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Realization from moments: The linear case

Jin Gyu Lee and Alessandro Astolfi

Abstract— By exploiting the time-domain notion of moments
we recover a time-domain counterpart of the fact that a certain
number of steady-state responses is sufficient to realize a linear
system. This may pave the way to a realization theory for
nonlinear systems based on their steady-state responses.

I. INTRODUCTION

This paper is motivated by the simple observation that
a certain number of steady-state responses is sufficient to
realize a SISO linear system, that is (almost) any 2n O-
moments [1], i.e., any 2n pairs (s;,G(s;)) € C2, i =

1,...,2n, with
Gls) = At b
S) =
sn +a18n—1 + ... +an7
can be used to “recover” the transfer function itself. In fact,

the parameters a; and b;, © = 1,...,n, can be obtained by
solving the 2n linear equations (¢ = 1,...,2n)

G(s)[sP 4+ arsi 4 day] =bist T - by,

which are always solvable provided that s; # s;, for i # j,
and that each s; is not a pole of G(-).

The goal of this paper is to recover a time-domain counter-
part of this fact. This yields several advantages, among which
we are interested in the possibility of developing a nonlinear
enhancement, thus possibly paving the way to a realization
theory for nonlinear systems based on their steady-state re-
sponses. For this purpose, we utilize the time-domain notion
of moment, developed in the theory of model reduction by
moment matching [1], [2]. In addition to the aforementioned
advantage, this also provides a good starting point for our
investigation: a simple and direct parameterization of all the
reduced order models (approximations) achieving moment
matching, i.e., the moments (steady-state responses) of the
approximation and the system coincide at the interpolation
points.

To begin with, we identify a necessary and sufficient
condition for sufficiently many other moments of the ap-
proximation and of the original system to match, as this
is necessary for “recovering” the original system. It turns
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out that this condition implies that the approximation is
identical to the original system, possibly after pole-zero
cancellations and a coordinates transformation. Then, to
complete the paper, we provide guidelines to actually find
such an approximation having a stable pole-zero cancellation,
using only moments. By following these guidelines, we
utilize exactly 2n moments to realize the original system:
this recovers the fact that with a certain number of steady-
state responses one can realize a linear system.

This means that among the infinitely many moments, only
a finite (but sufficiently many) of them determine the entire
response, that is any finite (but sufficiently many) number of
steady-state responses can reproduce not only all the steady-
state responses but also all the transient responses.

To make the paper self-contained, in Section II we briefly
review the problem of model reduction by moment matching
for linear systems in a time-domain perspective. Then, the
realization of a linear system using moments is discussed in
Sections III and IV. Conclusions are given in Section V and
some technical results are given in the Appendix.

Notation: Throughout the paper, we use standard notation.
R, R™, and R™*™ denote the set of real numbers, of n-
dimensional vectors with real components, and of n x m-
dimensional matrices with real entries, respectively. C and
C™ denote the set of complex numbers and of n-dimensional
vectors with complex components, respectively, C° denotes
the set of complex numbers with zero real part, and C~
denotes the set of complex numbers with negative real
part. 0(A) denotes the spectrum of the matrix A € R™*™.
() denotes the empty set. For vectors or matrices a and

b, col(a,b) := [aT bT]T. For matrices Aq,...,Ax, we
denote by diag(Ay, ..., Ay) the block diagonal matrix with
diagonal blocks A4, ..., Ag.

II. A BRIEF REVIEW OF MODEL REDUCTION BY MOMENT
MATCHING FOR LINEAR SYSTEMS

A. Notion of moment
Consider a linear, single-input, single-output, system de-
scribed by the equation

= Ax + Bu € R",

1
y=Cx € R, 0
the single-output signal generator
Wy = Sywy € RN,
2
u=Lswg €R,
and the single-input filter
Wy = Spwy + Ly € RN 3)



Let G(s) = C(sI — A)~'B. The signal generator and
the filter capture the requirement that one is interested in
studying the input-output behavior of the system (1) only
in specific circumstances. In what follows we assume that
A, Sy, and Sy do not have common eigenvalues, that is the
following assumption holds.

Assumption 1: o(A)No(Sy) = o (A)Na(Sy) = a(Sy)N
a(Sy) = 0. (]

Definition 1: The forward moment of the system (1) is
the matrix

Mg = CIl,

where II; is the unique solution of the Sylvester equation
All, + BL, = 11,5, 4)

Correspondingly, the backward moment of the system (1) is
the matrix

My :=11;B,
where II; is the unique solution of the Sylvester equation
Iy A+ L;C = S¢lly. )
O

Note that moments are associated with the input-output
behavior of the system (1), the signal generator (2), and
the filter (3), hence in what follows we make the following
standing assumption.

Assumption 2: The system (1) is controllable and ob-
servable, the signal generator (2) is observable, and the
filter (3) is controllable. U

Definition 1 provides a generalized time-domain notion of
moments. As regarding to the frequency-domain notion of
moments we have the following result.

Definition 2 ([1]): The 0-moment of the system (1) at
s* € C is the complex number

no(s*) = O(s*I — A)~'B.

The k-moment of the system (1) at s* € C is the complex
number

o (CDE T
() = g

=C(s'1 — A~ DB,

(C(sI — A)™'B)

s=s5%

]

Lemma 1 ([2]): Consider the system (1) and s* € R.

Suppose s* ¢ o(A). Then the moments 1o (s*), ..., nk(s*)

are in one-to-one relationship with the forward moment

My = CII, of the signal generator (2) with S, any non-
derogatory' real matrix such that

det(sI — Sy) = (s — ™)k, (6)

and Ly such that the pair (L,, S,) is observable. O

Lemma 2 ([2]): Consider the system (1) and
s* € C\ R. Suppose s* ¢ o(A). Then the moments
0(s*),mo(3*), ..., nr(s*), and ng(5*) are in one-to-one

! A matrix is non-derogatory if its characteristic and minimal polynomials
coincide.

relationship with the forward moment M, = CII, of the
signal generator (2) with S, any non-derogatory real matrix
such that

det(s] — Sg) = ((s — s™)(s = 5")"*, (7

and Ly such that the pair (L4, S;) is observable. O
Remark 1: One can easily derive similar results for the
backward moments. ]

The concept of moments has a tight relation with the
concept of steady-state responses as illustrated in what
follows.

Proposition 1 ([2]): Consider the system (1), s* € C,
and k > 0. Assume o(A) C C~ and s* € C. Let

N, = {k +1
2(k+1)
and S, € RNo*No be any non-derogatory matrix with
characteristic polynomial as in (6), if s* € R, or as in (7), if
s* € C\R.
Consider the interconnection of systems (1) and (2), and
L, such that the pair (Lg, Sy) is observable.
Then the moments 1(s*),...,nk(s*) are in one-to-one
relationship with the (well-defined) steady-state response of
the output of the interconnected system. O

if s* €R,
if s* € C\R,

B. Moment matching

We are now in a position to define, precisely, the notion
of approximating system.

(®)

is an approximation of the system (1) with regards to the
signal generator @) (to the filter (3)) if for a minimal
realization (C, A, B) of (8) with dimension 7, we have

o(A)No(S) =0 (o(A)Na(S)=0  ©
and

CH.(] = Oﬁg (HfB = ﬁfB)a (10)

where II, (IIf) is the unique solution of the Sylvester
equation (4) ((5)), with L, (L) such that the pair (L, S,)
is observable ((Sy, Ly) is controllable), and II, (II;) is the
unique solution of the Sylvester equation

All, + BL, =11,S, (IIjA+ LyC = SfIly).  (11)
]
Remark 2: In Definition 3 we have implicitly extended

our definition of moments, given in Definition 1, to systems

that are not minimal. We emphasize that when o(A) N

o(Sy) =0 (c(A) No(Sy) = 0), the Sylvester equation
Aﬁg + BLg = ﬁgsg (ﬁffz1 + Lfé = Sfﬁf)
has a unique solution and it satisfies the condition

Cll, = CTl, = CTl, (II;B =1;B =11;B),



regardless of the minimality (see Proposition 3 and
Lemma 5). This justifies the extension. (]

According to [2], a parameterized family of approxima-
tions of the system (1) with regards to the signal generator (2)
(to the filter (3)) described by equations of the form (8) with

namely
Xg = (Sg — KgLg)xg + Kgu € RNe,
(12)
y = Mgx, €R,
(Xf = (S5 = LyHy)xs + Myu € RNf’> (13)
y=Hyxy ER,

with the matrix parameter K, (Hy) is complete, i.e., the
family (12) ((13)) contains all approximations of dimension
Ny (INy) achieving moment matching.

Proposition 2 ([2]): Consider an approximation of the
system (1) with regards to the signal generator (2) of dimen-
sion N, < n, and let G(s) be its transfer function. Then,
there exists a unique K, such that G(s) = M, (sI — (S, —
K,Ly)) 'K,, ie., the family of systems (12) contains all
approximations of the system (1) with regards to the signal

generator (2) of dimension V. O
Remark 3: One can easily derive a similar result for the
backward moments. ([l

III. A NECESSARY AND SUFFICIENT CONDITION FOR AN
APPROXIMATION TO MATCH OTHER MOMENTS

In [2], special emphasis has been devoted to the pa-
rameterization of approximations (which is briefly reviewed
in Section II-B), and to the selection of parameters under
additional constraints, such as to preserve the properties of
the original system (e.g., stability or passivity) [3]. On the
contrary to other solutions in the linear framework, e.g.,
projection methods and interpolation theory, the parameter-
ization as in Section II-B provides a unifying perspective,
i.e., the selection of parameters does have a simple and
direct interpretation [2]. Motivated by this, to recover a time-
domain counterpart of the fact introduced at the beginning
of this paper, we consider the selection of parameters with
the additional property of matching (sufficiently many) other
moments, as this is necessary for “recovering” the original
system.

To begin with, we find a necessary and sufficient condition
for the forward moments M} := CII}, k =1,..., 0, of the
system (1) with regards to (sufficiently many) other signal
generators

~k _ ok, k Nk
g _QwQGR 7 (14)
u=Liw) €R, k=1,...,04

to match each forward moment MZ; = éﬁ’;, E=1,...,04

of the approximation (12) with regards to the signal gen-
erator (14), where (C, A, B) is a minimal realization (with

dimension 7) of the approximation (12) and l:IlgC and f[’; are
the unique solution of the Sylvester equations

Tk 7k _ 17k gk
Allg+ BL, =115, (15)
and
ATk o BTk _ Tikak
Ally + BL, =115, (16)
respectively.

Theorem 1: Consider the system (1), the signal genera-
tor (2), and the approximation (12). Let Assumptions 1 and 2
hold. Then, the condition

mk _ a7k _ A7k _ ATk —
Ol = MF = MF = CTIF, k=1,...,0,

hold for a set of signal generators (14) such that (L¥, S¥) is

-~

observable, o(A) No(Sk) =0 and o(A) No(SF) =0, and

U 0(5’5) >n+n (ie., sufficiently many), (17)
k=1,...,04

where II;, 1%, and II® are the unique solution of the
Sylvester equations (4), (15), and (16), respectively, if and
only if

Ny>n and II,K,=B. (18)

In particular, if (18) is satisfied, then (C, A, B) is a minimal
realization of the approximation (12), hence the forward
moments of the system (1) and of the approximation (12)
of any other signal generators w, = Sgwg, U = ngg, such
that (L, S,) is observable and o(A) No(S,) = 0, exist and
match. ]
Proof:
(<) As My = Cll,, Il K, = B, and

M,(S, — KyLg) =11,5, — BL, = ATl,,

(C, A, B) is a minimal realization of the approximation (12),
by (18).

(=) By collecting the Sylvester equations (15) and (16),
for k=1,...,04, we have that

APy + BL,
(A 0], (Bl [Mls 5 e (19
= [0 /ﬂ [ﬁgFH Lg—{ﬁi s = FoSs

where Ly = [L} 55,

1, = [I!

L M), and T, = M} iy

The moment matching condition is now represented as
M, = CIl, = CIl, =: M,

Now, perform a “controllable” decomposition and an “ob-
servable” decomposition of the pair (A,B) and (L,,S,),

respectively. Then, we have coordinates transformation ma-
trices T' = col(T',T) and P = col(P, P) such that

e v-[¢ ) Fe-]



and the pair (A, B) € RV*N x RN*1 i controllable and

Ple o S, 0 s s B ~
M S, [Pt PT][SZ 59], L,[Pt P=[L, o,
and the pair (L,,S,) € RUNs x RNsxNo s observable,
respectively, where

T~'= [Tt Tf] and P~'=:[PT Pt].

Note that, by (17) and by the observability of the pairs
(EE,SY;), k=1,...,04 we have that N, > n + 7.

By our assumptions, we have o(A) N o(Sy) = 0, and
thus, from Proposition 3 and Lemma 5, the unique solution
Py of the Sylvester equation (19) satisfies the condition
rank(P,) = min{N,]\A/'g} =N<n+n< ]\Afg and

5| =P =1iPp
| =P =P,

where 75g is the unique solution of the Sylvester equation

AP, + BL, = P,S,. (20)
Now, P, has full row rank as Ng >n-—+n > N, and this
implies that there exists /Cy such that

B =P,K,.
This further implies that
B L _ 1,7 -
H =B=T'B=T"P,K, =P,P'K, = [ﬁg} K,.
g

Therefore, we have that

Aﬁg = ﬁg(gg - Kgig)v

AHg = Hg(gg - Kng)a

and this further provides the conditions:

CA'B = CA'L,K, = CIL, (5, — K,L,)'K,
= CAvﬁg(gg - I_(gffg)i[(g
_GATi, R, — CA'B, Viz0,
This means that the transfer functions C(s — A)~1B and
C(sI — A)~' B are identical, hence n =n < N,,.
Finally, the fact that (C, A, B) is a minimal realization
of the approximation (12) ensures that there exists a matrix
II € R™*Ns guch that rank(II) = n and

M,=Cl, IK,=B, II(S;—KyL,)= AIL
This implies that
ILS, = All + BL,,

hence by the uniqueness of the solution of the Sylvester
equation (4), we have that IT = II,, and thus, II, K, = B.
|

Theorem 1 can be interpreted as follows: the necessary and
sufficient condition (18) is such that the approximation (12)
is identical to the system (1) after pole-zero cancellation

and a coordinates transformation. In particular, selecting the
variables? #, = Il,x, and &, = II,x, we have that

539 =, (Sy — Kng)Hzig + 10, (Sy — Kng)ﬁgig + Bu

= Az, + Bu,
Fg = Ty(Sy — KyLy)TE, + T, (S, — K, L)TT &,
+II Ku
= Agi‘g + Dgig + Bgu,
y = C2y,

@2n
where ﬁg is such that the matrix

O4 = [(HQH%_UZHg]

is orthogonal (that is OF' O, = I), so that

g

—1
11 ~

-1 ._ £ _ T T\— T .

o [fe] = g iz = g )
(22)

and we have utilized the fact that

I, (S, — Kng)H; = (T1,8, — BLQ)H; = AII I} = A,

Iy (Sy — KoL)} = (11,8, — BLy)II! = AIIII} = 0.

This implies that a necessary and sufficient condition to
match sufficiently many other moments of the system (1)
is that the approximation (12) contains the system (1) as
an internal model. It also implies that n forward moments
(the forward moment with regards to a signal generator with
dimension n) are sufficient to build the basic structure (12)
for the realization.

In the next section, we provide guidelines on the selection
of the design parameter K, that satisfies (18) (hence to
realize the system (1) by constructing an approximation (12)
that contains the system (1) as an internal model), using
only the knowledge of the signal generator, the filter, and
the corresponding moments. We note that in the selection

process of K, we should also guarantee that
Ag =TI4(Sy — KyL)I} (23)

is Hurwitz for a stable pole-zero cancellation.

Remark 4: One can easily derive similar results for the
backward moments. ]
IV. GUIDELINES ON THE SELECTION OF THE PARAMETER

Note first that for any parameter IA(g that satisfies (18),
ie., lI;K, = B, all K, can be parameterized as

K, =K, +K,,

with the additional parameter K ¢ which is such that Hgf{ =
0. Since ]\ig > n and rank(Il,;) = n (see Lemma 4), at least
one such K, exists, e.g., H;B.

2By Assumptions 1 and 2, we have that rank(II4) = n (see Lemma 4).



Therefore, in the first part of this section we provide
guidelines to find K, using only the knowledge of the signal
generator, the filter, and the corresponding moments.

For this purpose, recall that the backward moment of the
system (1) has the form: M; = 1I;B, where II; is the
unique solution of the Sylvester equation (5). This implies
that the backward moment contains indirect information of
B (rank(1I f) = n), and thus, can be used to find K, or even
can be a suitable candidate for K g

Howeyver, for the backward moment to be a suitable can-
didate, it must satisfy the condition II,M; = II 11} B = B,
and this significantly restricts the choice of the filter (3).

In this regard, we suggest an additional step, which is
to find an appropriate matrix D such that K, = DM;y
satisfies the condition HgIA(g = B. Among the infinitely
many possible choices, we select

T T\—1 /1T —17qT
D =T (1,0~ (f )~
which is the Moore-Penrose inverse of II, := IIII,,
denoted as IIf,. It satisfies the condition II,K, = B since
Hgf(g = HgHT My = HgHIanB

m

= M I} (I, I17) (I} ;) ' 11; B = B.

This additional step allows selecting any filter (3) that
satisfies Assumptions 1 and 2.
Note that II,,, = II;II, satisfies the Sylvester equation

Sy + (LyMg — MyLg) = Sy, (24)

which contains only the knowledge of (S,, L4, M,) and
(Sy, Ly, My). This means that if the signal generator (2) and
the filter (3) satisfy the condition o(Sy) N o (Sy) = 0, then
IL,,, = II#II, becomes the unique solution of the Sylvester
equation (24), hence can be found using only the knowledge
of the signal generator (S,, L), of the filter (S, L), and
of the corresponding moments M, and M.

Lemma 3: Under Assumptions 1 and 2, the matrix IL,, =
II/I1, satisfies the equation (24), where II, and II; are
the unique solution of the Sylvester equations (4) and (5),
respectively. (|

Proof: By multiplying II; to the left of the Sylvester
equation (4) we have that

HfAHg + HfBLg = HngSg,

and by multiplying II, to the right of the Sylvester equa-
tion (5) we have that

HfAHg + LfCHg = SfoHg,
from which we obtain
HngSf + (LfCHg — HfBLg) = SfoHg.
|
This implies that one can find an approximation of the
system (1) having stable pole-zero cancellation as
Xg = (Sg_(HIan'i'f(g)Lg)Xg+(HIan+f(g)“ € RN,
y=Mgx, eR,
(25)

where K, ¢ 1s a free design parameter to be selected so that
A, in (23) is Hurwitz and such that IT, K, = 0.

Here, the constraint II;K,; = 0 can be rephrased as
I, K, = II;1I,K, = 0 (rank(II;) = n), to be described by
only the given knowledge of the signal generator, the filter,
and the corresponding moments. Accordingly, the constraint
to make flg Hurwitz can be rephrased as to make the matrix

So(a) = Sy = I} IL(Sy +qI) = KyLg, q=0 (26)
Hurwitz. This is because
& -1 _ —ql ~ 0~ _
TgSg(q)Tg L (S - Kng)H;

and

Hg(Sg - Kng)ﬁ; = ﬁg(sg - (HIan + f(g)Lg)ﬁ;r;

=1y (Sy — K L)} = A,
where T}, is defined as in (22) and we have utilized the fact
that I 11} I1,,, = 11y, I, K, = 0, and II,II} = 0.

Since (Lgﬂz, Hgng[;) is observable? there exists at least
one Kg € RNs~" that makes HgSgHST] — Iv(ngH’}; Hurwitz.

As a result, there exists at least one K, = HI]K 4 that
satisfies the constraint IT; K, = 0 and that makes A, Hurwitz
(I K, = K,).

In this regard, we provide guidelines on the realization of a
linear system using N, + Ny moments (the forward moment
with regards to the signal generator (2) with dimension N,
and the backward moment with regards to the filter (3) with
dimension Ny) as illustrated in what follows.

1) Find K ¢ from II,,,, which is the solution of the Sylvester
equation (24) that requires only the knowledge of the
signal generator, the filter, and the corresponding mo-
ments.

2) Find K so that Sy(q) in (26) is Hurwitz and IT,,, K, =0.

Remark 5: Given the knowledge of the system dimen-
sion n, the guideline given in this section simplifies to

1) let Ny = Ny = n and find the solution II,, of (24).
Then, the unique K, can be found as II;,!M;: this gives
the realization of the original system utilizing exactly 2n

moments. ]
Remark 6: One can easily derive similar results for the
backward moments. O

V. CONCLUSION

The existence condition of the forward moment is equiv-
alent to the observability condition of the auxiliary system
having the forward moment as a state variable, which can be
derived from the interconnection of the signal generator (2)
and the system (1). This gives the intuition that the provided
guidelines to realize a linear system using moments can be
translated into guidelines utilizing only the input-output data
given by the corresponding interconnection. In addition to
this, an extension to the nonlinear case is of future interest.

3This is because, from the observability of (Lg,Sg), we have the
observability of (Lg,Sg — KgLg), which implies the observability of
(LgTTl, Ty (Sy — KgLg)TI}) since we have Ty (Sy — KygLg)IT = 0
according to (21).



REFERENCES

[1] A. C. Antoulas, Approximation of Large-Scale Dynamical Systems.
SIAM Advances in Design and Control, 2005.

[2] A. Astolfi, “Model reduction by moment matching for linear and
nonlinear systems,” IEEE Transactions on Automatic Control, vol. 55,
no. 10, pp. 2321-2336, 2010.

[3] A.C. Antoulas, “A new result on passivity preserving model reduction,”
Systems & Control Letters, vol. 54, pp. 361-374, 2005.

[4] R. H. Bartels and G. W. Stewart, “Solution of the matrix equation
AX + XB = C.” Communications of the ACM, vol. 15, no. 9, pp.
820-826, 1972.

APPENDIX

In the Appendix, we study the existence, uniqueness, and
rank of the solutions IT € R"*¥ of the Sylvester equation:

I1S = AIl + BL, Q7

where S € RV*N [ ¢ RIXN A € R»*™ and B € R**L,
For this purpose, we perform a “controllable” decomposi-
tion and an “observable” decomposition of the pair (A, B)
and (L, S), respectively, from which we have coordinates
transformation matrices 7' = col(T', T) € RI*+(n=m)]x7 and
P = col(P, P) € RINF(N=N)IXN quch that

=5 5 e [0

and the pair (A, B

(s

) is controllable and

)

Pt P1=lg g HP PI=IL 0],

So1 S22
and the pair (L, S) is observable, respectively, where

T = [TT jﬂ and P !'=: [PT PT].
Proposition 3 ([4]): If o(A4) N o(S) = 0, then for any

C € R™X the Sylvester equation ILS = AIl + C has a

unique solution. On the other hand, if there exists C' € RnxN

such that the Sylvester equation I1S = AIT+ C has a unique

solution II, then o(A) N o (S) = 0. ) O
Lemma 4: There exists a matrix II € R?*¥ such that
IIS = ATl + BL (28)

only if o(A) N a(S) = 0. If it exists, then it is unique and
rank(IT) = min{n, N}. O

Proof: Assume that there exists II such that (28) is
satisfied and o(A) N o(S) # 0, ie., there exists A\ €
o(A) N o(S) C C. Then, there exist non-zero vectors
v € C" and w € CV such that Sw = A\w and v'A =
Avf. This implies that AvfTlw = o TISw = ot Allw +
vIBLw = M Tw + v BLw, from which we obtain that
vIBLw = 0. This implies that either v'B = 0 or Lw = 0.
Without loss of generality assume that v'B = 0 then,
we obtain that vTA’B = Aw'B = 0, which implies that
of [B AB flﬁ_IB] = 0, hence v = 0, which is a
contradiction.

Now, if rank(IT) = 7 < min{n, N}, then there exist
orthonormal matrices U € R?*7, V ¢ RN X7 and a non-
singular diagonal matrix A € R™T, such that TT = UAVT.
Let U € R™("=7) and V € RNX(V=7) be such that [ U]

and [\7 f/} are orthogonal. Then, we have UTBLV = 0.
This implies that either U7 B = 0 or LV = 0. Without loss
of generality assume that U7 B = 0 then, since (A, B) is
controllable, we also have that the pair

([ﬂ (A+ BLVA-'0T) [0 ﬁ],FTBD

ur UTB
_([UT(A+BLVA-'UT)U UTAU| [UTB
N 0 UTAU|’| ©

is controllable, which is a contradiction. Here, we have
utilized the fact that UTAUAVT + UTBL = UT (AT +
BL) = UTNS = 0, hence UL (AU + BLVA-H)AVT =
UTAUAVT + UTBL — UTBLVVT = 0. Therefore,
rank(IT) = min{n, N}. [ |

Lemma 5: Any solution IT € R™ Y of the Sylvester
equation (27) satisfies

rank(IT) > min{n, N}.

Moreover, there exists a solution IT € R?*V qf the Sylvester
equation (27) such that rank(IT) = min{n, N} if and only
if o(A) Na(S) = 0. If it exists, then it satisfies

I =T'IP,

where TI € R™¥ is the unique solution of the Sylvester
equation (28), hence II is also unique. O

Proof: Let II be a solution of the Sylvester equa-
tion (27). Then, we have r := rank(Il) > min{n, N}.
This is because there exist orthonormal matrices U € R"*",
V € RV*" and a nonsingular diagonal matrix A € R™*",
such that II = UAVT. In particular, let U € R"*(n=7)
and V € RVX(V=") be such that [U U] and [V V]
are orthogonal. Then, we have that UTBLV =U T(HS —
ANV = UTUAVTS — AUAVTV = 0. This implies that
either UTB = 0 or LV = 0. Without loss of generality
assume that UTB = 0 then, we obtain that UTAU =
UTATIVA~! = UT(IS — BL)VA~' = 0. Therefore,
r > > min{n, N}.

(<) If 0(A) N o(S) = 0, then, by Proposition 3, there
exists a unique solution II of the Sylvester equation (28).
Then, II = TTIP (rank(Il) = min{n, N}) satisfies the
equation

IS = T'TIPS = T'ISP = TTANIP + T'BLP

=TiTAT'IP + T'TBLP'P
= All + BL — TtTATTOP — T'TBLP'P — BLPTP
= Al + BL,

hence is a solution of the Sylvester equation (27).

(=) If there exists a solution II of the Sylvester equa-
tion (27) such that rank(I) = min{n, N}, then by the
former argument, there exists U and V. Note that we have
TU = 0 and VTP' = 0. This implies 7T = 0 and
1P = 0. Now, from TIIP~'PSP~! = TAT-'TTIP~' +
TBLP~?, we obtain that (TTIPT) S = A (THPT) + BL,
and thus, by Lemma 4, we obtain that o(A) N o (S) = 0
and TTIP' = II. Together with 7T = 0 and IIP' = 0, this
implies IT = TTIIP. [ ]



