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Abstract: We present an electromagnetic model for photo-induced thermal radiation in multi-
layer interference filters subjected to arbitrary pulsed illumination with limited beam size.
Numerical calculation is used to analyze various structures affecting thermal radiation, such as
multi-dielectric mirrors in the mid-infrared range. Other zero-admittance structures are shown to
strongly confine and enhance the thermal radiation with an emissivity close to unity at pre-defined
frequencies (wavelength and angles). Calculation tools are chosen that encourage the use of
techniques for synthesizing thin-film multilayers able to control thermal radiation.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Optical interference filters are used in most areas of modern optics, because they allow to modify
the parameters governing the propagation and transport of light in high-precision optical systems:
reflection, transmission, absorption, phase and polarization, pulse duration, and so on [1–4].
These optical properties are thus controlled as a function of wavelength, angle of incidence
and polarization. For example, today we synthesize and manufacture a multitude of optical
functions such as anti-reflectors, polarizers and beam splitters, dichroic filters, mirrors and
narrow-band filters, multi-pic filters, high and low pass filters, inverse filters, chirped filters
and others. Synthesis (or design, or inverse problem) techniques have progressed considerably
from a mathematical and algorithmic point of view, to the point where one can now synthesize
any arbitrary optical (intensity) function with a multilayer. At the same time, manufacturing
technologies have evolved considerably, so that one can now produce filters with several hundred
thin layers of different materials, each layer ranging in thickness from a few nm to several hundred
nm. Certain questions naturally remain open, such as (among others) phase and broad-band
properties, large pieces and micro-substrates, and non-optical properties.

For flagship applications such as the detection of gravitational waves [5,6], or mirrors for
gyro-lasers, and space optics, a current challenge is to break the ppm barrier, i.e. to ensure
that total losses by absorption and scattering are less than 1 millionth of the incident flux. This
state of the art has not yet been achieved, despite the low imaginary indices (a few 10−6) and
low roughness (a fraction of a nm) in multilayer components. It should be noted that these
losses are also directly linked to the laser flux resistance of the components, depending on
the illumination regime [7]. It is in this last context of very low optical losses that this work
has been carried out. At the level of precision required, we need to analyze the details of the
absorption mechanisms, bearing in mind that this absorption is transferred to the processes of
thermal conduction, convection and radiation. Analysis of this photo-induced thermal radiation
[8–10] is essential for several reasons: firstly, it enables us to trace very low levels of absorption
(which are currently highly difficult to measure below 10−6), and this may allow to determine the
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slight imaginary indices of thin films. Secondly, it is essential to know how thermal radiation is
superimposed on (or even masks) other useful communication signals. Finally, for other specific
defense or energy applications, there is a huge motivation to control the amplitude, direction and
wavelength of the thermal radiation. A great deal of work has been devoted to this objective using
diffraction gratings, meta-surfaces and photonic crystals [11–16]; in this article we show how
multilayer interference systems may notably contribute to this. The starting point is a theoretical
model that is as complete as possible, operating in 4 dimensions (3 for space, 1 for time) in a
spatio-temporal regime, and allowing to design maximum emissivity at predefined wavelengths.

In contrast to studies of temperature in multi-layer interference filters, thermal radiation [8–10]
in such coatings has been less studied [11–13,15,17]. For applications involving energy or
defense, the ability to design the angular or spectral distribution of this radiation remains a topical
issue. This made it possible to create selective solar absorbers [18] or radiative coolers [19]
which are components with outstanding energy-saving characteristics. Within this field we find
series of work involving diffraction gratings, meta-surfaces or metamaterials [14,20–22], and
multi-layers [11,23–26]. Finally, we can use this radiation to examine the components from
which it originates, with the aim of extracting temperature, thermal and optical parameters, and
indeed the component’s structure. A recent example of thin film absorption measurements based
on this signal is highlighted in [27]. We have also to mention the work on optical sources created
with thermal radiation [14].

Several pieces of theoretical and experimental work [11–13,17,28] have been devoted to studying
thermal emission in multi-layer systems (sometimes known in the community as photonic crystals).
The solution method is moderately complex for a component at thermodynamic equilibrium
(uniform temperature within the component). On the other hand, the complexity of the model
increases for photo-induced emission, where the source of heat comes from the absorption of an
optical beam on which spatio-temporal variations have been imposed [29]. In this context, a
first difficulty is related to the conditions of application of the fluctuation-dissipation theorem
(FDT), in that the temperature itself undergoes spatio-temporal variations, determined, most
often, in the case of quasi-unidirectional and quasi-monochromatic illumination. The imaginary
indices of thin-film materials (dielectric or metallic) are then responsible for the absorption A
within the volume of the multi-layer component, whose depth-wise distribution dA

dz (z) creates the
temperature T(z). This temperature then feeds the bulk thermal radiation sources in each of the
layers in the stack. Certain methods are based on a so-called indirect technique that, for each
temporal and spatial frequency, consists in identifying the absorption with the emissivity [11,30].
Direct methods also exist based on solving Maxwell’s equations in the presence of thermal
currents [11–13,17,31,32], making use in particular of dyadic Green’s functions. Absorption
resulting from transient (pulsed) illumination is less frequently considered.

Hence this article is devoted to the theoretical and numerical study of photo-induced thermal
radiation in optical multi-layers [1,4] currently used to filter light (mirrors and filters, splitters
and polarizers, anti-reflection layers and absorbers, etc.). More precisely, this is photo-induced
thermal radiation, i.e. created by the absorption of the component under arbitrary spatio-temporal
illumination. We take account of the (2D) spatial form of the incident beam, so that we can
accurately describe the 3D thermal diffusion processes within the stack [29]. From a temporal
point of view, our interest is in a quasi-monochromatic pulsed (>ps) illumination. The thermal
radiation which results therefore displays temporal, angular (normal and azimuthal), and spectral
behavior that depends on the opto-geometric formula of the interference filter (thicknesses and
complex indices, alternating materials) and on the characteristics of the incident beam (energy,
pulse duration, polarization, spot size).

This work follows a recent article [29] in which we calculate the temperature from the classical
heat equation, which is an essential step before considering thermal radiation. The temperature
calculation was made based on an analogy between optical propagation and thermal diffusion



Research Article Vol. 31, No. 22 / 23 Oct 2023 / Optics Express 35433

[33], allowing the same tools to be used (complex admittances and effective indices) to solve the
optical and thermal equations. Now concerning thermal radiation, the model is also essentially
analytical in the sense that we are solving Maxwell’s equations in the presence of bulk currents
(electric and magnetic) in each layer of the stack; recall that the radiation originates from
these currents (which depend on temperature), in accordance with the FDT [8–10,30–32,34].
Having established an expression for these currents, the method of solution is similar (although
more complex) to that which we developed for calculating bulk scattering [35] or luminescent
micro-cavities in multi-layer systems [4,36,37]. Thus, we make use of a double Fourier Transform
(FT) of Maxwell’s equations, essentially considering spatio-frequential wave packets, for which
the unknowns are the amplitude distributions. Note that this approach is essential not only for
the radiation that emerges out of the component to propagate into free space, but also for the
evanescent waves that remain confined within the immediate neighborhood of the component
and may be decoupled by an optical tunneling effect [38], as well as for the thermal radiation
which is transferred to the guided modes of the multi-layer structure [4,39]. Furthermore,
radiation is calculated here for the transient regime, in response to a single or repeated laser
pulse. These remarks explain why the classical (indirect) method is not used, which consists
of linking the value of the radiation (or emissivity) with a calculation of the monochromatic
unidirectional absorption [11,30]. Finally, the model and its implementation allow temporal,
angular or wavelength diagrams of the thermal radiation to be predicted for various transient
illumination regimes. In general, computational tools have been chosen to highlight the design
techniques of multi-layer systems. This allows us to emphasize certain structures that strongly
confine and enhance thermal radiation in narrow bandwidths, with an emissivity close to unity at
pre-defined frequencies.

The paper is structured as follows: in section 2 the field and flux radiated by the thermal
currents is calculated, while sections 3 and 4 are devoted to numerical calculation. For a better
reading, the details of the calculations are reported in the supplement and only the main steps are
mentioned in section 2. Section 3 shows how a multi-dielectric mirror can have a profound effect
on the spectral distribution of the radiation. In section 4, specific ZAL [4,40] structures are used
to obtain an intense confinement and enhancement of the radiation. The conclusion is given in
section 5.

2. Calculation of the electromagnetic field radiated by the currents responsible
for thermal radiation

An essential first step is to introduce into Maxwell’s equations the bulk currents, electrical
and magnetic, that are responsible for thermal radiation. This step is based directly on the
fluctuation-dissipation theorem (FDT) from statistical or quantum physics [9,34,41,42]. In
section 1 of Supplement 1, we first review this theorem in canonical form, and then use it to
retrieve an analytical expression for the electrical and magnetic bulk currents in each layer of the
stack. This approach leads to a coherent exposition consistent with the framework of classical
electromagnetism, and can thus draw on our previous theoretical and numerical work on bulk
scattering in multi-layer systems [35].

2.1. Analytical expression of the thermal currents

Following the Supplement 1, the temporal Fourier transform of the electric J̃u,i and magnetic
M̃u,i currents responsible for thermal radiation follow, with u = x, y or z:

√
δV J̃u,i(f , r⃗, z) = ejϕJ

u,i(f ,r⃗,z)√︁4πf Θ[2πf , Ti(r⃗, z)]Im[ε̃i(f )] (1)
√
δV M̃u,i(f , r⃗, z) = ejϕM

u,i(f ,r⃗,z)
√︁

4πf Θ[2πf , Ti(r⃗, z)]Im[µ̃i(f )] (2)

https://doi.org/10.6084/m9.figshare.24117285
https://doi.org/10.6084/m9.figshare.24117285
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with:
Θ(ω, T) =

h̄ω

e
h̄ω
kBT − 1

(3)

where h̄ and kB are the reduced Planck and Boltzmann constants, respectively. In these relations
the spectral phases of the currents (or the arguments of their FTs) are denoted φJ

u and φM
u , the

temperature in layer (i) is Ti(r⃗, z), the space coordinates (see Fig. 1) is (r⃗, z) = (x, y, z) and f is
the temporal frequency. The temporal Fourier transforms of permittivity and permeability in
layer (i) are denoted ε̃i and µ̃i. Relation (1) and (2) are given for the analytical expressions of
the thermal currents generated by an elementary volume δV . We will see further (section 2.6)
how the assumption as to the statistical nature of the spectral phases (independence, uniform
distributions) allows the introduction of Dirac distributions and simplification of the calculations
at various stages. Note also that the FDT is generally used at thermodynamic equilibrium, and
that its justification in a spatio-temporal temperature distribution is discussed in the Supplement
1.

Fig. 1. General structure of a planar multilayer stack.

At this stage the problem is well posed, and we can turn to solving Maxwell’s equations in the
presence of bulk electric and magnetic currents in each of the layers of the interference filter.
This observation means that we can proceed to a method of solution similar to that already used
for bulk scattering [35] and which we now detail.

2.2. Calculating the electromagnetic field in a multi-layer system

Figure 1 shows the geometry of the multi-layer system under investigation. We start by recalling
the main results of calculating the stationary electric field in a multi-layer interference filter, and
to that end we draw primarily on the work described in [4]. The interference filter is formed from
p layers, each comprising a linear, homogeneous, isotropic and uncharged medium. For each
layer i, the complex optical index is ni and its thickness ei.

Calculation of the electromagnetic field in the component requires a double Fourier transform
(FT) with respect to time t and to transverse space variable r⃗ = (x, y). Hence, we consider the
decomposition of the field in the form of spatial and frequency packets. The temporal FT (in the
first Fourier plane) is defined as follows:

X̃i(f , r⃗, z) =
∫

t
Xi(t, r⃗, z)ej2πftdf ⇔ Xi(t, r⃗, z) =

∫
f
X̃i(f , r⃗, z)e−j2πftdf (4)

where Xi denotes the electric field Ei in medium i or the magnetic field Hi, and f is the temporal
frequency, the conjugate Fourier variable of time t.

https://doi.org/10.6084/m9.figshare.24117285
https://doi.org/10.6084/m9.figshare.24117285
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The spatial FT (in the second Fourier plane) is defined as:

X̂i(f , ν⃗, z) =
∫

r⃗
X̃i(f , r⃗, z)e−j2πν⃗.r⃗dr⃗ ⇔ X̃i(f , r⃗, z) =

∫
ν⃗

X̂i(f , ν⃗, z)ej2πν⃗.r⃗dν⃗ (5)

where ν⃗ is the spatial frequency, the conjugate Fourier variable of transverse space r⃗. This FT
enables positive optical paths to be obtained.

In the second Fourier plane, where the field is monochromatic and unidirectional, we can
[4] make use of the concept of complex admittance Y(f , ν, z). This variable depends on the
polarization and on the whole multi-layer, and links the tangential electric and magnetic fields
(stationary or progressive/retrograde) in the following manner [4]:

−→
Ĥ i(f , ν⃗, z) = Yi(f , ν, z) z⃗ ∧

−→
Ê i(f , ν⃗, z) (6)

Since these tangential fields are continuous in the presence of bulk currents, the admittance Yi
is also continuous in the stack. Let Xi(z = zi) = Xi and Yi(z = zi) = Yi be the electromagnetic
field and complex admittance in layer i at interface i.

Within the emergent media (substrate or superstrate), the field is progressive or retrograde,
such that the admittance is identified with the effective index ñi(f , ν) given by [4]:

ñi =

⎧⎪⎪⎨⎪⎪⎩
1

η0µr,i
niαi
ki

in S polarization
1

η0µr,i
niki
αi

in P polarization
(7)

where η0 =
√︁
µ0/ϵ0 is the impedance of free space in vacuo, µr,i is the relative permeability of

medium i and αi =
√︂

k2
i − (2πν)2 , with wavenumber ki = 2πni/λ and λ the wavelength.

Consequently, admittances are calculated by recurrence [4], either from their initial value −ñ0
in the superstrate (denoting the admittances as Y ′

i ) or from their initial value ñs in the substrate
(denoting the admittances as Yi). Knowing these admittances, we can then describe the variation
of the electromagnetic field over the entire depth of the stack, given that the field is known at
height z; the latter datum is given by the boundary conditions in the presence of currents, as
detailed in section 2.4.

At this stage we recall that the use of a double FT combined with complex admittances is
well suited to the problem, and we have already used this for the calculation of surface [4] and
volume [35] scattering, luminescent micro-cavity [4,36,37] and temperature [29,33] in multi-layer
structures.

Finally, note that the radiation flux through a plane at altitude z can be expressed uniquely
using the tangential components of the electromagnetic field. Hence, unless otherwise stated, all
the fields considered in the rest of this document are tangential fields.

2.3. Thermal radiation flux

The instantaneous real Poynting flux through a plane of normal z⃗ at altitude z outside the multilayer
classically writes as [4]:

Φ(t) =
∫

{[E⃗(t, r⃗, z) ∧ H⃗(t, r⃗, z)].z⃗ }dr⃗ (8)

Note that this formula involves the fields of the time domain, for which reason the flux is
time dependent. Furthermore, it does not depend on the r⃗ variable, since it is a global flux
across a plane. Also, for transparent media it does not depend on the z altitude. As far as the
response times of the optical detectors are concerned, which are very long compared with the
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temporal period of the thermal radiation being considered (our application will be limited to the
visible and infra-red spectral domain), these detectors behave as low pass filters [4]. Under these
conditions the (multi-spectral) polychromatic flux can be written as the sum of monochromatic
fluxes [4]. This property means that we can avoid the a priori introduction of Dirac distributions
δ(f − f ′) in the currents [10]. Hence in the far field we obtain for the density per unit area of the
polychromatic flux through an infinite plane of normal z⃗, the following expression [4,8,10]:

dΦ
dS
= 4

∫ +∞

f=0
ℜ{Π.z⃗}df (9)

where Π = 1
2
−→
Ẽ ∗(r⃗, z, f ) ∧

−→
H̃ (r⃗, z, f ) is the complex Poynting vector in the harmonic regime (first

Fourier plane), and (
−→
Ẽ ,

−→
H̃ ) are the tangential electromagnetic fields induced by the bulk densities

of the thermal currents (1) and (2). Observe that calculating the flux density per unit area in the
end media requires that we consider the field (

−→
Ẽ 0,

−→
H̃0) and the normal n⃗ = −z⃗ for the superstrate,

as well as the field (
−→
Ẽ S,

−→
H̃S) and the normal n⃗ = z⃗ for the substrate. Note also in Expression (9)

that the flux density is no more time dependent, since it is a frequency integral involving fields of
the first Fourier plane. This flux density is given for the far field through a plane at altitude z [4].

Expression (9) is given for the flux density emitted in all directions of space at all wavelengths.
If we now turn our attention to the monochromatic flux radiated in a single direction in the far
field, we have to consider the double spectral flux density (monochromatic, unidirectional) in the
end media, assumed transparent [4]. Putting ∂ν⃗ = ∂νx∂νy, and now using the double FT (spatial

and temporal) of the fields (
−→
Ê 0 and

−→
Ê s) in the second Fourier plane, we get [4]:

∂Φ0

∂f ∂ν⃗
= 2 ℜ{ñ0(ν, f )}|

−→
Ê 0(ν⃗, f )|

2

∂Φs

∂f ∂ν⃗
= 2 ℜ{ñs(ν, f )}|

−→
Ê s(ν⃗, f )|

2 (10)

with the spatial frequency ν⃗ = ν(cos ϕ, sin ϕ), ν = |ν⃗ | = n0 sin θ0/λ, and where (θ0, ϕ) denotes the
spherical coordinate angles defined in the superstrate and substrate respectively (see Supplement
1, Fig. S1). Relation (10) expresses the flux per unit of spatial frequencies in terms of the
double Fourier transform of the fields. It relates to the energy carried out in the far field at one
direction. As expected, it does not depend on the space variables. Note that the flux carried by
evanescent waves is zero for transparent media, since for these high-frequency waves we have
ℜ{ñi(ν, f )} = 0 [4]. Also, we observe in relation (10) that

−→
Ê 0 and

−→
Ê s are respectively retrograde

(travelling in the −z⃗ direction) and progressive (z⃗ direction) in the emergent media, and that the
flux densities are polarization dependent at this step.

Looking a bit more deeply, consider the field produced by layer i on interface j, written
−→
Ê ij.

This field results from the bulk density of thermal currents within layer i. According to the
superposition theorem, the total field on an interface is therefore the sum of the contributions of
each layer. Hence, we can write

−→
Ê j =

p∑︂
i=1

−→
Ê ij (11)

https://doi.org/10.6084/m9.figshare.24117285
https://doi.org/10.6084/m9.figshare.24117285
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Now let us express this field at the end interfaces (0 and p) of the component, involving only
the fields (

−→
Ê i,i−1,

−→
Ê ii) created by volume i at interfaces (i − 1) and (i) delimiting this volume:

−→
Ê 0 =

p∑︂
i=1

−→
Ê i0 =

p∑︂
i=1

C′
i−1,0

−→
Ê i,i−1

−→
Ê p =

p∑︂
i=1

−→
Ê ip =

p∑︂
i=1

Cip
−→
Ê ii

(12)

where the transfer coefficients are given by [4]:

C′
0,i−1 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if i = 1

1∏︁
k=i−1

(︂
cos δk + j Y′

k−1
ñk

sin δk

)︂
else

Cpi =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if i = p

p∏︁
k=i+1

(︂
cos δk − j Yk

ñk
sin δk

)︂
else

(13)

where δk = αkek with ek the thickness of layer k and Yk, Y ′
k the complex admittances at interface

k, calculated from the substrate and superstrate respectively [4].
The rest of the calculation involves introducing Expression (12) into (10), which equates

to considering the modulus squared of the sum of the fields (
−→
Ê i,i−1,

−→
Ê ii) weighted by the

transfer coefficients (C′
0,i−1, Cpi). This throws up cross terms

−→
Ê i0

−→
Ê ∗

j0 or
−→
Ê ip

−→
Ê ∗

jp characteristic of
interference between the fields emitted by layers i and j, where i ≠ j. In the more general case,
we can introduce at this stage the concept of mutual coherence between fields or currents [37].
However, as indicated in section 2.1, for these thermal cases the phases (ψi,ψj) of the currents

creating (
−→
Ê i0,

−→
Ê ∗

j0) or (
−→
Ê ip,

−→
Ê ∗

jp) are assumed to be independent and uniformly distributed,
such that these terms will disappear for i ≠ j if integrated over any solid angle of detection
(characteristic of receiver aperture).

Consequently, for our application the double spectral flux density causes only quadratic terms
to appear, in the form:

∂Φ0

∂f ∂ν⃗
= 2ℜ{ñ0(ν, f )}

p∑︂
i=1

|C′
i−1,0(ν, f )|

2
|
−→
Ê ii−1(ν⃗, f )|

2

∂Φs

∂f ∂ν⃗
= 2ℜ{ñs(ν, f )}

p∑︂
i=1

|Cip(ν, f )|2 |
−→
Ê ii(ν⃗, f )|

2
(14)

Now it remains only to express the electromagnetic field created by the thermal current in layer
i on its upper interface (

−→
Ê ii−1) or lower interface (

−→
Ê ii).

2.4. Limitation to non-magnetic materials

Since most materials used in optical interference coatings are non-magnetic (µ′′

i = 0), we will
consider that the magnetic thermal current is zero, thus reducing the number of terms to be
calculated. Hence, we must determine the field resulting from bulk densities of electric current
given by (1) in a multi-layer system. This calculation of the electromagnetic field created by an
arbitrary bulk density of electric current in a multi-layer component is given in [35]. Recall here
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the expression for the field created by current (i) on the upper interface (z = zi) and the lower
interface (z = zi−1) of layer i of thickness ei, i.e.

−→
Ê i,i−1 =

1
∆Yi−1

[︃
F1i

−→
Ê g

i (zi) + F2iz⃗ ∧
−→
Ĥg

i (zi) + F3i
−→
Ê g

i (zi−1) + F4iz⃗ ∧
−→
Ĥg

i (zi−1)

]︃
−→
Ê ii =

1
∆Yi

[︃
F5i

−→
Ê g

i (zi) + F6iz⃗ ∧
−→
Ĥg

i (zi) + F7i
−→
Ê g

i (zi−1) + F8iz⃗ ∧
−→
Ĥg

i (zi−1)

]︃ (15)

In this expression, the presence of the term in 1/∆Yj, where ∆Yj = Yj − Y ′
j is the difference in

admittance from each side of interface i, recalls the possibility of exaltation or inhibition of the
radiation, in relation to the structure of the multi-layer [4,36,37,40,43]. This property will be
used in section 4. The other coefficients are given by

F1i = −jñi sin δi − Yi−1 cos δi ; F2i = − cos δi − j
Yi−1
ñi

sin δi ; F3i = Yi−1 ; F4i = 1

F5i = −Y
′

i F6i = −1 F7i = −jñi sin δi + Y
′

i cos δi; F8i = cos δi − j
Y ′

i
ñi

sin δi

(16)

In Eq. (15) note also that the field (
−→
Ê g

i ,
−→
Ĥg

i ) is a particular solution of the Helmholtz equation
in the second Fourier plane, resulting from the source term S⃗ corresponding to the electric current
in layer (i). This tangential field is a result of the convolution product of the space variable
z between the source term and the Green’s function associated with the Helmholtz equation.
Hence in the second Fourier plane we have [35]

−→
X̂ g

i = Gi∗z
−→
Ŝ

Xi

with Gi =
1

2jαi
ejαi |z | (17)

where Xi = Ei or Hi ; and in the first Fourier plane,

S⃗Ei = −jωµi
−→
J̃ i +

1
jωϵi

−−−→
grad[div

−→
J̃ i]

S⃗Hi = −
−−→
curl[

−→
J̃ i]

(18)

Note that we have not used the dyadic Green’s function but have solved the Helmholtz equation
in the second Fourier plane in the presence of sources. The analytical calculation of the source
terms is slightly more complex, but this choice enables us to draw on our method of calculation
for bulk scattering [35]. As a result, we need to expand on the calculation of the spatial FTs for
the source terms given in Eq. (18). We find:

−→
Ŝ

Ei

= −jωµi
⎛⎜⎜⎝

(︂
1 −

σ2
x

k2
i

)︂
Ĵx,i −

σxσy

k2
i

Ĵy,i + jσx
k2

i

∂Ĵz,i
∂z

−
σxσy

k2
i

Ĵx,i +

(︃
1 −

σ2
y

k2
i

)︃
Ĵy,i + jσy

k2
i

∂Ĵz,i
∂z

⎞⎟⎟⎠ (19)

and
−→
Ŝ

Hi

=
⎛⎜⎝

∂Ĵy,i
∂z

− jσyĴz,i

−
∂Ĵx,i
∂z
+ jσxĴz,i

⎞⎟⎠ (20)

Hence, using Eq. (17), the expressions for the electrical (19) and magnetic (20) source terms
allow us to obtain values for the particular solutions (

−→
Ê g

i , H⃗g
i ) at the interfaces (i − 1 and i) that

appear in Expression (15). This provides the tangential electric field on the upper and lower
interfaces of layer i. Before expanding any further on these particular solutions (section 2.6), it is
important to return to the calculation in Eq. (14) to take account of the polarization of the wave
emitted in one direction.
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2.5. Taking account of polarization

Appearing in the expression for the thermal radiation flux (Eq. (14)) are the coefficients ñ and C
which depend on light polarization. To calculate these coefficients, we need to know the wave
polarization with respect to a reference plane (ν⃗, z⃗), which allows to define the amount of light
that would be measured after passing through an analyzer. |

−→
Ê ii−1 |

2 and |
−→
Ê ii |

2 must therefore
be calculated by distinguishing the S polarization (or TE) from the P polarization (or TM).
This leads us to address polarization effects in detail, which is done in section 2 of Supplement
1. It is shown that the modulus squared of the electric field produced by layer i on its lower
interface, denoted |

−→
Ê i,i−1 |

2, is a linear combination of |Êx,i,i−1 |
2, |Êy,i,i−1 |

2 and ℜ{Êx,ii−1Ê∗
y,ii−1}.

In accordance with (15), these terms are themselves a linear combination of Hermitian products
of the particular solutions (

−→
Ê g

i , H⃗g
i ) at interfaces (i − 1 and i). Finally, in accordance with Eqs.

(19) and (20), these particular solutions can be expressed as a convolution product between the
Green’s function and a source term, given as a linear combination of the current components
on the axes. Consequently, the radiation flux produced by a layer (i) is a linear combination of
elementary fluxes, written Φel

i,a,b, whose spectral densities can be written for each polarization as:

∀a, b ∈ {x, y, z},
∂Φel

i,a,b
∂f∂ν⃗ (ν⃗) =

∫
z′
∫
z′′ Li(ν, z′, z′′)Ĵ∗a,i(ν⃗, z

′)Ĵb,i(ν⃗, z′′)dz′′dz′ (21)

In Expression (21), the domain of integration of z’ and z’’ is that of layer i, i.e. [zi−1, zi]. The
current terms will finally be given by the FDT, to be covered in section 2.6.

2.6. Using the random phase nature of thermal currents and the dissipation fluctuation
theorem

In order to develop Relation (21) we return to the expression for the thermal current given in (1),
written in the following synthetic form:

∀a ∈ {x, y, z}, Ĵa,i(ν⃗, z) = |Ĵa,i(ν⃗, z)|ejψa,i(ν⃗,z) (22)

Since the phase terms are independent and uniformly distributed, we can write

∂Φel
i,a,b

∂f∂ν⃗ (ν⃗) = 0 if a ≠ b (23)

such that the case for a ≠ b is no longer considered. Note that this behavior is generally considered
by the introduction of Kronecker delta symbols into the FDT [8,10,32]. We now introduce the
phase terms into Eq. (21) :

∂Φel
i,a,a

∂f∂ν⃗ (ν⃗) =∫
z′
∫
z′′ Li(ν, z′, z′′)|Ĵa,i(ν⃗, z′)| |Ĵa,i(ν⃗, z′′)| ej(ψa,i(ν⃗,z′′)−ψa,i(ν⃗,z′))dz′′dz′

(24)

In contrast to the previous cases where the phases were independent, a phase difference appears
in Eq. (24) of the same variable ψa,i(ν⃗, z) taken at 2 different heights. As a result, the quantity
(Eq. (24)) is integrated only over the path defined by z= z’ where the phases are identical, giving

∂Φel
i,a,a

∂f∂ν⃗ (ν⃗) =
∫
z′ Li(ν, z′)|Ĵa,i(ν⃗, z′)|

2dz′ (25)

This amounts to saying that the thermal agitation at some specific height is uncorrelated with
that at other heights. This behavior is generally considered into the FDT expression using a Dirac
distribution over the spatial variable [8–10], so as to take account of locality.

https://doi.org/10.6084/m9.figshare.24117285
https://doi.org/10.6084/m9.figshare.24117285
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Finally, we need to use the expression for the FDT in the first Fourier plane, in which are
written the currents involved in Eq. (21). Using the definition of the inverse FT, we get

∂Φel
i,a,a

∂f∂ν⃗ (ν⃗) =∫
z′ Li(ν, z′)

∫
r⃗

∫
r⃗′ J̃∗a,i(r⃗, z

′)J̃a,i(r⃗′, z′)e−j2π(r⃗−r⃗′).ν⃗dr⃗′dr⃗dz′
(26)

We use the same reasoning as before, namely that we can describe the bulk density of the
electric current in the first Fourier plane using a phase assumed to be random, i.e.

J̃a,i(r⃗, z) = |J̃a,i(r⃗, z)|ejϕa,i(r⃗,z) (27)

We proceed as before to obtain Relation (25). With the phase terms appearing in Relation (26)
in the form ej(ϕa,i(r⃗′,z′)−ϕa,i(r⃗,z′)), this integral must be performed over the path r⃗ = r⃗′, giving

∂Φel
i,a,a

∂f∂ν⃗ (ν⃗) =
∫
z′ Li(ν, z′)

∫
r⃗ |J̃a (r⃗, z′)|

2dr⃗dz′ (28)

Finally, taking account of the current expressed in Relation (1), the double spectral density of
the elementary flux radiated by the entire volume of the sample can be written in the form

∂Φel
i,a,a

∂f∂ν⃗ (ν⃗) =
∂Φel

i
∂f∂ν⃗ (ν⃗) = 4πf ε̃′′

i (f )
∫
z Li(ν, z)

∫
r⃗ Θ(2πf , Ti(r⃗, z))dr⃗dz (29)

From a numerical point of view, we can choose an integration step ∆z such that the temperature
does not vary within the interval ∆z. This simplifies Expression (29) since the function Li can be
integrated analytically over z. This amounts, in effect, to integrating the Green’s function and its
derivative. Finally, Expression (29) can be rewritten for a sub-layer k in layer i as the product of
2 integrals:

∂Φel
i,k

∂f∂ν⃗ (ν⃗) = 4πf ε̃′′

i (f )
{︁∫

r⃗ Θ(2πf , Ti(r⃗, zi,k))dr⃗
}︁ {︂∫ zi−1+(ki+1)∆zi

zi−1+ki∆zi
Li(ν, z)dz

}︂
(30.a)

with:
0 ≤ ki ≤ Ki − 1, Ki =

ei
∆zi

, zi,k = zi−1 + ki∆zi (30.b)

and:
∂Φel

i
∂f∂ν⃗ (ν⃗) =

Ki−1∑︁
k=0

∂Φel
i,k

∂f∂ν⃗ (ν⃗) (30.c)

2.7. Final expression for the thermal radiation flux

The complete solution for the thermal radiation flux in the end media is detailed in section 3 of

Supplement 1. Summing over the total number q =
p∑︁

i=1
Ki of sub-layers in the stack, the double

spectral flux density can be expressed in the end media as

∂Φ0

∂f ∂−→v
= 2

q∑︂
i=1

4πf ε̃
′′

i ℜ{ñ0}

|︁|︁|︁C′

0,i−1

|︁|︁|︁2
4|ñi |

2 |∆Yi−1 |
2 β

0
i (ν, f )

{︃∫
r⃗
Θ
(︁
2πf , Ti

(︁
r⃗, zi

)︁ )︁
dr⃗
}︃

∂ΦS

∂f ∂−→v
= 2

q∑︂
i=1

4πf ε̃
′′

i ℜ{ñs}

|︁|︁Ci,q
|︁|︁2

4|ñi |
2 |∆Yi |

2 β
s
i (ν, f )

{︃∫
r⃗
Θ
(︁
2πf , Ti

(︁
r⃗, zi

)︁ )︁
dr⃗
}︃ (31)

https://doi.org/10.6084/m9.figshare.24117285
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where βx
i is a function dependent on polarization and defined as

βx
i =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︂|︁|︁Gx
1i

|︁|︁2 + |︁|︁Gx
2i

|︁|︁2)︂ 1−e−2δ
′′

i

2α′′

i
+ 2ℜ

{︁
Gx

1iG
x
2i
∗
}︁ sin

(︂
δ
′

i

)︂
e−δ

′′

i

α
′

i
S polarization(︂|︁|︁Gx

1i

|︁|︁2 + |︁|︁Gx
2i

|︁|︁2)︂ 1−e−2δ
′′

i

2α′′

i

(︂
1 + σ2

|αi |
2

)︂
+2ℜ

{︁
Gx

1iG
x
2i
∗
}︁ sin

(︂
δ
′

i

)︂
e−δ

′′

i

α
′

i

(︂
1 − σ2

|αi |
2

)︂ P polarization
(32)

and G0
1i = (ñi − Yi−1) e−jδi ; G0

2i = ñi + Yi−1 ; Gs
1i = ñi − Y ′

i and Gs
2i =

(︁
ñi + Y ′

i
)︁
e−jδi .

Note in Expression (31) that the spatial integration is limited to the extent of the Θ function
introduced in Expression (3). If the ambient temperature could be neglected, this extent would be
limited to that of the photo-induced temperature whose lateral profile is known [29]. Otherwise
the integration must be performed over the entire heated area (so as to take account of the ambient
temperature).

The advantage of the expressions in (31) is that they express the radiation flux as a function
of the optical variables commonly used for the design of optical interference coatings, namely
complex admittances and effective indices; hence they differ from the expressions given in the
literature [17]. Moreover, temperature was also calculated with these same variables using an
optical-thermal analogy [33]. Recall that these expressions, associated with a knowledge of the
temporal variation of the temperature field [29], enable the thermal radiation to be determined as
a function of time (for a scale greater than the thermalization time).

2.8. Variables used in the numerical calculation

Here we need to define the variables to be calculated numerically, and which can be compared
with the literature. Expression (31) can be expressed for a given multilayer as follows:

∂Φ
∂f ∂ν

=

q∑︂
i=1

L′
i (f , ν)

{︃∫
r⃗

Θ(2πf , Ti(r⃗, zi))dr⃗
}︃
= L∗(f , ν) (33)

Note at this step that L∗ is a flux density per unit of spatial frequencies, which is not normalized
by the emissive surface. By analogy with light scattering [4,35] and luminescent micro-cavities
[4,36,37,43], it is common to consider the spectral flux density per unit solid angle [8,11], also
referred to as the electromagnetic intensity. Hence, distinguishing the superstrate from the
substrate and making a change of variable as described in [4], we get the intensities

∂Φ0
∂λ∂Ω0

= L∗

(︃
c
λ

,
n0 sin θ0

λ

)︃ (︃
k0
2π

)︃2 c
λ2 cos θ0

∂Φs
∂λ∂Ωs

= L∗

(︃
c
λ

,
ns sin θs

λ

)︃ (︃
ks

λ

)︃2 c
λ2 cos θs

(34)

where dΩ0 = sin θ0dθ0dϕ and dΩs = sin θsdθsdϕ are the elementary solid angles defined
respectively by the angles (θ0, ϕ) of the superstrate and (θs, ϕ) of the substrate (see Supplement 1,
Fig. S1); ki = 2πni/λ is the wavenumber and c the speed of light in vacuo. The advantage of
these variables is that, when normalized by the exciting radiative power, they provide the absolute
value of radiation that can be measured in far field within dΩ. By analogy with photometry, these
variables can be related to a luminance ρ defined as [4]

∂Φu
∂λ∂Ωu

= ρucosθu (35)

It is also common to consider the radiative spectral intensity [8] resulting from normalization
by an emissive elementary area on the sample. This quantity, expressed in W.m−2.m−1.sr−1, is

https://doi.org/10.6084/m9.figshare.24117285
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defined as
∂Φ

∂λ∂Ω∂S
= I(λ, θ, ϕ) cos θ (36)

Following Expression (31) the I(λ, θ, ϕ) terms are given, with dS = dxdy:

I0(
−→r , λ, θ) = 2

k2
0

4π2
c
λ2

p∑︂
i=1

4π
c
λ
ε̃”

i ℜ{ñ0}

|︁|︁|︁C′

0,i−1

|︁|︁|︁2β0
i

(︂
k0 sin θ0

2π , c
λ

)︂
4|ñi |

2 |∆Yi−1 |
2 Θ

(︃
2πc
λ

, Ti
(︁
r⃗, zi

)︁ )︃
IS(

−→r , λ, θ) = 2
k2

s
4π2

c2

λ2

p∑︂
i=1

4π
c
λ
ε̃”

i ℜ{ñs}

|︁|︁Ci,p
|︁|︁2βs

i

(︂
ks sin θs

2π , c
λ

)︂
4|ñi |

2 |∆Yi |
2 Θ

(︃
2πc
λ

, Ti
(︁
r⃗, zi

)︁ )︃ (37)

Recall that the quantities in Expression (27) are relative to an elementary area, necessitating
integration over the entire surface of the component (see Eq. (33)). However in most situations
approximations can be done for this integration. First we note that the integration term in Eq.
(33) can be written as: ∫

r⃗ Θ(2πf , Ti(r⃗, zi))dr⃗ = Si Θ̄(f, zi) (38)

where Θ̄ is the mean of Θ over surface Si. Then one can consider the fact that the (transverse)
thermal radii are most often very close in each layer of the stack, so that the approximation Si ≈ S
can be used, and this allows to replace Θi(f, r⃗, zi) by Θ̄(f, zi) in (37). Such approximation is not
necessary but may allow to strongly reduce the calculation time.

Finally, for each layer if one seeks to obtain a variable independent of temperature, normalization
can be proceeded by the (isotropic) black-body spectral intensity at the same average layer
temperature, given by Ib(λ, Ti) = 2 k2

0
4π2

c
λ2 Θ

(︂
2πc
λ , Ti

)︂
, for emission into the superstrate [8,11]. For

each layer we thus obtain the emissivity

ϵi(λ, θ) = I0i(λ,θ,Ti)
Ib(λ,Ti)

(39)

Due to the presence of the Θ terms in both I0i and Ib, and provided that the average temperature
can be used, the temperature does not intervene in (39). In the case where the temperature is
essentially the same in each layer, the quantity Θ

(︂
2πc
λ , Ti

)︂
is constant within the volume of the

stack which can then be characterized by an intrinsic overall emissivity. This last emissivity only
depends on the multilayer design. Recall that this emissivity for a given pair (λ, θ) is the same as
its absorption when subjected to illumination under the same conditions (λ, θ)[8,11].

3. Numerical results for a multi-layer component subjected to various illumina-
tion regimes

In this part we use the modeling technique developed in section 2 to calculate the photo-induced
thermal radiation of a multi-layer interference filter subjected to a pulsed illumination. To this
end we require prior knowledge of the temperature rise ∆T(r⃗, z, t) due to this illumination. This
is obtained by completely modeling the photo-induced temperature in an interference filter, as
described in a recent article [29]. Since we are mainly interested in temporal, wavelength, angular
or depth variations, the numerical calculation will be most often performed for the radiative
spectral intensity given in (36-37), at the lateral position r⃗ = (0, 0) of the component where the
temperature is maximum. The impact of the lateral temperature profile, which is less pronounced
with these multi-dielectrics in a ns regime, will be addressed in section 3.1.

In what follows we consider optical thin films currently used in the mid-infrared range (MIR),
and coatings with an operating point (design wavelength) around 2µm. First we address the
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case where the photo-induced temperature rise in the components is small, corresponding to a
common domain of application where both optical power densities and absorption levels are
low. Under these conditions the filter formula barely affects the thermal radiation blackbody
curve whose barycenter is around 10µm at room temperature. By contrast, in a second step we
shall see, for high rises of the photo-induced temperature, how the spectral behavior of thermal
radiation is altered by the multi-layer.

3.1. Mirror with low temperature rise

Consider a MIR multi-dielectric mirror (sometimes described by some within the community
as a 1D photonic crystal) comprising 5 quarter wave layers at λ0 = 2µm, of formula H(LH)2

and deposited onto a Ge substrate. In the mirror formula, H represents a layer of a high index
material (Ge), while L is used for a low index material (BaF2). The H and L layers have a quarter
wavelength optical thickness at the mirror’s center wavelength λ0, so for illumination at normal
incidence [4],

nHeH = nLeL =
λ0
4 (40)

Due to the high index ratio (nH/nL) in the MIR range, a small number of layers is sufficient
to achieve high reflection (R ≈ 98, 3%). The optical and thermal parameters of the media are
summarized in Table 1 [44]. Note that Ge and BaF2 have slight index dispersion in the MIR
range, for which reason we use their average index values. These index values (and notably the
imaginary index - here taken at 10−4 for the thin films) may depend on the deposition conditions
and technology. Absorption in the Ge substrate is not considered. Eventually the temperature
dependence of all quantities is not considered.

Table 1. Optical and Thermal Parameters Used for the Calculation of
Laser-Induced Thermal effects

Materials BaF2 Ge Air Substrate: Ge

Average MIR refractive index 1.45+ 10−4j 4+ 10−4j 1. 4

Thermal conductivity (W/mK) 11.72 58.61 2.5*10−2 58.61

Thermal diffusivity (m2/s) 58.5*10−7 354.7*10−7 2.05*10−5 354.7*10−7

This MIR component is illuminated by a single laser pulse whose parameters are given in
Table 2. The temporal and spatial envelopes of the beam are assumed to be Gaussian, with
pulse width τ and illuminated area of radius L. The duration of the laser pulse is set at one
nanosecond, and the average illumination wavelength λ is the design wavelength of the coating
(λ = λ0 = 2µm). The process of laser damage that might result from this flux is not considered.

Table 2. Source Parameters

Wavelength Incident angle Polarization Energy L τ

2µm 0° TE 1 mJ 100 µm 1 ns

The photo-induced temperature fields at the center of the beam (r⃗ = 0⃗) are shown in Fig. 2(a)
is the temporal response ∆T(zmax, t) calculated at zmax where ∆T is a maximum, and b) is the
depth distribution ∆T(z, tmax) within the stack calculated at instant tmax where ∆T is maximum.
The maximum temperature rise obtained is ∆T = 9K for these dielectric components of low
imaginary index (n′′ = 10−4). Ordinarily, at these pulse lengths the temperature decay time is
much longer than the duration of the laser pulse. Similarly, the spatial distribution of ∆T in
this ns regime approaches the envelope of the stationary electric field in the stack [7,45], which
explains the higher elevation in the first few layers.
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a) b)

Fig. 2. a) Temporal evolution (blue curve) of the photo-induced temperature rise ∆T(zmax, t)
in a quarter-wave mirror illuminated with a ns pulsed laser. Dotted red: temporal evolution
of the laser pulse (assumed to be Gaussian) in arbitrary units. b) Spatial distribution of the
temperature ∆T(z, tmax) in the thickness of the layers, with the substrate at the right side.

The radiative spectral intensity is then calculated from the temperature field of Fig. 2, increased
by an ambient temperature of 20°C. This is calculated at the center of the beam (r⃗ = 0⃗). In order
to apply Eq. (30), the layers have been subdivided into thin sub-layers on account of the rapid
variations of ∆T in each layer of the component (see Fig. 2). The resulting temporal variation of
the radiative spectral intensity is shown in Fig. 3(a)). This is calculated at direction θ0 = 0◦ at
the wavelength corresponding to the maximum thermal emission (λ = 8.73µm). Figure 3(b))
plots the spectral intensity as a function of the emission wavelength, still at θ0 = 0◦. Figure 3(c))
plots the spectral intensity as a function of the angle of emission in the superstrate at λ = 7.7µm.
On these two curves (Fig. 3(b)) and (Fig. 3(c)), the blue curve represents the radiative intensity
with the component at ambient temperature, shown by a blue dot on the temporal curve given in
Fig. 3(a); the red curve corresponds to the instant at which the intensity is a maximum, shown by
the red dot on the temporal curve in Fig. 3(a).

Several conclusions can be drawn from Fig. 3. Firstly, the levels of spectral intensity are low
on account of the low absorptivity of dielectric materials that induce low emissivity. Secondly,
apart from this low level of intensity, the radiative spectral and angular curves are similar to those
of a black body (apart from slight curvature beyond 4 µm). Actually the effect of the filter is
expected essentially in the vicinity of its design wavelength (2 µm) in the near infra-red (NIR),
but the radiation in this spectral domain is weak compared with that of the mid infra-red (MIR, 8
µm) on account of the low rise in temperature.

Hence, in order to observe the effect of the filter formula on the black body radiation, we
must either use a mirror centered around 8 µm, or increase ∆T to shift the radiation to shorter
wavelengths (2 µm). It is this latter case that is assumed in section 3.2.

As a reminder, all curves in Fig. 3 are calculated at the center r⃗ = (0, 0) of the emissive surface
where the temperature is maximum. As for the impact of the lateral temperature profile, it is
highlighted in Fig. 4, where the radiative spectral intensity is plotted versus the lateral dimension
of the component. The numerical data are given at the time, wavelength and angle at which the
temperature is maximum. Recall that the laser is gaussian with a spot size of 100µm*100 µm.
As expected, the lateral behavior is very close to that of the function of Θ

(︂
2πc
λ , Ti(r⃗, zi)

)︂
given

in Eq. (37), which is nearly the same in the depth of the multilayer in a ns regime. Note that
this behavior will be less pronounced when the flux of Eq. (33) is calculated, since this flux is
proportional to the integral of the Θ function.
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a)

b) c)

Fig. 3. Spectral intensity of the thermal radiation of the quarter-wave mirror of Fig. 2
subjected to a (1 ns, 1mJ) pulsed laser. a) temporal evolution at normal emission angle
and λ = 7.7µm. b) spectral variation at normal emission angle. c) angular variation at
λ = 7.7µm. The red and blue curves are calculated respectively at the instants given by the
red and blue dots of figure a).

Fig. 4. Radiative spectral intensity of the quarter-wave mirror of Fig. 3, calculated versus
the transverse dimension of the component (see text).
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3.2. Mirror with pronounced temperature rise

The filter function should therefore have a gradual effect on the radiation as the temperature rises.
Since this phenomenon is proportional to the energy of the laser beam, we now consider the same
ns laser pulse from Fig. 2, but with an energy of 150 mJ. Note that the damage process due to the
laser flux [7] is not taken into account, since we are only interested in verifying the radiation
model.

Figure 5(a) plots the radiative spectral intensity of the mirror studied in section 3.1 as a
function of wavelength. The direction is θ0 = 0◦ and the curves are calculated at different points
in time for which the maximum temperature elevation inside the mirror is given. All curves are
normalized by their maximum value in order to be visible on the same graph.

As expected, we observe that the radiation spectrum shifts to short wavelengths and departs
significantly from the black body emission curve as a result of the interference filtering in the
NIR region due to the multi-layer. This result illustrates the effect of the multilayer in the thermal
radiation process. Visualization 1 shows the dynamic of the process without normalization.

To be complete, the mirror emissivity is plotted in Fig. 5(b). The curve presents two significant
peaks in the NIR region [1 µm - 2 µm] and small variations at larger wavelengths. Consequently,
the emission of the mirror deviates significantly from that of the blackbody when its maximum
emission is in the NIR, thus when the temperature is higher than 1450 K (according to Wien’s
law). This explains the 2 peaks of the pink curve in Fig. 5(a) (corresponding to a temperature of
1645 K).

a) b)

Fig. 5. a) Spectral intensity versus wavelength of thermal radiation from the quarter-wave
mirror of Fig. 2 subjected to a ns pulsed laser, for different pulsed energies (1mJ, 50 mJ, 100
mJ and 150 mJ). The curves are normalized by their maximum value (see Visualization 1
without normalization). b) emissivity of the mirror.

4. Narrow-band enhancement of thermal radiation

We have just seen that the filter function of a multi-layer component can significantly alter its
thermal radiation, provided the emission wavelength is close to the center wavelength of the filter.
In this part we shall turn our attention to how filters can be designed to confine and enhance
thermal radiation. A desire to tailor the thermal radiation has led to the design and manufacture
of many structures in the literature [10]. For example, 2D multi-layer structures [20] can be
mentioned, gratings [14], meta-surfaces [21] or 1D structures such as metal Fabry-Perot filter
[11], photonic crystals coated with SiC [13] or Ag [12] and Bragg stacks [46]. Huge works have
also been made in controlling thermal radiation in energy saving related domain [18,19]. To
a greater or lesser degree, all these components confine the thermal radiation in an angular or
spectral sense.

https://doi.org/10.6084/m9.figshare.23098877
https://doi.org/10.6084/m9.figshare.23098877
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For this application we shall draw on work already carried out in the domain of luminescent
micro-cavities, where sources are also described by surface or bulk electric currents [4,36,37,43].
Much work has been devoted to controlling the radiation of an arbitrary surface current located
in a planar multi-layer structure [36,37]. We have recently shown how a particular structure
containing a ZAL (zero admittance layer, [40]) layer can generate a strong enhancement (or
inhibition) of the field radiated by an electric current located within the structure [43]. The
question therefore arises as to whether the same effects can be obtained to cause the thermal
radiation to be enhanced or inhibited.

As mentioned in the introduction, and because we have adopted an approach based on
spatio-frequential wave packets using the method of complex admittances, our thermal radiation
modeling process is similar to that for micro-cavities, with two major differences. On the one
hand, the analytical expression for the currents is very different, while on the other hand, the
radiation currents are bulk currents (in contrast with the surface cavity currents that enabled
ZAL layers to be tested). Despite these differences, we observe that the admittance difference
∆Y appears in Eq. (3) and we know that the poles of this quantity control how the ZAL layers
work. Moreover, we also know that bulk currents can be reduced to surface currents [47]. These
remarks indicate that the same effects should be obtained to confine thermal radiation, what we
shall verify in due course.

Hence, we consider a multi-layer MIR component in which a multi-dielectric mirror centered
around 2µm is associated with a ZAL layer. Thin film materials are still Ge and BaF2, but Ge is
now the superstrate from which the illumination comes, while the substrate is air [40]. Recall
[40] that the mirror is designed to work at oblique incidence θ0

0 in the superstrate, and is therefore
matched as

nHeHcosθ0
H = nLeLcosθ0

L =
λ0

4 = 2µm (41)

with θ0
H, θ0

L the angles within the H and L materials. As mentioned above, the index ratio nH/nL
in the MIR range is high with these materials, so that a few layers is enough to reach a high
reflection, all the more than oblique incidence is used. The final structure for incidence θ0

0 is
therefore Ge/LHL/ZAL/Air. The ZAL layer is made of BaF2 and determined to obtain a thermal
radiation enhancement in S polarization at (λ0, θ0

0) = (2µm, 20◦), giving a thickness of 725.76
nm.

4.1. Static case at ambient temperature

Though we are interested in a pulsed photo-induced regime (see section 4.2), we start with the
case of a coating at ambient temperature. Indeed following Eq. (39) and related assumptions, the
multilayer emissivity is not temperature dependent, so that it will not vary with time in a pulsed
regime. Therefore, the coating emissivity (which is an intrinsic property of the multilayer) can
be investigated regardless of the regime. We analyze below the component’s ability to confine
thermal radiation.

In a first step we plot in Fig. 6 the result in terms of spectral emissivity at ambient temperature.
Figure 6(a)) shows the emissivity as a function of the angle of emission, and Fig. 6(b) shows
the emissivity as a function of wavelength. As expected, the thermal radiation is very strongly
confined about the pair (λ0 = 2µm, θ0

0 = 20◦) with an emissivity close to 1; this is despite the low
imaginary index of the layers (n′′ = 10−4), on account of the great enhancement of the electric
field produced by the ZAL layer [40]. Therefore, as for the micro-cavity case [43], the radiation
is enhanced by a factor close to 104. More precisely, the structure radiates thermally for all pairs
(λ, θ0) of the line shown in Fig. 6(c). Finally, Fig. 6(d) plots the change in spectral emissivity
at (λ0, θ0

0) as a function of the number of layers of the multi-dielectric mirror. The greatest
emissivity (3 layers) is that we used in this section. The low layer number (3) results from the
high index ratio in the MIR.
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a) b)

c) d)

Fig. 6. Spectral emissivity for a ZAL structure. Emissivity with respect to wavelength at 3
angles a), emissivity with respect to emission angle at 3 wavelengths b) and emissivity with
respect to both c). Maximum emissivity with respect to the number of layers of the mirror d).

To allow comparison with the results in the literature, the spectral ∆λ and angular ∆θ
bandwidths at half the emissivity maximum are calculated. We find ∆λ = 5.6 nm, giving a
quality factor in the MIR (as defined in [10]) of Q = λ0/∆λ = 356. We also have ∆θ = 0.006◦,
which defines a spatial coherence Lc =

1
∆θ λ

0 = 9554λ0. The quality factor and coherence length
are thus similar to those of the structures described in [10,12–14]. Reference [48] demonstrates a
resonant cavity coupled with a greater spatial coherence and resonance factor.

4.2. Dynamic case: photo-induced thermal radiation

We now consider a photo-induced situation and analyze thermal radiation. The heat source comes
from the absorption of the coating illuminated in a single pulse regime. Unlike the emissivity,
thermal radiation (ThR) is temperature dependent, and so is time dependent. The ThR shaping
by the ZAL coating will be more pronounced when the adequate temperature is reached at
some point in time where the blackbody wavelength of maximum energy is not too far from the
operation point of the coating (2µm).

We use the ms regime to ensure that all layers support a significant heat source. Indeed in this
regime the temperature does not follow the electromagnetic field within the multilayer, so that
the heat source is quasi-uniform within the coating. Such condition is necessary to optimize the
coating efficiency. For shorter duration pulses, the temperature follows the stationary optical
field and it would be necessary to check the temperature level in the ZAL layer.

In order to limit the incident power, the coating is illuminated at its resonance frequency
(λ, θ0) = (λ0, θ0

0) = (2µm, 20◦) in S polarization. Due to the enhancement of the evanescent
field within the stack, absorption is highly increased and the resulting temperature elevation,
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with a 5mJ laser pulse of 1 ms, is greater. We find ∆T = 257K, a value to be compared to 0.18 K
outside the resonance wavelength.

The results are shown in Fig. 7, which emphasizes the narrow peak of thermal radiation at
2µm. Figure 7(a)) is given for the thermal radiation versus time, at wavelengths and angles
given by (λ = λ0 = 2µm, θ0 = θ

0
0 = 20◦). Figure 7(b)) is given for the wavelength spectrum of

the thermal radiation, at two different times. The blue curve is calculated at instant 0 where the
temperature is the ambient temperature (293 K), while the red curve is calculated at the instant
where the temperature rise is maximum (see the blue and red dots on Fig. 7(a)). The dynamic
behavior that results from Fig. 7(b) can be seen in Visualization 2.

a) b)

c) d)

Fig. 7. Spectral intensity (ThR) plotted for the ZAL coating illuminated with a single pulse
laser (1 ms, 5mJ, 2µm, 20°). a): ThR is plotted versus time at wavelength 2µm and direction
20◦. b): ThR at direction 20° is plotted in blue at ambient temperature (time= 0, see blue
dot in a) and plotted in red at time where the maximum temperature is reached (see red dot
in the a). c) Th R is plotted in red at time where the maximum temperature is reached and
compared with blackbody intensity at same temperature. d) integral of the ThR over a 20 nm
bandwidth around 2 µm and normalized by the integral of ThR over the entire spectrum [1
-10 µm].

To be complete, we provide in Fig. 7(c) a comparison between the spectral intensities of the
ZAL structure and the blackbody at the same temperature. The temperature (550 K) is the sum
of the ambient and photo-induced temperatures. As expected, both intensities are equal at 2 µm
where the emissivity is unity.

As seen in Fig. 7(b) and in Visualization 2, the thermal radiation is progressively confined and
enhanced around the resonance at 2 µm. For more detail, the integral of the spectral intensity
over a 20 nm bandwidth around 2 µm is plotted as a function of time in Fig. 7(d). This integral is
normalized by the integral in the range [1 µm - 10 µm] and expressed as a percentage. As shown

https://doi.org/10.6084/m9.figshare.23098946
https://doi.org/10.6084/m9.figshare.23098946
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in Fig. 7(d), at the maximum temperature elevation (red dot), the resonance accounts for 4% of
the thermal radiation in the range [1 µm - 10 µm], while at ambient temperature (blue dot) it
accounts 0.0008%.

We should keep in mind that the efficiency of the ZAL coating can be reduced in practice,
depending on the manufacturing precision of the multi-layer. Finally, the ZAL structure can
be optimized at any wavelength; choosing λ0 = 10µm would lead to a confinement at ambient
temperature. In conclusion, planar structures based on ZAL layers offer a complementary
alternative in shaping thermal radiation in predefined narrow-band windows.

5. Conclusion

We have presented an electromagnetic model that, in a very general case, calculates the
photo-induced transient thermal radiation in interference filters as functions of the illumination
parameters of the coating (energy, pulse duration, spot size, incidence and polarization). Radiation
sources were introduced into Maxwell’s equations using the fluctuation-dissipation theorem
[9,10,34], taking into account the spatio-temporal variation of the photo-induced temperature
[29]. Pulse lengths are in the order of a nanosecond, large enough to allow thermalization process
to take place. The method of solution is based on our previous work covering bulk scattering
[35] and luminescent micro-cavities [36,37,43], drawing on electromagnetic optics [4]. The
statistical phase properties of thermal currents were used to simplify the equations.

We considered 3 variables: flux per unit solid angle, radiative spectral intensity, and emissivity.
Numerical results allowed us to plot thermal radiation curves as functions of time, wavelength,
emission angle and position at the emissive surface. Various structures were analyzed. For
multi-dielectric mirrors in the MIR we were able to show how the filter formula affects the
radiation it emits, this being very different from that of a black body at the same temperature. We
also showed how ZAL structures [40] enable the radiation to be intensely confined at predefined
frequencies, in angle and wavelength, with an emissivity close to unity.

We believe this work can be useful for the optical thin film community. In particular, it could
help to design multilayers to control thermal radiation, drawing on already well-established thin
film design techniques [4]. Note also that we used a direct method to calculate the thermal
radiation, in particular because our method can be extended to take account of the energy density
stored in the evanescent waves, that can be decoupled by an optical tunnel effect [38], and which
takes part in the energy balance for dissipative media [4]. Above all, this model will allow to
quantify the amount of radiation transferred to the many guided modes of the multi-layer structure
[39], which will be covered in a forthcoming publication.
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