a well-known property of geophysical flows (e.g., Schoeberl et al., 1992; Garny
and Randel, 2013), the processes behind the formation and evolution of diabatically-forced ATPs remain somewhat
unclear in the literature. By introducing sunlight-absorbing aerosols in the upper troposphere in the GEOSCCM global
model, Doglioni et al. (2022) were able to numerically simulate smoke-charged vortices. However, if their study
demonstrates the robustness of the mechanisms at play, the authors did not provide an explanation for the observed
dynamics. Lestrelin et al. (2021) carefully analyzed the dynamical structure of Australian and Canadian smoke vortices
in CALIOP spaceborne lidar observations and the ERA5 reanalysis. They found that the anticyclone-trapped smoke
plumes hadg broad ellipsoidal shapes, with a vertical-to-horizontal aspect ratio on the order of f /N where f and N

are the Coriolis and Brunt-Väisälä frequencies. Analysed winds and temperature are consistent with the structure of
an anticyclone. Interestingly, at the center of the anomaly, the ERA5 was found to diagnose almost vanishing (nearly
zero) absolute vorticity, which in the midlatitude stratosphere is unlikely result solely from the adiabatic evolution of
the flow.

Lestrelin et al. (2021) proposed to interpret low absolute-PV smoke anticyclones as resulting from the vertical
transport of smoke-charged tropospheric air bubbles conserving both their low PV and their tropospheric tracer con-
tent during their diabatic ascent to and through the stratosphere. This conjecturewas used by Khaykin et al. (2022b) to
explain the confinement and anticyclonic motion of the Raikoke volcanic plume. Nevertheless, the theory presented
by Lestrelin et al. (2021) is incomplete from a dynamical point of view, as recognized by the authors themselves : by
considering Lagrangian conservation of PV, it ignores the central contribution of diabatic heating to its evolution (e.g.
Hoskins et al., 1985; Haynes and McIntyre, 1987).

The goal of the present paper is to investigate the dynamics governing the formation and maintenance of cooled
and heated ATPs and in particular their connection with the dynamics of potential vorticity in a diabatically-forced
flow. We will describe a conceptual model based on theoretical considerations and numerical simulations. The article
is organized as follows. In Sect. 2, we revisit the observational evidence for plume vortices and highlight particular
dynamical properties. In Sect. 3, we recall the theory of potential vorticity dynamics in diabatically forced axisymmetric
flow and derive a set of simplified equations describing the joint evolution of potential vorticity and a diabatically-
active tracer. A particular solution to the problem of a co-ascending tracer and PV patch is introduced. Section 4
presents results from numerical simulations with a heated and cooled tracer plume and then Section 5 provides a
discussion. Conclusions and recommendations for future work are outlined in Sect 6.
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F IGURE 1 (a) Vertical profiles of the 532nm CALIOP (attenuation-corrected) backscatter ratio across Koobor at
the latitude of the associated vortex center for 4 night orbits between 9 and 16 January 2020 chosen for the
proximity of the CALIOP orbit to the vortex. (b) Colocated ERA5 temperature zonal anomaly profiles.

2 | OBSERVATIONS OF THE 2020 KOOBOR SMOKE-CHARGED VORTEX

Observations are revisited to highlight some special properties of the aerosol cloud and associated vortex from the
2020 Australian wildfires which have not been emphasized in previous studies. We process the 532 nm total attenu-
ated backscatter data from the spaceborne lidar CALIOP (Cloud-Aerosol lidar with Orthogonal Polarization) onboard
the CALIPSO satellite (Vaughan et al., 2004; Winker et al., 2010). We use version 4.50 (Kar et al., 2018; Getzewich
et al., 2018) of the level 1 product. Global Navigation Satellite System (GNSS) radio occultation (RO) temperature
soundings are obtained from ” dry retrievals” from the COSMIC Data Analysis and Archive Center (CDACC) website
https://cdaac-www.cosmic.ucar.edu/. Other temperature and potential vorticicity fields are derived from the
ERA5 reanalysis (Hersbach et al., 2020).

Vertical cross-sections of attenuated backscatter ratio from CALIOP were instrumental in the discovery of strato-
spheric plume vortices (Khaykin et al., 2020). The main vortex, nicknamed Koobor in reference to an aboriginal legend
(Lestrelin et al., 2021), could be followed over threemonths in the stratosphere with the lidar. Figure 1 displays profiles
of backscatter ratio at the center of the smoke plume from selected CALIOP cross-sections between 9 to 16 January
2020, i.e. during the early phase of Koobor’s life when it was horizontally stagnating over the Pacific but rising rapidly
from 19 to 22 km, an altitude range with limited shear. The sections were selected based on a criterion of proximity
with the location of the vortex center according to the ERA5 reanalysis. An extended view including full sections and
horizontal potential vorticity maps showing how CALIPSO tracks intersect the vortex is shown in Fig. 2.

In Fig. 1, the (attenuation-corrected) backscatter ratio, that is the ratio of the particular backscatter over the
molecular backscatter, is computed from the measured total attenuated backscatter profile and theoretical molecular
backscatter (Vaughan et al., 2004). The lidar ratio (assumed constant) needed for the inversion is estimated for each
profile using the constraint provided by the attenuation of the molecular backscatter signal in the clear-sky strato-
sphere below the smoke cloud. The range of 532 nm lidar ratios thus deduced lie between 50 and 75, on the lower
side of the values reported by Ohneiser et al. (2020) for the 2020 Australian smoke plume. The advantage of using
backscatter (instead of the raw attenuated backscatter in Fig. 2) is that, provided that the microphysical and optical
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F IGURE 2 Top row: sections of 532nm CALIOP attenuated scattering ratio corresponding to the profiles of
Fig. 1. The crosses indicate the altitude and latitude of the associated vortex in ERA5. Middle row: corresponding
vertical sections of ERA5 temperature in the zonal direction at the latitude of the vortex center. The cross indicates
the altitude and longitude of the vortex center. Bottom row: Horizontal chart of potential vorticity at the altitude of
the vortex centre shown by the cross.

properties of the particles (e.g., their size) are uniform throughout the cloud, backscatter ratios may be interpreted as
proportional to the mixing ratio of the aerosols.

As noted in previous studies, backscatter ratio profiles evidence a rise of the plume with time; according to
the ERA5 reanalysis, the aerosol cloud is accompanied along its ascent by a temperature dipole associated with the
anticyclonic vortex with the cold anomaly topping the warm anomaly. Figure 1 further illustrates an interesting aspect:
the aerosol profiles exhibit a seasaw shape with a sharp front ascending at the top of the cloud and a slowly sloping
(and sometimes perturbed) tail trailing behind. Although this interpretation is likely complicated by shear and possibly
by sedimentation, the bottom of the cloud seems to rise more slowly than its top. This differential ascent speed
results in an increase of the vertical extent of the plume with time. Figure 1b shows that the minimum of temperature
anomaly is located at the front of the aerosol seasaw while the maximum gets broader with time as the aerosol tail
develops.

In this oceanic area void of radiosonde stations, the ERA5 reanalysis was mostly informed by the assimilation of
satellite temperature observations. The capacity of the assimilation system to follow the temperature profiles is illus-
trated in Fig. 3 for a remarkable encounter between Koobor and one of its siblings, denoted as vortex V2, that occurred
on 15 January 2020. Koobor formed after the intense phase of pyroconvection on 29-31 December 2019 while V2
originates from the event of 4 January 2020 (Peterson et al., 2021). Figure 3a shows the two clouds superimposed in
a single section of CALIOP. Figure 3c shows the track of the CALIPSO orbit which crosses the two vortices between
their two centers and also the location of 3 selected GPS radio-occultation soundings located within 6 arc degrees
of both vortices. Figure 3b compares the ERA5 temperature profiles at the location of the two vortices and from the
3 GPS soundings. The superposition of the two vortices generates a double temperature dipole, which the ERA5 is
able to follow event with remarkable fidelity. As shown in Khaykin et al. (2020), another source of temperature infor-
mation is provided by the infrared sounders, mainly the IASI instruments on board the Metop platforms. This ability
of the reanalysis to accurately reproduce the temperature signature does not mean that all meteorological fields are
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F IGURE 3 (a) Daytime CALIOP 532 nm total attenuated backscatter ratio on 15 January 2020 at 21:03 UTC
(time J). The two crosses indicate the latitude and altitude centers of Koobor (K) and the 2nd vortex (V2) at time J in
the ERA5, (b) Vertical profiles of the ERA5 temperature at the location of the two vortices (in black) and temperature
profiles from three nearby GPS soundings on 15 January denoted as GPS1 (KOMPSAT5, 14:29 UTC), GPS2
(COSMIC2, 15:22 UTC) and GPS3 (TSX, 12:32 UTC). The selected profiles are distant from both vortices by less than
600 km. The lines with crosses indicate the altitude of the two vortices, 20.1 km for Koobor and 15.9 km for V2 (c)
ERA5 potential vorticity maps of Koobor (colour) and V2 (contours) at the isentropic level of their center (503K for
Koobor and 408K for V2). The black lines indicate the trajectories of the two vortices in the interval [J-18h,J+18h].
The large crosses indicate the location of the two vortices at time J, like in (a). The locations of GPS soundings is
shown as crosses (colours as in (b)) and the location of each vortex along its trajectory at the time of the sounding is
shown by a diamond.

equally reliable. While the reconstructed potential vorticity pattern appears as a large ball of the size of the aerosol
cloud, with near zero potential vorticity (PV) at its center (Lestrelin et al., 2021), the exact shape and magnitude of
the PV bubble is not directly constrained by the observations assimilated in ERA5. Such property of low PV (which
places the vortex on the verge of symmetric instability) is surprising and worthy of further theoretical and numerical
investigations.

3 | THEORY

3.1 | Potential vorticity budget of an axisymmetric flow

Given their typical scales, ATPs in rotating stratified fluids can be studied using tools from potential vorticity theory
(Hoskins et al., 1985). As a first approximation, they can be considered axisymmetric structures, a geometry motivated
by the observations (see Fig. 3). Isolated axisymmetric vortices are a long-studied topic of fluid mechanics. Regarding
atmospheric applications, Eliassen (1952) introduced the model of a quasi-stationary axisymmetric vortex, sometimes
referred to as the Eliassen balanced vortex model (Schubert and Hack, 1983). His seminal work was later developed
to investigate tropical cyclones dynamics from the point of view of potential vorticity (see, e.g., Schubert, 2018, and
references therein). In the following, we will rely on a framework introduced by Schubert and Alworth (1987) and
Schubert (2018) for tropical cyclones, adapting it to the case of ATPs.

The fundamental starting point is the dynamics of Ertel’s potential vorticity (PV) (Ertel, 1942), which is expressed
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in cartesian coordinate as:

P =
1

ρ
ζa · �θ (1)

where ρ is the density, θ the potential temperature and ζa the absolute vorticity vector. In an inviscid (i.e., neglecting
non-conservative mechanical forcings) adiabatic flow, the potential vorticity (PV), noted P , is materially conserved.
This is the base of the analogy between PV and tracers. In the case of vortices subject to heating and mechanical
forcing, Lagrangian conservation of P is no longer guaranteed. In cartesian coordinate, the PV evolution equation
reads (e.g., Andrews et al., 1987):

DP

Dt
=

1

ρ
ζa · �Q +

1

ρ
�θ · � × F (2)

with Q = Dθ/Dt = θ the diabatic heating rate as potential temperature tendency and F the mechanical forcing.

In the following, we restrict ourselves to the case of an axisymmetric flow on the f −plane where f is the Coriolis
parameter. With r the radial coordinate, u , v the components of the horizontal wind in the radial and azimuthal
directions, respectively, PV may be expressed as (e.g. Shutts, 1991; Schubert, 2018):

P =
f

2 ρ r

�
∂ (R 2, θ)
∂ (r , z )

�
=

f

2 ρ r

�
∂R 2

∂r

∂θ

∂z
− ∂R 2

∂z

∂θ

∂r

�
(3)

where we introduce the notation
�
∂ (a,b )
∂ (x ,y )

�
= ∂a

∂x
∂b
∂y − ∂a

∂y
∂b
∂x for the Jacobian determinant and R is the potential radius

(e.g. Schubert and Hack, 1983), which is related to the absolute angular momentum and defined as:

1

2
f R 2 = rv +

1

2
f r 2 . (4)

As may be deduced from the azimuthal momentum equation (Eq. A1), Lagrangian changes in R arise solely due
to drag in the azimuthal direction Fλ :

DR

Dt
= R =

r

Rf
Fλ . (5)

Hence, R has the interesting property of Lagrangian conservation in an axisymmetric flowwithout mechanical forcing
(F = 0).

To simplify the equations further, a convenient and commonly-employed change of coordinates consists in switch-
ing to potential radius R as horizontal coordinate (e.g. Shutts and Thorpe, 1978; Thorpe, 1985) together with potential
temperature θ as vertical coordinate (e.g., Schubert and Alworth, 1987). Such coordinate transformation requires that
there exists a bijective mapping from (r , z ) to (R , θ) , which is guaranteed as long as P > 0, i.e. as long as the flow is
stable with respect to symmetric instability. If it exists, a region of the fluid with P = 0 (symmetrically-neutral air) maps
out into a line in R −θ space and the coordinate transformation is no longer bijective. µ is then a Dirac in (R −θ) space,
collapsing to a line along the R -coordinate (convectively neutral) or the θ coordinate (inertially neutral). Recalling the
mathematical property that the Jacobian determinant represents the change in differential volume under coordinate
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transformation, the infinitesimal volume element is given by:

dV = πdr 2dz =
π

1
2 r

�
∂ (R2,θ)
∂ (r ,z )

� dR 2dθ . (6)

and the corresponding mass reads:

dM = ρdV = ρπ dr 2 dz =
π

1
2 ρ r

�
∂ (R2,θ)
∂ (r ,z )

� dR 2 dθ . (7)

Hence, the density µ in the (R , θ) coordinate system, termed potential density by Schubert and Alworth (1987), relates
to PV through:

µ =
1

1
2 ρ r

�
∂ (R2,θ)
∂ (r ,z )

� =
f

P
(8)

(given the definition of P in Eq. 3). In particular, Equation 8 shows that µ is inversely proportional to P . Consequently,
the PV evolution equation (Eq. 2) in this system:

∂P

∂t
+ R

∂P

∂R
+ Q

∂P

∂θ
= P

�
1

R

∂ (RR )
∂R

+
∂Q

∂θ

�
(9)

has the following flux-form :

∂µ

∂t
+

1

R

∂ (RRµ)
∂R

+
∂ (Qµ)
∂θ

= 0, (10)

which is the continuity equation in (R , θ) coordinate.
It is enlightening to put this equivalence between PV and inverse R −θ pseudo-density µ in the perspective of the

PV impermeability theorem of Haynes and McIntyre (1987, hereafter HM87). HM87 showed that the (Eulerian) evo-
lution equation of the quantity ρP = ζa ·�θ may be recast into a flux-form budget equation in geometric coordinate-
(x , y , z ) or, in particular here, (r , z ) :

∂ρP

∂t
+ � · J = 0 (11)

withJ being theflux of PV substance. On this ground, they proposed an analogy between PV and chemical substances,
namely that the quantity ρP be seen as the concentration of a PV substance (PVS) of mixing ratio P . HM1987 then
proved that, contrary to fluid mass or chemical substances, there is no net flux J of PVS across isentrope surfaces
even in the presence of diabatic heating and friction/viscous stress. This result, named the impermeability theorem,
follows solely from the definition of PV; in particular, it does not the rely on the equations of motion.

For our axisymmetric problem, Equation 8 may be viewed as an extension of the HM87 impermeability theorem
for f /P to both iso-θ and iso-R (iso-angular momentum) surfaces. Here, the iso-θ result is the standard impermeability
theorem while the iso-R component is a consequence of the definition of the R coordinate. The name impermeability
here refers to the absence of net PVS flux across R and θ contours, which again specifically applies to the ”mass”’ of
PVS but not to the mass of fluid nor the mass of another tracer. Such framework offers a convenient interpretation of
PV, sometimes referred to as the dilution/concentration principle. The mass of PV substance contained in a volume
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delimited by iso-R and iso-θ surfaces is fixed in time: PV can only be diluted by mass convergence - or concentrated
by mass divergence. In the case of mass convergence, dilution of PVS leads to the formation of anticyclonic PV,
resulting in the expansion of R and theta contours in physical space. The reverse occurs for mass divergence, leading
to contraction of R and theta contours in physical space. Conversely, if we consider a closed material contour C and
follow it in time, the (R , θ) volume

∫ ∫
πdR 2dθ enclosed by C, i.e. the mass of PVS, is trivially proportional to the

average PV within the contour (since mass is conserved).

3.2 | Relationship between PV and mass injection and the 0-PV limit case

The relation between PV and mass redistribution in rotating fluids is not new. Considering the Lagrangian conser-
vation of θ and R , Gill (1981) suggested the inviscid and adiabatic adjustment of a fluid injection as a way to create
anticyclones in rotating stratified flows, a method first applied in rotating tank experiments by Griffiths and Linden
(1981) and used in a number of studies since then (e.g., Aubert et al., 2012). A similar reasoning was employed to
understand the atmospheric adjustment to penetrative convection (e.g. Shutts et al., 1988).

Based on the correspondence between mass anomaly in R − θ and PV, the fraction of mass injected ((µi − µ̄)/µi ),
which may be used to define the initial mixing ratio of a plume tracer χi , can be expressed as a function of PV:

χi (x , y , θ) =
µi (x , y , θ) − µ̄ (θ)

µi (x , y , θ)
=

P̄ (θ) − Pi (x , y , θ)
P̄ (θ) (12)

where P̄ (θ) = f /µ̄ is the potential vorticity of the background state and µ̄ the corresponding density in (R , θ) coordi-
nates.

A special case arises when P = 0 in an extended region: the area with P = 0 in (r , z ) collapses to a line in (R , θ)
coordinate. If the initial 0-PV is realized through ζa = 0, then, in a frictionless flow, potential vorticity remains zero
even in the presence of diabatic forcing (see Eq. 2 and Eq. 13). This is connected to the general property of a perfect
fluid that an irrotational flow remains irrotational at all times. This maintenance of the 0-PV raises the question of
the existence of vertically translated solutions conserving their shape and preventing the tracer from being diluted
within the environment. In Appendix A1, it is proven that such exact solutions do exist for a variety of (axisymmetric)
geometric configurations of the PV/tracer patch and background when there is no tracer diffusion nor viscosity. The
self-translating solution has both heating rate and tracer mixing ratio uniform and colocated with the 0-PV patch,
and a strictly 0 PV. Whereas this points to the importance of vanishing PV in the maintenance of the PV tracer cloud
along its vertical ascent and suggests that axisymmetry may be preserved, such academic solution is of limited pratical
interest . In the following, we investigate the evolution of a finite (albeit small) PV and tracer injection.

3.3 | Flow response to a heated tracer for a finite PV

In the remainder of this section, we will assume R = 0 (i.e., we neglect mechanical forcing). Following Eq. 5, the PV
dynamics may then be reduced to that of a comb of (vertical) 1-D domains on R -rings, with each R -ring independent
of its neighbor. In such case, Lagrangian evolution of PV reads:

DP

Dt
= PQθ (13)
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with Qθ =
�
∂Q
∂θ

�
R
and it is now understood that Dt P = ∂t P +Q∂θP . The solution to Eq. 13 along characteristics reads:

P (τ) = P0 exp
∫ τ

0
Qθdτ� and highlights exponential growth/decay of the PV with time for constant Qθ , as noted by

Schubert and Alworth (1987).

Let us consider the diabatically forced 1-D system in which PV is coupled with a radiatively active but chemically
inert tracer, which will be referred to as tracer A (for active). To the best of our knowledge, this configuration has never
been explored. We assume that A is inert and its mixing ratio χ obeys a form of 1-D advection-diffusion equation in
(R , θ) coordinate:

Dχ
Dt

= D(µ,χ) (14)

where D is a diffusion operator (linear inχ ). Under this simplification, it is not trivial how to appropriately parameterize
the diffusive term on the right-hand side of Eq. 14 (which is necessary for the unicity of the results). D does not
account for molecular diffusion, but rather represents the effect of turbulent mixing which may be associated with
either a population of intermittent turbulent patches (e.g. Vanneste and Haynes, 2000) not directly related to the flow
dynamics, or the formation of dynamic instabilities, such as symmetric instability, whose development tends to relax
the flow towards a state of neutrality. A priori, D(µ,χ) is anisotropic but will induce both cross-R and cross-θ fluxes.

To gain further insight, we note that, when neglecting tracer diffusion (D = 0 in Eq. 14),

1

P

DP

Dt
=

∂Q

∂θ
= − 1

χθ

Dχθ
Dt

(15)

where χθ =
�
∂χ
∂θ

�
R
. This holds for any form of the heating. In such a case, along Lagrangian characteristics (material

trajectories):

P χ
θ = P (t = 0) χθ (t = 0) (16)

Potential vorticity in this system is inversely proportional to the tracer gradient, a property which may be interpreted
using the (R , θ) version of the PV impermeability theorem: since without diffusion tracer isopleths follow material
trajectories, the convergence of isopleths (relative increase in χθ ) is associated with the convergence of fluid mass and
the dilution of PV, whereas the divergence of isopeths leads to the concentration of PV. Strictly speaking, relation (16)
only holds before overturns (change of sign of χθ , i.e. intersection of characteristics) occur and shows that we expect
anticyclonic (low) PV to develop where tracers gradients are steepening.

As a first approximation, we will assume that the anomaly in heating rate H induced by the active tracer A is
proportional to its mixing ratio χ and of the form:

H = γ χ (17)

where γ is a constant factor and the heating rate H corresponds to the temperature tendency H = T = T
θ Q . Equa-

tion 17 encapsulates the linear relationship between H, extinction ratio and tracer mixing ratio in the case of constant
and uniform radiative (and microphysical) properties of the tracer. However, it neglects any substantial attenuation
of the radiative flux which could arise in thick plumes. In the case of the biomass burning plumes from the 2020
Australian fires, absorption of sunlight by black carbons is modeled by γ > 0 and the assumption of neglecting at-
tenuation appears reasonable since CALIOP reveals only partial attenuation of the lidar beam at 532 nm (Sect. 2).
Furthermore, regarding the radiative properties of the emitted black carbon particles, it was recently observed by
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Sellitto et al. (2023) that they remained quite stable over time scales of weeks to months. This justifies Eq. 17 at first
order, although for longer times microphysical and chemical processes will likely result in a constrasted evolution of
the radiative properties of the tracer in different parts of the plume. Furthermore, it should be emphasized that, be-
sides simplifying the heating induced by the absorbing/emitting layer, Equation 17 also ignores the thermal damping
of the deviation of temperature from its background profile due to to the PV anomaly. This component is left out for
now but will be included in Sect. 4.

Equation 17 yields for the potential temperature tendency Q :

Q =
γ

Π
χ � γ

Π̄ (θ) χ (18)

where the dimensionless Exner function Π = T
θ is related to the distribution of PV and a priori depends on time, R and

θ, but may in pratice be replaced by its background profile Π̄ (θ) . With those approximations, Lagrangian conservation
of the tracer mixing ratio in (R , θ) coordinate including tracer diffusion reads:

∂χ

∂t
+

γ

Π̄
χ

�
∂χ

∂θ

�
R

= D(µ,χ) . (19)

After a change of the vertical coordinate to Θ(θ) =
∫ θ

θr ef

Π̄ (θ�)
γ dθ�, Equation 19 reduces to Burgers’ equation,

which constitutes a canonical example of non linear waves and has been extensively studied. It admits exact analytical
solutions (e.g. Hopf, 1950; Cole, 1951) for D(µ,χ) = K ∂ΘΘχ with constant ”diffusivity” K. For a detailed presentation,
we refer the reader to standard textbooks on partial differential equations (e.g. Whitham, 1999) and only provide in
the following a brief account of the behavior of the tracer solutions to our problem and the associated PV profile.

In the limit of vanishing diffusion (D(µ,χ) → 0), Burgers’ equations may be fully solved along characteristics.
Starting from an initial value of the tracer slope (χθ )0 > 0 and following the characteristic, χθ and potential vorticity
P evolve with time as χθ = (χθ )0 (Π̄0/Π̄) (1 − (t/τs ))−1 and P = (1 − (t/τs )) (Π̄/Π̄0) P0 with τs = −(γ (χθ/Π̄)0)−1.
Whereas this solution remains continuous at all time on the lower side of the tracer cloud (γ (χθ )0 < 0), on the upper
side (γ (χθ )0 > 0) the nonlinear advection term causes singularity (mutivalued tracer profile) to occur at a finite time
τs as characteristics intersect and the PV reaches 0. At this point, which corresponds to shocks and overturns in the
physical system, diffusive processes comes into play ; it is still possible to construct physically acceptable ("vanishing
viscosity") discontinuous solutions to the tracer equation by requiring that Rankine–Hugoniot jump conditions be
satisfied at the discontinuity, where PV is strictly 0. For practical applications, it may be desirable to circumvent the
formation of the singularity by introducing a diffusion operator, for instance of the form D = K ∂2

ΘΘχ where K > 0 is
a small yet non vanishing diffusivity. Then, the formation of the singularity is prevented and the shock is stabilized as
a tracer front of finite width in Θ ∼ K /(γχmax ) , but for small enough diffusivity (compared to

∫
γχdΘ) this does not

affect the location and magnitude of the jump which remain independent of the exact value of K . Still, as a result of
Eq. 13, the PV decreases exponentially in the area of the front. This behavior is investigated in detail in Appendix A2,
where an analytical solution to the PV Equation is provided for the case of a steadily propagating tracer front.

In order to now examine the full dynamics of the system in (R , θ) , a comb of 1-D Burgers’equations (19) for the
tracer and Eq. (13) for the PV is solved along characteristics for the initial condition described in the following. With
a background flow at rest, the reference density is simply µ̄ =

ρ̄�
∂θ̄
∂z

�
r

; we assume an isothermal profile at 220 K. The

distribution for χi is designed to be smoothly varying in R and θ, with compact support and using cosine functions to
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F IGURE 4 Numerical solution of a comb of Burgers’equations along θ with γ = 5 K/day/(unit tracer mixing ratio),
starting from the initial condition given in Eq 20 and a background PV profile typical of the mid-latitude. The top row
shows the mixing ratio tracer of tracer A the bottom row th PV anomaly. Similar conditions are also used for
initialisation and background in the reference WRF simulation. The problem is solved along characteristics, with the
front ascent speed and tracer step determined from the Rankine–Hugoniot jump condition.

describe the bulge initial condition in χi :

χi (r , θ) = 0.25

�
1 + cos

�
πr

Rmax

�� �
1 − cos

�
2π (θ − θmin )
θmax − θmin

��
if r < Rmax and θ ∈ [θmin , θmax ]

= 0 otherwise (20)

In the case of the main 2020 Australian vortices, we take guidance from the ECMWF ERA5 reanalysis on 9 January
2020 to estimate the magnitude and size of the injection in (R , θ) coordinate, which suggests Rmax = 180 km and
θmin = 380 K and θmax = 440 K. The choice for the amplitude, 0.25, is such that the maximum value (reached for r = 0

and θ = (θmin + θmax )/2) is χi = 1, corresponding to a vanishing PV (Pi = P̄ (1 − χi ) = 0) at the maximum of the tracer
distribution.

The solution for a range of potential radii R is displayed in Figure 4 and illustrates the gradual evolution of the
tracer structure from an initially vertically symmetric towards the strongly asymmetric triangular wave with a front
sharpening at the top and a smooth tail at the bottom of the tracer cloud. After its formation, the front asymptotically
ascends as

√
t in Θ coordinate whereas the magnitude of the jump decays as t−

1
2 . The varying ascent speed of the

discontinuity as a function of R mirrors the initial R -profile of the maximum of tracer concentration along the vertical
χmax (R ) , following the prescribed heating γχmax (R ) . Even more interesting is the evolution of the PV field (bottom
row). Starting from the PVdistribution defined by Eq. 20, the anticyclonic PV is initially preserved and ascends together
with the largest tracer anomaly. At later stages, a positive PV anomaly develops in the tail of the plume whereas the
low PV-anomaly at the tracer front is locally strongly enhanced, in agreement with Eq. 15.

The above analysis provides insights on the existence and persistence of anticyclonically-trapped plumes, in par-
ticular regarding their initial formation, the co-ascent of a heated tracer and anticyclonic PV patch and the formation
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of a front at the top of the tracer cloud. Given the degree of idealization, it is noteworthy that these seem consis-
tent with observed features of ATPs. There are however significant differences between real flows and the modeling
above: most conclusions drawn rely on the coordinate transformation to R − θ, which implicitly assumes that the ini-
tial axisymmetry of the flow is preserved during its evolution. This is far from guaranteed, as we saw that the system
has the intrinsic tendency to produce shocks. Here, shocks were kept and treated explicitly with Rankine-Hugoniot
conditions. However, in reality, such situation may first lead to 3D dynamical instabilities, and most likely result in the
diffusion of tracer across both θ and R surfaces.

Another disadvantage of the R−θ framework is its relative lack of flexibility and the difficulty to incorporate amore
realistic diabatic forcing. In particular, it is expected that the temperature anomaly associated with the anticyclonic PV
induces significant thermal relaxation (Lestrelin et al., 2021). This introduces a two-way coupling between potential
vorticity and tracer equations: in order to determine a priori this extra heating term, it would be necessary to assume a
balance equation for the flow and to invert the temperature anomaly from PV.While there exist numerical methods to
solve the PV inversion problem in this cylindrical geometry (e.g. Thorpe, 1985), they are involved and cannot address
the question of stability. As an intermediate framework between analytical approaches and real-case simulations, we
therefore turn to fully 3D idealized numerical simulations, in which thermal relaxation can be readily included and the
validity of the underlying assumptions tested.
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4 | TRIDIMENSIONAL NUMERICAL SIMULATIONS

In this section, we investigate the evolution of an injection of active tracer Awith a different approach, including more
complete dynamics, but keeping to the realm of idealized approaches. Instead of retaining only PV as the sole descrip-
tor of the flow, wewish to include more complete dynamics. The problemmay be summarized as follows: we consider
a background atmosphere initially at rest on the f-plane. The chosen Coriolis parameter (f = 10−4 s−1) and background
stratification profile mimick the typical midlatitude troposphere-stratosphere transition, with a tropopause located at
12 km altitude, and associated with a stratification jump from N = 10−2s−1 to N = 2 × 10−2 s−1. An initial low-PV
”intrusion” is introduced in the stratosphere together with the active tracer A, of which we investigate the mid-term
(tens of days) evolution.

4.1 | Model choice and configuration of the numerical experiments

Tridimensional numerical simulations have been performed with the Advanced Research Weather Research and Fore-
cast (WRF-ARW) model (Skamarock et al., 2008), Version 4.2.2, to investigate the evolution of the diabatically forced
vortices. The chosen model is a community model, designed for limited-area simulations of mesoscale flows. It is
used operationally for weather forecasting but has been designed so that idealized configurations can also be flexibly
used for research (e.g., Bui et al., 2019; Foussard et al., 2019). Two key advantages of this model are its realism and
its broad range of uses and hence of validation. It is important to note, however, that there is a significant distance
between the degree of idealization considered in the previous section and the flows that can be simulated with WRF,
which for instance retains the full complexity of the compressible stratified atmosphere. Choices need to be made
for the boundary conditions. In addition, as expected with simulations, the limited resolution will induce numerical
diffusion, with significant implications on derived quantities such as PV. Hence, it must be clearly understood that
the purpose of these simulations is not to simulate vortices that would reproduce the solutions of the very idealized
model or the observations of the previous sections. Rather, they aim at probing, in a more complex and realistic flow,
the robustness of features of the theoretical analysis found.

Here, we choose an idealized set-up with open lateral boundary conditions, a free-slip lower boundary condi-
tion and a 15 km-deep sponge layer at the top of the 55-km deep domain. Since our primary focus is the idealized
simulation of the dry stratospheric flow, no microphysical parameterization is included. The horizontal grid is regular
in cartesian coordinate, with the consequence that axisymmetry cannot be strictly conserved. Hence, even in the
absence of initial azimuthal perturbation, non-axisymmetric instabilities have the potential to develop and the simula-
tions may be used to assess the stability of the starting axisymmetric flow. The horizontal resolution is 15 kmwhereas
the vertical levels are approximately regularly spaced in altitude corresponding to a vertical resolution of 300 m be-
tween 10 an 38 km (the range of altitude of interest). The domain extends from the surface to about 55 km altitude
and spans about 3,800 km in the zonal and meridional directions, which amounts to 256× 256× 161 � 107 grid points.

To represent radiative processes acting during themaintenance stage of the plume, we use the simplistic approach
consisting in a "heating" (or "cooling") inert tracer but also include a form of radiative damping through Newtonian
relaxation. The inert tracer A is introduced in the model as a substitute for radiatively active constituents, such as
sunlight-absorbing aerosols (producing heating) or infrared-emitting water vapour (producing cooling). Again, its mix-
ing ratio χ is conserved following the flow, except for numerical and explicit diffusion, and follows Eq. 19 but with
this time D(χ) standing for an (anisotropic) 3D diffusion operator, which includes both parameterized and numerical
contributions. In the default model configuration, a horizontal Smagorinsky first-order closure (Smagorinski, 1963)
handles diffusion in the horizontal, whereas in the vertical the constant coefficients of the parameterized second or-
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TABLE 1 Table of simulations used in this paper.

name injection initial vortex γ (K/day/(kg/kg)) temperature heating rate τr = 1/α
altitude (km) (per unit tracer mixing ratio) (d)

UP-REF 15 yes 5 7

NO-RELAX 15 yes 5 ∞
UP-NOPV 15 no 5 7

DOWN-REF 35 yes -5 7

der diffusion in altitude coordinate amounts to 0.1 m2/s. It should be noted that this relatively simple formulation of
diffusion is defined in cartesian geometric coordinate, and the resulting diffusion takes a far more involved form in
R − θ coordinate since R and θ surfaces do not align with r and z surfaces. Newtonian cooling dampens temperature
anomalies from the reference temperature profile T̄ (z ) . The full temperature heating rate H = T = T

θ Q is of the
form:

H = γ χ − α (T − T̄ (z )) (21)

where γ is the heating (or cooling) rate per unit of tracer mixing ratio and α the temperature relaxation rate. Notice
that in our simulation α is uniform and does not depend on the tracer concentration.

Table 1 summarizes the simulations presented in this paper, all on a f-plane and started from an axisymmetric
initial state. Different values of γ were tested. In the smoke vortex case (reference simulation), it is chosen to roughly
match the observed ascent rate of the Koobor plume (as seen, e.g., in Khaykin et al., 2020) at initialisation. The
radiative damping rate is estimated from ERA5 to be on the order of α = 1

7 day
−1 (Lestrelin et al., 2021).

4.2 | Vortex formation: convective injection

The initialization performed aims at mimicking a redistribution of mass in R −θ coordinate following Eq. 20. Regarding
the amount of material to inject and level of the injection, we have again chosen values inspired by Koobor and take
guidance from the ECMWF ERA5 reanalysis on 9 January 2020. Concretely, the initial state in model coordinate is
achieved by starting from an atmosphere at rest (i.e., v = 0 and r = R ), in which case µ is also the density in r − θ

coordinate and the corresponding hydrostatic balance equation can be numerically integrating in each model column.
In fine, this procedure is equivalent to removing mass from a lower level (the source level) and inserting it at a higher
level (the injection level) and represents an instantaneous transfer of mass corresponding to the rapid lifting of air from
the lowest layers and its injection into the stratosphere, as may be undertaken by pyroconvection or by the volcanic
eruption. The mixing ratio of the active plume tracer A is again initialized based on the correspondence between
inverse PV and density in (R , θ) coordinate using Eq. 12. We note again that instead of starting from a fluid at rest
and letting the model relax the initial perturbation to reach cyclo-geostrophic balance, a fully balanced structure in
(r , z ) coordinates could have been diagnosed by imposing both hydrostaticity and cyclo-geostrophy from the initial PV
distribution in (R , θ) coordinates, using an approach similar to that of Thorpe (1985). Beyond its simplicity, the present
procedure bears several practical as well as fundamental advantages, notably in terms of consistency with the model
discretized equations and versatility in the application to more complex background flows, including sheared flows.
However, this flexibility comes at some additional computational cost, as small time step integrations are necessary
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to correctly resolve the adjustment process.
In the simulations, the unbalanced initial state progressively adjusts while triggering a transient (gravity-wave)

response. After a spin-up of about 2 days associated with substantial radiation of gravity waves away from their
”convective” source, the f-plane adjustment to this initial mass injection results in the formation of an upper level
anticyclone, in agreement with the early theoretical study of extratropical penetrative convection by Shutts et al.
(1988). All times in the sequel are defined with respect to a reference at the end of the spin-up.

Figure 5 depicts the balanced state resulting from the injection after the first adjustment period. The adjusted
flow is to a very good approximation in gradient wind balance: an elliptical vortex with a wind anomaly ∼ 15 m/s
is sandwiched between a temperature anomaly dipole of amplitude ± 5-6 K. The typical size is comparable to that
of the vortex displayed on Fig. 2, with the vertical depth H � 4 km and a diameter L � 1, 000 km. The aspect ratio
H
L � 4 × 10−3 is close to the value predicted by Charney’s quasi-geostrophic scaling (f /N = 5 × 10−3), although the
vanishing PV structure lies very far from geostrophy. Another formula proposed by Hassanzadeh et al. (2012); Aubert
et al. (2012) suggest that the aspect of an elliptical vortex embedded in a Boussinesq fluid at rest of background
Brunt-Väisälä frequency N̄ and in gradient wind balance with the environment is:

H

L
=

1

2

�
f 2 − ζ2

i

N̄ 2 − N 2
i

� 1
2

(22)

where ζi is the vertical component of the absolute vorticity within the vortex and Ni the Brunt-Väisälä frequency
inside the vortex. For a low absolute PV vortex (ζi � 0), Equation 22 can be rewritten:

H

L
=

f

2

�
g

Tv

�
∂T �

∂z

�
v

�− 1
2

(23)

with Tv � 220 K the (unperturbed) temperature at the middle of the structure and the lapse rate anomaly
�
∂T �
∂z

�
i
�

12
3.5 103

� 3.4 × 10−3 K/m. The value estimated from Eq. 23 is in good agreement with the model. We note that this
heuristic formula yields f /N for Ni = 0 and ζi = 0.
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F IGURE 5 Cross-sections of (a) temperature and wind, (b) Ertel’s potential vorticity through the adjusted vortex
following the injection, (c) Lagrangian PV tendency due to diabatic heating, (d) Lagrangian PV tendency due to the
long wave component of heating (UP-REF simulation). White contours are isopleths of tracer mixing A ratio (0.1, 0.5
and 0.9 kg/kg).
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F IGURE 6 Horizontal cross-sections of PV anomaly (colors) and tracer (white contours: 0.1, 0.3, 0.5, 0.7, 0.9
kg/kg) in the reference (UP-REF) simulation, at the level of (top row) the tracer front Zf r ont and (bottom row) the
tracer maximum Zcent er in the UP simulation.

4.3 | Evolution following heating (ascending smoke vortices)

4.3.1 | Evolution in physical space

The configuration described above is run for 40 days after the initial spin-up. Figure 6 displays maps at selected levels
exhibiting the evolution of the tracer and PV anomaly, defined as:

Pan =
P (x , y , θ, t ) − P̄ (θ)

P̄ (θ) (24)

at the level of the plume core (maximum of χ ) and the level of the plume front (maximum of |dχ/dz |). Note that the
axisymmetry of the flow is generally preserved over the whole duration of the run. This suggests that the theory from
the previous section may be applied, and more generally that vertical cross-sections offer a reliable account of the full
dynamics.

Figure 7 depicts such vertical cross-sections for azimuthal wind, temperature anomaly (top row) and relative
potential vorticity anomaly (bottom row) through the center of the domain spanning the duration of the simulation.
Over the first 12 days of the simulation (first 2 columns in Fig. 7), the core of the low PV and tracer bubble rises by
∼ 3 km. Whereas the initially symmetric tracer cloud quickly gains skewness with a steepening of the upper front
and a weakening of the gradients in the tail, the PV monopole and the wind and temperature dipoles retain a roughly
constant magnitude. This evolution of the dynamical variables, which is related to the persistence of low PV (Eq. 13), is
generally compatible with that seen in the ECMWF product (Fig. 2) given the limited vertical resolution of the analysis.
We note that there is only limited dilution of the tracer within environmental air. The black contours represent isolines
of the potential radius R (i.e., isolines of angular momentum), which are also streamlines of a steadily ascending vortex
(see Appendix A1) and here approximately coincide with actual streamlines of the flow (not shown). Those streamlines
are deflected around the low PV anomaly, which enables its initial ascent with limited dilution.

Subsequent cross-sections in Fig. 7 reveal that, as time proceeds further, the rising tracer cloud continues to
elongate along the vertical direction while keeping an approximately constant horizontal extent. The upper front
ascends from ∼ 16 to 26 km while the base does not move significantly. This seems broadly consistent with the
time evolution of the backscatter ratio observed in Koobor (Fig. 1), with the caveat that backscatter ratio cannot be
simply interpreted in terms of aerosol mixing ratio. Whereas the bulk of the tracer remains confined within a strong
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F IGURE 7 Successive cross-sections of (top row) azimuthal wind (colors) and temperature anomaly (black
contours) and (bottom row) potential vorticity anomaly from the background (colors) and potential radius R (black
contours) for the UP-REF WRF simulation. White contours are isopleths of tracer A mixing ratio (from 0.1 to 1 every
0.1 kg/kg).

anticyclone over the entire duration of the simulation, a weaker cyclone develops at the bottom of the tracer cloud.
The positive PV anomaly (cyclonic vorticity) which develops within the tail of the structure gradually deepens and
reinforces. The positive-PV appears partly trapped in a shell formed from the downward extension of the low PV
upper part. The low-PV region gradually evolves from a vertically symmetric bubble shape to a strongly vertically
asymmetric ”hollow tooth-shape”, characterized by a low PV at the top and lateral edges extending further down
about 6 km on day 37. This partly shields the positive PV anomaly, explaining its weaker signature on the wind and
temperature fields.

We note that, during its later evolution, the upper part of the structure is the seat of the development of a ring
of marginally negative PV, i.e. a region prone to symmetric or centrifugal instability according to the Rayleigh crite-
rion. This potential instability does not however seem to develop into the layered structures expected for centrifugal
instability in a stratified fluid (Meunier et al., 2014), at least in the duration of the simulation, and we speculate that
is overwhelmed by the forcing due to the heating. This persistence of the axisymmetry and the limited extension of
negative PV areas motivate us to analyze the field in (R − θ) coordinate.

4.3.2 | Evolution in (R , θ) space
Figure 8 displays the same snapshots of the simulation as in Fig. 7, but with the fields first averaged along the azimuthal
direction and transformed to (R − θ) coordinate. As described above, in that coordinate system, vanishing PV regions
collapse to a 1D segment. In (R − θ) , the evolution of the WRF simulation bears striking similarities with the comb of
1D Burgers’ equations. This supports the theory presented in Sect. 3.

Neglecting radiative relaxation, according to the demonstration proposed in Sect. 3, the evolution in (R − θ) may
be seen as that of a comb of 1D partial differential equations, with the tracer following a type of Burgers equation
and the PV responding to the tracer following Eq. 13. Comparing the full 3D results to the numerical solution to a
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F IGURE 8 Successive cross-sections of (top row) tracer and (bottom row) potential vorticity anomaly from the
background in R − θ coordinate for the UP-REF simulation.

comb of 1-D coupled equations (Eq. (13) and (14)) in Fig. 4, striking similarities are found.

Regarding the tracer, in both cases its dynamics leads to the formation, in each 1D tooth of the comb, of a Burgers-
type triangular wave with fronts and tails characteristic of the evolution of a localized maximum (single hump) in
Burgers’ equation. The varying ascent speeds of the tracer fronts at different potential radii R relate to the initial
value of the tracer maximum χmax (R ) (after the adjustment of Eq. (20)) as expected from the Burgers’solution. We
note some discrepancy between the theoretical initialization (Eq. 20) and the model field after the initial adjustment
(Fig. 8): a homogeneization of χmax (R ) along R for R ≤ 100 km and the generation of two fronts in θ for 100 km≤ R ≤
250 km. Those differences are most likely due to the unavoidable mixing and friction (i.e., diffusion of momentum)
occurring during the adjustment and associated cross-R and cross-θ fluxes of PV and tracer. The homogeneisation
for R ≤ 100 km is in particular responsible for the straight horizontal front observed at later times (day 25-37) in that
range of R in Fig. 8, whereas the double front explains the transient evolution of the tracer (around day 13). Regarding
the PV, initially low PV regions of the flow tend to keep their low-PV both in Fig. 4 and Fig. 8, as expected from the
maintenance of the initially irrotational flow (P � 0). Beyond this preservation of the initial condition at short times,
the PV dynamics qualitatively evolves towards 0-PV at the tracer front (-100 % relative PV anomaly) and a positive PV
anomaly in the tail. In the area where there are multiple local maxima along θ, all fronts transiently develop a low-PV
anomaly before collapsing into a single one.

Aside from those common features, there are also noticeable differences between the idealized Burgers’ solution
(Fig. 4) and theWRF simulation. The decrease in the tracer maximum is faster and hence the ascent rate slower in the
theoretical solution than in theWRF integration. Whereas both figures highlight a PV dipole, the negative PV anomaly
quickly (15 days) collapses onto the front in the case of the Burgers’solution but remains spread out around the front
in the 3DWRF simulation. The respective role of radiative damping and diffusion in shaping those differences will be
discussed in Sect. 5.

Page 22 of 40Quarterly Journal of the Royal Meteorological Society

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55



For Peer Review

Podglajen et al. 21

4.4 | Evolution following cooling (descending water-rich/ozone-poor plumes)

F IGURE 9 Successive cross-sections of (top row) wind (colors) and temperature anomaly (black contours) and
(bottom row) potential vorticity anomaly from the background (colors) and momentum radius R (black contours) for
the DOWN-REF simulation. White contours are isopeths of A tracer mixing ratio (from 0.1 to 1 every 0.1 kg/kg).

Up to now, we have been focusing on the case of a heating tracer, which was motivated by observations of
stratospheric wildfire plumes. A volcanic plume reaching deep in the stratosphere is expected to detrain large amounts
of water vapor, as anticipated early on (e.g. Glaze et al., 1997) and recently observed in the aftermath of the January
2022 Hunga Tonga-Hunga Ha’apai (HTHH) eruption (Millán et al., 2022; Khaykin et al., 2022a). Following the latter
event, Sellitto et al. (2022) suggested that radiative cooling from the injected water vapor is likely to strongly dominate
the diabatic forcing. Indeed, evidence of compact descending patches of volcanic compounds in the HTHH plumewas
shown in Legras et al. (2022). Motivated by this natural example, we explore the response of the stratospheric flow to
a cooled tracer bubble. Contrary to the previous subsection, however, we do not aim here at a direct comparison with
a natural event. Rather, we consider the idealized case of a cooling tracer injected in the midlatitude stratosphere at
35 km altitude. The cooling rate per unit tracer is now γ = −5 K/day/(kg/kg), i.e. opposite to the heated case. We
note that such magnitude of the cooling remains within the range of plausible values; for instance, Sellitto et al. (2022)
estimated the cooling rate in the HTHH plume to be on the order ofT = −10 K/day at the day +3 stage.

Even faster than in the ascending case, the initial antitcylonic ’bubble’ structure gradually breaks and a cyclonic
vortex develops within the tail of the tracer cloud. Overall, the qualitative evolution is again consistent with Eq. 16,
with lower relative PV anomaly at the location of the tracer front and a trapping of the tracer within an anticyclone.
However, whereas in the heated tracer the dominant signature was that of the anticyclone, here it is the cyclonic
circulation in the tail. This occurs as a consequence of the background PV gradient.

Figure 10 depicts the same pattern in (R , θ) coordinate. Again, the time evolution features fronts and tail although
in an opposite direction compared with the ascending vortex. A fundamental difference difference with the ascending
case is the orientation of the motion with respect to the background PV gradient. This results in the larger dilution of
the tracer in denser air in (R , θ) space (Eq. 14) and its contraction in physical space. Due to its advection in a lower
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PV environment, the magnitude of the anticyclonic PV anomaly reduces over time whereas that of the positive PV
anomaly grows. This evolution is generally opposite to the ascending case.

F IGURE 10 Successive cross-sections of (top row) tracer and (bottom row) potential vorticity anomaly with
respect to the background in R − θ coordinate for the DOWN-REF simulation.
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5 | DISCUSSION

5.1 | Roles of radiative relaxation and friction

The comparison between Burgers’ solution and the 3D simulations revealed striking agreement on key qualitative
features. It has also highlighted significant differences. The magnitude of the PV anomalies in the Burgers solution
(Fig. 4) largely exceed those in the 3D WRF simulation. Indeed, the PV anomaly in UP-REF extends over a broader
range of θ and is less intense while the positive anomaly in the tail is weaker. We expect that such discrepancy
partly results from the missing radiative relaxation in the derivation of the equivalent Burgers equation. The effect is
illustrated in Fig. 5 (panel d), which shows that, by redistributing heating over a deeper layer, the radiative relaxation
tends to induce a significant negative PV tendency extending above and below the plume, beyond the area where the
tracer lies, broadening the sharp PV tendency induced by the tracer only. We also note that the larger positive PV
anomalies appear more damped than negative PV anomalies, which is a consequence of the maintenance of low PV.
Qualitatively, we expect that this deeper heating tends to slow down the sharpening of the tracer front and to partly
shield the tracer cloud and limit dilution.

To assess the impact of radiative relaxation within the theoretical framework, we attempted to move beyond
Burgers type solution and include the additional heating term in a new numerical model solving Equations (13) and
(14)). This new model requires inverting the temperature anomaly distribution from the PV field to compute thermal
relaxation; for internal consistency, this is achieved without any information from the WRF simulation but instead
using a quasi-geostrophic (QG) ansatz and assuming a typical horizontal scale λh (λh = 250 km) of the structure.
The model also includes explicit diffusion in the PV equation. A full description of the 1D model, including the QG
temperature anomaly inversion, is provided in Appendix A3. For quantitative comparison, it is initialized from the
axial profile of tracer and PV of the WRF simulation after the 2-day spin-up.

Sensitivity calculations in this 1D framework confirm that increasing the temperature relaxation rate α slows
down the decay of the maximum tracer mixing ratio and therefore increases the vertical ascent rate of the front,
although without preventing its formation. Decreasing the horizontal scale 1

λh
reduces the amplitude of the temper-

ature anomaly and shallows its vertical scale. While we restricted ourselves to a range of diffusivities K low enough
such that diffusion only marginally affects the results (in particular the decay of the tracer maximum or its propagation
speed remain insensitive to this parameter), this term still controls the width of the tracer front. Figure 11 compares
the evolution of the tracer, PV and temperature profiles in the WRF UP-REF simulation with integrations of the 1-D
model for an adjusted set of parameters (γ = 5 K/day/(kg/kg), 1/α = 5 days, K = 17 K2/day, 1/� = 250 km, see
Appendix A3). There is a fair agreement for the tracer with a triangular wave characterized by similar peak value. The
distribution of PV also depicts a relatively good agreement between the two approaches, from shorter times, when
the low PV cloud is preserved, to longer times in particular regarding the sharpness of the minimum PV located at the
front. The PV jump behind the front is larger in the 1-D model which is not contaminated by lateral cross-R fluxes.

Another discrepancy with the WRF simulation lies in the evolution of the amplitude of the negative temperature
anomaly. While decaying with time in the 1D model (by a factor of 2 over the course of the integration), it remains
rather stable and even tends to grow over most of the WRF simulation. This may be related to the assumption of a
constant horizontal scale λh in the QG inversion. The 3-D simulation (Fig. 7) actually shows a lateral expansion of the
anticyclone with time and increasing λh would indeed increase the amplitude of temperature anomaly. This decrease
of the temperature anomaly above the front is the likely reason to explain the need of an increased value of α in the
1-D model.

In order to further confirm the effect of radiative relaxation, we performed another WRF numerical experiment
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with Newtonian relaxation switched off (not shown). The early development shows a qualitatively similar general evo-
lution, but a significantly shallower area of negative PV anomaly and an enhanced dilution of the tracer, in agreement
with theoretical expectations. At later stages, this smaller tracer mixing ratio leads to a slower ascent, in agreement
with the effect of the α parameter in the 1-D model. This points to an important role of the longwave radiative heat-
ing in the dynamical evolution of the anticyclone. Here, we only included a simplistic parameterization of radiative
relaxation with uniform damping parameter, which only accounts for the temperature anomaly. The impact of the
complex mixture of compounds radiatively active in the infrared contained in wildfire plumes, including both black
carbon aerosols and greenhouse gases (water vapor, carbon monoxide, etc.), remains to be assessed.

Besides radiative relaxation, some differences between the theory and the WRF simulation must be a conse-
quence of the diffusion of momentum generating a cross-R flow. In particular, in the 3-D simulation, the top of the
tracer front exhibits a protrusion towards large R . It corresponds to the tracer ring topping over the plume (seen in
Fig. 7). Such feature cannot occur from an inviscid evolution from the initial condition. We interpret this protusion as
resulting from drag occurring at the top of the vortical flow where the vertical derivative of the balanced azimuthal
wind is largest leading to positive R = r

R Fλ . As a proxy for friction, we examined the repartition of regions of low
Richardson number (not shown), which indeed emphasize both the shallow front and lateral tail of the tracer cloud
as regions with significant likely significant turbulence/mixing. The global impact of friction may also be grasped by
considering the integral of Eq. 10 along θ: only friction can result in mass fluxes across R-isocontours. This is shown in
Fig. 8 (bottom row) for both the mass of air and tracer. During the course of the simulation, the mass of air enclosed
within R < 100 km and 360 K< θ < 800 K is reduced by 30%, demonstrating significant viscous drag effects which are
not captured in the 1D- framework. This effect is enhanced when the flux of tracer A is considered, emphasizing that
the exchange of mass through friction is either located in regions of high tracer content or the existence of cross-R
diffusion of A. Overall, this suggests a signficant role of dynamic instabilities and associated drag in the evolution of
anticyclonic plumes, an effect which cannot be accounted for in a purely 1D framework.

5.2 | Mixing of the plume with environmental air: impact of low PV initialisation

A special property of the vertically moving plumes is their sustained isolation from the environment, which occurs
along both horizontal and vertical motions. At this scale, it might have been expected that the radiative instability
driven by the heating results in significant mixing between the plume and the environment. We have seen that this
is not the case, for two reasons. First, the presence of a low PV anomaly is associated with streamlines avoiding the
tracer cloud, thus preventing its dilution within background stratospheric air. Second, as argued above, the additional
heating provided by the longwave relaxation of the temperature perturbation induced by the PV anomaly reduces
dilution within outside air. The overarching effect is to stabilize the structure. In the absence of an initial PV anomaly,
there is no temperature anomaly and this shielding is absent.

Thus, it is expected that the co-injection of absorbing tracer and ’air’ mass, resulting in a plume initially trapped
within a vanishing absolute PV anticyclone plays a key role in preventing dilution of the absorber along the ascent
through the effect of both dynamical isolation in 0-PV air and thermal relaxation. This initial PV anomaly may have
been considered as a necesssary condition for the formation of the anticyclone, but a few previous studies (e.g.
Doglioni et al., 2022) achieved to simulate a vortex by adding absorbing aerosol while ignoring the direct dynamical
impact of the injection on the dynamics in high resolution simulations. More recently, the coarse-resolution (200 km)
simulations by Senf et al. (2023) did not simulate the vortex. In order to test the impact of the injection in shaping the
plume evolution, we performed a simulation including the same initial aerosol profile but without the mass injection
(i.e. from a fluid with no PV perturbation, simulation UP-NOPV). As shown in Fig. 12, an anticyclone forms at the level
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F IGURE 11 Profiles of (a, d) tracer mixing ratio, (b, e) potential vorticity and (c, f) temperature anomaly. Panels
(a), (b), (c) correspond to numerical integration of Eqs.(13) and (14) with the diabatic heating defined by Eq. 21 and
the temperature inverted using the formula provided in Appendix A3 with 1/� = 250 km. Panels (d), (e) and (f) are
average profiles for 0 ≤ R ≤ 60 km in the reference simulation.

of the tracer front. However, it only encompasses a small fraction of the tracer plume after 2 weeks of simulations.
Second, the dilution of the tracer is larger and, contrary to the case with a co-injection of mass, the initial axisymme-
try of the plume is not maintained. On the contrary, we observe a destabilization of the initially axisymmetric flow.
Whereas there seems to be a relaxation towards axisymmetry at later times, the anticyclonic plume trapping is still
weak on day 19 of the simulation.

Such long-term difference between the case with and without initial mass injection is reduced when we consider
an absorbing tracer injection below the tropopause, between 10 and 12 km, as used by Doglioni et al. (2022) (not
shown). Although a breaking of the axisymmetry of the flow still occurs in the absence ofmass injection, the significant
and distinct PV anomalies created by the diabatic tropopause crossing tend to more rapidly merge (within less that
two weeks, not shown).

In realistic dynamical settings, the initial concomitance of absorbing tracer and low PV anomalies is expected to
play an essential role in the rapid formation of a compact plume both below and above the tropopause. We speculate
that the PV signature will favor the emergence of a single coherent plume from a number of low PV patches through
vortexmerger (e.g., Dritschel, 2002; Reinaud andDritschel, 2002). In the case of the Australian fires, several (about ten)
large pyrocumulonimbii reached the stratosphere (Peterson et al., 2021) and probably later self-organized into a small
number of vortices, including Koobor. As discussed above, the PV anomaly also prevents the fast initial dispersion of
the tracer which would otherwise arise due to vertical shear and large-scale horizontal deformation by the flow.
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F IGURE 12 Horizontal cross-sections of PV anomaly Pan (colors) and tracer (white contours: 0.1, 0.3, 0.5, 0.7,
0.9 kg/kg) in the UP-NOPV simulation, at the level of (top row) the tracer front and (bottom row) the tracer
maximum in the UP simulation.

5.3 | Environmental conditions for anticyclonic plume formation: altitude and latitude of
the injection

In our conceptual model, the (cross-isentropic) injection of mass near the level of neutral buoyancy is sole responsible
for the initial formation of the vortex. From a dynamical point of view, the vertical gradient of potential vorticity or
the difference between tropospheric and stratospheric PV do not play any direct role, since Lagrangian conservation
of PV does not apply.

However, for a similar amount of injected mass, the smaller the background isentropic density σ , the larger the
relative PV anomaly. Given the background profile of σ , it comes with no surprise that anticyclonic plumes are more
likely to occur higher in the atmosphere where the fluid is lighter and more stratified. This effect is further reinforced
when considering the absolute PV anomaly, and partly explains why this phenomenon, which is key in the extra-
tropical stratosphere, was not reported after diabatic tropospheric injections.

A second important factor is the latitude of the injection, upon which the Coriolis parameter f depends. So far,
we completely ignored this factor by adopting the f-plane approximation. In particular, the strength of the anticyclonic
trapping may be crudely evaluated by comparing the magnitude of the relative vorticity (f ) to the change in planetary
vorticity between the center and the edge of the structure. In polar and midlatitude regions, a quasi-0 PV is extremely
rare around and provides strong isolation. In contrast, in tropical regions, ambient PV is closer to 0 and the low PV
vortex formation and isolation is limited.

The adimensional number comparing latitudinal vorticity variations to themagnitude of the local vorticity anomaly
(� −f in a 0-PV vortex) is L

f /β where β = 2Ω
a cos(φ) (a = 6, 400 km is the planetary radius, φ the latitude and Ω �

7.27 10−5 s1 the Earth rotation rate) and L is the horizontal scale of the vortex. Assuming that the typical horizontal
size of the structure L is on the order of the Rossby radius of deformation radius Rd , as suggested by its aspect ratio,
L

f /β =
βRd
f =

βNH

f 2
= NH

2Ωa sinφ tanφ . For an injection of depth H � 1 km in the stratosphere (N � 2 · 102 s−1), the
condition βL

f > 5 � 1 is satisfied poleward of about 20◦ and such injections will result in trapping. At latitudes closer
to the equator ( L

f /β � 1), the efficiency of the trapping is reduced as the latitude shift necessary to reach a similarly
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low PV on an isentropic surface diminishes. Hence, in tropical regions, trapping is weaker - provided it occurs. The
dynamical response to heating is affected by the equatorial beta effect, as suggested for the evolution of the HTHH
plume by Schoeberl et al. (2023). We leave investigations of this interesting aspect to future dedicated studies.

6 | CONCLUSION

Diabatically-forced anticyclonic plumes in the stratosphere were discovered in 2020. Following the extreme 2020
Australian wildfires, a radiatively heated vortex was observed to ascend from 18 to 35 km in the stratosphere. The
plume of the 2022 Hunga Tonga-Hunga Ha’apai eruption underwent a spectacular diabatic descent due to the cooling
by an extreme water vapor anomaly. By hindering the dilution of the plume, vortical structures largely modify its
longevity and impact on radiation, chemistry and dynamics. From the point of view of geophysical fluid dynamics,
those objects exhibit several peculiarities, in particular a virtually-0 potential vorticity at their center according to the
ECMWF reanalysis. Such conditions are rarely met in the midlatitude stratosphere apart from tropical intrusions.

Here, we adapted a theoretical framework developed for tropical cyclones (Schubert and Alworth, 1987) to study
the dynamics of potential vorticity in diabatically-forced axisymmetric anticylones on the f-plane. As a consequence of
the mathematical definition of PV, an extension of the impermeability theorem of Haynes and McIntyre (1987) holds,
which states that the PV substance (the PVmultiplied by the mass of air) is constant within a control volume delimited
by constant angular momentum-potential temperature surfaces (R , θ). This property offers a clear picture of the initial
formation of stratospheric anticyclonic plumes: the direct injection of mass in the stratosphere by pyroconvection or
volcanic eruption is associated with a dilution of the PV substance and a decrease of PV. In reality, the initial formation
stage may additionally imply vortex merger of a number of distinct initial injections. If the total amount of injected
mass is sufficiently large compared to the background, the PV substance is extremely diluted and the PV approaches
zero.

The subsequent evolution of the vortex is controlled by radiative heating or cooling within the plume. At first
order, the radiative effect of the sunlight-absorbing aerosols or infrared-emitting water vapor can be idealized by
introducing an radiatively active but chemically inert tracer A which heats or cools the air at a rate proportional to
its mixing ratio. If the active tracer is trapped within an exactly 0-PV bubble, as may approximately occur following
the injection, the heated or cooled balanced vortex plume is an exact solution of the governing dynamical equations.
Thus, the observation of near 0-PV is anything but incidental, and fundamental to the preservation of the structures
against dilution as they move vertically through the stratosphere.

Reasonably, no mass injection is large enough to completely overcome the background mass distribution, and low
PV, rather than a strictly 0-PV, has to be considered. This new problem, complex in standard cylindrical coordinates, is
again greatly simplified in angular momentum-potential temperature coordinates. Then, as long as radiative relaxation
of the induced-temperature anomaly remains significantly smaller than direct heating by the tracer, the diabaticmotion
of the active tracer reduces to a variant of Burgers’ equations whereas PV passively follows the tracer evolution. Such
Burgers-style dynamics leads to the formation of a tracer front upstream of the vortex relative to its motion (top for
heated, bottom for cooled vortices), as observed in CALIOP particulate backscatter for the Australien vortices. Near
the front, mass converges and low PV is sustained. On the contrary, the downstream part of the vortex features
a tail with reduced tracer gradients, mass divergence and generation of cyclonic PV. At first order, this conceptual
picture is validated by numerical simulations performed with the Weather Research and Forecast model. In particular,
the cyclonic PV anomaly, which is not discernable in the ECMWF ERA5 reanalysis, emerges in the later part the
simulation, although it appears shielded by negative PV and has a radial extent reduced compared to the anticyclonic
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PV. Compared to the inviscid theory, the simulations also emphasize the role of diffusion of momentum, secondary
in the beginning but significant in shaping the long-term evolution of the structure. In theory, friction can be directly
quantified in (R , θ) and this aspect deserves dedicated investigations.

Several key processes were ignored in our set-up. Notably, vertical shear of the horizontal wind may be an im-
portant player in the evacuation of the cyclonic tail and the maintenance of the ellipsoidal shape of the anticyclone.
Variations of the Coriolis parameter will become central in the latitudinal drift of the anticyclone or the evolution of
tropical plumes. Other crude simplifications concern the radiation and, for absorbing particles, aerosol microphysics.
The parameterized radiative heating/cooling rate did not vary in time, and more importantly, depends linearly on the
tracer mixing ratio. While we do not expect that diurnal variations of the heating will have a strong impact on the
overall-balanced plume, non linearities in the heating function (e.g. saturation above a given tracer concentration)
could strongly affect the dynamics. Regarding microphysics, the vertical motion of the tracer was assumed purely
Lagrangian, which is well-adapted to gases but fails to describe particles over the course of 3 months if they undergo
even weak sedimentation relative to the flow. The respective role of those different processes should be assessed in
future works. Extreme wildfires are expected to become more frequent in the coming decades due to climate change.
Meanwhile, there are important stakes around understanding volcanic perturbations of the stratospheric aerosol layer
due to the need to assess the potential effects and likely risks of stratospheric geoengineering. In this context, it is
crucial to better constrain the dynamical behavior of stratospheric volcanic and wildfire plumes as a prerequisite to
reliably quantifying their long-term impact on ozone chemistry, stratospheric circulation and global climate.
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A1 | APPENDIX: THE UNIFORMALLY HEATED (OR COOLED) 0-PV BUBBLE,
AN EXACT VERTICALLY TRAVELLING SOLUTION

Given the absence of interaction between the outside air in the case of a 0-PV frictionless flow, a natural question
which arises is the existence of vertically traveling solutions conserving their shape. We will now illustrate that they
do exist for a variety of geometric configurations of the bubble and background, in the case of the frictionless Eliassen
balanced vortexmodel under anelastic approximation. The solutions require that the PV is strictly 0 and are considered
for a heating Q function only of the tracer content.

Potential vorticity is given in Eq. 3. For the sake of completeness, the governing equations are provided hereafter.
The horizontal momentum equations in cylindrical (r , λ, z ) coordinate, assuming no azimuthal dependency (∂λ ... = 0)
read:

Du
Dt

−
�
f +

v

r

�
v = − ∂φ

∂r

Dv
Dt

+
�
f +

v

r

�
u = Fλ (A1)

where φ is the geopotential and D
Dt

= ∂
∂t +u ∂

∂r . Note that we only retained the component of the mechanical forcing
along the azimuthal direction (in other words, F = (Fλ , 0, 0)). In the Eliassen balanced vortex model (Eliassen, 1952;
Schubert and Hack, 1983), the azimuthal flow is cyclogeostrophically balanced (the radial momentum equation re-
duces to

�
f + v

r

�
v =

∂φ
∂r ) and may be diagnosed from the knowledge of the PV distribution in (R , θ) , making use of

the gradient wind equation. However, as detailed below, its exact shape and the nature of the balanced flow does
not affect our discussion.

The potential temperature equation reads:

Dθ

Dt
= Q (A2)

and the tracer mixing ratio equation in:

Dχ
Dt

= 0 (A3)

Making the anelastic approximation, the continuity equation in cylindrical coordinates is:

1

r

∂r u

∂r
+

1

ρ0

∂ρ0w

∂z
= 0 (A4)

The question we ask concerns the existence of vertically moving solutions of the Eliassen equations without
change of shape. It is, in essence, similar to the problem of a solid body ascending in a perfect fluid, since there should
be no mixing with the environment. It is a classical problem of fluid mechanics (e.g. Taylor, 1922), and we refer the
reader to the general resolution method by Long (1953). Let us writeW the rate of ascent/descent. The anelastic
Stokes stream function in the moving frame reads ascending vertically at a speedW :

(ρ0u, ρ0 (w −W )) =
�
− 1

r

∂Ψ

∂z
,
1

r

∂Ψ

∂r

�
(A5)
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The equations of conservation of R 2, θ and P can be rewritten:

∂R 2

∂t
+

1

ρ0r

�
∂ (Ψ, R 2)
∂ (r , z )

�
+W

∂R 2

∂z
= 0 , (A6)

∂χ

∂t
+

1

ρ0r

�
∂ (Ψ,χ)
∂ (r , z )

�
+W

∂χ

∂z
= 0 , (A7)

∂θ

∂t
+

1

ρ0r

�
∂ (Ψ, θ)
∂ (r , z )

�
+W

∂θ

∂z
= Q , (A8)

∂P

∂t
+

1

ρ0r

�
∂ (Ψ, P )
∂ (r , z )

�
+W

∂P

∂z
=

1

ρ
ζa · �Q , (A9)

(A10)

The condition for the existence of stationary ascending structures in the moving frame are: ∂R2

∂t = −W ∂R2

∂z ,
∂ (θ−θ̄)

∂t = −W ∂ (θ−θ̄ (z ) )
∂z , ∂χ

∂t = −W ∂χ
∂z and ∂P

∂t = −W ∂P
∂z . Injecting this form of the time derivative into the equations

yields:

1

ρ0r

�
∂ (Ψ, R 2)
∂ (r , z )

�
= 0 , (A11)

1

ρ0r

�
∂ (Ψ,χ)
∂ (r , z )

�
= 0 , (A12)

1

ρ0r

�
∂ (Ψ, θ)
∂ (r , z )

�
= Q −W

dθ̄
dz
, (A13)

1

ρ0r

�
∂ (Ψ, P )
∂ (r , z )

�
=

1

ρ
ζa · �Q , (A14)

In this stationary translation, isolines of χ and R are both streamlines and parallel to one another. Hence, the only
possibility that a localized tracer patch (i.e. satisfying χ = 0 a finite distance away from the patch center) exists (given
the geometry of R ) is that it lies within a closed R 2 contour, i.e. an area where �R 2 = 0 (and hence P = 0).

Let us now consider the case of patches of P = 0 containing the tracer with constant concentration χ = 1 and
hence Q = γ, embedded within a background of uniform PV P = P̄ > 0 and χ = 0 = Q . Outside of the P = 0 patches,
�R2 � 0 and the streamfunction may be written as a function h of R 2, i.e. Ψ = h (R 2) .

In this configuration, Equation A14 is identically verified both outside and within the area where the tracer lies,
with �Q = 0 (since Q a function of χ and χ uniform) and ∂P

∂r = ∂P
∂z = 0 (since P uniform). Similarly, Equation A13 also

holds as long as: Q =W dθ̄
dz , θ is a function h of Ψ inside the patch and h� (R 2) = −Wf

2P̄
dθ̄
dz .

Indeed, outside the patches, we have Q = 0 and, making use of the form of the streamfunction Ψ = h (R 2) , the
constraint in Equation A13 is equivalent to :

1

r ρ0
h� (R 2)

�
∂ (R 2, θ)
∂ (r , z )

�
= −W dθ̄

dz
(A15)

which may be identified to the (constant) environmental PV P̄ :

1

r ρ0

�
∂ (R 2, θ)
∂ (r , z )

�
=

2P̄

f
(A16)

with h� (R 2) = −Wf
2P̄

dθ̄
dz . Inside the patch, similar considerations show that Q =W dθ̄

dz (and θ function of Ψ).
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This little exercice demonstrates that P = 0 patches constantly heated by a Lagrangian tracer embedded in a tracer-
free constant PV backgroundflow are travelling solutions of the axisymmetric Eliassen balanced vortex equations. This
result holds for an isolated vortex, but also for heated/cooled vorticity rings. Furthermore, its derivation relies solely
on the definition of PV. The balance equations only intervene as an additional constraint needed for the determination
of the vortical flow. In cylindrical geometry, the solution to this problem involves solving a non-linear elliptic equation
(Thorpe, 1985) which complicates analytical explorations. However, we note that the translation property of P = 0

patches follows from the very definition of PV in a 2-D flow and is also valid in 2-dimension cartesian geometry (i.e.
with plane symmetry). In this case, there exist analytical solutions of the balanced flow induced by a PV anomaly (Gill,
1981) which may offer a path towards analytical tractability.

An interesting (though expected) consequence is that contours of R 2 are streamlines of the ascending/descending
heated/cooled 0-PV structure, which was emphasized in Taylor (1922); Long (1953). Thus, upon closer inspection, it
turns out that the conceptual model proposed by Lestrelin et al. (2021), namely a vanishing PV ascending vortex, still
holds in the sense of the Eliassen balanced vortex including diabatic forcing. The solution remains highly idealized
and it is not clear how the flow will evolve in the presence of friction and tracer diffusion to non zero PV areas. This
is next explored by the means of idealized simulations.

A2 | APPENDIX : FRONTAL PV DYNAMICS

This appendix examines the role of frontal tracer dynamics in the creation of anticyclonic potential vorticity. Let us
parameterize mixing as D = K ∂2

θθ
with constant diffusivity K > 0. Equation 19 is now the viscous Burgers’ equation.

It admits as an analytical solution the steadily propagating front, which may be written:

χ (θ, t ) = χmax

2
(1 − tanh(ξ)) (A17)

with

ξ =
γχmax

4K

�
θ − χmax

2
γt
�
+ a

where χmax is the tracer maximum (height of the front) and a an arbitrary integration constant. Here, the front has
width K (γχmax ) and it is traveling at speed γ χmax /2. Assuming the tracer profile from Eq. A17, the hyberbolic PV
equation 13may be solved along its characteristics (here, material trajectories) for each value ξ0. Lagrangian variations
of ξ are governed by the ordinary differential equation:

Dξ

Dt
= − (γχmax )2

(8K ) tanh(ξ) (A18)
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F IGURE A1 (a) Characteristics of the potential vorticity equation for γ = 5 K/day/(kg/kg), K = 17K 2/day,
χmax = 1 and a front initially at θ0 = 500K. (b) Evolution of the potential vorticity ratio P /P0 for these conditions.

which integrates in sinh ξ = sinh ξ0 exp
�
(γχmax )2 τ/(8K )

�
, yielding the characteristics. Injecting into the expression

of Qθ = γχθ and using the solution to Eq. (13) along its characteristics, we obtain the parametric solution:

θ (ξ0, t )) =
4K

γχmax

�
χ2
maxγ

2t

8K
+ arcsinh

�
e−

χ2max γ
2 t

8K sinh ξ0

�
− a

�
, (A19)

P (θ (ξ0, t ), t ) = P0 (θ (ξ0, 0))
���� 1 + sinh2 (ξ0)

e
χ2max γ

2 t
4K + sinh2 (ξ0)

. (A20)

As shown in Fig. A1, the characteristics gather in the frontal region of the tracer distribution due to the advective
effect of the heating and (A20) demonstrates that PV decays exponentially to zero but without a finite time singularity
unlike the case of a non diffusive tracer, even without dissipation in the PV equation.
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A3 | APPENDIX : COUPLED TRACER-PV 1D MODEL INCLUDING THERMAL
RELAXATION

In order to assess the role of radiative relaxation, we built a 1D model solving the coupled Eq. (13) for the PV and
Eq. (14) for the tracer, with a diffusion: defined by:

∂χ

∂t
+ Q

∂χ

∂θ
=

1

µ̄

∂

∂θ

�
K µ̄

∂χ

∂θ

�
(A21)

In practice, the diffusivity for the tracer is K = 17K2 day−1 and a diffusivity KP = 1.7K2 s−1 is also introduced in the
PV equation to insure numerical stability. As expected, the sensitivity to diffusivity is limited over the range of values
tested; in particular, it does not affect the decay of the tracer maximum at first order. The value of K for the tracer
was adjusted to reproduce the width of the front observed in the WRF simulation.

The heating Q = γχ − α (T − T̄ ) used in Eq. A21 and 13 is the one used in WRF (defined in Eq. 21) with
γ = 5K/day/(kg/kg) and α = 2.2 day−1. Contrary to the standard Burgers case, a complication here arises due the
need to invert the temperature profile which can a priori only be inferred from knowledge of the radial structure;
for simplicity, we use here a quasi-geostrophic ansatz to derive a direct formula relating the temperature anomaly
to the perturbation of PV. This is, a priori, a crude approximation but has the advantage of simplicity. Under the
quasi-geostrophic approximation (Berrisford et al., 1990), the full PV is approximated as

P =
1

σ̄
(f + q )

where σ̄ = −1/g (∂p/∂θ)x ,y is a mean vertical profile which depends only on θ and q is the quasi-geostrophic potential
vorticity which is defined as

f q = �2
θM +

f 2

g σ̄

∂

∂θ
ρ̄θ

∂M

∂θ
(A22)

where M = CpT
� + φ� is the anomaly in the Montgomery potential with respect to the basic stratification. It satisfies

�
∂

∂t
+ vg · �θ

�
q =

f

σ̄

∂ (σ̄θ)
∂θ

(A23)

with vg = (− 1
f
∂M
∂y ,

1
f
∂M
∂x ) the geostrophic velocity.

Based on this, we derive the temperature from the anomaly P � of the PV along the axis for which q = −σ̄P �

. As no information on the radial dependency is available in this framework, we assume a scale factor � such that
�2
θ
M = −�2M in (A22). In the sake of simplicity, we also assume a uniform background temperature T̄ (θ) = T1 in the

vertical domain of the vortex . The explicit formula for the perturbation temperature on the axis is then:

T � (θ) = T1
2f

���
−
�
1 +

κ

2η

� � ∞

θ

�
θ

x

�η+ 1
2κ

q (x ) dx
x

+

�
1 − κ

2η

� � θ

θT

� x
θ

�η− 1
2κ

q (x ) dx
x

���
(A24)

where η2 =
�2g2

f 2N 2 + 1
4κ2

. Note that the temperature anomaly obtained from this QG inversion only takes the central
PV profile into account and is not expected to reproduce exactly the actual evolution of the temperature field in
the WRF simulation. The value of 1/� = 250 km was adjusted to reproduce the depth of the temperature anomaly
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at the initial time of the simulation. Nevertheless, the slight horizontal expansion of the vortex as it ascends is not
represented in this constant � and the agreement between WRF and 1D-model temperature anomaly deteriorates
with time. To circumvent this issue and better reproduce the observed evolution of the tracer in the WRF simulation,
α was increased by 50% compared to the value used in WRF.
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GRAPHICAL ABSTRACT

Satellite and reanalysis data
have revealed the organi-
zation of stratospheric plumes
fromextremewildfires and
volcanic eruptions into synoptic-
scale anticyclones. Previ-
ous research recognized
the role of radiative heat-
ing from sunlight-absorbing
aerosols in this phenomenon.

Here, a reduced model is introduced which attributes the structures to diabatic forcing by a Lagrangian tracer. By in-
vestigating the forced flow using potential vorticity theory and comparing analytical results to numerical simulations,
the study offers the first comprehensive understanding of this atmospheric occurrence.
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