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A Note on Controllability and non-Controllability for a Rayleigh Beam with
Piezoelectric Actuator∗

Yubo Bai† Christophe Prieur‡ Zhiqiang Wang§

Abstract

In this paper, the exact controllability problem for a

Rayleigh beam with piezoelectric actuator is considered.

The main contributions of this work are to give the exact

controllability results and to give the minimal controllability

time. Controllability results show that the space of control-

lable initial data depends on the location of the actuator.

The approach to prove controllability results is based on

Hilbert Uniqueness Method and some results on the theory

of Diophantine approximation. Due to the rotary inertia

term in the Rayleigh beam equation, Rayleigh beam equa-

tion possesses finite propagation speed, and consequently the

controllability results hold when the control time surpasses

a critical time. This critical time is proved to be the mini-

mal controllability time by using the Riesz basis property of

exponential family in L2(0, T ). The controllability in critical

time is still an open problem.

1 Problem statement and main results

We consider the control problem modelling the trans-
verse deflection of a Rayleigh beam which is subject to
the action of an attached piezoelectric actuator. Assum-
ing that the beam is hinged at both ends, the equation
of Rayleigh beam can be written as (see, for instance,
[7, 8]), for (x, t) in (0, π)× (0,+∞),

wtt(x, t)− αwxxtt(x, t) + wxxxx(x, t)(1.1a)

= u(t)
d

dx
[δη(x)− δξ(x)],

w(0, t) = w(π, t) = wxx(0, t) = wxx(π, t) = 0,(1.1b)

w(x, 0) = w0(x), wt(x, 0) = w1(x).(1.1c)

In the equations above w represents the transverse
deflection of the beam, α > 0 is a physical constant,
ξ and η stand for the ends of the actuator (0 < ξ < η <
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π), and δy is the Dirac mass at the point y. The control
is given by the function u : [0, T ] → R standing for the
time variation of the voltage applied to the actuator.

Our main purpose is to find the initial data that can
be steered to rest by means of the control function u.
To give the precise definitions of exact controllability,
let us introduce for any ω in R the functional space
Yω as follows. Let Y0 = L2(0, π). For ω > 0, let Yω
be the closure in Hω(0, π) of the set of y in C∞([0, π])
satisfying the conditions

(1.2) y(2n)(0) = y(2n)(π) = 0 ∀n ≥ 0.

For ω < 0, let Yω be the dual space of Y−ω with respect
to the space Y0. Then we give the precise definitions.

Definition 1.1. The initial data (w0, w1) in Y2×Y1 is
exactly L2-controllable in (ξ, η) at time T if there exists
u in L2(0, T ) such that the solution w of (1.1) satisfies
the condition w(·, T ) = wt(·, T ) = 0.

Note that in Definition 1.1, the space where the
initial data (w0, w1) can be taken depends on the
well-posedness of (1.1) (see Section 3). Notice that
the system (1.1) is a time-reversible linear system,
so the exact controllability is equivalent to the null
controllability (see Theorem 2.41 of [6, p. 55]).

In order to state the exact controllability results,
let ε > 0 and let the sets A ⊂ (0, 1) and Bε ⊂ (0, 1) be
the sets defined in Section 2. From Section 2, the set A
is uncountable and has zero Lebesgue measure and the
Lebesgue measure of set Bε is 1.

Our exact controllability results are the following.

Theorem 1.1. Let T > 2π
√
α and ε > 0.

1. Suppose that η+ξ
2π and η−ξ

2π belong to the set A.
Then all initial data in Y4 × Y3 are exactly L2-
controllable in (ξ, η) at time T .

2. Suppose that η+ξ
2π and η−ξ

2π belong to the set Bε.
Then all initial data in Y4+2ε × Y3+2ε are exactly
L2-controllable in (ξ, η) at time T .

Theorem 1.1 gives us two exact L2-controllability
results. The first result of Theorem 1.1 shows that, for
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the end of the piezoelectric actuator in an uncountable
zero measure set, we have the exact L2-controllability in
space Y4 × Y3. The second result of Theorem 1.1 shows
that, for almost all choices of the end of the piezoelectric
actuator, we have the exact L2-controllability in more
regular Sobolev spaces than Y4 × Y3.

Notice that the exact controllability results in The-
orem 1.1 require T > 2π

√
α, however, in [15], the ex-

act controllability results for Euler-Bernoulli beam have
no requirement of control time. Consequently, a huge
difference between Rayleigh beam and Euler-Bernoulli
beam is revealed and the reason lies in various dis-
tributions of their eigenvalues. More precisely, under
the same boundary condition (1.1b), the eigenvalues of

Rayleigh beam equation are k4

1+αk2 for k in N∗ (see Sec-
tion 3) while the eigenvalues of Euler-Bernoulli beam
equation are k4 for k in N∗ (see [15]). Roughly speak-
ing, this fact implies that Rayleigh beam equation pos-
sesses finite propagation speed and that Euler-Bernoulli
beam equation possesses infinite propagation speed. For
this reason, the exact controllability results for Rayleigh
beam require T > 2π

√
α while the exact controllability

results for Euler-Bernoulli beam hold for all T > 0 (see
[15]). Based on this fact, we give the non-controllability
result for 0 < T < 2π

√
α.

Theorem 1.2. Let 0 < T < 2π
√
α and ξ, η in (0, π) be

arbitrary. For any ε ≥ 0, the space Y2+ε×Y1+ε contains
initial data that are not exactly L2-controllable in (ξ, η)
at time T .

From Theorem 1.2, we can see that T ≥ 2π
√
α is

necessary for exact controllability for Rayleigh beam
equation. Therefore, minimal control time for the exact
controllability is obtained. As far as we know, this is the
first result stating a lack of controllability for Rayleigh
beam in short control time.

These two theorems characterize the exact L2-
controllability for (1.1). Minimal control time is re-
vealed through these two results. The exact control-
lability with less regular control function and the other
non-controllability results are exhibited in the full ver-
sion of this paper [3]. The exact controllability in critical
time, i.e. T = 2π

√
α, is still an open problem.

2 Preliminaries

In this section, we provide some known results on the
theory of Diophantine approximation (see [5, 10]) and
the Riesz basis property of exponential family (see [1]).

For a real number ρ, we denote by ∥ρ∥Z the differ-
ence, taken positively, between ρ and the nearest inte-
ger, i.e.,

∥ρ∥Z = min
n∈Z

|ρ− n|.

Let us denote by A the set of all irrationals ρ in (0, 1)
such that if [0, a1, . . . , an . . . ] is the expansion of ρ as a
continued fraction, then (an) is bounded. The set A is
uncountable and its Lebesgue measure is equal to zero
(see Theorem I of [5, p. 120]). The following property
proven in Theorem 6 of [10, p. 23] is essential for this
paper.

Proposition 2.1. A number ρ is in A if and only if
there exists a constant C > 0 such that

(2.1) ∥qρ∥Z ≥ C

q

for all strictly positive integer q.

The next proposition, which is proved in [5, p. 120],
shows that an inequality slightly weaker than (2.1) holds
for almost all points in (0, 1).

Proposition 2.2. For any ε > 0 there exists a set
Bε ⊂ (0, 1) having Lebesgue measure equal to 1 and a
constant C > 0, such that for any ρ in Bε,

(2.2) ∥qρ∥Z ≥ C

q1+ε

for all strictly positive integer q.

The next proposition proven in Theorem II.4.18 of
[1, p. 109] on the Riesz basis property of exponential
family in L2(0, T ) is essential to prove Theorem 1.2.

Proposition 2.3. Let {λn}n∈Z be a sequence of com-
plex numbers such that

sup
n∈Z

|Imλn| <∞, inf
n ̸=m

|λm − λn| > 0.

Let

N(x, r) := ♯{λn|x ≤ Reλn < x+ r}, x ∈ R, r > 0,

where ♯A is the number of elements in the set A.
Assume that for some T > 0,

lim
r→∞

N(x, r)

r
=

T

2π

holds uniformly relative to x ∈ R. Then for any T ′ in
(0, T ), {eiλnt}n∈Z contains a subfamily {eiλqn t}n∈Z that
forms a Riesz basis in L2(0, T ′). Moreover, if {λn}n∈Z
is a sequence of real numbers such that λn = −λ−n, the
subsequence {λqn}n∈Z satisfies λqn = −λq−n .

3 Well-posedness of (1.1)

The well-posedness result of (1.1) has been proved in
[16]. We state it and show the proof here, because the
process of the proof is also used in the next section.



Theorem 3.1. Suppose that (w0, w1) belongs to Y2 ×
Y1. For any u in L2(0, T ) and for any ξ and η in (0, π),
the initial and boundary value problem (1.1) admits a
unique solution w having the regularity

(3.1) w ∈ C([0, T ];Y2) ∩ C1([0, T ];Y1).

In order to prove Theorem 3.1, let us first consider
the adjoint problem of (1.1) in (0, π)× (0,+∞),

ϕtt(x, t)− αϕxxtt(x, t) + ϕxxxx(x, t) = 0,(3.2a)

ϕ(0, t) = ϕ(π, t) = ϕxx(0, t) = ϕxx(π, t) = 0,(3.2b)

ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x).(3.2c)

The following lemma proved in [16] shows the well-
posedness of the adjoint problem (3.2) and one trace
regularity needed in the proof of Theorems 1.1 and 3.1.

Lemma 3.1. For any initial data (ϕ0, ϕ1) in Y2 × Y1,
there exists a unique weak solution ϕ of (3.2) in the
class C([0, T ];Y2) ∩ C1([0, T ];Y1). Moreover, for all χ
in (0, π), ϕx(χ, ·) belongs to L2(0, T ) and there exists
C > 0 such that

(3.3) ∥ϕx(χ, ·)∥2L2(0,T ) ≤ C(∥ϕ0∥2H1(0,π)+ ∥ϕ1∥2L2(0,π)).

Proof. It is easy to see, by the semigroup method, that
the problem (3.2) is well-posed in the space Y2×Y1 (see
[14, p. 104]).

Next we prove (3.3). Since the family of functions
{x 7→ sin(kx)}k∈N∗ is the orthogonal basis of Y1 and Y2
respectively, let

ϕ0(x) =
∑
k≥1

ak sin(kx), ϕ1(x) =
∑
k≥1

bk sin(kx)

with (k2ak) and (kbk) in l
2(R). By standard computa-

tion, we have

(3.4) ϕ(x, t) =
∑
k≥1

[
ak cos

(
k2√

1 + αk2
t

)

+
bk
√
1 + αk2

k2
sin

(
k2√

1 + αk2
t

)]
sin(kx).

Then for all T > 0, ϕx(χ, ·) belongs to L2(0, T ) and∫ T

0

|ϕx(χ, t)|2dx ≤ C
∑
k≥1

(a2kk
2 + b2k),

which yields (3.3).

Proof. [Proof of Theorem 3.1] Thanks to Lemma 3.1,
the following backward adjoint problem in (0, π)×(0, τ)

is well-posed in Y2 × Y1 for every τ > 0 and g in Y1.

vtt(x, t)− αvxxtt(x, t) + vxxxx(x, t) = 0,(3.5a)

v(0, t) = v(π, t) = vxx(0, t) = vxx(π, t) = 0,(3.5b)

v(x, τ) = 0, vt(x, τ) = g(x).(3.5c)

Moreover, for any χ in (0, π),

(3.6) ∥vx(χ, ·)∥L2(0,τ) ≤ C∥g∥Y0
.

Since (1.1a) is linear and Lemma 3.1 holds, it is
enough to consider the case w0 = w1 = 0. Suppose that
g belongs to C∞

0 (0, π), and let v be the solution of (3.5).
Define a linear operator L := I−α∂xx. It is well-known
that the operator L is an isomorphism from Y2 to Y0
and an isomorphism from Y1 to Y−1 by Lax-Milgram
Theorem. If we multiply (1.1a) by v and integrate by
parts, we obtain
(3.7)∫ π

0

Lw(x, τ)g(x)dx =

∫ τ

0

u(t)(vx(η, t)− vx(ξ, t))dt.

Inequality (3.6) implies that∣∣∣∣∫ τ

0

u(t)(vx(η, t)− vx(ξ, t))dt

∣∣∣∣ ≤ 2C∥u∥L2(0,T )∥g∥Y0
,

so by (3.7), we obtain Lw(·, τ) belongs to Y0, and hence
w(·, τ) belongs to Y2, for all τ in [0, T ]. By replacing τ
by τ + h in (3.7) we easily get that

(3.8) w ∈ C([0, T ];Y2).

Denote R := (I−α∂xx)−1. It follows from Lax-Milgram
Theorem that the operator R is an isomorphism from
Y−2 to Y0 and an isomorphism from Y−1 to Y1. Applying
R to both sides of (1.1a) yields
(3.9)

wtt(x, t) +Rwxxxx(x, t) = u(t)R d

dx
[δη(x)− δξ(x)].

Regularity (3.8) implies that

(3.10) Rwxxxx ∈ C([0, T ];Y0).

As w satisfies (3.9) and dδb
dx belongs to Y−2 for all b in

(0, π), we obtain from (3.10) that

(3.11) wtt ∈ L2(0, T ;Y0).

Applying the intermediate derivative theorem (see The-
orem 2.3 of [13, p. 15]) with (3.8) and (3.11), it follows
that

(3.12) wt ∈ L2(0, T ;Y1).

The conclusion (3.1) is now a consequence of (3.8) and
(3.12) and of the general lifting result from [11].



4 Proofs of the main results

In this section, we prove the main results. On the one
hand, for controllability results, namely Theorem 1.1,
we first use the HUM, introduced in [12], to rewrite
the control problem into observability inequality of the
adjoint equation. Then we derive the observability in-
equality by applying the Ingham inequality. The meth-
ods for proving Theorem 1.1 are inspired by the ideas
and methods used in [15] for Euler-Bernoulli beam with
piezoelectric actuator. On the other hand, for non-
controllability in short time, namely Theorem 1.2, we
exhibit initial conditions so that the observability in-
equality is false. The approach for proving Theorem 1.2
is inspired by the methods used in [2].

4.1 Exact L2-controllability (Proof of Theo-
rem 1.1) Let (ϕ0, ϕ1) in (C∞[0, π])2 satisfying the
compatibility conditions (1.2) and denote by ϕ(x, t) the
solution of (3.2) with initial value (ϕ0, ϕ1).

Consider a backward adjoint system in (0, π)×(0, T )

ψtt(x, t)− αψxxtt(x, t) + ψxxxx(x, t)(4.1a)

= u(t)
d

dx
[δη(x)− δξ(x)],

ψ(0, t) = ψ(π, t) = ψxx(0, t) = ψxx(π, t) = 0,(4.1b)

ψ(x, T ) = ψt(x, T ) = 0,(4.1c)

where u in L2(0, T ) will be chosen later. Problem
(4.1) is well-posed according to Theorem 3.1. Then,
multiplying (4.1a) by ϕ and integrating by parts, we
get

(4.2)

∫ π

0

ϕ0(x)Lψt(x, 0)− ϕ1(x)Lψ(x, 0)dx

=

∫ T

0

u(t)(ϕx(η, t)− ϕx(ξ, t))dt.

Let u(t) = ϕx(η, t)−ϕx(ξ, t). Since (3.3), u belongs
to L2(0, T ). Define a linear operator Λ satisfying

Λ(ϕ0, ϕ1) = (Lψt(·, 0),−Lψ(·, 0)).

Since (Lψt(·, 0),−Lψ(·, 0)) belongs to Y−1 × Y0 by
Theorem 3.1, the operator Λ is well defined. In
particular, we obtain from (4.2) that

⟨Λ(ϕ0, ϕ1), (ϕ0, ϕ1)⟩ =
∫ T

0

|ϕx(η, t)− ϕx(ξ, t)|2dt.

Therefore, we can define a seminorm

∥(ϕ0, ϕ1)∥F :=

(∫ T

0

|ϕx(η, t)− ϕx(ξ, t)|2dt

) 1
2

,

for all (ϕ0, ϕ1) in (C∞[0, π])2 satisfying the compatibil-
ity conditions (1.2).

A classical argument in HUM implies the following
proposition.

Proposition 4.1. All initial data in Yβ+3 × Yβ+2 are
exactly L2-controllable in (ξ, η) at time T if and only if
there exists a constant c > 0 such that
(4.3)∫ T

0

|ϕx(η, t)− ϕx(ξ, t)|2dt ≥ c(∥ϕ0∥2H−β + ∥ϕ1∥2H−β−1)

for all (ϕ0, ϕ1) in (C∞[0, π])2 satisfying the compatibil-
ity conditions (1.2).

Equation (4.3) is called observability inequality. As
in the proof of Lemma 3.1, the solution ϕ of the adjoint
problem (3.2) has the form of (3.4), which implies that

(4.4)

∫ T

0

|ϕx(η, t)− ϕx(ξ, t)|2dt

= 4

∫ T

0

∣∣∣∣∣∣
∑
k≥1

k sin

(
k(η + ξ)

2

)
sin

(
k(η − ξ)

2

)

·
{
ak cos

(
k2√

1 + αk2
t

)

+
bk
√
1 + αk2

k2
sin

(
k2√

1 + αk2
t

)}∣∣∣∣∣
2

dt.

To prove observability inequality (4.3) for some β,
we apply the following Ingham inequality (see [4, 9]) to
our problem.

Lemma 4.1. Let (νk)k∈Z be a strictly increasing se-
quence of real numbers and let γ∞ be defined by

γ∞ = lim inf
|k|→∞

|νk+1 − νk|.

Assume that γ∞ > 0. For any real T > 2π/γ∞,
there exist two constants C1, C2 > 0 such that for any
sequence (xk)k∈Z in l2(C),

C1

∑
k∈Z

|xk|2 ≤
∫ T

0

∣∣∣∣∣∑
k∈Z

xke
iνkt

∣∣∣∣∣
2

dt ≤ C2

∑
k∈Z

|xk|2.

We apply Lemma 4.1 with

νk = −ν−k =
k2√

1 + αk2
, k ∈ N,

2xk = 2x−k =

(
ak − i

bk
√
1 + αk2

k2

)

· k sin
(
k(η + ξ)

2

)
sin

(
k(η − ξ)

2

)
, k ∈ N∗,

x0 = 0,



As lim|k|→∞ |νk+1 − νk| = 1/
√
α, then for any real

T > 2π
√
α, there exists a constant C1 > 0 such that,

(4.5)

∫ T

0

|ϕx(η, t)− ϕx(ξ, t)|2dt

≥ C1

∑
k≥1

k2
(
a2k +

b2k(1 + αk2)

k4

)

·
[
sin

(
k(η + ξ)

2

)
sin

(
k(η − ξ)

2

)]2
.

When η+ξ
2π and η−ξ

2π belong to A, it follows from
(2.1) that there exists a constant C > 0 such that for
all k ≥ 1,

(4.6)

∣∣∣∣sin(k(η ± ξ)

2

)∣∣∣∣ = ∣∣∣∣sin{π [k(η ± ξ)

2π
− p

]}∣∣∣∣
≥
∣∣∣∣sin(πCk

)∣∣∣∣ ≥ C

k
.

Inequalities (4.5) and (4.6) imply that∫ T

0

|ϕx(η, t)− ϕx(ξ, t)|2dt ≥ c
∑
k≥1

(a2kk
−2 + b2kk

−4),

which is exactly (4.3) for β = 1. This fact completes
the proof of the first part of Theorem 1.1.

When η+ξ
2π and η−ξ

2π belong to Bε, it follows from
(2.2) that there exists a constant C > 0 such that for
all k ≥ 1,

(4.7)

∣∣∣∣sin(k(η ± ξ)

2

)∣∣∣∣ ≥ C

k1+ε
.

Inequalities (4.5) and (4.7) imply that∫ T

0

|ϕx(η, t)−ϕx(ξ, t)|2dt ≥ c
∑
k≥1

(a2kk
−2−4ε+b2kk

−4−4ε),

which is exactly (4.3) when β = 1 + 2ε. This fact
completes the proof of the second part of Theorem 1.1.

4.2 The lack of controllability in short control
time (Proof of Theorem 1.2) We prove the lack of
L2-controllability when 0 < T < 2π

√
α in this section.

Let 0 < T < 2π
√
α and ξ, η in (0, π) be arbitrary.

From Proposition 4.1, for any ε ≥ 0, we aim to find
{(ϕ0m, ϕ1m)}m∈N∗ such that∫ T

0

|ϕm,x(η, t)− ϕm,x(ξ, t)|2dt→ 0, as m→ ∞

and
∥ϕ0m∥2H1−ε + ∥ϕ1m∥2H−ε ≥ c > 0

for any m ≥ 1. As in Section 4.1, we denote

(4.8) λn = −λ−n =
n2√

1 + αn2
, n ∈ N∗.

Obviously, {λn}n∈Z∗ is a strictly increasing sequence
and lim|n|→∞ |λn+1 − λn| = 1/

√
α > 0. Adding or sub-

tracting finite numbers in the sequence does not affect
the result of Proposition 2.3, so we can apply Propo-
sition 2.3 to the sequence {λn}n∈Z∗ . Define N(x, r) as
in Proposition 2.3 corresponding to {λn}n∈Z∗ . We have
the following lemma.

Lemma 4.2. Let {λn}n∈Z∗ and N(x, r) be defined
above. We have that

(4.9)
N(x, r)

r
→

√
α, as r → ∞

holds uniformly relative to x in R.

Here we skip the proof of this lemma, which can be
found in the full version of the paper (see [3]). As 0 <
T < 2π

√
α, we can choose T ′ such that 0 < T < T ′ <

2π
√
α. Let f in L2(0, 2π

√
α) be a real valued function

such that f(t) = 0 if 0 ≤ t ≤ T and ∥f∥L2(0,T ′) ̸=
0. According to Lemma 4.2 and Proposition 2.3, the
family {eiλnt}n∈Z∗ contains a subfamily {eiλqn t}n∈Z∗

which forms a Riesz basis in L2(0, T ′). Moreover, the
subsequence {λqn}n∈Z satisfies λqn = −λq−n . Then for
the function f in L2(0, T ′) defined above, there exists a
sequence {ln}n∈Z∗ in l2(C) such that

f(t) =
∑
n∈Z∗

lne
iλqn t in L2(0, T ′)

and
0 <

∑
n∈Z∗

|ln|2 <∞.

Since f(t) is a real valued function, we have ln = l−n.
Now we can define the sequence {(ϕ0m, ϕ1m)}m∈N∗ of
initial data as the following,

(4.10) ϕ0m(x) = 2

m∑
n=1

Re(ln)

[
qn sin

(
qn
η + ξ

2

)

· sin
(
qn
η − ξ

2

)]−1

sin(qnx),

ϕ1m(x) = −2

m∑
n=1

Im(ln)

[
qn sin

(
qn
η + ξ

2

)

· sin
(
qn
η − ξ

2

)]−1
q2n√

1 + αq2n
sin(qnx).

From (4.4), we can see that

η − ξ

2π
,
η + ξ

2π
∈ R \Q



is necessary for controllability. Consequently the se-
quence {(ϕ0m, ϕ1m)}m∈N of initial data is well-defined.

Since 0 <
∑

n∈Z∗ |ln|2 < ∞ and ln = l−n, there
exists m0 ≥ 1 such that lm0

̸= 0. So for m ≥ m0 and
for any ε ≥ 0,

(4.11) ∥ϕ0m∥2H1−ε + ∥ϕ1m∥2H−ε

≥ ∥ϕ0m0
∥2H1−ε + ∥ϕ1m0

∥2H−ε = c > 0.

Moreover, thanks to (4.4), we have

(4.12)

∫ T

0

|ϕm,x(η, t)− ϕm,x(ξ, t)|2dt

= 4

∫ T

0

∣∣∣∣∣∣
m∑

n=−m,n̸=0

lne
λqn t

∣∣∣∣∣∣
2

dt.

Since 0 = f(t) =
∑

n∈Z∗ lne
λqn t in L2(0, T ), we obtain

that
(4.13)∫ T

0

|ϕm,x(η, t)− ϕm,x(ξ, t)|2dt→ 0, as m→ ∞.

Relations (4.11) and (4.13) finish the proof of the lack
of exact L2-controllability for any ε ≥ 0.
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