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Localized molecular orbitals are often used for the analysis of chemical bonds, but they can also serve to efficiently
and comprehensibly compute linear response properties. While conventional canonical molecular orbitals provide an
adequate basis for the treatment of excited states, a chemically meaningful identification of the different excited-state
processes is difficult within such a delocalized orbital basis. In this work, starting from an initial set of supermolec-
ular canonical molecular orbitals, we provide a simple one-step top-down embedding procedure for generating a set
of orbitals which are localized in terms of the supermolecule, but delocalized over each subsystem composing the
supermolecule. Using an orbital partitioning scheme based on such sets of localized orbitals, we further present a
procedure for the construction of local excitations and charge-transfer states within the linear response framework of
time-dependent density functional theory (TDDFT). This procedure provides direct access to approximate diabatic exci-
tation energies and, under the Tamm-Dancoff approximation, also their corresponding electronic couplings — quantities
that are of primary importance in modelling energy transfer processes in complex biological systems. Our approach is
compared with a recently developed diabatization procedure based on subsystem TDDFT using projection operators,
which leads to a similar set of working equations. Although both of these methods differ in the general localization
strategies adopted and the type of basis functions (Slaters vs. Gaussians) employed, an overall decent agreement is

obtained.

I. INTRODUCTION

Time-dependent density functional theory'™ (TDDFT)
based on the Kohn-Sham® (KS) ground-state determinant
is a popular method for the calculation of low-lying ex-
cited states of medium to large-sized molecules, owing to its
favourable accuracy to cost ratio.*>’~% After the advent of
range-separated density functionals that are better suited for
describing charge-transfer excitations,'%-!” TDDFT has be-
come the dominant approach for the study of photo-induced
processes in biochromophoric systems.”'$22 In such pro-
cesses, excitation energy transfer (EET) and photo-induced
electron transfer (ET) pathways play a crucial role.”>** A
prominent application is found in the study of antenna com-
plexes of photosynthetic systems, responsible for the light-
harvesting in higher plants.>>?® To understand how the ini-
tial energy transfer and subsequent charge separation hap-
pen, phenomenological models employ a simplified diabatic
picture?’3% such as the Frenkel-Davydov exciton theory, in
which the excited-state wavefunction is considered to be a su-
perposition of local excitations (LEs)>"*? and for which sev-
eral extensions have been proposed to better describe short-
range interactions.>3® To connect TDDFT results to these
models, it is necessary to express the supermolecular wave
function in terms of localized molecular orbitals (LMOs) and
to distinguish between LEs and charge-transfer (CT) excita-
tions. Within this local or (approximate) diabatic picture,3**3
ET and EET processes can be analyzed in a conceptually clear
manner, 3841424445

There are two dominant strategies to obtain LMOs and LEs
in a supermolecular system.” One may either (1) a priori par-
tition the supermolecular system into several subsystems and

obtain LMOs from individual calculations on each subsystem,
or (2) partition the system affer a set of supermolecular or-
bitals is obtained.

The first class of approaches to obtain all relevant super-
molecular states in a diabatic picture belongs to the extensive
family of embedding techniques.*®% In particular, subsystem
DFT,’%37-64 along with its time-dependent extension in the
linear response regime, has long been an efficient workhorse
for DFT-in-DFT embedding?%-% where different levels of
approximations can be used for different subsystems.’%’!
In the second class of approaches, LMOs are obtained by
localizing the supermolecular canonical molecular orbitals
(CMOs).”> 73 The resulting LMOs can then be used as a start-
ing point for embedding calculations,’®3% and/or to directly
construct (approximate) diabatic states.*>31-83 As shown by
the Neugebauer group, subsystem TDDFT using projection-
based embedding techniques can exactly reproduce super-
molecular results and capture the complete range of LE/CT
interactions.*>:70:79-84.85

An elaborate discussion of the relations between these
two approaches to localization of orbitals and approximate
diabatization of electronic states is beyond the scope of
this work, and we refer the reader to Refs. 70 and 86 for
more details on these methods. To complete this brief list of
relevant related methods, we also note the multistate frag-
mentation excitation difference-fragment charge difference
(multistate FED-FCD) method that can also be used to build
approximate diabatic states starting from supermolecular
CMOs. #8791 By exploiting the spatial locality of LMOs,
computationally efficient implementations of TDDFT can be
achieved, as shown by Wu and co-workers who demonstrated
linear scaling for TDDFT in combination with “fragment



LMOs”.”> Wu and co-workers also nicely summarized the
choices that need to be made in terms of different kinds of
locality. Supermolecular CMOs are “local in energy and
delocalized in space” while atomic orbitals (AOs) are “local
in space but delocalized in energy”. Both types of locality
can furthermore be exploited by partially re-canonicalizing
the orbital space.”® Such a partial re-canonicalization step is
useful to improve the convergence of the iterative solution of
the TDDFT equations as well as for interpretation purposes,
as the orbital energies resulting from the re-canonicalization
can be readily interpreted as perturbed subsystem energies.

In this work, we build on these previous developments
and define a simple and computationally efficient strategy
involving a one-step localization procedure to treat LE and
CT states. Our approach can be regarded as an extension of
our recent work on intrinsic localized fragment (molecular or
atomic) orbitals,”* by adding a re-canonicalization procedure.
This step results in a blocked Fock matrix that is similar to the
one obtained with the embedding procedure by Tolle e al.*>
Since our subsystem orbitals are orthogonal by construction,
our procedure does, however, not require the construction of
any projection operators.*®8695 The procedure allows for a
partition of the full orbital space into LE and CT subspaces
that are subsequently utilized in a TDDFT calculation to
generate approximate diabatic states. Using the Tamm-
Dancoff approximation (TDA),% explicit expressions for the
electronic couplings can be derived between these states.
Since our procedure is similar to projection-based subsystem
DFT/TDDFT, we compare our result to Ref. 45. Note that the
general framework presented here is particularly appealing as
it can easily be extended to any excited-state method.

The paper is organized as follows. In the first section, we
provide the TDDFT working equations and then outline the
construction of the re-canonicalized LMOs, followed by their
application as a reference basis in the calculation of excita-
tion energies and electronic couplings in the TDDFT frame-
work. In the next section, a proof of principle application of
our method on small model systems is provided, followed by
an illustrative example of a chlorophyll dimer in which we
also consider the use of additional tight-binding approxima-
tions. Conclusions and perspectives are then given in the final
section.

Il. THEORY
A. Time Dependent Density Functional Theory

In the conventional formulation of TDDFT with real spatial
orbitals in the adiabatic approximation,®’° excitation ener-
gies are determined by solving the non-Hermitian eigenvalue

problem,
(B 5)E)--0) o

where the matrix elements of the A and B matrices are written
as

Ajajb = 6ijFup — SupFij + Kia jb, 2
and
Bia jb = Kiapj- 3

In the above equation, indices i, j denote occupied orbitals and
a,b denote virtual orbitals. Fj, is an element of the KS Fock
matrix, and the coupling matrix K is defined as

Ko = [ €F [ 70707 finclp) 7:F') 05705 ()

1
— o / 7 / 7 0P)05(7) 7 a7 V), @)
with the kernel
1 S8%E,
fiaxe P17 7)) = +(1—cx) ] 5

dp(7)6p (') Ipcs

consisting of the Coulomb term and the second derivative of
the exchange-correlation energy functional Ex;[p]. The sec-
ond line of (4) allows for use of hybrid DFT approaches that
mix in a fraction cx of exact exchange.

In the CMO basis, the KS Fock matrix FM0 = §,,¢, is
diagonal so that different excitation amplitudes X;, and X,
are only coupled by the coupling matrix K, i.e.,

=7

AMD = 81j8ap (€4 — &) + Kia b (6)
where €, denotes the energy of orbital p. The difference be-
tween canonical and non-canonical orbitals does not affect the
B matrix that describes the coupling between excitations and
de-excitations. For the sake of simplicity, we will employ the
TDA in the following and include excitations only. The equa-
tion then reads

AX = 0X, @)

where the lowest eigenvalues and eigenvectors can be ob-
tained by iterative diagonalization techniques. In this work,
we first partition the matrix A into subsystems to be treated
separately.

B. Construction of Re-canonicalized Intrinsic Localized
Molecular Orbitals

In a previous work® we introduced the concept of (polar-
ized) intrinsic fragment orbitals (IFOs), a minimal basis in
which the supermolecular KS determinant can be expressed
exactly. These are constructed from a basis B, of reference
fragment orbitals (RFOs) that are usually selected as the core
and valence orbitals of each fragment. After expressing the
supermolecular CMO basis B; in terms of these IFOs, both
the occupied and virtual valence spaces can be localized to
generate a final set of so-called intrinsic localized molecu-
lar orbitals (ILMOs), using for instance Pipek—-Mezey (PM)



localization.”* The IFOs and ILMOs span the occupied space
exactly but contain only Np, — Ny virtual orbitals. Such a
truncation of the virtual space is undesirable for the current
application to TDDFT, in which we want to retain a suffi-
cient number of virtual orbitals to describe the electronically
excited states accurately. A straightforward possibility is to
increase the size of the RFO basis (Np,) by selecting more
orbitals per fragment, but this will also affect the definition
of the valence virtual orbitals that are convenient for inter-
pretation purposes. Another possibility is to keep the mini-
mal valence space as it is, but add a selected number of lo-
calized virtual orbitals from the complementary virtual space
that is not spanned by the valence virtual orbitals. For this
purpose, numerous methods have been developed!?’, which
either explicitly rotate these virtual orbitals to increase their
localization”>7* or apply projections of the complementary
virtual space onto a predefined set of “proto-hard” atomic vir-
tual orbitals'0!.

In this work, we explore an approach in which the local-
ization of the complementary virtual space that consists of so-
called “hard virtual” (hv) orbitals is carried out with the same
algorithm as is used for the occupied space. This allows us to
work with atomic or molecular fragments, or with a combina-
tion of both. Another advantage of our approach is that there
is no bias for a particular fragment in defining the initial local-
ization, the procedure can work with an arbitrary number of
fragments and allocation of orbitals that are bonding two (or
more) fragments together is done after the localization pro-
cedure. The key idea is to separate the supermolecular basis
into four subspaces: B; = B;.UBj,, UBj, UB 4, with Bj, indi-
cating core orbitals, Bj,, indicating the minimal valence basis
(comprising both occupied and virtual orbitals), B;, indicat-
ing energetically low-lying virtual orbitals, and B, indicat-
ing energetically high-lying virtual orbitals. The core orbitals
in space Bj, are straightforwardly identified from the orbital
energies of the supermolecular calculation and are removed
from the orbital set before the localization procedures com-
mences, i.e. we therein use space B;' = B;,, UB;,UB;,. This
is a simple extension of our original implementation in which
the (usually already very local) core orbitals were also local-
ized. This is now an optional step with as advantage that the
core-valence separation is kept exactly as it was in the CMO
basis. For the RFOs that comprise reference basis B, we sim-
ilarly partition the relevant part of the orbital space on each
fragment as B, = By,, UB3,. The procedure is then as follows:

1. Remove core orbitals from B; (basis B;").
2. Define valence RFOs (basis B>,,).

3. Compute valence IFOs (basis Bjy,).

4

. Localize valence orbitals expressed in the IFO basis to
obtain valence ILMOs.

9,1

. Define the complementary virtual space B, UBj,.

6. Re-canonicalize B}, U B;; to obtain semicanonical su-
permolecular virtual orbitals with effective energies €.

7. Select N, orbitals with lowest values of €' (basis B},).

8. Define hv RFOs (basis By,).
9. Compute hv IFOs (basis Bj,).

10. Localize the hv orbitals expressed in the IFO basis to
obtain hv ILMOs.

Steps 2 through 4 are identical to the procedure described
in our previous work, reference 94, to which we refer for de-
tails about the algorithm and definitions of the valence RFOs,
IFOs and ILMOs. Step 5 can also be done before step 4 (as
it does not require information about the ILMOs) and is eas-
ily implemented by taking the eigenvectors corresponding to
the zero eigenvalues of the singular value decomposition (Eq.
15 of reference 94) to define the complementary virtual space
Bj,UBj4. Steps 9 and 10 are carried out with exactly the same
algorithm as steps 3 and 4 and are implemented by simply
changing the arguments to the subroutines that perform these
operations. The number of desired virtual orbitals N, thereby
takes the place of the number N, that is used when forming
the occupied ILMOs. The advantage of this scheme is that
mixing-in of high-energy virtual orbitals into the localized or-
bital set is strictly prohibited as rotations are only carried out
between the lowest N, virtual orbitals. In this way we can
effectively combine energy selection and orbital localization.

Turning back towards our current application to partitioned
TDDEFT, we note that all localization transformations are uni-
tary and do not mix the occupied and virtual orbitals that are
obtained in the supermolecular calculation. They do there-
fore not change the structure of the TDDFT (Eq.1) and TDA
(Eq.7) equations. The main difference compared to the CMO
basis is the appearance of off-diagonal elements in the ILMO
basis. In our previous work we observed that the diagonal ele-
ments of the transformed Fock matrix can provide an effective
energy, but this pragmatic approach is not invariant for rota-
tions that do not affect the localization extent (i.e. rotations
between orbitals on the same fragment). It is therefore not
well-suited for TDDFT where it is better to have a diagonally
dominant A matrix. In the current work, we therefore intro-
duce a final re-canonicalization®® of the occupied and virtual
orbitals of each fragment that restores the diagonal dominance
and also provides an unambiguous definition of the effective
orbital energies. To perform this re-canonicalization, we first
sort the ILMO basis such that each orbital is assigned to the
fragment on which it has its major contribution, according to
Mulliken population analysis.'%? This automatic assignment
can optionally be fine-tuned for typical embedding cases in
which dangling bonds should always be assigned to the frag-
ment of primary interest. For brevity of notation, we assume
from now on a partitioning of the supermolecule into two frag-
ments / and J, each with an integer number of occupied and
virtual orbitals. After transformation of the supermolecular
Fock matrix to this sorted ILMO basis, the subblocks of this
Fock matrix, each in a basis of either an occupied or a virtual
set of ILMOs, are diagonalized separately as shown in Fig. 1.
The resulting eigenvectors form a unitary matrix UREMO that
transforms the ILMO basis to the final re-canonicalized ILMO
(RILMO) basis. The Fock matrix in RILMO basis is partly di-



agonal,
Fylgcs = &8y, ®)
Féiacs =0, ©)
Félijeser # 0, (10)
Feihers #0, (11)
with &, the eigenvalues obtained in this final re-

canonicalization step. These eigenvalues can readily be
interpreted as orbital energies of the fragments, perturbed
by the interaction with the other fragment(s). By choosing
chemically relevant fragments, it is possible to identify 7
and 7m* orbitals of conjugated aromatic systems that are
delocalized over a single fragment only.

Given the similarity in structure of the Fock matrix in the
RILMO basis with those arising in projection-based embed-
ding, our re-canonicalization procedure can be seen as a one-
step embedding where the resulting RILMOs are compara-
ble to a set of polarized orthonormal subsystem orbitals re-

J

4

sulting from a top-down embedding scheme. 34798486 The

main advantage of the current procedure is its simplicity
and efficiency: the generation of ILMOs is done via an it-
erative Jacobi algorithm that typically shows a rapid con-
vergence, whereas the diagonalizations needed for the re-
canonicalizations are done in subspaces of the full CMO
space. The whole procedure therefore takes only a fraction
of the time needed for the supermolecular DFT calculation
and is carried out by a dedicated program requiring only the
definition of the supermolecular and fragment orbitals and the
atomic basis in which these are expressed.

Within the RILMO basis, characterization of LE and CT
excitations for TDDFT calculations is easy. Choosing again
two subsystems, 1 and 2, and labeling the excitations as ei-
ther local (L; and L) or as electron transfer from system
1 to 2 (CTy) or vice versa (CT>) we obtain the same struc-
ture for the TDA equation (7) as found in projection-based
embedding*-*+7%84 but without explicit use of projectors.

AL AL/Ly ALI/CTi AL/CT: xLi xLi
AL2/Li ALz AL/CTI  AL/CT, XL XLz
ACTi/Li ACTi/Ly  ACTi  ACTi/CTy XCn | =« | xen | (12)
ACD/Li ACT/Ly ACH/CTi ACT XCTh XCT

We can now identify couplings between local and
charge-transfer excitations as off-diagonal blocks of the A
matrix.””# Thanks to the re-canonicalization and equation
(8), the diagonal blocks have the same structure as in the CMO
basis, i.e. Eq. (6). For the off-diagonal blocks, we need to em-
ploy the more general expression (2) to account for Eqs. (10)
and (11). Without truncation the results in the RILMO basis
will be identical to those obtained in the CMO basis as we
will numerically verify in section IV A. Obviously, this case
is not of practical interest, as one aims to reduce the computa-
tional cost of the method. Hence, we consider two subsequent
truncations that will each affect the results: (i) reduction of
the size of the RILMO basis by limiting the total number of
virtual orbitals N, that are localized and (ii) reduction of the
number of couplings between subsystems that are accounted
for by restricting the solution of the TDA equation to only
one or a few subsets of excitations. In the following, we refer
to applying (ii) as the ‘reduced diagonalization’ (RD), as op-
posed to the ‘complete diagonalization’ (CD) when (ii) is not
applied. One should keep in mind that the truncation (i) can
be so severe that even the CD results will significantly deviate
from the full CMO treatment. We will therefore first study the
effect of this initial truncation (i), referred to as the “RILMO
truncation”.

(

C. Reduced diagonalization

As the number of solutions sought is typically far smaller
than the dimension of the A matrix, it is advantageous to use a
Davidson diagonalization algorithm.'% We can thereby make
use of the partitioning, and solve each particular subset S of
excitations individually, initially without accounting for cou-
plings between the subsets,

ASVS = WSV5, (13)

For a partitioning into two subsystems, the eigenvectors Vf,

associated with the excitation energies w}‘f can be interpreted

as approximate diabatic states corresponding to Ly, Ly, CTy
and CT,. They are subsequently coupled to form adiabatic
states via

AW = oW, (14)

with the matrix elements of A defined as

A% = 8,50, (15)
=S/T S/T
Ayé‘ - Z Z la]b jb57 (16)
iacS jbeT

yielding the coefficient vector W which expresses the adia-
batic state in terms of the diabatic states. This approach can
be generalized to many subsystems, with the efficiency arising
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FIG. 1: Representation of the Fock matrix in different bases. Colored blocks represent non-zero matrix elements, where the
smaller squares are single matrix elements.

from the fact that only a small number M® of lowest eigen-
vectors for each excitation subset S is used. The resulting
M =Y (M dimensional matrix problem for the full system
is then easily solvable. The calculation of the electronic cou-
plings between subsystems and subsequent diagonalization in
a reduced space has a similar structure as encountered in the
subsystem TDA approach, as discussed in Refs. 67 and 45.
Hence, RD consists in constructing and subsequently diago-
nalizing (see Eq. 14) a basis of approximate diabatic states,
where only a limited set of the lowest diabatic states per sub-
space is considered. The RD pathway for a case of two sub-
systems is schematically depicted in Fig. 2 and can be sum-
marized as:

1. Starting from the set of RILMOs, partition the occupied
and virtual orbitals and perform four separate TDA cal-
culations to obtain sets of eigenvectors {V*E,} for each
of the Ly, Ly, CTy and CT; sub-spaces.

2. Calculate electronic couplings between the diabatic
states using the sets of eigenvectors from the previous
step and construct matrix A,

3. Diagonalize A to obtain the adiabatic states.

Note that in the limit of including all the diabatic states for
each subspace, the CD and RD procedures yield identical re-
sults.

D. Evaluation of the coupling elements

The most time-consuming steps in the calculation are the
matrix-vector multiplications, in which trial vectors are con-
tracted with a block of the A matrix. We will briefly summa-
rize our implementation, which is based on the pair-fitting ap-
proach of the ADF engine of the Amsterdam Modelling Suite
(AMS), as described in Ref. 5. We first define the RILMOs in
terms of atomic orbitals } as

91(r) = Y C™0xk(x), (17

K

and introduce the density functions f}, to fit the transition den-
sities p} (r) of state & of subspace T

ps(r) =Y 0;()o(r)Vj, 5~ Y fr(r)chs.  (18)
p

jbeT

The fit coefficients c[T)S can be expressed in terms of atomic
orbital fit coefficients ¢A%/# and the (trial) V matrices as

T _ RILMO ~RILMO AOfity,T
Cps = )y ZCKJ Cio " Ceap Vins: 19)
JbeT kA

Using Eq. (18), the induced potential 6v§l 4.5 for state & of
subspace T can then be written as

5vhys (=Y [8p(0) + fre(®) [y (D) b5, (20)

p

with g, (r) the Coulomb potential of the fit function f,(r) and
fre(r) the exchange-correlation kernel. The matrix represen-
tation of the induced potential in the RILMO excitation basis
of subspace S can subsequently be obtained by numerical in-
tegration

(6v] 4 5= Lo wki(xx)8viy 5()9a(re), (21
k

with wy, the weight associated to the grid point r;. Because the
functions ¢; and ¢, are local, detection and neglect of small
contributions to the integrand can be used to speed up this
step.

For hybrid functionals, we also need to consider the ex-
change contribution. Here, density fitting can be used as well,
using the implementations reported in Refs. 104 and 105. The
exchange contribution to the induced potential is given by

(6vhe sl = X (iflab)V] s, 22)
JbeT

which is first expressed in the AO basis and evaluated using
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FIG. 2: RD procedure for obtaining the LE and CT states and electronic couplings using RILMOs.

density fitting as

[avz;cc,ﬁ]l(l = Z(KH'VLV) uv,8

~ AOfit AOft
ZZ th]; kvqt fp|fq) uv,57s (23)
uv p.q
with
”v 5= Z CRILMOCRILMOV]Tb 5 (24)
JjbeT

After a transformation to the excitation subspace S

IV ZCI;{LMOCA HMOTSVL e slins (25)

this term can be combined with the other contributions. The
total electronic coupling in Eq. (16) between two excitations
¥ and 8 belonging to the S and T subspaces then becomes

S T RILMO RILMO T
yé - Z Z ia Y F 8 6’7 ) j
iacS jbeT
+ Z ia 7( 8vmd Slia Cx[6vexc S]m) (26)
iacS

E. Tight-binding approximations to the coupling matrix

The above-mentioned scheme can also be easily applied to
approximate TDDFT approaches. An example is Grimme’s
simplified TDA'% in which matrix elements of the coupling
matrix K are given as

Natams
Kiajp= Y. (diuVApd’s — 4iiYAdon); 27
AB

with atomic transition charges g, obtained as

- ¥ Gl e
LEA

The parameters ¥{, and X, depend on the interatomic dis-
tance and the chemical hardness of the atoms as well as on a
few empirical parameters. The matrix C’ denotes MO coeffi-
cients in the orthogonal AO basis obtained from C’ = S!/2C
with C the coefficients in the original AO basis and S the AO
overlap matrix. This approach is easily adapted to the RILMO
partitioning by just replacing the CMOs by the RILMOs in
Egs. (27) and (28).



I1l. COMPUTATIONAL DETAILS

All DFT and TDDFT calculations using the RILMOs were

carried out using a locally modified version of the Amsterdam
Modelling Suite of Programs!?”-1% (AMS). For all TDDFT
calculations in AMS, the ALDA kernel and TDA were used
throughout this work (denoted as RILMO-TDA). The local-
ization and re-canonicalization of the molecular orbitals were
carried out separately using a recently developed stand-alone
program, so-called Reduction of Orbital Space Extent (ROSE)
that has an interface to AMS**!% All calculations for ROSE
and AMS were automated using the Python Library for Au-
tomating Molecular Simulation!!® (PLAMS) of AMS. The
sorting of the orbitals before the re-canonicalization step was
done based on a Mulliken population analysis of the LMOs
over each fragment. In this work we used the same level of
basis sets, %) and %, for the supermolecule and the k frag-
ments respectively (see reference 94 for the notations). For
the localization step, we used the Pipek—Mezey localization
for both the occupied and the virtual orbitals.”* For TDDFT
calculations with the Grimme’s simplified Tamm-Dancoff!?
approximation (denoted as RILMO-simTDA), the parameters
from Ref. 106, corresponding to the standard settings in AMS,
were used.
All projection-based embedding subsystem DFT (PbE-sDFT)
and TDDFT/TDA calculations (denoted as PbE-sTDA) cal-
culations were carried out using SERENITY version 1.4.0'!!
with the LevelShift projection!!? operator of the top-down
embedding’?8>8¢ procedure as outlined in Ref. 86. Addi-
tional localization of the virtual orbitals was carried out us-
ing the approach outlined in Ref. 85 as implemented inside
SERENITY. In all the calculations performed in SERENITY,
the resolution of identity (RI)''> approximation was used for
the evaluation of the Coulomb contribution in all the DFT and
TDDFT/TDA!!* calculations.

IV. RESULTS AND DISCUSSIONS

A. RILMO truncation and Complete versus Reduced
Diagonalization

In order to demonstrate our procedure, we choose two
test systems: the ethylene-tetrafluoroethylene dimer and
the adenine-thymine DNA base pair. While the former
presents an adequate model for studying LE and CT type
transitions, the latter provides a biologically relevant model
system where such quantities are of importance to model
the stability of biomolecules under irradiation'!>!16.  The
geometry of both of these structures were taken from Ref. 45
and Ref. 115 and is displayed in Fig. 3a and 3b, respectively.
The CAM-B3LYP'"® exchange-correlation functional along
with the Slater-type basis set TZ2P as employed in AMS was
used for both these systems.

The uncoupled LE (uLE) and uncoupled CT (uCT) states
considered for both systems consist of T — 7* type transi-
tions. Fig. 4 (middle column) and Fig. 5 (middle row) plot the

g

i

FIG. 3: Geometries of the a) tetrafluoroethylene-ethylene
dimer, b) adenine-thymine base pair, and c) chlorophyll
dimer.

relevant 7 and ¥ RILMOs associated with the CoHy — Co Fy
dimer and the adenine-thymine dimer, respectively. The cor-
responding supermolecular CMOs are also shown. The CMOs
are delocalized over both fragments, and the localization and
re-canonicalization procedures restore the typical 7 and 7*
character in the RILMOs. For comparison, we show the PbE-
sDFT orbitals that yield a similar localized picture.

For the ethylene-tetrafluoroethylene dimer we consider two
uLE states for C,Hy, one uLLE for C> F; and one uCT state from
CFy — C,Hy. For CoHy wehaveaw — ™ stateanda w — o
state which is near-degenerate with the former. These two
states mix upon increasing the size of the virtual space in the
localization procedure, so that we will denote them as uLE;
and uLE/1 below. In the limit of the full virtual space, the uLE;
retains mostly the 7 — 7% character (~ 71 %). For C;Fy we
have a 1 — ™ state denoted as uLLE, and for the CT transition
we have a CoFy, 1 — CoHy, " state denoted as uCT. For the
adenine-thymine dimer, we label the two near-degenerate ade-
nine T — 7* states (originally denoted L, and L, in Ref. 115)
as uLE, and uLE;, while denoting the thymine © — 7* state
as uLE,. Besides these three uLE states, there is one uCT
state: adenine, T — thymine,*. It is important to note that
the above set of four excitations for both of these dimers does
not constitute the lowest set of excitations but selects the pri-
mary valence T — 7" type transitions that are often used to
model LE and CT type excitations in the literature.

As a numerical verification of our implementation, we first
show that the supermolecular excitation spectrum arising from
the CD (see Fig. 2) of RILMO-TDA converges to the CMO re-
sults in the limit of using the full virtual space. Fig. 6 plots the
error in the energy of the lowest RILMO-TDA states from the
CMOs as a function of the virtual space size, i.e from severe
to no RILMO truncation. Besides the expected convergence,
the plot also indicates that RILMO truncation is a viable way
to restrict the excitation space. A modest amount of virtual
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FIG. 4: The occupied and virtual orbitals associated with the uLE and uCT states for the C;Hy; — CF4 dimer obtained from
CMOs (left column), RILMOs (middle column) and PbE-sDFT (right column).
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FIG. 5: The occupied and virtual orbitals associated with the uLE and uCT states for the adenine-thymine dimer obtained from
CMOs (top row), RILMOs (middle row) and PbE-sDFT (bottom row).
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orbitals suffices to obtain adiabatic state energies close to the
reference supermolecular CMO results.

Next, we consider combining RILMO truncation with trun-
cation in the number of diabatic states employed in the RD
scheme. For this purpose, we couple for both dimers only
the aforementioned sets of four uLE and uCT states. Fig. 7
shows the effect of RILMO truncation combined with RD.
From Fig. 7, we observe a decrease in the uLE energies for
both the C;Hs — CoFy and adenine-thymine dimers, whereas
the uCT energies are quite stable upon increasing the num-
ber of virtual orbitals. This stability can be explained by the
fact that the CT excitations are well described by single or-
bital transitions,!!” so that moving from a minimal valence

space to the full virtual space causes little to no change in the
corresponding excitation energies. The LE excitations, on the
other hand, are mixtures of local single orbital transitions and
are thus more sensitive to the number of virtual orbitals. The
uLE excitation energies exhibit a smooth convergence upon
increasing the number of virtual orbitals, similar to what is
seen for isolated or well-separated fragments (see SI, Figs. S1
and S2).

Fig. 8 plots the corresponding coupled adiabatic states us-
ing the above four diabatic states for both of these dimers. As
can be seen, the curves follow closely the uncoupled energies
and converge smoothly upon increasing the total number of
virtual orbitals. Figs. 7 and 8 show that it is sufficient to work
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with a modest number of virtual orbitals to construct the local
states in the RD framework.

Having thus shown that RILMO truncation in combination
with RD is viable, we also consider the RD procedure itself in
more detail. To do so, we couple the above minimal set of four
diabatic states with additional low-lying states and investigate
how this changes the excitation energies. Fig. 9 plots the error
in the excitation energies of the lowest RILMO-TDA adiabatic
states from their respective CMO states. We thereby chose a
simple set up, taking either the lowest 5 or the lowest 20 dia-
batic states in each of the four excitation subspaces, yielding
a total of 20 and 80 adiabatic states, respectively. A direct
comparison of all resulting states with CMO states is com-
plicated, as the coupling of adiabatic states also gives rise to
high-energy states that can not be readily matched with CMO
states. For this reason, we focus on the lowest energy states
up to the above-mentioned bright 7 — 7* excitations. As can
be seen for both of these dimers, increasing the total number
of states from 20 to 80 shows a reduction in the overall de-
viation of the lower-lying states to well within one-tenth of
an eV, again already with a modest amount of virtual orbitals
(i.e. with strong RILMO truncation). From Fig. 9, we con-
clude that for the C;Hs — C>F4 and adenine-thymine dimers,
a set of five states for each of the subspaces is sufficient to
closely reproduce the lowest CMO states, including the char-
acteristic £ — 7* transitions. As an additional proof of prin-
ciple, we have further checked the smooth convergence of the
lowest 10 RILMO-TDA adiabatic states towards the reference
supermolecular CMO states, with respect to the M number of
diabatic states used in the RD pathway on a smaller water-
ammonia test system (see Fig. S4 in SI).

B. Comparison with projection-based embedding subsystem
DFT

Having shown the convergence towards the supermolecu-
lar CMO results for the CD and RD pathways, we now focus
on a more detailed comparison of the above approximate dia-
batic uLE and uCT states as well as their electronic couplings
with those obtained from PbE-sDFT/sTDA. For the sake of
consistency, we retain the full virtual space in the RILMO-
TDA calculation of the above dimers. Both of these sys-
tems have been studied in Ref. 45 and their diabatic LE and
CT states were obtained using the multistate-FCD-FED ap-
proach and PbE-sTDA by employing different orbital parti-
tion schemes for varying displacements d between the corre-
sponding monomers. In Ref. 45, an overall decent agreement
was obtained between the two methods in spite of their differ-
ences in the construction of the diabatic states. We refer the
reader to Ref. 45 for more details, and only the necessary PbE-
sDFT/sTDA calculations are repeated here for comparison.
For the purpose of this work, the Gaussian type def2-TZVP
basis set was chosen in SERENITY in order to compare with
the Slater-type basis set TZ2P as employed in AMS.

While the two basis sets are reasonably large, the effect of ba-
sis set truncation is still nonnegligible as can be seen when
comparing the supermolecular CMO results of the two codes.
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In Fig. 10 (top panel) we plot the differences in the lowest
10 excitation energies and see that these can amount to a few
tenths of eV, with the most pronounced differences occurring
for the CoHy — CyFy dimer. While for the Adenine-Thymine
dimer our states of interest (the characteristic 7 — 7* tran-
sitions) lies within the lowest 6 supramolecule CMO states
(states 2,3,5 and 6), such an identification for the CyHy — Co Fy
dimer becomes difficult due to the delocalized nature of the
CMOs as shown in Fig. 4.

To compare the ground-state embedded orbitals, we again
refer to Fig. 4 (right column) and Fig. 5 (bottom row) for the
relevant w and 7w* orbitals of C;Hy — CoFy and the adenine-
thymine dimer. We see that despite differences in the formal-
ism, and type of basis functions employed, both embedding
procedures lead to very similar local orbitals for both systems.

Focusing first on the lowest uCT state in each dimer, Fig. 11
plots the uCT energy from RILMO-TDA along with the cor-
responding uCT energy from PbE-sTDA as a function of the
separation distance between the monomers. Both methods
agree very well at longer distances, displaying the asymptotic
decay of —R~! characteristic for CT states. At shorter dis-
tances, the uLE energies from RILMO-TDA are consistently
lower compared to those of PbE-sTDA (see Table I for uLE,
Table S1 in SI for the energies of uLEll, and Table II). Be-
sides the already mentioned difference in basis sets, the de-
viation observed between the uCT energies could also arise
from the differences in the two methods, in particular the dif-
ferent localization of the virtual orbitals. In the PbE approach,
the virtual orbitals are subject to a SVD of the MO overlap
matrix computed with only the AO basis functions located
on the fragment of interest to obtain virtual LMOs for that
fragment*>#>. In our scheme, on the other hand, the virtual
orbitals are subject to two separate PM localizations, result-
ing in a small set of ‘valence’ virtual orbitals and a larger set
of ‘hard’ virtual orbitals. The resulting differences in virtual
orbital energies, which in the PbE case rise more steeply upon
reducing the monomer distance, appear to be the main cause
for this difference (see Tables S2 and S3 in SI).

The differences observed at short distances and agreements
at long distances are also reflected in the electronic couplings
between the respective uLE and uCT states. Fig. 12 plots their
absolute values as a function of the separation distance be-
tween the monomers for each of these dimers. Only a few
illustrative couplings are shown, see Fig. S5 and S6 in SI for
all the couplings. The couplings between the uLE and uCT
states calculated from both of the two methods display an
exponential decay (e™") at long range, which is typical for
exchange interactions. The most significant difference be-
tween the methods is seen in the uLE;/uCT coupling of the
CyHy — Gy Fy dimer, where the coupling is stronger for PbE-
sTDA at short distances and weaker at long distances, as com-
pared to RILMO-TDA. For the other couplings, the two meth-
ods give qualitatively similar results.

As both the PbE-sTDA and our approach converge to the
supermolecular CMO results when sufficient states are cou-
pled, we also show in Fig. 10 (bottom panel), the excitation
energies obtained when a total of 80 diabatic states are cou-
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pled via RD. This gives a similar picture as seen for the CMO
calculations, with relatively small deviations for the adenine-
thymine dimer and larger deviations for the CoHy — ChF}
dimer.

C. Application to a chlorophyll a dimer in Light Harvesting
Complex Il

After this assessment of the RILMO-TDA approach,
we now provide an application to molecules of biological
importance. We choose a dimer consisting of chlorophyll
molecules, that has been studied previously by some of us'!®
using subsystem DFT. In this work, we used the traditional
version with non-additive kinetic energy functionals as
opposed to projection-based embedding. This particular
dimer is known to play a crucial role in light-induced
energy transfer processes in light-harvesting complexes in
higher plants''®!1% " In this previous work, we observed
an increase in the mixing of charge-transfer states with the
local states upon a decrease in the distance between the two

chromophores. A direct manifestation of this mixing is the
red-shifting of the lowest excited states and a decrease in the
total oscillator strength. To study this mixing with the current
method that offers an easy analysis of the effect of CT, we
seek to calculate the uLE and uCT states along with their
corresponding electronic couplings for two representative
structures. In conformation 1 the distance between the two
chlorophylls is relatively large, while in conformation 2 the
two chlorophylls are stacked at relatively close distance (see
Fig. 3¢).

The CAM-B3LYP exchange-correlation functional along
with the Slater-type basis set DZP was used for this system,
while we performed Gaussian-type def2-SVP with SEREN-
ITY for comparison. Here again, the full virtual space was
retained (no RILMO truncation) for comparison purposes.

The RILMOs and orbitals from PbE-sDFT corresponding
to the HOMO () and LUMO (7*) for the two chlorophyll
molecules in conformation 2 are shown in Fig. 13. The
supermolecular CMOs are also shown for reference. As can
be seen, the canonical HOMOs are delocalized over both
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TABLE I: uLE energies of the C;Hs — C> F4 dimer obtained from RILMO-TDA and PbE-sTDA methods at varying distances d

(A). Also shown are the isolated fragment energies. All units are in eV.

| d=0 d=05 d=1.0 d=15 d=20 isolated
uLE 8.33 8.31 8.30 8.29 8.28 8.28
RILMO-TDA
uLE, 9.03 9.02 9.00 9.00 8.99 8.99
ulLE; 8.49 8.39 8.34 8.31 8.29 8.29
PbE-sTDA
uLE;, 9.03 8.97 8.94 8.92 8.91 8.91

TABLE II: uLE energies of the adenine-thymine dimer obtained from RILMO-TDA and PbE-sTDA methods at varying

distances d (A). Also shown are the isolated fragment energies. All units are in eV.

[ d=0 d=1.0 d=2.0 d=3.0 d=4.0 isolated
uLE;, 5.72 5.69 5.68 5.67 5.67 5.67
RILMO-TDA uLEq;, 5.64 5.62 5.61 5.61 5.61 5.61
uLE, 5.51 5.48 5.47 5.47 5.47 5.48
uLE;, 5.75 5.67 5.65 5.65 5.65 5.65
PbE-sTDA uLE;;, 5.69 5.60 5.59 5.59 5.59 5.59
uLE, 5.55 5.47 5.45 5.45 5.45 5.46

fragments, and localization (followed by re-canonicalization)
helps to retain the delocalized nature of the  and 7* orbitals
localized over each fragment.

Employing these localized orbitals, we carried out RILMO-
TDA calculations for the uLE and uCT states. In order to
demonstrate the flexibility of such an approach for this sys-
tem, we also used Grimme’s simplified TDA!% approach
(RILMO-simTDA) to calculate the uncoupled excitation en-
ergies and the electronic couplings given by Eq. (27). The
transitions considered in the uLE and uCT subspaces for the
dimer consist of two lowest 7 — 7* transitions of LE type for
each of the chlorophyll, CLA1 and CLA2 (denoted as uLE
and uLE; respectively), and two lowest 1 — 7* of CT type —
CLA1 — CLA2 and CLA2 — CLAI1 (denoted as uCT; and
uCT), respectively). Table III lists these energies for two of the
conformations shown in Fig. 3c, using both of these methods
and PbE-sTDA. Although the full TDA and simplified TDA
methods present some differences in the excitation energies,
they both predict a distinct drop in the CT energies for con-
formation 2, although the latter yields a more drastic change
probably owing to the approximations introduced in the calcu-
lation of the coupling elements of the A matrix for simplified
TDA.

The effect of the truncation of the size of the virtual space
on the uLE and the uCT energies for both the conformations
showed a similar trend as before, with the uLE energies dis-
playing a gradual convergence behaviour with the increase in
the number of virtual orbitals, and the uCT energies show-
ing little to no change (see Fig. S7 in SI). Thus, overall, the
RILMO-TDA excitation energies are in reasonable agreement
with those of PbE-sTDA. Table IV also lists the corresponding
couplings between the uLE and uCT states calculated from
RILMO-TDA and RILMO-simTDA approaches. Although

there are minor differences between these two methods, the
couplings of RILMO-TDA are in excellent agreement with
that of PbE-sTDA. Furthermore, the truncation of the size of
the virtual space shows no discernible changes in the cou-
plings (see Fig. S8 in the SI).

V. CONCLUSIONS

In this work, we presented a simple one-step embedding
approach for generating a set of re-canonicalized intrinsic lo-
calized molecular orbitals (RILMOs) for each fragment start-
ing from a set of canonical molecular orbitals (CMOs). As
an extension to the valence ILMOs discussed in our previ-
ous work?, these orbital sets include also the so-called hard
virtual orbitals that are needed for a quantitative description
of electronically excited states. While fully localized on in-
dividual fragments, RILMOs are delocalized within a frag-
ment and can thus retain the intrinsic 7 and ©* character en-
countered in isolated conjugated systems. Since the ILMOs
are orthogonal by construction, our procedure eliminates the
need for the construction of any projection operators. Never-
theless, the orbitals are comparable to a set of polarized or-
thonormal orbitals arising from a top-down projection-based
embedding procedure. We furthermore outlined a TDDFT
strategy for obtaining LE and CT states and investigated the
effect of truncating the size of the virtual space in the local-
ization procedure on the energies of these states. While the
diabatic LE energies displayed a relatively slow convergence
behaviour upon increasing the total number of virtual orbitals
in the localization step, the diabatic CT energies were found
to converge very quickly. The excitation energies and elec-
tronic couplings obtained in this approximate diabatic basis
of the LE and CT states are in reasonable agreement with
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those from subsystem DFT using projection-based embed-
ding. Our observations are in accordance with previous stud-
ies that showed a similar dependence of the diabatic excitation
energies and electronic couplings on the diabatization proce-
dure employed.*"*. Nonetheless, we believe that our pro-
cedure will be useful due to its simple implementation and
possibilities for easy extension to other excited state methods
(DFTB, BSE, equation-of-motion coupled cluster, etc). The
current scheme can for instance be used as an analysis toolkit
for studying ET and EET processes in photo-induced systems.

SUPPLEMENTARY MATERIAL

See the supplementary material for 1) effect of truncation
of virtual space on the uLE energies of isolated CoHy — Co Fy
and adenine-thymine dimers, 2) effect of truncation of virtual

space on the electronic couplings of both of these dimers, 3)
Convergence of the RILMO-TDA states in the CD and RD
pathway for a water-ammonia dimer, 4) electronic couplings
and orbital energies for both of these dimers with varying dis-
tances and 5) effect of truncation of virtual space on the uLE
and uCT energies and electronic couplings of the chlorophyll
dimer
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1. Effect of truncating the virtual space on the uLE en-
ergies of the isolated CoH, — Cy,F; and adenine-thymine

dimers
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Figure S1: Effect of truncation of the number of virtual orbitals on the uLE; (left panel)
and uLE; (right panel) excitation energies for the isolated fragments and the CoHy — CoF)
dimer at d =4 A.
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Figure S2: Effect of truncation of the number of virtual orbitals on the uLE;,, uLE;, (left
panel) and uLE; (right panel) excitation energies for the isolated fragments and the adenine-
thymine dimer at d = 4 A.
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2. Effect of truncating the virtual space on electronic cou-

plings of the C,H, — (3 F; and adenine-thymine dimers
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Figure S3: Absolute electronic couplings between the uLE and uCT states of the Co Hy—C5 F)
(left panel) and adenine-thymine (right panel) dimers with respect to the number of hard
virtual orbitals used in the localization procedure, using the RILMO-TDA method.
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3. Convergence of the RILMO-TDA states in the CD and

RD pathways for a water-ammonia dimer
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Figure S4: Left panel: Error in excitation energy (as compared to the supermolecular CMO
reference energies) due to RILMO truncation of hard virtual orbitals for the lowest 10
RILMO-TDA (CD) states. Right panel: Error in excitation energy (as compared to the
supermolecular CMO reference energies) due to truncation to M diabatic states for the
lowest 10 RILMO-TDA (RD,M) states, while keeping all the hard virtual orbitals in the
localization procedure. Calculations were carried out at CAMB3LYP /DZP level of theory.
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4. LE/LE and LE/CT electronic couplings for the CyH, —

C>F, dimer
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Figure S5: Absolute electronic couplings between the uLE and uCT states of the Co Hy,—C5 F}
dimer with respect to the separation distance, using the RILMO-TDA method.
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5. uLE and orbital energies for the CyH; — CyF; dimer

Table S1: uLE energies of the CoH,; — CyF, dimer using RILMO-TDA and PbE-sTDA
methods at varying distances, d (A). All units are in eV.

| d=0 d=05 d=10 d=15 d=20

uLE, 8.33 8.31 8.30 8.29 8.28
RILMO-TDA uLE; 8.55 8.44 8.36 8.32 8.29

uLE, 9.03 9.02 9.00 9.00 8.99

Table S2: Orbital energies associated with the uLE and uCT transitions of the Co Hy — C5 F)
dimer obtained from RILMO and PbE-sDFT methods at varying distances d (A). Also shown
are the isolated fragment energies. The uCT and uLE states in the main text comprises of
: 1) ulE; : HOMO(1) —» LUMO(1), 2) uLEy : HOMO(2) — LUMO(2)/LUMO + 1(2)
and 3) uCT : HOMO(2) — LUMO(1). (1) and (2) refer to fragments CoHy and CoF)
respectively. All units are in eV.

| d=0 d=05 d=10 d=15 d=20 isolated

LUMO(1) 1.05 1.07 1.08 1.09 1.10 1.14
LUMO +1(2) 1.69 1.65 1.63 1.61 1.60 1.56
RILMO
HOMO(1) -9.42 -9.37 -9.34 -9.32 -9.31 -9.27
HOMO(2) -9.15 -9.18 -9.20 -9.22 -9.23 -9.27
LUMO(1) 1.26 1.22 1.19 1.19 1.19 1.23
LUMO(2) 1.84 1.80 1.76 1.74 1.72 1.68
PbE-sDFT
HOMO(1) -9.37 -9.33 -9.31 -9.29 -9.28 -9.24
HOMO(2) -9.04 -9.07 -9.09 -9.11 -9.12 -9.16
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6. LE/LE and LE/CT electronic couplings for the adenine-

thymine dimer
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Figure S6: Absolute electronic couplings between the uLE/uLE states (left panel) and the
uLE /uCT states (right panel) of the adenine-thymine dimer with respect to the separation
distance, using the RILMO-TDA method.
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7. Orbital energies for the adenine-thymine dimer

Table S3: Orbital energies associated with the uLE and uCT transitions of adenine-thymine
dimer obtained from RILMO and PbE-sDFT methods at varying distances d (A). Also shown
are the isolated fragment energies. The uCT and uLE states in the main text comprises of :
1)uLEy, : HOMO(1) - LUMO(1),2) uLEy, : HOMO(1) - LUMO+1(1)/LUMO+2(1)
, 3) uLEy : HOMO(2) — LUMO(2) and uCT : HOMO(1) — LUMO(2) . (1) and (2)

refer to fragments adenine and thymine respectively. All orbital energies are in eV.

| d=0 d=1.0 d=20 d=30 d=4.0 isolated

LUMO + 1(1)/LUMO + 2(1) 117 114 1.16 1.16 1.15 1.14
LUMO(1) 039  0.36 0.35 0.34 0.33 0.33

RILMO LUMO(2) 023  -028  -031 032  -0.33 -0.36
HOMO(1) 772 172 T3 174 1A 775

HOMO(2) 836 -839 -840  -842  -843 -8.46

LUMO +1(1) 140 1.32 1.30 1.30 1.29 1.28

LUMO(1) 059 051 0.50 0.48 0.48 0.47

PbE-sDFT LUMO(2) 004 -015  -019  -020  -0.21 -0.25
HOMO(1) 760 -7.60  -7.60  -7.61  -7.61 -7.63

HOMO(2) 826 -829  -832  -833  -834  -838
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8. Effect of truncating the virtual space on the uLE and

uCT energies and electronic couplings of the chlorophyll

dimer
& UulE;
347 & Uulk
¢ uCTy
3.2 & uCT,
>
[}
330
5 * * 6 o 0 < *
c
o
528 . s o000 . .
E
153
X 2.6
2.4
22 333 B SR {
0 250 500 750 1000 1250 1500

Total number of virtuals

w
>
L

w
[N}
s

Excitation energy, eV

N
IS
L

2.2

w
1<}
|

N
©
|

g
o
s

¢ UulE;
€ ULk,
¢ uCT,
¢ ucCm,
* L R 2B 2 4 * *
$
e 3833 & 8
250 500 750 1000 1250 1500

Total number of virtuals

Figure S7: Excitation energies of the uLE and uCT states of conformation 1 (left panel) and
conformation 2 (right panel) with respect to the number of hard virtual orbitals used in the
localization procedure, using the RILMO-TDA method.
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Figure S8: Absolute electronic couplings between the uLE and uCT states of conformation
1 (left panel) and conformation 2 (right panel) with respect to the number of hard virtual
orbitals used in the localization procedure, using the RILMO-TDA method.
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