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Abstract.

We provide a procedure for deriving Hamiltonian reduced fluid models for plasmas,
starting from a Hamiltonian gyrokinetic system in the Jf approximation. The
procedure generalizes, to a considerable extent, previous results. In particular, the
evolution of moments with respect to the magnetic moment coordinate is also taken
into account, together with background density and magnetic inhomogeneities. In the
limit of vanishing Finite Larmor Radius (FLR) effects, an infinite family of reduced
electron drift-fluid equations is derived, evolving all the electron moments g;;,, with
1=20,---,Nand j =0,--- ,M, where N and M are arbitrary non-negative integers
counting the maximum order of the moments taken with respect to the parallel velocity
and to the magnetic moment coordinates, respectively. An analogous result is found in
the gyrofluid case and applied to the ion species. The gyrofluid result holds for M < 1,
finite FLR effects and a low ratio . between electron internal pressure and magnetic
guide field pressure.

In both the drift and gyrofluid case, the key for the identification of the Hamiltonian
structure resides in changes of variables based on orthogonal matrices that diagonalize
the Jacobi matrices associated with Hermite and Laguerre polynomials. In terms of
the transformed variables, the drift and gyrofluid equations are cast in a simple form,
which reduces to advection equations for Lagrangian invariants in the two-dimensional
case with homogeneous background.

Because the procedure requires to evolve, for a particle species s, all and only
the moments g;;,, with ¢ = 0,--- ,N and j = 0,--- , M, not every choice for the set
of moments is admissible, for fixed NV and M. This might also explain the scarcity
of Hamiltonian reduced fluid models obtained so far which account for anisotropic
temperature fluctuations.

1. Introduction

Reduced fluid models proved to be an effective tool to describe the dynamics of plasmas
in the presence of a strong guide field. These evolution equations are characterized by
quadratic nonlinear terms describing the dynamics perpendicular to the guide field and
by linear terms expressing weak variations along the guide field, as well as further effects
associated with additional weak inhomogeneities (e.g. weak density and temperature
equilibrium gradients or moderate spatial variations of the guide field). The paradigm
of such reduced fluid models is reduced magnetohydrodynamics [1, 2|. Several other
reduced fluid models have been derived in the last decades and applied to different
problems, such as, for instance, nonlinear tokamak dynamics [3|, drift-wave turbulence
[4], magnetic reconnection [5] and astrophysical plasma turbulence [6, 7|. We refer to

such models as to "reduced", meaning that they have been derived from a parent model
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which, loosely speaking, consists of a set of partial differential equations with a larger
number of unknowns, with respect to the reduced model. For instance, in the case of
low-3 reduced magnetohydrodynamics, the parent model used in Ref. [2] is the set of
magnetohydrodynamics equations evolving the three components of the magnetic field
plus the three components of the plasma bulk velocity field, whereas the reduced model
only evolves two scalar potentials. In this case the reduction is carried out by first
identifying a small parameter suggested by the physical problem of interest (the ratio
between the poloidal and the strong guide field component of the magnetic field) and
by applying to the physical quantities in the parent model an ordering based on the
small parameter. With such an ordering, the use of scalar potentials instead of vector
field components, becomes natural. Then, in the parent model equations, only terms
up to a certain order are retained. The advantage of the reduced model is that, in its
regime of validity, it is generally easier to treat analytically, with respect the parent
model. Not only the number of unknowns is lesser but also some nonlinearities are of
smaller order or eliminated (e.g., in the case of reduced magnetohydrodynamics, those
associated with terms expressing variations along the guide field).

While in the case of reduced magnetohydrodynamics the parent model is already
a fluid model, in the present paper we are concerned with reductions starting from
a gyrokinetic system, which has, as unknown variables, perturbations of distribution
functions, defined on domains described by spatial but also velocity coordinates. Such
functions can be written as an infinite series (see Eq. (27)) where the coefficients
are fluid moments. The reduction, in our case, consists of deriving, from the parent
gyrokinetic system, fluid systems evolving only a finite number of moments. From
this perspective, one can easily see how reduced fluid models can also provide faster
numerical computations, with respect to the parent gyrokinetic models.

In this article we will consider a drift-fluid reduction, valid for scales much larger
than the thermal Larmor radius, as well as a gyrofluid reduction, for which Finite

Larmor Radius (FLR) effects are retained. We recall that gyrokinetic systems, unlike
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kinetic systems such as Vlasov-Maxwell, evolve the distribution functions of gyrocenters,
rather than of actual particles. For phenomena occurring at frequencies much lower than
the ion cyclotron frequency based on the guide field amplitude, a convenient change
of coordinates (see, e.g. Ref. [8]) can transform the system describing the particle
dynamics, into a system in which the fast dynamics of the particle gyration motion
around the magnetic field, gets decoupled. When electromagnetic perturbations are
taken into account, the new system of coordinates is referred to as the gyrocenter
coordinates. Gyrofluid models evolve then quantities such as the densities, velocities
and temperatures of the gyrocenters. One of the advantages of gyrofluid models is
that they are valid on scales as small as the Larmor radius scales, but their derivation
bypasses the complications related to the so-called diamagnetic cancellation [9] which
arise in the derivation of FLR fluid models evolving ordinary particle moments. An
accurate modelling of FLR effects is important for describing, for instance, turbulent
transport in tokamaks [8] and turbulent cascades in astrophysical plasmas [6].

From the point of view of the analysis of both the linear and nonlinear dynamics
of such reduced models, a relevant question concerns the existence of a Hamiltonian
structure, when these models are taken in their supposedly non-dissipative limit. Besides
providing the expression for the total conserved energy of the system, the knowledge of
the Hamiltonian structure helps to find further conserved quantities (Casimir invariants,
in the noncanonical case) and to carry out stability analyses [10]. In this respect, a first
breakthrough came with the identification of the noncanonical Hamiltonian structure
of reduced magnetohydrodynamics [11]. Subsequently, the Hamiltonian structures of
a number of other reduced fluid models were identified (see, for instance Ref. [12]
for a review). In recent years, systematic procedures for deriving infinite families
of Hamiltonian reduced fluid models were developed [13, 14]. In these approaches,
reduced models are derived by taking moments of drift [13] and gyro-kinetic [14]
equations and truncating the resulting hierarchy of drift and gyrofluid equations with

an appropriate closure that guarantees the existence of a Hamiltonian structure. The
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parent drift and gyrokinetic systems, adopted within this approach, assume the so-
called ¢ f approximation, in which the gyrocenter distribution function is decomposed
as the sum of an equilibrium distribution function with a small perturbation which
evolves in time. These procedures work for an arbitrary number of moments (of
the perturbation of the distribution function) retained in the hierarchy of drift and
gyrofluid equations, which leads to an infinite family of Hamiltonian reduced fluid
models. Previously known Hamiltonian reduced fluid models [5, 15, 16, 17, 18, 19|,
when taken in the appropriate limits, were shown to be particular cases of such infinite
class of models. Although the procedures described in Refs. [13, 14] are rather general,
a strong limitation of theirs is that they only deal with moments with respect to the
velocity along the direction of the guide field. The evolution of moments involving the
perpendicular velocity, as, for instance, perpendicular temperature fluctuations and heat
fluxes, is then excluded by this approach. This limitation prevents the description of all
the anisotropies, for instance due to parallel and perpendicular temperature and heat
flux fluctuations, developing in collisionless plasmas in particular at finite 3, with £
indicating the ratio between equilibrium kinetic pressure and magnetic pressure exerted
by the guide field. With regard to this, we also point out that, more in general, to
the best of our knowledge, no Hamiltonian reduced fluid model derived so far, accounts
for the evolution of both parallel and perpendicular moments, apart from the simple
electrostatic case for the perpendicular temperature [20] or from the electromagnetic case
[21, 22|, but with "ad hoc" closures, without providing a general procedure or a physical
insight. Moreover, the procedures described in Refs. [13, 14|, assumed a background
state with spatially uniform density and guide field. Although this might be appropriate
for some astrophysical applications, where the length scale of variations are so large that
background gradients can be neglected, in laboratory plasmas background gradients can
be important.

In this article, we considerably remedy these deficiencies, by providing a procedure

for obtaining Hamiltonian drift-fluid and gyrofluid reductions of gyrokinetic equations,
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including the evolution of both parallel and perpendicular moments, as well as density
and magnetic background gradients. For the drift-fluid case, valid in the limit of
vanishing FLR, the proposed Hamiltonian reduction permits to obtain, for a given
species, a set of equations evolving (N + 1)(M + 1) moments, where N and M are
arbitrary non-negative integers, referring to the highest order of the moments retained
in the parallel and perpendicular direction, respectively. We apply the Hamiltonian
reduction to the electron species, for which the small FLR approximation is more
appropriate, and leave the ions be described by a gyrokinetic equation, although other
choices are admissible. For the gyrofluid case, accounting for finite FLR effects, we
obtain a result valid in the low-3. regime and with M < 1, i.e. retaining at most the
first two moments in the perpendicular direction. In this case, we apply the Hamiltonian
reduction to the ion species, and assume that the electrons are governed by a drift-kinetic
equation.

In both the drift-fluid and gyrofluid case, the presence of the Hamiltonian
structure is unveiled thanks to the identification of a change of variables (consisting
of two consecutive orthogonal transformations) which casts the drift-fluid and gyrofluid
equations in a particularly simple form. From such form, it becomes easy to see that the
Poisson bracket for the drift-fluid and gyrofluid equations can be written as the direct
sum of (N + 1)(M + 1) independent Poisson brackets, which, in particular, enormously
simplifies the verification of the Jacobi identity. In the two-dimensional (2D) limit
without background inhomogeneities, the transformed variables also reveal that the
drift-fluid and gyrofluid equations can be cast in the form of advection equations for
Lagrangian invariants transported by generalized velocity fields combining the E x B
drift, the free streaming along the perpendicular magnetic field and the nonlinear grad B
drift. A physical meaning to such transformed variables can be ascribed, by extending
the argument provided in Ref. [23].

The paper is organized as follows. In Sec. 2 we introduce the parent gyrokinetic

model from which we start our reduction procedure, present its Hamiltonian structure
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and introduce some notions about the moments we will use. In Sec. 3 we describe
the Hamiltonian drift-fluid reduction, applied to the electron species, which leads to
a Hamiltonian hybrid drift-fluid/gyrokinetic model. A physical interpretation of the
electron equations in terms of the transformed variables is also provided. Such general
procedure is illustrated with an example in Sec. 4, where a Hamiltonian four-moment
reduction of the electron equations is carried out in detail. The Hamiltonian gyrofluid
reduction is treated in Sec. 5 and applied to the ion species, yielding, in this case, a
hybrid drift-kinetic/gyrofluid model. We conclude in Sec. 6 and in Appendix A we show

that the Poisson bracket for the parent gyrokinetic model satisfies the Jacobi identity.

2. Parent gyrokinetic model and its Hamiltonian structure

The Hamiltonian gyrokinetic model that we adopt as starting point for drift-fluid and

gyrofluid Hamiltonian reductions is given by
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where Eq. (1) indicates the gyrokinetic evolution equation for a given particle species

A A= —% Z sgn(qs)

Zﬂs/dws ,uslesgs = - ngn(QS)ﬂs/dWs ,U’S‘FOSJDSJ].S

s, whereas Eqs. (2)-(4) are three static relations that permit to close the system and
which correspond to quasi-neutrality and to the parallel and perpendicular components

of Ampére’s law, respectively. The quantities appearing in system (1)-(4) will be defined
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below.

The model is formulated in a slab geometry and assumes the presence of a weakly
inhomogeneous, strong guide field directed along 2, which is the unit vector of a
Cartesian coordinate system {z,y, z}. The guide field is assumed to have a weak spatial
variation along the x coordinate. If we denote with By the guide field amplitude at
x = 0, the expression for the adopted total magnetic field, normalized with respect to

By, reads
B(z,y,2,t) = eVA|(z,y,2,t) x 2+ ((1 — e(px) + eB)(z,y,2,t))2 + o), (5

where A and B) are perturbations of the magnetic vector potential and of the magnetic
field parallel to the guide field, respectively, depending on space coordinates and on the
time coordinate t. The parameters (g and (,, are defined by

L
=70 G=1h (6)

where L) is the characteristic scale of variation of the perturbations along the guide
field, while Ly and L, are the spatial scales of variation of the guide field and of
the equilibrium density (for both electrons and ions), respectively. While we account
for the presence of an equilibrium density gradient, we also assume no equilibrium
temperature gradients. This is mainly a simplifying assumption, although we believe
that the extension of the present theory to the case with inhomogeneous temperature
profiles should not be a major challenge.

The parameter € is given by

L
€= L_H7 (7)

with L indicating the characteristic scale of variations along directions perpendicular to

the guide field. Consistently with the gyrokinetic ordering, one has
e 1. (8)

The function ¢ = ¢(z,y, 2, t) represents the electrostatic potential perturbation, whereas

9s = gs(Ts, Ys, s, Vs, l1s, t) is referred to as generalized perturbed distribution function.
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We indicated with z, vy, 2z, the spatial coordinates of the guiding centers of species s,
with v and pg the parallel and lowest order magnetic moment, respectively, referring
to the species s. The subscript s labels the particle species. We consider a plasma
composed by electrons and one ion species, assuming the latter to be singly ionized.
The index s can then take values s = e or s = 7 when referring to the electron or ion
species, respectively.

The generalized perturbed distribution function g is related to the corresponding

perturbation of the gyrocenter distribution function f, by

9s(Ts, Ys, 25, Vs, s 1) = [s(@s, Ys, Zs, Vs, s, 1) + Sgn(qs)Fosp?:—;(%sA)(xs, Ys: Zs; M, £)-
(9)
In Eq. (9) ¢s and py,, are the charge and the thermal Larmor radius of the particle
of species s, respectively, so that ¢ = —e and ¢; = e, and py, = v, /wes, With
Vg, = \/m and w.s = |qs|Bo/(msc). In the latter expression we indicated with
Tos and m, the equilibrium temperature and the mass of the particles of species s,
whereas c is the speed of light. The symbol p,, on the other hand, represents the sonic
Larmor radius, which can be defined as ps = pu. /(me/m;)*/? (note that, unlike in the
symbol pyp,, for the thermal Larmor radii, in the symbol p, the subscript s, following a
standard notation, is not an index for the particle species).
The lowest order equilibrium distribution functions Fys are homogeneous
Maxwellian distribution functions defined as:

e TS_HS

-FOS<US7/'LS) = W (10>

The weak spatial variations of the equilibrium density, associated with the parameter
Cn, in Eq. (1), come from the gradient of contributions of order € to the equilibrium
distribution functions given by Fi_(xs, vs, fts) = —€(aTsFos(Vs, fs)-

Next, we define the parameters

noTos Ths

b = 87 B Te = (11)
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and the operators

of dg  Of Og
Oxy 0ys Oy, Oxy’

AL f= 02—f+62—f. (12)

[f7 g]s = ay

We also recall [24] that, from Ampére’s law, the balance among equilibrium contributions

at order € implies the relation

(B+Gu(l+m)— =0, (13)

Be
2
which corresponds to perpendicular pressure balance among contributions due to spatial

variations of the equilibrium magnetic and density fields.

The normalization adopted for the system (1)-(4) reads

t= &UAtA I:é y:g Z:i ’U:i M:ﬂSBO
2L L’ L’ Ly’ T v, TN,
Uih 7 Ly v, ; Ljep — , _Ij A LBy
s — 2 s — 1 s = s = 7 ) B
Fo no =7 o =7 To. =7 B,L =7 B,
(14)

where vy = By/+/4mm;ng is the Alfven speed based on the guide field, and where we
denoted with a hat the dimensional variables. This normalization is consistent with the
ordering adopted in Refs. [6, 25| which is suitable, in particular, for the expansion in
the limit b, — 0 that will be carried out in Sec. 3.1.1

The coordinates of the perturbed distribution functions belong to the domain
D = {lzs| < Ly, |ys|] < Ly, |2s]| < L., —00 < vy < +00,0 < py < 400}, for both
species s, with L., L, and L, positive constants. Periodic conditions are imposed at
the boundaries of the spatial coordinates. The condition g; = 0 is assumed at pus = 0,
whereas gs; — 0 is the condition for pu; — +oo0 and vy — 0. The velocity volume
element dW, corresponds to dW, = 2ndv,dp,. The electromagnetic quantities ¢, A
and B also have to satisfy periodic boundary conditions on the spatial domain given
by D = {Jal < Lo, Iyl < L, |2] < L.}.

T Actually, in Refs. [6, 25], frequencies w are supposed to be of order w ~ v4 /L, whereas, according
to our normalization of the time coordinate in Eq. (14), we have w ~ +/f./2v4/L). Therefore, our
normalization remains compatible with that of Refs. [6, 25] as long as we do not take the S, — 0
limit, which occurs in Sec. 5. On the other hand, our normalization simplifies the expressions of the
gyrokinetic evolution equations.
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We complete the required definitions by providing the expressions for the
gyroaverage operators Jps and Jis. We begin with the former by expressing it, as
customary in gyrokinetic theory, in Fourier space. Given a function f(z,y, z,t) periodic
on the above defined spatial domain D, we write its Fourier series as

fz,y,z,1) Zf ek, (15)

ke

where x = (z,y,2) and k = (k,, ky, k.) is the wave vector, the components of which
belong to the lattice 2 = {(2nl/(2L,),27m/(2L,),2mn/(2L.)) : (I,m,n) € Z*}. The
Fourier series representation of the operator [Jy, acting on f is then defined as

(«70sf) (x& Ys, Zs,y s, t) = Z(j()sf)k<u87 t)eik.xsv (16>

ke

where, for every k € &, one has

(Jos h(s: t) = Jo(v/2bsps) fic(t),  where by = k7 pf, (17)

with Jy indicating the zeroth order Bessel function of the first kind and k; = /k2 + /{:5
indicating the perpendicular wave number. In an analogous way, the operator [J, is

defined in terms of the Fourier coefficients of (Jysf), which are given by

Jl ( \% 2bs,us)
V201

with J; representing the first order Bessel function of the first kind §. We recall that,

(Jisf h(ps, t) = 2 Si(), (18)

according to the gyrokinetic approach, in the evolution equation (1), the gyroaveraged
fields are evaluated at the guiding center position x,, whereas in the static relations
(2)-(4), the gyroaveraged generalized perturbed distribution functions Josgs and Ji59s
are evaluated at a given position x.

The model (1)-(4) can be obtained as a particular limit of the gyrokinetic equations

derived, for instance, in Refs. [26, 9, 24]. With respect to such more general models,

§ We remark that a different notation is used, with respect for instance to Ref. [14], for indicating the
dependence of Jysf and J1,f on the independent variables. In the present paper, when the dependence
on such variables is written explicitly, as in Eq. (16), the expressions are written between parentheses,
as for instance (Josf) in Eq. (16). When the dependence is not explicit, as for instance in Eq. (1), the
parentheses are omitted.
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we point out in particular that the model we are considering assumes no curvature of
the guide field and no equilibrium temperature gradients. Similar equations are also
presented as starting point from the derivation of gyrofluid models in Refs. |27, 28] and
also account for more general background states, although they refer to low-3 plasmas

and, as a consequence, parallel magnetic fluctuations are neglected.
2.1. Hamiltonian formulation of the parent gyrokinetic model

We show that the system (1)-(4) admits a Hamiltonian formulation, i.e., it can be cast

in the form

o=
a: Ea7H7 :17...’./\/’7 ]_9
~ (=, H) o (19
where Z;,--- Z is a set of dynamical field variables, {, } is a Poisson bracket and
H = H(Z, -+ ,Zy) is the Hamiltonian functional. In our case one has N’ = 2 and a

natural choice for the field variables is =; = ¢., =2 = ¢g;. The electromagnetic quantities
¢, A and By can be expressed in terms of g., by means of the static relations (2)-(4).

We could then write

¢ =Ly.ge + L4, i, (20)
Ay =La.ge+ Lagi, (21)
B” = EBege + £Bzg7,7 (22)

where L4 , L4, and Lp, are linear operators, the explicit expressions of which can be
obtained in Fourier space from Egs. (2)-(4).

As is customary with infinite-dimensional Hamiltonian systems describing
continuous media from the Eulerian point of view, the Hamiltonian structure of
our gyrokinetic model is of noncanonical type [10]. Such structure is given by the
Hamiltonian

geagz = Z/d3xsdw ( }- +Sgn(Q8>gsxs 27—8<nx898)7 (23>

S=¢€,1
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and by the noncanonical Poisson bracket

s 0G,,
{F’ G} =P Z Sgn<qS) / dsxdes (QS[nga Ggs]s + gg;lﬂvstSng azgé
—ei ths s
0G,.
_(NSCB - Cn)fOngSWg&> ) (24>

where F' and G are functionals of g. and g;. In Eq. (24) the subscripts on functionals
denote functional derivatives (so that, for instance, F,, = 0F'/dgs), while in Eq. (23) we

introduced the following short-hand notation for the gyroaveraged potential

Ts
Xs = Jos@ — _Us-jOsAH + Sgn(Qs>TstjlsB||' (25)

ths

One can verify by direct calculations that, from the expression (19), one obtains Eq.
(1) when one chooses as Hamiltonian and Poisson bracket those given by Eq. (23) and

(24), respectively. With regard to this, it is useful to note that

Hy, = 72 4 sgn(gs)Xs — TCas. (26)
]:Os

We find it appropriate to point out that, in order to derive the second term on the
right-hand side of Eq. (26), one has to recall that, for each s, y, in Eq. (23)
depends on g. and g; through ¢, A and Bj (see Egs. (20)-(22)). The second term
on the right-hand side of Eq. (23) is therefore a quadratic form applied to the vector
(ge, 9i). Also, one needs to use in the Hamiltonian the explicit form, in Fourier space,
of the operators Ly, La,, Lp, obtained from Egs. (2)-(4). Finally, the identities
S A, AW, (%0, 0y s ) (Jos ) s prest) = [ dd W, F(,8)(Toss) (5, Vs i, ?) - and
[ BPrsdWs g(Xs, Vs, s, ) (Tns f) (Xs, s, 1) = [ dPxdWs f(x,1)(Tosgs) (X, vs, s, ), valid
for a function f of the form (15), must also be used. Note also that the Poisson
bracket (24) consists of the direct sum of two independent noncanonical Poisson brackets,
one depending only on g. and involving functional derivatives with respect to g., and
the other one depending only on ¢; and possessing only functional derivatives with
respect to g;. The coupling between the species, in the dynamics, comes indeed from
the Hamiltonian (23) through the electromagnetic fields, in particular from the term

involving the gyroaveraged potentials .
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The Hamiltonian structure (23)-(24) can actually be obtained as a simple extension
of the Hamiltonian structure of the gyrokinetic system treated in Ref. [14], in the limit
of isotropic equilibrium temperature. The extension concerns the inclusion of the terms
associated with the weak background inhomogeneities. Indeed, for (g = (, = 0, one
retrieves, up to the normalization, the system of Ref. [14] with isotropic equilibrium
temperatures. Note that the presence of the equilibrium magnetic inhomogeneity only
affects the Poisson bracket, whereas the equilibrium density inhomogeneity modifies
both the bracket and the Hamiltonian.

The Poisson bracket (24) can be shown to satisfy the properties defining a Poisson
bracket, i.e. bilinearity, antisymmetry, the Leibniz identity and the Jacobi identity. The
first three of these properties are rather straightforward to show, whereas the proof of
the Jacobi identity is slightly more involved. However, one can take advantage from the
fact that, for (g = ¢, = 0, one has a valid Poisson bracket |29, 30, 23], as can be shown
by using a procedure analogous to the one adopted in Ref. [31] for three-dimensional
reduced fluid models. Taking advantage from the results (in particular Theorem 1) of
Ref. [32], one can show that the Jacobi identity holds also for the expression (24). The

explicit calculation is provided in Appendix A.
2.2. Moments

We introduce in this Section the dynamical variables (moments) that will be used for the
fluid models. Following a customary procedure in gyrokinetic theory (see, for instance,
Refs.[28, 33, 6]), it is convenient to perform an expansion of the perturbed distribution

functions f;, in terms of Hermite and Laguerre polynomials:

+0o0 +oo

f8($87y87287vs7u87 ) ‘FOS US?/’LS ZZ /’LS fljs(‘r37y37287t)7 (27>

=0 7=0
where H; and L; are the Hermite and Laguerre polynomial of order ¢ and j, respectively.

Analogously, by virtue of the relation (9), it is possible to expand the perturbed
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generalized distribution function:

—+00 +oo

gs('xS?yS?Zsavsa,uw ) JT_‘OS /087/'1’8 /’1/5 gl]s('r&y-s?z&t)a (28)

=0 7=0

We refer to the quantities g;;, as to moments (possibly with a slight abuse of language,
as these are perturbations of the actual moments of the distribution functions) of order

17 for the species s. In particular, from the orthogonality relation

/dWs \/(ES) H\h/(—)L ( )Lk(/’LS)FOS(USMLLS) - 5ih5jk7 (29>

where ¢ is the Kronecker delta, it follows that
Hi(Us)
- i\vs) g )
o, = [0 L) (30)
The moments g;;, are proportional to normalized fluctuations of physically relevant
macroscopic quantities. Indeed, for instance, given that Hy(vs) = 1,Hi(vs) =

v, Ha(vs) = v2 — 1, Hz(vs) = v3 — 3vg, Lo(ps) = 1,L1(ps) = 1 — pg, the following

relations hold:

goo, = Ns, gro. = Mg, (31)
Ty, 2

920, = E7 930, = \/;QS, (32)

go1, = =1, g1, = —Qs, (33)

where Ny, My, T, qs, T'1s, Qs indicate the gyrocenter fluctuations of density , parallel
canonical momentum, parallel temperature , parallel heat flux, perpendicular
temperature and what we refer to as canonical perpendicular heat flux, respectively.
Through Eq. (9), the moments g;;, are related to the quantities f;;,, which are
obviously interpreted as moments of the gyrocenter perturbed distribution function.

For the lowest order moments we thus have the following relations:

G, A G, A
goo, = foo, = Ns, 910, = J1o, + Sgn(Qs)O—H Uys + sgn(gs) o ”, (34)
ths Pths
Tjjs \/E
- ) s s S5 Ylls» 35
920, = f205 \/§ gso f30 3qH ( )
Gy, A Giy, A
go1, = for, = —T'is, g, = fu, + Sgn(qs) Ml = —q1s + sgn(qs)L”, (36)

ths Pths
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where U)s and ¢, indicate the gyrocenter parallel velocity and the perpendicular heat
flux, respectively. In order to obtain the relations (34)-(36), we also made use of the
orthogonality relation (29), as well as of the following decomposition of the Bessel

function Jj in terms of Laguerre polynomials:

2bsﬂs Z g1n<s s s) (37)

where

)= (%) (39)

n!
are gyroaverage operators commonly appearing in gyrofluid and FLR models [9, 34, 35].
The definitions of the operators in Eq. (38) has to be intended as those of multiplication
operators in Fourier space, analogously to the definitions (17) and (18) for the gyroaverge

operators Jys and Jis.

3. Hamiltonian drift-fluid reduction

In this Section we show how a Hamiltonian fluid reduction can be obtained from the
parent Hamiltonian gyrokinetic model (1)-(4), in the limit of small FLR effects. We
refer to this, as to a Hamiltonian drift-fluid reduction, as opposed to the Hamiltonian
gyrofluid reduction that will be considered in Sec. 5, and for which finite FLR effects
will be retained.

Taking a small FLR limit for a species s, in the parent gyrokinetic system leads to
a drift-kinetic equation for that species. This is obtained in principle by expanding in
the limit by — 0. The most straightforward expansion is the zero-th order expansion,
formally leading to

Jos — 1, Jis — 1, (39)

so that the gyroaverage operators reduce to the identity operator.

Recently [35], a more refined expansion was adopted, corresponding to

bs _bs
Jos — € 2, j15—>(1—€ 2)

S o
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Such approximation consists of retaining, for both gyroaverage operators, only the
first term in the corresponding series expansions of the operators in terms of Laguerre
polynomials. For by — 0, these terms dominate over all the remaining terms in the
corresponding series.

Other expansions can be chosen, in principle. In general, the drift-fluid reduction
that will be presented in this Section, requires the gyrokinetic gyroaverage operators

Jos and Ji5 to be replaced by drift-kinetic operators Gy, and Gy, so that

jOs(V 2bsﬂs) — GOs(bs>7 jls( V 2bslfls) — gls(bs)a (41>

where Gy, and G, no longer depend on i, and are multiplication operators in Fourier
space, symmetric with respect to integration over space, i.e. [ d®zsfGosg = [ d*x59Gos f
and [ dxsfGisg = [ dPx59Gisf, for two functions f and g.

In the following, we will leave the expression for Gys and G;, unspecified, but the
Reader can make use, for instance, of the options (39) or (40) for having concrete
examples.

We will also apply the drift-kinetic limit (and consequently the drift-fluid reduction)
only to the electron species, leaving the ion species be described by gyrokinetics. On
one hand, this is justified by physical relevance, given that the condition b, < b; is
often met, due to the small electron-to-ion mass ratio. Moreover, one also sees that,
when applying the zero-th order drift-kinetic approximation (39) to both species in Eq.
(2), the gyrokinetic equations get constrained by the relation [dW, g; — [ dW.g. = 0
and the three static equations (2)-(4) no longer provide relations of the form (20)-
(22). In particular, ¢ is not uniquely determined in terms of g, and g;. This indicates
that, at least the zero-th order approximation (39) does not yield a well-posed system
when applied to both species. Consequently, we aim at deriving a Hamiltonian hybrid
gyrokinetic /drift-fluid model. However, the procedure is flexible and can be generalized
to other cases, for instance carrying out a Hamiltonian gyrofluid reduction of the ion
species, to obtain an actual drift-fluid/gyrofluid model, or focusing on sub-ion scales,

which greatly simplifies the ion dynamics in such a way that the resulting system still
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allows for a Hamiltonian structure.

The derivation of the Hamiltonian hybrid model proceeds by first obtaining the
model equations and then by identifying the Hamiltonian structure. The model
equations are obtained by neglecting electron FLR effects (see Sec. 3.1) and by taking
moments of the electron gyrokinetic equation, after having replaced, in the system,
the series expansion of the generalized electron perturbed distribution with a truncated
version (see Sec. 3.2). Two change of variables are then carried out in Sec. 3.3. Such
transformations permit to cast the resulting electron drift-fluid equations in a very
simple form, from which the Poisson bracket for the electron drift-fluid equations can be
"guessed". The corresponding Hamiltonian, on the other hand, is obtained by replacing
the truncated generalized distribution function for the electrons, in the Hamiltonian of

the parent model.

3.1. Hybrid drift-fluid/gyro-kinetic parent model

We begin the Hamiltonian electron drift-fluid reduction by first applying the
replacements

jOe — g_Oea jle — g_le (42)
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in the parent system (1)-(4). Upon solving also well known integrals (see, for instance,

Ref. [9]) in the right-hand sides of Eqgs. (2)-(4), the parent system becomes

3ge _ Ps 0 _ age aXe
s | Xes Ye — Ue e — Xev 0e seSBR— — SJT_‘e e — Gn :Oa
8t+p[>< g]e+pth6vaze(g xfo)eruCBaye psFoe(tteCa C)aye
(43)
dg; ps O 0gi X
i Gi); + — Vi (Tigi iFoi) — psTitiCB—=— — psFoi( i€ — Cn)m— = 0,
5 +pS[X“gZ]’+pthiUOzi (1:9: + xiFoi) pT/LCBayi psFoi(1iCB C)a,-
(44)
/dWi Joi9i — Goe / AW, g = (1 — Fm)% + (1= G3)9 — (To; — T1) By + GoeGie By,
(45)
Be T Be G.A] Be Ti / Be Goe /
A A ———F ZA - = ——— dWZ'Uij ,L—i-— dWeUe e, 46
0 2 P?}“ ol 2 p?he 2 pn, 0id 2 pin, ge: (4)
Bi / AW i Jhigi + BeGe / AWe prege = —Be(Toi — T13)d + BGoeG1c0
— (24 26i(Toi — i) + 26:G1.) By (47)
In Egs. (45)-(47) we introduced the operators
Tos(bs) = Io(bs)e ", T1,(bs) = Iy (bs)e ", (48)

where [y and [; are modified Bessel functions of the first kind. The operators (48) are
also to be intended as multiplication operators in Fourier space.

We also found it convenient to introduce an electron drift-fluid counterpart of the
gyroaveraged potentials (25), defined by

Goc A
Pthe

Xe = Goed — v — 11G1e By (49)

Equations (45)-(47) provide relations of the form (20)-(22), with L4, , L4, and Lp,
integro-differential operators, defined in Fourier space.
The Hamiltonian functional of the system (43)-(47) descends from Eq. (23) and we

find it convenient to decompose it as

H(ge, 9i) = Har,(9e) + Hor,(9i) + Hak g (e 9i), (50)
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where
1 3 93
Hdke (ge) = 5 /d xedWe —FO — 2(nxege s (51)
1 3 91‘2
Hyp, (9:) = 3 A’z dW; | 7 Fo 27,Chigi | (52)

1 Ti
Hay, gk (e, 9i) = §/d3IidWi i (Jo@‘cb - Evijoiz‘lu + Ti,uix71iB|)
Goc 4|

Pthe

1
2

/deedWe Je (g_06¢ — Ve - ,ueg_leB) . (53)

The modifications introduced by neglecting electron FLR only affect the Hamiltonian.

The Poisson bracket remains identical to (24), which we rewrite in the form

{F.G}ge 99) = {F, Glor.(90) + {F, Gy (90), (54)
where
(F. G (9] = —senlap. [ daa, <gs (Fy,Gyls + gp—(”fFaai
(1o — <>fFaaiy) | (55)

Note that the coupling between g, and g; in the system, occurs only through the term
H ik gk (e, g;) in the Hamiltonian. In particular, as above mentioned, the Poisson bracket
writes as the direct sum (54) of two Poisson brackets depending only on g. and g;,

respectively.

3.1.1.  Remarks on the ordering The system (43)-(47) represents a hybrid model
combining a drift-kinetic description for the electrons with a gyrokinetic description
for the ions. As mentioned earlier in Sec. 3, the electron drift-kinetic limit is obtained
letting b, = k7 pp, — 0. If the scales of the derivatives do not change, this corresponds
to pwm, — 0 or, equivalently, assuming that p, remains finite, to (m./m;)"/? — 0. In
Refs. [6, 25] it was shown that considering an expansion f, = feo-+ (me/m;)/? f.1 for the
perturbed electron distribution function and solving the system order by order in powers

of (m./m;)"/?, leads to a condition compatible with isothermal electrons. This indicates
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that temporal evolution of temperatures, heat fluxes and higher order moments come
from higher order terms in the mass ratio (or electron thermal Larmor radius) expansion.
Assuming that all the quantities k., 0., 0y, fi, Foe: Foi» A|» @, B, pens s Be, Tir (B, (n Temain
finite in the limit py,, — 0, the drift-kinetic equation (43) contains all the dominant
contributions of order O(p;'), all the terms of order O(1) and some sub-dominant
contributions of order O(py,.). Indeed, for instance, the inspection of the last term on
the right-hand side of the parallel Ampére’s law (46), reveals that Uj. should be of order
O(ptn, ). Therefore, the expansion (27) of f., contains terms of order O(py,, ). Also, if
one chooses approximations for Gy. and G;. depending on b,, this also introduces higher
order contributions of order at least O(py,,). The resulting moment equations will also
contain the contributions of the first two leading orders in py,, and some subdominant
contributions of higher order, but not all those that would be present if all the fields
and gyroaverage operators had been expanded in powers of p;,, up to a certain order.
So, in this respect, the drift-kinetic equation (43), and the resulting moment equations,
do not strictly respect the ordering in p;,,. However, the concomitance of a non-trivial
evolution of temperatures, heat fluxes and higher order moments, with the Hamiltonian
structure, appears to occur in the presence of such higher order corrections. Although
this could be unsatisfactory from the point of view of asymptotic analysis, from the
point of view of physical relevance of the system, one could argue that the fact that
such higher-order corrections are not retained consistently, should have little impact
on the dynamics, as the the first two leading orders are, on the other hand, treated

consistently.
3.2. Electron drift-fluid equations

The Hamiltonian electron drift-fluid reduction is carried out considering a truncation of
the expansion (28) for the electron species. More precisely, we consider the truncated
expansion
N M
_ H;(vy)
0o o Ve 1ert) = Foc(veop) 35 T

|
i=0 j=0 VU

Lj(:ue)gije (376, Ye, Ze, t), (56)
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with arbitrary integers M, N > 0. The numbers M and N will of course determine the
highest order of the moment that one wants retain, along the perpendicular and parallel
direction, respectively, in the electron drift-fluid description.

Inserting the truncated expansion (56) into the static relations (45)-(47) leads to

/sz‘ J0i9i — Goegoo. = (1 — Fm’)i +(1=G3.)¢ — (Tos — T'1y) By + GoeGie By, (57)
Be T; ﬁe ggeA|| Be Ti / ﬁe 508910
ALA - S5 Tody — =250 = -2 [ aWnJoigi + = ——=, 58
o 2 P?hi ol 2 pfhe 2 pin, viJoid 2 pin, ( )
Bi / aw; iJ1igi + Begle(gooe - 9016) = —5e(F0i - Fli)¢ + 5egoegle¢
—(2+28;(Fo; = T'yy) + 25eg12e)BH- (59)

Therefore, in the electron drift-fluid reduction, electromagnetic perturbations are

expressed in terms of the dynamical variables via relations of the form

¢ = £¢>e009006 + £¢>e01901e + £¢igi7 (60>
A = Lagogro. + La,9i, (61)
BH = LBeoog(JOe + LBeolgOIe + EBigiu (62)

where Ly, 0, Looors LAacros LBeoyr LBy are linear operators.
We can then define the matrix I'., with N +1 rows and M +1 columns, the elements

of which correspond to the moments g;;_, so that
Le,i = Gije, 1=0,---N, 7=0,---M. (63)

The evolution equations for the moments g;;, can be obtained by inserting the truncated
expansion (56) into the drift-kinetic equation (43), multiplying every term of the
resulting equation by (H;(v.)/vi!)L;(y.) and integrating over dW,.. Using the matrix

notation introduced in Eq. (63), the evolution equations for the moments can be written
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as
orr. _ Goc A _
oty ([Goed, TL Jo = [0 TE W | = [Gre By, Vil Lo
8t J ,Othe J e
ps 0 ps 0 g Goe A .
+ ;hea% FeleI/Vg — . O (5jo51i90e¢ - 5j0(\/§52i + doi) P — (050 — 0;1)01:G1 B
(64)
0 0 . GoeA
+ PsCBa—erleeT” — Psa—ye ((5]'0 — 0,1)00i¢BG0c® — (00 — 6;1)01:(B ,gthe ”
—((25 +1)(850 — 6;1) — (j + 1) (65510 — 6j51.1) — 3(6j—1.0 — 6j-1.1))00iCBG1B)
. GoeA .
~000iaGoct) + BduGn= L+ (80 = 5j1>60i<ng163”) =0,
the
where sum over repeated indices is understood, while 7 =0,--- , M and ¢ =0,--- , N.
For a matrix A, we also indicated with A” the transpose of A.
In order to derive Eq. (64) we made use of the recurrence relations
VeHp(ve) = Hpp1(ve) + nHy 1 (ve), (65)
preLin(pte) = (2n + 1) L (p1e) — (n+ 1) Lyya (pe) — nlp—1(pe), (66)

for Hermite and Laguerre polynomials, respectively. Also, we introduced the Jacobi

matrices W and V', the elements of which are given by

Wmn = \/Eém,rH»l +vm+ 15m,n717 0< m,n < N’ (67>

an = _m(sm,n—&-l + (2m + 1)5mn - (m + 1)6m,”—17 0 S m,n S M. (68>

The matrices W and V are (N +1) x (N +1) and (M + 1) x (M + 1), respectively, and

their expressions are of the form

0 1 0 0 0
1 -1
1 0 v2 0 0 ~1 3 —02 8
0 v2 0 V3 0 0 o s 0
w=|? 0 V3 0 0 , Vv=|lo0 o0 o 0
0 0 0 2M—-1 —M
00 0 .. 0 VN T
0 0 0 .. VN 0
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These matrices are symmetric and can be diagonalized, so that
UTWU: diag(Am)\lf" 7/\N>7 ZTVZ :dia’g(n()unh”' 777M)7 (70)

where U € O(N+1) and Z € O(M +1) are (N +1) x (N+1)and (M +1) x (M +1)

orthogonal matrices, respectively. We indicated with Ao, Ay, -+, Ay and 19, m1,- -+ , s
the eigenvalues of W and V, respectively. It is well known [36] that Ao, A, , Ax
correspond to the zeros of the Hermite polynomial of order N +1, whereas g, 11, - , N

correspond to the zeros of the Laguerre polynomial of order M + 1. Also, it is known
that, for 0 <17 < N, the eigenvector associated with the eigenvalue \; is proportional to
(Ho(N), Hi(N\;), -+, Hy(\))T. Likewise, for 0 <4 < M the eigenvector associated with
n; is proportional to (Lo(n;), Li(n:), -+ , Lar(m:))T. With the help of the Christoffel-
Darboux identity [36], it is possible to write in a compact form the proportionality
constant that makes such eigenvectors orthonormal. For the case of the matrix W this
was carried out in Refs. [37, 38|. As a result, we obtain that the elements of the matrices

U and Z are given explicitly by

Nl H,(\)
mn — , , =0,--- ’N’ 71
U =\ Nt ™0 (71)

V1 Lm(”n)
Ly = ) m,n =0,---, M, 72
M T s "

where
. H,(ve)
H,(v,) = —=, >0 73
(o) = 228 ™)
Consequently, the matrices U and Z have the forms
NI Ho(o) N! Ho(\) _N! Ho(An)
N+1 |HN()\())| N+1 ‘HN(Al)‘ N+1 |HN()\N)‘
NI Hi(\o) NI Hi(\) _N! Hi (W)
N+1 [Hpy (Xo)] N+1[Hy(A\)| 7 N+1 [Hy(AN)|
NI Hn(Xo) NI Hn(A1) _N! Ay ()

N+1 |HN()\())| N+1 ‘HN(Al)‘ N+1 |HN()\N)‘
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V1o _Lo(mo) v _Lo(m) Vim _Lo(nam)
M+1 Ly (o)l M+1[La(n)] M1 L ()]
Vo _Li(mo) /M _Li(m) Vi _Li(nwm)
M+1 1Ly (o)l MA+1|Las(m)l M~+1 Ly (nar)]
Z = (75)
V1o L (no) VIL Lag(m) Vv Lag(nar)
M+1|Lar(no)l  M~+1|Lar(m)l MA-1 | L (nar)|

3.3. Changes of variables

We carry out two consecutive changes of variables that cast the electron drift-fluid
equations (64) in a remarkably simple form. The first change of variables (but the order

can be inverted) is given, in matrix form, by
J.=Z"TT. (76)

The new variables are the elements of the (M +1) x (N +1) matrix .J, and their explicit

expression is given by

vV Tim Ll(nm)

J —— ile o
© T M+ 1 Ly ()] 7

€mi

m=0,---,M, i=0,---,N. (T7)

Note also that, due to the orthogonality of Z, one has ZZT = I, so that the relation
T =27J, (78)

holds.
By multiplying Eqgs. (64) by the matrix Z one can obtain the following moment

equations, formulated in terms of the variables J, :

aJ, . Goc A
-+ Ps ([g06¢7 Jemi]e - |: ° H? €sz/Vl?:|

- mgeBw]emie)
5 ™ Mm|G1e B, Je,u;]

Goc A
Pthe

e

s @ s a s
et 0 (it = 23V 0

(79)

0 0
+ psCBnm@Jemi - psa

e

Goe A

Pthe

((ZnTw — Z}1)60iCBG0ed — (Zho — Z)1)61:Ca

—(Zo =32+ 2o — Zihy +22,5)80¢5G1e By
Goe A|

Pthe

e

—2720502‘%506(15 + Zqz;o(;lzgn + (Z;I;L(] - 2721)501Cng163||) - 07

— (Zo — Z£1)51i9163”)
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form = 0,---,M and i = 0,--- ,N. To derive Eq. (79) we also made use of the
relation (78). We point out that, when an eigenvalue multiplies a matrix element, as in
the fourth term of Eq. (79), the repeated indices do not imply a summation (the indices
m and i are indeed fixed in Eq. (79)). When carrying out this change of variables
(and the following one) we also assume it is understood that the relations (60)-(62) are
replaced by the corresponding relations expressing ¢, A and By in terms of the new
variables.

The second orthogonal transformation that we perform is given by
G, =U"JL. (80)

The matrix G, is therefore a (N + 1) x (M + 1) matrix with elements

N! [A{I(An) ik \/nm Lk(nm>
N+ 1[HyA)[77 M + 1| Lar ()|’

n=0,---,N, m=0,---, M, (81)

Gepp = UL Zim =

€nm Clk

Analogously to Eq. (78), due to the orthogonality of U, one has also the relation
JI =UG.. (82)

Note that the transformation (80) is analogous to the transformation already adopted
in Refs. [13, 14, 23] for the case of moments only with respect to the parallel velocity.
Equation (79) possesses indeed terms of form analogous to those appearing in the simpler
case treated in such References.

Taking the transpose of Eq. (79) and multiplying it by the matrix U? | one obtains
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the following set of equations in terms of the variables GG

enm

oG, — Goc A -
- + Ps |:g06¢ - )\n u | - nmgleBH: Genm:|
825 Pthe e
s 0 s O - Goe A -
+ Ly =a.,, -2 (Ué”lz()mgom — (V2UL, + UL) Zow = — UZ (Zo, — Zm>91e3n)
Pth, 0% Pth. 0% Pth.

(83)
GocA|

Pthe

0 0
+ psanm@Genm - psw

U (2Z0m — 4Z1m + 2Z2m)CBg_1eB||

(wﬁ%m—am@%@—aﬂam—zm@

_ A _
—UZE)ZOanngQS + U ZOan Dt + Urz;)(ZOTn Zlm)CngleB“) = 0.
the

Making use of the expressions (71) and (72), we can provide a more explicit formulation
of Eq. (83) in terms of known quantities, such as the zeros of Hermite and Laguerre
polynomials A\, and 7,,, and the parameters M and N. In particular, we can make use

of the relations

1 An A2 -1

Ur%: 9 Ur?lz ) Ug'2: ) n:07"'7N7 (84>
U(n) U(n) \/iu(n)
1 1—n, 2 _4p 49
Tom = ——'  Zip= gy =T T TR M, (85)
Z(m) Z(m) 22(m)

where we defined the normalization constants

N+1 M+1
e =\~ Nl 2 = vﬁ—’LMOM”- (86)

Inserting the relations (84) and (85) into Eq. (83) we obtain

8Ge 5 gOeAH 5
— s e — /\n —Ilm eB ) Ge
5 TP {go ¢ P GieBy, G, e
s 0 s )\n g eA 5
+ P )\n_Genm - P (QOE¢ >\ . ” - nmgleB> (87)
Pih.  OZe Pthe U(n)? 8ze Pthe
0 Mm gOeAH 5
s ma e - 8 e >\ - m eB
+ psCBN 8yeG o P o Zm D (CBQO ¢ — (B " (BNmG1eB)|
n a = g e ~
< (gﬂed) —An - - nmgleBH) =0,
Z(m) OYe pthe

or, in an even more compact form,

aGe /\n 0 0 Xe
9G.,,. e .G . ) —— G, — —~om
TP Weams Gennle 1 (pthe oz T Ca1l 8ye> < " U(mz(m))
Cn 8X€nm

Uy Zm) OYe

+p =0, (88)
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where we introduced the potentials

Goe A

Xenm - g06¢ - A7‘L
Pthe

— nmgleB||. (89)

The formulation (88) shows how, thanks to the transformations (76) and (80), the set of
drift-fluid equations (64) can be cast in a much simpler form. In particular, we note that
in each evolution equation (88) with fixed m and n, only quantities indexed by m and n
appear explicitly. Thus, the mixing with moments of different order in m and n, which
occurred in the original formulation (64) has been removed. This "diagonalization"
of the system will turn out to be useful, in particular, for identifying the Hamiltonian
structure. The dependence on variables G, , , with m’ # m and n’ # n remains of course

present, in each equation, in implicit form, through the electromagnetic quantities ¢, A,

and B”.
3.4. Remarks on the interpretation of the system in terms of the new variables

The formulation (88) generalizes to an arbitrary number of moments in both parallel and
perpendicular velocities, as well as to the case of inhomogeneous background magnetic
field and density profiles, the formulations found for the drift-fluid electron dynamics in
simpler cases [5, 16, 18, 13]. We remark that the potentials y.,, can be interpreted as
stream functions for generalized perpendicular velocity fields

Veum = 2 X VXepn = VExB + pt—:eVBL + N Vi vB (90)

where
VExB = 2 X VGpe®, ve, = VG4 x 2, Vuve = —%2 X VGi.Bj. (91)

The vector fields vgxp, ve, and v,;vp corresponds to normalized versions of the E x B
velocity, of the free streaming velocity along the perpendicular perturbation of the
magnetic field and of the nonlinear grad B drift, respectively. These velocity fields

account also for small FLR corrections possibly induced by the operators Gy and Gi..
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In the 2D limit (where 0, = 0,, = 0) in the absence of background inhomogeneities (i.e.

(g = ¢, = 0), the electron fluid equations (88) reduce to

oG
nm VG = 0. 2
8t psvenm €nm 0 (9 )

The fields G,,, become then Lagrangian invariants advected by the velocity fields
Ve, . This generalizes, with the inclusion of the nonlinear grad B drift, the Lagrangian
invariant formulation found in Refs. [13, 23|. Considering Eq. (90), it follows that the
advecting fields v, consist of linear combination of the E x B drift with the magnetic
drift vg, and the nonlinear grad B drift v,,;v5. The relative amplitudes, with respect to
the E x B drift, of the magnetic and nonlinear grad B drift, are given by the eigenvalues
A, and 7,,, corresponding to zeros of Hermite and Laguerre polynomials. From known
properties of such polynomials, it is possible to infer some features of how the magnetic
and nonlinear grad B drift add up to the E x B drift, as the number of retained moments
N and M increases. As already recalled in Ref. [23], the zeros of the Hermite polynomial
Hy1(ve), corresponding to A, are real, distinct and symmetrically distributed around
ve = 0. Therefore, when N is even, so that the number of zeros is odd, one of the A\,
will be equal to zero, implying no contribution from the perpendicular magnetic drift for
that particular value of n. Also, the zeros of Hermite polynomials interlace. Therefore,
if \; and \;1; are two consecutive eigenvalues for a given N, with A\; < A\;41, then, for
N + 1, there will be an eigenvalue \; such that \; < Ay < A\;y1. Moreover, for any
interval v; < v, < vy, it is always possible to find a zero \; such that v; < \; < w9,
provided N is large enough. This indicates how the relative weight between E x B and
magnetic drifts will fill the set of roots of the Hermite polynomials as the number of
retained parallel moments /N increases. Most of these properties are shared also by zeros
of Laguerre polynomials, and therefore by the relative weights 7,, between E x B and
nonlinear grad B drift. Also in this case, the zeros are distinct, real, they interlace and it
is always possible, for any interval p; < p. < ps, to find a zero n; such that uy < n; < ps,
provided M is large enough. However, zeros of Laguerre polynomials are positive, unlike

zeros of Hermite polynomials, for which we noticed, in particular, that \; = 0 is always
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an eigenvalue if NV is even. Therefore, for every GG, we expect a finite contribution of

the nonlinear grad B drift in the advecting velocity field v, . Also, because 7, > 0,
for every m and every M, such contribution always adds up with the same sign to the
E x B drift. When the nonlinear grad B drift is negligible, which we expect to occur
for low-3 plasmas, and NN is even, one of the Lagrangian invariants is purely advected,
also in 3D, by the E x B drift, in the absence of background inhomogeneities [23]. We
also remark that, from the third term on the left-hand side of Eq. (88), it follows that
the above mentioned properties of A, and 7,, concern of course also the amplitudes of

the transport of the quantities Ge,,, — Xenm/(Um)Z(m)) along the guide field and due to

the linear grad B drift, respectively. The last term on the left-hand side of Eq. (88),
which originates from the electron diamagnetic drift, on the other hand, is influenced
by the values of A\, and 7,, in a more implicit way, through the normalization constants
U(ny and z(y). Further properties about the location of the eigenvalues A, and 7, can
be found, for instance in Refs. [36, 39.

With regard to the fields G, , it is possible to generalize the physical interpretation

provided in Ref. [23]. Indeed, we can consider the truncated expansion (56):

N M
— (2 Ue
Te(Tes Yo Zes Vs flest) = Foe(Ves i) D Y \/—>L (1e)gize (Tes Yer zes ). (93)
1=0 75=0 :
Combining the relations (63), (76) and (82), one obtains

Gije = UilGelkZlZ;'a (94)

which, when inserted into Eq. (93), yields

ge(xeayeazeaveaﬂe7 ) fOe Uey,ufe He UilGelk(xeayeazeat)Z]Z;‘- (95>

4,01=0 j,k=0
Then one evaluates Eq. (95) at v = A, and pe = 7y, for n = 0,--- | N and

m =20,---, M. In the resulting expression one can make use of the relations

N! H(\)  H(N) VTm/TTk L)
N +1 Z Ty Ol N~ ™ (M 417 Z |LM i ]|LM(nk)\ = Omi; (96)
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which descend from UTU = I and Z7Z = I, respectively. As a result, one obtains

_ /N +1 L m
ge(xea Ye, Ze, Ans N t) = fOe(/\m 77m) T(M+1)|HN(/\n>|%Genm (xe’ Ye, Ze, t)a
(97)

from which it follows that

N‘ 1 Vnm gE(xeuyeazea)‘nanmat)
N+ 1HyO) (M +DILy(n)] Foe(Ans )

Genm <x67 Ye, Ze, t) = (98>

Therefore, the values of the new field variables G are proportional to those of the

€nm

truncated perturbed generalized distribution function g., evaluated at v, = A, and

at e = Mm. Studying the dynamics of G permits then to follow directly the

€nm
evolution (up to the proportionality coefficient) of the truncated version of g, at specific
values of the parallel velocity and of the magnetic moment. Of course, increasing the
number of variables GG, by increasing M and N, provides a more and more accurate
reconstruction of g.. We notice that a similarity between the structures formed by the
drift-kinetic distribution functions at a fixed value of the parallel velocity, and those

formed by Lagrangian invariants of drift-fluid models was pointed out, by means of

numerical simulations, in Refs. [40, 41, 42].
3.5. Hamiltonian structure of the hybrid drift-fluid/gyrokinetic model

We finally proceed with providing the Hamiltonian structure of the model we derived
combining a drift-fluid description for the electrons with the gyrokinetic description for

the ions. We first write the complete system, in terms of the dynamical variables g; and
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G, ,forn=0,--- Nand m=0,---,M:

oG

. An O 9 Xe
.y Ne Jn e | (G, — —2em
8t pS [Xenm enm]e + pS (pthe aze + CBT] aye) ( €nm u(n) Z(m))

p G OXenm
Uy Z(m) Oe

=0, (99)

09 Ti
ag + ps {\70@ — —v;Joi A + Tz‘,uz'juBn,gz‘]
t Pth; i
Ps a T;
+ —vig— | 79 + Foi | Joi¢p — —viJoiA + TipiJ1i B,
Prh; Oz Pth;

)

T
—v;Joi A + TiﬂijliBH) =0, (100)

th;

0g; 0
- psTi,uiCBa_g - Psti(MiCB - Cn) (.70z¢ -
Y 0y;

/dW sj()zgz Z Z gOe Zelk = 1 - FOZ) (b (1 - g_02€)¢ - (FDZ - Fll)BH + g_Oeg_leBH7

)2 (k) Ti

1=0 k=0
(101)
Be T Be GoeA) Be Ti / L GoGe
ALA —Toid —— =——— [ Vividuigi —,
) pthz T P?he 2 pin, 0igi Pthe z;kz: U2 (k)
(102)
G1.G.
6 /dW Mz%zgz + Be Z Z ! = _/Be(FOZ Flz)¢ + ﬂegOeglegb
—o0 ko (k)
— (24 26i(Toi — i) + 26:G1.) By (103)

The Hamiltonian of the system (99)-(103) is obtained by analogy with the procedure
adopted in Refs. [28, 14, 23| for finding a conserved energy. The procedure consists of
replacing in the Hamiltonian of the parent gyrokinetic model, the truncated expansion
of the perturbed generalized distribution function. Because in our hybrid model the

fluid reduction concerns only the electron species, we will only perform the replacement
Je = Je (104)

into the parent Hamiltonian (50). We denote the resulting functional as

H(geooa Sy 9eno gz) = dee(ge()m T 7geNM) +Hgkz (gz) +degk’(geoo7 Geqps geopgi)a (105)

where dee and F[df gk correspond to the functionals that one obtains by inserting the

replacement (104) into Hgy, and Hgy g, respectively. Note in particular that, inserting
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the truncated expansion g, into Hgy, 4., the resulting coupling Hamiltonian }_Idf gk depends
on only three electron moments.

However, because we are expressing the system using G, as fluid variables, rather
than g, , we consider, as candidate Hamiltonian, the functional H(G.y,, -+ , Genuys i)

given by

H(Geom T GBNM> gi) = dee<Geooa T GGNM) + Hgk’i(gi) + degk(Gmm T GSNMa gz’)>

(106)
where
dee (G€007 T GENM) = dee (96007 T 796NM)’
degk(Geom Tty GeNMv gz) = Edfgk‘(ge()oﬂ Geios 96017gi)' (107)
In explicit form we have
1 e & G
— 3 2 €ij
dee<G6007 ) GeN]W) ) Z Z / dz. (Geij — 2(n e u(i)ZZj)) ) (108)
=0 7=0
1 3 91‘2
Hg,(9:) = 5 | &*xdWV; (7 =278 | (109)
1 Ti
Haf gk(Gegyy -+ s Genr» Gi) = 3 /d3xisz‘ i (%i¢ o viJoi A + TiﬂijliBH)
th;
N X
— = dr, G, 2 110
2 ZZ/ T 2 o)
=0 7=0
Therefore, the functional derivatives read
oH 9i
=T i — TiCns, 111
5g TiE, TX TiCa (111)
o0H e n
_G, - Xewm G (112)
0Ge,, Um)Z(m)  U(n)Z(m)

Note that, thanks to the orthogonality of the matrices U and Z, the first term in the
expression of Hy, remains a sum of squares when moving from the moments g.,, to the
variables G, .

With regard to the Poisson bracket, we first notice that the ion gyrokinetic equation

(100) can be obtained from 0:g; = {gi, H } 4k, where H is the candidate Hamiltonian



Generalized Hamiltonian drift-fluid and gyrofluid reductions 34
(106) and {, }4k,, given in Eq. (55), is the Poisson bracket, referring to ions, of the
parent drift /gyrokinetic model. Because the ion gyrokinetic equation is left untouched
by replacing the parent Hamiltonian (50) with the candidate Hamiltonian (106), we
assume the Poisson bracket of the hybrid drift fluid /gyrokinetic model still has a direct
sum structure of the form {, } = {, },x(9:)+{, }ar. (Gegos - - s Gennr) » Where the Poisson
bracket {,}q. generates the electron dynamics, when combined with H given by Eq.
(106). Moreover, the form of the equations (99) and the functional derivatives (112)

suggest the ansatz

{F> G}dfe(Geom T eNM Z Z{F G}enm enm)

n=0 m=0
N M
SF G SF 0 G
3
Z; /d Te (aanenm [5Gen 5Genm] +bnm5Genm 0z 0G.,,, e

. OF 9 &G
G Ay oG

€nm
where @, bnm and ¢, are coefficients to be determined. The formulation in terms of

the G, = variables, as mentioned in Sec. 3.3, has the advantage of casting the electron

Enm

moments equations in a diagonal form, in which the evolution equation for each G

Enm

explicitly depends only on quantities with the same indices n and m. Together with the

expression for H/dG,,  in Eq. (112), which also only depends on quantities indexed by

n and m, this suggests that, in terms of these variables, the Poisson bracket {, }4, has
the direct sum structure (113), given by the sum of (N +1)(M +1) independent Poisson

brackets, each of which only depends on G In particular, this greatly simplifies the

proof of the Jacobi identity, which follows as a straightforward modification of the proof
provided in Appendix A for the gyrokinetic Poisson bracket. The specific ansatz for
the individual Poisson brackets {F, G}, . also comes from a rather intuitive extension
of the ansatz adopted in Ref. [13] for the case with no perpendicular moments and no
background inhomogeneities.

H}.,  , where H is the candidate Hamiltonian

m {Genm7 H}emn

By comparing the expressions {G

€nm) €mn)

(106), with the equations of motion (99), it is possible to see that 0,G.

n
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if

Ps
Apm = pSU(n)Z(m), bnm = _p_h)‘m Cnm = _pS(anm - Cn) (114)
the

This permits to completely identify the Poisson bracket of the system and confirms that
the candidate Hamiltonian is the Hamiltonian of the system.

To summarize, for any choice of the numbers of moments N and M, the hybrid drift
fluid /gyrokinetic model (100)-(103) is a Hamiltonian system with Hamiltonian given by
the functional (106) and with a noncanonical Poisson bracket given by

{F.G} ={F, G}gki + Z Z{Fa Glepms (115)

n=0 m=0

where {F, G}, can be found in Eq. (55) and

SF G pe . SF 9 &G
F — | a A o7
{ ) G}enm / Le (pSu(n)Z(m)Ge"m |f5G "0G :|e Pthe ndG aze oG
oF i oG
0G.,, Oye 0G .

€nm €nm €nm €nm

—Ps(CBMm — Cn) (116)

€nm

By means of the relation (98) and of its inverse, it is possible to express the Hamiltonian
(106) and the Poisson bracket (115) in terms of the original moment variables, if one so
wishes.

We finally remark that, in the 2D limit with homogeneous background, each Poisson

bracket {, }.,,, admits the infinite families of Casimir invariants given by
Cepn = /d2xe Com(Gepnn ) (117)
where C,,, are arbitrary functions. This property reflects in the fact that G.,, are

Lagrangian invariants with respect to the velocity fields v, , and generalizes the results

obtained in special cases [5, 43, 15, 16, 17, 18].
4. Example: a four-moment drift-fluid reduction

We illustrate the general theory developed in Sec. 3 by considering the simple case
N =1, M = 1. This amounts to consider the evolution of four moments, corresponding

to combinations of the first two moments with respect to the v, coordinate with the
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first two moments with respect to the u. coordinate. Because the ion evolution remains
unchanged, we focus on the electron dynamics.
The matrix of the moments, for this case, is given by
T, — goo. go1. 7 (118)
gio. 9ii.
and the equations of motion (64) read

a _ (j eA ~
—gfe + s ([QOeeb, goo.Je — { : . Ivgloe} ~ G1e By goo. - g015]6>
the e

Q e 0
9 ( 0 ) + PG, (900, — gon. — Goed + 261 By ) + Pan . (G0e0 = GieBy) =
Pthe Ze e
(119)
0 Goc A .
m% <Q%¢gme {0 Igm4<—ka,m%—gn$>
Pthe e
0 Goe A 0 Go.A
(gooe Goe + gleBH) + PsCB (glop — g1, + . > s — =0,
pthe 32@ 0Ye Pthe e Pihe
(120)

8 _ g eA >
—gotle + Ps <[g06¢7 9016]6 - |: - A H ’ glle:| B [gleBH7 39018 a gOOE]e)
t e e

s O 0
P g11. + psC5— (3901e — goo. + Goed — 4gleB||) + pan gleBH =0, (121)
Pthe aze 3%

0 _ g eA >
_g;le + Ps ([g06¢7 glle]e - |: . N | ) 901e:| - [gleBH7 39115 B 9106]6)
t e (S

ps O
Pth. Oz

_ 0 Go. A
(9016 — Q1eBII) + PsCBa— <3911e — G10. — ° ”) =0, (122)
Ye Pthe

or, in a physically more perspicuous form,

d.N,
i Uje + V. (Ne +Tc) — ,OSCBa (Goed — 2G1.B)) + ,0an (g0€¢ G B)) =0,
(123)
de g eA g eA B a _ _
— (Ulle -7 ) + V|eNe + Vp, (Uue Nt QJ_e) P (Goed — GreBy)
dt Pthe Pthe Pthe aze
9 Go.A
e = G) g =0, (124)
ye pz‘,he
d T e ag_ eB
dJ_ * v||eQLe T VBG(N + 3Tl€) psCB ay (g‘Jeﬁb 4gleBH) psgn alye H - O’
(125)
de e 7 eA s 0 7 eB 0 eA
1L + VI + Vg, <U||e — Goe A + 3QJ_e) + p_h psCh Go Hoed|| —0
dt c pine Oz e Pin,
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In Egs. (123)-(126) we expressed the moments in terms of the physical quantities

introduced in Egs. (34)-(36) and we also introduced the operators

d, 0 -
E - a + p5£g06¢7 ']ea
eA s 0
VHEZ_pS |:g0 ’-:| +p_a ,
Pthe e Pthe OZe

5 0
Vs, = —pslGie By, *]e + PsCB8 (127)

e

representing the advective derivative with respect to the vg«g, the leading order gradient
along the magnetic field and the advection with respect to nonlinear and linear grad B
velocities, respectively.

The Jacobi matrices are
01 1 -1
— = 12
() v (L) %)
and the corresponding eigenvalues are
Ao = —1, A =1, (129)
m=2+V2, m=2-v2 (130)

The orthogonal matrices read

V2- V2
U= i Z = T VIV GEVI- V2 (131)
P (S Uy B 242 2—v2 ’
V2 V2 - 2 2

and the normalization constants are

u@) = V2, uy = V2, (132)
9 9

OV Ay T VAR R )

From Eq. (81) one obtains the expression for the new variables

(133)

Gegy = %ﬁ <<\/§— N, — (V2 —1) (Une — ggt—:l> + T — qLe) (134)
Gay =~ f < V2 - 1) (Ue Goc A ) F T+ qLe> . (135)
Gy = T ( (V24 1)N, — (V2 +1) (Ue - g;";f) T, —l—qLe) . (136)
G = 222 (Va e 0w VB4 (- ) —r ) s
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In terms of such variables, as described in Sec. 3.3, Egs. (123)-(126) can be cast in the

simple form

oG, An O 0 Xe
9G.,, S e | Ge . - Ge __ynmm
at + p [X nm nm]e + p <Pthe 826 + CBT} ay&) < " U(n)Z(m)>
n 8 €
g po—n Do _ g .
) 2m) - e

with n = 0,1 and m = 0, 1. The expression for the generalized stream functions x.,  is
provided in Eq. (89).

The Hamiltonian structure of the hybrid system consisting of Egs. (138), (100) and
(101)-(103) (with N =1, M = 1), is then given by the Hamiltonian

1
H(Gepy, Gergs Geoys Gery s 9i) = 522/d3x6 <G2 — 2Gpe (,)Z(.))
1)~

=0 7=0

| : Z.
+1 / B (12— orcorigs ) + - / B, dW, g ( Toid — 0Ty + e 1By
2 F 2 Pth;

07

_‘ZZ/‘Z?’% e Xe”j (139)

=0 7=0 ()

and the Poisson bracket

OF G 1 OF 0 oG OF 0 0G
{F, G} = —ps/d?’:cidWi (gi [— —1 + p—Ui.Foi——— _( ’LCB Cn) >

0g: 0gi ) pun " 0g; 0z g "' 39; 0y: 09,
SF  §G pe . OF 9 &G
3 i N
* nzgmzo / e (ps () Z(m) G Lsc:enm 5G€nm} o "8G, 970G,
SF 0 6G
_ _ 14
ps(CBnm Cn) 5G€nm aye §Genm) ( 0)

Using Eqgs. (139) and (140) in the general expression (19) one indeed retrieves the
evolution equations of the hybrid model.
All the considerations of Sec. 3.4 can of course be applied to this case. So,

for instance, the fields G are proportional to the truncation of g., evaluated at

(Ve, fte) = (An,mm). The generalized stream functions ., correspond to linear
combinations of stream functions for E x B drift, velocity along the magnetic field
and grad B drift, with relative amplitudes depending on the coefficients A\, and n,,.

In the 2D limit without background gradients, the electron dynamics reduced to the

advection of G, by the corresponding generalized velocity fields v, .
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This example shows how one can build a Hamiltonian drift-fluid model for the
electrons (coupled with gyrokinetic ions) describing the evolution of gyrocenter density,
parallel momentum, perpendicular temperature and heat flux fluctuations, for a finite
plasma (. The resulting electron drift-fluid dynamics generalizes that described by the
Hamiltonian two-field model of Refs. [5, 43|, by adding perpendicular temperature and
heat flux dynamics. To the best of our knowledge, this model was not present in the
literature before. By considering the case N = 2, M = 1, one can easily add parallel
temperature fluctuations, thus providing a Hamiltonian model describing anisotropic
electron temperature fluctuations by a fluid approach. However, if parallel temperature
fluctuations are added, our procedure requires the inclusion also of another moment,
namely go1.. Indeed, in order to be able to initiate the procedure with the matrix I'.,
one is forced to consider a total number of (N + 1)(M + 1) moments, according to Eq.
(63). This could explain why, as mentioned in Sec. 1, although so far some Hamiltonian
reduced fluid models evolving temperature fluctuations were derived [18, 15, 20, 22|,
none of such models accounted also for perpendicular temperature fluctuations, if not
for the case of trivial or not systematic closures. The present procedure indeed reveals
that, in order to preserve in a systematic way the Hamiltonian structure, while adding
moments to evolve, the condition of considering the (N + 1)(M + 1) moments dictated
by Eq. (63) has to be respected.

We also stress that the presence of a Hamiltonian structure automatically implies
the existence of a total conserved energy, but the converse is not true. Requiring
a Hamiltonian structure is thus more demanding than requiring energy conservation,

which makes Hamiltonian models more difficult to build.

5. Hamiltonian gyrofluid reduction

In the presence of FLR effects, the general procedure described in Sec. 3 does not work.
Indeed, the dependence on p, of the gyroaverage operators Jys and Ji,, prevents the

presence of the two commutative transformations that allow to diagonalize the system.
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Nevertheless, in a simplified setting, an analogous diagonalization procedure is still
possible, also in the presence of FLR effects. When applied to ions, the simplified setting
consists of considering, at most, the first two ion moments along the perpendicular
direction (i.e. imposing M < 1), taking the S, — 0 limit and approximating
the gyroaverage operators arising when taking moments of the gyrokinetic equations.

Electrons are still treated in the limit py,, — 0. In particular, we assume

3 1/2
pmefv(g) B 0. (141)

In this 8, — 0 limit, we also rescale the z variable in the following way

Be 2
_ e 2 142
& 2 I, (142)

Moreover, although not necessary, we retain background magnetic inhomogeneity, even
though the equilibrium balance relation (13) would give (g — 0 as 5. — 0.

Inspection of the perpendicular Ampére’s law (4) in the parent model, yields that
B = O(8.). (143)

Taking into account the assumption (141) and neglecting terms of order J., while

retaining contributions of order 8¢/?, the parent gyrokinetic model (1)-(4) reduces to

a e = g_ eA e S a -~ (j CA
J + Ps |:QOe¢ — Ve . | 7ge:| + ﬁ_ P Ve <ge - fOe (QOe(b — Ve 0 ” ))
ot Pthe . V2 py, "0z Pthe
age a < g_OeA>
+ PsteCBF7— — sfe e —Gn)5 ge — Ve :0; 144
PsiieCB oy T (1eCB — Cn) oy, \ %0 ¢ ” (144)
0 % [ e Ps 0 7
g + Ps |:«70i¢ - Lvi%iA7gi] +/ B— P Vig— (Tigi + Foi (jofmb - LUiJOiA)>
ot Pih; i 2 pwn; 0z Pth;
— psTikiCp 75— — PsFoi(iCe — Cn) 75— | Joi¢p — vidJoid) ) =0, 145
PsTiltiCB Em Pss 0 (M (B — G )8% 0i® pin 0iA| ( )
/sz t70zgl - gOe/dWe ge = (1 - FOZ)? + (1 - gée)¢7 (146>
) 52 A ) >
Ard) = &—Z Loy — &—%3 | _feni / AW, viToigs + e 2o / AW Vege-
2 Ptn; 2 Pih, 2 pin, 2 pin.

(147)
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The contributions of B are no longer present in the system and parallel Ampere’s law

(147) implies, due to assumption (141), that
A= 0(8."). (148)

We also notice that the parallel current is mainly provided by the electron parallel
velocity, as the parallel ion velocity is smaller by a factor of order ﬁel /2 Tn the electron
drift-kinetic equation (144) all terms are of order 1, whereas in the ion gyrokinetic
equation (145) higher order contributions of order Bé/ 2, associated with gradients along
the magnetic field, are also present. Neglecting such higher order contributions and
background inhomogeneities leads to the electrostatic limit considered in Ref. [44].

The Hamiltonian of the model is given by
H(ge, 9i) = Har,(ge) + Hyr,(9i) + Har gk (e, 9i), (149)
where
1 3 T
Hap gk (9er 95) = 3 d°x;dW; gi | Joip — p—hvijoiAn
th;

1 . J0e A
. / dgxedwe Ge (QOe¢ — Ve gO ”) ) (150)
2 Pthe

no longer contains the contributions of Bj. The Poisson bracket is still given by Eq.

(54).
5.1. Hamiltonian gyrofluid reduction

As above anticipated, we carry out the Hamiltonian gyrofluid reduction on the ion
species. We assume that the evolution of the electron species remains governed by
the drift-kinetic equation (144), so that the final result of the reduction will be a
Hamiltonian hybrid drift-kinetic/gyrofluid model. However, one could also obtain
a Hamiltonian drift-fluid/gyrofluid model by applying to the electron species, the
Hamiltonian reduction described in Sec. 3, although in the low-f, limit, if one wants to

maintain consistency with the hypotheses for the ion gyrofluid equations.
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Focusing on the ion species, we consider the truncated expansion

Gi(3, Ys, 2i, Vi iy t) = Foilvs, ;) (i) gng (i, yi, 2, T). (151)

h=0 j=0

As above anticipated, we only consider the first two orders in the moments with respect
to p;. The number of moments with respect to v;, on the other hand, remains arbitrary
and is given by N + 1.

We introduce the matrix I'; with elements
Fihj = Ghj;» h:OaNa j:0717 (152)

and consider the evolution equations for the ion moments

8Fz;h F S T gloz H FT WT g11 || S FT WT
W—i_ps [glo ¢ ] [gll qb gl 'Llh] - pth 27 lh i_TZ pthi jk 1kl lh ;

ﬁe /Os 0 ﬁe Ps 0 91]
\| 5 r \/ = i 1
* 2 pth 0z; HlVVlh + 2 pin, azl gl]z¢51h Den (\/—(52]1 + 50h) ( 53)
0 0 ,
PstCB JZF’Lj;h P By ((CBV}J — Gnj1) (Qlligbéo A||51h)) ‘

In Egs. (153), FLR terms have been treated in an approximated way. In particular, the

FLR contributions arising from the electromagnetic nonlinearity [Joi¢, JoiA|)i in Eq.
(1), when calculated exactly [9], yield additional contributions that we omitted, because
we approximated the exact expansion (37) with Jy(v/2bsus) =~ Zi:o Gin, (bs) L (pts)-
The adopted approximation results in the gyrofluid model depending on only two
gyroaverage operators, namely Gyo, and Gy, defined in Eq. (38).

In Eq. (153) we also introduced the matrix

S— <(1) _12) | (154)

Insertion of the expression (151) into Eqgs. (146) and (147), on the other hand, leads to

the following quasi-neutrality relation and parallel Ampére’s law:

G10,900; + G11,901; — Goe / dW. g = (1 — Fm)g

e Ti e g eA e Ti e g e
ALA — B__FOiAH be %o 2ol _be (G0, 910, + G11,011,) + B o /dWe VeGe-
2 pth 2 pth 2 Pth,; 2 Pthe

+ (1= Gao)o, (155)

(156)
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Consequently, the electromagnetic potentials are determined from the dynamical

variables by relations of the form

qb = ‘C@'oogOOi + ‘C¢i01901i + ‘C¢egea (157)

AH = ‘CAiloglOi + EAillglli + ‘CAege' (158)

Note that, compared to Egs. (60)-(61), in the gyrofluid case, FLR effects make the field
go1, (or, equivalently, ion gyrocenter perpendicular temperature fluctuations) intervene
in the quasi-neutrality relation (157). Similarly, gyrocenter perpendicular heat flux

fluctuations (embedded in gq;,) affect parallel Ampére’s law (158) in the gyrofluid case.
5.2. Changes of variables

It is possible to cast Eq. (153) in a simpler form by a procedure totally analogous to

the one described in Sec. 3.3. In particular, we notice that, for M = 1, the relation

1-v2 0 >

ZTSZ = diag(1 —no, 1 —m) = | 1
SZ = diag(1l —no, 1 —m) ( 0 115 (159)

holds. Therefore, the orthogonal matrix Z diagonalizes also S (which commutes with
V).

Analogously to the procedure followed for the drift-fluid case, we introduce

J, = 7717, (160)

G, =U"Jl. (161)

In terms of the variables G,

tnm)

the gyrofluid equations (153) read

0G;

(?ztnm + ps ([(glo + (1 = nm)G11,) 0, Ginli — Al(Gro; + (1 = 1m) G, )AH’ Gl )
Pth;

oy [P sy OG [Beps A O
5 >\n nm e ' 1 — '
2" i, Pth; 0z * 2 pin, Un) Z(m) 0% ((Gro: + (1 = 1m)Gn1, )0

0G;

T

Pth; An(glOi + (1 B nm)glll)A) - pSTiCBnm ayjm (162)
- ’ . 1 N m 1 - m ; A )
P o Uim)Z(om) ayz (Gro, + (1 = 1) G11,) P A(Gro, + (1 — mm)G11,) Ay

forn=0,---,N and m =0, 1.
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In a compact form, Eq. (162) reads

an’nm )\n /ﬂe 0 0 Xinm
(9t + ps [X%’Lm’ Gznm]l + 'Os <pth1 2 aZz (Bnm a%) (Tle”m + u(n)Z(m)>

Cn aXinm
+ ps P

=0, (163)

where the ion gyrofluid potentials y;, are defined by

T;

Xinm = (G10, + (1 = 10)G11,)¢ — —An(Gro, + (1 — 1m)G11,) Ay (164)

Pth;

Equation (163) has a form analogous to that of its electron drift-fluid counterpart (88).
The ion gyrofluid potentials do not contain the contribution due to the nonlinear grad B
drift but, on the other hand, they include the gyroaverage operators Gy, and Gyy,, valid
for finite b;. We also point out that alternative expressions for the gyroaverage operators
(38) can be used. For instance, in Refs. [45, 27, 34|, approximated forms for such
operators are given, which provide a better agreement with linear theory for a finite
number of moments in the perpendicular direction is retained.

Because of the formal analogy between the two equations, the considerations of Sec.
3.4 on Eq. (88) can be transferred, with the appropriate replacements, to Eq. (163). We
only remark that the relative weights, 1 —ny and 1 —n;, between the zero and first order
gyroaveraged electromagnetic potentials, have opposite signs. Therefore we expect such
higher order gyroaveraged potentials to modify in opposite ways the advection of G;,

due to the zeroth order potentials Gio,¢ — (7;/pin, ) AnGi0, 4 -
5.8. Hamiltonian structure of the hybrid drift-kinetic/gyrofluid model

The Hamiltonian structure of the hybrid model under consideration follows in a
straightforward way from the procedure adopted in Sec. 3.5. In particular, the
Hamiltonian functional is obtained upon inserting the truncated expansion (151) into

the parent Hamiltonian (149) and expressing the result using the variables G;, instead

7:n'm,

of the moments g,,,,. The Poisson bracket is the direct sum of the parent Poisson

bracket {, }g for the electrons, with the Poisson bracket for the ions which is totally
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analogous to bracket found for the drift-fluid electrons in Sec. 3.5, as both are intuited
from analogous equations for the transformed variables. Therefore, we present the final

result stating that, for arbitrary N, the hybrid drift-kinetic/gyrofluid model given by

0. = Goe A [Be ps 0 - Goe A
I + Ps gOegb — Ve . ” 7ge:| + B_ P Ve (ge - JEOe (QOeqb — Ve . ” ))
ot Pthe . 2 pin, Oz Pthe

9. o) ( _ gOeAH)
+ PspteCBE— — sfe e —Gn)5 ge Ve :0’ 165
p’uCB@ye psFoe(HeCB C)(?e 0c¢ Din (165)
aGinm )\n Be 0 9 Xinm
gt 1P Wins Gl + 0 <pth,. 20, P 8%) <TZG“”" ! U<n>2(m)>
+p, G OXipn ~0, (166)

N 1
Z Z G10,Giy, + (1 — i) G11, Gy, — G, / AW, g. = (1 — FOi)é + (1 -G2)o, (167)

1=0 k=0 (1) Z(k) Ti
Be Ti e g_l%eAH
AL =5 Toud -5 =3
i pthe
N 1 5
_ _& T, ZZ)\I glol Ik + ( 771@)9111 1k + & gOe /dWe VeGe, (168)
2 pun; = U(1)Z(k) 2 pin.
withn =0,--- , N and m = 0,1, is a Hamiltonian system with Hamiltonian given by

H(Giom Tt Giz\n»ge) = Hgfi(Giooa S GiNl) + Hag, (ge) + Hdkgf(Giom ) GiNlage)v

(169)
where
1 on o G
3 2 Lhj
Hgfi(Gioo’ T 7GiN1) = 5 ZZ/d Li (TiGihj - QC"xiu(h)z(j)> ’ (170)
h=0 j=0

1 3 93
Hdke (96) =3 d xedWe - 2gnxege ) (171)

2 FO@

1 N2 Xi 1 Q_ AH
H, Gz 7"'7Gi yYe) — 3 /dgszz ki __/dsxedwee(ge — Ve oe )
dkgf( 00 ~n1s 9 ) 9 g jzo hj Wy 2() 2 g 0 QS Din

and Poisson bracket corresponding to

{F,G} ={F,G}g. + Y {F.G}i,.. (172)

n=0 m=0
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where {F, G}k, is given in Eq. (55) and

SF 5G] pe. OF 9 &G
3. ) s _—
U O = / T (p st m) G [5G- e L* RARTE  e)
6F o 5G)

(173)

inm Inm
The procedure adopted to identify the Hamiltonian structure of the ion gyrofluid
equations can be used to generalize low-5 Hamiltonian gyrofluid models present in the

literature [16, 17, 18] with the inclusion of moments also in the perpendicular direction.

For instance, in the case N = 1, the ion gyrofluid evolution equations read

ZN’L
dt

G A
'v||iU||i - Ps[g11i¢7 Tu]z’ + PsTi [ L ) qg}

th;

0 0G0,
= piriCgy (Vi T+ God = Gu,6) + s alyoqu 0, (174)
d; A A A
a <Uz do, ”) + iV )ilNi + psTi [9111 | 7Tn} — Ps {gui@ qLi — ou, ”}
t Pth; th; i Pth; i
Be ps agl()‘(b 0 d glO'AH
+ —_—— PsTi U ) + i sGnTi — = 07 175
V' 2 p, 0z CB y; (Ui + a11) = pG i Pin, (175)
d;T,; G, A
dL + 7V iqLi — ps|G11, @, Ni + 2T 3); + psTi [ 1plh 3 Uyji + 2q.
0 0§11,
- psgB y (Tz(N + 3TL7,> + glO ¢ 3g11 ¢) - psgn alyll¢ = 07 (176)
d; . A A
7 <QM _ud ”) + iVl — ps [gniﬁb, Ui + 291 + oy _ 29112 ”}
t Pth; Pthi Pth; 15
g ZA e S
+ PsTi [ Sk , Ni + 2TJ_i:| — \/ be p gll ¢ — PstCB (UHz +3q14) (177)
Pth; i pth azz
0 A
+ psCnTi .y =0,
ayi Pth,;

where we introduced the operators

d; 0
a o + pslGi0.9, - i,
glO-AH :| ﬁe Ps 0
Vi = —ps [l 2 . 178
| g |: Pth; i 2 Pth; azi ( )

(179)

Equations (174)-(177) generalize the two ion equations, for density and parallel

momentum, of the gyrofluid model of Ref. [17]. The four equations (174)-(177) can
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be cast in the simple form (163) making use of the transformed variables G; . defined

in Eq. (161). Note that, because the matrices U and Z do not depend on the species, but
only on the number of retained moments, i.e. N and M, the expressions for the variables

G, in the case of the system (174)-(177), are totally analogous to Eqs. (134)-(137)

of the example for the electron drift-fluid equations. The generalized stream functions
Xin. are obtained from Eq. (164) and the Hamiltonian structure of the total hybrid
drift-kinetic/gyrofluid system follows immediately from Egs. (169) and (172).

Also in this case, we point out that Hamiltonian structure, associated with the
possibility of casting the evolution equations in the form (163), requires evolving the
2(N + 1) moments necessary to construct the matrix I';. Therefore, for instance, the
six-field (for each species) gyrofluid model of Ref. [28], although energy-conserving,
is not amenable to our Hamiltonian formulation. In fact, it evolves, for the ions (in
our notation) the moments goo,, g10,, Jo1,, 911, 920, and gsp,. Our Hamiltonian gyrofluid

reduction for a six-field model, on the other hand, would require evolving g1, instead

of gso,-

6. Conclusions

We presented a systematic framework for building Hamiltonian drift-fluid and gyrofluid
reductions from Hamiltonian gyrokinetic equations. This procedure considerably
extends previous results [13, 14| by including the evolution of an arbitrary number
of moments in the perpendicular direction for the drift-fluid case, and of the first two
perpendicular moments in the gyrofluid case. The systematic inclusion of background
density and magnetic gradients is a further new feature of the present procedure.
Although the final result of the derivations are hybrid models, the procedure can easily
be extended to obtain fluid reductions for both species, provided that the evolutions of
the species are governed by independent Poisson brackets.

The potential for deriving Hamiltonian reduced fluid models is thus considerably

increased and, as a consequence, also the number of possible applications. The
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inclusion of perpendicular temperature fluctuations would allow to study secondary
instabilities due to temperature anisotropy (e.g. secondary firehose instability).
Investigations of the distribution of the total energy (given by the Hamiltonian), or
of other conserved quantities, among energy contributions due to fluctuations also of
perpendicular moments becomes now possible in the Hamiltonian framework. This can
have relevance for turbulence and reconnection studies. Concerning 2D Hamiltonian
magnetic reconnection, in particular, the approach based on the Lagrangian invariants
[43, 46, 47, 15, 48] can now be extended in a substantial way using the generalized

Lagrangian invariants G introduced in this paper. The inclusion of the background

€simn
density gradient should also allow to study, for instance, drift-waves and magnetic island
rotations, in a Hamiltonian context, accounting for a considerable number of moments,
as an alternative to full gyrokinetic or kinetic models. Of course, dissipative terms can
be added to all models obtained with our procedure, in order to account for effects that
are ruled out in the Hamiltonian core of the model.

As already pointed out, the Hamiltonian character of our models is based on
the diagonalization procedure obtained with the change of variables, and this imposes
constraints on the number of moments to be retained.

As mentioned in Sec. 3.1.1, a price to pay for the Hamiltonian structure in the
drift-fluid, finite S, case, is the presence of subdominant terms in the small parameter
Pth.- To the best of our knowledge, few examples of non-dissipative reduced fluid models
possess a Hamiltonian structure and, at the same time, can be derived from a consistent
asymptotic expansion. This appears to be a main obstacle in the derivation of such
models, where the Hamiltonian structure is of noncanonical type and orderings have
to be applied both to the Hamiltonian and to the noncanonical Poisson bracket. On
the other hand, asymptotic limits taken directly on the equations of motion, do not
necessarily preserve structures (such as a Hamiltonian structure) of the equations.

Although progress has been made in the derivation of Hamiltonian reduced fluid

models for plasmas, some problems remain open. In the context of reduced fluid
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models, the general scheme presented in this paper still misses the inclusion of magnetic
curvature, which is of course relevant for local models of tokamak dynamics. The
systematic inclusion of perpendicular moments with m > 1 in gyrofluid models, appears
to remain a much more complex problem, in particular at finite §.. Background
temperature anisotropy, on the other hand, could be incorporated adopting, as parent
gyrokinetic model, the one presented in Ref. [25], as it was done in Ref. [14].

From a more theoretical point of view, an aspect of the present approach which
remains unsatisfactory is that the Poisson bracket of the fluid models is not derived
from the Poisson bracket of the parent gyrokinetic model, but rather "guessed" from
the equations of motion. Unlike what happens with the Hamiltonian, the replacement
of the functions g,, in the gyrokinetic Poisson bracket, with their truncated expansions,
was shown not to lead to the fluid Poisson brackets [23|, already in the case with only
parallel moments. Therefore, the connection between the gyrokinetic and the fluid
Poisson brackets still remains to be understood.

Finally, beyond the domain of reduced fluid models, which are derived from so-
called 0 f gyrokinetic equations, the derivation of Hamiltonian full- f drift- and gyrofluid
models is a subject that still remains largely unexplored, although some of such models

(e.g. those in Refs. [49, 50, 33] ) have already been shown to be energy-conserving.
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Appendix A. Jacobi identity for the Poisson bracket (24)

To show that the bracket (24) satisfies the Jacobi identity, we need to show that it

satisfies

JF,G K)={{F.G},K}+ {{G, K}, F} + {{K,F},G} =0, (A.1)

for arbitrary functionals F, G, K of the dynamical variables g. and g;.

The bracket (24) is the direct sum of two independent brackets depending on g,
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and g;, respectively. Therefore, in order to prove the Jacobi identity, it is sufficient to
prove it for such independent brackets. To this purpose, it is convenient to decompose

the bracket for the species s in the following way:

{F’ G}gks = {F7 G}OS + {Fa G}187 (AQ)
where
s oG
(F.Glo. = ~sen(a)p. [ da.dW, (gs (Fuws Gl + s0(as) - Fo —a) . (A3)
t s S
3 0G,,
{Fv G}ls = Sgn(%)ps d’zsdW, (MSCB - gn)‘/—_.ﬂngsW' (A4)

We can define, for each species s, the expression

Js = {{F,G}os, K}os +{{F, G}os, K} 15+ {{F, G}1s, K }os + {{F, G}1s, K}15s+ O, (A.5)

where the symbol O indicates all the terms obtained by cyclic permutation of F, G and
K. Then, we take advantage from the fact that {, }os and {, };s are both Poisson
brackets on their own and thus satisfy the Jacobi identity. Indeed, {, }os is the Poisson
bracket appearing in Refs. [29, 30, 23|, whereas {, }15 satisfies the Jacobi identity
because it is constant, i.e. independent on the dynamical variables.

Moreover, Theorem 1 of Ref. [32] implies that the contributions of second functional
derivatives of F,G and K do not contribute to the expression of Jg, as they cancel by
virtue of antisymmetry. Because only the functional derivative of the cosymplectic form
contributes, we can conclude that the contribution to J, due to the third term in Eq.
(A.5) (together with the corresponding terms obtained by cyclic permutation) vanishes.
As above said, the cosymplectic operator of {, };s is indeed constant, and thus its
functional derivatives vanish.

The expression (A.5) then reduces to

Js = {{F7 G}057 K}13+ . (A6)
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Making use of the above mentioned Theorem 1 of Ref. [32], we obtain that

0K,,
I, = = / AW, (1 = G Fosl By G 5 4O
oK OF, oG,
- _pg/dgm'SdWs <MSCB - Cn)fos ([ng, G ] a [Ggs7 K ] ays + [Kgs7 gs] 8—yz
OF, oG,
i ([ o
ang aGQs _
+[Ggs’ Kgs]s ays [Kgs’ F ] 8y5 ) - 07 (A?)

where integration by parts was carried out in the last two steps.
This shows that the bracket {, },, satisfies the Jacobi identity. Consequently, the

gyrokinetic Poisson bracket {, } = > _{, }x. satisfies the Jacobi identity.
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