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Uniform attachment with freezing
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Etienne Bellin ®  Arthur Blanc-Renaudie ¥~ Emmanuel Kammerer Igor Kortchemski

Abstract

In the classical model of random recursive trees, trees are recursively built by attaching new vertices
to old ones. What happens if vertices are allowed to freeze, in the sense that new vertices cannot be

attached to already frozen ones? We are interested in the impact of freezing on the height of such trees.
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Figure 1: Simulation of a tree of size 10000 built by uniform attachment with freezing, when
the number of active (i. e. non-frozen) vertices roughly evolves as a positive fraction of the
total number of vertices. Frozen vertices are blue; active vertices are red. The animation

(played with Acrobat Reader) shows the resulting process as the number of steps increases.
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1 Introduction

Random graphs are instrumental in the study of real-world networks. Uniform recursive trees (sometimes
also called uniform attachment trees) are one of such models. They are constructed recursively by start-
ing with one single vertex, and successively attaching new vertices to a previous existing vertex, chosen
uniformly at random. This model has been introduced in [31] in the context of system generation, and has
received considerable interest since, starting with graph-theoretical properties such as the height, number
of leaves, etc. (see e.g. [35] and references therein, as well as the survey [37]). Recursive trees have been
proposed as models for the spread of epidemics [30], the family trees of preserved copies of ancient or
medieval texts [32], pyramid schemes [19], internet interface maps [23] and appear in the study of Hopf
algebras [21]. Very interesting connections have been made with other probabilistic objects such as the
Bolthausen-Sznitman coalescent [20] and elephant random walks [27]. Uniform recursive trees have also
been extended in several directions, for instance by introducing deterministic weights [26] or random
weights with a random environment [10].

In the present work, we introduce and study a modification of this model by introducing freezing, in

that existing vertices can freeze and new vertices cannot be attached to frozen vertices.



Our motivation is twofold. First, in the context of real-world networks such mechanisms are nat-
ural: for instance, on the social network Twitter a user can choose to set their account to “private” which
prevents strangers from “following” them; also performing an infection-tracing of an SIR epidemics falls
within this framework (see Section 6). Second, it is natural to investigate from a mathematical point of
view the impact of freezing in dynamically-built random graph models. In particular, in a companion pa-
per [7], we investigate the regime where the number of active vertices roughly evolves as the total number
of vertices to the power «, for fixed @ € (0,1], we describe a phase transition where the macroscopic
geometry of our model drastically changes according to the value of . Let us also mention the work [5],
which considers a growth-fragmentation-isolation process on random recursive trees in the context of

contact tracing, see also [8].

Uniform attachment with freezing. Let us first define our model. In order to incorporate freezing in
the model of uniform attachment trees and to obtain results in a rather general setup, we shall fix before-
hand the steps where an attachment takes place and the steps where freezing takes place. Specifically, our
input is a deterministic sequence x = (x;);»>1 of elements of {—1, +1}. Starting from a sole active vertex, we
recursively build random trees by reading the elements of the sequence one after the other, by applying a
“freezing” step when reading —1 (which amounts to freezing an active vertex chosen uniformly at random)
and a “uniform attachment” step when reading +1 (which amounts to attaching a new vertex to an active
vertex chosen uniformly at random).

More precisely, given a sequence x = (x;)i»1 € {—1,+1}', we set So(x) := 1 and for every n > 1
n
Sp(x) =1+ in then 7(x) = inf{n > 1: S,(x) = 0}. (1)
i=1

Observe that 7(x), if it is finite, is the first time when all the vertices are frozen, so that afterwards the tree
does not evolve any more. For every 0 < n < 7(x), let 7,(x) be the random tree recursively built in this
fashion after reading the first n elements of x (see Algorithm 1in Sec. 2.1 for a precise definition and Fig. 3
for an example).

Let us comment on our choice of parametrization. It would have been possible to define the model
starting with a random sequence x, but the choice of a deterministic sequence defines a more general

model, for which our results can then be applied.

Local limits. When 7(x) = oo, the next result allows to give a meaning to T (x) as a local limit of finite

trees (see Sec. 3 for background on the local topology).

Theorem 1. Let (x"),5¢ be a sequence of elements of {—1, 1}\. Suppose that there existsx such that (x) = oo

and such that for all i > 1, x! = x; for all n large enough. Then the following assertions are equivalent:
(1) The sequence of trees (T,(x"))n>0 converges locally, in distribution.
(2) The sequence of trees (T,(x))n>0 converges locally, almost surely, towards a tree Teo(X).
(3) The sum ;54 Siz_x)]l{xi:_l} diverges.

In this case To (x) is the local limit of (T, (X™))nso0-

Examples. It is interesting to note that this model encompasses the two classical models of random

recursive trees and random uniform plane trees:



- when x; = 1 for every i > 1, then 7,(x) is a random recursive tree on n vertices built by uniform
attachment;

- when X = (X;);>1 is a sequence of non constant i.i.d. uniform random variables on {—1,+1}, then
for every n > 1, conditionally given 7(X) = n, 7,(X) is a uniform plane tree when the plane order
among the vertices of T,(X) is chosen uniformly at random.

More generally we have the following result, in which we consider the case of random sequences. In this
case we will write X in upper case rather than x to emphasize the fact that the sequence is random. And,
the law of (7,(X))n>0 given the random sequence X follows the description above where X is considered
to be fixed. In other words, we first choose X randomly, then, conditionally on X, we construct T,(X)

following Algorithm 1 where we consider the sequence X to be deterministic.

Theorem 2. Letp € [0, 1) andletX = (X;);>1 be a sequence of i.i.d random variables such thatP(X; = +1) = p
andP(X; = —1) = 1 — p. Then T(X) has the law of a Bienaymé tree with offspring distribution y given by
p(k) = (1= p)p* fork = 0.

Roughly speaking, this comes from the fact that the subtrees grafted on the initial vertex evolve in an

i.i.d. fashion.

Height of uniform attachment trees with freezing. Since we consider large trees, let us consider for
n > 1, a sequence x" € {—1,1}" such that 7(x") > n, and let T,, := T,,(x"). Also, to simplify notation, let
St = Sp(x") for 0 < k < n.

Our next main theorem is that the height of T), is of order

n

1
h:; = Z Fﬂ{xyzl}.

i=1 i

Theorem 3. The following results hold.

(1) Let U™ be an active vertex of T,, chosen uniformly at random, and denote by H(U") its height. Then for

allp > 1:
H(U™) 1»
— 1.
ht o
(2) Foralle € (0,1):
Height(7},)
Pl1—-¢< T <e+e¢ j) 1.

(3) Assume thatIn(n)/h} — 0 asn — oo. Then for all p > 1:

Height(7},) E}

+
hi —

The proof of Theorem 3 is based on an alternative construction of T,, based on time-reversal, through
a growth-coalescent process of rooted forests. This construction can be roughly described as follows (see
Algorithm 2 for a precise definition): start with a forest made of S} rooted one-vertex trees. Read success-

ively x, x”

_1s---»X]; when reading +1 add a new one-vertex tree to the forest; when reading —1, choose

successively two different forests uniformly at random, connect their roots by an edge, and root this new
tree at the root of the first forest. It turns out that, in the end, one gets a tree having the same distribution
as T" (see Theorem 8 for a precise statement). This is a generalization of the connection between ran-
dom recursive trees and Kingman’s coalescent which first appeared in [17] (see [16, Sec. 6], [35, Sec. 3], [1,

Sec. 2.2], [3] for applications), in the context of union-find data structures (which are data structures that



store a collection of disjoint sets where merging sets and finding a representative member of a set), see
e.g. [25]. The main difference is that a growth feature must be added when freezing is introduced.
We are next interested in the specific regime where roughly speaking the number of active vertices

increases linearly compared to the size of the tree.

Theorem 4. Letc € (0,1]. Let (A,)nen be a sequence of positive numbers such that A,, = o(logn) asn — oo.

Assume that
n

i
_._c
1

n

S!
=0 and  Vee (0,1), liminf min — > 0. (2)

limlimsup max
n—oo en<i<n n

o0 5,00 An<iZen

The following assertions hold.

ht c+1
(1) We have — —— ——
Inn noew 2c

(2) Foralln > 1, conditionally given Ty, let V' and V)" be independent uniform vertices of T,. Then for

everyp > 1
HOV) 1w c+1 (VL V) 1w c+1
— an _ —

Inn noeo 2 Inn noc ¢

where H(V) is the height of VI in T, and d" denotes the graph distance in T,.

, (3)

(3) We have
Height(7,) » 1+c¢
In(n) n—o  2¢ f(e),

where f(c) is the unique solution with f(c) > 1 to f(c)(Inf(c) —1) = (¢ —1)/(c+1).

Let us make some comments on these results. Roughly speaking, T, looks like a “tentacular bush”
in the sense that two typical vertices are always at the same distance of order 2h} ~ %1 - In(n), but the
total height is of order f(c) - h¥. A typical example where the assumptions (2) are satisfied is e.g. when
maxa, <i<n |S'/i — ¢| — 0. This is for instance the case when p € (1/2,1), X = (X;);> is a sequence of
iid random variables such that P(X; = +1) = p and P(X; = —1) = 1 — p, setting S!" = 5;(X), conditionally
given 7(X) > n, Theorem 4 applies almost surely with ¢ = 2p — 1 thanks to the laws of large numbers. The

reason we rather use (2) is for applications to contact-tracing in the SIR model (see Sec. 6).

20+
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Figure 2: Plot of the function (%f(c) :0<c<1).

Theorem 4 (3) gives a more precise result than Theorem 3 (2) under an additional assumption. It
generalizes the well known result that when T, is a random recursive tree (which is obtained by taking
X, = 1 for every n > 1), we have [16, Theorem 10]: Height(7,)/In(n) — e in probability (see also [3s5,
Theorem 1] for a more robust approach based on branching processes).

The proof of Theorem 4 (3) is rather delicate: the main difficulty is that the presence of freezing impedes
the direct use of branching process techniques. The alternative growth-coalescent process construction

previously mentioned lies at the heart of our proof.



Let us mention that it is possible to check that (7, /In(n)),»1 is not tight for the so-called Gromov-
Hausdorff-Prokhorov topology. However, for the topology considered in [18, 24], 7, /In(n) converges to

the so-called long dendron Y, (we use the notation of [24, Example 3.12]) with v being the Dirac mass

V= 0(ce1)/2¢-

Application to contact-tracing in a stochastic SIR dynamics. Our results may be applied to analyze
the geometry of the so-called “infection tree” of a stochastic SIR dynamics, in which the vertices are indi-
viduals and where edges connect two individuals if one has infected the other. To keep this introduction

at reasonable length, we refer to Section 6 for details and to Theorem 24 for a precise statement.

Plan of the paper. The rest of the paper is organized as follows: In Section 2, we present our alternative
construction, and describe a few of its properties. In Section 3, we show Theorem 1 and 2 about local limits.
In Sections 4 and 5, we prove respectively Theorems 3 and 4 about the height of our trees. We then apply

our results in Section 6 to a stochastic SIR dynamics. Finally, in Section 7 we give a few open problems.

Acknowledgments. We thank Christina Goldschmidt for stimulating discussions at early stages of this
work. We also thank the wonderful organization committee (Serte Donderwinkel, Christina Goldschmidt,
Remco van der Hofstad, and Joost Jorritsma) of the RandNET Summer School and Workshop on Random

Graphs, where this work was initiated.

2 Trees constructed by uniform attachment with freezing
We start by defining our model. We also provide for future use a table of notation below (Table 1).

Table 1: Table of the main notation and symbols introduced in Section 2 and used later.

N ={1,2,3,...} positive integers
I j] ={i,i+1,...,j—1,j} all integers between i and j
#A cardinality of a finite set A
X = (Xp)neN a sequence of elements of {—1,1}
Sn(X) =1+ 25 %
7(x) =inf{n > 1:S,(x) =0}
Tn(x) tree built at time n by Algorithm 1; S,,(x) is its number of active vertices
N, (x) total number of vertices in 7, (x); N,(x) = (Sp,(x) +n+1)/2 when n < 7(x)
Tn(x), I _(x),..., T (x) the forest of trees built by Algorithm 2
T (x) = J7 (x) the -output of Algorithm 2
Fn(x) ={i € [1,n] : x; = —1} the labels of frozen vertices of T"(x)
AL(x) ={ay,...,as,(x } the labels of active vertices of T7"(x)
V. (x) = F,(x) U A, (x) the labels of all vertices of T"(x)
b, (u) the birth time of u € V,(x) in the construction of 7" (x) by Algorithm 2
cn(u,0) the coalescence time between u,v € V,(x) in the construction of J7"(x) by
Algorithm 2
HE (u) the height of vertex u in J7'(x)
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Figure 3: On the left is represented the walk (S,(x))n>0 up to time n = 5 associated with
the sequence x = +1, -1, +1,+1, — . On the right, a possible realisation of the trees Ty(x)

to T5(x) given this sequence. Frozen vertices have been colored in blue.

2.1 Uniform attachment with freezing: recursive construction

Let X = (x;)i»1 € {—1,+1}"'. In what follows, we formally construct the random trees (T, (x))ns0. These
trees will be rooted, edge-labelled, and vertex-labelled. The label of an edge is the time it appears. And the

label of a vertex is either the time it freezes, or the label “a” if it is still active at time n.

Algorithm 1.
e Start with the tree Ty(x) made of a single root vertex labelled a.
e For every n > 1, if 7,,_1(x) has no vertices labelled a, then set T,,(x) = T,-1(x). Otherwise let V,, be

a random uniform active vertex of 7,,_; (x), chosen independently from the previous ones. Then:
- if x, = —1, build T, (x) from T,,_; (x) simply by replacing the label a of V;, with the label n;

- ifx, = 1, build 7,(x) from T,,_; (x) by adding an edge labelled n between V,, and a new vertex
labelled a.

For n > 0, we view T,(x) as a rooted, double-labelled tree (that is edge-labelled and vertex-labelled). If
N, (x) represents the total number of vertices of T, (x), observe that by construction N, (x) = (S,(x) +n+
1)/2for 0 < n < 7(x).

2.2 Uniform attachment with freezing: growth-coalescent construction

As before, let x = (xp)n>1 € {—1, 1}. We introduce in this section an alternative time-reversed construc-
tion of uniform attachment trees with freezing. It may be seen as a growth coalescence process of forests,
and as previously mentioned, is a generalization of the connection between random recursive trees and

Kingman’s coalescent introduced in [17]. Most of our proofs are based on this construction.

Algorithm 2. Fix 0 < n < 7(x). We construct a sequence (J7(x),J_,(x),...,F((x)) of forests of
rooted, edge-labelled, vertex-labelled, unoriented trees by induction as follows.
e Let J7;(x) be a forest made of S, (x) one-vertex trees labelled ay, .. ., as, (x)-

e Forevery 1 <i < n,if 7 (x) has been constructed, define F7" 1(x) as follows:
- ifx; = =1, I | (x) is obtained by adding to J7(x) a new one-vertex tree labelled i;

- if x; = 1, let (T3, T3) be a pair of different random trees in F7'(x) chosen uniformly at random,
independently of the previous choices; then J7' , (x) is obtained from 7' (x) by adding an edge
labelled i between the roots r(T;) and r(T3) of respectively Ty and T, and rooting the tree thus
obtained at r(T});

e Let T77(x) be the only tree of Fj (x).
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Figure 4: An illustration of Algorithm 2 with n = 5 and (xs, X4, X3, X2,%1) = (-1,1,1,—-1,1)
(this is the same sequence as in Fig. 3). For example, since x, = —1, F; is obtained from ¥}
by adding a new tree made of a vertex labeled 2. Since x4 = 1, to build F; from F; we have
chosen in 3"533 two trees (Tq, Tz) with Ty being the vertex a; and T, being the vertex az, and we
have added an edge labelled 4 between the roots r(T;) = a; and r(T;) = a; of respectively Ty
and Ty, and rooting the tree thus obtained at r(Ty) = a;.
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Figure 5: Simulation of Algorithm 2: the animation (played with Acrobat Reader) shows the
resulting process as the number of steps increases. When a new vertex appears, its color is
chosen at random. When two trees merge, the resulting tree keeps the color of the largest of

the two trees.

We shall soon see in Sec. 2.4 the equivalence between Algorithm 1 and Algorithm 2, but before that,
we introduce some important notation and consequences which will be useful in the analysis of the height

of trees built by uniform attachment with freezing.

Important convention Throughout this article, when the context is clear, we will sometimes drop the
parameter x to lighten notation: in particular, we shall write 7, S,, T, I7 instead of 7(x), S, (x), Tn(x),
TH(x), etc.

2.3 Laws of the birth and coalescence times

Let X = (X)n>1 € {—1, 1}". First, define

Fa(x)={ie[Ln]:xi=-1},  A.x)={a,....a5,0}, Va®)=Fa(x)VA.(x). (4

It is crucial to observe that while T” is a random tree, the labels of its vertices are deterministic quantities

that only depend on x: A, are the labels of the active vertices of 7" and F,, are the labels of the frozen



vertices of 7". In particular, the elements of V,, will be called vertices of T".

Next, for every u € Vp, let b,(u) be the largest i € {0,1,...,n} such that u belongs to the forest J7.
Explicitly, if u € A, is an active vertex then b, (v) = n, and if u € F,, (note that u is then an integer) then
b,(u) = u — 1 (see Fig. 4 for an example). We say that b, () is the birth time of u, since it encodes the first
time when vertex u appears in Algorithm 2. For 0 < i < b,(u), let H? (u) be the height of vertex u in F7
(that is, the graph distance between u and the root of F7).

Finally, for u,v € V,, let c,(u, v) be the largest i € {0, 1,...,n} such that u and v belong to the same
tree in the forest 7' obtained when building 7" in Algorithm 2. We say that c,(u,v) is the coalescence time
between u and v, since it encodes the first time u and v belong to the same tree in Algorithm 2 (observe
that while b, (u) is deterministic, ¢, (u, v) is random).

We now state several simple consequences, which will be useful to study the geometry of 7”.

Lemmas. Fix1<n<rtandu€V,. Foreveryl <i < b,(v):
1
B(HI,(0) = H}(0) = 115, .., 57) = 1y
1

This is clear from the definition of Algorithm 2. In particular, if (Y;);<;<, are independent Bernoulli

random variables of respective parameters (1/S;)1<;<n, we have for every u € V,,

b (1)

C))
Hiw) = ) Vil (s)

i=1

The next result identifies the law of the birth time of a vertex of 7" chosen uniformly at random.

Lemma 6. Fix1 < n < 7. Let V be an element of V,, chosen uniformly at random. For every1 < m < n,

m+1-S5,,

B(bu(V) < m) = ———".

Proof. Observe that b, (u) = nifu € A, and b,(u) = u — 1if u € F,. Also, conditionally given the fact
that V € F,, b, (V) is uniform on F,. Since #A, = S,, and #F,, = )., 1(x,-_1}, it follows by definition of

F,, that
i lx=—1y m+1-S,
S, + Z?:l ]l{xi:—l} Con+1+ S,

P(bn(V) < m) =

where for the last equality we have used the fact that Zle T(x=—1) = (k=Sk+1)/2foreveryl1 <k <n. O

The last useful result identifies the law of the coalescence times between two vertices.

Lemma 7. Fix1 < n < t and consider u,v € V,,. Then for every 0 < ¢ < b,(u) A b, (v) withxcy = 1:

1 bp (1) Ab, (v) 1
P(ch(u,0) =¢) = —— ]_l (1 - @)

(sczﬂ) i=c+2 2
s.t.x;=1

Proof. When running Algorithm 2, the factors in the product correspond to the probability that the two
vertices born at times b, (z) and b,,(v) do not coalesce until time ¢ and the factor 1/ (552“) corresponds to

the probability that the two vertices coalesce at time c. O



Table 2: Table of the main notation and symbols introduced in Section 2.4.

T (x) the tree obtained from T"(x) by relabelling all its active vertices by “a”
set of rooted trees with n vertices, such that all the n — 1 edges
Tn(A),n>1 . .
’ and n — k of the vertices are labelled in a one-to-one manner
0<k<nACN . . : :
A = 2 r—1 with the integers of A, while the other k vertices are labelled
=2n—k —
with the letter “a”
set of all trees in Ty ,,(A) such that edge-labels increase along
T (A) paths directed from the root, and all vertices labelled with an
kn integer (i.e. not “a”) have a label which is larger than the labels
of their adjacent edges
fz,n SZ,H(A) withA=[12n-k-1]

2.4 Equivalence between the two constructions

Observe that the active vertices of T, are all labelled a while the active vertices of 7" are labelled ay, . . ., as,,.
It turns out that T, is equal in law to 7" when its active vertices are all relabelled a. More precisely, let 7"
be the tree obtained from T” by relabeling its S, active vertices by a (see the right-most part of Fig. 4 for

an illustration).
Theorem 8. The two trees T,, and 97 have the same distribution.

To prove this result, we first identify the law of 7;,. We first look at the range of 7;,. Forn e N,0 < k < n
and A ¢ N with #A = 2n—k —1, let Ty , (A) be the set of rooted trees with n vertices, such that all the n—1
edges and n —k of the vertices are labelled in a one-to-one manner with the integers of A, while the other k
vertices are labelled with the letter a. We then define T} (A) to be the set of all trees in T ,(A) such that
edge-labels increase along paths directed from the root: and all vertices labelled with an integer (i.e. not
a) have a label which is larger than the labels of their adjacent edges. We set ‘Iz’n = ‘Iz,n([[l, 2n—k—1]).
Note that T}, is an element of ‘I;n’ N, for 0 < n < 7 (see the left-most tree in Fig. 7 for an example) where
N, = (S, + n+ 1)/2 is the total number of vertices in T),. In particular, ‘Zz,n is the set of all possible trees

with k active vertices and n — k frozen vertices which can be obtained by Algorithm 1.

Lemmag. Fix0<n<r7andT, € T{ . Then

1

P({‘Tn = Tn) = = -

ll_is[n Si_l

Proof. For two trees T, T’ with T € ‘ZZ . we write T ~» T’ if either T” € ‘Zz and T’ is obtained by
,n +1,n

replacing in T the label of a vertex labeled a by 2n — k, or T’ € ¥ and T’ is obtained from T by adding

k,n+1
an edge labelled by 2n — k between a new vertex labeled a and an existing a-labeled vertex.

Since T,, € ‘I‘SL ~.» observe that there is a unique sequence (T, ..., T,~1) such that T; € S;_ v, for every
0 < i < n—1and such that T; ~ T;;; for every 0 < i < n — 1. In particular,

n
P(Tp=T) =B(To.T1....T0) = (To. Tiv.... T) = [ [B(T: = TTies = Ticy).
i=1

Then observe that P(7; = T;|Ti—1 = Tj—1) = 511_,1 Indeed, T;_; has S;_; active vertices. Thus, if x; = 1, then
the probability of attaching a new vertex to a given active vertex is 1/S;_1; if x; = —1, then the probability

of freezing a given active vertex is 1/S;_;. m]
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Proof of Theorem 8. First of all, recall that by Lemma o, for every T, € T}n N, We have

1

P(Ta=T)= || —-

1<i<n i-1
Now let ‘Z’Zn be the set of all trees obtained from Tzn by labelling ay, .. ., ai their k active vertices. It is

enough to show that for every T,, € ‘E;; , We have

~ 1 1

P(:T" - Tn) - — . ©6)
Sn! 1<i<n Si-1

Indeed, since there are S,! ways to relabel by ay, .. ., ax the S, active vertices of any given tree T, € an,

this will imply that P(T, = T,,) = P(T" = T,).

To establish (6) we need to introduce some notation. Let §Z be the set of all forests of rooted, edge-
labelled and vertex-labelled trees, such that:

- Sy, vertices are labelled ay, . . ., as,,;

— all the other vertices are labelled in a one-to-one fashion by [k + Ln|Nn{1 <i<n:x; =-1};

— the edges are labelled in a one-to-one fashion by [k + L,n] N {1 <i <n:x; =1}.

In addition, the labelling satisfies the following condition: edge-labels increase along paths directed from
the roots, and all vertices labelled with an integer (i.e. not a) have a label which is larger than the labels of
their adjacent edges. Notice that forests in §Z are made of Sy trees.

Observe that the random forest J7' satisfies I} € §:‘ forevery0 < i <n. IfF; € %:’ and Fi_; € §?—1’
we write F; ~> F;_1 if F;_; is obtained from F; by either adding a new tree made of a sole vertex labeled i,
or choosing two different trees T, T, in F; and adding an edge labeled i between the roots r(T7) and r(T3)
of respectively T; and T, and rooting the tree thus obtained at r(T7).

Now, let F be the forest made of the tree T",, Observe that there is a unique sequence (F}, .. ., Fl") such
that F" € §7 for every 0 < i < n—1 and such that F]' ~ F | for every 1 < i < n. Notice that F/" is made
of S; trees. In particular,

n

P(T"=Th) = B(T Ty T0) = (P Fy o BD) = [ | B(T, = FLyI97 = ),

i=1
Then observe that if x; = —1 we have P(&";’_l =F! |97 = an) = 1 since to build 7" | from J} with probab-
ility one we add a new one-vertex tree labelled i to 7|, and since x; = —1, the forest F" | is also obtained
from F!" by adding a new one-vertex tree labelled i. I x; = 1 we have the equality P(F7 | = 7 ||F7 = F7) =
m; indeed, there are S;(S; — 1) ways of choosing a pair (T3, T3) of different trees in F}', and one of
them gives F[” | when adding an edge labeled i between the roots r(T1) and r(T3) of respectively Ty and T3,
and rooting the tree thus obtained at (7).

As a consequence,

— 1 1 1
P(‘I":Tn)zll—:_ll ,
1<i<n Si(Si=1)  Sa! 1<i<n Si-1
Xizl

where the last equality is readily checked by induction. This establishes (6) and completes the proof. O

2.5 A connection with increasing binary trees

It turns out that Ty , (A) is in bijection with increasing plane binary trees. Such a bijection is well-known
in the case k = 0 (see e.g. [25] and [16, Sec. 6]). To make this connection explicit, we need some further
notation. Forn > 1,0 < k < nand A C N with cardinality #A = 2n — k — 1 we define By ,(A) to be the

11



Table 3: Table of the main notation and symbols introduced in Section 2.5.

set of rooted binary plane trees with 2n — 1 vertices, such that
k of the leaves are labelled with the letter a and the 2n — k — 1

Bin(A) . : .
other vertices are labelled in a one-to-one manner with the
integers of A
B, (A) set of trees in By ,(A) such that the vertices have increasing labels paths
, directed from the root.
B, By (A) withA=[12n-k-1]

set of rooted binary (i.e. every vertex has either zero or two children) plane (i.e. there is an order among
the children of internal vertices) trees with 2n — 1 vertices, such that k of the leaves are labelled with the
letter a and the 2n — k — 1 other vertices are labelled in a one-to-one manner with the integers of A. We
also define B} (A) to be the set of trees in By ,(A) such that the vertices have increasing labels paths
directed from the root. We set B, =B, ([1.2n - k - 1]) (see the right of Figure 7).

We are now ready to define a function ® from |J Ty ,(A) to | Bk, (A) where the unions are over all
possible triplets (k, n, A). The definition is done by induction. If 7 is the trivial tree with one vertex then
we simply set ®(7) = 7. If 7 has at least 2 vertices, then let u be the child of the root p such that the edge
between p and u has the smallest label, denoted by ¢, among all the edges adjacent to p. Denote by 7;
the sub-tree rooted in u composed of all the descendants of u and 7, the sub-tree rooted in p composed
of all the vertices that are not in 7;. Then ®(r) is the binary tree starting with a root, labelled ¢, with two
children: the first child on the left gives birth to ®(z;) and the second one on the right gives birth to ®(z;)
(see Figure 6 and 7).

) O

T (1)

Figure 6: lllustration of the construction of the bijection ® by induction.

Proposition 10. The function ® defined above is a bijection between T and B} .
n k.n

Proof. It suffices to construct explicitly the inverse bijection ¥ of ®. We proceed by induction. For a tree ¢
with a single vertex let ¥(7) = 7. If 7 is a binary tree with at least 2 children and a root labelled ¢, let 7; be
the tree on the left and let 7, be the tree on the right of the root. Then ¥(7) is obtained by attaching the
root of ¥(ry) to the root of ¥(7;) with an edge labelled ¢. And the root of ¥(7;) becomes the root of ¥ (7).

It is a simple matter to check that ¥ is indeed the inverse bijection of ®. O

+
o,n’

As a consequence, we can identify the cardinality of ¥} , which is the set of all possible trees with 0

active vertices and n frozen vertices which can be obtained by Algorithm 1.

12



Figure 7: An example of a tree 7 € T} ; on the left and its image by the bijection ®(7) € B} 5
on the right.

Corollary 11. The cardinality of <7, is given by

4"(4" - 1)|B
#30,= 474"~ V)1Ban| 5 MBan| _ tan®"~1) (0)
: n

where By, is the n-th Bernoulli number and tan™ stands for the n-th derivative of the tangent function. This

sequence of numbers is given by OEIS Aooo0182.

3 Local limits

Let ¥ be the set of all rooted, vertex-labelled, edge-labelled, and locally finite (meaning that every vertex
has finite degree) trees. For every 7 € %, h € N let [[]], be the finite rooted vertex-labelled edge-labelled
tree obtained from 7 by keeping only the vertices at distance at most h from the root vertex together with
the edges between them, and their labels. It is standard to construct a metric dj,. on ¥ such that the space
(%, djoc) is Polish (i.e. separable and complete) and 7, — 7 for dj, if and only if for every h > 1, we have
[zn]ln = [z]l» for n large enough. Similar metrics can be defined for other families of trees (plane and

unlabelled, plane and vertex-labelled and edge-labelled) and will be also denoted by djqc.

3.1 Proof of Theorem 1

We begin by showing that conditions 2 and 3 are equivalent. Since the sequence of trees (7,(x)),>0 is
increasing, it converges almost surely for dj, if and only if, almost surely, the degree of each vertex
converges (to a finite value). First, we show that every vertex degree converges a.s. if and only if every
vertex freezes a.s. at some finite time. The converse implication is obvious (once a vertex is frozen its
degree does not change), so we only need to prove the direct implication. Set P = {n > 1 : x, = +1} and
M ={n >1:x, = —1}. Observe that

1
= +oo. (7)
2,50
Indeed, since the walk (S, (x)),>0 never touches 0 it is easy to see that n™!#(P N {1,...,n}) does not

converge to 0 (since it is at least equal to 1/2). Thus ) ,cp 1/5,(x) = > ,ep 1/(n + 1) diverges. Now fix
ny € P and denote by v the vertex that appears at time ny. Let A be the event “v never freezes”. We show that
P(A) > 0 implies that with positive probability the degree of v does not converge. To this end, for n € P,
n > ny, let E,, denote the event “the degree of v increases by one at time n”. Then, since the event E,, involves

times in P while the event A involves times in M, conditionally given A the events (E,),>1 are independent

13



andP(E,|A) = 1/S,(x). Thus, by (7) and Borel-Cantelli, P(the degree of v diverges as n — o0|A) = 1. Thus
with positive probability the degree of v does not converge.

Now, to show that (2) and (3) are equivalent, it remains to show that, almost surely, the fact that all
the vertices freeze at some point is equivalent to the divergence of the sum }},cp 1/S,(%). Fix a vertex v
appearing at time ny > 0. The probability that it never freezes is [[,em n>n, (1 —1/S:(x)) which converges
towards 0 if and only if 3}, cp 1/Sp (%) = +00.

Finally we prove that 1 is equivalent to 2 and 3. Let ¢ be a finite tree with no vertex labelled a (so they
are all frozen). If m is the biggest label of ¢ then for all & and n the event “[ T, (x) ]|, = ¢” depends only
on the first m steps of x. Therefore for all n large enough P([T,(x)]|n =t) = P([To(x") ][5 = 1). If Th(x)
converges locally to T (x), then, by 3, all the vertices of T (x) are frozen so we deduce that T, (x") also
converges locally to T (x). Now we suppose that T, (x) does not converge locally. Then there exists i
such that x; = +1 and the vertex v;, added at time i, in T,,(x) has a degree converging towards +oco with

positive probability. In other words

P(deg(v;, Tn(x)) = +0) = lim P(| J{deg(o;, Tu(x)) > m}| > 0.

n>i

Let ¢ be an increasing function such that for all k < n, x;f(")

T (x) = Tn(x?™) for all n. Therefore, for all m,

= Xx. There is an obvious coupling such that

| J{deg(0:, 7a(x)) 2 m} = | J{deg(o, Ta(x?™)) 2 m},

n>i n>i
and

lim P[| [{deg(vi, Tp(m)(x?™)) > m}| > lim P(| |{deg(v;, Tn(x?™)) > m}| > 0.

n>i n>i

We deduce that the degree of v; in Ty, (,) (x?(M) tends to co with positive probability so T, (x") can’t con-
verge locally. O

3.2 A connection with Geometric Bienaymé trees: Proof of Theorem 2

To set up the proof of Theorem 2, we need to introduce the formalism of plane trees. Let U be the set of
labels defined by
w=| Jayr
n=0

where, by convention, (N)® = {@}. In other words, an element of U is a (possibly empty) sequence
u = uy---u; of positive integers. When u = u;---u; and v = vy ---v; are elements of U, we let uo =
Uy -+ - u;vq - - - Uk be the concatenation of u and v. In particular, u@ = @u = u. Finally, a plane tree is a subset

of U satisfying the following three conditions:
(i) @er,
(ii) ifv € r and v = uj for a certain j € N, then u € ,

(iii) for every u € t, there exists an integer k,(7) > 0 such that for every j € N, uj € 7 if and only if
1< j<ky(r).

If 7 is a plane tree and u € 7 let 8,7 = {v € U : uv € 7} be the subtree of descendants of u. We finally let T

be the set of all plane trees (observe that such trees may be infinite, but are always locally finite).

14



Given a probability distribution y on Z,, the law P, of a Bienaymé tree with offspring distribution p
(sometimes known as a Galton—-Watson tree, but we prefer to use the terminology suggested in [2]) is a
probability measure on T that can be characterized by the following two properties (see e.g. [34] for more

general statements):

(i) Pulko = j) = p(j) for j € Z,,

(ii) for every j > 1 with p(j) > 0, the shifted trees 6,7, ...,0;7 are independent under the conditional
probability P, (dr|ky = j) and their conditional distribution is P,,.

The following simple result gives a characterization of Bienaymé trees with geometric offspring dis-
tribution in terms of an invariance property involving subtrees (since we have not managed to find a

reference in the literature we include the short proof for completeness).

Lemma 12. Let p € [0,1). Let T be a random plane tree such that P(ky(T) =0) = 1 — p and under
the conditional probability P(-|ky(T) > 0) the two trees 61T and T\61T are independent with conditional
distribution equal to the law of T. Then T is a Bienaymé tree with offspring distribution p given by u(k) =

(1= p)p* fork > 0.

Proof. First, for j > 1 we have P(ky(7) > j) = P(kg(T) > 0)P(kg(T\01T) = j — 1|ka(T) > 0), which
implies P(ky(T) > j) = pP(ko(T) = j — 1). Thus P(ky(T) = k) = (1 — p)p* for k > 0.

Second, we argue by induction. Take n > 1 and assume that the shifted trees 6,7, ..., 0,7 are inde-
pendent under the conditional probability P( - |k (T) = n) with conditional distribution equal to the law

of 7. Then for fi,..., fo41 = 0 measurable
E[f(617) - for1(0ne1TD) ko (T) = n+ 1] = E[f1(617)gn(T\0:17) ko (T) > 0]

with g,(7) = Liy(r)=nfo(017) - - * fos1(OnT)P(kp(T) > 0)/P(ky(T) = n+ 1). Thus, by assumption, we have
E[fi(6:17) - far1(Oni1 D ko (T) = n+ 1] = E[fi(T)]E[gn(T)]. But

P(ko(T) = n)P(ky(T) > 0)
P(ko(T) =n+ 1)

E[g.(T)] = E[f2(017) - - fa+1(0nT) ko (T) = nl,

which is equal to E[f2(017) - - - fr1(6nT) ko (T) = n] thanks to the first step. The desired result follows
from the induction hypothesis. O

For every tree 7 € T/ (A), we define 7 to be the unique element of T} obtained by shifting the labels
of 7; specifically if f : {1,...,2n — k — 1} — A denotes the unique increasing bijection, an edge/vertex is
labeled f (i) in 7 if and only if its corresponding edge/vertex is labeled i in 7 (see Figure 8).

We are now ready to establish Theorem 2.

Proof of Theorem 2. First, we claim that almost surely the sequence (7, (X)),>0 converges locally towards
a tree denoted by Teo. If p < 1/2, (S,)n>0 touches 0 almost surely at some point, so the sequence of trees
(Tn(X))n>o is almost surely stationary. If p > 1/2, conditionally on the fact that (S,),>¢ never touches 0,
this walk satisfies the condition of Theorem 1, so (7,,(X)),>0 has a local limit. We conclude that, for every
value of p € [0, 1), almost surely the sequence (7,(X)),>¢ converges locally towards a tree T.

We shall first consider T, conditioned on having at least 2 vertices (which amounts to condition on
the event {X; = +1}). Conditionally given {X; = +1}, T,(X) is composed of two trees: the tree T} (X)
representing all the descendants of the first child of the root of T,,(X), and the tree T2(X) representing all
the other vertices, including the root of 7,(X) (see Figure 8).
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The main idea is then to check that if one of the trees T} (X) or T72(X) has at least one active vertex,
then it will eventually almost surely evolve. This will show that the two trees ‘j',ll (X) or ‘j'fl (X) evolve
independently with the same transition probabilities, which in turn will entail that conditionally given
{X1 =1}, (‘j',ll (X))n>1 and (‘j',zl (X))n>1 converge locally, jointly, towards two independent trees distributed
like Tw.

Let us now make these considerations more formal. Notice that (7, (X)),>o is a Markov chain in the
state space E := J,>1 Uop<k<n ‘Z;’k starting at the trivial tree, denoted by t,, composed of a single active
vertex. Denote by « its transition matrix. The absorbing states are exactly the trees with no active vertices.
For n > 2, let I, be the random variable which is equal to 1 when S = 0 for some k < n — 1 or when the
n-th action (corresponding to the step X,,) occurs in the tree T} | (X) and 2 if it occurs in the tree T2_, (X).
More precisely, saying that X,, = —1 and Sy > 0 for all k < n — 1, is equivalent to saying that an active
vertex of T,,_1(X), chosen uniformly at random, will freeze. If this vertex is chosen in ‘3',11_1 (X), thenI, =1,
otherwise, it is chosen in 72_ (X) and I,, = 2. By convention we also set I; = 1. Denote by a(t) the number
of active vertices of a tree ¢ € E.

The previous discussion shows that, conditionally given the event {X; = 1}, (:I,ll (X), ‘I}fl (X),In) ) is

nz

a Markov chain in the state space E? X {1, 2}, starting at (t., t,, 1), with transitions given by

(x,y,0) = (x',y,1) with probability k(x,y)a(x,x")
(x,y,0) = (x,4,2) with probability (1 — k(x,y))a(y,v’).

for every x,x’,y,y’ € Eand i € {1, 2} where

a(x)

0 G a)

ifa(x)+a(y) >0 and k(x,y) := 1 otherwise.

Let x € E be a non-absorbing state (i.e. a(x) > 0). Let y € E and n > 1. We show that conditionally
given {T}(X) = x and T2(X) = y} the probability that I; = 1 for some k > n is 1. The forthcoming Lemma
13 then entails that conditionally given {X; = 1}, the trees (‘~I,1,(X))n21 and (‘~I,21(X))n21 converge locally,
jointly, towards two independent trees distributed like T.

Now, to show that conditionally given {‘j',ll (X) = x and ‘5',21 (X) = y} the probability that I = 1 for some
k > nis 1, observe that since a(x) > 0, we have Sy > 0 for every 1 < k < n. If Sy = 0 for some k > n, this
implies that both ‘I]i (X) and ‘J',% (X) have no active vertices left. So in particular, there must be an integer
n < ¢ < k such that I, = 1. Conditionally given (Sg)i>n, if Sx > 0 for all k > n, then the probability that

I, =2forallk > nis
Sk —a(x) 1 1
£ < 1-—| < 1—- — | =
[, —l_l( Sk)—l_l( kﬂ) 0

kxn kzn kzn
Therefore we can apply the forthcoming Lemma 13 and deduce that, conditionally given {X; = 1}, the
trees (‘j“,ll (X))n>1 and (‘NT,zl (X))n>1 converge locally, jointly, towards two independent trees distributed like
Teo-

To conclude, for a labelled locally finite tree 7 denote by 7 to be the plane tree obtained from 7 by
first ordering the vertices in such a way that the labels of edges connecting vertices to their children are
increasing from left to right, and second erasing all the labels (for example the vertices of the tree on the
left of Fig. 7 are ordered in such a way). By continuity of the operation 7 + 7 on the set of labelled locally
finite trees with respect to the local topology, we conclude that conditionally on the fact that T, is not a
single vertex, the two trees 5’; and Eio are independent copies of To,. Since T, has only one vertex with

probability 1 — p (this happens if and only if X; = —1), the desired result follows from Lemma 12. O
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Figure 8: lllustration of the proof of Theorem 2

Lemma 13. Let (Xy)n>0 and (Y,)n>o be two Markov chains on the countable state space E with the same
transition matrix a. Denote by A:= {x € E : a(x, x) = 1} their set of absorbing states. Letk : EX F — [0,1].
We define a Markov chain (Uy, V., I,)n>0 on the state space E* X {1, 2} with transition matrix given by, for all
xx',y,y € Eandi € {1,2}:

(x,y,0) = (x',y,1) with probability k(x,y)a(x,x")

(xy,i) = (x9,2) with probability (1 —k(x,y))a(y,y’).
Suppose that, for all (x,y,i) € (E\ A) X EX {1,2}, P(xyi)(3n > 1, I, = 1) = 1. Similarly, suppose that for
all (x,y,i) € ExX (E\ A) x{1,2}, ]P(x,y,i)(fln >1,1,=2)=1. Letng = my = 0. Forallk > 1, if the set
{n:n> ng_y and I, = 1} is non-empty, we define ny. as its minimum, otherwise we set ny = ny_,. Similarly, if
the set {m : m > my_1 and I, = 2} is non-empty, we define my as its minimum, otherwise we set my = my_1.

Then, for every (x,y) € E?, ((Unk)kzo, (mG)kzo) under Py, 1) has the same law as ((Xk)k>0, (Yi)ks0) under
Py ® Py.

Proof of Lemma 13. We show that ((Un, )o<k<r» (Vi Jo<k<s) under P(x,y,1) has the same law as
((Xk)o<k<r» (Yk)o<k<s) under Py ® P, by double induction on (r,s). If r = s = 0, the result is obvi-
ous. Suppose it is true for some pair (r,s). We show it for (r,s + 1) (the case (r + 1,s) is similar). Let
Xx=(xy,....x) €E,y = (y1,...,ys) € E° and yg4y € E. Write U = (Up)1<k<rs V = (Vi )1<k<s
X = (Xik)1<k<s» Y = (Yi)1<k<s and P := P( 41). Suppose that ys ¢ A, then m,,; > m and

P(U =x,V=y, V., = ys+1) =P(U=xV= y)P(xr,ys,l)(En >, Lh=-=L_1=11,=2 V, =ys1).
By induction hypothesis, P(U = x,V = y) = Px(X = x)P,(Y = y). Moreover
Poyysy@n 21, ==l 1 =11, =2, Vy = yss1) = P(x,,y,1) (T 2 1,1, = 2)a(Ys, Ys+1)
= a(ys, Ys+1)-
This shows the formula for (7, s + 1) in the case ys ¢ A. Now, if y; € A then

PU=xV=y, Vi, =Ys+1) =P(U=xV=y)Pr, g0y (¥m > LI, = )1y,

+P(U=x,V= y)P(xr,ys’l)(Elm > 1,1y = 2)a(ys, Yss1)
=P (X=x)Py(Y =y, Y41 = Yss1)-

s+1

This completes the proof. O
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4 The height of uniform attachment trees with freezing

We shall now study the geometry of uniform attachment trees with freezing. It will be convenient to work
with T"(x) as built using Algorithm 2. Recall Theorem 8: the only difference between T, (x) and 7" (x)
is that all the active vertices of J”(x) are labeled ay, ..., as, (x), while all the active vertices of T, (x) are
labelled a. In particular the graph structure of both trees is the same in law, so it is equivalent to establish
our main results with T, (x) replaced with T7"(x).

Also recall from (4) the definition of V,(x), which is a deterministic set representing the labels of the
vertices of 7" (x), and that by a slight abuse of notation we view elements of V, (x) as vertices of 7" (x).

An important ingredient is Bennett’s concentration inequality. Since it will be used multiple times, we

state it here, taylored for our purpose:

Proposition 14 (Bennett’s inequality). Let (Y;)1<i<n be independent Bernoulli random variables of respective

parameters (pi)1<i<n. Set mp, = ), p; and assume that m,, > 0. Then for everyt > 0:

= t = t
P(; Y; >m, + t) < exp(—mng(m—n)) and P(; Y <m, — t) < exp(—mng(m—n)),
where g(u) = (1+u) In(1+u) —u foru > 0.

4.1 Uniform bounds on the height

We keep the notation introduced before (see in particular Table 1). In particular, x = (X,)n>1 is a fixed

sequence of elements of {—1, 1}, Sy(x) := 1 and for every n > 1
Sp(x) =1+ in; 7(x) == inf{n > 1: 5,(x) = 0}. (8)
i=1

To lighten notation we will drop the x in parenthesis (e.g. we will write S, instead of S,,(x),  instead of
7(x), T" instead of T"(x), V,,(x) instead of V,, etc.) but we keep in mind that all the quantities depend on
the sequence x. We first start with an estimate concerning the height of 7" (recall its construction using

Algorithm 2 in Section 2.2).

Proposition 15. Fixn > 1 and assume that t > n. Let Height(T") denote the height of T". Then, for every
t>0,

P(Height(T") — hf > t) < exp(—h;g(hé) + ln(n))

and

t
P(Height(T") — h} < —t) < exp(—h;g(F))

where g(u) = (1 +u) In(1+u) —u foru > 0.

Proof. Fix u € V,,. From (5) if (Y;)1<;<n are independent Bernoulli random variables of respective para-

meters (1/S;)1<i<n, We have
@ br (1)
Ho(w) = Vil (=1

i=1

Thus, by a union bound over all vertices of 7" we get

i=1

= 1
P(Height(T") > hf +1t) < nP( (Yl- - S_):H‘{Xi—l} > t).
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In addition, when u € V), is an active vertex (so that b, (u) = n), using the fact that Hf (u) < Height(7}),

we get

< 1
P(Height(T") < b — t) < P(Z(Yi - S_,-)IL{"‘:” < —t).

i=1

The desired result then follows from Bennett’s inequality. O

4.2 A simple lower bound for h}

In view of Theorem 3, which tells us that h}, is the order of magnitude of Height(T™), it is useful to have

estimates on h}. We give here a simple lower bound on h}.
Lemma 16. Letn > 1. If T > n then h’ > In(n/4).

Proof. Setp, =#{1<i<n:x;=+1}andm, == #{1 <i < n:x; = —1}. Ifthere exists 1 <i < n—1such
that x; = —1 and x4 = +1, set X’ = (X1, ..., X;—1,+1, =1, Xj42, Xj43, - . .). Then it is a simple matter to check
that h} (x) > hf(x’). By iteration, it readily follows that h} (x) > h} ((+1,...,+1,—1,..., =1, Xp41, Xp42, .. .))

where +1 appears p, times and —1 appears m, times. Since 7(x) > n entails p, > n/2, it follows that

hi(x) > X0 1/(i+1) > In((pn +1)/2) > In(n/4). o
4.3 Limit theorems for the height

We are now in position to establish Theorem 3.

Proof of Theorem 3. We start with (1). Recall that for an active vertex u € A, we always have b, (u) = n.
Therefore, by (5)

n
(@)
HU™ 2 Y L my.
i=1
Using Bennett’s inequality (Proposition 14), for all ¢ > 0

e

-1
hy

> 5) < 2exp(-h} g(e)).

This upper bound goes to 0 as n tends to infinity since h}, goes to infinity by Lemma 16. We deduce that the
sequence (H(U™)/h} — 1), converges to 0 in probability. To conclude it suffices to show that it is bounded

inL? forall p > 1. Let p > 1, we have
P o H(Un)
oo A
0 n

HU"
i
Using Bennett’s inequality again and by splitting the integral in halfat u = 7, the above quantity is bounded

he
by

> u)uf"_1 du.

7P+2p/ exp(—h}, g(u))u? " du.
7

Notice that for u > 7 > €% — 1, we have g(u) > u thus

() 0 1 -
/ exp(~hy g(w))u ™ du < / exp(—h}u)u? " du = — / exp(—uw)uf ™! du.
7 7 (h})P

7ht,

By an iterated integration by parts, the last quantity is O(exp(-7h?)/h?). Therefore the boundedness in
L? follows.
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We now establish (2) and (3). Fix C > 1. By Proposition 15, for all n > 1:

P( Height(T™)

- > C) < exp(—h}, g(C — 1) +In(n)).

This upper bound goes to 0 when In(n) = o(h},) since g(C — 1) > 0. It also goes to 0 when C = e + ¢ since
g(e — 1+¢) > 1 and by Lemma 16, hf, > In(n/4). Similarly,
P( Height(T™)

= < 1—5) <exp(-hi(x)g(e)) — o.

n—oo

This completes the proof of (2). It also shows that the convergence

Height(T™) R

+
h? n—co

1

holds in probability when In(n) = o(h}). To fully show (3) we just need to prove that the sequence
(Height(T™)/h? — 1)n isbounded in L? for all p > 1 when In(n) = o(h}). It is done using the same method
as in the proof of (1) (the extra n in the upper bound won’t change the fact that it is indeed bounded in
L?). O

5 Regime with a linear amount of active vertices

We shall now investigate the regime where the number of active vertices grows roughly linearly in the
size of the trees: the main goal of this section is to establish Theorem 4. Here we assume that (2) is in
force, namely there exist ¢ € (0, 1] and a sequence (Ap)nen of positive numbers such that A, = o(logn) as

n — oo and it is assumed that

n

=0 and Ve > 0, liminf min -+ > 0.
n—oo en<isn n

Sn
——c
i

limlimsup max
>0 p 400 Ap<i<en

5.1 An asymptotic equivalent for h}

Here we show the convergence of Theorem 4 (1), namely:

ht c+1
_

n
Inn noe  2¢ ©)
To simplify notation, for all n € N and for all € > 0, set
sr
= _t
Un(f) - A:rgl?é(gn i ‘I
By (2), we know that lim sup ,,(¢) — 0 when ¢ — 0.
Lemma 17. Suppose that the assumptions (2) hold with A, — co when n — oo. Then, forallC > 1
lim lim su m Z L+e (10)
€0 n—>oopAn<a<b<sn ln(b/a) S” {X =T

aC<b

Proof of Lemma 17. We prove (10) with a double bound. First, let us start with the upper bound. Let ¢ €
(0,1)and f > 1. Forall A, <a<b < en:

b
Z Lip=ry = Z Z 1{x Ny —ﬂ{x N —ﬂ{x =1}
iZam S k=1+¢ k- 1<l<ﬁk a<i<pl Si pm<i<b Si
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where ¢ = [Ina/In f], m == [Inb/In f| and where, in all the sums over i, it is implicit that i is an integer.
LetP, ={1<i<n:x;=1}and M, :== {1 <i<n:x;=-1}. Note that forall 1 < i < j < n, we have

#Pa N [i+1LJ) —#(Mu N [i+1,j]) =87 = ST, #(Pan [i+1j]) +#(My N [i+1,j]) = j —i.

Moreover, when A, < i < j < en, we have (j — i)c — 2jn,(¢) < S;? =S < (j—1i)c+2jna(e). As aresult,

c+l,. o S ST e
G- gm0 < #Ean it = L < CR G- e, )
Therefore, for all integer 1+¢ <k <m
1 1 1
— Loy < Dy < #{T < i< X = —————
ﬁk—ggﬁk S0 ﬁk—ggﬁk i(c—mn(e)) Pt (e = na(e))
c+1 1
(5 = 5140 4 om0 ot
( BE1(e = nn(e)
c+1 1
= -1+1/A,) + n(f))— =t Un(e)
( i ey
where the third inequality comes from (11) and where we used that f5~! > ¢ > a > A,,. Thus
b _
1 p - prt—pm  _In(b/a) 2(6-1)
< Lixn=1y < (m—£)Un(e) + < Un(e) + —————~
2, iteren Flc=na(e) " Bc=mm(®) = Inf =1 (@)

i=a+1 "1

For the lower bound, the same ideas apply. Indeed, for every integer 1 + £ < k < m we have

k-1 1
ﬁk-g‘gﬁk splogen 2 AP SIS P X = @)
c+1 k-1 _ © 1
( [ =p"=2) =5 U"(E))ﬁk(cmn(s»

c+1 1 2 1 :
(55 ) gy =0

where the second inequality comes from (11) and the third one comes from % > p*! > fa > pA,. Thus

In(b/a) c+1 1 2
g O ( 5 ﬁAn)'

b
Z Sin]l{x?zl} > (m—+¢)L,(¢) > lnl(rl;;a)Ln(E) —2L,(e) =

i=a+1 "1
We end up with the following inequalities
Lu(e)  c+1 1 2 1 &1 Un(e) 2(8-1)
— 1——-— < Z n]]-{x—l}— + .
Inf clnC B PBA, ln(b/a) S Ing  (c—nu(e))InC
Notice that lim sup U, (e) — (B —1)(c +1)/(2¢c) and liminf L,(¢) — (1 —1/p)(c +1)/(2¢) when ¢ — 0.
Therefore

i=a+1 1

b
1 1 1+c¢| 1+c|f-1 c+1 1\ 2(-1)
li li —1 < -1+ 1-— :
meupumSup e e|in(b/a) Zl S T 50 = 0 | g ‘ clnC( ,/3) cInC
aC<b
Making f tend to 1 gives the result. O

Proof of Theorem 4 (1). Let (A;,)nen be a sequence of positive integers such that A, < A}, A}, = o(Inn) and

Al — oo as n — oo. Applying Lemma 17 we see that

1 1 1+c
lim lim sup|— —Lyynoqy — =0
-0 5500 Inn A'<Zi<£n Sln =1} 2c
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Since S!' > 1forall1 <i < nand A}, = o(Inn), we have

Ay, 1
Z Eﬂ{xyzl} = o(lnn).

i=1 i

Finally, for all 0 < ¢ < 1, by the second assumption of (2):

1
Z S—n]l{xl(lzl} =0(1).

en<isn 1

Combining everything gives the desired convergence (9). O

5.2 Distances between uniform vertices

Here we prove Theorem 4 (2). We keep the notation introduced in Section 2.3: for a vertex v € V,, let
bn(v) be the largest i € {0,1,...,n} such that v belongs to the forest 7 obtained when building 7" using

Algorithm 2. We first focus on H(V]") and introduce some notation. Set

bn (V") bn (V") 1
Zy = Z Yinl{xzizl} and M, = Z S—n]l{x;lzl}
i=1 i=1 i
where (Y")1<i<n are independent Bernoulli random variables of respective parameters (1/5]")1<;<n (inde-
pendent from b, (V}")). Observe that M, = E[Zn|bn(Vl")]. By (5), we have

(@

H(V) Zn. (12)

Fix p > 1. First we establish that M, /h} converges to 1 in L?. Actually, since 0 < M, < h}, almost surely
it is enough to show the convergence in probability.
Let ¢ > 0 small enough so that 5,(¢) < ¢/2 for all n large enough. Let y. > 0 such that for all n large

enough we have

Such a y, exists thanks to (2). Besides, since A, = o(Inn) = o(n), by Lemma 6 we have b,(V") > A, with
high probability. Using this, as well as the fact that h} > In(n/4) (see Lemma 16), we obtain, with high

probability as n — oo,

n n

M, 1 1 1
0<1-—=— —Lynar) < —
ht ~ hi Z [ R A

i=b, (Vln) !

1 1 )
——— t — | L=y
i:bn(Vl")(l(c - ’7”(5)) Yen

< 1 2 1 n N 1
—In .
“In(n/4) ¢ \ba(V)) " yehi

Now, fix 0 < § < 1 and take m,, = n'=92% Then by Lemma 6

0.

n n mn+1—S,'}1
P(ln|—2—| > s1m(2)] = n
(n(bn(Vl”)) g n(z)) nt1+S] now

We conclude that M, /h? converges towards 1 in probability (and therefore in L? for all p > 1). Now we

show that Z,,/M,, converges to 1 in L following the same spirit as in the proof of Theorem 3. We have
“ _(1Z
b, (V)| = Pl[= -1
4% )} p ‘/0 (‘ M,
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By Bennett’s inequality (Proposition 14)

Z
L

P("
M,

n

>u

bn(Vln)) < 2exp(=Myg(u))
where g(u) = (u+ 1) In(u + 1) — u. Since M,, is of order In n it is a simple matter to check that

EZ"
M,

n

V4 e
< ZpE[/ exp(—Mng(u))up_ldu} — 0.
0 n—oo

Since M, < h;, we deduce that

So (Z, — My)/h}, converges to 0 in L”. Since M, /h}; converges to 1in L?, Z, /h} goes to 1 as well. Finally,

using Theorem 4 (1), we conclude that Z,/Inn converges to (¢ + 1)/(2c) in LP. This proves the first

convergence of Theorem 4 (2).

So as to deduce the asymptotic behaviour of the distance between two uniform points, we next show

that two uniform random vertices coalesce near the root.

Lemma 18. Assume that the assumptions of (2) are in force. For alln >

uniform vertices of V,,. Then
c(VLVY)  p
— R —d
n n—oo

Proof. Let 0 < ¢ < 1. Leti,j < n— 1 distinct with x} , = x”

i+1 Jj+1

1, let V", V' be two independent

=-land k <iA jwithxj], =1 Denoteby

B the event “b, (V") = i and b,(V") = j” and by C the event “c,(V}*, V) = k”. By Lemma 7, it is clear that

s\ 7!
P(C|B) =P(C and ¢, (V. V;') < k|B) < P(C|c,(V]", V") < k,B) = ( k+1) )

2
Therefore
i/\j S 1 -1 Sn -
Plea(V/\V3) 2 en|B) < ) (’;1) Log,=n = Z ("”) Lo, =10+
k=[en]
And

n-1 -
Sn
(Cn(V1 Vo) > En < Z ( k+1) ﬂ{xzﬂzl}.
k=[en]

Besides, by the second hypothesis of (2), we know that

n—1 n -

Z (Sk+1) ]l{X" =1} — o(l) as n— oo,
2 k+1 n

k=[en]

hence the desired result.

The second convergence of the point (2) of Theorem 4 is then an immediate consequence of the first

convergence of the same point using a dominated convergence and Lemma 18.
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5.3 Limit theorem for the height

Here we show Theorem 4 (3). The proof of the upper bound is readily obtained by a union bound, while

the lower bound is much more delicate.

Proof of the upper bound in Theorem 4 (3). Fix n > 0. First observe that by definition of f(c) we have

c—1 2c

1+c 1+¢

g(flc)-1)=f(c)Inf(c) - fle)+1=1+

so that g(f(c) —1+mn) > 2¢/(1 + ¢). By Theorem 4 (1) we have h}, ~ (1+¢)/(2¢c)ln(n) asn — . As a
consequence, there exists 6 € (0, 1) such that h} g(f(c) —1+n) > (1 + 5)In(n) for n sufficiently large.

Hence, by Proposition 15, for n sufficiently large,
P(Height(7") > hi(f(c) + 1)) < exp(=h} g(f(c) —1+n) +Inn) < exp(-§ln(n)) — 0.
This completes the proof of the upper bound. O

It therefore remains to show the lower bound on Height(7,), which is the delicate part of the proof. Let
us explain the main idea of our approach. Since the upper-bound has been obtained by using a union-bound
over all vertices, one would hope to obtain the lower-bound from the fact that the height of the vertices
are "almost independent". However, their heights are highly correlated. To overcome this issue, we use the
so-called chaining technique and estimate by induction on k the height of the subtrees Height(T(x")).

More precisely, for every increasing sequence of integers (chain) 0 = Ry < R; < - -+ < R, = n, we have

Height(T,) = > Height(Tk,, (x")) - Height(Tg, (x")).
0<i<m
We shall choose an appropriate chain of integers (R;)o<;<m and then bound the differences appearing in
the last display. To this end, the main idea is that if R;4;/R; is close to some large constant C > 0, then
TRr,,, (x") can be approximated by a forest of independent trees attached on Tg, (x"). We then show by
induction on i that many vertices have a large height in this forest, and among them many are attached

on vertices of Tg, (x") with large height.

O NWhkUITO

012345678091011213 T

Figure 9: Illustration of the construction of 5}, with k = 7 and k" = 13. From left to right:

K

the sequence x", a realization of J7, a realization of ‘TZ, and the forest S"Z & composed of four

trees all rooted at their unique vertex labelled *.

To make this intuition rigorous we first need to define some objects. For n € Nand 0 < k < n, recall
the definition of 7! := T (x") from Algorithm 1. We denote by A} the set of all vertices in T} that were
active at time k when running Algorithm 1 (these are vertices of T}’ that are either labelled with a and have
an adjacent edge labelled by j < k, or labelled with i > k and have an adjacent edge labelled by j < k).
For0 <k <k’ <n,let ?Z,k/ be the forest obtained as follows:
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(i) Consider T}, and relabel by * all the vertices of T, belonging to A} (see Fig. 9 for an example);
(ii) then remove all the edges of T7, that belongs to T} (i.e. all the edges with labels in [1k]);

(iii) finally remove all the vertices with labels in [ 1, k.
Note that all the trees in F7,, have exactly one vertex labelled x. We will thus consider the vertices

labelled % as the roots of the trees in fr"Z e

{5} > T2}, but in distribution it is possible: if one merges uniformly at random every active vertex of T},

with one vertex labelled x from Sf,’cl e

Fig. 9). Furthermore, it will be crucial to keep in mind that that 7}' and J7,, are independent. Indeed 37,

may be constructed following Algorithm 1, independently of the steps 1 < i < k.

Observe that one cannot deterministically reconstruct T7, from

then one obtains a tree having the same distribution as 77, (see

For every 0 < k < k" < n, for every vertex v € J7  we write H!,, (v) for the height of v in the forest
3'“]';” minus its height in F7, " (where, by convention, the height of v in F7, ,1s0 if v is not in this forest).
In words, if v belongs to a certain tree 7 of T the quantity H "k (v) represents the height in Few of the
vertex associated with the root 7.

For n > 0, for every integers n, k, C € N such that ck < n/C, set

NEC) =+ € A H o) > Lm0 - )

The set of vertices involved in the definition of N}! will play an important role in our approach. Roughly
speaking, they correspond to vertices active at time C**! which are “quite far” from a vertex active at time
C*. The first main input in the proof of the lower bound of the height is the following result, which shows
that C > 0 can be chosen such that if R;1/R; is close to C > 0, then there are many active vertices with a

“large” height in the forest J; . . Its proof is deferred to Section 5.4.

i»Riv1

Lemma 19. For everyn € (0, 1), there exists an integer C > 1, there exist A > 0 and ¢ € (0, 1) such that for
every n large enough, for every k € N, with A, < C* < en/C, we have

p
P(Ng(c, n) > 4c") >1-5

For every n,k € N, with ck<n /C, let MI? be the maximal number of active vertices of a tree in the

forest J gk’ cks1- The second main input in the proof of the lower bound of the height is the following resuilt,

which shows that the this quantity cannot be too large. Its proof is deferred to Section 5.4.

Lemma 20. For every n large enough, for every k € N, with A, < C* < n/C,

n 1
P(Mk > k3) < ﬁ

Let us now explain how the lower bound for the height follows from Lemmas 19 and 20.

Proof of the lower-bound for Theorem 4 (3). Fix n € (0,1) and take C > 1,41 > 0,¢ € (0,1) such that the
conclusion of Lemma 19 holds and write N;! instead of N;'(C,n) to simplify notation. For all integers
n, k € N such that A, < CF < n/C, set

—n 1
NI = #{z) €Al Vee[Lk-1]st A, <C,  HE (o) > % In(C)(f(c) - q)}. (13)

We shall show that with probability tending to 1 as n — oo, if k is the largest integer such that C* < en/C,
then NZ > 1. Indeed, the fact that NZ > 1 implies that there exists a vertex o € A7, and vertices v; € A,
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for every i € |1,k — 1] such that A, < C’, v; is an ancestor of v;;; and d"(v;, v;41) > 1+c “In(C)(f(c) = n).
Thus the height of vy in T" is at least

{ln(n) ln(g/C)J Fn(An)
( n(C) () | | (0

D L) (f@-m  ~ . )= -

Since n € (0, 1) was chosen arbitrary, this will imply the desired result.
The main step of the proof is to establish that for every k € N with A, < CF < en/C we have

Ny > zk) = o(i), (14)

P(NZH < 2k v

where here, and in the rest of the proof, the O is uniformin A, < Ck < en /C . This means that there exists a
constant A > 0 such that the term O(1/k?) can be bounded from above by A/k? for every A, < CK < ¢n/C

and n large enough. Indeed, we will then have

P(Elk with A, < C* < en/C and N < zk) < P(N,fn < zkn) + O(Z %)
k=k,

with k, = [In(A,)/In(C)]. By Lemma 19 the first term of the sum tends to 0. This implies that with
probability tending to 1 as n — oo, for every integer k such that A, < C* < ¢n/C, we have NZ > 2k,
A fortiori, with probability tending to 1 as n — oo, k is the largest integer such that C* < en/C, when
Nz > 1, which will complete the proof.

It thus remains to establish (14). Note that the random variable NZ is T, measurable, and so is inde-
pendent of the random variables N}' and M}’ which are J7. measurable. As a consequence, we get for

Ck Ck+1
every k € N with A, < C* < en/C:

P(Nz o < 2k

Ny > 2") < IP(N]? < 4Ck) +P(M" > k3) +P(NZ+1 < 2K NP > ack, M < k3|ﬁz > 2’“)
<o(& ) + o( )+]P’(Nk+1 2N 2 ack My < KNG 2 2¢), ()

where we have used Lemmas 19 and 20.
To bound the third term, we shall estimate NZ by induction on k by using a second moment technique.
To this end, we recall that one may reconstruct a tree with the same distribution as T by merging

With this in

Ck+1’
uniformly at random each active vertex from T" with one vertex labelled * from F”

Ck Ck+1°
mind, it follows that .
— N N
n k' Ve
E[Nkﬂ (‘Tgbgjgk,ckﬂ] = (16)
Cck
where we recall that S" = Sck (x™) represents the number of active vertices of T ”
Next, denote by A Ok Cke the set of all active vertices of the forest .’fgk ket For v € Agk ok let (o)
be the event defined by
n ¢ n 1+c¢
El(v) =Vt e[1,k-1] st A, <C, Hpy con (0) > 2—cln(C)(f(c) -n)t.
Note that for all v,0" € Ack ck+1’ conditionally on T7, and 7, Ck cr» the events Ep (v) and Ef (o) are

negatively correlated unless v, 0" are in the same tree in F” Indeed, on the one hand, if the trees of

Ck Ck+1°
F Pk crn containing v and o” are different, then when we attach the tree containing v to an active vertex
w € AZ, such that the event E}(w) happens then the tree containing o” will have less chance to be
attached to a vertex w’ in Agk such that the event E}'(w’) occurs, and vice versa. On the other hand,

if v and ¢’ are in the same tree and if we have the inequalities Hgk’ck+1(v) > 1+C =~ In(C)(f(c) — n) and
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H gk, ket (v") > 1+c = In(C)(f(c) —n), if we denote by w the (random) active vertex of ‘J‘gk on which this tree

is attached, then the events E! (v) and E}_, (") occur if and only if the event E}'(w) occurs. As a result,

writing P and E for the conditional probability and expectation conditionally given T k and & Ck cren> W
get
— [—n _ —
Var[Nk+1] = Var Z lgr (0| = Z Cov(Lgr, (o) Len (o))
VEAL cha 0 €AL L cent
_ N N"
k
sy YL B(EL, @) = M ot (1)
veA”, L ck
Cck,Cck+

Then, by (16) under the event {ﬁz > 2k N,? > 4Ck, M]’: < kS} (which is measurable with respect to T

we have:

n
Ck’ EF Cck Ck+1)

and by (17) we have

A | —=n J—
var[NkH] M]?NZN]?/SZ,{ 4MS™ 4k3ck ( 1 )
<4 < < =

=[N k ~(—n 1"' —n k Ck
IP)(]Vkﬂ <2 +1) < IP)(vaﬂ < EE[NkH]) <4 ——m 12 — _a 2 ﬁ .
E[Nkﬂ] (NkN;?/Sgk)

= nNn o = okck
Nka 2¢C
As a consequence,

P(Niy < 2541, Np 2 ack, mp < k3|Nk > 2") = ]E[P(Nk+1 <2 Ly sy

Np > 2"] O(kz)’

and (14) follows from (15). This completes the proof. O

5.4 Proof of Lemmas 19 and 20

We keep the notation introduced in Section 5.3. The following estimate is the first step for the proof of

Lemma 19.

Lemma 21. For everyn € (0,1), there exists an integer C > 1 and ¢ € (0, 1) such that for every n large
enough for every k € N, with A, < C* < en/C, we have

E[N{(C.m)] > 5C*.

Proof of Lemma 21. Recall that g(x) = (1+x)In(1+x)—x.Set§ =1- ﬁ -g(f(c) —1—n), which belongs
to (0, 1) since g(f(c) —1-17) < (2¢)/(1+¢), and then choose an integer C > 1 large enough such that

6 1+
o (C)4 exp(—(1-9)1In(C)) > e and In(C) > Yc(f(c) - ). (18)
It remains to check that this value of C satisfies the desired conclusion. By Lemma 5 for every v € A%,
(@)
Hgk,ckﬂ (0) = Z Y,
Ck<i<Ck+1

where (Y{")1<i<n are independent Bernoulli random variables of respective parameters (1/5; Lyn=1)1<i<n-

Lemma 17 yields

1 1+c¢
limlimsup max Z < Lyn=1 — In(C) — 0.
70 oo AnsCrsen o S S noe
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Hence, by [6, Theorem 1], we have

1

+c
” ln(C))) =0,

limlimsup max drv|{H o (0), Poi
=0 p 00 AnSCkSe?n ’

where Poi(A) denotes a Poisson random variable with parameter A and dyy stands for the total variation

distance. As a consequence, setting

1

P(C) = P(ipoi(ﬂ ln(C)) > L In(0)(f(e) - 77)),
2c 2c
we have

limlimsup max
20y 00 A,<Ck<en

B8 s 0 > 5 (@0 - ) - PO =0 09

Then, for A > 2 and t > 1, using the bound [u]! < u®(u/e)* for u > 2, observe that

[A]
P(Poi(d) > At) > Y

> e—lﬂf(i)“L = e—lg(t—l)L
[AL]!

At) (At)3 (At)*’

Taking into account our choice of C (see (18)), it follows that

1 1+c 6
P(C) 2 —— ———In(C -1- > —.
© 2 exp( £ I(C)g(f (0 n)) ” (20)
Then observe that by linearity we have
n n n 1+¢
E[Nk] = #‘AckHP Hck’ckﬂ (U) > 2_C ln(c) (f(C) - ’7) .
But |#A2k+l/(cck+1) -1 = |SZkH/(CCk+1) — 1| < nu(e)/c for CH*' < en, where we recall that
n
— _t _
Un(f) a A,llg?é{sn i I
The desired result follows by using (19) and (20). O
Observe that by (2) we may choose ¢ such that € € (0, &] with & such that
n c n
limsup max |[— —¢|< = and liminf min —+ >0,
n—oco An<i<en| I 2 n—oo gn<si<n N
which implies the existence of a constant ¢y > 0 such that:
for every n sufficiently large, forevery1 <i < n, coi < S <i+1, (21)

where the upper bound comes from the fact that x}' < 1.

We are now ready to prove Lemma 19.

Proof of Lemma 19. Fix n € (0,1). Consider C > 1 given by Lemma 21. Take ¢ € (0, 1) small enough such
that the conclusion of Lemma 21 holds. The main idea of the proof is to show that for some fixed 1 > 0 we
have uniformly for every k € N with A, < C* < en/C

Var(NZ(C,n)) < ACF. (22)
Indeed, it will then directly follow from Lemma 21 and Bienaymé-Chebyshev’s inequality that

P(N,g(c,q) < 4c’<) < P(|N,g(c,q) —E[N"(C, ]| > ck) < Var(N"(C, ))/C% < 1/CF.
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We shall show that
E[(NF(Cm)?] < (E[NZ(Cm])* +0(Ch). (23)

This indeed implies (22). Observe that by definition of N(C, n), setting t = L In(C)(f(c) — ), we have

2c

NZ(Cp) = Z Lan | (>t

- ck ck+1
UE‘AckH
Note from Algorithm 2, that for every v, w € A%, withv # w
(d)
(Hg‘k’ckﬂ (U) > Hgk)ckﬂ (W)) = Z Yln 5 Z Zln
Ck<i§Ck+1 Ck<i£Ck+1

where (Z}')1<i<n are independent Bernoulli random variables of respective parameters (1/S; Lxn=1)1<i<n-
The problem is that (Z')1<;<, and (Y")1<i<n are not independent. The idea is to say that, conditionally
on the fact that v and w do not coalesce (i.e they do not belong to the same tree) before time Ck*1. then,

when the height of v goes up by 1 in the coalescence process, the height of w doesn’t change and vice

n

versa. Therefore their heights are negatively correlated. One can see that for all o, w € A ket

P(Hgk,ckﬂ (0) > t and HY 1y (w) > t)

< P(Ck < cp(o,w) < Ck+1) +P(cn(v, w) < CF and Hpy i () >t and Hpy i (W) > t). (24)

The first probability of (24) is bounded from above as follows:

P(Ck < cn(o,w) < Ck+1) =1- l_[ (1 - lx?zlﬁ) < 1-exp Z ln(l - (Sln)

Ck<i<Ck+1 2 Ck<i<Ck+1 2

) =o(§), (25)

where the last equality comes from (2) and where the O(1/C¥) is uniform in v, w and in n > Ck*1,

We then focus on the event involved in the second probability of (24). One can write
Hgk’ckﬂ (U) = Z Yin;
Ck<i<Ck+

where (Y")1<i<n are independent Bernoulli random variables of respective parameters (1/S]' Lyn=1)1<i<n-
Moreover, we note that if we know that Y;" = 1 and that ¢, (v,w) < i—1, then it implies that there is no

coalescence with the tree containing w. More precisely, one can write
n _ n
Hck’ckﬂ (W) - Z Zi .
Ck<i<Ck+1
with
n n n
Zi =Y Lo, (ow)=i + & L, (0w)<i and v/'=05

where the &’s are independent Bernoulli r.v. of parameter (1/(S}" — 1)) 1y»=; respectively and are taken
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independently from the Y/*’s. As a result, the second probability in (24) is bounded from above by

Plaa(mw) <C5, > ¥'>t and ) 2>t

Cck <iSCk+1 Ck<i§Ck+1

=P|cn(v, w) < CF, Z Y">1t and Z &' lynzg >t

Ck<i<Ck+1 Ck<i<Ck+l

<Pl >, YW>tand Y gt

Ck<i<Ck+l Ck<i<Ck+
2
— n n n
=P Z Y'>t|P Z E>t|<P Z E>t]. (26)
Ck<i<Ck+l Ck<ij<Ck+1 Ck<i<Ck+l

Now, thanks to the fact that 1/S? < 1/(S]' — 1), one can define some random variables ?l.”’s fori > 1 such
that for all i > 1, we have z" < &' and (?in)ia is a family of independent Bernoulli random variables of

parameter (1/S}") 1x»=;, having thus the same law as (Y}");>1. It follows that

YT - ISR AN ES I YN T S 43 B3 D SR (S O R

Ck<i<Ckt1 Ck<i<Ck+ Ck<i<Ck+1 Ck<i<Ck+l Ck<i<Ck+
Thus
P &> t|-P Y'>t|<E (e -yYm| = _ 1 g.-ol&
i i = i i/~ sn(sm —1) xx=1= ck )
Ck<i§Ck+1 Ck<i§Ck+1 Ck<iSCk+1 Ck<iSCk+1 1 1

where the O(1/C¥) is uniform in n > C**!. By combining this estimate with (24) and (26), we conclude
that

2 1
P(HSKCM (v) > t and HY i (w) > t) < P(Hgk,ckﬂ (0) > t) + o(ﬁ)

Therefore

E[(NF(C.m)*]

Z P(Hgk,ckﬂ (0) > t) + Z P(Hgk,ckﬂ (v) >t and Hgk,ckﬂ(w) > t)
veAZkH uqtveAZkH

2

1
#A L P Z >t + O(CTC) (27)

Ck<i<Ck+l

where we have used the inequalities N/ (C, ) < #A7,,, < C**1 4 1. This implies (22) and completes the
proof. O

To establish Lemma 20 and bound M;! we use the following estimate on Polya urns, which may be

shown by following verbatim the proof of Lemma A.1 from [9].

Lemma 22. Fix an integer zo > 0 and set Uy = 1. Let (zp)n>1 € {~1,1}", set Z, = Diimo zi. Assume that
Zy >0 foreveryn > 1and Y 1/Z2 < 0. Let (U,)n>1 be a sequence of random non-negative integers such

that for everyn > 0,

U Z, - U,
P(Un+1 = Up + 2p1|Up) = = 5 P(Unt1 = UnlUp) = - =
Zn Zn
Almost surely for everyt > 0
U 1 1 t?/4)(1
P(sup L S t—) < 2exp(— > (/4 {1/20) > )
i>1|Zi 2o 20 Yons1 1/ZE + tmax(Y,5q 1/Z2 max,s1 1/Z,)
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Proof of Lemma 20. We apply Lemma 22 with t = k?, zy = Stir 2i = X3y, for 1 < i < k1 — ck and

zi = 1foralli > C*!' — CF, and U; being the number of active vertices in a given tree of Flk chys -
Thus, writing X for the number of active vertices of a given tree of the forest J7 writing &, =

Ck,Ck+1’
2C<n<CkH 1/(51’.1)2 + 21 1/(52,(+1 +7)?, and €p = MaXck <ok 1/S],

(k*/4) /5%, )

87+ k2 max(S7, €]

IP’(X;C/SZk+l > (1 +k2)/SZk) < ZeXp(

And by (21), as k,n — co with A,, < C¥ < n/C, we have Stwe < Ck+1, 1/Sgk =0(1/Ch), e = 0(1/C*) and
o = O(1/Ck), thus for every k large enough,

P(Xi > k%) < 27100,

Then, since there are at most S, = O(CF) trees in F 2k crn» for n large enough, for every k € N, with
A, < Ck <n/C,
P(M} > K°) < SP2e7F /00 < q/k2, o

6 Application: contact-tracing in a stochastic SIR dynamics

Our results can be applied to study the so-called “infection tree” of a stochastic SIR dynamics, which
is a classical model for the evolution of epidemics (for background on stochastic epidemic models, see
[4, 12]). We assume that initially there is 1 infectious individual (that has just become infected) and n
susceptible individuals. The infectious periods of different infectives are i.i.d distributed according to an
exponential random variable of parameter 1. During her infectious period an infective makes contacts
with a given individual at the time points of a time homogeneous Poisson process with intensity A,. If
a contacted individual is still susceptible, then she becomes infectious and is immediately able to infect
other individuals. An individual is considered “removed” once her infectious period has terminated, and
is then immune to new infections, playing no further part in the epidemic spread. The epidemic ceases
as soon as there are no more infectious individuals present in the population. All Poisson processes are
assumed to be independent of each other; they are also independent of the infectious periods.

We call a “step” an event where either a susceptible individuals becomes infective, or where an infec-
tious period terminates. Denote by 7, the number of steps made when the epidemic ceases. For 0 < k < 7y,
let T}’ be the infection tree after k steps, in which the vertices are individuals and where edges correspond
between two individuals if one has infected the other. We are interested in the evolution of the associated
“infection tree” (Tl’c’)ogksfn, as well as in the shape of the full infection tree 77 when the epidemic ceases.

Let (H}, I)k>0 be a Markov chain with initial state (Hy, If') = (n, 1) and transition probabilities given
by
(H! = 1,I +1) with probability %

(HI’:H’II’:H) = ok
(HLI - 1) with probability W
with {(k,0) : 0 < k < n} as absorbing states. Observe that evolution of the number of susceptible
individuals and the number of infectious individuals in the infection tree evolves according to this Markov
chain. Then define the random sequence X" = (XI')i<;<., of £1 as follows: let 7, be the absorption time
of the Markov chain, and for 1 < i < 7, set X! =I" — I |.

4

Then by construction, it is clear that:

(d)
(To<k<r, =  (Te(X™))o<k<r,-
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To simplify notation, let 7" = J7 be the full infection tree when the epidemic ceases. We also identify

the random variables in the above equality in distribution.
Theorem 23. The following assertions hold.

(1) Assume that A, ~ A/n for some A > 0. Then T" converges in distribution locally towards a Bienaymé
tree with offspring distribution G(1/(1 + 1)).

(2) Assume that A, > 1/n. Then T" is not tight for the topology of the local convergence.

Proof. Let us first assume A, ~ A/nasn — oo for some A > 0. To prove the local convergence in
distribution of 7" towards a Bienaymé tree, it is enough by Theorem 1 and Theorem 2 to prove that (I)x>o
converges in distribution for the product topology towards the random walk (Sg )0 such that Sg41—Sk =1
with probability A/(1 + 1) and Sg4+; — Sk = —1 with probability 1/(1 + A4). Indeed, the local convergence of
Tn(X") implies the local convergence of T7”. So as to achieve this, one can first see that since H;' < n for

all k > 0, we have
/InH]? n/ln A
< S —
1+/1an 1+nk, noo 142

But we also have L
inf Tk > An(n = ) — L
k<yn 1+ AnHIZ’ 1+nl, noeo 1+

For all kg > 0, one can thus build a coupling between (I}!)o<k<k, and (Sk)o<k<k, such that the two walks
coincide w.h.p. until time ky as n — oco. This concludes the proof of the local limit result.

For (2), the absence of local limit for 7" stems from Theorem 1and from the fact that (I}')x>o converges
in distribution with respect to the product topology towards (k + 1)k»¢ since for all fixed k > 0, the
transition probability A,H]’ /(1 + A,H}!) converges to 1 as n — co. ]

Theorem 24. The following assertions hold.

(1) Assume that A, ~ A/n for some A > 1. Let A be the event of survival of a Bienaymé process with
offspring distribution G(1/(1 + 1)).

(a) The convergence

Im 4
( L:J ) n(—>lo (max(2 - 29(t) = £,0)14) 5, (28)
20

holds in distribution for the topology of uniform convergence on compact sets, where g is the
solution of the ordinary differential equation g’ (t) = —Ag(t)/(1 + Ag(t)) with g(0) = 1.

(b) Foralln > 1, conditionally given 7", let V" and V' be independent uniform vertices of T". Then

HV?) @ A a"(Vh, V') 21
— —1 d _ — —1
ln n n—oo /1 -1 A an ln n n—oo A -1 A (29)

where H(V}") is the height of V" in T" and d" denotes the graph distance in T".
(2) Assume that A, > 1/n.

(a) The convergence

In
P .
(M) —> (min(t,2 = Dosrer, (30)
0<t<2

holds in probability for the topology of uniform convergence.

32



10000 100000

8000 80000
6000 60000

4000 40000

2000 [ 20000
o //—1\ y ! ! Y o

0 2000 4000 6000 8000 10000 12000 14000 16000 0 25000 50000 75000 100000125000150000175000200000

Figure 10: Left: simulation of (H",I"*) for A, = 2/n and n = 10000 (H" in blue and I" in red).
Centre: the corresponding fluid limit. Right: simulation of (H", I") for A, = 2 and n = 100000.

(b) We have
H(V! ar(v v, Height(T"
(Vi) K 1, —( 2) E) 2 and Jelen ) ) & e. (31)
Inn n-ow Inn n—oo In(n) n—soo

We observe that the solution g of the differential equation can be expressed using the Lambert W

function.

Remark 25. It would be very interesting to obtain a limit theorem for Height(7™) in the setting of Theorem
24 (1) (b). This requires more work, because the behavior of the number of infected/active vertices near

the extinction time 7, should give a non-negligible contribution to the height.

Proof of Theorem 24. For (1) (a), we assume A > 1 and we determine the fluid limit of the chain (H", I"). Let
(H",T") be a Markov chain which has the same initial conditions as (H", I") and the same transition prob-
abilities but which is not stopped when I” reaches zero. We check that (28) holds using the classical theory
of fluid limits of Markov chains (see e.g. [28] or [15]), and more precisely a combination of Gronwall’s
inequality with Doob’s maximal inequality.

We claim that it is enough to show that

(HfmJ

) = (GO0 (32)
n >0 n—oo

uniformly on compacts. Indeed, it is easy to see that T;f = 2(n — ﬁ,’f) — k + 1 so that (32) entails the

convergence

In

P

(M) 2 (@ 29(0) = 1) (33)
t>0

uniformly on compacts. Let us check that this implies (28). Since t — 2 — 2¢g(t) — t is concave, starts
from zero at time zero, stays positive and then goes below zero, it is thus enough to identify the limit of
the probability that the chain I" reaches zero before time en as n — oo and ¢ — 0 as the probability of
extinction of a §(1/(1+ 1))-Bienaymé process. To this end, for all € > 0, for n large enough, for all k < ¢n,

since n > H' > (1 - ¢)n we have

nin An ﬁ ]? ni, A
< <

A
— =< (1- < — < < + €.
e=( g)1+nﬂtn 1+ A, H! 1+nd, ~ 1447 ¢

1+A

Thus, one can couple (I", H") until time en with two simple random walks (?2);(20 and (Y7 )k>o starting

from one such that

—e A A
P(Y1:1)2m+8 and P(Zizl):m—é‘
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so that for all n large enough, for all k < en,
Yi<IP <Y (34)

Since the probabilities that the random walks Y* and Y starting from 1 reach the negative integers con-
verge both as ¢ — 0 to the probability of extinction of a §(1/(1+ 1))-Bienaymé process, we get the desired
result.

It remains to check (32). This is a rather direct application of Lemma 6.5 in [14] (which remains clearly
true if we add a superscript n to all the objects). More precisely, lett > 0, forallk > 0let X}* = ﬁ,’; —ng(k/n)
and let (F})k >0 be the natural filtration associated with X". This lemma states that if there exists a constant
C > O such thatforalln > 1, forall 0 < k < nt,

IE(X;

C
el —X;!S"Z” < ;(1 + sup |[X7|) a.s. and E((X]Z'+1 —X,?)2) <C, (35)

0<j<nt

then sup,_;.,,; [X{|/n — 0 in probability as n — oo, hence (32).

To show (35), we first compute

AH" /n k+1 k

n n|an k

E(Xkﬂ _Xk|?k) = _—1 +Aﬁ”/n - ”(9( " ) —9(;))-
k

Thus, using Taylor at order 2 and using the definition of g one gets that
Mn  2gleim) |\ C
= k
1+AH!/n  1+Ag(k/n)

=

k+1 n

E( n X[+

for some constant C > 0. Moreover, the function x — x/(1 + x) is 1-Lipschitz on [0, o). Thus, the first
inequality of (35) is satisfied. The second one is clearly satisfied since ﬁgﬂ -H © € {0,—1} and since g is
differentiable, hence (32).

We now turn to (1) (b). We essentially apply Theorem 4 with ¢ = (A - 1)/(A+ 1) and A, = loglogn.
However, the rub is that the fluid limit reaches zero so that we can not apply it directly. To overcome this
issue, let ty > 0 be the unique positive time at which 2 — 2g(#y) — o = 0. We shall check that we are in
position to apply Theorem 4 to the subtree T (;,—¢)n)(X"). This will indeed enable us to conclude since if

V" and V,! are two independent uniform random vertices of 7", then by Lemma 6,

P(by (V") < (to — e)n) =P(by (Vy') < (tg—e)n) 21 —e+0(1) asn — oo,

To check that Theorem 4 applies to the subtree T| (1), |(X") withc = (1 -1)/(A+1) and A, = loglogn,

it remains to show that for all € > 0, there exists > 0 such that on the event “I]’: > 0 for all k < en”,

LoA-1

T 1+l <e+o(1)

max
loglogn<k<én

in probability as n — oo. In turn, it is enough to prove that for every ¢ > 0 we have

'fn
max L <e+o0(1)
loglogn<k<en| k

in probability as n — oco. This follows by combining the coupling (34) with the law of large numbers.

We now turn to (2) (a) and assume A, > 1/n. Let us first establish that if § > 0, then

IF’”J P I]’: .
- — (t)o<s<1 and sup *_q 5 o, (36)
4 0<t<1 e loglogn<k<(1-8)n k n—oo
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where the first convergence holds for the topology of the uniform convergence. Let § > 0. Note that for

all k < (1 - 6)n we have HIZ > On. As a result, for all ¢ > 0, for n large enough, for all k < (1 - d)n.

AnH}?
l1-¢e< ——<
1+/1an

One can thus obtain (36) by coupling [} with a simple random walk (whose step is +1 with probability
1-¢).

We now explain why (36) implies (30). By (36), H); = o(n) with high probability, so that after time n
there are o(n) remaining steps of +1 for I" and all the other steps are —1. Hence, for the topology of the

uniform convergence,

n n—oo

I P
(M) — (2 t)i<t<2,
1<t<2

and this concludes the proof of (30).

We finally turn to (2) (b). As in the proof of (1) (a), the first two convergences of (31) are proved by
applying Theorem 4 to the tree T| (2_)n)(X") for some £ > 0 small enough. The last convergence of (2)
(b) is more delicate. The idea is to apply Theorem 4 to the tree T,(X") and then to show that the vertices
added between times n and 7;, in a first approximation, do not affect the height.

More precisely, by Theorem 4 the height of T,(X") divided by In n converges in probability towards e.
To understand how the height of T” behaves compared to 7,(X") we need to estimate the quantity

Indeed, as we have already seen multiple times, roughly speaking this quantity represents “the height”
added between times n and . Define X! = X", and S" =I"  =X7"+..-+X" forall 0 < i < 7. Then

In a similar way that we have proved that (I!")o<;< satisfies the assumptions (2) with high probability, one
shows that (S?)OSKT;—n also satisfies those assumptions with high probability. Therefore, one could easily
adapt the convergence of Theorem 4 (1) to show that that h” divided by In n converges to 0 in probability
(indeed, if in Theorem 4 we look at h;, instead of h};, where h;, consists of the sum over the —1 steps instead
of the +1 steps, then, we have that h,, divided by In n converges to (1 — ¢)/(2c)). It remains to show how
it implies that Height(T") = Height(7,(X")) + o(lnn). To do so we will use, once again, the coalescence
construction and Bennett’s inequality. By Algorithm 2, conditionally on 7;, and (I7*)<i<r,, the height of
any new vertex added between time n and 7}, is stochastically dominated by Height(7,,(X")) + Zfi; 'y,
where (Y")n<i<z,—1 are ii.d Bernoulli random variables of respective parameters (1 /I{’H{X?:H)ngigm_l.

Using Bennett’s inequality and a union bound we obtain that, for all ¢ > 0

P(Height(7") — Height(T,(X")) > h" + elnn) < nexp(_hng(etr;n))

where g(u) = (u+ 1) In(u+1) —u ~ ulnu as u — +oo. Since h” = o(Inn) it is a simple matter to check

that the above upper bound goes to 0 when n goes to oo and thus Height(7™) is of order eInn. O
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7 Perspectives and extensions

We mention here some perspectives for future research in the direction of studying the impact of freezing

in random graph models.
(1) What is the number of ends of To,?

(2) It would be interesting to study the evolution of the sizes of the trees in the forests obtained by

Algorithm 2 (in the particular case where x,, = 1 for every n > 1 this corresponds to Kingman’s
coalescent), as well as the evolution of degree vertices (in the particular case where x,, = 1 for every

n > 1 there are nice connections with Pélya urns).

(3) Is the height of T, stochastically maximized when x;x = 1 for every 1 < k < n.

(4) A natural question is to obtain a limit theorem for the height of the epidemic tree 7" in the setting

of Theorem 24 (1) (b) (see Remark 25).

(5) It would be very interesting to extend our results to other attachment mechanisms, such as prefer-

ential attachment, where new vertices attach to existing vertices proportional to their degree.

(6) Similarly one may wonder what happens when the frozen vertices are not chosen uniformly, notably

when vertices with high degrees are more or less likely to freeze.

(7) An important question arising in the context of growing real-world networks or in the context of

infection tracing is how to find the root, or patient zero [36]. This is a very active area of research,
sometimes called network archeology [33]. Such questions have been for instance considered for

uniform attachment and preferential attachment trees [22, 13, 29], as well as Bienaymé trees [11].
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