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Uniform attachment with freezing: Scaling limits

* »

Etienne Bellin ®  Arthur Blanc-Renaudie ¥~ Emmanuel Kammerer Igor Kortchemski

Abstract

We investigate scaling limits of trees built by uniform attachment with freezing, which is a variant
of the classical model of random recursive trees introduced in a companion paper. Here vertices are
allowed to freeze, and arriving vertices cannot be attached to already frozen ones. We identify a phase
transition when the number of non-frozen vertices roughly evolves as the total number of vertices to a
given power. In particular, we observe a critical regime where the scaling limit is a random compact
real tree, closely related to a time non-homogenous Kingman coalescent process identified by Aldous.

Interestingly, in this critical regime, a condensation phenomenon can occur.

Figure 1: Simulations of the model of uniform attachment with freezing, when the number of
active (i.e. non-frozen) vertices roughly evolves as the total number of vertices to the power «;

top: a = 0.2,0.5, bottom: « = 0.8, 1. Frozen vertices are blue; active vertices are green.
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1 Introduction

We are interested in the geometry of uniform attachment trees with freezing, which we introduced in [8].
In the classical model of uniform recursive trees (sometimes also called uniform attachment trees), trees
are constructed recursively starting with one single vertex, and successively attaching new vertices to
a previous existing vertex, chosen uniformly at random. In the model of uniform attachment trees with
freezing, existing vertices can freeze and new vertices cannot be attached to frozen vertices.

The motivations in introducing this model were multiple. In the context of real-world networks such

mechanisms naturally appear: for instance, on social media (such as Twitter) a user can choose to set



their account to “private” which prevents strangers from “following” them; also performing an infection-
tracing of an SIR epidemics falls within this framework (see [8]). Second, this model presents interesting
mathematical features: for instance, it extends both uniform recursive trees and uniform plane trees, and in
[8] universal bounds on the height have been obtained.

The main purpose of this paper is to study scaling limits of uniform attachment trees with freezing,
in the specific regime where the number of non-frozen vertices roughly evolves as the total number of

vertices to a given power.

Uniform attachment with freezing. Let us recall the model, which is parametrized by a deterministic
sequence X = (X;);>1 of elements of {—1,+1}. Starting from a unique active vertex, we recursively build
random trees by reading the elements of the sequence one after the other, by applying a “freezing” step
when reading —1 (which amounts to freezing an active vertex chosen uniformly at random) and a “uniform
attachment” step when reading +1 (which amounts to attaching a new vertex to an active vertex chosen
uniformly at random). For every n > 1 we denote by T, (x) the random tree recursively built in this fashion
after reading the first n elements of x (see Sec. 3.1 for a precise definition and Fig. 2 for an example).

Let us comment on our choice of parametrization. It would have been possible to define the model
starting with a random sequence x, but the choice of a deterministic sequence defines a more general model.
Our results can then be applied in the context of a random sequence.

It is interesting to note that this model encompasses the two classical models of random recursive
trees (when x; = 1 for every i > 1) and random uniform plane trees (when the sequence X = (X;);>; is a

sequence of non constant i.i.d. uniform random variables on {-1, +1}, see [8, Proposition 12]).

Scaling limits. In order to make explicit the regime we are interested in, we need to introduce some

notation. Given a sequence x = (X;);»1 of elements of {—1,+1}, we set Sy(x) := 1 and for every n > 1
n
Sp(x) =1+ Z xi;  7(x) = inf{n > 1:S,(x) = 0}. (1)
i=1

Observe that S, (x) represents the number of active vertices of 7,,(x). In particular, 7(x), if it is finite, is the
first time when all the vertices are frozen, so that the tree does not evolve anymore. In order to consider
large trees, we thus need this time to be large. For this reason, we consider a sequence (x"),>1 of sequences
of elements of {—1, 1} such that 7(x*) > n for every n > 1 (if 7(x) = oo we can of course take x" = x).

We investigate scaling limits for a particular class of sequences (x"),>; where the number of active
vertices, that is S, (x"), roughly evolves as the total number of vertices to the power «, for fixed a € (0, 1].
More precisely, we require (S,;(x")/n%)o<;<1 to converge towards some function f (see Sec. 2 for precise
conditions). It turns out that the geometry of T, (x") can be understood within this class, through scaling
limits for which we identify different regimes according to the value of a. In order to keep this introduction
at reasonable length, we postpone the precise statements to Sec. 2, and summarize here the essence of our
results.

— Subcritical regime a € (0,1/2): T,,(x)/n'~% converges in distribution to a deterministic line-segment

for the Gromov-Hausdorff-Prokhorov topology (Theorem 2.2);

— critical regime a = 1/2: T,,(x™) /+/n converges in distribution to a random compact measured real tree
for the Gromov-Hausdorff-Prokhorov topology, with a condensation phenomenon when 1/f? is
integrable near 0 (Theorem 2.3);

— supercritical regime & € (1/2,1): T,,(x") looks like a “star” with branches of random lengths of order

n'~% (Theorem 2.6).



Here the terminology “X looks like Y” means that the joint laws of the graph-distances of k points chosen
in an i.i.d. way from X and from Y are “close”.

The boundary case @ = 1 has been analyzed in our companion paper [8]: T, (x") looks like a “tentacular
bush” in the sense that at the first order two typical vertices are always at the same deterministic distance
of order In(n), smaller that the height of the tree.

Our proof is based on a alternative construction of uniform attachment trees with freezing, which we
introduced in [8]: by reversing time, uniform attachment trees with freezing can be built using a growth-
coalescent process of rooted forests. This extends the well-known connection between recursive trees and
the Kingman coalescent. This construction enables us to control distances using classical concentration tools
combined with the chaining method. This method is an important technique in concentration theory [25]
whose goal is to estimate the maximum of a given function on a given space using a sequence of increasing
subspaces. It has found many applications in the study of random metric spaces, see e.g. [4, 7, 14, 24, 11, 10].
Moreover, in the case o = 1/2, the continuous analogue of the alternative construction can be viewed as a

time-change of a time non-homogeneous Kingman coalescent process introduced by Aldous.

Plan of the paper. We start in Sec.2 by stating our main results concerning scaling limits in various
regimes. Sec. 3 then recalls an alternative construction of 7, based on time-reversal, through a growth-
coalescent process of rooted forests, which we have introduced in [8]. We then obtain in Sec. 4 general
estimates for distances in T, and introduce in particular another distance based on coalescence times. This
enables us to establish our scaling limit results, first in the non-critical cases « # 1/2 (Section 5) and then
in the critical case & = 1/2 (Section 6). Finally, Appendix A contains background on different topologies

that we use and Appendix B contains a tightness criterion.

Acknowledgments. We are grateful to Christina Goldschmidt for stimulating discussions at early stages
of this work. We thank the wonderful organization committee (Serte Donderwinkel, Christina Goldschmidt,
Remco van der Hofstad, and Joost Jorritsma) of the RandNET Summer School and Workshop on Random

Graphs, where this work was initiated.

2 Scaling limits: main results

We consider a sequence (x"),>; of sequences of elements of {—1, 1} such that 7(x") > n for every n > 1
(if 7(x) = oo we can of course take x" = x for every n > 1), and set T,, = T,,(x"). We keep the notation
introduced in Sec. 1, recall in particular (1). To simplify the notation, we set S = Sg(x") forevery 0 <k <n

and define S} for t € [0, n] by linear interpolation. We also set

n

1
h; = Z EH{X?zl}

i=1 i

We study the geometry of T, under certain assumptions, which we now state. Given « € (0,1) and a

function f : [0,1] — R4, we consider the following set of conditions:

(Hf)  f is continuous, f(0) = 0 and f(x) > 0 for every x € (0,1);

(Limjﬁ) (Sp:/n“)o<t<1 converges uniformly towards f;
n

. .1 1 1
(Tight,) (1511)1’(1) lim sup e Z F:ﬂ_sl’}gana =0.

00 - .
n— i=1 i




We say that condition (Tight,) is a-tightness. We will later see that conditions (Hy), (Limjﬁ) and
(Tight,) imply that 1/f is integrable on [0, 1] (see Lemma 4.2). Observe that condition (Tight,) can be
alternatively formulated by saying that if (U,),>1 are independent random variables with U,, uniform on
{1,2,...,n}, then the sequence of random variables ((Sl'}n /n%)™1),51 is uniformly integrable.

We first identify the height of T, under these assumptions:

Theorem 2.1. Assume that a € (0,1) and that f : [0,1] — R¥ satisfies (Hy) and (Limjﬁ). Also assume that
(x")n>1 satisfies (Tight,). Then for all p > 1:

Height(T,) 1» Uode
—_— e —_—
nl-@ n—oeo Jo o 2f (1)

This follows from [8, Theorem 2], in virtue of which the convergence Height(T,)/h} — 1 holds in L?,
combined with estimating the asymptotic behavior of h}.

Let us mention that condition (Tight,) allows to discard undesirable behavior at the first steps of the
process: for example, for ¢ € (0,1), if x},,, = 1 and x}; = =1 for 1 < i < n'~¢, then with high probability

1-¢

the tree T, will have height at least of order n

2.1 Subcritical regime o € (0,1/2)

Theorem 2.2. Assume that a € (0,1/2) and that f : [0,1] — R* satisfies (Hy) and (Lim?). Also assume
that (x")n>1 satisfies (Tight,). Then the convergence

L . @ O/Ii
S W 0

holds in distribution for the Gromov-Hausdorff—Prokhorov topology, where the segment [O, /01 1/(2f(t))dt| is

equipped with the image measure of the uniform measure on [0, 1] by the mapping x — /Ox %.

We refer to Sec. A for details concerning the Gromov-Hausdorff-Prokhorov topology. See Theorem 5.2

for the case where ||S"||« is bounded (which roughly speaking may be viewed as the case a = 0).

2.2 Critical regime o = 1/2

Theorem 2.3. Assume that a = 1/2 and that f : [0, 1] — R¥ satisfies (Hy) and (Limjﬁ). Also assume that
(x")n>1 satisfies (Tight,). Then the convergence

1 (d)
ﬁ *Tn =2 T(f)

holds in distribution for the Gromov-Hausdorf{f-Prokhorov topology, where T(f) is a random measured compact

real tree.

The proof is divided in two steps: first the identification of the limit through finite-dimensional
distributions by constructing a continuous analog of Algorithm 2, second establishing tightness for the
Gromov-Hausdorff-Prokhorov topology by relying on the chaining method.

We show that this tree is similar in many aspects to the Brownian tree introduced by Aldous [4] (see
Sec. 6 for background concerning real trees). Specifically, we establish the following properties concerning

the geometry of T(f):



Theorem 2.4. The following assertions hold almost surely.

(1) The mass measure on T(f) has full support and gives full measure to the set of its leaves.

(2z) T(f) is binary if and only iffol/2 flz = co. When f01/2 flz < 0o, the root has infinite degree and all the

other branchpoints are binary.

Observe that, quite surprisingly, a condensation phenomenon may occur; in particular the topological
class of T(f) depends on the integrability of 1/f? near 0. Let us mention that it is not too hard to check that
almost surely the Minkowski, packing and Hausdorff dimensions of T(f) are at least equal to 2. However,
the upper dimensions depend on the the fine behavior of f near 0, and will be investigated in future work.

It turns out that by appropriately choosing f one can recover the Brownian CRT.
Corollary 2.5. If @ is a normalized Brownian excursion then T(e) has the same law as the Brownian CRT.

This comes from Theorem 2.3 applied with a carefully chosen random sequence (x"),>; (see Sec. 6.7

for details). This result can also be seen as a consequence of [6, Theorem 2].

2.3 Supercritical regime o € (1/2,1)
We denote by d” the graph distance on the vertices of T,.

Theorem 2.6. Assume a € (1/2,1) and f : [0,1] — R satisfies (Hy) and (Lim?). Also assume (x""),>1
satisfies (Tight,). For every k > 2, conditionally given Ty, let V', V', .. ., Vk” be independent uniform vertices
in T, and let Uy, ..., U, be iid. uniform random variables in [0,1]. Also let Vi’ be the root of T, and let
Uy = 0. Then the following convergence holds in distribution.

1 ) Ui dr U dt
.dn(Vin,V.")) o) (/ _+/ _)
nt-* g o<ijek o \Jo o 2f(0)  Jo o 2f(8) Joci ek

where d" denotes the graph distance in the tree T,.

Intuitively speaking, this tells us that the tree T, roughly looks like a “star” with branches of length
nl=¢ /01 1/(2f(¢t))dt. It is worth noting that this case gives a natural example of trees growing polynomially
in their size, without scaling limits. Indeed, (T,,/n!~%),>, is not tight for the GHP topology (since for &£ > 0
the number of balls of radius ¢ needed to cover this space tends to infinity in probability). However, for
another topology closely related to the Gromov—Prokhorov topology (see [17, 19]), T,/n!~% converges to
the so-called long dendron Y, (we use the notation of [19, Example 3.12]) with v being the image measure of

the uniform measure on [0, 1] by the mapping x — fox 1/(2f(t))ds.

3 Trees constructed by uniform attachment with freezing

Here we give a precise definition of trees constructed by uniform attachment with freezing, and recall from
[8] an alternative growth-coalescence algorithm to generate them. We also provide Table 1 which contains

the notation that will be used in the future sections.

3.1 Uniform attachment with freezing: recursive construction

Given a sequence X = (X,)n>1 of elements of {—1, 1}, for every n > 1 the tree T, (x) is built by reading the
first n elements of the sequence x, namely xi,. .., x,. Here the trees will be rooted, vertex-labelled and

edge-labelled; edges have the label corresponding to their time of appearance and vertices have the label



Table 1: Table of the main notation and symbols introduced in Section 3 and used later.

N ={1,2,3,...} positive integers
[n] ={1,2,...,n} integers between 1 and n
#A cardinality of a finite set A
X = (Xn)neN a sequence of elements of {—1,1}
S, (x) =1+ 20 X
7(x) =inf{n > 1:S,(x) =0}
Tn(x) tree built at time n by Algorithm 1; S,,(x) is its number of active vertices
N, (x) total number of vertices in 7, (x); N,(x) = (Sp,(x) +n+1)/2 when n < 7(x)
Tn(x), I, _(x),..., T (x) the forest of trees built by Algorithm 2
T (x) = J7 (x) the output of Algorithm 2
Fn(x) ={i € [1,n] : x; = —1} the labels of frozen vertices of T"(x)
A, (x) ={ay,...,as,(x } the labels of active vertices of T7"(x)
V. (x) = F,(x) U A, (x) the labels of all vertices of T"(x)
b, (u) the birth time of u € V,(x) in the construction of 7" (x) by Algorithm 2
cn(u,v) the coalescence time between u,v € V,(x) in the construction of T7"(x) by

Algorithm 2

H? (u) the height of vertex u in J7(x)

« 9

corresponding to their time of freezing or the label “a” if they are still active (meaning they have not frozen

yet). We set Sp(x) := 1 and for every n > 1
Sp(x) =1+ in; 7(x) == inf{n > 1: 5,(x) = 0}. (2)
i=1

Algorithm 1.
e Start with the tree T(x) made of a single root vertex labelled a (vertices labelled a are called active
vertices, and the others frozen vertices).
e For every n > 1, if 7,,_1(x) has no vertices labelled a, then set T,,(x) = T,,—1(x). Otherwise let V,, be

a random uniform active vertex of 7,,_1(x), chosen independently from the previous ones. Then:
- ifx, = —1, build T,(x) from T,,_; (x) simply by replacing the label a of V;, with the label n;

- if x,, = 1; build 7, (x) from T,_;(x) by adding an edge labelled n between V,, and a new vertex
labelled a.

Forn > 0, we view T,,(x) as a rooted, double-labelled tree (that is edge-labelled and vertex-labelled). If N,,(x)
represents the total number of vertices of T, (x), observe that by construction N, (x) = (S,(x) +n+1)/2
for 0 < n < 7(x).

The law of the random tree T, (x) obviously depends on the sequence x (actually it only depends on the
first n elements x, . . ., X,). Notice that, by construction, the sequence of trees (T, (x))n>0 is non-decreasing
and reaches a stationary state if and only if 7(x) < oo, in which case it reaches a stationary state for the

first time at 7(x). In this case, 7,,(x) has no more active vertices for the first time at n = 7(x).



Sn(x)
3 :

71 (x)

o n To(x) 75 ()
o 1 2 3 4 5 T2 (x) T4 (x)

[ 8]

-

Ts(x)

Figure 2: On the left is represented the walk (S, (x))n>0 up to time n = 5 associated with the
sequence X = +1,—1,+1,+1,—1,.... On the right, a possible realisation of the trees T(x) to

Ts(x) given this sequence. Frozen vertices have been colored in blue.

3.2 Uniform attachment with freezing: growth-coalescent construction

In order to analyse the geometry of uniform attachment trees with freezing, an alternative time-reversed
construction based on a growth-coalescence process of forests, that we introduced in [8], is particularly
useful. This algorithm is a generalization of the connection between random recursive trees and Kingman’s
coalescent which first appeared in [16] (see [15, Sec. 6], [23, Sec. 3], [2, Sec. 2.2], [3] for applications), in
the context of union-find data structures (which are data structures that store a collection of disjoint sets

where merging sets and finding a representative member of a set), see e.g. [20].

Algorithm 2. Fix 0 < n < 7(x). We construct a sequence (F7,(x), I7_,(x), ..., I (x)) of forests of rooted,
edge-labelled, vertex-labelled, unoriented trees by induction as follows.
e Let J7;(x) be a forest made of S,,(x) one-vertex trees labelled ay, .. ., as, (x)-

e Forevery 1 <i < n,if 7 (x) has been constructed, define J7" | (x) as follows:
- if x; = =1, I | (x) is obtained by adding to F7'(x) a new one-vertex tree labelled i;

- if x; = 1, let (T3, Tz) be a pair of different random trees in J7'(x) chosen uniformly at random,
independently of the previous choices; then J7, (x) is obtained from J7' (x) by adding an edge
labelled i between the roots r(T;) and r(T3) of respectively Ty and T, and rooting the tree thus
obtained at r(T});

e Let T7"(x) be the only tree of Ff(x).

®» OO 6
OO 000 @ o}e

Fo="T ”(x) ‘J'”(x)

Figure 3: An illustration of Algorithm 2 with n = 5 and (xs, x4, X3, X2,x1) = (-1,1,1,-1,1)
(this is the same sequence as in Fig. 2). For example, since x, = —1, J is obtained from F;
by adding a new tree made of a vertex labeled 2. Since x4 = 1, to build F; from F we have
chosen in 3"2 two trees (Tq, Tz) with Ty being the vertex a; and T, being the vertex az, and we
have added an edge labelled 4 between the roots r(T;) = a; and r(T;) = a of respectively T
and T, and rooting the tree thus obtained at r(Ty) = a;.



Observe that the active vertices of 7,,(x) are all labelled a while the active vertices of 7" (x) are labelled
ai,...,as,(x) (see Fig. 3). It turns out that T,(x) is equal in law to 7" (x) when its active vertices are all
relabelled a. More precisely, denote by 7”(x) the tree obtained from 7" (x) by relabelling its S, active

vertices by a (see the right-most part of Fig. 3 for an illustration).

Theorem 3.1 (Theorem 7 from [8]). The two trees T,(x) and T7"(x) have the same distribution.

3.3 Laws of the birth and coalescence times

We now introduce some notation related to birth and coalescence times, and identify their laws in view of
the analysis of scaling limits of analysis of trees built by uniform attachment with freezing.

In the rest of the paper we shall use the notation [n] = {1,2,...,n}. First, define
Fo(x)={i€[n]:xi=-1},  Au(x)={a1....a5,;0},  Va(x) =Fa(x) UAs(x). (3)

Note that while 7" (x) is a random tree, the labels of its vertices are deterministic as they depend only on x:
A, (x) are the labels of the active vertices of 7"(x) and F, (x) are the labels of the frozen vertices of T7"(x).
In particular, the elements of V,,(x) will be called vertices of T7"(x).

Next, for every u € V,(x), we denote by b, (u) the largest i € {0, 1,...,n} such that u belongs to the
forest I7(x). Explicitly, if u € A,(x) is an active vertex then b,(v) = n, and if u € F,(x) (note that u is
then an integer) then b, (u) = u — 1 (see Fig. 3 for an example). We say that b, (u) is the birth time of u,
since it encodes the first time when vertex u appears in Algorithm 2.

For 0 < i < b,(u), denote by H? (u) the height of vertex u in J7' (that is, the graph distance between u
and the root of J7).

Finally, for u,0 € V,(x), we denote by c,(u,v) the largesti € {0,1,...,n} such that u and v belong
to the same tree in the forest J7(x) obtained when building 7" (x) in Algorithm 2. We say that c,(u,)
is the coalescence time between u and v, since it encodes the first time u and v belong to the same tree in
Algorithm 2 (observe that while b, (u) is deterministic, ¢, (u, v) is random).

We now state several simple consequences, which will be useful in the analysis of the geometry of

JT™(x) (see Section 2.4 in [8] for proofs).

Lemma 3.2. Fix1 < n < 7(x) andu € V,(x). Forevery1 < i < b,(0):
1

B(H}1(0) = H(0) = 197 F7) =
i

Tx=1)-

In particular, if (Y;")1<;<, are independent Bernoulli random variables of parameter 1/5;, we have for

everyu € V"
bn ()

n (@) n
Hiw) = > Y. (a)
i=1

Lemma 3.3. Fix1 < n < 7(x). Let V be an element of V,(x) chosen uniformly at random. For every

1 < m < n we have
m+1-35,(x)

Plba(V) <m) = n+1+S,(x)

The last useful result identifies the law of the coalescence times between two vertices.

Lemma 3.4. Fix1 < n < 7(x) and consider u,v € V,(x). Then for every 0 < ¢ < b,(u) A b,(v) such that

1 Pr(WAbn(2) 1
P(cn(u, Z)) = C) = K l_[ (1 - S_z)
(3" e (%)

s.t. x;=1

Xe1 = 1t



4 Distances in uniform attachment trees with freezing

We shall now study the geometry of uniform attachment trees with freezing. It will be convenient to work
with 7" (x) as built using Algorithm 2. Recall Theorem 3.1: the only difference between T, (x) and 7" (x)
is that all the active vertices of T7”(x) are labelled aj, .. ., as, (x), while all the active vertices of T,(x) are
labelled a. In particular the graph structure of both trees is the same in law, so it is equivalent to establish
our main results with T, (x) replaced with T7"(x).

Also recall from (3) the definition of ¥, (x), which is a deterministic set representing the labels of the
vertices of 7" (x), and that by a slight abuse of notation we view elements of V, (x) as vertices of 7" (x).

As in 8], we will use Bennett’s inequality many times, under the following variant tailored for our

purpose:

Proposition 4.1 (Bennett’s inequality). Let (Y;)1<;<n be independent random variables, such that Y; follows

the Bernoulli distribution of parameter p; € [0, 1]. Set m,, = },i_; pi. Assume m,, > 0. Then for every t > 0:

(Sm s zonlomal)) ot =[50 <mame] ool )

i=1 i=1 n

where g(u) = (1+u) In(1+u) — u foru > 0.

4.1 Deterministic estimates

From now on, we consider a sequence (x"),>; of sequences of elements of {—1, 1} such that 7(x") > n for

everyn > 1.

To simplify notation, in the sequel, we drop the dependence in x", so for instance we will write T"
for the tree 7" (x") built from x" using Algorithm 2. We also set S := Sx(x") for all k < n, and define for

every 1 <a <b<t(x"):

b b
1 1
hn(a,b) = ) S w=ha(Ln), hiab) = > silogmu bl = H(Ln). )

Our goal is now to study the geometry of 7". To this end, it is useful to estimate h;.

Lemma 4.2. Leta € (0,1) and f : [0,1] — R,. Assume that (Hy), (Limjﬁ) and (Tight,) are in force. Then
the following assertions hold:

(i) The following convergence
2 n
- Z Lxn=16i/n njo’oLeb[o,u,
i=1

holds weakly, where Lebyq 1] is the Lebesgue measure on [0, 1].

(ii)
1 1 d
——dt < +o00.
o f(1)
(iii)
1h+ 1h ! 1 d
2n%” ~n% "h, ~ ——dt.
" o f()
(iv)

max

nl=% 1<a<b<n n—oo

h;(a,b)—%hn(a,b)’ — .

10



Proof. We first introduce some notation. For 0 < a < b < 1, set

Lbn] — |an] +5Lan S[’anJ ~ (b-a)n

pn(a,b) =#{lan]+1<i<|bn]:x;=1}= 5 . :

(6)

since S’fan] =o(n) and S[‘bn] =o(n).

By the Portmanteau theorem, (i) directly follows from (6). Let us show (ii) and (iii) simultaneously. Set
&n = MaXi<i<p [n”*S!" — f(i/n)]. Let 0 < a < b < 1, then

Lon] Lbn] Lon]

1 1
hy >n™* ———— Ly =n"“ xn=1 n~* » — 1 (xn-y).
SLAP) MO 2 F(I) T 2. (F(£) +ea)f(2) 7Y

i=|lan] i=|lan] i=lan]

Observe that 1/f and 1/f? are continuous and bounded on [a, b] by (H ), so that by (i):

Lbn] Lbn]

2 2 1 by
]]-x— > - —1 x"= — _—
lLaanz(){ Vo / 0% ”i:%f(ﬁ) B e /af(o

Therefore, forall0 < a < b < 1:

10
liminf(n®"'h?) > ——dt.

o I0)

Making a — 0 and b — 1 we obtain that liminf(n*~'h}) is at least equal to half of the integral of 1/f
between 0 and 1 (which, at this stage, might be infinite). Now, for the upper bound, fix ¢ > 0. By (Tight,)
for every § > 0 small enough, for every n large enough,

n

1 -
Z S—n]]_{slfzs(gna} <en'™@

i=1 i
Then, for all § small enough, and n large enough with ¢, < §/2

n

1
h! < en'™@ +Z 7 Lisnssnay Lixn=1y < en'™%+n aZ Wﬂ{f( )>5/z}ﬂ{x =1}-
=S =1 J 7

Then by (i), the last sum, divided by n!~%, converges towards % fol dt/f X 1{f>s/2)- Therefore,

111 1 (11 1 ('
lim sup(nh%) < 264+ [ 1 d o zen [ a0 [
a4 <2603 1 gttt o 20y L =g g
Finally we show that this integral is finite. Let § > 0 such that for alln > 1

n

1 _
Z S—n]]_{sl(ls(gna} < nl e,

i=1 i

1
h Z S ]l{x =1} < n'=¢ +Z ]l{sn>5na} <n'” (l + 5)
a—1h+

- is bounded and by what precedes converges towards % /01 1/f, which hence is finite.

Then

Therefore n
Following the exact same steps one can similarly shows that n*~'h, — /01 1/f, which concludes for (iii).

Finally, one can readily adapt the proof of (iii) to get for every a,b € [0, 1]

, b
2n*'hy(Lan], [bn]) — ]%dt and  n"'hy(lanl, [bn]) — J%dt

By an extension of Dini’s theorem to R?, by monotonicity the last convergences hold uniformly on [0, 1]2,

and (iv) directly follows. O

11



4.2 An alternative distance using coalescence times

In this section, we introduce a new distance on the vertices of 7 which will be more convenient to study,

based on the coalescence time between vertices. For every n € N, and u,v € T", set

Dwoy=2 Y mts 2 = sha(en(w0)ba) + sha(en(0). ba(o))

cn(u,0)<i<by (u) Tt cn(u,0)<igb, (v) 71

where we use the notation h introduced in (5).

Proposition 4.3. Leta € (0,1) and f : [0,1] — R,. Assume that (Hy), (Lim?) and (Tight,) are in force.
Then for every € > 0,

P( max |d"(u,v) — D"(u,0)| > gnl_“) — 0.

u,0eV, n—oo
Proof. Recall that, forv € V, and 0 < i < b, (v), H}(0) is the height of vertex v in F7. First note that by the
definition of Algorithm 2, for every u, v € V,,, the nearest common ancestor of u and v in T” is the root of
the tree in the forest F" which contains u and 0. As a result, d"(u,v) = H” (u) + H" (v). So
cn(u,0) cn(u,0) cn(u,0)

4% (1,0) = D" (1,0)] = [H2 ) () + 2 ) (0) = (0 (0,0), by (1) =~ ha(C (1,0, by (2))

Hence )
max |d"(u,0) - D"(u,0)| <2 max |H}(v) — —h,(a b,(v))|. (7)
u,veV, veV, 2
0<a<by, (v)

We next estimate the right hand side of (7). It follows from Lemma 3.2 that for every v € V,, and

0 < a < by(v),
by (v)

(d)
Hiw) = ) V'lgs,

i=a+1
where (Y");1<i<n are independent Bernoulli random variables of respective parameters (1/S]")i<i<n. As
before, set g(u) = (1+u) log(1+u)—u for u > 0. Then, by Bennett’s inequality, recalled in Proposition 4.1, and
using the fact that x — xg(t/x) is decreasing, for every t > 0, we see that P(|HZ(U) —hi(a+1, bn(v))| > 1)
is smaller than 2 exp(—h;g(t/h})). Therefore, by a union bound,

P( max |HZ(U) - hi(a+1, bn(v))| > t) < 2n* exp(=htg(t/h})). (8)

veV,,0<a<by, (v)

By Lemma 4.2 (iii) it follows that for every ¢ > 0,

]P( max )|HZ(U) —hi(a+1, b,,(v))| > fnl_“) < 2n® exp(~hig(en'~*/h*)) — 0.

veV,,0<a<by, (v

In addition, by Lemma 4.2 (iv), and since 1/S; < 1 for every 0 < i < n, we have

1 1
max h;(a+l,b)—§hn(a,b)’ — 0,

nl=% 1<a<b<n

which completes the proof. O
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5 Scaling limits: non-critical regimes

As before, we consider a sequence (x"),>; of sequences of elements of {—1, 1} such that r(x") > n for

every n > 1.

5.1 Subcritical regime o € (0,1/2)
We first show that, roughly speaking, vertices coalesce quickly.

Lemma 5.1. Leta € (0,1/2). Leta € (0,1) and f : [0,1] — R,. Assume that (Hy), (Lim?) and (Tight,)
are in force. Then,

1 P
— max |b,(u) A b,(v) —cy(u,0)] — 0.
n u,0eV, n—oo

Proof. Recall that the total number of vertices of 7" is (n + S, + 1)/2. By a union bound and then by the

uniform convergence of x — S, /n® towards f, for n large enough

n 2 b
P(Ju,v € V,, : |bp(u) A bp(v) — cp(u,0)| > en) < (m) max l—[ (1 _ )

sn
2 |_€nJ+15b5ni:b7|_£nJ+1 ( 21)
st xP=1
) en/3
< (n+1)%1- = - — 0.
n®*(1+supyg;y f?) n—eo

For the second inequality, we also used the fact that for n large enough, for all |[en] +1 < b < n,

#{i € [b—len]+1,b], x}' = 1} = (l_gnj +S, —SZ_LMJH)/Z > en/3.

This completes the proof. O
Proof of Theorem 2.2. Let k > 1. Foralln > 1,let V,..., Vk" be uniform random vertices of J". Let
Ui, ..., U be iid. uniform random variables in [0, 1]. Let us first show that

d" (Vi V") (d)
nl-« r:;o
1<j,e<k

By Proposition 4.3, it suffices to prove that

/UJ-vUf dt )
ujnv, 2 (1) 1< gk

b, (V™) b, (VI )

1 4 1 Uy () UiVUe gt

=l 2 awmt X g _— ol ©)
n i (V" V") 251 . (V" Vn) 251 n—oo Uj/\Up 2f(t) .

i=cp (VIV} i=cn (VLV} 1<j<k 1<je<k
However, one can write
bn (V) . br (V) . bn (V') Abn (V) . bn (V") Vbn (V]) .
. 2 o b 2 25n 2 s ¥ 2 25m"
i=cn (VILV?) 8 = (VY i=cn (VILVE) 8 (bn (V) Aba (V)41 !

Besides, S, = o(n), so that with high probability the vertices V}*’s are frozen. Moreover, conditionally on
being frozen, the bn(Vj")’s are independent and uniform in {i € [n];x! = —1}. Therefore, by Lemma 4.2 (i),
we know that the bn(Vj")/ n’s converge in distribution towards the U;’s. Finally, combining this remark

with Lemma 5.1, (Lim?) and a Riemann sum, we obtain (9).
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So as to end the proof of the GHP convergence, by Lemma A.2, it suffices to establish the convergence

in the sense Gromov-Hausdorff since we already have the Gromov-Prokhorov convergence. Let us define

|

the correspondence

|
Gn={(u,/0 2f(s)ds); u €V, and

By Theorem 7.3.25 in [12] it then suffices to show that

bn (1)

n

n

t —

veV,

dr , tvr 1
(wf) s ds). (o f) gigdsyee, iar 2f(s n
We upper bound
d"(u,v) — D"(u,
dlS(en) < sup | (u U) — (u U)l (11)
u,0eV, n-«
L benba(o)
+ sup |—— o )
u,veV, = (1,0) ;
bn () Vb (0) r
1 1 1
* oan d
sup 1-a Z 25n [/\r Zf(S) S (13)

r n
(u,/of zfl(is) ds),(z,v,/0 72f1(s) ds)eC, i=bp, (u)Aby (v)+1 &

The first line (11) converges to zero in probability as n — oo thanks to Proposition 4.3. Let ¢ > 0. Let §
given by (Tight,) such that (1/n'~%) X1, (1/S}) Lsn<spe < € forall n > 1. Then,

1 b (1) Abp (0) 1

l1-a F
i=cp(u,0) !

sup

1
<ée+ sup —|bu(u) Abn(v) = cn(u0)l,
u,0evV, n [

u,0eVy, n

and the right-hand side supremum goes to zero in probability due to Lemma 5.1. Thus the second line (12)
converges to zero in probability as n — oo.

For the last line (13), we again set ¢ > 0 and take § > 0 given by (Tight,). We can upper-bound the
quantity appearing in (13) by

1y 1
e+ — 1, ds +/
/o 2f(5)  {Ssy<0nc| 0

+ sup
t r
(u,/o —zfl(s)ds),(u,/0 —Zfl(s)ds)een

n n
on®
S tsrame < 370
i=1 i=1 i

so that by the integrability of 1/ f the first integral in the above expression is a 0(1) as ¢ — 0 uniformly in

n“ 1

28t 2f(s)

1 st zana}ds

bn (u) Vbn (v)
n

/ ds _/tvr ds
bn(w)rbn @41 2f(5) inr 2f(s)

Lsn<sne < en,

Observe that

n. Moreover, by dominated convergence,
n“ 1
25" 21 (s)

/1
0 Lns]

Also, by definition of €, and thanks to Lemma 4.2 (i) we have

ds — 0.
ansF‘S"“} e

Y

bn(u) Ab bn(u) V b
sup (t/\r—M+t\/r_M) F 0,
(W), Tz ds) (o)) sz ds)€Cn n n n
and combined with the integrability of 1/f this completes the proof. O
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We complete the study of the subcritical regime by establishing a scaling limit result when the sequence
IS®||c is bounded (which roughly speaking may be thought of as the case « = 0). The main difference
with Theorem 2.2 is that now the limit is for the Gromov-Hausdorff topology, and not in the Gromov-

Hausdorff-Prokhorov sense (in general there is no universal behavior for the latter topology).

Theorem 5.2. Let (x"), be such that 7(x") > n for alln and S}’ < M for all k < n where M is some positive
constant. Then
1 P

e
ht H—oo

holds in probability for the Gromov-Hausdorff topology.

Proof. For all n, let us call a side sub-tree of T, a sub-tree rooted at a vertex of the longest branch of 7,, and
containing only vertices that are not on the longest branch (except the root). The height of the longest
branch of T}, is of order h}. Indeed, it is easy to check that h} = ©(n). Therefore, by [?, Theorem 3 (iii)]
we deduce that Height(7,,) /h} converges to 1 in L? for all p > 1. To show the proposition, it is enough to
show that, for all ¢ > 0, the probability to see a side sub-tree of height larger than ¢n in 7, goes to 0 when

n goes to infinity.

Suppose that there is a side sub-tree ¢" in T, of height at least en. Denote by ;! the sub-tree of ¢"
observed when reading only the first k steps of x". Since ¢" has size at least en, there must be an interval of
integers I,, of length at least en such that t,;‘ and T, \ t]’: have both, at least, one active vertex for all k € I,,.
Consider an interval J C I, where there are at least M steps —1. Then there is a positive probability p > 0
that #;! has no active vertices for some k € J. Indeed there is a positive probability that, every time we see a
step —1, we freeze a vertex of 1! (if there are still active vertices), and every time we see a step +1, we add
a vertex outside of ¢. This event would imply that, eventually, ¢’ has no active vertices since there are
at most M active vertices in the whole tree T, at each time. Notice that any interval of size at least 3M
contains at least M steps —1. Thus we can decompose the interval I, into N = en/(3M) disjoint intervals
all containing at least M steps —1. Therefore the probability that #;! has an active vertex for all k € I, is
bounded by (1 — p)N which goes to 0 when n goes to infinity. We conclude using a union bound. O

5.2 Supercritical regime o € (1/2,1)
We first show that, roughly speaking, vertices coalesce near the origin.

Lemma 5.3. Leta € (1/2,1) and f : [0,1] — R,. Assume that (Hy), (Lim?) and (Tight,) are in force. For
alln > 1, let V", V' be two independent uniform vertices of V,,. Then
4%
(V)

n n—oo

0.

Proof. Lete, § € (0,1) with e < 1 — 6. By Lemma 3.4,

B(ca (VL VS) > en) < B(bu(VY) AD (V) > (1=8)m)+ 3 —

s
en<i<(1-8)n ( 2 )
x'=1

By Lemma 3.3 and the fact that S = o(n),

P(ba (V") A ba(V3) = (1= 8)n) — &,

15



For the remaining sum, we use Lemma 4.2 (i). Since (Limjﬁ) holds and 1/f? is continuous and bounded on

[6,1 = 6], when n — oo we have

1-6

1 1-2a 2
E ~n t=o0(1).
sn 2
en<i<(1-8)n ( 2 ) € f(

x=1

Making 8§ — 0 we conclude that P(c, (V] V') > en) — 0 when n — . m]

Proof of Theorem 2.6. By Proposition 4.3 it suffices to show that
b, (V]
1 & @ Yo
DN e T 69
i=1 i 0
and that

UL b (V)

1 1 (d) /Uf dt /Uf dt )
— + — — — + — . (15)
nl—a Z ZS Z ) 251 n—oo ( 0 2f(t) 0 2f(t) 1Sj,f£k

P nyn i i nyn
l—cn(Vj N ) l—cn(Vj WV 1<je<k

We know that S} = o(n) and that conditionally on being frozen, b, (V") is uniform in {i € [n]; x]' = —1}.
Therefore, by Lemma 4.2 (i), we know that b, (V") /n converges in distribution towards U;. The convergence
(14) then comes from a Riemann sum using also (Limjﬁ) and (Tight,). For (15), we again identify Riemann

sums, using also that c,,(Vj", V/") /n converges in probability towards zero by Lemma 5.3. |

6 Scaling limits: critical regime

The goal of Section 6 is to establish Theorem 2.3. We first explain in Section 6.1 the strategy of the proof
of Theorem 2.3. Roughly speaking, the identification of the “finite dimensional marginal distributions”
(Gromov-Prokhorov convergence) is based on a continuous-time coalescent process, defined in Section 6.2,
and which is closely related to a non-homogenous analogue of Kingman'’s coalescent introduced by Aldous
in [6] . The law of the genealogy of clusters in this continuous-time coalescent process can be explicitly
described (Section 6.3), which allows us to establish the Gromov-Prokhorov convergence of Theorem 2.3.

Tightness is then established in Section 6.5.

6.1 Definition of the limit

The way we define the limiting compact measured tree T(f) is rather indirect. For every k > 1, let
Vi, ..., V" be k i.id. vertices in V,, chosen uniformly at random (conditionally given T7"). Our strategy is to
establish the following two facts:

— Gromov-Prokhorov convergence:

(16)

dr(vr, v;))
\/ﬁ 1<j,t<k

converges in distribution as n — oo, where we recall that d" denotes the graph distance on J”. This
is established in Sec. 6.4

- “Leaf-tightness”: for every ¢ > 0
o _d" (o, V")
lim lim sup P[max min ——— > ¢] =0.
—®0  p—oo veV, 1<i<k \/ﬁ

This is established in Sec. 6.5.
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Indeed, by Lemma B.1, (16) and (17) entail the existence of a limiting compact metric space T(f) equipped
with a probability measure p with full support such that the convergence of Theorem 2.3 holds. The compact

metric space T(f) is a real tree, being the Gromov-Hausdorff limit of real trees.

6.2 A continuous-time coalescent

Here we introduce a continuous-time coalescent process, which appears in the limit of the quantity (16).

Let f : [0,1] — R, be a measurable function satisfying the following conditions:

1 1 b 1
/Omdt<oo, ; Va,be(O,l),/a Wdt<00.

The continuous coalescent construction proceeds as follows (see Figure 4): let each of k particles be born at
independent uniform random times By, ..., B in [0, 1]. Particles coalesce into clusters according to the

following rule: in time [t, t — dt], each pair of clusters merges with rate If we furthermore assume

1
f@)2:

Va € (0,1), /0 f(lt)zdt =00 (18)

this ensures that all the particles will eventually merge into one cluster (Aldous assumes this condition in
[6] but it will not be necessary for our purpose). Since we will not assume this condition, two clusters may
not merge with positive probability. If there are r clusters which have not coalesced at time 0, we denote by

0 < Cr41 < ... < Cy_; the times of coalescence into clusters in the increasing order (they are a.s. distinct)

and by convention, we also set C; =--- =C, = 0.
| 1 (s (5) O O,
By ---mmm o .
By|---
o oG ORO
v N
---IC
. SO0 ollRo
,,,,,,,,,, C:

0 0 (1) (1)

Figure 4: lllustration of the continuous coalescence construction on the left for k = 4. In the
middle is represented the binary forest ¥ composed here of only one tree associated with this
construction. On the right is the binary forest where the vertices of each internal node have
been exchanged uniformly at random. In this case, the child of the vertices 3 and 4 have been

exchanged but those of 1 have not.

This process is actually a time-change of a non-homogenous analogue of Kingman’s coalescent intro-
duced by Aldous in [6], see Remark 6.3 below.

6.3 The genealogy of clusters in the continuous-time coalescent

The genealogy of the clusters is described by an increasing binary forest F. The trees forming the forest
are associated with the clusters which have not merged at time 0. Each internal vertex in one of these
trees corresponds to a coalescence of two clusters and the leafs correspond to the particles’ births. We also

give a uniform random order to the children of each internal node, so that the trees of F can be viewed
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as plane trees. We equip F with a labelling from r + 1 to 2k — 1 of its vertices according to the order of
the times of coalescence or birth. If k > r > 0, we denote by §', the set of ordered forests of r + 1 plane
binary trees with 2k — 1 — r vertices with a vertex-labelling fr;)m r + 1 to 2k + 1 which increases along
the branches. If there are r + 1 clusters at time 0, then the forest F belongs to Sj’k. To express the law of

(%, (Cj)jetk=1]> (B))je[k] ), we first describe what will be its support.

Definition 6.1. Let k > r > 0. Let ¥, € S:k' Let by,...,br € Ry and 0 < ¢,41 < ... < cp_; be distinct real
numbers. The triplet (Fo, (¢;) je(r+1,. k-1}s ,(bj)je[k]) is called admissible if there is an increasing bijection
o : {cj; je{r+1,... k- 1}} v {bj; j € [k]} — {r+1,...,2k — 1} such that for all j € [k], the integer
@(bj) is the label of a leaf in F and for all j € {r +1,...,k — 1}, the integer ¢(c;) is the label of an internal

vertex of F.

Roughly speaking, (3"0, (¢j)je{ret,..k-1}> (bj)je[k]) is admissible if it is possible to associate the times
(c;j) with cluster coalescence times and (b;) je[x] With particle birth times in such a way that their relative
order is compatible with F,. In the example of Fig. 4 we have r = 0, By = 7/10, B, = 9/10, B3 = 3/10,
By = 8/10, C; = 2/10, C; = 4/10, C3 = 6/10 and ¢ is defined by ¢(2/10) = 1, ¢(3/10) = 2, ¢(4/10) = 3,
©(6/10) =4, p(7/10) =5, p(8/10) = 6, p(9/10) = 7.

Proposition 6.2. Forallk > r > 0, forall F € Sj’k,for allby,...,bp € [0,1] and0 < cpy1 < ... <cp_1 <1
distinct real numbers such that the triplet (5, (¢j)jefret,. k-1}> (bj)je[k]) is admissible, we set
k-1

— 1
1_[ f(Cj)2

J=r+1

1 L)
gr,k(:TOs (bj)lsjsk, (Cj)je{r+1,...,k—1}) = W exXp —‘/0 f(t)zdt
where a(t) = #{j € [k];b; > t} —#{j € {r+1,...,k = 1};¢c; > t} corresponds to the number of clusters
at time t. Then for allk > 1, the joint law of the increasing binary forest F associated with the genealogy
(where the order of the children of each inner vertex is chosen uniformly at random), of the coalescing times
Cy < ... < Cy_1 and birth times By, .. ., By is given by: for allr € [0,k — 1], for all Fy € ',

P(?: Fo, By € dbl,...,Bk S dbk,C1 =0,...,G.=0,Cpyq € dCr+1,...,Ck_1 € de_l)

Proof. The proof is the same as the proof of the density formula (2) in [6] except that we use that the

probability that none of the r + 1 clusters coalesce between time c,+; and 0 is

e )
exp( i f(t)zdt'

The factor 1/2¥71" comes from the uniform order assigned to the children of each internal node of . O

Remark 6.3. The change of time relating the continuous coalescent in [6] and the continuous coalescent
presented here is constructed as follows: for all s € [0, 1], let G(s) = fos 2f%dt, which is an increasing
continuous function from [0, 1] to R;. We define F as the inverse of G, extended to R, by setting F(¢) =1
if t > G(1). Let £(t) = 2f(F(t)) . Then one can show that if we change the time by G, the continuous
coalescent becomes the one introduced in [6]. Besides, if we assume condition (18), then the law of the
coalescent is fully characterized by the density gox by Proposition 6.2, which is nothing else but the
time-change of the density (2) in [6].
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6.4 Gromov-Prokhorov convergence

Our goal is now to establish (16). Recall from (3) the notation F,(x") = {i € [n] : x! = -1}, which
denotes the labels of the frozen vertices of J". Let V,..., Vk" be k vertices in T" chosen uniformly
(conditionally to the construction of 7"). Let B” be the (rooted non-plane) binary tree associated with
the genealogy of those k vertices in the coalescent construction: its leaves correspond to the birth-times
B} :=b,(V]"),..., BZ = bn(Vk"), of VI, ..., Vk" and its internal vertices correspond to a coalescence of two
trees which contain each one a V" for i € [k].

Note that Bf +1,.. ., BZ + 1 € F,(x") with large probability when n — oo, since the number of non
frozen vertices at time n is of order v/n. Moreover, conditionally on the fact that they belong to F, (x"), the
integers BY +1,..., BZ +1 are taken uniformly in {i € [n];x! = —1}. In the sequel, for the sake of simplicity,
we will thus assume implicitly that they belong to F,(x").

Each coalescence between two trees both containing vertices among V*,..., V" in the coalescent

construction is associated with an internal node v of B" and we write those coalezcence times in the
increasing order CY < ... < C}_ . We also label the vertices of B" from 1 to 2k — 1 in the increasing order
of the associated coalescence times or birth times. We then equip B” with an ordering of the children of
each internal nodes, taking into account which one of the two roots remains the root of the tree after the
coalescence, so that B" is a plane tree. With these additional structures, B" € %g’k. Ifre{o,...,k—1}, we
denote by F7 the increasing binary forest in S;L,k which describes the genealogy but forgetting the r last
coalescences.

Let us state a local limit estimate for (SF”, (B;‘)je[k], (C;’)je[k_l]).

Lemma 6.4. letk >r > 0. LetF, € S;’k. Foralln > 1, letby, ..., bZ be a (not necessarily increasing) sequence
in {0 <i<n xf, = —1} andletc;  <...< cZ_l be an increasing sequence in {0 <i<n xp, = 1} such

that the triplet (3’0, (b;.’)je[k],(c;?)je{rﬂ,._.’k_l}) is admissible. Let by,...,br € [0,1] and 0 < ¢, < ... <

.....

assume that

n n
Vielkl, L — bjandVje{r+1,... k-1, < — .
n n—oo n n—ooo

Then we have the local limit convergence

2k—1-r
lirr(l) lim (E) P(&"f =Jo, Vj € [k], B} =b7,Vj€ [r],C} <enandVje{r+1,....k-1}LC} = c;’)
£—0 n—oo

= gric(Fo, (b)) jerk)s (¢)) je(r+t,..k—1})- (19)

In particular, if, for all i, j € [k] we denote by C; ; the coalescing time between the cluster containing the i-th

particle with the cluster containing the j-th particle, then we have

(d)
((B}l/n)je[k]’(Cn(Vin’an)/n)i,je[k]) =2 ((Bj)jerx1> (Cijijerkl)- (20)

Proof. For all i € [n], we set
af =#{je[kl; b] 2iy —#{je{r+1,....k—1}; ¢} > i}.

Notice that if we replace the ¢} by C} and b7 by B, then for i > C + 1 we have that a7 is the number of

trees in J7'(x") containing vertices among V/', ..., Vk”.
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Then, by the definition of Algorithm 2,
P(C? <en,....,Cl <enF} =TFy, Vje [k],B? = b}l andVje{r+1,...,k - 1},C}’ = 07)
=P(F7 = o, Vj€ [Kl.B} = b} and Vj € {r+1,....k—1},C} = ]

~B(Cp > en, 37 =5, Vj € [K], B = b and V) € {r+1,....k = 1},C} = c})

. a;l k
[ H 1- 4 H
k ((n S"+1)/2+S" 5;"
jErt2i=ci +2 2
s.t. x; n=1

a? k—

et Bl

en<cpl<n Jj=r+li= c;l +2 2
stx =1

"+1

Jj=r J

where by convention ¢}! = n. Indeed, the factor 1/(k! (("_S’;’:H)/ 2)) comes from the choice of the uniform

S . .
(distinct) birth-times B;?, the factor 1/(2( Cfé *1)) corresponds to the coalescence at time c;.’ of a pair of trees
containing some V" but the choice of the trees is prescribed by Fy and its planar ordering. The factor
1- (ag ) / (52?) encodes the fact that there is no coalescence between the trees containing V", .. ., an at times

different from cf, .. Finally, the binomial coefficient (”1) comes from the different possibilities

Ch-1-
for the coalescence at time ¢} (since the forest , does not impose the genealogical structure for this

coalescence).

By dominated convergence and using Lemma 4.2 (i), it is easy to derive the local limit convergence

P(C{’ <en,...,Cl <enF} =TFy Vje [k],B;-’:b? andVj € {r+1,...,k—1},C7:c}1)

2 k( k ¢j (a(zt)) k-1 1 el Cri1 Cre1 (r;l) 1
= () (ﬂ W oa ) || e (e [

Jj=r+2
k 1 (a(?) k-1 r+1
2 () 1 (r+1)/cr+1 e (7)) 1
=|—] exp|- dt 1- exp|— di de|,
() p( o [ )(Jn nf(cj)z)( 2 1L P\ FrY e
where by convention ¢; = 1 and where a(t) is defined in Proposition 6.2. Besides,

~ r+1 Cret ~ Crt (r-ZH) 1 Cr1 (r;—l)
1 (2 )/ e"p( : f(t)zdt)f(c)z ep( o T0rt)

hence the desired local limit (19).
Foralln > 1, > 0, let R"(¢) be the smallest r" > 0 such that C, > en. Let

Jenrk (3"0, (b7)jerks (C}l)je{m,...,k—u)
- (E)%_l_rP(fﬂ’;n = Fy Vje[k.B =b"andVj e {r+1,....k—1},C" = c'?).
5 () j =Y i =6
Then (19) can be rewritten

lim lim genrk(?o, (b );e[k (C )]E{r+1 k—1}) =9r,k(3ro, (bj)je[k],(Cj)je{r+1,...,k—1})~ (21)

e—0n—

Let us check that this implies the convergence in law

: (B?) (C?) - (B3) et () @2
G P B = (5 B)ewp (©)yeen)- 22
R(E) n ]e[k] n ]E[k—l] n—)DO,S—)O JE[] _]E[ 1]
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As before, letr € {0,...,k— 1} and let Fy € S:k. Forall je {r+1,...,k— 1}, let 5;’ be independent
uniform random variables in {0 < i < n; x| = 1}. By Lemma 4.2 (i) and the analogous statement for +1

steps, we know that

) (2
n/jetk) \ ™

where the C ;’s are i.i.d. uniform random variables in [0, 1] which are independent of the B;’s. By Skorokhod’s

@ ~
—e ((Bf)je[kl’ (Cf ) je{r+1,...,k—1})’ )

je{r+1,... k-1}

representation theorem, we may assume that the above convergence holds almost surely. As a consequence,

by (21), we have a.s.

lim lim gs,n,r,k(:}ro, (BY)jetk)s (CHjeren,.., k—1}) = Grk (3"0, (Bj)jelk]s (5j)je{r+1,...,k—1}), (24)

£—0 n—oo

where we set g,k (5o, (bj)1<j<k: (¢j)jer+1,...k-1}) = 0 if the triplet (Fo. (cj)jerst,. -1} (bj)je[k]) is not
admissible. But by definition of g, ,, , x Wwe have

n — #F, (x")) 1Tk (#F, (x" BY c
P(gjzn(g) = EFO) ( n( )) ( n( )) ‘B Yenrk 950; (_J) 5 e
" jelk] je[r+1.k-1]

(E)Zk—l—r k

2

~ E[gs,n,r,k (3"0, (BY)jelk]s (5;)]6{”1 ..... k—1})]

n—oo

when the latter quantity is positive, since #F,(x*) ~ n/2 as n — oco. In addition,

E[gr,k (5‘"0, (Bj) e[kl (gj)je{rﬂ,...,k—l})] =P(F = Fp).
Therefore, using (24) with Fatou’s lemma and then using the fact that if we sum over all possible F; €
Uo<r<k-1 57, then we get one, one can see that

lim inf lim inf (T, ) = %) = P(F = Fo).

£—0 n—o0

So

lim inf lim inf B [gf,n,r,k (Sto, (BY)jelk1s (@)]e{wl,...,k-l})] = E[gr,k (3"0, (Bj)je[k]> (gj)je{rﬂ,.,.,k—l})] .

e—0 n—oo

Here we use the following result: if (X,]f)nz1,ke 1, X are nonnegative random variables, if X¥ — X k almost
surely as n — oo for every k € I, if for every n > 1 we have ZkeIE[X,]f] = ZkGIE[Xk] = 1, then
E[X,’j] — E[Xk] as n — oo for every k € I. Thus, by Scheffé’s lemma, the convergence in (24) holds also
inL'. Let gg > 0. Let F : Up<,<x Srx X [0, 1]1% x [0,1]*~! — R be a continuous bounded function which is

constant on the elements which have one coordinate in [0, &]. Then for all £ € (0, &),

B" cr
J J
E F Ig"(é‘)’ (_) 5(_)
n)jetk) \ ™/ jelk-1]
_ Z (n — #F,(x")* 1 "k! (#Fn(x"))
- —
0<r<k,Fo€8ri (%)2 r k

B" n
-E|F| 7, (—’) ,
n)jetkr \ M

B" cr
Genr.k EFO, (7]) 5 (7])
jelk-1] Jjelk] jelr+1k-1]
e S E[F(%’(Bf)je[k]’(c

0<r<k,Fo€Frk jelk-1] J€ jelr+1k-1]

= E[F(9. (B))jefx] (C)jerk-11) ]

|
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where by convention for all j € [r] we have set 5;’ =0and C ;i = 0; here we use the following generalized
version of the dominated convergence theorem: if X, converges almost surely to X, if |X,| < Y, almost
surely, if Y, converges in L! to Y, then X, converges in L! to X. The convergence (22) follows.

Now, one can see that given the forest F7, © and given the order of the births, one can recover the order
of the coalescences occurring at times greater than ¢n, hence identifying to which C7’s the ¢, (V7 Vi')’s
which are greater than en are equal. More precisely, for all € {0,...,k — 1}, for all Fy € §7,, for all
permutation o of {1, ..., k} encoding a labelling by 1, . . ., k of the leafs of ¥, we associate the subse£ I C [k]?
of couples of labelled leaves which have a common ancestor in F, and the unique continuous function
@50 from {(cr41, ..., cr-1) € [0, 1]k_r_1, €< Crp1 < ...<cr_q1} to[0,1]' which sends (¢y41,...,ck—1) to
the unique family (c; ;) (; j)er such that for all (i, j) € I, the entry c; ; equals ¢, where the nearest common
ancestor of the leaves labelled i, j by o has the #-th smallest label among the internal nodes of the labelled
forest F.

ordering of BY, ..., BZ (resp. By, ..., Bg), which defines a labelling of the leaves of 3"""(8) (resp. ). Let
Cn(Vin’ V]n) _

I = {(i, j) € [k]% ca(V,V]") > en}. Then
R
n - RA(e)? ) ietrn(ern. k-1)

hence the convergence in law (20) by (22). O

Lete > 0 and n > 1. Let 7" (resp. 7) be the random uniform permutation associated with the

Proof of (16). Now, let us prove the convergence in law of (d”(Vj”, V") /Nn)1<je<k. Forall j, ¢ € [k],

n
B” B

5 1 1
n n ny _
i=ea VIV T iV O
Using Lemma 4.2 (i) and the convergence (20), it is henceforth straightforward to conclude that

ar(vrmvh B; B,
J—") (@) (/ ) z;dH/ 2Ldt) . (25)
\ 1<j,6< Ci.e f(6) Cie f(0) 1<j,t<k

—
n—oo

6.5 Gromov-Hausdorff tightness

We now establish (17). We first introduce some notation: for n > 1, let V" and (V/");>; be independent
uniform vertices in V,,. For simplicity, we drop the superscript and write V, (V;);»1. For u,0 € V,, and

B C V,, we write
1
A" (u,v) = E(b"(u) + b, (v) — 2¢c, (1, 0)), A"(u, B) = milrgl A"(u,0).
(IS

Finally, we set

Our main technical input is the following uniform estimate.

Proposition 6.5. For everyk,n > 1 large enough with k < n'/3,

2
In(k) nl <

n 1
PlA (V, {Vl,...,Vk}) > \/E F
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The idea underlining the proof of Proposition 6.5 is the following: on every time-interval of length
n/Vk, we can find roughly Vk vertices among Vi, . . ., Vi and the probability that Vk vertices do not coalesce
with a given vertex during n/Vk time steps is strictly positive. Let us first explain how tightness follows

from this estimate.

Proof of Theorem 2.3 (tightness) using Proposition 6.5. Step 1. We first check that for every ¢ > 0 we have

lim lim sup P m%x A" (0, {V1,....,Vi})/n>¢e| = 0. (26)

k—c pn 00 vE

To this end, we apply the so-called chaining method. Specifically, for k,n > 1 we set

g = max A"(V, {V,...,Vyx}),

2k <j<ok+1

and roughly speaking, we show that ¢! /n < 27k/2 where < denotes an informal upper bound. Indeed, this

entails
1 1
—max A" (0, {V1,..., V. < - eh < 27k/2
—max A"(0, Vi, Vi) HZ;
|

and (26) will follow. Let us now be more precise. For n > 1, let N, be the largest integer with 2N» < n!/3

and set €, := max,ey, A"(v, {V1,..., Vona }). By Proposition 6.5, for every k, n large enough with k < Np,,
P(g,'; > kzz_k/zn) < ZkP(A"(V, (Viyo' V) > kzz_k/2n) < 273k,
Similarly, since there are at most n vertices in 7",
P(g:; > (N,,)ZZ_N"/Zn) < nIP(A"(V, Ve Vo)) > (Nn)zz_N"/zn) < n27Nn = o(1).

Hence, for every k large enough, for every n large enough, with probability at least 1-2 Y32, 273 > 1 27k,

N,—1 N,
max A" (v, {V,..., Vo }) < Z el +eh < Zizz_’/zn < 27k,
veV,

i=k i=k

The convergence (26) readily follows.
Step 2. We now show (17) using (26). By Proposition 4.3 (applied with & = 1/2), it suffices to show that

for every ¢ > 0,

lim lim sup P(max min D" (v, V;)/Vn > 5) =0. (27)

k>0 p 00 veV, 1<i<k
Now, since (x")pen is 1/2-tight (recall (Tight,)), we may fix § > 0 such that

n

1
Z E:H‘S?S5\/ﬁ < 8\/5.

i=1 1

Then, by the definition of D", write for every § > 0 and u,v € V,;:

D" (u 0) A" (u,v) A" (u,0)
Z \/_S” <syn T s <e+ s

The estimate (27) then follows from (26). |

We now turn to the proof of Proposition 6.5. Recall that for n € N, M, := maxo<;<, S!'. Let M > 0 be
such that M,, < M+/n for all n > 1. (This is possible by (Limjﬁ).) For k,n € Nlet &, := 4[Mn/Vk]. Observe
that &g, > M, for k, n sufficiently large with k < n'/3.
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Lemma 6.6. For everyk,n > 1 large enough with k < n'/3, for every 0 < i < n/3,, for everyv, € V,, with
bn(vo) > (i + 1)k p, foreveryK > 1 and vy # ... # vg € V,, such that id, < bp(vj) < (i + 1)k, we have

o) < 2,

P(the tree offf?i_l)(sk containing vy does not contain any vertex among vy, . . e

Proof. For every 0 < t < n, we define N/ by induction as follows: N} = K + 1, and thenfor 1 <t < n we
set N'' | = N’ — 1if x} = 1 and two trees of F} which contain a vertex in {vo, ..., vk} coalesce at time ¢ — 1
and N* | = N/ otherwise. In words, N/ represents the number of trees in F} which contain a vertex in
{vo, - . ., vk}, taking also into account vertices which are not born yet.

Step 1. We first show that

(the tree of 3"(1 1)6,,, CONtaining v does not contain any vertex among vy, ... ., Z)K)
1 n
< mE[N(i_1)5k,n]' (28)
To this end, we say that u € {vy, ...,v;} stays alone at time ¢ if either ¢t > b, (u), or if the tree of 7 which
contains u does not contain any other vertex of {0, ..., vx}\{u}. Plainly, by definition N}’ is at least equal

to the number of vertices which stay alone at time ¢. Moreover, since b, (vg) > b,(v;) for 1 <i < K, vy is

the vertex with the less chance to stay alone at time t among {vy, ..., vx}. Hence

K+1

1
E[Nt"] > o1 IZ(; P(v; stays alone at time t) > P(v, stays alone at time ?).

K+1

The bound (28) follows by noting that if v stays alone at time ¢ then the tree of F}' containing vy does not

contain any vertex among vy, ..., g, with t = (i — 1) ,.
Step 2. We next show that
2(Mn)®
n
E[N(t 1) ] <1+ m (29)

for k,n > 1 sufficiently large with k < n'/>. For every (i — 1)8y , <t<iSf ., depending on whether two trees
which contain a vertex in {vy, ..., v} coalesce or not at time ¢ — 1 in Algorithm 2, we get

E[N/(N} - 1)] E[NPIE[N? - 1]

BN = BIN = g =gy gy < BN = B

Then, for every (i — 1)y ,<t<idyp, write

1 1 _ EINJT-E[N[,] . L= E[NFPIE[N} — 1]/ (Mp)? o D=

E[N/ -1 E[N/I-1 (E[N2,1-DEIN]-1) " (B[N ]-DEN-1) ~ (Ma)?

As a consequence, for k,n > 1,

1 . i0k,n I[X;.lzl Slngk S?l 1)8kn + i5k,n - (i- 1)5k,n

>
i Mn)? 2(M,)?
E[ (l 1)5k ] 1 E|:Nln5kn:| -1 j:(i_l)(sk,n+1( n) ( n)

and (29) follows k, n > 1 sufficiently large with k < n'/? (so that &, > M,).
Step 3. To complete the proof of Lemma 6.6, it just remains to note that for k, n > 1 sufficiently large
with k < n!/? we have 8, — M, — 1 > 4Mn/Vk — M, — 1 > 3Mn/Vk so that

L, 2(M,)? . 2M?n M\/_ 1,2 3M\/_
K+1 Skn—My,—1)] ~ K+1 3Mn/Vk| K+1 M\/_ 4K
This completes the proof. O

24



Proof of Proposition 6.5. Recall that M,, < M+/n for every n > 1 and that &, = 4[Mn/ Vk].
To simplify notation, set b, (V;) = b/ for 1 < j < nand b, = b, (V) and define the event E by

E= {vo < i< |n/Snl - L#{b. 1< j<kandide, <bl < (i+1)5kn) > M\/E}.
Step 1. We first check that

K4
To this end, first note that for every 0 < i < |n/d,] — 1,

P(E®) = o(i). (30)

3Mn
Lyp=—1 = (Okn = S{isn)se, + Sise,)/2 2 Okn/2 = M2 > e

i0k,n<t<(i+1)Skn

1/3

for k, n sufficiently large with k < n'/°. Since there are at most n vertices in 7", if follows that we have

P(i8kn < by < (i+1)8kn) = 3M/(2Vk) — O(1/+/n). Next, if Bin(k, p) denotes a Binomial random variable
with parameter (k, p), by Bennett’s inequality (Proposition 4.1) we have for 0 < u < pk:

P(Bin(k,p) < u) < exp(—pkg(l - ﬁ))

Since Bin(k, p) is stochastically increasing in p, it follows that

P(#{1 < j < kbl € (i (14 D8l } < aMVE) < exp(-6MVkg(1/3)) < exp(_%o),

since M can be chosen large. So, by a union bound,

; k
P(E]O <i<|n/kn) = 1L,#{1<j<k:ble (idn (i+1)5n]} < 4M\/E) < %e‘@/m < %e“@/“’o,
k.n

which is o(k™*). To establish (30) it thus remains to check that

. . . . 1
P(Hlﬁil<i2<i3<i4§k2b3:b22b2:b#):0(ﬁ).
To this end, using the fact that there are at least n/3 vertices in J” for n sufficiently large, a union bound
yieldsIP(EIl <ip<iy<iz<ig<k:bl=bZ=bl= b:’:) < 27k*/n® = 0(1/k*) since k < n'/3.

Step 2. Next we need some more notation. Set
V(i) = {V; : 1 < j < kand iS ,<b}<(i + 1)}

Observe that under E we have #V,,(i) > MVk for every 0 < i < [n/8k ] — 1. Setting pr. = [1001n(k)], we
show that
P(A™(V,{V1,..., Vi}) > 2pSicn | E) = o(k™*), (31)

and the desired result will follow
First case: by, is small. First, if b,, < 2py g ,, under E there exists 1 < j < k such that b/ < 20k n, and
then A"(V, {Vi,..., Vi }) < A™(V,V;) < 2pidk . Thus

P(A™(V,{V1,..., Vi}) > 2pkSicn | E. by < 2pkBn) = 0

Second case. by, is large. For i > 1, let A; be the event:

“the tree of ?Z’i_l containing V does not contain any vertex of V(i)

) Ok,

25



By definition of Algorithm 2, for iy > 2py, conditionally given E and ik, < b, < (ig + 1)k ,, the events
(Ai)2<i<io—1,i even are independent and by Lemma 6.6 (applied with K = [M \/E'l) their probability is at most

3/4. As a consequence, for every iy > 2py:

ip—1
]P( ﬂ A;

i=ig—pr—1

E, ig0kn < by < (ip + 1)5,(,,1) < (3/4)Pe=V/2,

But then observe that when iydx, < b, < (ip + 1), if for ip — pr — 1 < i < iy — 1, if the tree of SF?(Sk

containing V contains a vertex of V, (i), say V}, then

io — i

1
A"(V,V)) < 5((1'0 + 1)k + (i+ 1)k —2(i - 1)5k,n) < ( + 3)5;@,1 +1 < 2pbn

for k, n sufficiently large. We conclude from the previous discussion that
P(A"(V.AV1,.. .. Vi}) > 2piSicn | E.bn > 2picSin) = 0((3/4)(pk_1)/2) =o(k™),

where the last equality comes from our choice of pi. This completes the proof. O

6.6 Properties of T(f)

Here we study some properties of T(f) by establishing Theorem 2.4.

Proof of Theorem 2.4 (1). The fact that the mass measure on T(f) has full support was already mentioned
in Section 6.1 as a consequence of Lemma B.1, taking into account (16) and (17). The fact that it gives full
support to the leaves follows from the property the coalescence time of two particles of the continuous-time
coalescent is strictly smaller than the birth times, combined with (20) and (25): this implies that for two

vertices sampled uniformly at random in T(f), one of them is not a descendant of the other. O

Proof of Theorem 2.4 (3). Let us first assume that fo fiz < 00. To show that the degree of the root of T(f) is
a.s. infinite, it suffices to show that a.s. there exist infinitely many clusters which do not coalesce with each
other. First, observe that since fo f% < 0o, we can build a decreasing sequence (& )r>o of positive numbers

such that
& q 2- k

R
Ek+1 f (2)
Next, since (B;);> are i.i.d. uniform random variables, we know that a.s. there exists a subsequence (B, )x>1
such that for all k > 1, we have B;, € [ek41, &c]. But then, conditionally on the B;,’s, for all ky > 1, the

probability that none of the clusters containing a B;, for k > kj coalesce with each other is

l_l exp| - B, (lg) di| > l—l exp| - £k (I;) dt| > exp| - Z 2—k 1
Bigsy f(t)z - €k+1 f(t)z - kg—sco

k>ko k>ko k>ko

Thus, with probability one there exist infinitely many clusters which do not coalesce with each other.

Conversely, when /0 %2 = oo, the probability that two clusters which have not merged yet at time ¢t > 0 do

not coalesce until time zero is exp(— /Ot ﬁdt) = 0, which proves that the root has a.s. degree 1. For the
other branchpoints, the fact that they have degree two is due to the fact that a.s. the coalescences happen
at distinct times and thus at distinct heights. O
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6.7 Application: the Brownian CRT

Here we establish Corollary 2.5.

Proof of Corollary 2.5. The idea is to apply Theorem 2.3 with a random sequence (x?"*1),,»; chosen in such
a way that (Sz"“)os k<2n+1 has the law of a simple random walk started at 1 and conditioned to hit 0 for
the first time at time 2n + 1. Indeed, by [8, Theorem 2], as a random compact metric space, T3, has the
same law as a uniform plane tree with n + 1 vertices, so that \/ﬁ - Tont1 converges in distribution to the
Brownian CRT. As a consequence, it suffices to check that the conditions of application of Theorem 2.3 are
satisfied almost surely with the sequence (x?"*1),»; and f = e.

First, it is standard that the convergence

S?n+1 ) )
2n+1)t
<t<
(m O_t_l)n—>—c>)o® (32)

holds in distribution in the space of all real-valued continuous functions defined on [0, 1] equipped with
the topology of uniform convergence, where e is the Brownian excursion. Thus (Hy) and (Limjﬁ) hold
with f = e.

It remains to check (Tight,). To simplify notation, forn > 1and 0 <5 < § < 1 set

1
1
Xn(5) \/_ Z 52n+1 152n+1<5\/ﬁ, X(f], 5) = ‘/O‘ %:ﬂ-r]ﬁ@(t)ﬁt‘}dt'

It suffices to check that for every ¢ > 0, for a well chosen coupling, almost surely there exists § > 0 such
that every n > 1 sufficiently large we have X, (5) < e.
Step 1. We show that

P(X,(8) > ¢) < 552 (33)

for all n > 1 for a certain constant C > 0. This is essentially [13, Lemma 3.6], but let us give a different
proof based on the local limit theorem which gives a slightly better upper bound. To this end, denote by
(Si)i»0 a simple random walk started from 1. By Kemperman’s formula (see e.g. [22, Sec. 6.1]), we have for
1<i<2n+1

2n+1 k-1 k
. P(Si=k)  ————P(Son-i+1 = -k +1).

B(57" = k) =

By the local limit theorem (see e.g. [18, Theorem 4.2.1]), we get foralln > 1,for 1 <i < n,

k1 k 1 k?
PS.Z":k <C3/2._._._. =C
(l ) l \/— '\/_ i3/2:

where C is a constant that may change from line to line. It follows that

1
E[Sﬁ 13/2 < 13/2'
1
Thus
. C 51 C,
P(Z Son ].52n<5( > 8\/%) < — Z [S2n ]]_52n<5\/> < ;5 \/_ 13? < ;(S
i i=1
and (33) follows.
Step 2. We show that
(d)
Xn(8) — X(0,5) (35)
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jointy with (32). Observe that by continuity, for n € (0, 9),

n—oo

1 v 1 (d)
Xa(8) = Xalh) = = 2 g vasspesve 2, X(n.9)
i=1 i

jointly with (32). Then we have:

- Xy,(n) — 0 in probability uniformly in n as n — 0 by (33);

- X(n,8) — X(0,0) asn — 0;

- for every 5 € (0,5) we have X,,(5) — X,,(n) — X(n,d) in distribution as n — oo.
This entails (35).

Step 3. By Skorokhod’s representation theorem, we may assume that the convergences (32) and (35)
both hold almost surely. Choose § > 0 such that X (0, ) < ¢. Then for every n sufficiently large we have
X, (6) < 2¢. This completes the proof. ]

Remark 6.7. By combining Theorem 2.1 and Corollary 2.5 we get the following well-known distributional

1/1 t @
- —_— = sup €.
2N 0) P

identity (see e.g. [13]):

References

[1] R. Abraham, J.-F. Delmas, and P. Hoscheit. A note on the Gromov-Hausdorff-Prokhorov distance

between (locally) compact metric measure spaces. Electronic Journal of Probability, 18:1 — 21, 2013.

[2] L. Addario-Berry. Partition functions of discrete coalescents: from Cayley’s formula to Frieze’s { (3)

limit theorem. In XI Symposium on Probability and Stochastic Processes, pages 1—-45. Springer, 2015.

[3] L. Addario-Berry and L. Eslava. High degrees in random recursive trees. Random Structures &

Algorithms, 52(4):560-575, 2018.
[4] D. Aldous. The Continuum Random Tree. I. The Annals of Probability, 19(1):1 — 28, 1991.
[5] D. Aldous. The Continuum Random Tree. IIl. The Annals of Probability, pages 248-289, 1993.

[6] D.]J. Aldous. Brownian excursion conditioned on its local time. Electron. Commun. Probab., 3:79—90,

1998.

[7] O. Amini, L. Devroye, S. Griffiths, and N. Olver. Explosion and linear transit times in infinite trees.

Probability Theory and Related Fields, 167:325-347, 2017.

[8] E.Bellin, A. Blanc-Renaudie, E. Kammerer, and I. Kortchemski. Uniform attachment with freezing.

Preprint available on arxiv, 2023.

[9] A. Blanc-Renaudie. Limit of trees with fixed degree sequence. Preprint available on arxiv,

arXiv:2110.03378, 2021.
[10] A.Blanc-Renaudie. Looptree, Fennec, and Snake of ICRT. arXiv preprint arXiv:2203.10891, 2022.

[11] A.Blanc-Renaudie. Compactness and fractal dimensions of inhomogeneous continuum random trees.

Probability Theory and Related Fields, 185(3-4):961-991, 2023.

[12] D. Burago, Y. Burago, and S. Ivanov. A course in metric geometry, volume 33 of Grad. Stud. Math.

Providence, RI: American Mathematical Society (AMS), 2001.

28


http://arxiv.org/abs/2110.03378
http://arxiv.org/abs/2203.10891

[13] P. Chassaing, J.-F. Marckert, and M. Yor. The height and width of simple trees. In Mathematics and

Computer Science: Algorithms, Trees, Combinatorics and Probabilities, pages 17—-30. Springer, 2000.

[14] N. Curien and B. Haas. Random trees constructed by aggregation. In Annales de I'Institut Fourier,

volume 67, pages 1963-2001, 2017.

[15] L. Devroye. Branching processes in the analysis of the heights of trees. Acta Informatica, 24(3):277-298,
1987.

[16] J. Doyle and R. L. Rivest. Linear expected time of a simple union-find algorithm. Inf. Process. Lett.,
5(5):146-148, 1976.

[17] G.Elek and G. Tardos. Convergence and Limits of Finite Trees. Combinatorica, 42(6):821-852, 2022.

(18] I Ibragimov and J. Linnik. Independent and stationary sequences of random variables. 1971.

[19] S.Janson. Tree limits and limits of random trees. Combinatorics, Probability and Computing, 30(6):849—

893, 2021.

[20] D.E.Knuth and A. Schénhage. The expected linearity of a simple equivalence algorithm. Theoretical
Computer Science, 6(3):281-315, 1978.

[21] W. Loehr. Equivalence of Gromov-Prohorov- and Gromov’s O, -metric on the space of metric measure

spaces. Electronic Communications in Probability, 18(none):1 — 10, 2013.

[22] J. Pitman. Combinatorial stochastic processes: Ecole d’eté de probabilités de saint-flour xxxii-2002.

Springer, 2006.

[23] B. Pittel. Note on the heights of random recursive trees and random m-ary search trees. Random

Structures & Algorithms, 5(2):337-347, 1994.
[24] D. Sénizergues. Random gluing of metric spaces. The Annals of Probability, 47(6):3812—3865, 2019.

[25] M. Talagrand. The generic chaining: upper and lower bounds of stochastic processes. Springer Science &

Business Media, 2005.

A Background on the GP, GH and GHP topologies

We give background on various topologies that we use, based on [9, 11].

A.1 The Gromov-Prokhorov (GP) topology

A measured metric space is a triple (X, d, i) such that (X, d) is a Polish space and p is a Borel probability
measure on X. Two such spaces (X, d, i), (X’,d’, ii") are called GP-isometry-equivalent if and only if there
exists an isometry f : supp(X) — supp(X’) such that if f, u is the image of u by f then f,u = p’. Let Kgp
be the set of GP-equivalent classes of measured metric space. Given a measured metric space (X, d, y),
we write [X, d, 1] for the GP-isometry-equivalence class of (X, d, ;1) and frequently use the notation X for
either (X, d, p) or [X, d, u].

We now recall the definition of the Prokhorov distance. Consider a metric space (X, d). For every
AcC Xande > 0let A* := {x € X,d(x,A) < €} be the open e-neighborhood of A. Then given two (Borel)

probability measures y, v on X, the Prokhorov distance between y and v is defined by

dp(p,v) = inf{ & > 0: u(A) < v(A®) + e and v(A) < pu(A®) + ¢, for all Borel set A C X}.
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The Gromov-Prokhorov (for short GP) distance is an extension of the Prokhorov’s distance: For every
(X,d, ), (X', d’, i) € Kgp the Gromov—-Prokhorov distance between X and X’ is defined by

dop(X,d, ), (X', ', 1)) = inf dp(Bugn ot

where the infimum is taken over all metric spaces S and isometric embeddings ¢ : X — S, ¢’ : X’ — S. dgp
is indeed a distance on Kgp and (Kgp, dgp) is a Polish space (see e.g. [1]).

We use another convenient characterization of the GP topology using the convergence of distance
matrices: For every measured metric space (X, d%, uX) let (xlX )ien be a sequence of i.i.d. random variables

of common distribution xX and let MX = (d% (xlX , xf ))i,jen. We have the following result from [21],

Lemma A.1. Let (X"),en € K5, and let X € Kgp then X" —F X asn — oo if and only if MX" converges

in distribution toward MX.

A.2 The Gromov-Hausdorff (GH) topology

Let Kgy be the set of isometry-equivalent classes of compact metric space. For every metric space (X, d),
we write [X, d] for the isometry-equivalent class of (X, d), and frequently use the notation X for either
(X,d) or [X,d].

For every metric space (X, d), the Hausdorff distance between A, B C X is given by

dir(A, B) = inf{e > 0,A C B, B C A°}.
The Gromov-Hausdorff distance between (X, d),(X’,d") € Kgy is given by
den((X,d), (X",d")) = Sigg,(dH@(X), ¢"(X"))),

where the infimum is taken over all metric spaces S and isometric embeddings ¢ : X — S, ¢’ : X’ — S.

dgy is indeed a distance on Koy and (Kgy, dopy) is a Polish space (see e.g. [1]).

A.3 The Gromov-Hausdorff-Prokhorov (GHP) topology

Two measured metric spaces (X, d, ), (X', d’, ') are called GHP-isometry-equivalent if and only if there
exists an isometry f : X — X’ such that if f, is the image of p by f then fip = p’. Let Kgup € Kgp be the
set of isometry-equivalent classes of compact measured metric space.

The Gromov-Hausdorff-Prokhorov distance between (X, d, u),(X’,d’, ii’) € Kgpp is given by

donp (X, d, p), (X', d', p)) = (dp (B, p3’) + du($(X), ¢" (X)),

inf
S.p.¢’
where the infimum is taken over all metric spaces S and isometric embeddings ¢ : X — S, ¢’ : X’ — S.
dgpp is indeed a distance on Kgpp and (Kgup, doup) is a Polish space (see [1]).
Note that random variables which are GHP measurable are also GH measurable. For every [X, d, p] €
Kenp, let [X, d]gu denote its natural projection on Kgpy. Note that GHP convergence implies GH conver-
gence of the projections on Kgyy, then that the projection on Kgy is a measurable function. The same

statements hold for the GP topology. We will need the following statement.

Lemma A.2. [Lemma 4 in [9]] Let ([ X", d", p"*)nen and [X, d, p] be GHP measurable random variables in
Kgpp. Assume that almost surely [ X, d, p| has full support. Assume that ([ X", d", p"])nen converges weakly
toward [X,d, p] in a GP sense, and that ([ X", d"]|)nen converges weakly toward [X,d] in a GH sense. Then
([X™ d" p"])nen converges weakly toward [X,d, p] in a GHP sense.
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B The leaf-tightness criterion

In this section, X = ((X", d", p"))nen denotes a sequence of random compact measured metric spaces GHP-
measurable. For every n € N let (x7');ei be a sequence of i.i.d. random variables of common distribution
p", thenlet M" = (d"(x}', x}))ijen. We say that X is leaf-tight if and only if

lim lim lim sup P(dg (X", {x],x5,...,x]'}) > &) = 0. (36)

§—-0k—0 00

Although the criterion is unrelated with leaves, its name “leaf-tight” stayed as the original name from

Aldous [5] which first introduced this criterion to study random trees with random leaves.

Proposition B.1. If (M"),en converges weakly toward a random matrix M, and X is leaf-tight, then X
converges weakly for the GHP topology toward a random compact measured metric space (X, d, p). Furthermore,
if (x;)ien are i.i.d. random variables of law p then MX = (d(xi,x5))i jen =) M. In addition, a.s. p has full
support.

Proof. We focus on the first statement, as the other two will naturally follow alongside the proof. First, it

directly follows from the convergence of (M,),en and from (36) that:
« (Diam(X"))pen is tight.
« For every 6 > 0, (Ns(X™))nen is tight, where N stands for the usual §-covering number (see [1])

As a result, by [1, Theorem 2.4], X is tight for the weak GHP-topology.

Let [X,d, p], [X’,d’,p’] be two GHP subsequential limits of X. Let us show [X,d, p] =9 [X’,d’,p’].
Let (x;)ien be i.i.d. random variables of law p and let MX = (d(x;, x;j))ijen. Define similarly (x});en,
MX'. By Lemma A 1, jointly with the above convergence, along the proper subsequence, we have weakly
M" — MX and M" —s MX’. Note that this implies MX =(@) M. By the Skorokhod representation theorem,
and up to further extract other subsequences, we may assume that those two convergences hold almost

surely, and that almost surely MX = MX". This implies that almost surely,
dor(({xi}ien, d), ({x] }ien, d)) = 0.
And by the leaf-tightness criterion (36), almost surely {x;};cx and {x]};ei are dense on X, X" so
dor((X,d), (X’,d")) = 0.

Hence [X,d]gH =(d) [X’,d" gy - Also by Lemma A.1, since (M"),en converges weakly, we have the
equality in distribution [X, d, p]gp = [x’, d’, p"]cp. Moreover, since almost surely {x;};cn and {x] };en
are dense on X and X’, almost surely p and p” have full support on X and X’. Therefore, by Lemma A.2 we
have [X,d, p] =@ [X’,d’,p’]. This shows that there is only one subsequential possible limit for X, and
thus concludes the proof. O
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